
ar
X

iv
:2

10
7.

07
99

3v
1 

 [
m

at
h.

A
G

] 
 1

6 
Ju

l 2
02

1

ON TOPOLOGICAL MOTIVES

LUCA BARBIERI-VIALE

Abstract. Following Eilenberg-Steenrod axiomatic approach we construct the uni-
versal ordinary homology theory for any homological structure on a given category
by representing ordinary theories with values in abelian categories. For a convenient
category of spaces we then obtain a universal abelian category which can be actually
described for CW-complexes as the category of hieratic modules.
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Introduction

We introduce homological categories defining ordinary and extraordinary homology
theories with values in abelian categories; by resuming and generalising the Eilenberg-
Steenrod axiomatic approach [5] (see also [8, Sect. 2.3]) we show that the setting treated
in [1] is sufficiently malleable to be used to construct universal ordinary homologies on
any homological category. For suitable topological categories, the context of ordinary
theories or theories with transfers is sufficient for “topological motives” via universal
ordinary and extraordinary homologies, in addition to the universal homotopy theories
[4]. For any commutative unitary ring R we get that ordinary R-linear topological
motives associated with CW-complexes are hieratic R-modules (i.e. the indization of
Freyd’s free R-linear abelian category on a point); remark that this result implies that
topological R-linear Nori motives are given by R-modules if the ring R is coherent, i.e.
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2 LUCA BARBIERI-VIALE

the universal abelian category generated by usual singular homology on CW-complexes
is a canonical quotient of ordinary topological motives (see [9] for Nori’s construction).

Let C be a category together with a distinguished subcategory and let C� be a cat-
egory of pairs (as in [1]): Hom(C,A) and Hom(C�,A) are the categories of homologies
on C and relative homologies on C� with values in an R-linear abelian category A. We
introduced universal abelian categories A(C) and A∂(C) generated by homology and
relative homology theory, respectively. These are given by

H = {Hi}i∈Z : C → A(C) and H = {Hi}i∈Z : C� → A∂(C)

family of functors satisfying basic axioms, see [1, Thm. 2.1.2 & 2.2.4]. In particular,
any relative homology H ′ ∈ Hom(C�,A) is classified by rH′ : A∂(C) → A a unique (up
to natuarl isomorphism) exact functor such that rH′(H) = H ′.

Adding axioms to these “free” theories we obtain decorations A†(C) and A†
∂(C).

Adding the point axiom † = point (see [1, Axiom 2.3.2]) we obtain Apoint
∂ (C) which is

a quotient of A∂(C) (see [1, Prop. 2.1.7 & 2.3.3]). Furthermore, adding excision and
homotopy invariance axioms to the relative theory with the point axiom we obtain
more “relations” providing the universal Eilenberg-Steenrod abelian category Aord

∂ (C)
as a quotient of Apoint

∂ (C). For example, for C = 1, the point category and C = 2, the
two objects category determined by the ordinal 2 ∈ N, we get

Apoint(1) ∼= Apoint
∂ (2) ∼= R-mod

where the indization IndR-mod = R-Mod is the Grothendieck category of hieratic
R-modules: see [1, Example 2.1.8 & 2.3.4] and [1, Def. 1.3.3] for the definition and the
universal property of hieratic R-modules. In particular, for R coherent we have an
exact R-linear quotient functor

rR : R-mod → R-mod

to the abelian category of finitely presented R-modules such that rR(|R|) = R where
|R| is the universal object.

Actually, let C� be equipped with a collection Ξ of excisive squares ε : (Y, Z) →
(W,X) in C� (see Definition 1.1.1) and a cylinder functor I, e.g. induced by an in-
terval object I ∈ C, providing I-homotopies (see Definitions 1.2.1 and 1.2.3). Say
that (C�,Ξ, I) is a homological structure on the underlying category C together with
a selection of point objects (see Definition 1.3.1); we clearly have a corresponding no-
tion of homological functor (see Definition 1.3.5). Consider the I-homotopy invariant
homologies (see Axiom 1.2.5) satisfying excision (see Axiom 1.1.2): call these relative
homologies ordinary homologies if they also satisfy the point axiom (see Definition
1.3.1).
We then get the universal ordinary homology H with values in the abelian category

Aord
∂ (C) which is a quotient of the “free” one A∂(C) and representing the subfunctor

Homord(C
�,−) ⊆ Hom(C�,−) of ordinary theories. Similarly, further imposing addi-

tivity (see [1, Axiom 2.3.8] and cf. [12]), there is a universal Grothendieck abelian
category AOrd

∂ (C) which is a Grothendieck quotient of IndAord
∂ (C) (see Theorem 1.3.2):
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the universal ordinary homology is given by composition in the following commutative
diagram

C� //

H ##❋
❋
❋
❋
❋
❋
❋
❋
❋

A∂(C) //

��

IndA∂(C)

��

Aord
∂ (C) // AOrd

∂ (C)

where the vertical functors are quotients. We also get the model category Ch(AOrd
∂ (C))

given by chain complexes and a canonical Quillen pair UC� ⇄ Ch(AOrd
∂ (C)) induced

by the universal homotopy theory [4] (see Theorem 2.2.2).

Moreover, if C is provided with a cosimplicial object, picking singular homologies
with values in Grothendieck categories, we obtain universal singular homology

HSing = {HSing
i }i∈N : C� → ASing

∂ (C)

representing HomSing(C
�,−) ⊆ HomOrd(C

�,−) (see Theorem 2.1.2) forcing singular
homologies to be ordinary. Therefore, we get the following commutative diagram

C� //

HSing
$$❍

❍❍
❍❍

❍❍
❍❍

❍❍
IndA∂(C) //

��

AOrd
∂ (C)

r
HSing

��

R-Mod // ASing
∂ (C)

where ASing
∂ (C) is a quotient of R-Mod. If singular homologies are ordinary with respect

to the homological structure we have that R-Mod ∼= ASing
∂ (C) (see Lemma 2.1.1).

For C = CTop a convenient category of topological spaces endowed with the standard
homological structure (CTop�,Ξ, I) (see Definition 3.1.1) we thus obtain a Grothendieck
category of ordinary topological motives AOrd

∂ (CTop) along with

H : CTop� → AOrd
∂ (CTop)

the universal Eilenberg-Steenrod or “motivic” homology. By the way we also have
versions with transfers (see Remark 1.3.9). Note that usual singular homology with R
coefficients HSing(−;R) : CTop� → R-Mod yields the following picture

AOrd
∂ (CTop)

r
HSing

''PP
PP

PP
PP

PP
P

��
CTop�

HSing
//

HSing(−;R) &&◆◆
◆◆

◆◆
◆◆

◆◆
◆

H
88qqqqqqqqqq

R-Mod

!∂

[[

≃ //

Ind rR
��

ASing
∂ (CTop)

r
HSing(−;R)vv♠♠♠

♠♠
♠♠
♠♠
♠♠
♠

R-Mod

where the canonical exact functor Ind rR is a quotient if R is coherent and the canonical
functor !∂ is a splitting functor.
In general, a concrete description of these universal categories AOrd

∂ (C) is missing.
However, under canonical “cellular” conditions on the homological structure (C�,Ξ, I)
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(see Definition 2.3.2) the ordinary homologies are represented by a corresponding “cel-
lular” complex (see Proposition 2.3.3). For topological CW complexes we then get
that ordinary topological motives are just given by R-Mod (see Theorem 3.2.2) and
topological Nori motives are given by R-Mod if R is coherent (see Corollary 3.2.3).

Acknowledgements. I would like to thank Joseph Ayoub for brainstorming on matters
treated in this paper and, in particular, on the Theorem 3.2.2. Thanks to UZH &
FIM–ETH Zürich for providing support, hospitality and excellent working conditions.

Notations and assumptions. We shall adopt the same notations and conventions as in
[1]. Let R be a commutative unitary ring. Let R-Mod be the universal category of
hieratic R-modules in [1]. Let C be any (small) category and let C� be the category
whose objects are morphisms of a distinguished subcategory of C and morphisms are
commutative squares of C.

1. Universal Eilenberg-Steenrod homology

1.1. Excision and Mayer-Vietoris. For each W ∈ C we consider a set EW of com-
mutative squares of C

Z //

��

Y

��
X // W

where the horizontal morphisms are distinguished and we assume that the squares
in EW are stable under isomorphisms. Equivalently, such a square is a morphism
ε : (Y, Z) → (W,X) in C� and the assumption is that for each W ∈ C the set EW
contains the identity of (W,X) in C� for any distinguished morphism X → W and the
isomorphism class of ε in the category of cubes C� given by C�, see [1, Remark 2.2.2
b)].

