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Abstract

The Standard Model (SM) stands as one of the most successful and extensively tested theoretical frame-
work for describing fundamental particles and their interactions. To date, experimental measurements
across a vast range of energy scales have shown outstanding agreement with theoretical predictions. De-
spite these experimental triumphs, the theory remains fundamentally incomplete. For example, it fails
to account for established physical realities such as dark matter, the matter-antimatter asymmetry of the
universe, neutrino masses, and a quantum description of gravity. New physics typically manifests itself
in experimental data as resonances in differential distributions. However, the absence of such direct
observations indicates that, if present, it resides at energy scales beyond the kinematic reach of current
colliders. While the on-shell peaks of these resonances may not be experimentally accessible, their low-
energy tails can still manifest as subtle deviations in the TeV region. For this reason, the frontier of
high-energy physics has shifted towards precision tests. During the High-Luminosity phase of the LHC,
these high-energy regions are projected to be measured with percent or sub-percent level accuracy. To
ensure a statistically meaningful comparison between experimental data and theoretical predictions, the
uncertainties on the latter must be systematically reduced to the same level.

This thesis contributes to the advancement of these theoretical predictions by calculating higher-order
perturbative corrections, with a specific emphasis on the electroweak (EW) sector of the SM. To this
end, we developed OCEANN, a novel computational framework that lays down the pipeline from the
generation of Feynman diagrams to the numerical evaluation of ultraviolet-renormalized and infrared-
subtracted two-loop amplitudes. Within OCEANN, we introduced ABISS, a MATHEMATICA package
designed to compute the interference between two-loop and tree-level amplitudes. While to overcome
the severe computational bottlenecks associated with evaluating complex multi-scale Feynman integrals,
we developed SEASYDE, a MATHEMATICA package that implements the series expansion approach.
Crucially, this newly developed computational tools natively support complex masses, allowing for the
stable and precise evaluation of amplitudes in resonant processes.

We applied this framework to compute the mixed QCD-EW two-loop amplitudes for both Neutral
Current (NC) and Charged Current (CC) Drell-Yan (DY) processes. Alongside this, we calculated the
complete two-loop QED corrections to NC-DY, an effort motivated by the need to deeply understand
the infrared structure of the full two-loop EW amplitude. These calculations represents a theoretical
breakthrough for the LHC precision program, effectively opening the door towards complete two-loop
EW computations.

Subsequently, we implemented the two-loop mixed amplitude for NC-DY into the Monte-Carlo inte-
grator MATRIX and we conducted a detailed phenomenological study. This allowed us to provide precise
differential cross-sections across both the resonant and high invariant-mass regions. We also performed
a comprehensive comparison of our findings against an independent calculation available in literature.

Finally, we bridge the gap between precision phenomenology and Beyond the Standard Model physics
searches by interpreting potential small deviations within the framework of the Standard Model Effective
Field Theory (SMEFT). Utilizing the SMEFIT framework, we integrate precise theoretical inputs into
global SMEFT analyses to rigorously constrain the current parameter space of new physics. Further-
more, we extend this analytical framework to evaluate the sensitivity of future high-energy colliders. By
projecting the foreseen increase in experimental precision at upcoming facilities into our global fits, we
systematically quantify how future measurements will enhance our ability to isolate indirect signatures
of the presence of new physics.
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Introduction

“It is to know myself better and to find my own dimension that [
have climbed impossible mountains. 1 did it driven by the beauty of
alpine nature, by the challenge, and by the pleasure of knowing.”

Walter Bonatti, Italian alpinist.

The Standard Model of particle physics represents one of the most successful and extensively tested
theoretical framework for describing fundamental particles and their interactions. Formulated over the
second half of the twentieth century, it provides a remarkably elegant and predictive framework for de-
scribing the fundamental constituents of matter and three of the four known fundamental forces, namely
electromagnetism, the weak and the strong nuclear force. For decades, the Standard Model has with-
stood intense experimental testing. From the precise measurements of electroweak (EW) observables at
LEP [9] to the historic discovery of the Higgs boson at the Large Hadron Collider in 2012 [10,11] whose
existence has been predicted in 1964 by Peter Higgs and, independently, by Robert Brout and Francois
Englert [12-15].

However, despite its great experimental successes, the Standard Model is fundamentally incomplete.
For example, it fails to provide a quantum description of gravity. It does not offer any viable candidate
for either dark matter or dark energy, which constitute up to 95% of the universe. It cannot explain the
observed baryon asymmetry of the universe, nor the non-zero masses of neutrinos. These missing pieces
therefore suggests that the Standard Model is not the ultimate theory of nature, but rather a low-energy
effective approximation of a more fundamental theory. The primary objective of the high-energy physics
community, is to uncover this Beyond the Standard Model physics.

In the early days of the Large Hadron Collider physics program, there was a widespread optimism
for the direct discovery of new heavy resonances, such as supersymmetric particles or heavy gauge
bosons. However, as the collider pushed to higher and higher center-of-mass energies and accumulated
unprecedented amount of data, no such direct signals have emerged. The absence of new resonant
phenomena at the TeV scale has induced a profound paradigm shift in the field: the transition from an
era of discovery to an era of precision.

If new physics lies at energy scales significantly higher than those directly accessible by current
colliders, its effects will show up as extremely small deviations in the kinematic distributions of known
particles. To confidently claim a discovery based on these deviations, the theoretical uncertainties of
our Standard Model predictions must be strictly smaller than the experimental ones. However, since the
High-Luminosity phase at the Large Hadron Collider promises to reduce statistical experimental errors to
the sub-percent level for many key observables [16,17], the burden of discovery now rests heavily on the
theoretical community. Achieving sub-percent theoretical accuracy on differential distributions requires
extending perturbative calculations to higher orders in the strong and electroweak coupling constants.
At Leading Order (LO), theoretical predictions typically suffer from large theoretical uncertainties. By
computing Next-to-Leading Order (NLO) and Next-to-Next-to-Leading (NNLO) Order corrections, we
systematically reduce them, stabilizing the convergence of the perturbative series.



Numerically, the fine-structure constant « is of the same order of magnitude as the square of the
strong coupling s at the EW scale (QQ ~ my). Consequently, NLO EW corrections, formally O(«)
with respect to the LO, are comparable in size to NNLO QCD corrections, formally O(a?). However,
EW corrections exhibit a unique behavior in the high-energy regime [18, 19]. In the tails of kinematic
distributions, such as the high invariant mass regions, the exchange of virtual massive gauge bosons gen-
erates large logarithmic enhancements known as EW Sudakov logarithms. These corrections can impact
the cross-section by tens of percent at the TeV scale. Because these high-energy tails are precisely the
regions where new physics is most likely to show up, failing to include higher order EW corrections
can artificially hide the signals of new physics. Achieving sub percent precision on differential distri-
butions therefore demands not only the dominant higher order QCD contributions, but also the careful
combination with higher-order mixed QCD-EW and purely EW effects.

Progress in the last 15 years has allowed the perturbative calculation of tree-level and one-loop am-
plitudes, together with their combination for predictions at NLO, to be completely automated both for
QCD and EW loops. Nowadays, there exist multiple frameworks that perform all the calculations in
a completely automatic way, e.g. MadGraph5_aMC@NLO [20]. Methods and techniques to compute
NNLO corrections, on the other hand, are still under intense development [21]. Many results exist, yet
obtained through dedicated and not-yet systematized approaches. In particular, the calculation of NNLO
corrections, for a general scattering process, requires the inclusion of the contributions from different
processes, namely double-real, real-virtual and double-virtual, which need first to be evaluated and then
combined into infrared-safe observable. The evaluation of the double-virtual correction, however, is far
from being automatized and a general standard workflow is not yet established.

The calculation of these higher-order corrections is a formidable mathematical and computational
challenge. The workflow of a precision calculation begins with the algorithmic generation of thousands
of Feynman diagrams. While this step is fully automated, the subsequent evaluation of the resulting
multi-loop Feynman integrals constitutes the primary bottleneck of modern calculations [22]. Multi-
loop amplitudes, indeed, diverge in exactly four dimensions due to ultraviolet and infrared singularities.
To regularize these divergences, the integrals are evaluated in d = 4 — 2¢ dimensions using dimensional
regularization. The total number of d-dimensional scalar integrals grows exponentially with the per-
turbative order, reaching up to hundreds of thousands of integrals for state-of-the-art calculations. To
render the problem tractable, we employ sophisticated algebraic techniques, leveraging Integration-by-
Parts identities to reduce the vast system of integrals into a minimal, linearly independent basis known
as Master Integrals. Evaluating these Master Integrals requires cutting-edge mathematical machinery.
The modern standard relies on formulating and solving systems of differential equations with respect to
the kinematic invariants of the scattering process [23]. Solutions are frequently expressed in terms of
iterated integrals, such as multiple polylogarithms, or, in the presence of massive internal loops, more
complex structures like elliptic integrals may arise. Mastering and automating these techniques is one of
the central themes of this thesis.

The journey from a theoretical prediction to a physical constraint on new physics follows a stan-
dard pipeline, which forms the structural backbone of this thesis. In Chapter 1, we review the founda-
tional aspects of the Standard Model of particle physics. We detail its theoretical formulation, introduce
the background-field method for its quantization, and highlight some of the problems that motivate the
search for new physics. Finally, we introduce the Standard Model Effective Field Theory as a frame-
work to parametrize these new physics effects in a model-independent way. In Chapter 2, we introduce
the core mathematical objects required for computing higher-order corrections: scattering amplitudes.
We provide their formal definition and address the primary technical challenges associated with their



computation. Beginning with ultraviolet renormalization, we review its basic concepts and extend its
formulation to the two-loop mixed QCD-EW and two-loop EW levels of accuracy. This extension,
which was previously only partially available in the literature, has been presented in detail in [8]. We
then review EW input schemes, the complex mass scheme, which is essential for accurately describing
intermediate unstable particles, and the intricacies of treating 7° in d dimensions. In Chapter 3, we tackle
the numerical evaluation of Feynman integrals. After providing the basic definitions and reviewing the
method of differential equations, we focus extensively on the series expansion approach [S]. This pow-
erful technique enables the computation of Feynman integrals even when analytical expressions in terms
of known classes of functions are entirely unavailable. Finally, we present the Mathematica package
SEASYDE [2]. Thanks to an original algorithm for performing the analytic continuation of results in the
complex plane, this package is capable of evaluating Feynman integrals with arbitrary complex masses,
thereby allowing us to consistently perform calculations within the complex mass scheme. In Chapter 4,
we link the computed amplitudes to physical observables. Using the factorization theorem, we isolate the
perturbative hard-scattering process from the non-perturbative structure of the proton. By employing in-
frared subtraction schemes and Monte Carlo integration techniques, we convert the finite matrix elements
into fully differential fiducial cross-sections at the NLO and NNLO levels of accuracy. We then present
OCEANN, our novel computational framework designed to automate the calculation of two-loop am-
plitudes. In Chapter 5, we focus on the Drell-Yan (DY) process, whose exceptionally clean leptonic final
state provides the ultimate testing ground for precision physics. In particular, we present our calculations
of the mixed QCD-EW two-loop amplitudes for Neutral-Current (NC) DY [1] and Charged-Current (CC)
DY [3], as well as the complete two-loop QED corrections to NC-DY [6]. We conclude the chapter by
discussing the prospects for achieving a full two-loop EW calculation. In Chapter 6, we present the
implementation of our mixed QCD-EW amplitude for NC-DY into the Monte-Carlo integrator MATRIX,
enabling phenomenological studies at the mixed NNLO QCD-EW level of accuracy [4]. We provide
results in both the resonant and high-invariant-mass regions for various observables, and we present a
detailed comparison with an independent calculation available in the literature. Finally, in Chapter 7, we
utilize the SMEFIT framework to integrate precise theoretical inputs into global SMEFT analyses, rig-
orously constraining the current parameter space of new physics. Furthermore, we extend this analytical
framework to evaluate the sensitivity of future high-energy colliders [7]. By projecting the anticipated
increase in experimental precision at upcoming facilities into our global fits, we systematically quantify
how future measurements will enhance our ability to isolate indirect signatures of new physics.

In summary, this thesis presents a comprehensive journey through the precision frontier. By ad-
vancing the computation of multi-loop amplitudes and refining the phenomenological predictions for
the Drell-Yan process, we improve the theoretical tools required to interrogate the Standard Model at
unprecedented levels of accuracy, laying the foundations for the discovery of the fundamental laws of
nature.






Chapter

The Standard Model of particle physics

“Why do you want to climb Mount Everest?”

“Because it’s there.”

George Mallory, English alpinist.

Ever since humans began to think critically, we have been driven by a deep curiosity to understand the
nature of reality. At the heart of this quest is a timeless question: What is matter made of? For millennia,
philosophers and scientists have tried to identify the basic building blocks that constitute the physical
world, striving to reduce the complexity of the universe to a set of elementary components.

The earliest recorded attempt to provide a systematic answer to this question emerged in Ancient
Greece with the philosopher Democritus. In the 5th century BCE, he formulated the theory of atomism,
proposing that the universe was composed of small, indivisible, and indestructible particles known as

atomsl

, moving through an infinite void. For Democritus, these atoms were the fundamental constituents
of all matter, varying only in shape, size, and arrangement. While his ideas were purely philosophical
and lacked empirical verification, they represented a profound conceptual leap: the realization that the
macroscopic world is supported by a microscopic substructure.

The scientific progress, however, has long since surpassed the atomism of antiquity. Through cen-
turies of experiments and theoretical development, from the discovery of the electron to the formulation
of quantum mechanics, our understanding of the subatomic world has deepened exponentially. We now
know that the "uncuttable" atoms of Democritus are themselves composite structures, divisible into nu-
clei and electrons, and that the nuclei are further composed of protons and neutrons.

Today, the most robust and precise theoretical framework describing these fundamental constituents
is the Standard Model (SM) of particle physics. It represents the culmination of modern physics, describ-
ing the universe not as a collection of geometric shapes in a void, but as a complex interplay of quantum
fields. The SM successfully classifies all known elementary particles, namely quarks and leptons, and
describes three of the four fundamental forces governing their interactions: the electromagnetic, weak,
and strong nuclear forces. As the current apex of our understanding, the SM stands as one of the best
theory humanity has produced to answer that primitive question, providing a mathematically consistent
set of predictions that has withstood decades of rigorous experimental testing. This Chapter aims to pro-
vide a review of the theoretical foundations of the SM of particle physics. The discussion presented here
is intended to establish the notation and introduce the fundamental concepts that will be used throughout
the remainder of this thesis. For a more comprehensive treatment of the SM, quantum field theory, and
gauge symmetries, we refer the reader to the extensive literature and classic textbooks available on the
subject, such as [24-27].

'From the ancient Greek dtomos, not divisible.



6 Chapter 1. The Standard Model of particle physics

1.1 Fundamental constituents of nature

In the framework of Quantum Field Theories (QFT), a fundamental object is defined as a point-like par-
ticle with no internal substructure, and, unlike the atoms or the nuclei, cannot be divided into smaller
components. All visible matter in the universe is constructed from such fundamental particles known as
fermions, which are characterized by having spin—%. These fermions are categorized into two distinct
categories based on how they interact: quarks and leptons. Both quarks and leptons are further organized
into three distinct generations (or families), where each successive generation consists of increasingly
massive particles that otherwise share identical quantum numbers and interactions. The primary distinc-
tion between these two groups lies in their susceptibility to the strong nuclear force. Quarks possess a
property known as color charge, making them subject to the strong interaction, whereas leptons do not.
This property leads to a phenomenon called confinement: quarks are never found in isolation. Instead,
they bind together to form composite particles called hadrons”. Hadrons are then further classified into
baryons, which are composed of three quarks (such as the proton and neutron), and mesons, which are
unstable particles made of a quark and an anti-quark pair.

Interactions between fermions are built upon the fundamental principle of gauge symmetries. The SM
is a non-Abelian gauge theory, invariant under the group G = SU(3). x SU(2)r, x U(1)y. This math-
ematical structure mandates the existence of force-carrying particles, known as gauge bosons. These
spin-1 particles appear naturally from the theory, acting as the mediators for three fundamental forces
(gravity being the notable exception). The color symmetry SU (3). governs the strong interaction, medi-
ated by a set of eight massless gluons. Meanwhile, the electroweak (EW) sector combines the SU(2),
and U(1)y symmetries, giving rise to the photon (v), which carries the electromagnetic force, and the
W and Z bosons, which mediate the weak nuclear force.

A critical distinction exists between these mediators. While the photon and gluons are massless, the
W and Z bosons possess a significant mass, restricting the weak force to extremely short distances. This
presents a theoretical challenge: strict gauge invariance normally forbids mass terms for these bosons, as
well as for the fermions, contradicting experimental measurements. The resolution to this conflict can be
found in the Brout-Englert-Higgs mechanism [12-15]. The inclusion of the Higgs field spontaneously
breaks the electroweak symmetry, providing the W and Z bosons and the fermions with a mass, while
leaving the photon massless. The associated particle, the spin-0 Higgs boson, was the final piece of
the Standard Model puzzle to be discovered. The specific details of this symmetry breaking and mass
generation will be explored in the subsequent section.

1.2 Lagrangian of the Standard Model

The SM is a gauge QFT which is symmetric under the group G = SU(3). x SU(2)r, x U(1)y. In
particular, it unifies the strong interaction, described by QCD [28-31], with the electromagnetic and
weak interactions, described by the Glashow-Salam-Weinberg model [32-34]. We start formulating the
theory in a way in which the gauge symmetry is manifest and then, following a spontaneous symmetry
breaking mechanism, we will switch to a representation in terms of physical fields.

1.2.1 Lagrangian of the electroweak SM in the symmetric basis

The electroweak sector of the Standard Model is defined by the gauge symmetry group G gy = SU(2) [, X
U(1)y, representing the unification of the weak and electromagnetic interactions. The coupling strengths

2From the ancient Greek hadrés, large, massive.
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associated with these groups are denoted by gy for the weak isospin SU(2)y, and g1 for the weak hy-
percharge U(1)y. The group generators are the weak isospin operators I{;, (where a = 1,2, 3) and the
weak hypercharge operator Y. These abstract quantum numbers are related to the electric charge @ via
the Gell-Mann-Nishijima formula:

Yw

Q:[§V+7. (1.1)

Gauge invariance under G gy requires the introduction of four vector fields transforming in the adjoint
representation of the group. The SU(2)y, interaction is mediated by the isotriplet W7 (z), while the
U(1)y interaction is mediated by the singlet B,,(x). The dynamics of these bosons are governed by their
respective field strength tensors:

By = 0B, — 0,B,, Wi, =0, W5 — 0,WS + goe™WIWY, (1.2)

abc

where ?° represents the totally antisymmetric structure constants of SU(2). The coupling between the

gauge bosons and matter fields is introduced via the covariant derivative:

a Y,
D, =0, - ig2%wg +ig1— B, (1.3)

where o are the Pauli matrices. In the symmetric phase, the gauge bosons described above are massless.
To generate mass without violating gauge invariance, the Higgs mechanism is employed to spontaneously
break the symmetry SU(2);, x U(1)y — U(1)em. This is achieved by introducing a complex scalar
doublet ®(x) with weak hypercharge Yiyo = £1. This hypercharge assignment ensures the doublet
contains a neutral component capable of acquiring a non-vanishing vacuum expectation value (vev). The

+ X
O(z) = <‘p0( )>. (1.4)

Crucially, the assignment Yy, = +1 permits gauge-invariant Yukawa couplings between the scalar

doublet is parameterized as:

field and fermions, providing the mechanism for fermion mass generation upon symmetry breaking.
The theory is chiral, treating left- and right-handed fermion fields differently. Left-handed fields
transform as doublets under SU (2) . Denoting the lepton and quark doublets as L and @ respectively:

[ L BT L (1.5)
gy e o e A W 27 :
J J

Conversely, right-handed fields transform as SU (2), singlets:

IR / 1R / 1R !

Here, the chirality projectors are defined as wy = 5 (1£+°), and the index j = 1,2,3 denotes the
generation. The labels v, [, u, and d correspond to neutrinos, charged leptons, up- and down-type quarks,

SWe adopt the conventions of [35-38]. Different sign conventions are used in the literature. Often the form D, =
Ou + 1920% /2W + ig1Yw B, is used [39,40], which differs in the sign of the SU(2) gauge fields W*. In the field ba-
sis corresponding to charge and mass eigenstates this corresponds to a sign change in the W= and Z fields. Peskin and
Schroeder [24] and Schwartz [26], on the other hand, use the convention D,, = 0, — ig20®/2W; — ig1Yw B,,, which is
related to our convention by a sign change in the U(1)y gauge field B, and the photon field A,,.Parameter relations are not
affected by these transformations. However, the signs of Feynman rules and Green functions change.
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respectively. Right-handed neutrinos are omitted from this discussion as they are not relevant for the
collider phenomenology considered here. The prime notation indicates the interaction basis, where the
covariant derivative is diagonal in flavor space; these states are not necessarily mass eigenstates. Due to
the chiral nature of the gauge interactions, explicit fermion mass terms are forbidden in the Lagrangian.
The complete classical Lagrangian L, for the electroweak sector is given by:

1 1
Lelass = — ZBHVBNV _ ZWﬁVWa7MV

+ (D, @) (D1®) + 12 (cb*@) - % (@@)2
o5 (e s )

+ Z (z;Rum;R +uFipuR + d?upd;R)

- Z (LFG iR + QFGhufioc + QFGhdfo +he.), (1.7)
The first line describes the gauge boson kinetic terms. The second line details the Higgs sector, including
its kinetic term, gauge interactions, and the scalar potential characterized by the mass parameter 1>
and quartic coupling A. The third and fourth lines represent the fermion kinetic terms and their gauge
interactions. The final line contains the Yukawa interactions, parameterized by the coupling matrices
Gf; To couple to the up-type quarks, the charge-conjugate Higgs doublet is required, defined as ®¢(z) =
i@ (z) = (" (2), —go_(:r))T with 75 the second Pauli matrix.

In summary, the classical Lagrangian is fully determined by the gauge couplings g; and go, the Higgs
potential parameters ;2 and A, and the Yukawa matrices G{j

1.2.2 Lagrangian of the electroweak SM in the physical basis
Our analysis begins with the scalar potential of the Higgs sector:
A 2
— 2 (ot 2 (gt
V(D) = —p ((I) <1>) +4 (<I> <1>) . (1.8)

The vacuum structure depends critically on the sign of the parameter p?. If y? < 0, the minimum is
located at ®o = (0,0)7, leaving the gauge symmetry unbroken and the gauge bosons massless. However,
in the Standard Model, we assume p? > 0, which destabilizes the origin and shifts the minimum to a
non-zero value satisfying:

(@l@0) = 2’;2 £0. (1.9)

Due to the SU(2) invariance of the potential, there is an infinite set of degenerate vacua. Spontaneous
symmetry breaking occurs when the physical system settles into one of these ground states. By exploiting
the EW gauge freedom, we can, without loss of generality, align this vacuum expectation value (vev)

Do — <0> (1.10)
7

along a specific direction:
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where v is real and positive. This solution is unique up to a phase. We then expand the scalar field ®(x)
around this vev v:

()

_ o S i
o) = (\}5 [v+H(x)+ix(x)]>’ @ =@l (b

Here, H(z) represents the physical, massive Higgs boson. The fields x(z) and ¢ (z) represent the
massless would-be Goldstone bosons. In the unitary gauge, these unphysical degrees of freedom are
reabsorbed by the gauge bosons, providing the longitudinal polarization states necessary for them to
acquire mass. In a general gauge the longitudinal degrees of freedom of the gauge boson combine with
the would-be Goldstone in a specific combination which is controlled by a Ward identity.

To derive the particle spectrum in the physical basis, we substitute the expansion Eq. 1.11 into the
classical Lagrangian (Eq. 1.7) and diagonalize the resulting mass matrices. The physical masses are
found to be:

1 1
My = 51)92, my = im/g% + g%, m~y =0,

A v L R
ma = V22 =0\ [ 5, mﬂi:\ﬁZUg; Gl UlH (1.12)
k,m

The corresponding physical eigenstates relate to the gauge eigenstates as follows:

1 Z c s w3
+_ - 1 'WQ U - w w 7
W, V5W@¢Zu% 4, e en ) \ B

BoS R e a

k k

Here, we have introduced the weak mixing angle 0y, where ¢y, = cos Oy = g2/+/g% + g5 = mw /my
and s, = sin 6y,. The electromagnetic coupling constant e is related to the original gauge couplings by:
9192

Y — 028w = gJ1Cw =
VIi+93

After electroweak symmetry breaking, the Yukawa interactions generate explicit mass matrices for the

e =

4o, (1.14)

fermions. To transition to the physical mass basis, these matrices are diagonalized via bi-unitary trans-
formations involving the matrices U/*% and U/*%. Crucially, while SU(2);, gauge invariance requires
the upper and lower components of left-handed doublets to transform identically before electroweak
symmetry breaking, they can be rotated independently once the symmetry is broken. In the neutral cur-
rent interactions, the unitarity of these rotation matrices ensures that flavor-changing neutral currents are
absent at the tree level. However, in the charged current interactions, the independent rotations of the
left-handed up-type and down-type quarks do not align, resulting in the Cabibbo-Kobayashi-Maskawa
(CKM) mixing matrix [41,42]:

V = Uuwtydlt, (1.15)

For the lepton sector, because neutrinos remain massless in this minimal framework, their basis is de-
generate. We can therefore utilize this freedom to choose U = U~ perfectly aligning the flavor and
mass bases and rendering the neutrino interactions flavor-diagonal.
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Expressing the classical Lagrangian in terms of these physical fields yields the complete electroweak
Lagrangian:

£class = Z Z [ﬁ(la - mf,’b)fl - lefi’nyiA,LL}

f=lLyvud 1
€ 7L L 7
> D BT = QS 1) 2,
f=lrud
€ L - JLyir+ , gL t, Ly —
3 (aby Vigdf Wit + diyrv il wy |
1,j

e _ -y _
- Zz: oo [ViLfy“liLV[/'#+ —i—liL’y“l/l-LWM}

1 . _ _ 2
~1 ‘6#141, — Oy Ay —ie(W), W, —-w, WJ)‘
2

1 . C _ —
— 5 |Ouy = 002y + Zei(Wu wh—w, W)
1 .
~3 O W,F — OVW: - ze(WJAl, —W,FA,)
c 2
+ie—(WiZ, - W, 2,)
Sw
1 : e . N
+ 5 |Ou(H +ix) —i—W_ oTimyZ, + i Zu(H +ix)
2 Sw 2w Sw
+ o ©_ . Cw = S + +
+ |Oup T +ieA T — zem pp —imuw W,
2
e
z—%w o (H +ix)
1

2 1
— —m%H? - %H (gogo + §|H + ix!2>
2

2
my _ 1 .9
_ Z|H
52 (cpsa + 35 +Zx|>

30 S PENRfH - 28 i fix)

v
f=lu,d <

V2 _ . _
+ Z o mu,iusijdngoJr + mu7jdiLVi;uf<p
i,j
— deﬂfVijdfgp"' — md’iJﬁVigufgp_

-3 \fml (TF1Eet +1FvfeT) . (1.16)

1.2.3 Quantization

To perform the quantization of the theory, a specific gauge must be selected to remove the redundancy of
the gauge freedom. This is achieved by supplementing the Lagrangian with a gauge-fixing term, defined
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as:

Lin =~ (C1P = (€% - pchen (117

where £, represents the arbitrary gauge parameters and C'® denotes the linear gauge-fixing operators. In
the specific ¢ gauges (or 't Hooft gauges) adopted here, these operators take the form:

CA=0"A,,  C¥=0"Z,—mylx, CF ='W Fimy&uwp™. (1.18)

The inclusion of Lgx allows for the inversion of the quadratic kinetic terms for the gauge fields, yielding
the general vector boson propagator:

‘ht(b/) _ i€ qudv (1.19)

a 1
R
" @?-m2\ " g ¢ —&am2 ¢
where a corresponds to 4,7, or W*. Tt is important to note that the transverse component of the prop-
agator, which describes the physical degrees of freedom, is independent of £, and thus gauge-invariant.
Conversely, the longitudinal component is gauge-dependent. Furthermore, the chosen gauge-fixing oper-

ators induce quadratic terms for the Goldstone bosons, effectively generating gauge-dependent masses:
_ 1
—§Wm‘24,cp+<p — §§Zm§)(2. (1.20)

The gauge parameters £, may be chosen freely to simplify specific calculations. A convenient choice is
the Feynman-’t Hooft gauge, defined by £, = 1. In this gauge, the vector propagator contains only the
metric term —g,,,,, and the unphysical Goldstone bosons acquire masses identical to their corresponding
gauge bosons, i.. MGoldstone = Mgauge- This cancellation of poles makes the ’t Hooft-Feynman gauge
particularly advantageous for higher-order perturbative calculations. Alternatively, one may consider
the unitary gauge, defined by the limit £, — oo. In this regime, the Goldstone masses diverge, causing
these unphysical degrees of freedom to decouple entirely from the spectrum, thereby making the physical
content of the theory more transparent at the expense of more complex propagators.

The final requirement for a consistent quantization is the restoration of unitarity via the Faddeev-
Popov procedure. This entails the introduction of ghost fields, described by the Lagrangian:

Lrp = /d4y u’(x) ig:((;)) u’(y), (1.21)

where 6C%(x) /66°(y) represents the variation of the gauge-fixing condition under an infinitesimal gauge
transformation, and u® (with a = A, Z, +) are the anticommuting scalar ghost fields.

The complete Lagrangian for the electroweak sector of the Standard Model is thus the sum of the
classical, gauge-fixing, and ghost terms:

ﬁEW = Acclass + ['ﬁx + EFP- (122)

1.2.4 Inclusion of strong interaction

The strong interaction is described by QCD, a non-Abelian gauge theory formulated in a manner analo-
gous to the electroweak sector. The underlying gauge group is SU(3)., which possesses eight generators
corresponding to eight massless gluon fields, denoted by G;‘ (with A = 1,...,8). The dynamics of
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these fields is governed by the gluon field strength tensor:
Gﬁu = aqu - auGﬁ + gszBCGEGg, (1.23)

fABC are the structure constants of the SU(3)

where g represents the strong coupling constant and
group. To incorporate QCD into the Standard Model, the classical Lagrangian from Eq. 1.7 is augmented

by the kinetic term for the gluon fields:

1
Eclass — £class - ZGZ‘VGA’MV- (124)

The interactions between the gauge bosons and matter fields are established by generalizing the covariant
derivative in Eq. 1.3 to include the color sector:

Dy =0, —igs TGy —igo Iy Wi + igl}/TWBu. (1.25)
Here, T denotes the generators of SU(3). The quarks transform under the fundamental representation
of the color group, for which the generators are given by 74 = \4 /2, with A4 being the Gell-Mann
matrices. In contrast, the leptons, the Higgs doublet, and the electroweak gauge bosons are singlets
under SU (3). (i.e., T4 = 0) and do not participate in strong interactions. Conversely, the gluon fields
themselves carry no weak isospin or hypercharge quantum numbers.

1.3 Background-field method

As discussed in Sec. 1.2.3, the quantization of the Standard Model within the conventional formalism
necessitates a gauge-fixing term Lgy. This term explicitly breaks gauge invariance at intermediate stages
of the calculation. The symmetry is only restored in the final results upon projection onto the phys-
ical degrees of freedom. An alternative approach that circumvents this issue is the Background-Field
Method (BFM). Originally introduced in the context of quantum gravity to handle the complexities of
non-Abelian gauge symmetries [43], the method was subsequently generalized to the QCD and EW
sectors of the SM [44—438].

The central premise of the BFM is the decomposition of the fields in the classical Lagrangian into a
classical background configuration, ¥, and quantum fluctuations, U:

£class(\lj) — ‘Cclass(\I’ + \ij) (126)

Quantization proceeds by integrating over the quantum fields ¥ while treating ¥ as an external source.
Crucially, one adopts a specific gauge-fixing term that breaks the gauge invariance of the Lagrangian
under infinitesimal gauge transformation of the quantum fields ¥, while preserving the invariance under
transformations of the background fields 0. This gauge-fixing term is given by:

1

Lfix BEM = “%, [(GM? +(G)* +2G7G7] (1.27)
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where g is the quantum gauge parameter. The non-linear gauge-fixing operators G are defined as:

GA =01 A, + ie (W:[W’“ — WEW) diegq (¢7¢" - ¢97),

2 .2
GZ _auZ —Ze (W+W B W+W M) —zefQM (4,57g0+ _ @‘FSD*)
2cw Sw
+65Q2CW . (xh—hx—vx),

Sw Sw

G* =MW +ie <AH - CWZ“> Wik Fie (A“ - CWZ“) Wik
. 1
Fickag— | (v R F i) "~ (hFix) ] (1.28)

It is important to note that the fermion fields do not appear in the gauge-fixing functions. Consequently,
the quantization of the fermionic sector in the BFM is identical to that of the conventional formalism.
The Feynman rules for vertices involving background fermions are therefore indistinguishable from those
involving quantum fermions.

1.4 Ward identities

The advantage of the BFM, with respect to the standard formalism, is that it preserves invariance of the
effective action, I', under gauge transformations of the background fields:

L[V, S, FF] . oT[V,S,F F] .