1.1.1. Definition. Say that such a set of squares EW is a set of excisive squares over
W . We say that C� is provided with a collection Ξ = {EW}W∈C of excisive squares if a
set of excisive squares EW over W is given for any W ∈ C. Say that Ξ = Iso is initial
(or trivial or coarse) if EW contains only isomorphism classes of objects of C� for any
W ∈ C. Say that Ξ = C� is final (or finest or discrete).

1.1.2. Axiom (Excision). For C� equipped with a collection Ξ of excisive squares we
say that H ∈ Hom(C�,A) satisfies excision if we have isomorphisms εi : Hi(Y, Z) ∼=
Hi(W,X) induced by ε : (Y, Z) → (W,X) for all excisive squares over W ∈ C and
i ∈ Z.

1.1.3. Remark. We point out that all relative homologies satisfy excision with respect
to the initial collection Ξ = Iso and no non trivial homology satisfies excision if Ξ is final
and C has an initial object. If Ξ contains (Y, Y ) → (X, Y ) for Y 6= 0 where 0 is strictly
initial we get that Hi(X, Y ) = 0 for all i ∈ Z if Y 6= 0 so that Hi(Y ) ∼= Hi(X) for all
(X, Y ) ∈ C�. Moreover, if Ξ just contains (X, 0) → (X, Y ) then Hi(X) ∼= Hi(X, Y )
for all i ∈ Z which implies that H is trivial if this holds for all (X, Y ) ∈ C�.

As expected, excision implies cd-exactness (cf. [16] and [2, Def. 2.52]).
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1.1.4. Proposition (Mayer-Vietoris sequence). Let C� be with a collection Ξ of excisive
squares and an initial object. If H ∈ Hom(C�,A) satisfies excision then there is a long
exact sequence

· · · → Hi(Z) → Hi(Y )⊕Hi(X) → Hi(W ) → Hi−1(Z) → · · ·

for each (Y, Z) → (W,X) excisive square. The sequence is natural with respect to cubes
which are morphisms of excisive square.

Proof. Standard: the excisive square (Y, Z) → (W,X) induces the following commuta-
tive square in C�

(Z, 0) //

��

(Y, Z)

��
(X, 0) // (W,X)

which is a particular ∂-cube; by naturality of ∂-cubes we get a morphism from the long
exact sequence of the pair (Y, Z) to the sequence of the pair (W,X) which yields the
claimed Mayer-Vietoris sequence by diagram chase. Naturality follows from naturality
with respect to ∂-cubes. �

If C has an initial object 0, considering Z = 0 in the long exact sequence of Propo-

sition 1.1.4 we obtain that Hi(Y )⊕Hi(X)
≃
→ Hi(W ) if

0 //

��

Y

��
X // W

is an excisive square. In particular, if the coproduct exists we may set W = X
∐

Y
and we obtain:

1.1.5. Proposition. Let C be with finite coproducts such that the canonical morphisms
to the coproduct are distinguished. The category C� has excisive coproducts for a relative
homology if and only if the relative homology is (finitely) additive (compare with [1,
Axiom 2.3.8]).

Proof. For (X, Y ) ∈ C� consider the distinguished morphisms u : X → X
∐

Y , υ :
Y → X

∐
Y and the induced κ : (Y, 0) → (X

∐
Y,X) in C�. We then obtain the

following diagram with exact rows

0 // Hi(X) //

ui

''❖❖
❖❖

❖❖
❖❖

❖❖
❖

||
��

Hi(X)⊕Hi(Y )

γi
��

πi // Hi(Y ) //

υi

uu❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧

κi

��

0

· · · // Hi(X)
αi // Hi(X

∐
Y )

βi // Hi(X
∐

Y,X) // · · ·

where the top row is given by the canonical inclusion/projection for the direct sum
(it is the Mayer-Vietoris sequence of the identity square). By naturality of the exact
sequences of the pair compared via κ we have that κi = βiυi.
Now the left square commutes, i.e. αi = ui, and the commutativity of the right

square, i.e. κiπi = βiγi where πi is the canonical projection, holds true since βiui = 0
and γi = ui + υi so that we have βiγi(x, y) = βiui(x) + βiυi(y) = κi(y) = κiπi(x, y) for



6 LUCA BARBIERI-VIALE

(x, y) ∈ Hi(X)⊕Hi(Y ). Thus we obtain a map of exact sequences. Then γi : Hi(X)⊕
Hi(Y ) ∼= Hi(X

∐
Y ) is an iso for all i ∈ Z if and only if κi : Hi(Y ) ∼= Hi(X

∐
Y,X) is

an iso for all i ∈ Z, as it follows from an easy diagram chase. �

1.1.6. Example. Let C = A be an abelian category with monos as distinguished
subcategory and excisive coproducts. Moreover, for each mono B →֒ A consider the
following excisive square

B //

��

A

��
0 // A/B

and collect in Ξ∂ the isomorphism class of these together with the coproduct squares.
A relative homology is excisive with respect to Ξ∂ if and an only if is a ∂-homology in
the sense of [1, Def. 3.1.1].

1.2. Homotopy invariance. We shall consider a “cylinder functor” and an “interval”
in the weakest possible sense. For Voevodsky interval see [14, §2.2]. Recall that Kan
[10] introduced cylinder functors and Grandis [7] has shown that structured cylinder
functors are a basis for homotopical algebra.

1.2.1. Definition. A cylinder functor is an endofunctor I : C� → C� together with a
natural transformation p : I(−) → (−). An interval of C is an object I ∈ C such that
the product X × I ∈ C exists for all objects X ∈ C compatibly with the distinguished
morphisms, i.e. the following

(X, Y ) I(X, Y ) := (X × I, Y × I) : C� → C�

is functorial.

Actually, for any interval object I ∈ C, we have that p : I(X, Y ) → (X, Y ) given by

p := (πX , πY ) : (X × I, Y × I) → (X, Y )

the canonical projections is clearly a natural transformation of functors in the variable
(X, Y ) ∈ C�. This is providing the cylinder functor induced by an interval object.

1.2.2. Axiom (I-invariance). For a cylinder functor (I, p) on C� the relative homology
H satisfies I-invariance if pi : Hi(I(X, Y )) ∼= Hi(X, Y ) is an isomorphism for all
(X, Y ) ∈ C� and i ∈ Z.

If p is a natural equivalence then every relative homology is trivially I-invariant. In
general, H is I-invariant if and only if p : I(X, Y ) → (X, Y ) is excisive.
Moreover, assume that C →֒ D is a (full) subcategory inducing a faithful functor

C� →֒ D� between distinguished subcategories. In general, for any cylinder functor
I : D� → D� we have:

1.2.3. Definition. Say that two parallel maps γ, δ : (X, Y ) → (X ′, Y ′) ∈ C� are I-
homotopic if there are ς, σ : (X, Y ) → I(X, Y ) and ξ : I(X, Y ) → (X ′, Y ′), morphisms
of D�, such that pς = pσ = id(X,Y ), γ = ξς and δ = ξσ. Denote γ ≈I δ : (X, Y ) →
(X ′, Y ′) two I-homotopic morphims of C�.
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1.2.4. Remark. Note that ς ≈I σ for all morphisms ς, σ : (X, Y ) → I(X, Y ) such that
pς = pσ = id(X,Y ). For C 6= D, assume, for example, that D has a terminal object 1,
pick an interval I of the category D, see Definition 1.2.1, such that I /∈ C, eventually,
and morphisms ι, ν : 1 → I. Note that we then have that ιX , νX : X → X × I for
every X ∈ C and we get morphisms ι(X,Y ), ν(X,Y ) : (X, Y ) → (X× I, Y × I) in D� such
that pι(X,Y ) = pν(X,Y ) = id(X,Y ). We then get a Kan cylinder functor on D� (cf. [10,
§2]) induced by the interval I of the category D and ς = ι(X,Y ), σ = ν(X,Y ) induced by
ι, ν : 1 → I can be taken in Definition 1.2.3. In particular, if C = D has an interval
and ι, ν : 1 → I ∈ C then we get the usual I-homotopy.

In general, for such C� →֒ D� and I : D� → D� a cylinder functor we may also
consider a generalised notion of I-homotopy invariance.

1.2.5. Axiom (Homotopy invariance). We say that H ∈ Hom(C�,A) is I-homotopy
invariant if we have that γi = δi : Hi(X, Y ) → Hi(X

′, Y ′) for all γ ≈I δ : (X, Y ) →
(X ′, Y ′) ∈ C� I-homotopic and i ∈ Z.

Let HomI−hi(C
�,−) ⊂ Hom(C�,−) be the subfunctor of I-homotopy invariant ho-

mologies. Let HomI(D
�,−) be the 2-functor of I-invariant relative homologies.

1.2.6. Lemma. For any cylinder functor I : D� → D� and H : D� → A, by restriction
along C� →֒ D�, we have that I-invariance over D� implies I-homotopy invariance
over C�. If C = D then HomI(C

�,−) ⊆ HomI−hi(C
�,−) is a subfunctor.