=) ——=——0Vit ) — =05

Z 8V zj: 05; ’
5Fk 0F ) |

where ¢, j, k run over all background fields. This invariance gives origin to the so-called Ward identities.
However, since the gauge invariance in the BFM formalism has been maintained, these are precisely
the ones associated to the classical Lagrangian, and, hence, do not mix the gauge and ghost fields, as it
happens with the Slavnov-Taylor identities in the conventional formalism [48, 49].

In the following we list the identities for the self-energies. The latter are defined in terms of the

:VMVV’, Egézvumgj
w58 _ & . wif — f f (1.30)

Here V, S , H and f denote, respectively, a background vector, scalar, Higgs or fermion field. The self-

following diagrams,

i
2 v

energies are defined in terms of one particle irreducible diagrams and, hence, do not contain any tadpole
contribution. Moreover, instead of working with self-energies which have a Lorentz structure, it is easier
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to work with scalar ones. In order to do so we decompose them accordingly

PuPv PubPv
S () = (—gw - ’;2 > Y (%) - ;2 srV (%),
SV (p?) = 2V (p?),
£ (p%) = 25 (p?),
S (p?) = -3 (%) + por DF %) + m s (7). (131)

In terms of the scalar self-energies defined in Eq. 1.31, the Ward identities take the form:

ZéA(p2) =0 3 T (0) =V,

S =0, 27%(0) =0,

st =0, A =0,

S72 (%) —im 27X (p?) =0, (1.32)

PP22X(p?) — im, S () +i——TH =0,
CwSw

SWEWE (p2) 2 2T (p2) =0,

PR () F my 2T (%) £ T = 0.
w

These relations, in the BFM formalism, hold at any order in perturbation theory. Note that the vanishing
of the photon-Z-boson mixing at zero momentum is explicitly enforced through a renormalization con-
dition in the usual on-shell scheme, while in the BFM it is automatically fulfilled as a consequence of
gauge invariance. We can write down Ward identities also for three-point functions. For example, the
vertex function F/’?f ! obeys:

T (. p,p) = —eQ; [T/ (p) = T/ ()] . (1.33)

This QED-like Ward identity implies that the renormalization of the electric charge depends only on the
photon self-energy, leading to the universality of the electric charge.

1.5 Problems of the Standard Model

The SM is one of the most rigorously tested and experimentally validated theoretical frameworks in
modern physics. During the years, it has been extensively explored at collider such as the Large Hadron
Collider (LHC) in Geneva, Switzerland, and no significant evidence of BSM physics has been found.
Among its greater successes there is the prediction of the Higgs boson, which has been produced and
observed in 2012, and the measurement of anomalous magnetic dipole moment of the electron, which
has been tested against theoretical predictions up to the fifth perturbative order! Despite its incredible
achievements, however, there are some problems which cannot be explained within the SM, and, hence,
require a more general theory, yet to be found. Here is a non-comprehensive list of unsolved problems.

* Neutrino masses: in the original, minimal formulation of the SM, fermions gain mass by interact-
ing with the Higgs field, a mechanism that requires both left-handed and right-handed chiral states.
Because this minimal model includes only left-handed neutrinos, they were initially assumed to
be massless. However, the definitive experimental discovery of neutrino flavor oscillations proved
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that neutrinos do possess a non-zero mass [50-54]. While it is theoretically possible to extend the
SM by adding right-handed neutrinos, which would be sterile under the SM gauge group, to gen-
erate standard Dirac masses, this naive inclusion introduces a naturalness problem. The observed
neutrino masses are extraordinarily small compared to all other fermions. This extreme hierarchy
suggests that neutrino masses are not generated by the standard Higgs mechanism alone, but rather
through a BSM dynamics operating at energy scales far above the EW scale, such as the see-saw
mechanism. For a review on the problem see [55,56].

* Strong CP problem: in the QCD part of the Lagrangian, the SU(3). symmetry allows the pres-
ence of a term

2

9s  Aa a, v
Lo = ~Bocn 15 Gl G (1.34)

where the dual-field strength is defined through the Levi-Civita tensor as

G, = —%ewaaavm, (1.35)
with %123 = 41, This Lagrangian violates CP symmetry and would give rise to experimentally
measurable quantities such as a neutron electric dipole moment. Current experimental limits on
this quantity, however, translate to an upper limit on |focp| < 10710 [57-59]. This is interesting
since Oqcp, in principle, could take any value from O to 27. The fine-tuning of fgcp cannot be
explained within the SM and requires a solution beyond it, for example, the existence of axions [26,
60].

* Dark matter: observations of galactic rotation curves suggest that only 20% of the matter content
of the universe can be described by the SM. In particular, stars in the outer galactic regions exhibit
constant rotational velocities, rather than the expected Keplerian decline v o /2 [61,62]. This
phenomenon violates Newtonian dynamics unless galaxies are embedded within a massive halo of
invisible matter. This missing component, termed Dark Matter, must be stable, electrically neutral,
and non-baryonic. While SM neutrinos possess these properties, their minuscule masses dictate
that they would constitute highly relativistic dark matter. This is incompatible with observations
of cosmological large-scale structure formation and insufficient to account for the required relic
density, leaving the SM without a viable candidate.

* Matter-Antimatter asymmetry: The observable universe exhibits a profound baryon asymmetry,
that is a near-total dominance of matter over antimatter. Assuming a symmetric initial state follow-
ing cosmic inflation, a universe governed solely by the SM should have produced and maintained
equal amounts of matter and antimatter, ultimately leading to total annihilation. To generate this
asymmetry dynamically, the universe must satisfy the three Sakharov conditions: baryon number
violation, C and CP violation, and a departure from thermal equilibrium. While the SM tech-
nically contains all three ingredients, they are quantitatively insufficient by roughly 10 orders of
magnitude [63,64].

* Gravity: As already mentioned, the SM does not include gravity. While General Relativity can be
successfully quantized as an EFT to describe graviton-mediated interactions at currently accessible
energies, this approach is perturbatively non-renormalizable. Because the gravitational coupling
has a negative mass dimension, the EFT framework loses predictive power and produces uncontrol-
lable infinities as interaction energies approach the Planck scale, Mp; ~ 10! GeV. Consequently,
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the SM and this gravitational EFT fail completely in environments where extreme macroscopic
masses and microscopic quantum scales exist simultaneously, such as the singularity of a black
hole or the earliest moments of the Big Bang.

In conclusion, we have both theoretically and experimental reasons to believe that the SM is just a
low-energy approximation of a more fundamental theory. During the years many BSM theories have
been proposed, however none of them has yet found an experimental confirmation.

1.6 Standard Model Effective Field Theory

Despite the comprehensive experimental program at the LHC, direct evidence for physics Beyond the
Standard Model (BSM) remains elusive in the TeV energy regime. This suggests that if new physics
exists, it likely resides at a mass scale A significantly higher than the electroweak scale (v ~ 246 GeV).
In this "mass gap" scenario, heavy BSM particles cannot be produced on-shell, but their virtual effects
may manifest as small deviations in the high-energy tails of collider observables.

The Standard Model Effective Field Theory (SMEFT) provides a robust, model-independent frame-
work to parameterize these potential deviations. The underlying premise is based on the decoupling the-
orem: one assumes a UV-complete theory exists at the scale A, and by integrating out the heavy degrees
of freedom, one derives an effective Lagrangian valid at energies F < A. This effective Lagrangian is
organized as a systematic expansion in inverse powers of the new physics scale:

1S e 1 (6) (6) 1
£SMEFT:£SM+A§C]€ O + 42 k .0 +0( 43 ) (1.36)

where Ly represents the renormalizable Standard Model Lagrangian in Eq. 1.22. The term OIED) de-
notes a complete set of gauge-invariant operators of mass dimension D, constructed solely from SM
fields. The dimensionless Wilson coefficients CLD) encode the effects of the heavy physics. In particular,
they depend on the couplings and masses of the integrated-out heavy states.

The leading correction to the SM arises at dimension-5. There is only one class of such operators (up

to Hermitian conjugation and flavor structure), known as the Weinberg operator:
00 = (L®)*(®'L). (1.37)

This operator violates lepton number by two units (AL = 2) and, upon symmetry breaking, generates
Majorana masses for the neutrinos. The extreme smallness of neutrino masses suggests that the scale A
associated with this operator is very high (near the GUT scale), justifying the neglect of D = 5 effects
in most collider physics phenomenology.

For this reason, the primary focus of LHC phenomenology lies at dimension-6. While the dimension-
6 basis contains four operator structures that violate baryon and lepton number (which expand into hun-
dreds of independent parameters when flavor indices are included), the vast majority of phenomeno-
logical studies focus on the baryon and lepton conserving sector. These operators contribute to Higgs
physics, top quark properties, and electroweak precision observables. The choice of operators O,§6) is
not unique. Operators can be related via field redefinitions and Fierz identities. These redundancies
essentially allow one to trade one operator for a linear combination of others without affecting on-shell
S-matrix elements.

The description of BSM physics based on an effective Lagrangian in terms of the SM fields was
pioneered by Buchmuller and Wyler [65], who provided a list of operators of dimensions 5 and 6 in
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the linear parametrization of the Higgs sector with a Higgs doublet. While a complete minimal basis
which also eliminates these redundancies is the so-called Warsaw Basis [40]. This basis consists of 59
distinct operator classes which conserves baryon and lepton number. When including the flavor structure
of the three fermion generations, this expands to 2499 independent Wilson coefficients. Other bases
were proposed, and different authors prefer to use different sets of operator bases, motivated by different
expectations for the form of new physics [66—72].

A crucial theoretical feature of the SMEFT is that it is renormalizable order-by-order in the E/A
expansion. Although the inclusion of higher-dimensional operators with negative mass-dimension cou-
plings renders the theory non-renormalizable in the traditional sense, SMEFT is mathematically con-
sistent as a quantum field theory at any truncated order. For instance, ultraviolet divergences arising
from loop corrections that involve exactly one insertion of a dimension-6 operator can be entirely ab-
sorbed by the counterterms of the dimension-6 operators themselves. This procedure naturally induces
operator mixing, meaning that a Wilson coefficient evaluated at a high scale A will "run" and mix with
other operators as it is evolved down to the data scale. This scale dependence is rigorously governed by
Renormalization Group Equations (RGEs) driven by the anomalous dimension matrix of the SMEFT. Ul-
timately, order-by-order renormalizability is what permits consistent next-to-leading order calculations
within the SMEFT, ensuring that experimental measurements can be systematically compared against
high-precision theoretical predictions.

Handling 2499 free parameters is experimentally intractable. To make the global analysis of data
feasible, one must impose specific flavor symmetries. A common assumption is Minimal Flavor Viola-
tion (MFV) or a U(3)° flavor symmetry, where the Yukawa matrices remain the only source of flavor
breaking. Under the assumption that the BSM sector is flavor-blind (or only breaks flavor universality
in specific sectors like the third generation), the number of relevant parameters reduces drastically to
O(10 — 20) for specific processes, such as Higgs or top production.

The validity of the SMEFT description relies on the condition that the typical energy transfer of the
process E satisfies £ < A. If the interaction energy approaches the cut-off scale (£ ~ A), provided
that A is a physical quantity, e.g. the mass of a particle, the expansion in powers of E /A breaks down,
and the full UV-complete theory is required. However, ensuring kinematic validity is not sufficient. One
must also impose strict theoretical constraints, particularly perturbative unitarity. Because dimension-6
operators induce scattering amplitudes that grow with energy (M oc ¢, E?/A?), this growth will even-
tually violate unitarity at some critical scale. Theoretical consistency therefore demands that the Wilson
coefficients remain bounded, typically c; < 4m, to ensure the EFT remains unitary and perturbative at
the energies probed. In experimental analyses, it is thus crucial to verify two things: first, that the ex-
tracted limits on ¢ /A2 imply a A safely above the kinematic reach of the experiment and, second, that
the resulting coefficients respect these theoretical unitarity bounds.

In summary, the SMEFT serves as a bridge between data and theory: experimentalists constrain the
ratio c; /A2, and theorists compute these coefficients by matching specific UV-complete models to the
EFT at the scale A. This allows for a global stress-test of the Standard Model without committing to a
specific BSM hypothesis.






Chapter

Amplitudes

“The word adventure has gotten overused. For me, when everything

goes wrong, that’s when adventure starts.”

Yvon Chouinard, rock climber, alpinist, founder of "Patagonia”.

In this Chapter we will introduce scattering amplitudes, which will constitute the main focus of this
thesis, and we will discuss general problems related to their calculation, namely UV renormalization,
the complex mass scheme and the treatment of ~y5. After a review on general aspects of UV renormal-
ization, we expand pioneering work at two-loop mixed QCD-EW [73] and two-loop EW [74-79] to
systematically cover all required counterterms necessary for any process at two-loop mixed and two-
loop EW level. These findings have been detailed in [8]. Subsequently, we review general aspects of
the Complex Mass Scheme and we present two standard approaches for treating 5 in d dimensions:
the ’t Hooft- Veltman-Breitenlohner-Maison (HVBM) [80-83] prescription and Kreimer’s [84] prescrip-
tion. Following this, we detail the established methodology for computing d-dimensional Feynman inte-
grals containing the four-dimensional scalar numerators that naturally emerge when applying Kreimer’s
method. The theoretical aspects discussed in this subsection are drawn entirely from the literature. In
the computation of the two-loop amplitudes that we will be presented in Chapter 5, we have consistently
used Kreimer’s approach, which we implemented into our package ABISS (see Section 4.4.1).

The central objects of study in high-energy particle physics are the scattering amplitudes. They serve
as the fundamental link between the abstract formalism of QFT, defined by a Lagrangian £, and the
measurable quantities observed in experiments, such as scattering cross-sections and decay rates.

Physically, the squared amplitudes |M|? encode the probability for a specific quantum mechanical
transition, i.e. a set of initial-state particles |¢) interacting to produce a set of final-state particles | f).
Mathematically, the amplitude is a matrix element of the scattering operator which, for a fixed set of
states, it evaluates to a complex-valued function of the external kinematics (momenta, spins, and helici-
ties) and the internal parameters of the theory (couplings, masses).

While the underlying quantum fields fluctuate continuously, scattering experiments typically observe
particles at asymptotic times (f — F00), where they are sufficiently separated to be treated as non-
interacting. The amplitude bridges these asymptotic states through the interaction region.

The transition from an initial state |i) at t = —oo to a final state |f) at ¢ = +oo is governed by the
S-matrix operator S. The probability amplitude for this process is the matrix element:

(f|Sli). 2.1)

Since particles often pass through each other without interacting, it is convenient to separate the S-
matrix into the identity operator, meaning that there is no interaction, and the transition matrix 7"

S=1+4l (2.2)
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Momentum conservation is a universal symmetry in relativistic QFT. We therefore extract the momentum-
conserving Dirac delta function to define the invariant scattering amplitude M:

(FliT)) = 2m)* W [ > pr =D pi | iM(i = ). 2.3)
f i

How do we compute M from the field operators in the Lagrangian? The connection is provided by
the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula.

The LSZ formula relates the S-matrix elements to the n-point Green’s functions (time-ordered corre-
lation functions) of the theory. It states that the scattering amplitude is obtained by taking the Green’s
function, amputating the external propagators, that is multiplying by the inverse propagator, and forcing
the external momenta to be on-shell.

For a process involving n scalar particles, the LSZ formula reads:

(f18)i) ~ Jim | T] (v —mi)

n
2 2
pk%mk k=1

This procedure ensures that M contains only the physics of the interaction itself, stripping away the

el (p1,---,Dn) (2.4)

trivial propagation of the external particles before and after the collision.

Calculating the full Green’s function non-perturbatively is generally impossible. Instead, we expand
the interaction part of the Lagrangian, Liy, in a power series of the coupling constants, cg or . This
gives rise to the Feynman diagram expansion. A Feynman diagram is a graphical representation of a
specific term in this perturbative series. It translates complex mathematical expressions into topological
graphs built from a small set of Feynman Rules.

Feynman diagrams are topologically classified by the number of closed loops they contain, a distinc-
tion that dictates both their physical interpretation and mathematical complexity. At the lowest order,
tree-level diagrams, i.e. connected graphs with no cycles, represent the leading contribution to the scat-
tering process, where the flow of momentum is uniquely determined by the external kinematics. How-
ever, higher-order corrections introduce loop diagrams, where internal propagators form closed circuits.
Physically, loops encode quantum fluctuations where virtual particles are created and annihilated within
the interaction. Mathematically, they present a significantly steeper challenge: because the momentum
circulating within the loop is not constrained by external momentum conservation, it must be integrated
over all possible values in d-dimensional Minkowski space. These loop integrals are frequently divergent
in the ultraviolet (UV) or infrared (IR) limits, necessitating regularization schemes, such as Dimensional
Regularization, to isolate singularities and renormalization to absorb them into physical parameters. Fur-
thermore, multi-loop amplitudes involve complex Feynman integrals, whose calculation will be the focus
of Chapter 3.

The total amplitude M is constructed as the sum of these individual diagrammatic contributions.
Consequently, the squared amplitude |M|?> = MTM, which is related to physical observables, as we
will see in details in Chapter 4, involves not only the square of each diagram but also the interference
terms between them, which must be summed over the color and spin states of the external particles to
yield the final, fully contracted scalar quantity ready for phase-space integration.
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2.1 UV renormalization

Renormalization in the Standard Model serves as the essential mathematical procedure that renders the
theory predictive. It achieves this by systematically absorbing the UV singularities that arise in higher-
order perturbative calculations into the bare parameters and fields, thereby allowing all theoretical pre-
dictions to be expressed in terms of finite, physically measurable quantities. Because the SM is a renor-
malizable non-abelian gauge theory with spontaneous symmetry breaking [85—89], these divergences can
be systematically absorbed into renormalization constants that redefine the input parameters and fields.
The general process requires selecting a specific renormalization scheme to fix these constants. While it
is possible to renormalize the parameters in the symmetric basis of the original Lagrangian, practical cal-
culations are most often performed using the On-Shell (OS) scheme [35-37,90-93]. In this framework,
the renormalization conditions are imposed directly on the physical basis, ensuring that the renormalized
masses of gauge bosons, the Higgs, and fermions coincide with their physical masses as defined by the
poles of their propagators, while the electric charge is fixed in the Thomson limit of low-energy scat-
tering. This strategy not only assigns clear physical meaning to the parameters but also ensures that the
calculation of S-matrix elements yields finite, testable predictions.

2.1.1  Renormalization of parameters and fields

We perform the renormalization for the parameters and fields of the physical basis introduced in Eq. 1.22.
The bare parameters are split into renormalized parameters and counterterms as follows:

2 2 2 2 2 2 2 2 2
My = My + omy,, My =my + omy, My = My + omy,

M0 =M+ 0my, eo = e + de, (2.5)
here my,, mz, my and my; indicate the renormalized masses of the corresponding particles, while

with the subscript O we denote the bare quantities. Similarly, we introduce renormalization constant,
Z =1+ 67, for the fields via renormalization matrices

Wit = Z3PWH = (1+02,) 2 W

Z zf; (731 (2
)Lty ) )

Ho=2Z\’H=01+062,)"*H

&Z/R _ (ZJ%/R) 1/2 fiL/R _ (1 i 52;/5;) 1/2 &{R_ (2.6)
Because the Z factor of every internal propagator algebraically cancels against the Z~'/2 factors at its
connecting vertices, the overall wave-function renormalization of internal ghosts and Goldstone fields
vanishes entirely. As a result, only the uncancelled Z factors of the external physical states remain,
rendering the renormalization constants of the ghosts and Goldstone sector irrelevant to the final ampli-
tude calculation. The renormalization constants 6 X are intended as a double expansion in either the fine
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structure constant, «, or the strong coupling, a:

0X :Zaiaj §X 00 =
i?j
= adXOD 4 o25x02 4
+ ag sx 10 4 fo' o] XD 4

+a20x30 4 2.7)

2.1.2 Renormalization conditions

The renormalization constants are fixed by imposing renormalization conditions. These consist of two
sets: the conditions that define the renormalized physical parameters and those that define the renormal-
ized fields corresponding to physical particle states. While only the first set is relevant for the calculation
of observables (S-matrix elements), a clever choice of the second set allows us not only to eliminate the
explicit wave-function renormalization of the external particles, but also to simplify the explicit form of
the renormalization conditions for the physical parameters. The renormalized mass parameters of the
particles are fixed by the requirement that they are equal to the physical masses, which are defined via
the locations of the poles of the corresponding propagators. These poles are equivalent to the zeros of
the inverse connected 2-point functions projected onto physical states, i.e. on polarization vectors e (k)
for gauge bosons and on spinors u(p) and v(p) for fermions. These can be considerably simplified by
requiring the OS conditions for the field renormalization matrices in addition. The latter conditions re-
quire that close to its pole each propagator is given by its lowest-order expression with the bare mass
replaced by the renormalized mass. As a consequence, an OS particle does not mix with others, and its
propagator has residue one, i.e. the quanta of the renormalized fields are canonically normalized mass
eigenstates. The renormalization conditions for the renormalized 2-point functions I'p for OS fields for
physical external states, thus take the form [36]:

TRV (kymy e () —0,
’ k2=m2,

TV (k,my e (k) —0,
’ k2 :m%,

1
li 71—1‘/‘/ k, v_ _ k ’
kilg@l%/ k2 _m‘2/ R,,u,y( mv)5 5#( )

DR (k, my) =0

k2:m%{
li v pang, -1
i, g i (kma) =1,
D (k,myp)ugp (k) =0

E2—m?2

f
. +m F )

fim Hfﬂf(hmf)w(k) = tug (k). (2.8)

With V'V we indicate either AA, ZZ or WW, while with V'V’ we mean either AZ or Z A Here, the
renormalized 2-point functions I'r for background-external particles are defined in terms of the counter-
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terms and the self-energies introduced in Eq. 1.30-1.31:
R mymy) = =i (g = 50 ) {257 02)+
+ [(k2 —m} —omy) Zyy + (k* — mi, — 6m?)) ((ZV'V)1/2 - 1)2] }+
k;l;/;y {ng(k2)+

) [(ma Fom2) Zyy + (m2 -+ om?) ((Zyn) V2 - 1)2] }

474 . k ky Va4
F‘Ié,‘;/w(kvmV7mV’) =1 (guy - I]:32> {Z%V (k2)+

+ [(k2 —m2 —5m?) 212 ((ZVV/)1/2 - 1) +

+ (k2 — m%,/ — 5m3/) Z‘l///%// ((ZV/V)1/2 — 1) :| }+
k ky Y4l

—1 ’122 {EEV (E*)+

(e omi2) 205, (22 - 1) |

aA A ) k kl/ a A
F‘é‘f%(k,mw) = —1 <gw, - }l::2> {EIWW(k:Z) + [(14;2 _ m%v — (5m%v) Zw]}

kyky
k2

{ZEW2) - [(m3 +om2) Zw] |

P (i) = i {5 G2) + (K = m — 6m3,) Zu }
TAT (kymy) = ik, S (K2),
7 (komy) = ibo [ () + 2] | + ithor [SF (82 + 2F) +

1/2 1/2 -
—imy+omy) (2]) 7 (Zh) 7+ ilmg + omp) T (2). 2.9)

2.1.3 Example diagrams

The self-energies X introduced in the previous Section are computed starting from bubble diagrams. The
complexity of these calculations grows with the perturbative order, due to the increasing number of Feyn-
man diagrams. In this section, we provide some examples of diagrammatic topologies that contribute to
the fermion and gauge boson self-energies at one-loop EW, two-loop mixed QCD-EW, and two-loop
pure EW levels.

At O(«) the self-energy topologies are fundamentally simple, consisting of either bubble or tadpole
integrals. Despite their simplicity, they form the foundation of the renormalization procedure. For a
generic fermion f, the one-loop self-energy is generated by the emission and reabsorption of a gauge
boson, a photon, a W or a Z, or a scalar such as the Higgs. For a vector boson V, the one-loop self-energy



24 Chapter 2. Amplitudes

Figure 2.1: Examples of diagrams which contribute to the one-loop EW self-energies.

Figure 2.2: Examples of diagrams which contribute to the two-loop QCD-EW self-energies.

receives contributions from several distinct loops. For example, they contain a closed loop of quarks or
leptons. While, for gauge bosons, one must also include closed loops of gauge bosons, arising from
the triple gauge coupling, and Faddeev-Popov ghosts to ensure unitarity. Examples of such diagrams
are shown in Fig. 2.1. At O(as«) the number of diagrams is limited due to the fact that gluons enter
only through their coupling to quarks. At two-loop, in general, one has to consider also one-loop EW
diagrams with the insertion of one-loop QCD counterterms, or vice versa. Examples of diagrams are
shown in Fig. 2.2. At O(a?) the number of diagrams grows exponentially. At this perturbative order we
encounter two-loop bubbles with up to five massive lines. Examples of such diagrams are shown in Fig.
2.3.

2.1.4 Counter-term expressions

Inserting the expression of the 2-point renormalized Green function given in Eq. 2.9 into Eq. 2.8, and
collecting different powers of a, we obtain the explicit expressions for the mass counter-terms:

sm2OD — 52201 (2
N (0
om{V = ZL (270D m3) + 5OV 3 + 25 OV md)) (2.10)
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Figure 2.3: Examples of diagrams which contribute to the two-loop EW self-energies.
and for the wave-functions:
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These expressions are well known in literature [27]. By applying the same argument at O(a?), we obtain

the expressions for the counter-terms at the second perturbative order for the masses:

5m3‘£0’2)

5202 _ 57

520 = 5
(02) _ My
5mf =
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(2.12)
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and for the wave-functions:

P> i L
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+m fémgf””% (2.13)
p?=m}

We observe that at O(a?) the counter-terms depend both on the self-energies, and the counter-terms at
the previous perturbative order. We also note that the value of 5Z(le)4 in the BGM is zero due to Ward

identities.
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Finally, we present also the expression for the counter-terms at O(«s«), a general discussion can be
found in [73].
i) = SO i )

o) = S ),
5m21(1’1) _ 2HH(Ll)(mg )

H

m 1,1 1,1
gt = ™1 [fom)( 3y 4 20D (2) 1 ox 70D (2)

1 1 1 1
+ 3021 Vo2 + 2oz Vs zg 0 v Loz "VeZ M 1 2o2]0 sz
W0 [oz] O + 52D + 5F OV 3]

O 62{00 4 57f0 1 20O m3)] . (2.14)
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While for the wave-functions we have:
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" lmf(sm(o,l) ang( )( ?”) + 1mf5m(1’0)825()(m?) (2.15)
2 f Op? o 2 f op? -

2.1.5 Electric charge renormalization

The renormalization of the electric charge at the two-loop electroweak level has been discussed in de-
tail in Ref. [79]. Specifically, the renormalized electric charge e is defined by imposing the Thomson
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limit, which requires the evaluation of the full eevy interaction at exactly zero momentum transfer for
the external photon. To extract this parameter, one must consider the renormalized ee~y vertex function,
which includes the wave-function renormalization constants of the external fields. In the full SM and for
a general gauge choice, also the eeZ vertex contributes to the definition of the renormalized charge, due
to the y-Z boson mixing. However, in the BFM formalism the renormalized Ward Identity associated to
the residual U (1), gauge-invariance of the background photon field ensures that the renormalization of
the electric charge follows entirely from the transverse photon-photon self-energy Z%A(k:Q) [48,79,94].
The charge renormalization condition takes the simple form:

a(p)T A (0, —p, p)u(p) = et(p)v,u(p) (2.16)

2_m?2
pT=mg

for the (truncated) vertex function FAee(k D, p), and no y-Z boson mixing is involved. The renormaliza-
tion conditions allow us to find the explicit expression for §Z, = de/e:

1. 01
62" = —§5Z,E1A),

1. 02 1 0,1)\2
6209 = 26200 + (5280)" 2.17)

From Eq. 2.17 we see that the renormalized electric charge e only depends on the photon self-energy,
and not on the flavor of the particle on which we imposed the condition. This is a manifestation of the
universality of the electric charge.

The evaluation of the photon self-energy at zero momentum requires some care because of non-
perturbative QCD contribution coming from massless quarks. In particular, we can split it as follows:

24400 =52.(0) +39,(0) + =¥, (0) + =7, (0) =
= 30.0) + 34, (0) + 32,(0) + (£5,(0) - ReS T, (m2)) + ReX P, (m2)  (2.18)

where the self-energy has been separated in a bosonic contribution, E?A(O)’ a leptonic part, E%) i (0),a
perturbative quark contribution, Efgg(()), and a non-perturbative one, 25221(0)' The latter, associated to
diagrams in which a light quark couples to a photon, cannot be computed perturbatively. However, it can
be related to Aal(l‘z()i(m%) =4ra (ReZ(S) (m2) — E(S) (0)) that can be evaluated from the experimental
data on the cross section ete™ — hadrons by using a dispersion relation [95], while the other term,
ReE(S) ( 2), can be analysed perturbatively. The top contribution to the vacuum polarization can be
rehably calculated in perturbation theory because of the large value of the top mass. Similarly, two-loop
diagrams in which a light quark couples internally to the W and Z bosons allow a perturbative evaluation.
These contributions together with the top ones are collected in E%’l& (0).

2.1.6 Tadpole renormalization

When calculating higher-order corrections in spontaneously broken gauge theories like the SM, so-called
tadpole diagrams arise, i.e. Feynman diagrams containing one or more subdiagrams of the form

H (2.19)

The vertex functions, defined via a Legendre transformation from the connected Green functions, involve
such tadpole contributions if the splitting o + H (x) of the physical Higgs field into a constant shift ©
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and a field excitation H (x) does not provide an expansion of the effective Higgs potential about its true
minimum. The location of the minimum is quantified by the vev v, which itself is not a free parame-
ter, but determined by the free parameters of the theory. Minimizing the Higgs potential to define v in
perturbation theory necessarily leads to tadpole-like contributions beyond tree level, just by the pertur-
bative ordering and truncation of contributions. Technically, it is desirable to organize the perturbative
bookkeeping by appropriate parameter and field definition and renormalization in such a way that the
occurrence of tadpole contributions is removed at higher order, thus reducing the number of diagrams
one has to compute. In order to achieve this, we start from the renormalized 1-point vertex function I‘g :

2

TH=7H 4 (t4+6t)21%  with t=uv (,ﬁ - AZ) (2.20)

and we impose that I‘g = 0 at any perturbative order. We can therefore obtain the explicit formulae for
ot:

st — _pH(O1)

I’

o2 — _H(02) %TH (015700 (2.21)

The renormalization condition I‘g = 0, ensures that wherever there is a tadpole contribution of the type
of Eq. 2.19, there is a corresponding counter-term ¢t of the type:

H----- & (2.22)

which cancels it exactly. This implies that, in practice, all tadpole diagrams can be neglected in higher
order calculations. Their contribution, however, still needs to be computed since it enters in the Higgs and
Goldstone-boson mass counter-term. This procedure goes under the name of Parameter-Renormalised
Tadpole Scheme and it has been discussed in [27,48,91, 96].

2.2 Input schemes

In any quantum field theory, the bare Lagrangian is formulated in terms of fundamental parameters,
such as couplings, masses, and mixing angles. However, these bare parameters are formally divergent
and do not possess a direct physical meaning on their own. To make concrete theoretical predictions,
one must establish a rigorous framework that maps these abstract quantities onto a set of finite, well-
defined physical parameters. This specific choice of independent parameters, together with their precise
theoretical definitions via corresponding renormalization conditions, is referred to as an input scheme.
Crucially, an input scheme is defined independently of the specific experimental observables that are
ultimately used to extract the numerical values of these parameters.

This is particularly relevant in the EW sector of the SM. If we set aside the Higgs mass parameter for a
moment, the interactions of the EW gauge sector are governed entirely by three fundamental parameters
in the Lagrangian: the two gauge couplings g; and g2, and the vacuum expectation value of the Higgs
field, v. Phenomenologically, however, we do not measure g1, g2, and v directly. Instead, physics at the
electroweak scale is described using four highly precise, physically measurable quantities: the electro-
magnetic fine-structure constant, <, the Fermi constant, G, and the masses of the gauge bosons, m,, and
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my'. Because these four physical quantities are all derived from the same three underlying Lagrangian
parameters, they are not strictly independent and relations between them exist, over-constraining the sys-
tem. For this reason, we cannot treat all four experimental quantities as independent inputs. We must
select a set of three independent parameters to fully determine the EW sector. The remaining quantity is
then treated not as an input, but as a derived, predictable observable.

In a hypothetical, all-orders calculation, the theoretical prediction for any physical process is strictly
invariant regardless of which three parameters are chosen. However, in practical applications the pertur-
bation series is truncated. This truncation breaks exact scheme invariance, meaning the numerical value
of a prediction will carry a residual dependence on the chosen input parameters.

More importantly, the choice of these three parameters dictates how higher-order quantum corrections
are distributed throughout the calculation. A given input scheme might effectively absorb large, universal
corrections, such as those arising from the running of couplings across disparate energy scales, directly
into the tree-level definitions of the parameters. This prevents these large terms from appearing explicitly
in the virtual corrections, thereby guaranteeing a fast and stable convergence of the perturbation series.
Conversely, an ill-suited scheme choice can lead to artificially inflated higher-order corrections, rendering
the theoretical prediction slow to converge or unreliable.