Proof. For H ∈ HomI(D
�,A) we have piςi = piσi = idi : Hi(X, Y ) → Hi(X, Y ) and

pi isomorphism whence ςi = σi : Hi(X, Y ) → Hi(I(X, Y )) for all (X, Y ) ∈ D�. In
particular, for γ, δ : (X, Y ) → (X ′, Y ′) ∈ C� we obtain γi = δi if γ ≈I δ. �

Recall that Voevodsky [14, §2.2] call an interval of C with final object 1, an interval
I+ together with morphisms m : I+ × I+ → I+ and i0, i1 : 1 → I+ such that

m(i0 × id) = m(id× i0) = i0p m(i1 × id) = m(id × i1) = id

where p : I+ → 1 is the canonical morphism, id is the identity of I+ and i0 × id : I+ ∼=
1× I+ → I+ × I+, etc.

1.2.7. Lemma. If a category C has an interval object I = I+ in the sense of Voevodsky
then I-homotopy invariance is equivalent to I-invariance.

Proof. It is a standard argument, cf. [2, Lemma 3.8.1]. �

1.2.8. Proposition. If C� →֒ D� with a cylinder functor I on D� then HomI−hi(C
�,−)

is representable, i.e. there is a universal I-homotopy invariant relative homology H =
{Hi}i∈Z : C� → AI−hi

∂ (C) with values in AI−hi
∂ (C) a quotient of A∂(C). Moreover,

HomI(D
�,−) is representable; if C = D then there is a universal I-invariant relative

homology H = {Hi}i∈Z : C� → AI
∂(C) with values in AI

∂(C) a quotient of AI−hi
∂ (C). If

I ∈ C is an interval in the sense of Voevodsky then AI−hi
∂ (C) ∼= AI

∂(C).

Proof. The category AI−hi
∂ (C) is the quotient of A∂(C) by the thick subcategory gener-

ated by Im(γi− δi) for γi, δi : Hi(X, Y ) → Hi(X
′, Y ′) in A∂(C) all parallel I-homotopic

morphisms γ ≈I δ : (X, Y ) → (X ′, Y ′) and i ∈ Z. The category AI
∂(D) is the quo-

tient of A∂(D) by the thick subcategory generated by the kernels and cokernels of
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pi : Hi(I(X, Y )) → Hi(X, Y ) for i ∈ Z. For C = D the other claims follow from
Lemmas 1.2.6- 1.2.7. �

As usual, we have that a morphism γ : (X, Y ) → (X ′, Y ′) is an I-homotopy equiva-
lence if there is δ : (X ′, Y ′) → (X, Y ) such that γδ ≈I id(X′,Y ′) and δγ ≈I id(X,Y ). This

implies that γi : Hi(X, Y )
≃
→ Hi(X

′, Y ′) is an isomorphism for any H ∈ HomI−hi(C
�,A)

homotopy invariant homology.

1.2.9. Definition. Say that γ : (X, Y ) → (X ′, Y ′) ∈ C� is universally homologically

invertible if γi : Hi(X, Y )
≃
→ Hi(X

′, Y ′) is invertible in A∂(C) where H : C� → A∂(C)
is the universal relative homology. Say that γ : (X, Y ) → (X ′, Y ′) ∈ C� is universally

I-homotopically invertible if γi : Hi(X, Y )
≃
→ Hi(X

′, Y ′) is invertible in AI−hi
∂ (C) where

H : C� → AI−hi
∂ (C) is the universal I-homotopy invariant homology. For C� endowed

with a collection Ξ of excisive squares we say that a morphism η : (X, Y ) → (X ′, Y ′) ∈
C� is a (Ξ, I)-generalised excision if η is a finite composition of excisions squares in Ξ
and universally I-homotopically invertible morphisms.

A stronger notion of generalised excision is considered in [6, Chap. IV, Def. 9.2]
Clearly, γ is universally homologically (resp. homotopically) invertible if and only if γi :

Hi(X, Y )
≃
→ Hi(X

′, Y ′) is invertible in A for H : C� → A any relative (resp. homotopi-
cally invariant) homology. For example, an I-homotopy equivalence is universally I-
homotopically invertible.

1.2.10. Remark. Note that every category C with a final object 1 is endowed with
the trivial Voevodsky interval object I = 1 where ι = ν = id1 in such a way that
(X, Y )  1(X, Y ) = (X, Y ) : C� → C� is the identity. For the interval 1, since
ς = σ = id1, we have that γ ≈1 δ if and only if γ = δ. Therefore, a 1-homotopy
equivalence is an isomorphism of C�, all relative homologies are 1-invariant, universal 1-
homotopical homology coincide with universal relative homology and we have A∂(C) ∼=
A1−hi

∂ (C) ∼= A1
∂(C).

On the other hand, if C is a category with a strictly initial object 0 then also I = 0
is an interval where (X, Y ) 0(X, Y ) = (0, 0) : C� → C�. For the interval 0 we have
that γ is never 0-homotopic to δ, unless γ = δ : (0, 0) → (X, Y ) is the null map. The
only 0-homotopic equivalence is id(0,0) and the only 0-invariant homology is the trivial

homology, we have A∂(C) ∼= A0−hi
∂ (C) and A0

∂(C) is the zero category, i.e. the point
category as an abelian category.

1.3. Ordinary homology. We now consider a category C along with a distinguished
subcategory such that C has an initial object 0 and a set of point objects ∗ (see [1,
Axiom 2.1.6]). Suppose that (∗, 0) := 0 → ∗ is distinguished. We suppose that C� is
equipped with a collection Ξ of excisive squares, see Definition 1.1.1 and a cylinder
functor I on D� for some fixed embedding C� →֒ D�, e.g. C = D and the cylinder
functor is induced by an interval object I ∈ C, see Definition 1.2.1. Denote (C�,Ξ, I)
this set of data and conditions.

1.3.1. Definition. Say that (C�,Ξ, I) is an homological structure on C or that C is a
homological category for short. Say that a relative homology on a homological category
is ordinary if satisfies the excision Axiom 1.1.2, the homotopy I-invariance Axiom 1.2.5
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and the point axiom [1, Axiom 2.3.2]. Say that a relative homology is extraordinary if
satisfies the previous axioms but the point axiom.
An additive ordinary/extraordinary homology on C with (small) coproducts is an

ordinary or extraordinary homology with values in a Grothendieck category satisfiyng
additivity [1, Axiom 2.3.8].
Denote Homextra(C

�,−) and Homord(C
�) (resp. HomExtra(C

�,−) and HomOrd(C
�,−))

the corresponding sub-functors of Hom(C�,−) (resp. HomAdd(C
�,−), cf. [1, Prop. 2.3.9]).

Ordinary homology corresponds to Eilenberg-Steenrod axiomatization [6] and ex-
traordinary to Whitehead [17] generalized homologies; additivity corresponds to the
wedge axiom [12]. We stress out that an homological category is somewhat a refor-
mulation of an h-category in [6, Chap. IV, Def. 9.1]. There is a corresponding stronger
notion of site with interval introduced by Voevodsky [14]: every homological structure
(C�,Ξ, I) on a category C with finite limits and an interval I in the sense of Voevodsky
yields a site with an interval by [16].
Normally one would like to restrict to homologies concentrated in non-negative de-

grees: this is clearly possible but unnecessary, cf. [1, Remark 2.2.5].
Note that by Proposition 1.1.4 we have Mayer-Vietoris sequences for excisive squares

and by Proposition 1.1.5 we get additivity if the coproduct exists and it is excisive. If
I ∈ C is an interval in the sense of Voevodsky, by Lemmas 1.2.6-1.2.7, we have that
I-invariance, see Axiom 1.2.2, is equivalent to I-homotopy invariance, see Axiom 1.2.5.
However, one could remove or consider decorated forms of homotopy invariance. We
may christen non homotopy invariant homologies the so obtained homologies without
any reasonable form of homotopy invariance but the trivial one I = 1.

1.3.2. Theorem (Universal ordinary and extraordinary homology). Let (C�,Ξ, I) be
an homological category. The 2-functors Homextra(C

�,−) and Homord(C
�,−) are rep-

resentable, i.e. the universal extraordinary homology H : C� → Aextra
∂ (C) exists, is

the image of the universal relative homology under the projection along a quotient
A∂(C)→→Aextra

∂ (C) and the universal ordinary homology H : C� → Aord
∂ (C) exists, being

induced by a further quotient Aextra
∂ (C)→→Aord

∂ (C).
Furthermore, for C with (small) coproducts, HomExtra(C

�,−) and HomOrd(C
�,−) are

representable by H : C� → AExtra
∂ (C) and H : C� → AOrd

∂ (C) where AExtra
∂ (C) and

AOrd
∂ (C) are Grothendieck quotients of IndAextra

∂ (C) and IndAord
∂ (C), respectively.