In principle, various combinations of precision observables can be selected to construct a valid input
scheme. In this thesis, we focus specifically on schemes that adopt the gauge boson masses my, and m
as two of the primary inputs. Within this class of schemes, the choice of the third parameter defines the
specific input scheme employed.

2.2.1 «(0) scheme

The most intuitive choice is the «(0) scheme, which uses the fine-structure constant in the Thomson
limit as the third input parameter. The independent parameters are therefore {c(0), m,, my }. In this
scheme, the weak mixing angle is defined to all orders by the ratio of the gauge boson masses sin? Ay =
m2,/m?%. The corresponding charge renormalization constant, §Z,, is fixed by requiring that the eey
vertex reduces to zey* in the Thomson limit, i.e. ¢ — 0. While this scheme is exact and physically
transparent for processes involving real external photons, it suffers from severe drawbacks for high-
energy weak processes. The running of the electromagnetic coupling from ¢? = 0 to the electroweak
scale ¢> = m2, m?2, introduces large logarithmic corrections. In the (0) scheme, these large logarithms

contribute to the higher-order virtual corrections, leading to a slowly converging perturbative expansion.

2.2.2 G, scheme

To avoid the large logarithms associated with the light fermion masses, it is highly advantageous to
choose an input parameter that is naturally defined at the electroweak scale. The G/, scheme accom-
plishes this by utilizing the Fermi constant, G, which is precisely extracted from the muon decay width
I',,. The input parameters are therefore { G, my, m,}. Rather than being a fundamental SM parameter,
G is defined within the low-energy Fermi effective theory as the coupling strength of the four-fermion
contact interaction. By requiring that the full loop-corrected SM amplitude for the muon decay matches
with the Fermi theory prediction, one establishes a relation between the fine-structure constant and G r:

_ \@G’pma, sin? 6,
T

ag, (1—Ar). (2.23)

'In addition to these four quantities, the effective weak mixing angle sin? @y, represents another critical precision observ-
able. It plays a particularly important role as a phenomenological input for characterizing Neutral-Current Drell-Yan processes.
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Here, Ar encapsulates the radiative corrections to muon decay, including the large logarithms from the
running of « and the dominant quadratic top-quark mass dependence. By expressing the leading-order
amplitudes in terms of o, rather than (0), the G, scheme effectively absorbs these large, univer-
sal electroweak corrections into the tree-level couplings. Consequently, the explicit higher-order EW
corrections evaluated in Chapters 6 will be significantly smaller and more perturbatively stable when
computing Drell-Yan observables.

2.3 Complex Mass Scheme

In perturbation theory, unstable particles such as the W and Z bosons manifest as poles in Feynman prop-
agators. When the invariant mass squared p? of a propagating particle approaches its real mass squared
m?, the standard tree-level propagator 1/(p? — m?) diverges. To evaluate matrix elements and cross-
sections near such resonances, it is necessary to regularize the pole by resumming the self-energies. This
Dyson resummation shifts the pole into the complex plane by introducing a decay width I', thus modify-
ing the denominator to (p? —m? +4imI"). While mathematically regulating the pole, this straightforward
resummation mixes different orders of perturbation theory. In non-abelian gauge theories like the SM,
gauge invariance relies on exact, order-by-order cancellations governed by Slavnov-Taylor and Ward
identities. The partial inclusion of higher-order terms via the width breaks these delicate cancellations,
violating gauge invariance. This violation can manifest as highly gauge-dependent predictions or the
breakdown of unitarity at high scattering energies. The Complex Mass Scheme (CMS) [97-99] was
introduced to provide a universal, gauge-invariant framework to treat resonances in higher-order calcu-
lations. In particular, the mass of a gauge bosons is considered as complex quantity, and is defined as the
location of the pole of the corresponding propagator. The latter, is a gauge invariant quantity:

u? =m? —iml. (2.24)
By treating 12 as the fundamental mass parameter, the algebraic structure of the SM Lagrangian remains
strictly intact. Because all underlying symmetries of the theory are preserved under the analytic contin-
uation of parameters into the complex plane, the CMS exactly preserves all Slavnov-Taylor and Ward
identities at any given order in perturbation theory. Consequently, the scheme avoids unitarity violations
and spurious gauge dependences in resonant and non-resonant phase-space regions simultaneously.

2.3.1 Impact on renormalization

The transition to the CMS requires extending the traditional on-shell renormalization procedure into the
complex plane. In this framework, the bare mass squared is split into a complex renormalized mass
squared and a corresponding complex counterterm, :“%/,0 = ,u%/ +9 ,u%,. Unlike the standard on-shell
scheme, where renormalization conditions force the renormalized mass to equal the physical mass by
taking only the real part of the self-energy, the CMS fixes the complex mass exactly to the location of
the complex pole of the propagator. Consequently, the mass counterterm evaluates the unrenormalized
self-energy strictly at this complex pole without projecting out the real part, meaning the traditional real-
part projection operation is entirely omitted. Furthermore, the wave-function renormalization constants
for unstable fields also become complex quantities to properly normalize the residues of these complex
poles. In the CMS, hence, we need to evaluate the unrenormalized self-energies Y(p?) at the complex
pole p? = ;2. In order to do so, we directly have to compute the loop integrals for complex values of the
squared momentum. This requires the analytic continuation of the standard scalar integrals that appear in
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the self-energies into the complex plane. Because both the internal masses of the virtual particles and the
external invariant mass are complex, the integration must carefully track the branch cuts and Riemann
sheets of the logarithms and dilogarithms involved. This can be done, without any approximation, for
example using the series expansion approach, together with the techniques that will be introduced in
Section 3.5 for performing the analytic continuation of the result into the complex plane.

2.3.2 Impact on input schemes

The adoption of complex masses inherently propagates to derived parameters and the definition of elec-
troweak input schemes. For instance, the weak mixing angle is defined via the exact ratio of the complex
gauge boson masses, c%,V = /J,IQ/V / NQZ, which means both C%V and the derived sine 512/1/ =1- c%v become
complex quantities. Consequently, because couplings are algebraically linked to these masses and the
mixing angle, derived quantities in the CMS inevitably acquire imaginary parts. When employing input
parameter frameworks such as the G, scheme, the relations connecting high-precision inputs like the
Fermi constant G, 1z and pyy to the tree-level couplings must consistently utilize these complex val-
ues. This consistent adoption of complex parameters ensures that the exact algebraic relations necessary
for gauge cancellations are maintained throughout the entire calculation.

2.4 ~° problem

One of the biggest issues when computing higher order amplitudes is the so-called ° problem. This
originates from the fact that the computation of multi-loop Feynman integrals is usually performed in
dimensional regularization (DR) (see Chapter 3), i.e. in d = 4 — 2¢ dimensions. The latter, however,
must be adopted also in the evaluation of Lorentz and Dirac algebra.

Some fundamentals relations can be easily generalized to d dimensions. For example we find:

guyguu =d,
{’Yuv')/l/} = 29w/7
YY" =d. (2.25)
On the other hand, when trying to generalize the definitions involving 5 = —iv97y17273 to d dimensions

one finds some ambiguities. This is because while DR preserves Lorentz and gauge invariance, it does
not preserve chiral invariance. This is due to the fact that 5 is inherently a 4-dimensional object, and
there is no canonical way to continue its 4 dimensional definition to d-dimensions. On an algebraic level,
it is impossible to define a d-dimensional algebra that obeys both the anticommutation relation

{v5=0 (2.26)
and the trace condition
Tr (fy“'y”'ypfyg'y‘r’) = —44ghvr7, (2.27)

where £#P9 is the Levi-Civita totally anti-symmetric tensor. This can be seen explicitly by considering
the trace in Eq. 2.27 and inserting the identity y,v* = d:

1 1
ST (Y'Y yay®) = ST (Y* Y ¥ a) (2.28)
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where we used the cyclicity of the trace to bring the v in front. Now by using the standard algebra
relations {7, v, } = 2¢,, and {,,75} = 0 we arrive at:

(d = 4)Tr (1#9"4P777%) = 0, (229)

which implies that the trace is 0, in contradiction with Eq. 2.27.

Since 75 and €4, are intrinsically four-dimensional objects, it is convenient to identify a four-
dimensional subspace and sacrifice the construction of a manifestly Lorentz-covariant formalism. Fol-
lowing this spirit, we write

K=RR R =R A (2.30)

where bars denote four-dimensional objects and hats denote (—2¢)-dimensional objects. Similarly, we
write the usual four-dimensional identities,

PT = =2, 2.31)
e o ppp = —6Gap (2.32)
" s € uim = —2 (GopGon — Jondps) » (2.33)

e wor Epppr = GarTBrdsy — Gargssdne — Gangprdon
+ 9ap957\Ink + Gan9559rk) — GaBIsngr s (2.34)

Cadrr Epmrx —

= Gax9pr9529nr + Gax987r9sngkx T Gax 98952 InT — Gax9B859nr Irx

= Gax98kIsnIxrr + Gax985InkIrr + Jar9Br9sxInk — JandprIsxIrx

= 9ar98k9sxGnr + GaB9sxInrIrx + Jan9Br9sx I r — JaBIsxInxIrr

= 9argpr9sngrx T Gan9prIsrgrx + JargpsInrrx — 9aBIsrInrIrx

— Gon9B59Gkxrr + GaBGongrxrr + GarGBxIsnGrx — GarGBsInkGrx

— 9an9Bk95x9rx T GaBIsrInkIrx + Gan9B59kAGrx — GaBIongrArdry » (2.35)

using g,,,, to denote the four-dimensional metric tensor. In the following, we will focus on two different
prescriptions for treating 75 in d dimensions.

2.4.1 HVBM'’s prescription

The first scheme presented is the one proposed by ’t Hooft-Veltman-Breitenlohner-Maison [80-83]. In
this scheme the chiral couplings are treated in a consistent way in d dimensions by retaining the four-
dimensional definition of s, Eq. 2.27, at the expense of its anti-commutation relation with the standard
Dirac matrices. In place of Eq. 2.26, one can write:

{’7/13 75} =0, ﬁ/,ua '75] =0, {;Y;u ’AYI/} =0. (2.36)

HVBM’s scheme allows for a very familiar treatment of the usual families of Dirac traces. The trace of
an even number of Dirac matrices with d dimensional indices may be conveniently evaluated using the
recursive formula

n—1

Tr (s Vo) = D (=D G T (s - Vo Vorga = Vo) (2.37)
=1
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valid for even n, with termination criterion
Tr(1) =4. (2.38)

Eq. 2.37 is derived by repeatedly applying Eq. 2.26 to move the +,, factor all the way to the right.
Finally, the cyclic property of the trace is required to identify the final term, —Tr (yy, - - - Y0, Y2, ), With
the original expression on the left-hand side.

The trace
Tr (Vor - Y Y5) (2.39)
for even n may be evaluated in much the same way by replacing 5 by the covariant version of its
definition,
Z’ 17
v =g e Yo s (2.40)

and then evaluating the resulting trace of n + 4 Dirac matrices using Eqs. 2.37 and 2.38.

HVBM’s prescription for 5 has the very unfortunate drawback that the SM’s chiral symmetry is
violated in all bare perturbative calculations involving chiral couplings. As was originally pointed out by
Breitenlohner and Maison in [80-82] and reviewed in [100], it is possible to restore the chiral symmetry
of the Standard Model as part of the renormalization program by introducing various finite counterterms
on top of the usual divergent ones. Let us emphasize here that, in general, one expects all interactions in
the SM to require finite counterterms at some order in perturbation theory, not just those which explicitly
involve 75. Furthermore, these finite counterterms must generically be calculated beyond O (€°) to
consistently restore chiral symmetry at higher orders.

2.4.2 Kreimer’s prescription

In the 5 scheme proposed by Kreimer, chiral couplings are handled consistently in d dimensions by
preserving the strictly four-dimensional definition, 75 = —#yp7y17273, though this requires abandoning
the cyclicity of the Dirac trace. As argued in [84], retaining trace cyclicity is unnatural in d dimensions
because the Dirac algebra inevitably becomes infinite-dimensional. Consequently, Kreimer’s approach
replaces the conventional linear algebra trace with specialized, non-cyclic trace operations defined by
a reading point prescription, i.e. one must systematically starts writing the trace from a fixed external
momentum. In practice, this means that for all diagrams contributing to a given physical process, the
fermion lines must be "read" starting from the exact same designated external leg.

Compared to the HVBM scheme, Kreimer’s approach offers notable practical benefits. Most im-
portantly, evaluating loop amplitudes does not alter the algebraic structure of any SM Feynman rule. By
adopting a consistent reading point prescription, chiral symmetry is naturally maintained throughout bare
perturbative evaluations, completely eliminating the need for finite counterterms and greatly simplifying
the renormalization process. Furthermore, while computing box-type diagrams in Kreimer’s scheme ul-
timately requires splitting the loop momenta as in Eq. 2.30, the majority of the numerator algebra can
be processed before this split is introduced. This is a significant improvement over the HVBM scheme,
which necessitates the immediate introduction of split loop momenta to efficiently facilitate algebraic
simplifications.
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As alluded to above, the standard families of odd Dirac traces still vanish identically,

T (Yo, * Yosngs) =0 (2.41)
Tr (Yor =+ Yoansa75) = 0. (2.42)

For the standard families of even Dirac traces, [101] defines

Tr (’YV1 T ’Yuzn) =4 Z(_l)sgn(o)gwlujl © G, vy, (2.43)
/)
Tr (71/1 T ’YV2n’75) = _g EVan41Van+2V2n+3V2nta
S DO g G (2.44)

g

where o is the set of permutations of the 2m indices (with m = n or m = n + 2) which appear in the
sums on the right-hand sides, subject to the restrictions

l=1i1<...<im, ix<Jg, forallke {l..m}. (2.45)

It is worth noting that these definitions are entirely equivalent to what one would calculate in the HVBM
~5 scheme by recursively applying Tr along with Eqgs. 2.37, 2.38, and 2.40. This equivalence is expected:
because a chain of standard Dirac matrices carries no explicit dependence on 75, Eqs. 2.37 and 2.38 must
inherently reduce to the same result as Eq. 2.43.

2.4.3 d-dimensional Feynman integrals with four-dimensional scalar numera-
tors

In this section, we outline our strategy for managing the difficult numerator terms that frequently appear
in d-dimensional Feynman integrals within Standard Model perturbation theory-specifically, the four-
dimensional contractions of d-dimensional loop momenta, g, q' q;. As previously stated, Eq. 2.30, we
separate the loop momenta into their respective four-dimensional and (—2¢)-dimensional parts, such
that ¢; = @ + ¢;- Following the method pioneered by Bern and Morgan [102], this decomposition
effectively translates those problematic four-dimensional numerators into standard inverse propagators
alongside ¢; - g; insertions. In the remainder of this section, we detail how to evaluate these insertions
at the one- and two-loop levels by recasting them into dimensionally shifted integrals. For the two-loop
case specifically, we review the original algorithm introduced in Ref. [103]. Alternative strategies for
handling these two-loop insertions are available in the literature [104].

The one-loop Feynman integrals we are focusing on are of the form

o= (Yo (@)’
M (41 - 6)"] = / ind/2 DV . DB (2.46)

where the D; are the independent propagators of the integral family. Crucially, Eq. 2.46 can be rewritten
in terms of standard dimensionally-shifted one-loop Feynman integrals with the same propagator struc-
ture. By absorbing the (¢ - ¢1)" numerator insertion into the integration measure, it is shown in [102]
that

S
—
(=N
fay
>
fiy
SN—
=
Il

d+2r
(—1)TP(T_€)/ 4", ! (2.47)

T(—e) J in(@+2n/2 D . Din”
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Even though Eq. 2.47 fundamentally relies on dimensionally-shifted integrals, its structure is com-
pletely independent of the number of external legs, the kinematic complexity, or the specific values of
v;. For an integral topology containing ¢ propagator denominators, the first Symanzik polynomial takes
on a universally simple form at one loop:

UY = o1+ +ay, (2.48)

a result that follows directly from the unique and trivial nature of the one-loop vacuum (tadpole) integral
topology.

The most straightforward way to express the general Schwinger representation requires first sorting
the Feynman propagators so that their exponents, in the ¢ — 0 limit, create a monotonically decreasing
sequence. Under this limit, we assume the first n™ propagators have positive exponents, while the sub-
sequent n~ propagators have negative exponents. Without losing generality, we can treat the exponents
of these final n~ propagators as non-positive integers. Using the Symanzik polynomials for the integral
family, I/ and F, the representation is given by:

nt v;—1
. n+ o0 a‘z
TL) _ p=im i) / P S
o e i | | ; do () X

i=1

y f[ oM (/e 710

AL o (2.49)

Oén++1:”.:Oén+—0—'n7 =0

This holds for d = dg — 2¢, assuming dj is an even positive integer, with dy = 4 being our primary
focus. If there are no inverse propagators present, this formula naturally reduces to the standard result
expressed via the Symanzik polynomials of the specific integral topology, ¢/ and F.

As highlighted in [102], a generic d-dimensional Feynman propagator at one loop takes the form
G- GL + 2Pezt - @i + Pogt - Poat — m? + 41 - g1, where Py represents a sum of four-dimensional ex-
ternal momenta and m is the particle mass. This specific structure justifies splitting the loop momentum
integral into distinct four-dimensional and (—2¢)-dimensional components when deriving the standard
Schwinger parametrization. Because these insertions are inherently designed to yield Feynman integrals
suppressed by explicit powers of ¢, the authors of [103] concluded that the (—2¢)-dimensional portion of
the momentum integral must be proportional to the e-dependent factor in Eq. 2.49:

7( ) PN g €
/ 42, o arin o (u;”) : (2.50)

Consequently, this term acts as a generating function for all these insertions through repeated differenti-

ation with respect to US). Taking the r-th derivative of the right-hand side of this proportionality with

(1)

respect to U nl yields:

PL(r =€) (e
0 (un ) , 2.51)
By noting that the transformation € — € — r is strictly equivalent to the dimension shift dy — dg + 2r in
Eq. 2.49, we immediately recover the anticipated form of Eq. 2.47.

Fortunately, the methodology outlined above extends effectively to the evaluation of generic integrals
at the two-loop level. This is largely due to the existence of a uniquely defined non-factorizable two-loop
tadpole topology (see Figure 2.4). A key distinction at the two-loop level is that dimension shifts are
now accompanied by shifts in the propagator exponents. Here, generic non-zero insertions are formed
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Figure 2.4: The unique (up to internal mass assignment) non-factorizable (left) and factorizable (right) two-loop
vacuum integral topologies.

by multiplying the components ¢; - G1, G2 - G2, and (G1 — (j2)2. Because the non-factorizable two-loop
tadpole topology is unique, the first Symanzik polynomial for any arbitrary non-factorizable two-loop
integral family takes the following specific form:

(2
ng) = TpTava + TgTarg + 12T, 2.52)

In this expression, the T variables represent sums of Schwinger parameters associated with specific
propagators: Ty, .4, are propagators depending on the dot product q; - g2, Tq% are propagators depending
on q? but independent of ¢; - g2. Consequently, the two-loop equivalent of Eq. 2.50 emerges as a
generating function:

/d_Qeqﬁ d_26q2 eTq% @1-41+Tq§ 42:G2+ Ty g5 (G1—G2)° x (HS))€ , 2.53)
By differentiating this function with respect to Tq%, qu, and T}, .4,, one can generate the necessary terms.
Just as in the one-loop case, comparing the differentiated terms of Eq. 2.53 against the structure of Eq.
2.49 allows us to rewrite any arbitrary two-loop integral as a linear combination of standard Feynman
integrals.

Beginning at the two-loop level, our preference for expressing numerator polynomials as linear com-
binations of inverse propagators and particle masses introduces a subtle complication. Specifically, if
a Feynman integral’s numerator contains both an explicit ¢; - ¢; insertion and a propagator dependent
solely on ¢, the previously established logic for eliminating the §; - ¢; factor breaks down. This occurs
because the ¢? term within the propagator intrinsically includes g - g1, as dictated by the decomposition
@ =@ - @ + ¢1 - G1. To navigate this in practice, we found it highly effective to temporarily postpone
the conversion of four-dimensional scalar products, g; - p;, into inverse propagators. Since these g; - p;
scalar products exist strictly in four dimensions, we can safely apply Eq. 2.53 to clear out all explicit
terms before finally rewriting the leftover scalar products as linear combinations of propagators.

To clarify the procedure described above, we consider a non-trivial two-loop integral which may be
directly rewritten using the technology of [103]:

[D7 (1 61)?]

dd dd o . 205 4\2
:/ q1d%q2 (g2 —p1 —p2)°(q1 - 41) (2.54)

(in?/2)? aia3 (@1 — @2)* (@1 — p1)*(q1 — p1 — p2)?

where we have introduced the notation D7 = (g2 — p1 — ]02)2 on the left-hand side for later convenience.
Note that, in this example, there is no clash between the explicit factor of (g; - 1)? in Eq. 2.54 and the
implicit factor of §o - g2 present in

Di=q@ G@—2p1+p2) @2+s5+q-Go. (2.55)
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The Schwinger parameter subsets of interest are
Tq% = a1 + a4 + ag, Tq% =ay+ a7, and T .4 = a3, (2.56)

and differentiating the right-hand side of Eq. 2.53 twice with respect to Tq% gives €(e — 1) times an
insertion of

(qu + Tq1-q2)2 B oz% + a% + oz% + 2anae3 + 2ai0007 + 203007 2.57)

@) )

into Eq. 2.49 specialized to our two-loop example.

The presence of the denominator factor is responsible for driving a dimension shift from 4 — 2¢ —
8 — 2¢. Any powers of the Schwinger parameters tied to the propagator denominators will cause pos-
itive shifts in their respective propagator exponents; specifically, raising parameter ¢ to the power of h
introduces an overall multiplicative factor of (—1)"T'(v; + h)/T'(v;). Conversely, while powers of the
Schwinger parameter linked to the numerator also yield positive exponent shifts, the application of the
derivatives in Eq. 2.49 produces an overall factor of h! instead. Finally, because 7 functions purely
as an auxiliary parameter that is ultimately set to zero, inserting oz% produces a null contribution in the
particular example under consideration. Consequently, we obtain:

8—2¢
[D7 (G1-1)°] = 2€(e—1) [D7]

- 8—2¢ 8—2¢

+ >< (D7) + 28
T~
- 8—2¢ 8—2¢

_ >< _ _ (2.58)
T~

The integrals on the right-hand side of Eq. 2.58 can be straightforwardly evaluated in Feynman
parameters to all orders in € by performing the two loop-momentum integrations analytically, one at a
time, using standard one-loop formulas. After some simplifications, we obtain

(D7 (d1 - @1)?]

(5= 20)T2(OT2(1 — T (26)T(1 — 26)T(2 — €)
N ['(6 —3¢e)T'(3 — 26)T2(—1 +¢) . (2.59)

The key point of the discussion is that this procedure allows us to systematically map integrals with
insertions of (—2¢)-dimensional scalar products, ¢; - §;, onto dimensionally shifted ones. Once recast in
this form, these dimensionally shifted integrals can be straightforwardly evaluated utilizing the standard
and well-established techniques developed for ordinary multi-loop Feynman integrals, which will be the
focus of Ch. 3. Specifically, we will employ integration-by-parts reduction algorithms to reduce them to
a finite basis of master integrals. These master integrals can subsequently be evaluated via conventional
analytic or numerical or semi-numerical approaches, for example using the method of differential equa-
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tions. Using this pipeline we can compute a generic higher-loop amplitude consistently handling ~5 in d
dimensions.






Chapter

Feynman integrals

“In climbing you are always faced with new problems in which you
must perform using intuitive movements, and then later analyze them

to figure out why they work.”

Wolfgang Giillich, German pioneer of extreme free climbing.

One of the main bottleneck for the inclusion of higher order corrections is the calculation of the so-
called Feynman integrals [22, 105]. Indeed, in state-of-the-art problems their number can grow up to
thousands or hundred of thousands, and hence a general and algorithmic approach is necessary for their
evaluation. This chapter provides a comprehensive overview of the modern computational framework
used to tackle these challenges. We begin by establishing the fundamental definitions and the linear
relations between integrals provided by Integration-By-Parts identities. These identities allow us to re-
duce a vast family of integrals to a minimal set of master integrals. The primary strategy for evaluating
these master integrals involves the method of differential equations. By differentiating the integrals with
respect to external kinematic invariants or internal masses, one can derive a system of coupled linear
differential equations. Physical problems involving multiple mass scales frequently lead to non-trivial
geometries where a solution in terms of known classes of functions is non trivial, or even not possible,
to obtain. In such cases, numerical evaluation via series expansions becomes an indispensable tool. This
approach allows for high-precision results across the entire phase space without having to deal with the
analytic complexity of the integrals. The development of automated tools for series expansions is becom-
ing extremely valuable for the community. A first implementation of this strategy was the Mathematica
package DIFFEXP [106]. However, DIFFEXP was designed only to handle real mass parameters, mean-
ing that it cannot be used to handle intermediate unstable particles such as W- and Z-bosons. Motivated
by the need to overcome these constraints, this thesis introduces SEASYDE (Series Expansion Approach
for SYstems of Differential Equations) [2]. SEASYDE represents an original contribution to the field,
developed to extend the power of series expansion methods to the complex domain. By generalizing
the algorithms for the analytic continuation, we are able to handle complex-valued parameters, offering
a more robust framework for electroweak calculations. In Section 3.7 we present SEASYDE, while in
Section 3.7.2 we present some benchmarks to validate it.

3.1 Definitions

The object that we are interested in computing are Feynman Integrals (FIs), i.e. dimensionally regular-
ized integrals [83] of the following form:

d%qy, 1
alsjid /H 2m)d DI . DI @D




42 Chapter 3. Feynman integrals

where [ is the number of loops, d = 4 — 2¢ is the number of dimensions, s; are the kinematic invariants
that the FIs depend on, gy, are the loop momenta and D; = p? —m? are inverse propagators. In particular,
p; is a linear combination of external and loop momenta Whlle m,; is the mass of the particle running in
the ¢-th propagator. Finally, each denominator is raised to an integer power «;, which might also take
negative values.

A given set of denominators {D;} constitutes an integral family and within an integral family, each
FI is uniquely identified by the set a = {ay, ..., ay,} of powers to which each denominator is raised.
In the following, we will see that some scalar products might appear in the numerator of the integrand
function. In order to bring again the integral in the form of Eq. 3.1, we have to be able to express each
scalar product as a linear combination of denominators and kinematic invariants. Since we can have
I(I+1)/2+ I(n — 1) independent scalar products, where n is the number of external legs, we need to
have the same number of denominators. This means that we might have to define extra denominators,
which are called auxiliary denominators. This is better understood with an example.

3.1.1 Example: two-loop massless triangle

We consider the following two-loop massless triangle:

X

P

P14

W

with p1, po and p3 the external momenta satisfying p? = p2 = p% = 0 and p; + p2 = ps3. By labeling ¢;
and ¢» the upper loop propagators, we can fix all the others just by imposing conservation of momentum
on each vertex. The list of six denominators then read:

Dy = qi, Dy = ¢3,
D3 = (q1 — p1)°, Dy = (q1 — q2)°,
Ds = (q1 — p1 — p2)?, Ds = (g2 — p1 — p2)*. (3.2)

However, we have 7 possible scalar products, which are listed in Table 3.1. We introduce an auxiliary
denominator D; = (g2 — p1)2, so that every scalar product can be written as a combination of D;. In
particular, we find:



3.2. Integration-by-parts identities 43

Scalar Product Relation

@ Dy

% Dy
Q- G2 (D1 + Dy — Dy)
q - p1 3(Dy — Dy)
Q- p2 3(Ds — Ds)
42 - p1 (D, — Dy)
42 * P2 (D7 — D)

Table 3.1: Relations between scalar products and denominators for the two-loop massless triangle

If, at any point of the calculation, we find a scalar product in the numerator, we can bring the FI back
to the form of Eq. 3.1 using the relations in the table above. For example:

/ dq d' @ 1/ d'q dqp D1+ Dy~ Dy _
(2m)d (2m)d D1DyDyDs 2 ) (2m)4 (27)¢ D1 DyDyDs
1

3 (£0,1,0,1,1,0,0 + 11,0,0,1,1,00 — 11,1,0,0,1,0,0) - (3.3)

This will be useful when obtaining the differential equations.

3.2 Integration-by-parts identities

During state-of-the-art calculations, one usually has to compute up to hundred of thousands of Fls.
However, not all of them are independent, but there exist linear relations among them. These relations
go under the name of Integration-by-parts Identities (IBPs) and they follow from Gauss’s theorem in
d-dimensions:

diq, 0 1
S 34
/H )4 o {”“Dfl...pgn} ’ 34)

where v, can be either a loop or an external momentum. The first step is to write down identities from
Eq. 3.4, for different values of v, and for all the « that appear in our calculation. Then we can solve
the system by Gauss substitution rule, i.e. considering each equation, expressing one integral in terms of
the others and substitute it in the remaining ones. This procedure can be approached in a systematic way
by using Laporta algorithm [107]. This is done by assigning a weight to each integral and by systemat-
ically expressing integrals of higher weight in terms of others with lower weight. Laporta algorithm is
extremely simple and elegant and it has been implemented in several public codes, such as AIR [108],
Blade [109], FIRE [110,111], Kira [112-114], LiteRed [115], NeatIBP [116] and Reduze [117]. Its alge-
braic complexity, however, grows very fast with the number of loops, external legs and internal masses.
For this reason, for state-of-the-art problems, Laporta algorithm is used in combination with a more ad-
vanced technique, the method of finite fields. The idea behind this method is to to solve the system of
IBPs numerically multiple times over finite fields and then, at the end, reconstruct the symbolic rational
coefficients for the identities of interest by combining the samples together. The advantage of this ap-
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proach is that the implementation of modular arithmetic in statically typed languages such as C or C++
is fast, exact and suitable for parallelization since each sample is independent from the others. The idea
was originally introduced in [118], and later implemented in public packages such as FiniteFlow [119],
FireFly [120] and Ratracer [121]. In general, obtaining compact IBPs in a reasonable amount of time is
one of the bottleneck of the calculations.

After the implementation of IBPs we are able to express every integral, belonging to the a given
integral family, in terms of a finite number of FIs which are called Master Integrals (Mls). These Master
Integrals play the role of a basis in the space of Feynman integrals. Note that the term basis may be
misleading, because a priori we do not know if this set of MIs is minimal, that is if there exist other
relations between them and so if they are truly independent on from the other, anyway this term gives a
good idea of what is going on.

3.3 Differential equations

In this section we will present a general method to evaluate the Mls introduced in the previous section:
the method of differential equations, which was proposed in a simplified version by A. Kotikov and later
improved by E. Remiddi and T. Gehrmann, who successfully applied this method to some significant
examples [122-125].

3.3.1 The method

This method aims at writing down a system of differential equations with respect to one of the kinematic
invariants of the problem, and, subsequently, solve it. The first step is to differentiate all the MIs w.r.t.
one of the kinematic invariants. This is done by exploiting the chain rule:

a_"zla@i-pj) 9
Osp A= Osp (pi-pj)

3.5

where 7 is the number of external momenta. The derivative of a MI w.r.t. the scalar product (p; - p;) can
be computed with the following formulas:

9la(s; d) _ Z [G_l]kj e - 9la(s; d) _ Z [G_l}kipk ) 8Ia(3§d)7

Opi-pj) 4 Opi p Ip;
0l (s;d) 1 _1 0l (s;d)
—F s =2 G, pe ——, (3.6)
op; 2 ; i Ip;
where G = G(p1,...,pn—1) is the Gram matrix, i.e.
P% p1-Dp2 -v+ P1°Pn-1
2
p1 - P2 V) «e. P2 Pn-1
G(p1,....Pn1) = . , o (3.7)
Pl Pn1 P2 Pa-1 .- DAy

Note that when applying the operator in Eq. 3.5 to an integral of the form of Eq. 3.1, only two things
can happen. The power «; to which one inverse denominator is raised can increase by 1 and/or a scalar
product of loop and external momenta can appear in the numerator. The latter is then reduced to a
combination of D; as shown is Sec. 3.1.1. During this procedure only denominators belonging to the
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given integral family can appear, meaning that is possible to express the derivative of a MI in terms of
a linear combination of other FIs belonging to the same integral family. Finally, we can use again IBPs
identities to reduce this combination of FIs to a linear combination of MIs. By repeating this process for
all the MIs we end up with a system of homogeneous first order linear differential equations, to which
the MIs are a solution.

3.3.2 Example: 1L QED vertex

Let us consider the following integral family, which appears in the calculation of the 1-loop vertex
correction in Quantum Electrodynamics (QED):

N d?q 1
Iy 0,03 (s;d) = / (27T)d [q2]a1 [(q +p1)2 — mQ]a2 [(q— p2)2 — mQ]as'

This integral family has only two MIs, namely Iy 10 and I; 1,1, two independent momenta, p; and po,

(3.8)

and one kinematic invariant s = (p; + p2)?. The Gram matrix reads:
2 5—2m> 1 4 2 4 2 _ 92
G={,e 2 |, Gl=—s—|( 3" o (3.9)
= om s(4m? —s) \ 4m* — 2s dm

The first integral does not depend on s, so its differential equation is trivial. For the second one we have:

Ohjan 1 [(p1+p2) N (p1 — p2)"] 0111
s s—4m? | opf

(3.10)

0s 2
The derivative w.r.t. p} in Eq. 3.10 reads:

0h,1 _/ dlq 9 1 _/ dlq —2(q+ p)" ain
opf ) @m)lopf \DiDyDs) ) (2m)? DiD3Ds -

Now we can insert it in Eq. 3.10, use ¢ - p1 = (D2 — D1)/2 and ¢ - p2 = (D1 — D3)/2, and simplify the

expression. In the end we obtain:

0l 1 s — 2m? 2m?