Proof. Let H ∈ Hom(C�,AI−hi
∂ (C)) be the universal I-homotopy invariant relative ho-

mology of Proposition 1.2.8, induced by [1, Thm. 2.2.4], i.e. the image of the universal
relative homology along the quotient A∂(C)→→AI−hi

∂ (C). Define Aextra
∂ (C) to be the

further quotient of AI−hi
∂ (C) by the thick subcategory generated by the objects Ker εi

and Coker εi for εi : Hi(Y, Z) → Hi(W,X) induced by ε : (Y, Z) → (W,X) all excisive
squares in Ξ and i ∈ Z.
Adapting the arguments in the proof of [1, Thm. 2.2.4] we see that for an extraordi-

nary homology K ∈ Homextra(C
�,A) the induced exact functor rK : A∂(C) → A factors

through Aextra
∂ (C) yielding Homextra(C

�,A) ∼= ExR(A
extra
∂ (C),A). Now define Aord

∂ (C) to
be the quotient of Aextra

∂ (C) by the thick subcategory generated by Hi(∗, 0) ∈ Aextra
∂ (C)

for i 6= 0 and get Homord(C
�,A) ∼= ExR(A

ord
∂ (C),A) as claimed.
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For C with arbitrary coproducts, a Grothendieck categoryA andK ∈ HomOrd(C
�,A)

we obtain that rK lifts to a unique IndAord
∂ (C) → A, such that the image H : C� →

IndAord
∂ (C) of the universal ordinary homology under Aord

∂ (C) →֒ IndAord
∂ (C) is univer-

sal with respect to ordinary homologies in Grothendieck categories, see [1, Cor. 2.2.6].
Define AOrd

∂ (C) as the Grothendieck quotient of IndAord
∂ (C) by the thick and localizing

subcategory generated by the kernels and cokernels of

“
⊕

k∈I

”Hi(Xk) → Hi(
∐

k∈I

Xk)

and, by the same argument in the proof of [1, Prop. 2.3.9], we see that the functor
IndAord

∂ (C) → A factors through AOrd
∂ (C). The category AExtra

∂ (C) can be obtained
similarly by removing the point axiom. �

The point category C = 1 is the minimal non-empty category with a unique ho-
mological structure for which we have that A∂(1) = Aextra

∂ (1) = Aord
∂ (1) are all zero

categories.

1.3.3. Example (Additive and abelian categories). For a category C with a zero point
object 1 = 0 the point axiom is trivial and Aextra

∂ (C) = Aord
∂ (C). If C = R is addi-

tive we have the homological additive structure (R�,⊕, 1) where we may take monos
as distinguished, the biproduct excisive squares and I = 1. Then an ordinary ho-
mology on (R�,⊕, 1) is a generalisation of a Grothendieck homological functor on
the additive category R (see [1, §3]); if C = A is abelian then the homological
structure (A�,Ξ∂, 1) where Ξ∂ are the excisive squares of Example 1.1.6 yields ex-
actly Grothendieck homological functors, i.e. ∂-homologies, as ordinary homologies on
(A�,Ξ∂, 1) and A∂ ∼= Aord

∂ (A) of Theorem 1.3.2 and [1, Thm. 3.1.3] coincide. Note that
there is also the abelian category of cyclic objects in an abelian category that should
be properly investigated.

1.3.4. Example (Initial and final homological category). Any category C with a strict
initial object 0 and a final point object 1 is a homological category in at least two
opposite ways: with the initial (or trivial or coarse) homological structure and/or with
the final (or finest or discrete) homological structure. The initial structure is given by
taking the image of the canonical functor 2 → C (it is sending 0 to 0 and 1 to 1) to be
the distinguished subcategory of C so that C� = 2�, together with the trivial interval
I = 1 and the initial excisive squares Ξ = Iso. For the initial homological structure
(2�, Iso, 1) we have that ordinary homologies are relative homologies on 2� satisfying
the point axiom: as explained in [1, Example 2.3.4], we have Aord

∂ (C) ∼= R-mod. If

we allow a larger distinguished subcategory, for (C�, Iso, 1) we get Aord
∂ (C) ∼= Apoint

∂ (C)
and Aextra

∂ (C) ∼= A∂(C).
Moreover, we always can get an homological structure on any C such that Aord

∂ (C)
is the zero category, e.g. by Remarks 1.1.3 and 1.2.10. The final structure is given
by taking all C to be a distinguished subcategory so that C� = C2, the final excisive
squares Ξ = C2 and any interval, e.g. I = 0 or I = 1. Whence Aord

∂ (C) = Aextra
∂ (C)

is zero, even if we allow a smaller distinguished subcategory and any cylinder functor,
i.e. for (C�, C�, I).
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1.3.5. Definition. Let (C�,Ξ, I) and (D�,Σ, J) be two homological categories. An
homological functor F : (C�,Ξ, I) → (D�,Σ, J) is a functor F : C → D inducing
a functor F� : C� → D� which is compatible with generalised excisive squares and
homotopies, see Definitions 1.2.3 - 1.2.9, in the following sense:

i) F�(η) is a (Σ, J)-generalised excision if η is a (Ξ, I)-generalised excision,
ii) F�(γ) ≈J F�(δ) are J-homotopic morphims of D� if γ ≈I δ are two I-

homotopic morphims of C� and, additionally,
iii) the homological functor is ordinary if it is also compatible with with point

objects, i.e. F�(∗, 0) = (∗, 0).

An homological functor between categories with arbitrary coproducts is additive if
it preserves coproducts.

An ordinary homological functor is the analogue of an h-functor in [6, Chap. IV,
Def. 9.4]. An ordinary homological functor induces a functor, cf. [6, Chap. IV, Thm. 9.5]

H  HF� : Homord(D
�,A) → Homord(C

�,A)

by restriction along F� and this is natural as A varies.
Consider HF� ∈ Homord(C

�,Aord
∂ (D)) given by H ∈ Homord(D

�,Aord
∂ (D)) the uni-

versal homology on D�. By the universality of Aord
∂ (C) the latter homology HF� yields

an R-linear exact functor

F∂ := rHF� : Aord
∂ (C) → Aord

∂ (D)

and, similarly, we get F∂ : AOrd
∂ (C) → AOrd

∂ (D) in the additive case or F∂ : Aextra
∂ (C) →

Aextra
∂ (D) for any homological functor.

1.3.6. Definition. An homological functor F : (C�,Ξ, I) → (D�,Σ, J) is an ho-

mological equivalence if F∂ : Aextra
∂ (C)

≃
−→ Aextra

∂ (D) is an equivalence; F ordinary

(resp. additive) is an homological equivalence if F∂ : Aord
∂ (C)

≃
−→ Aord

∂ (D) (resp.

F∂ : AOrd
∂ (C)

≃
−→ AOrd

∂ (D)) is an equivalence.

Clearly, there is a canonical sufficient condition to obtain compatibility with homo-
topies for a functor between categories endowed with cylinder functors: that F� is
commuting with the cylinder functors, i.e. F�I = JF� and F�(p) = pF�. However,
this stronger condition is not necessary. In fact, for any homological category (C�,Ξ, I)
the identity functor induces an homological functor from the initial homological struc-
ture (C�, Iso, 1) → (C�,Ξ, I) which is not, in general, commuting with the cylinder
functor. Moreover, the identity functor also induces an ordinary homological functor
(C�,Ξ, I) → (C�, C�, I) to the final homological structure, cf. Example 1.3.4. These

functors induce the projection Apoint
∂ (C)→→Aord

∂ (C) and the zero functor, respectively.
For C with a strict initial object 0 and a final point object 1 we also have a unique
ordinary homological functor

! : (2�, Iso, 1) → (C�,Ξ, I)

and the trivial functor ¡ : (C�,Ξ, I) → (1, 1, 0). The homological functor ! is then
inducing the functor

!∂ : R-mod → Aord
∂ (C) |R| H0(1)



12 LUCA BARBIERI-VIALE

which is also the composition of the inclusion !point : R-mod →֒ Apoint
∂ (C) and the

projection Apoint
∂ (C)→→Aord

∂ (C), compatibly with [1, Prop. 2.3.6]. This functor uniquely
extends

!∂ : R-Mod → AOrd
∂ (C)

along the canonical exact R-linear functor Aord
∂ (C) → AOrd

∂ (C) such that |R| H0(1).

1.3.7. Definition. Let (C�,Ξ, I) be a homological category with a strict initial object
0 and a final point object 1. For H any ordinary homology we say that H0(1) is the
coefficient object of the homology; if H is extraordinary Hi(1) are the coefficients. For
a distinguished global point 1 → X the reduced homology is

H̃i(X) :=Hi(X, 1) ∼= Hi(X)/Hi(1) ∼= KerHi(X) → Hi(1)

Let H : C� → Aord
∂ (C) (resp. H : C� → AOrd

∂ (C)) be the universal (resp. additive)
ordinary homology. Denote H0(1) :=R ∈ Aord

∂ (C) (resp. R ∈ AOrd
∂ (C)) such that

!∂(|R|) = R for |R| ∈ R-mod the universal hieratic R-module (see [1, Def. 1.3.3]). Say
that R is the universal coefficient object of the ordinary homology theory with respect
to the homological structure: if R = 0 we say that the homological structure is trivial.