— Toor——— 2™ g
Os s — 4m2 ! s(s —4m?) LIt s(s —4m?)

I120. (3.12)

Finally, we use again the IBPs in order to reduce the integral in the r.h.s. of Eq. 3.12 to a combination of
the two MIs of the family:

o (]I 0 0 I
87 o = e—1 2m2—s—se 01,0 . (313)
s \ 11,11 s (s—am?)  ss—am?) ) \J1.11

Before moving on, a few comments are in order. The first one regards the singular structure of the Mls.

In particular, we observe that this can be read from the poles of the coefficient matrix in Eq. 3.13. Indeed,
we see that there are two of them, one for s = 0 and the other for s = 4m?2. The first one is a pseudo-
threshold, while the second is the physical threshold associated to the on-shell production of the two
internal fermions.

A second comment regards the number of variables that appear in the system. A common procedure
is to introduce adimensional variables, defined as ratios of kinematical invariants. This is done in order
to reduce by one the total number of variables in the differential equations, thus simplifying the solution
procedure. For example, one could introduce the variable x = s/m?, so that the system in Eq. 3.13
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o (I 0 0 I
e = 1.0 (3.14)
Ox \ 11,11 2wo—1) a—b ) \n11

3.3.3 Boundary conditions

becomes

Before diving into how to solve the system of differential equations let us address the problem of finding
the boundary conditions. The boundary conditions, in general, could be given in three different forms.
The first one is as the value of MIs in a particular point in the phase-space. In this case we can construct
a well-defined Cauchy problem. In order to obtain the boundary conditions in this form we need to
solve the MIs explicitly in that particular point of the phase-space, either analytically or numerically. If
we choose to tackle the problem analytically, one usually chooses a point in the phase space in which
most of the kinematic invariants vanish, so that the integrals are easier to evaluate. However, a Feynman
integral usually develops divergences as we approach such a point, and hence by simply plugging these
values into the integrand, we would not obtain the correct asymptotic limit. One possible solution to
this problem is given by the method of expansion by regions [126—128]. Another possibility is to obtain
them numerically in the Euclidean region. This can be done, for example, with PYSECDEC [129], which
parametrises the integral and then perform the parametric integration with Monte-Carlo techniques. The
problem of this approach is that the numerical precision is limited. Finally, one can use the Auxiliary
Mass Flow method, implemented in the Mathematica package AMFLoOw [130].

As alternative to boundary conditions, there are two other options for fixing the homogenous solution
of the differential equations. It may happen, indeed, that from independent arguments we know that
the integral must be regular at a particular point of the phase-space, usually a pseudo-threshold. In this
cases, it might be possible to impose the finiteness of the solution to completely fix it. A final possibility
is to fix the asymptotic behavior of the solution on a threshold. In particular, in some cases fixing the
coefficient of the logarithmic term of the solution might be sufficient to completely determine it. The
choice of a method or the other depends on the particular case we are considering.

3.3.4 Epsilon expansion

From now on, we will consider only one kinematic variable at the time. This choice will simplify the
calculations and will be made clearer when discussing the analytic continuation of the solution. To this
end, we suppose that the boundary conditions are imposed in § = {51, ..., 5,,} and that we are solving
the system with respect to the variable s;. In the system we perform the substitution

s; — 8 with i # j (3.15)

so we obtain a system with only one kinematic variable s;. From this moment on, for simplicity, we will
drop the index j. So the system, in general, takes the following form:

gf(s; €) = A(s; e)f(s; €), (3.16)
0s
where I (s; €) denotes the vector of MIs. First of all, the system needs to be e-expanded. To this end let
us write:
oo
I(s;€) = Z ™) (s)e®, (3.17)

k=€min
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here we assumed that the expansion starts at order €,,;,. The value of €,,;, can be determined from the
boundary conditions. Along with I we expand also the coefficient matrix A.

A(s;e) =Y AP (5)eh (3.18)
k=0

We can always assume that there are no poles in ¢, since they can be removed by rescaling the basis I by
an overall power of €. Using this expansion in the Eq. 3.16 and collecting order-by-order the different
powers in € we obtain a tower of equations

k—1
0,T(s) = AO()TW(s) + 3 Ak (5)T)(s). (3.19)

J=€min

An important thing to notice is that the equations for T™) involve I\ with j < k but not with j > k.
So we can start from k = €,,,;,, and solve the system to obtain [ (emin) . Now we substitute I(¢min) in the
equation for I(¢min*t1) and solve it with respect to I{mint1) and we proceed recursively up to the desired
order in €.

3.3.5 Canonical basis

Here we will discuss a completely general method to solve the system of differential equations. The idea
is to perform a change of basis and to write down the solution of the system as a series expansion in e.
This method was first proposed by J. Henn [131], and here we will illustrate it briefly.

In the previous section we managed to write down a system of differential equations in the form of
Eq. 3.16. We consider a change of basis I — BI. Under such a transformation it can be shown that the
matrices A transforms

0
A— B 'AB- B! <aB> : (3.20)

S
If B is chosen such that A — GA, that is, if we could factorize an overall e factor, the system is in the
so-called canonical form. In [131] it has been conjectured that such a basis always exists, even though

this has not been proved yet. The equations for a system in canonical form can be formally solved
I =Pexp <e / dA) I((0)), (3.21)
¥

here 7 : [0,1] — CI3l is a path in the phase-space of the kinematic invariants s, and |s| denotes the
number of these, while P denotes a path-ordered integral. Given this formal expression for I then the
solution can be formally written as

I(s) = ' (7(0))+

t1 ti—1

2 (d)(t)- - / @)D () (32)

0

@) [

where v* is the pull-back of the differential forms to the unit interval [0, 1]. These iterated integral are
called Chen iterated integrals.
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3.4 Series expansion approach

In this section we will discuss how to solve the system for each order in € using the series expansion
approach. The method was first introduced in Ref. [132] and was shortly after implemented in the public
Mathematica package DIFFEXP [106]. The idea of this approach consists in expanding the equations
both in € and in a kinematic variable s, so that the problem of solving a differential equation reduces to
an algebraic one. Its main advantage with respect to analytic ones, is that the complexity of the latter
grows fast when increasing the number of external legs and/or the number of internal scales. While for
the series expansion approach, since at each step of the calculation we are dealing with power series and
logarithms, all the steps can be carried out analytically and in a systematic way, independently from the
mathematical structure of the problem. Moreover, the numerical precision of the solution can be directly
controlled by the number of terms that we consider, meaning that, provided that we have infinite time
and space, we could achieve, in principle, arbitrary precision. Finally, once we have the solution, it can
be evaluated numerically in a negligible amount of time. Power series, however, have some drawbacks.
The biggest one being that series have a limited radius of convergence, meaning that we have to provide
an algorithm for performing the analytic continuation of the result. This will be the focus of Sec. 3.5.

3.4.1 Bottom-to-top approach and solution of equations

Let us look closer at the system in Eq. 3.19, i.e. let us consider a fix order ¢k and let us assume that
we already solved all the ones for & < k. This is a system of first order linear differential equations, in
which the equations are in principle coupled. However, in many cases by choosing an appropriate base
of MlIs, the system in Eq. 3.19 can be casted in an upper-triangular form, i.e.

e . * & (1Y «

) Y 0 * «| | 1

5% [?Ek) — 10 0 x ... % ]?()’f) + |+, (3.23)
L(f@) 000 * L(jﬂ) *

If the system is in the form of Eq. 3.23, it can be solved using a bottom-to-top approach. Indeed, the
last equation contains only I,(Lk), so we can solve for it and substitute the solution into the second to last

equation, solve for I T(f)

, and proceed recursively until we solve the system completely.
At each step of the process we have to solve a first order linear differential equation, with a given
boundary condition.

{gs f(s) = als)f(s) + h(s), (3.24)

flso)=f
where for simplicity we substituted I i(’%) = f and a(s) and h(s) are rational functions of s. For solving

Eq. 3.24 we can proceed by solving the homogeneous equation, finding a particular solution and, lastly,
by imposing the boundary condition.



3.4. Series expansion approach 49

3.4.2 Frobenius method

In order to solve the homogeneous equation we use the Frobenius method. This is a general technique
for solving a homogeneous ordinary differential equation

2 1(s) = al) (3 (3.25)

around a point s = sg. Without loss of generality from now on we consider so = 0. Let us consider the
following ansatz for the solution:

o

fhom(s) =s" Z Cms™ (3.26)

m=0

where c,, are complex coefficients and r is a rational exponent. The term s” has the role to take into
account for some divergent terms in the solution. We series expand the function a(s) in the differential
equations, then by substituting Eq. 3.26 into Eq. 3.25, and collecting the different terms based on different
powers of s, we obtain a set of algebraic equations for the coefficients c,,,. At leading order in s, the
equation is a non-trivial polynomial equation for r, which is called indicial equation. After fixing r we
may (recursively) solve for all ¢,,, with m > 1. In the end there is one last free parameter, namely cg. An
example of application of the Frobenius method is given in 3.4.4.

3.4.3 Variation of parameters

Once we have the solution for the homogeneous equation, we can obtain a particular solution using the
variation of parameters method. We consider the following ansatz for a particular solution:

Jpart(s) = C(5) from (s) (3.27)
where C(s) is a function to be determined. Let us substitute Eq. 3.27 into Eq. 3.24
C'(5) from(5) + C(5) Fhom(5) = a()C(5) from (s) + h(s) (3.28)
but from Eq. 3.25 we see that f] __ (s) = a(s) fhom(s) hence we are left with:
C'(5) fhom(s) = N(s). (3.29)

Finally we invert it to obtain fpq,¢(s):

fpart(8) = from(s) /S h(s/)f};;n(s/)ds'. (3.30)

Now that we have a particular solution we can construct the general one by summing the homogeneous
together with the particular one:

f(S) = cfhom(s) + fpart(s) (3.31)

where c is a complex constant that is determined imposing the boundary condition. Note that since
from 1s a series, after expanding h(s), the product h fhfoin is still a series and hence it can be integrated
analytically.
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3.4.4 Example: 1L QED Vertex

Let us illustrate how this works in practice by considering the order 1/¢ of the system for the 1-loop
QED Vertex, given in Eq. 3.14:

-1
250 o
8 p-) _ 1 (=1) _  z—2 p(=1
ar(Bf) Te-n D = (-1 D2 (3.32)
B1 (O):

where for readability we defined By = Ip 10 and By = I111. The system is indeed in a triangular
(-1)

form. In particular, the first equation is trivial and gives B, ~~ = 1. We start solving the second one by

considering the ansatz
B( hom
5 =" g cix (3.33)

Substituting in the homogeneous equation and collecting different powers of x we find:

rcy— —%Co

(1 + r) c1 = % - %1

(247) ca = 55 (1 +4cy — 16¢2) (3.34)
(3+7) c3 = 135 (1 +4e1 + 16c2 — 64cs)

The indicial equation gives r = —1/2 and then by recursively solving for all the ¢; we find:
_ 1 3 )
B( 1),hom _ €o 14 —p — 10) 3.35
2 @ =71 5% 1° F foer® T O (3.35)

In order to find the particular solution we use Eq. 3.30:

BEIP (g = % + 3 + ”g; + ;;] +0(z*) (3.36)
The complete solution is hence:
By V(@) = By V(@) + By VT (@) = (3.37)
= cor/? (1+§+i’;+1503;4+0( )>+
< ++§(2)+23§0+0( )) (3.38)

Finally, we fix the boundary condition ¢y = 0.

Note that, in this case knowing that the solution was regular for x = 0 would have been sufficient for
fixing the boundary condition. From the coefficient matrix we read that there are two possible singular
points, i.e. z = 0 and x = 4. We just found out that the solution for z = 0 is regular, meaning that
x = 0 is a pseudo-threshold. We could have also chosen to solve the system around a non problematic
point, like for example x = 1. In this case, we are guaranteed that the solution is always a simple Taylor
series. Lastly, we could have solved the equation on top of a physical threshold, like x = 4. In this case
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Figure 3.1: Comparison of the series solution for Bé_l) against the exact solution. The series is centered in z = 0
and the closest singularity is © = 4. This implies that the series converges in the interval (—4,4), which can be
seen from the divergence of the solution around z = —4.

the final solution would have contained terms like

ﬁ , log(z — 4) (3.39)
which can arise from the integration in Eq. 3.30 or, at higher orders in €, from the non-homogeneous
term in the equation.

Finally a comment regarding the convergence of the series centered in z = 0. In particular, the radius
of convergence is given by the distance between the center of the series with the closest singularity. In
this case the radius of convergence is 4, which means that the series converges in the interval (—4,4).

This can be seen explicitly in Fig. 3.1.

3.4.5 Coupled equations

In many practical applications, casting the system of differential equations in triangular form as in
Eq. 3.23 requires extensive algebraic manipulations or the identification of a highly non-trivial basis
of master integrals. Furthermore, if the underlying geometry of the problem features an elliptic sector,
achieving such a fully decoupled triangular form becomes strictly impossible. In these scenarios, directly
addressing the system in its coupled form is not just a more efficient alternative, but often the only viable
option. In this section, we will discuss how to generalize the methods introduced previously to solve a
system of coupled differential equations. Let us start by considering the following system of coupled

equations
B)(z) = Bi(z) 332(90) +( 9)
’ _ 2(z—-3)B (m) 2(5x—9)Ba(z) 648+ (4w?—273)x+272>
By(r) = == 0)(a-1) Ll g g D@01 (3.40)

+

ol =8
(= y,;‘:]
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and we try to solve it through an expansion around x = 1. In order to do so we consider the following
ansatz for the solution of the homogeneous equation:

Bo™(z) = (x—1)" > a; (z— 1)
=0

By (x) = (z—1)" > _b; (x—1)" (3.41)
=0

Now we proceed in the same way as in the single equation case, that is we substitute the anstatz in the
homogeneous equation, we expand everything around = = 1, collect the different powers of (x — 1) and,
finally, solve recursively the infinite set of algebraic equations for a; and b;. The result is:

r—1)3 z—1)*
Bl (z) = ay <<x_1>2—5( pr il +<9(a:—1>5>
T — x—1)? x—1)3
By (- 220 1 1)
LU o - °) (3.42)

By looking closely to the solution in Eq. 3.42 we see that it depends only on one parameter, namely a;.
However, this is a system of two differential equations and, as such, we expect two linearly independent
solutions. This is related to the fact that the ansatz we chose was not general enough. We replace, hence,
the ansatz in Eq. 3.41 with a more general one:

BYo™Mz) = (z—1)" > a; (z—1) +loglx —1) (z = 1)" Y ¢ (x— 1)
i=0 1=0

By™(z) = (x—1)" > b (z—1) +log(x — 1) (z = 1)" > di (& — 1)’ (3.43)
=0 =0

which contains also logarithmic terms. By proceeding always in the same way we find:

Bhom () =aq [1 7 5 ! + i 1281) + Oz — 1)+
r—1)2 r—1)3
+ (3( 16 D o D + O(z — 1)4> log(z — 1)] +

+as <($—1)2—W+O(x—1)4>;

1 z—-1 T(x-1)2%* T7l(x—1)3
hom _ - _ _1\4
B;™"(z) _“0[2 16 s " i TOE-DH
r—1 1l(x—1)% 47(x—1)3 4
( 3 + 6l 956 +O0(x—1)" ) log(z —1)|+

_ _1)2 _1)\3
+ as <—2(x3 DN 11(x12 D 47(9548 DT 1)4> (3.44)
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Now we see that the solution correctly depends on two different parameters, namely ag and as. Thus for
a system of n homogeneous differential equations we can use the general ansatz:

B (2) = (z — xo)" Z i o(x — 0)" + (@ — )" Z log’ (z — o) Z G j(x —x)'.  (3.45)
P : —

Firstly, we try to solve the system for m = 0. If we obtain n linearly independent solutions we are
done, otherwise we increase the value of m, eventually up to n — 1. In principle, the ansatz in Eq. 3.45
is not strictly limited to polynomials. Indeed, any complete basis of functions could be chosen, as
long as it correctly parametrizes the singular behavior of the solution in the vicinity of the expansion
point xy. For example, when expanding around a regular point where the solution is entirely smooth,
a basis of sines and cosines would be a mathematically valid alternative. However, because we are
specifically targeting the local behavior around regular singular points, the generalized power-series
ansatz is practically required to capture the fractional powers and logarithms while yielding tractable
algebraic recurrence relations for the coefficients.