For any relative homology H and 1 → Y → X distinguished we obtain a long exact
sequence

· · · → H̃i(Y ) → H̃i(X) → Hi(X, Y ) → H̃i(Y ) → · · ·

and if H is ordinary we have Hi(X) ∼= H̃i(X) for i 6= 0 and H0(X) ∼= H̃0(X)⊕H0(1).

1.3.8. Proposition. If there is an ordinary homology H ′ : C� → A with a non trivial
coefficient object H ′

0(1) 6= 0 then the homological structure is not trivial.

Proof. In fact, consider rH′ : Aord
∂ (C) → A with H ′

0(1) :=A 6= 0. The universal object
R ∈ Aord

∂ (C) is such that rH′(R) = A and therefore R 6= 0 is not trivial. �

If H ′ is an ordinary homology H ′ : C� → A such that H ′
0(1) :=A ∈ A, A 6= 0, then

rA = rH′ !∂ : R-mod → A is not the zero functor. The projection

Aord
∂ (C)→→A(H ′) :=Aord

∂ (C)/Ker rH′

and the functors !∂ and rH′ are then inducing a factorisation

Aord
∂ (C)

�� r
H′

��

A(H ′)
r̄
H′

##❋
❋
❋
❋
❋
❋
❋
❋
❋

R-mod

!∂

99

99ssssssssss

rA
// A

such that A(H ′) 6= 0, r̄H′ is faithful and essentially surjective if rA is a quotient. For A
Grothendieck and H ′ additive we obtain a similar diagram where Aord

∂ (C) is replaced
by AOrd

∂ (C) and R-mod is replaced by its indization R-Mod.
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1.3.9. Remark (Transfers). We clearly can add “finite coverings” to the data of an ho-
mological structure defining an ordinary homology with transfers following [1, Remark

2.2.10]. The universal ordinary homology theory with transfers Htr : C� → A
ord/tr
∂ (C)

exists and it is obtained by representing the functor Homord/tr(C
�,−) given by ordi-

nary homologies with transfers. In fact, this theory is constructed by considering the
universal relative homology with transfers Htr : C� → Atr

∂ (C) and arguing as in the
proof of Theorem 1.3.2. There is a canonical R-linear exact functor

rHtr : Aord
∂ (C) → A

ord/tr
∂ (C)

Similarly, arguing with Htr : C� → IndA
ord/tr
∂ (C) we obtain Htr : C� → A

Ord/tr
∂ (C) the

universal additive ordinary homology with transfers.

2. Universal singular homology

2.1. Singular homology. Let SSet := Pshv(∆) be the category of simplicial sets. For
any Grothendieck category A together with a fixed object A ∈ A we obtain a canonical
functor

C(−, A) : SSet → Ch(A)

whose essential image is contained in the subcategory of ordinary (i.e. concentrated in
non negative degrees) chain complexes. The chain complex C(X·, A) associated with
a simplicial set X· is simply the chain complex induced by the following simplicial
object

m → n ∈ ∆ Xn
ϕ

−→ Xm  

⊕

x∈Xn

Ax
ϕA−→

⊕

y∈Xm

Ay ∈ A

where the direct sums are taken over copies of A and ϕA is induced via ϕ by universality
of the direct sum. Note that for finite simplicial sets the direct sums are over finite
sets and we may avoid the assumption on the abelian category A to be Grothendieck.
The association X·  C(X·, A) is clearly functorial. Any cosimplicial object ℑ in a

(locally small) category C yields

X  Singℑ·(X) := C(ℑ·, X) : C → SSet

a singular simplicial set functor: we shall assume that ℑ0 ∼= 1 is a final point object
and ℑ1 ∼= I is a non-trivial interval object. For C with arbitrary colimits, universality
of Yoneda embedding of ∆ in SSet implies that Singℑ· has a left adjoint, the so called

“geometric realisation” functor as shown

∆ //

ℑ
��

Pshv(∆) = SSet

ReℑqqC

Singℑ

66

where Reℑ(X·) is the colimit of ℑn over ∆n → X· i.e. in such a way that we moreover

have C(ReℑX·, X) ∼= SSet(X·, Singℑ·(X)) by construction. Setting

SingℑA(X) :=C(Singℑ·(X), A)
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and SingℑA(X, Y ) :=Cone SingℑA(Y ) → SingℑA(X) for pairs (X, Y ) ∈ C� provide, by the
well known properties of the cone, a well defined functor SingℑA : C� → Ch(A) such
that

(X, Y ) HSing
i (X, Y ;A) :=Hi(Sing

ℑ
A(X, Y )) : C� → A

is a relative homology HSing(−;A) : C� → A which is concentrated in non negative
degrees.

2.1.1. Lemma. Let C be a category endowed with a distinguished subcategory, a strictly
initial object 0 and a final point object 1, a cosimplicial object ℑ (such that ℑ0 ∼= 1
and ℑ1 ∼= I) and (1, 0) ∈ C�. For A ∈ A Grothendieck and HSing(−;A) : C� → A we

have that HSing
0 (1;A) = A is the coefficient object and HSing

i (1;A) = 0 for i 6= 0. In
particular, for A = R-Mod and A = |R| we obtain

HSing :=HSing(−; |R|) : C� → R-Mod

representing the subfunctor HomSing(C
�,−) ⊂ Hom(C�,−) of singular relative homolo-

gies. If C has (small) coproducts and ℑ is connected, i.e. Singℑ·(X) =
∐

k Sing
ℑ

·(Xk)

for X =
∐

k Xk, then HomSing(C
�,−) ⊂ HomAdd(C

�,−) and HSing is additive.

Proof. Since 0 is strictly initial SingℑA(0) = 0. Therefore SingℑA(X, 0) = SingℑA(X). For
X = 1 we have that Singℑ·(1) = ∆0 and C(Singℑ·(1), A) is the complex with A in all

degrees; since the differential is zero in odd degrees and the identity in even degrees
HSing(−;A) satisfies the point axiom.
For A = R-Mod = IndR-mod, A = |R| and Singℑ|R|(X, Y ) as above, we have that

(X, Y ) Singℑ|R|(X, Y ) : C� → Ch(R-Mod)

is a canonical functor and HSing
i (X, Y ) :=Hi(Sing

ℑ
|R|(X, Y )) ∈ R-Mod is a relative

homology.
Moreover, for any R-linear Grothendieck category A we have that A ∈ A induces a

unique R-linear exact functor rA : R-mod → A such that rA(|R|) = A and rA uniquely
extends to an R-linear exact functor which is preserving filtered colimits

RA := Ind rA ◦ L : R-Mod → A

where Ind rA : IndR-mod → IndA and L : IndA → A (see [1, Prop. 1.3.6]) such that
RA(H

Sing) = HSing(−;A). In fact, we also get the functor

ChRA : Ch(R-Mod) → Ch(A)

such that C(−, A) factors through ChRA and C(−, |R|).
Finally, if the cosimplicial object ℑ is connected then SingℑA(X) = ⊕kSing

ℑ
A(Xk) for

X =
∐

k Xk thus HSing(−;A) is additive. �

Note that associating HSing(−;A) HSing
0 (1;A) = A yields HomSing(C

�,A)
≃
→ A an

equivalence for A Grothendieck. Actually, R-Mod is representing this latter forgetful
functor on Grothendieck categories.
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2.1.2. Theorem (Universal singular homology). If (C�,Ξ, I) is an homological struc-
ture on a category C with (small) coproducts endowed with a connected cosimplicial
object ℑ (such that ℑ0 ∼= 1 and ℑ1 ∼= I) then there is an additive ordinary homology

HSing = {HSing
i }i∈N : C� → ASing

∂ (C)

which is representing HomSing(C
�,−) ⊂ HomOrd(C

�,−), i.e. HSing is universal with
respect to (additive) ordinary singular homologies.

Proof. Let HSing(−;A) : C� → A be a singular homology which is ordinary with re-
spect to the homological structure. From the proof of Lemma 2.1.1 we obtain the exact
functor RA : R-Mod → A such that RA(H

Sing) = HSing(−;A). Let ASing
∂ (C) be the

Grothendieck quotient of R-Mod by the thick and localizing subcategory generated
by Im(γi − δi) for γi, δi : H

Sing
i (X, Y ) → HSing

i (X ′, Y ′) all parallel I-homotopic mor-

phisms γ ≈I δ : (X, Y ) → (X ′, Y ′) and by Ker εi and Coker εi for εi : H
Sing
i (Y, Z) →

HSing
i (W,X) induced by ε : (Y, Z) → (W,X) all excisive squares in Ξ. The image

HSing : C� → ASing
∂ (C) of HSing under the projection

π : R-Mod→→ASing
∂ (C)

is the universal additive ordinary singular homology with coefficients in π(|R|). In

fact, the functor RA factors through ASing
∂ (C) because, by assumption, HSing(−;A) is

ordinary. �

We always have an exact functor (which is not a quotient, in general)

rHSing : AOrd
∂ (C) → ASing

∂ (C)

but the existence of a non trivial ordinary singular homology is not granted and it
is equivalent to the fact that the category ASing

∂ (C) is not trivial. Moreover, Ker π ⊂
R-Mod is localizing, by the construction in the proof of Theorem 2.1.2, thus π has a
section ASing

∂ (C) →֒ R-Mod.

2.1.3.Corollary. Same assumptions and notation as in Theorem 2.1.2. If the universal
ordinary homology H coincides with the singular homology with universal coefficients

H = HSing(−;R) : C� → AOrd
∂ (C) then AOrd

∂ (C)
≃
→ ASing

∂ (C) and H = HSing. Moreover,
all additive ordinary homologies in Grothendieck categories are singular homologies and
conversely.

2.2. Homotopy versus homology. Given a (small) category C, Dugger [4] has shown
that there is a universal model category UC built from C. The universal way of ex-
panding C into a model category is nicely and simply given by

UC := SPshv(C)

the category of simplicial presheaves endowed with the Bousfield-Kan model structure
(see [4, Prop. 2.3] for details on the universal property). The model category UC is
providing the universal homotopy theory on C. Actually, this UC is somewhat the free
homotopy theory on C and the standard technique of localization provides a method
for imposing “relations” on UC.
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For any Grothendieck category A, consider a model structure on the category of
chain complexes Ch(A) (see [3]). Therefore, for any category C, we also obtain a
model category

MC := Ch(IndA(C))

whose underlying category is the category of chain complexes in the Grothendieck
category IndA(C) determined by the universal homology H (see [1, Thm. 2.1.2]): this
yields a canonical functor from C to Ch(IndA(C)) sending

X  M(X) := “
⊕

i∈Z

”Hi(X)[i]

the “tautological” complex having Hi(X) in degree i and with zero differentials. There-
fore we obtain a Quillen pair

UC ⇄MC

which is an abstract version of the Hurewicz map. Actually, we can get several versions
of this pair, e.g. for any decoration A†(C).

2.2.1. Example. For C = 1, the point category, the universal homotopy and the
universal homology theories yield a Quillen pair

SSet⇄ Ch(R-Mod)

which is universal among all Quillen pairs between SSet and Ch(A) induced by an
object of a Grothendieck category A. In fact, given A ∈ A, i.e. a functor 1 → A,
we obtain the exact functor ChRA : Ch(R-Mod) → Ch(A) such that RA(|R|) = A as
|R| ∈ R-Mod is the universal object.

Similarly, the universal relative homology H (see [1, Thm. 2.2.4]) yields a model
category

MC� := Ch(IndA∂(C))

along with the canonical functor M : C� → MC� given by the relative “tautological”
complex. Therefore

UC� ⇄MC�

there is a canonical Quillen pair. Now any decoration A†
∂(C) induces a corresponding

decorated Quillen pair. For an homological category (C�,Ξ, I) where I is an interval
in the sense of Voevodsky let (UC�)I be the Bousfield localisation of UC� at the class
{p : I(X, Y ) → (X, Y )} indexed by (X, Y ) ∈ C� (see [4, Def. 5.4]). Denote by

MOrdC� := Ch(AOrd
∂ (C))

the model category of chain complexes in the Grothendieck category AOrd
∂ (C).

2.2.2.Theorem (Homotopy versus homology). For any interval object I in the sense of
Voevodsky and an homological structure (C�,Ξ, I) on a category C there is a canonical
functor MOrd : C� → MOrdC� inducing

(UC�)I ⇄MOrdC�

a Quillen pair which is universal with respect to Quillen pairs induced by additive
ordinary homologies.
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Proof. The functor MOrd is obtained by composition of (X, Y )  ⊕Hi(X, Y )[i] with
the canonical functor Ch(IndA∂(C)) → Ch(AOrd

∂ (C)) which is induced by the exact
functor from A∂(C) to AOrd

∂ (C) given by the proof of Theorem 1.3.2. The Quillen pair
is induced by the universal property of UC� and localisation (see [4, Prop. 2.3] and
Lemma 1.2.7). The claimed universality is induced by that of AOrd

∂ (C) in Theorem
1.3.2. �

Note that for C with a Voevodsky interval object I and a Grothendieck topology τ the
localised category (UC/τ)I is playing an important rôle in the construction of several
motivic homotopy theories (here UC/τ is the localised model category considered in
[4, Def. 7.2]). The classical Morel-Voevodsky model structure on C = Smk, can be
recovered from U Smk as the localization (U Smk /Nis)A1

k
where I = A1

k is the affine

line and τ = Nis is the Nisnevich topology (see [4, Prop. 8.1]).

2.3. Cellular homology. We are now going to explore some additional properties of
our category C along with its distinguished subcategory. For simplicity, we assume that
all objects of C are distinguished and that all isomorphisms of C are distinguished. For
a fixed X ∈ C consider filtrations X· → X as shown

X · · ·oo Xp
oo Xp−1

oo · · ·oo X0
oo X−1 = 0oo

for families of distinguished (mono)morphisms Xp → X and p is a non-negative integer.
The following is a reformulation of [2, Lemma 3.1.2].

2.3.1. Lemma. Let H ∈ Hom(C�,A) be a relative homology. Any triple of distinguished
morphisms Xp−3 → Xp−2 → Xp−1 → Xp, e.g. the distinguished monomorphisms in a
filtration X· → X, yields

Hi(Xp, Xp−1)
∂i //

zero

++
Hi−1(Xp−1, Xp−2)

∂i−1 // Hi−2(Xp−2, Xp−3)

in A for all i ∈ Z.

Proof. By naturality we get the following commutative triangles

H∗−1(Xp−1)

��
H∗(Xp, Xp−1)

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧
∂∗ // H∗−1(Xp−1, Xp−2)

∂∗ //

))❚❚❚
❚❚

❚❚
❚❚

❚❚
❚❚

❚❚
H∗−2(Xp−2, Xp−3)

H∗−2(Xp−2)

OO

By exactness we then get that ∂2
∗ = 0 as claimed. �

2.3.2.Definition. Say that (X, Y ) ∈ C� is a good or cellular pair forH ∈ Hom(C�,A) if
either Y ∼= X or exists an integer n such thatHi(X, Y ) = 0 for i 6= n andHn(X, Y ) 6= 0.
For a filtration X· → X say that it is a good or cellular filtration for H if (Xp, Xp−1)
is a cellular pair such that

• Hi(Xp, Xp−1) = 0 for i 6= p,
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• Hi(Xp) = 0 for i > p and
• Hi(Xp) ∼= Hi(X) for i < p, induced by Xp → X .

Say that H is locally cellular if we have good filtrations for H on a subcategory of
C. Say that the homological structure is cellular if the universal ordinary homology
H ∈ Hom(C�,AOrd

∂ (C)) is locally cellular.

Cellularity immediately implies that Hi(X0) = Hi(X) for i < 0. If X = Xd in a
good filtration then Hi(X) = 0 for i > d. Note that when the homological structure
is cellular all ordinary homologies are cellular. Moreover, if A is an abelian category
and P ⊆ A a p-subcategory, see [1, Def. 1.3.14], we may say that H ∈ Hom(C�,A) is
p-cellular if the non zero homology objects in a good filtration are in P. For a tensor
category (A,⊗) as in the assumptions of [1, Def. 1.4.1] we may say that H is ♭-cellular
if the non zero homology is in A♭.
For H ∈ Hom(C�,A) locally cellular and a good filtration X· → X we get the

following commutative diagram with exact horizontal rows

Hi+1(Xi+1, Xi)

∂i+1 ((◗◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗

// Hi(Xi)
πi //

βi

��

Hi(X)

Hi(Xi, Xi−1)

∂i ))❘❘
❘❘

❘❘
❘❘

❘❘
❘❘

❘

// Hi−1(Xi−1)

βi−1

��

πi−1 // Hi−1(X)

Hi−1(Xi−1, Xi−2)

and let

CH
∗ (X) : · · · → Hi(Xi, Xi−1)

∂i // Hi−1(Xi−1, Xi−2)
∂i−1// Hi−2(Xi−2, Xi−3) → · · ·

be the chain complex in A given by Lemma 2.3.1. The complex CH
∗ (−) is functorial

with respect to good filtrations i.e. morphisms f : X → X ′ inducing morphisms of
pairs (Xp, Xp−1) → (X ′

p, X
′
p−1) on the corresponding good filtrations. The topological

version of the following is well-known, cf. [8, Thm. 2.35].

2.3.3. Proposition (Cellular complex). If H ∈ Hom(C�,A) is locally cellular and
X· → X is a good filtration then there is a canonical isomorphism in A

Hi(X) ∼= Hi(C
H
∗ (X))

with the homology of the cellular complex CH
∗ (X) functorially with respect to morphisms

of good filtrations.

Proof. The computation of the homology of CH
∗ (X) is straightforward: follows from

the fact that in the previous diagram βi are monos and πi are epis. �

Note that if Hi(X) are projective objects of A we also have that Hi(X) is a direct
summand of Hi(Xi) and we get

ε :
⊕

i

Hi(X)[i]
q.i.
−→ CH

∗ (X)
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a quasi-isomorphism. In fact, πi do have a section σi : Hi(X) → Hi(Xi) if Hi(X) is
projective and we get a chain morphism

εi :=βiσi : Hi(X)[i] → CH
i (X) = Hi(Xi, Xi−1)

by construction.

2.3.4. Example. In particular, if an ordinary theory H ′ ∈ Homord(C
�,A) on a ho-

mological category (C�,Ξ, I) is locally cellular we have that the universal ordinary
homology induces the following

C� //

H

''
Aord

∂ (C)

r
H′

99
// A(H ′)

r̄
H′ // A

where the universal theory H is also locally cellular since r̄H′ is faithful. For example,
let C = SchS be a suitable category of schemes (of finite type) over a (Noetherian)
base scheme; let Sch�S be the category whose objects are f : Y →֒ X locally closed
S-immersions, i.e. f = j ◦ i where i is a closed immersion and j is an open immersion.
Any Voevodsky cd-structure Ξcd (see [16] and [15]) yields a class of excisive squares.
The standard one is given by the usual Zariski open coverings X = U ∪ V where
εX : (U, U ∩V ) → (U ∪V, V ) ∈ Sch�S are excisive squares and the excisive squares given
by the abstract blow-ups, i.e. f : Y → X proper surjective S-morphism such that exists

Z →֒ X closed where Z ′ = f−1(Z) and Y − Z ′ ≃
→ X − Z is an isomorphism. For any

cd-structure Ξcd on SchS and I = A
1
S we get an homological structure (Sch�S ,Ξcd,A

1
S)

on S-schemes and the universal (additive) ordinary homology

H : Sch�S → Aord
∂ (SchS)

which is the abelian version of Voevodsky triangulated category of (constructible, effec-

tive) motives “without transfers”. Similarly, we obtain Htr : Sch�S → A
ord/tr
∂ (SchS) the

version “with transfers” for finite (surjective) morphisms. For S = Spec(k) the spec-
trum of a subfield k ⊂ C of the complex numbers we have that H ′ = HSing(−;R) is
locally cellular with respect to affine schemes of finite type over k, thanks to Nori’s Ba-
sic Lemma, see [9, Thm. 2.5.2] and ordinary with respect to the standard homological
structure, cf. Remark 3.1.2 c).

2.3.5. Remark. Let (Schk,Ξcd,A
1
k) be an homological category of k-algebraic schemes

over a field k. Consider ordinary homology theories H such that

a) Hi(X, Y ) = 0 is vanishing for X affine and i > d = dim(X), and
b) there is a “relative duality” isomorphism

Hi(X \ Y, Z \ (Y ∩ Z)) ∼= H2d−i(X \ Z, Y \ (Y ∩ Z)

for X proper smooth, Y and Z normal crossings such that Y ∪ Z is a normal
crossing.

Further, eventually, require that this isomorphism is compatible with the long exact
sequence of relative homology, e.g. this is the case of HSing(−;K) singular homology
with coefficients in a field K (on Schk for k ⊂ C). For any field K we can get an
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ordinary homology H : Sch�k → Adual
∂ (Schk) in a K-linear abelian category where these

additional axioms hold true universally along with an exact K-linear functor

rH : Aord
∂ (Schk) → Adual

∂ (Schk)

(and this latter functor is not trivial). In fact, adding (X \ Y, Z \ (Y ∩ Z), i) →
(X \ Z, Y \ (Y ∩ Z), 2d − i) to the Nori diagram one follows the track of the proofs
of [1, Thm. 2.2.4] and Theorem 1.3.2 to construct Adual

∂ (Schk). For an infinite field k
which admits resolution of singularities the homology H is locally cellular over Schk

by exactly the same arguments in the direct proof of the Basic Lemma, see the proof
of [9, Thm. 2.5.2].

3. Topological motives

3.1. Convenient spaces. Let CW be the category of CW-complexes. Let CW ⊆
CTop ⊂ Top be a convenient category of topological spaces (e.g. see [13]) containing
the category of spaces having the homotopy type of a CW-complex: we get the standard
homological structure (CTop�,Ξ, I) on CTop and CW as usual.
Assume the subspaces to be distinguished so that CTop� ⊂ CTop2 is the usual

category of topological pairs. We have 0 = ∅ and the point objects 1 = {∗} are given
by any singleton space.

3.1.1. Definition. Let Ξ = {EX}X∈CTop where EX = {εX} is the family of excisive

squares εX : (U, U ∩ V ) → (X, V ) ∈ CTop� where X = Ů ∪ V̊ is the union of the
interiors. The closed real interval I = [0, 1] (or I = R the affine real line) is an interval
object of CTop. Let (CTop�,Ξ, I) be the standard homological structure on CTop.

Excision and homotopy invariance imply that also εX : (Y, Z) → (X, 1) ∈ CTop� is
excisive for the pointed space Z/Z → X = Y/Z together with a subspace S ⊆ Y such

that Z̄ ⊆ S̊ and Z → S is a deformation retract, e.g. if (Y, Z) is a CW pair.
For any convenient category CTop of topological spaces we may introduce the follow-

ing categories: the abelian categories AOrd
∂ (CTop) and AExtra

∂ (CTop), i.e. the ordinary
and extraordinary (effective) “topological motives” respectively: the topological “mo-
tivic” homology

H : CTop� → AOrd
∂ (CTop)

is the universal ordinary homology.

3.1.2. Remarks. a) Similarly, the abelian categories Aord
∂ (CTop) and Aextra

∂ (CTop) are
categories of “constructible” topological motives and there are versions of topological
motives “with transfers” by Remark 1.3.9. There is an induced homological structure
on the category of “spaces with coefficients” CTop∇ given by (X,E) a bundle E of
abelian groups on X and bundle maps (X,E) → (X ′, E ′) providing AOrd

∂ (CTop∇).

b) Note that the category FTop ⊂ CTop of finite topological spaces is also endowed
with a standard homological structure (FTop�,Ξ, I) even if I /∈ FTop. Thus we also
get finite topological motives and a motivic homology H : FTop� → Aord

∂ (FTop) for
finite (possibly non discrete) topological spaces. Moreover, let Set ⊂ CTop be the
category of small sets regarded as discrete spaces. We may consider the category
of injections Y →֒ X as a distinguished category Set� ⊂ Set2. For X ∈ Set let
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εX : (Y, Z) → (X, 1) ∈ Set� such that X = Y/Z is the push-out. Let EX = {εX} be
all such commutative squares and ℵ = {EX}X∈Set. We get an homological subcategory
(Set�,ℵ, I) regarding Set ⊂ CTop where homotopy of maps is equality.

c) Recall that the usual singular homology with R-coefficients

HSing(−;R) : CTop� → R-Mod

is an additive ordinary homology with respect to the standard homological structure,
i.e. HSing(−;R) ∈ HomOrd(CTop

�, R-Mod) with coefficients R = HSing
0 (1;R) (see [8,

§2.1], [12] and [5, Chap. VII]). This yields that AOrd
∂ (CTop) is not trivial. Moreover,

the exact R-linear realisation functor rHSing(−;R) : A
Ord
∂ (CTop) → R-Mod yields

A(HSing(−;R)) ⊂ R-Mod

the category of topological Nori motives i.e. the universal category generated by sin-
gular homology, which is a (non-full) non-trivial abelian subcategory. It is well known
that singular homology is locally cellular with respect to the subcategory of cell com-
plexes. Moreover, HSing

i (X ;E) singular homology with coefficients in a bundle yields an
ordinary homology theory on the induced homological category (see [8, Section 3.H]).

The category of simplicial sets SSet is endowed with a standard homological structure
induced by the geometric realisation | | : SSet → CTop, where injective morphisms
are distinguished, 1 = ∆0 is a point object and the simplicial interval ∆1 is such that
I = |∆1|, Ξ ⊂ SSet are all maps whose geometric realisation is a (Ξ, I)-generalised
excision in such a way that

| | : (SSet�,Ξ,∆1) → (CTop�,Ξ, I)

is an ordinary homological functor (as | | preserves finite limits it preserves homotopies)
which is additive (since | | is a left adjoint), see Definition 1.3.5.
The standard cosimplicial space ℑn = |∆n| for all n ≥ 0 yields Singℑ·(−) : CTop →

SSet, the usual singular simplicial set functor. Consider the universal singular homology

HSing : CTop� → R-Mod

as in Lemma 2.1.1, lifting the usual singular homology HSing(−;R) along the canonical
exact functor Ind rR : R-Mod → R-Mod (by indization from [1, Example 2.1.8]).

3.1.3. Lemma. HSing ∈ HomOrd(CTop
�, R-Mod), ASing

∂ (CTop) = R-Mod and

rHSing : AOrd
∂ (CTop) → R-Mod

is such that rHSing!∂ = id. Moreover, for any Grothendieck category A the singular
homology HSing(−;A) with coefficients in an object A ∈ A is ordinary with respect to
the standard homological structure.

Proof. The fact that HSing(−; |R|) satisfies homotopy invariance and excision with re-
spect to (CTop�,Ξ, I) follows by exactly the same arguments for the usual singular
homology with R coefficients. Therefore the Lemma 2.1.1 and the Theorem 2.1.2 are
equivalent and all singular homologies are ordinary. Since HSing

0 (1) := |R| ∈ R-Mod is
the coefficient object and rHSing(H) = HSing, in particular rHSing(R) = |R| henceforth
rHSing!∂ = id : R-Mod → R-Mod. �
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Moreover, rHSing yields an interesting but mysterious abelian subcategory

r̄HSing : A(HSing) :=AOrd
∂ (CTop)/Ker rHSing →֒ R-Mod

such that R-Mod ⊆ A(HSing) is a full subcategory.
However, for CTop a generic topological category, it seems difficult to describe

AOrd
∂ (CTop) and/or to see wether A(HSing) is equal to R-Mod or not, unless we restrict

to CW the category of cell complexes.

3.2. Cell complexes. Consider (CW,Ξ, I) the standard homological structure re-
stricted to the subcategory CW ⊂ CTop. For CW-complexes say that sub-complexes
are sub-distinguished. Recall that the geometric realisation | | has essential image in
CW and we easily obtain:

3.2.1. Proposition. The functor | | restricts to an equivalence

| |∂ : A∆1−hi
∂ (Kan)

≃
−→ AI−hi

∂ (CW)

where Kan ⊂ SSet are the Kan complexes (note that ∆1 /∈ Kan).

Proof. Actually, Kan/ ≈∆1
∼= CW/ ≈I and any homotopy invariant homology factors

uniquely through the quotient category in such a way that

HomI−hi(CW
�,−) ∼= Hom∆1−hi(Kan�,−)

are equivalent 2-functors. �

Restricting to Kan complexes Kan ⊂ SSet we then obtain the following homological
equivalence (see Definition 1.3.6)

| |∂ : Aord
∂ (Kan)

≃
−→ Aord

∂ (CW)

and we have:

3.2.2. Theorem. The standard homological structure (CW,Ξ, I) is cellular, the functor

!∂ : R-Mod
≃

−→ AOrd
∂ (CW)

is an equivalence andHi(X, Y ) ∼=!∂(H
Sing
i (X, Y )) ∈ AOrd

∂ (CW) with quasi-inverse rHSing

so that A(HSing) = R-Mod.

Proof. For X ∈ CW the skeletal filtration X· → X is a good filtration for any additive

ordinary homology H : CW� → A in a Grothendieck category A with coefficients
H0(1) :=A ∈ A as it can be seen by a straightforward computation. In fact, note
that for a CW pair (X, Y ) the quotient X/Y is a pointed CW-complex and we have

that Hi(X, Y ) ∼= H̃(X/Y ) by excision and homotopy invariance (cf. Definitions 1.3.1
- 1.3.7). Therefore, we have the following

· · · → H̃i(Y ) → H̃i(X) → H̃i(X/Y ) → H̃i−1(Y ) → · · ·

long exact sequence; applying this to X = Dn, Y = Sn−1 and X/Y = Sn for n > 0

we obtain H̃i(S
n) = 0 for i 6= 0 and H̃n(S

n) = A. Since
∐
(Dp, Sp−1) → (Xp, Xp−1)

induces ⊕Hi(D
p, Sp−1) ∼= Hi(Xp, Xp−1) we obtain Hi(Xp, Xp−1) = 0 for i 6= p and

Hp(Xp, Xp−1) ∼= ⊕A by additivity, where the sum is indexed on the set of p-cells. If X
is finite dimensional we have that X = Xd implies that Hi(Xp) ∼= Hi(Xd) for i < p and
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since X0 =
∐

∗ is a discrete set we have that 0 = ⊕Hi(∗) = Hi(Xp) if i > p so that H is
locally cellular (see Definition 2.3.2). If X = ∪Xp is not finite dimensional, as explained
in the proof of [8, Lemma 2.34 (c)] applied to our H , by additivity and the “mapping
telescope” construction we still get that Hi(Xp) ∼= Hi(X) for i < p. Thus H is locally
cellular on CW. Now as in Proposition 2.3.3 we obtain that Hi(X) ∼= Hi(C

H
∗ (X)) can

be computed by the cellular complex. By naturality of the complex in Lemma 2.3.1 we
get that this isomorphism is functorial for cellular mappings yielding that the relative
homology H on CW� is isomorphic to the relative homology determined by the cellular
complex CH

∗ (using again that the homology of a CW-pair (X, Y ) is given by that of
X/Y as a pointed CW-complex).
As a consequence: universal additive ordinary homology H : CW� → AOrd

∂ (CW)
with coefficients H0(1) :=R =!∂(|R|) and singular homology HSing(−;R), which is ad-
ditive and ordinary by Lemma 3.1.3, are locally cellular. Therefore, we have that
H = HSing(−;R) once we have checked that the two cellular complexes CH

∗ and CHSing

∗

with coefficients in R do agree naturally. This latter checking can be done as in the
proof of [8, Thm. 4.59] (and, actually, it is equivalent to Eilenberg-Steenrod uniqueness
theorem after an exact embedding of AOrd

∂ (CW) in abelian groups, see also [12] and [5,
Chap. IV Thm. 10.1]). In fact, to check that the cellular boundary maps are the same
one is left to see (cf. the cellular boundary formula in the proof of [8, Thm. 2.35]) that
a map Sn → Sn of degree m induces multiplication by m on Hn(S

n) = R = HSing
n (Sn)

in both cases. This is clear since we have that both theories are additive with respect to
the sum operation in πn(S

n) (e.g. as explained in [8, Lemma 4.60]). In order to check

naturality of the isomorphism CH
∗ = CHSing

∗ one is left with exactly the same problem
as for the cellular boundary maps (see the argument in the proof of [8, Thm. 4.59]).
Thus (as in Corollary 2.1.3)

rHSing : AOrd
∂ (CW)

≃
−→ R-Mod

yields an equivalence with quasi-inverse !∂ such that !∂(H
Sing) = HSing(−;R) = H with

coefficients R and |R| identified under the equivalence. Finally, since Ker rHSing = 0 we
have that A(HSing) = R-Mod. �

Suppose that R is coherent. We then have that rR : R-mod→→R-mod is a quotient
and it is an equivalence if R = K is a field, cf. [1, Example 2.1.8]. Thus Ind rR :
R-Mod → R-Mod is a quotient and from Theorem 3.2.2 we obtain that the realization

rHSing(−;R) = Ind rR : AOrd
∂ (CW) ∼= R-Mod→→R-Mod

is a quotient and it is an equivalence if R = K is a field.

3.2.3. Corollary. Let R be a coherent ring. We have that A(HSing(−;R)) = R-Mod,
i.e. topological Nori motives for CW-complexes are usual R-modules.

3.2.4. Remarks. a) Consider finite and finite dimensional cellular complexes CWfd
fin

and singular homology with coefficients in R Noetherian

HSing(−;R) : CWfd
fin → R-mod

taking values in the abelian category of finitely generated R-modules. From the same

arguments in the proof of Theorem 3.2.2 we can see that !∂ : R-mod
≃

−→ Aord
∂ (CWfd

fin)
is an equivalence and the realization functor rHSing(−;R) : Aord

∂ (CWfd
fin)→→R-mod is a
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quotient.

b) Adding transfers for finite coverings, i.e. n-sheeted covering spaces for some
finite n, as in Remark 1.3.9, recall that HSing(−;R) is endowed with transfer homo-
morphisms. Thus, the previous quotient functor rHSing(−;R) factors through the functor

rHtr : Aord
∂ (CWfd

fin)
∼= R-mod → A

ord/tr
∂ (CWfd

fin). It appears reasonable to expect that

Aord/tr
∂ (CWfd

fin)
∼= R-mod but a proof is missing.
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