3.4.6 Variation of parameters for systems

The generalization of the variation of parameters technique to systems of differential equations is straight-
forward. Firstly, we organize the solution of the homogeneous equation in a matrix form:

B (z) = M(z)a (3.46)

where M;;(z) is the solution for the i-th MI where we put all the free parameters to 0, except for the
j-th. And & is the vector of free parameters. Then a particular solution is given by:

BPUt (1) = M(x) / ’ M~ (2 G(a')da' (3.47)

where g(z') is the vector of non homogeneous terms of the equation. By following this procedure for the
example introduced in the previous section we obtain:

59 w% 3 1 1
Bl(x):§+%+§(9&—1)+Z($—1)2—g(az—l)3+0(:c—1)4
2
Ba(z) :% <7T6 - 1) + i(m 12— %(w — 13+ Oz — D™ (3.48)

A few comments are in order. The first one is that within the integration in Eq. 3.47 only terms like
(x — z9)P log?(xz — xo) can appear. In practice, this integration can be performed with the implemen-
tation of substitution rules in order to make it faster. A second comment regards the inversion of the
matrix M~!(x). Inverting a matrix is an operation whose computational cost grows cubically with its
dimension. For this reason, even if it might not be possible to write down a system in triangular form, it
might be worth to cast it in a block triangular form.

3.5 Analytic continuation

Series have a limited radius of convergence, which is given by the distance of its center to the closest
singularity. In order to extend the solution outside the region of convergence, we need to provide an
algorithm for performing the analytic continuation in the entire complex kinematical plane. This can
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Figure 3.2: Radius of convergence and example analytic continuation in the complex plane of the variable z.
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Figure 3.3: Effect of a branch cut on the analytic continuation in the complex plane of the variable z. It shrinks
the area in which the series converges to the desired value (left) and it modifies the path for moving from one point
to another (right).

be seen graphically in Fig. 3.2. In particular, we are considering a complex variable z and we are
discussing the analytic continuation in the z complex plane. The series is centered in 2y and the radius
of convergence is p = minyey |z — w|, with W = {wp, wy,w_} the set of all singularities. In the
example shown in Fig. 3.2 the closest singularity is wg, hence, the series converges in the I'g region. For
extending the solution outside the blue region we have to perform an analytic continuation. This is done
by evaluating the solution in a point within Iy, for example z1, and then by solving again the system,
this time centered around 21, and using the value we have just computed as a new boundary condition. It
is possible to show that this procedure is unique. We saw also in the previous sections, that the solution
might exhibit a logarithmic behavior. This complicates the analytic continuation procedure since it makes
the solution a multi-valued function. In order to make it single-valued we have to introduce some branch-
cuts, thus specifying which is the physical Riemann sheet on which we evaluate the solution. We decided
to associate to each logarithmic singularity a branch-cut that starts from the singularity and goes to —oo,
parallel to the real axis. While this branch-cut does not modify the region in which the series converges,
it shrinks the area in which the solution converges to the desired value, that is the one on the physical
Riemann sheet. Looking at left panel of Fig. 3.3, while the series still converges in I'g, only in the blue
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Figure 3.4: Example of a Logarithmic expansion on the left, against a Taylor expansion on the right.

strip it does to the desired value. As a consequence, for extending the solution we have to choose a path
that does not cross the branch cut. This is shown in the right panel of Fig. 3.3. For reaching z; we cannot
go straight along the dashed line, because we would cross the branch cut and end up on the non physical
Riemann sheet. Instead, we should follow the path of the solid red line, that avoids w on the right. For
readability of the picture, we have not plotted all the intermediate steps.

For following the red line, actually, there are two possibilities. In particular, they differ in the way
they treat the singular point, either avoiding it or expanding on top of it. The two strategies are shown
in Fig. 3.4 and, while they lead to the same result, they each have pros and cons. If we avoid the
singularities (right panel of Fig. 3.4), at each step, we deal only with Taylor series, hence the solution is
simpler and usually quicker to obtain. We dub this strategy Taylor expansion. The second possibility is
the logarithmic expansion (left panel of Fig. 3.4). In this case, the solution might be slower to obtain,
however, if the series is centered in w. the closest singularity is w_, so the radius of convergence is
bigger and we can take less intermediate steps. Choosing one strategies over the other is done case by
case mainly by looking at the position of the other singularities which are present in the problem.

Finally, we discuss how to move along a branch cut. There are two different cases which are shown in
Fig. 3.5. If there is not a singularity between the starting and ending point we can move straight since, by
definition, we are never crossing a branch cut. If, on the contrary, we have a singularity between the two
points we have to avoid moving either in the upper or lower part of the complex plane. This ambiguity is
solved by considering Feynman prescription associated to the kinematical variable. A prescription 46
implies an horse-shoe path in the upper half of the complex plane, while a —4 in the lower one.

3.6 Mass expansion

The series expansion approach can be time consuming in state-of-the-art calculations. The running time,
in particular, depends on different factors such as the number of Mls, the number of kinematic invariants
which in turn increases the algebraic complexity of the differential equations, the point in which the
BCs are imposed, the required precision, ... For this reason, a direct implementation in Monte-Carlo
generators is, currently, out of reach. A common solution to the problem is to rely on pre-computed
numerical grids for the complete amplitude. Their evaluation requires a big amount of time upstream,
but then the interpolation in any point of the phase space is instantaneous and, hence, suitable for a
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Figure 3.5: Examples of two possible ways to move along a branch cut. In case there is no a singularity between
them (left) or there is (right).

Monte-Carlo implementation. Moreover, since the final corrections is a smooth function of the kinematic
invariants, the numerical error on the interpolation is negligible.

The adoption of grids, however, comes with a severe limiting factor: all the input parameters are
strictly fixed to their numerical values and cannot be modified without rerunning the final steps of the
calculation. Nevertheless, the series expansion approach can be exploited to provide, with limited ad-
ditional computational work, the continuous dependence on an extra variable, such as an internal mass
m. This is achieved, firstly, by formulating the differential equations with respect to m and, secondly, by
solving them using the original grid evaluated at a reference mass m as the boundary condition. In prac-
tice, this expansion procedure is performed directly at the level of the Mls, yielding a grid where each MI
is represented as a power series in dm = m — m. Since the full amplitude is simply a linear combination
of these MlIs, the corresponding rational coefficients, which depend analytically on the kinematics and
the mass, can be straightforwardly Taylor-expanded in ém through standard algebraic operations. Multi-
plying the expanded coefficients by the expanded MIs systematically provides the complete amplitude as
a local series in m. This approach is particularly powerful, for example, in the W-boson mass determi-
nation where one has to generate many distributions for different values of my and then the best value
for the W-boson mass is extracted with a template fitting procedure. Moreover, since the m we are
interested is usually small, only a small number of terms in the series is needed. Therefore, the solution
can be computed in a small amount of time.

In order to illustrate this idea, we consider the following 2-loop box integral:

I_ / dlqy dq 1 .
(2m)d (2m) ¢F (a5 — piy) (@1 — @2)? (@1 — p1)?
: L , (3.49)

(g1 —p1 —p2)? (2 — p1 — p2)? ((92 — p3)? — m?)

which can be represented graphically as

91— P 9~ % h—P3 P

P2 qQ—Pr—D2 =P~ P2 P4
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Figure 3.6: On the left panel we plot the real and imaginary part of the O (&%) of Z for different values of 1. In
the right panel, we show the relative error in the O(c?) coefficient of Z, as a function of the expansion parameter
dmy,. The error is evaluated as the absolute difference from unity of the ratio between the truncated series and the
exact solution, obtained with AMFLOW.

Here the blue (red) indicates that an internal W -boson with mass py (a final state lepton with mass
my) 1S running in the line. Such a diagram appears, for example, in the 2-loop mixed corrections for the
Charged Current Drell-Yan. In the left panel of Figure 3.6 we plot the real and imaginary finite part of the
integral, for different values of myy, as a function of /s, with cos @ = 0.165. The intensity of the color
corresponds to different choices of dmyy, from —500 MeV to 500 MeV, in steps of 250 MeV. The shift
of the peak position illustrates the sensitivity of this integral to the choice of the mass value. In the right
panel of Figure 3.6 we compare the exact evaluation of the integral! against different approximations.
We consider /s = 80.1315 GeV in order to have a strong dependence on my, and cos# = 0.165. The
curves correspond to a different number of terms in the §my, expansion, and their ratio with the exact
result is plotted as a function of §my,,. From the plot we can see that if we consider only shifts in dmy,
of order 100 MeV, 15 terms in the expansions are sufficient for maintaining a relative precision of 10715,

3.7 SeaSyde

The theoretical frameworks and algorithms detailed in the previous sections, i.e. the generalized series
expansion approach and the analytic continuation of the result to the entire (complex)-phase-space, have
been integrated into the original Mathematica package SEASYDE (Series Expansion Approach for SYs-
tems of Differential Equations). The package is publicly available and can be accessed via its official
GitHub repository:

https://github.com/TommasoArmadillo/SeaSyde

The repository provides the source code, the documentation, and a selection of example notebooks
that demonstrate the evaluation of both toy models and physical state-of-the-art multi-loop integrals.
SEASYDE is built with a high degree of automation and ease of use in mind. The series expansion
approach relies on the same generalized Frobenius ansatz to expand the solutions around any point of
the phase-space, either singular or regular, entirely eliminating the need for process-specific calculations

!The exact solution is obtained using AMFLOW, asking for a precision of 30 digits.
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or tailored functional ansatze. The user is only required to provide the system of differential equations
and the corresponding boundary conditions. From there, the package operates completely automatically:
it systematically locates all singularities by analyzing the denominators in the matrix coefficients, solves
the system by applying the universal ansatz, and performs the analytic continuation to the desired point in
the (complex)-phase-space. A key strength of the package lies in its automated pathfinding capabilities.
In particular, by implementing the procedure discussed in Section 3.5, SEASYDE automatically deter-
mines a viable integration path through the complex phase space to connect the boundary conditions to
the target kinematic point. Alongside this automation, the package provides high flexibility by allowing
the user to freely adjust algorithmic parameters, such as the truncation order of the series expansion and
the step length of the analytic continuation. This ensures complete control over the numerical precision
and computational performance of the evaluation. As an optional feature, users can also manually define
custom integration paths. While this is not required for standard evaluations, it provides a valuable tool
for theoretical exploration, allowing the user to investigate for example the behavior of the integrals when
intentionally crossing branch cuts.

Crucially, the series expansion approach implemented in SEASYDE is completely general. It is capa-
ble of automatically tackling any state-of-the-art problem in particle physics, including those involving
multiple scales and elliptic integrals, without requiring any theoretical extensions or structural improve-
ments to the algorithm. The applicability of the method is inherently universal, the only limitation is
purely computational. As the size of the differential equation system grows, the evaluation naturally
becomes more demanding in terms of memory and execution time, but the underlying automated frame-
work remains perfectly valid and intact.

3.7.1 Comparison with DIFFEXP

Here we compare SEASYDE with DIFFEXP [106], the first implementation of the series expansion
approach, which was developed by Martijn Hidding in 2020. Both packages aim to solve systems of
differential equations for master integrals by expanding the solutions in series and analytically continu-
ing them across the phase space. However, a fundamental architectural difference distinguishes the two
codes: their respective approaches to the analytic continuation algorithm and their treatment of kine-
matic singularities. DiffExp is designed to operate strictly with real-valued variables. Consequently, its
analytic continuation algorithm is entirely confined to the real axis. Because the one-dimensional inte-
gration path, DIFFEXP cannot detour around these points and it is forced to expand the system exactly
on top of the singular point using the full generalized Frobenius ansatz and then resume the continuation
on the other side. This requirement means that the computationally heavy machinery of singular series
expansions must be employed at every intermediate singularity encountered along the evaluation path. In
contrast, SEASYDE treats all kinematic variables as intrinsically complex-valued quantities. By extend-
ing the kinematics into the complex plane, the package naturally gains an additional spatial dimension
to work with. This extra degree of freedom fundamentally alters the analytic continuation strategy and
allows SEASYDE to circumvent intermediate singularities entirely. Instead of colliding with a singular
point on the real axis, the pathfinding algorithm simply deforms the contour, moving the integration path
"up" or "down" into the complex plane to safely avoid the pole. Because the deformed path stays strictly
within the regular regions of the differential equations, the analytic continuation from step to step can rely
exclusively on standard, highly efficient Taylor series expansions. This architectural distinction strictly
dictates the physical applicability of each package. Because DiffExp is restricted to real variables, it is
well-suited for higher-order QCD calculations, where internal masses are purely real. However, it can-
not be applied to the EW sector, which intrinsically features unstable particles that must be rigorously



3.7. SeaSyde 59

described using the Complex Mass Scheme. Since SEASYDE natively supports complex-valued kine-
matics and accommodates arbitrary complex masses by design, it is the only viable tool between the two
capable of performing exact multi-loop EW calculations.

3.7.2 Checks and performance

Here we present the most significant checks we performed to validate our implementation. Namely, the
MlIs which appear in the calculation of the two-loop mixed QCD-EW corrections of Neutral-Current
Drell-Yan. The definitions and the details of the calculation will be given in Sec. 5.1, here we only report
some highlights concerning the numerical evaluation of the MIs.

The most complicated topology is a two-loop planar box with two equal complex massive lines. The
basis of masters is composed by 36 integrals that have to be evaluated. Out of these 36, for 31 of them
an analytical expression in terms of Generalized Polylogarithms (GPLs) is publicly available [133-140],
meaning that we can perform cross-checks using either real or complex masses. For the last 5, an
analytical expression in terms of GPLs is not available, but only using Chen-Goncharov integrals [141].
In our case, the evaluation of the Chen iterated integrals in a non-physical region, where the boundary
conditions are fixed, is possible, but the analytic continuation to cover the full physical region constitutes
a formidable task. The need for the evaluation of these 5 MIs using complex internal masses was the
main motivation behind the development of SEASYDE.

Concerning the first 31 integrals, we cross-checked the results given by SEASYDE against the analytic
expressions evaluated with GINAC and HANDYG [142] in two independent C++ and Mathematica codes,
in different point of the phase-space. We also use HarmonicSums [143, 144], PolyLogTools [145] and
LoopTools [146] for several cross-checks of the one- and two-loop integrals appearing in the amplitudes.
All these checks were performed with both real and complex masses.

For the last 5 MIs we validated our numerical results against DIFFEXP (restricted to real masses) and
AMFLOW (using both real and complex masses). To quantify the level of agreement in the real-mass
limit, we evaluated these integrals at multiple kinematic points across the physical phase space. Using
150 terms in the series expansion we found perfect numerical coincidence between SEASYDE, DIFF-
Exp, and AMFLOW up to the 40th decimal digit, corresponding to quadruple floating-point precision.
Furthermore, we compared our results against PYSECDEC [129], though this was limited to a few points
in the Euclidean region and six significant digits due to the nature of the sector decomposition approach.
Notably, while the real-mass evaluations serve as a robust cross-check, the evaluation of these final 5
MIs with internal complex masses represents a genuinely new prediction achieved by SEASYDE.

The core strength of the series expansion approach is the ability to achieve an arbitrary level of
theoretical precision simply by increasing the number of terms in the expansion. However, this increase
in precision must be carefully balanced against the corresponding increase in computational time and
resource consumption. To systematically benchmark this, we evaluated the Mls at various phase-space
points using different expansion depths. As previously mentioned, a 150-term expansion yields 40 digits
of precision. In Figure 3.7 (left), we illustrate this validation for one of the 31 MIs. The continuous lines
generated by SEASYDE perfectly overlap with the independent GINAC evaluation, denoted by crosses.

In the plot we can also appreciate the effect of having a complex internal mass instead of a real one.
The masters with real-valued masses exhibit a non differentiable behavior around the internal threshold
\/§ = 2my,, while they become smooth when moving to the Complex Mass Scheme, making the lat-
ter particularly important for phenomenological studies in the threshold region. The definition of the
complex mass as ;2 = m? — il'm, shows that the case of real masses can be thought also as the limit
for ' — 0. Hence, by considering values of I' gradually smaller, all the MlIs should converge to the
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Figure 3.7: In the left panel, we see the real (solid) and imaginary (dashed) part of one the 31 MIs, computed both
with real (blue) and complex (orange) masses. The continuous lines have been obtained using SEASYDE while
the crosses have been independently computed with GINAC. This serves as a cross-check of our implementation.
In the right panel we see the real (solid) and imaginary (dashed) part of master 35 computed for different values of
the decay width I'. We see that for I' — 0 we recover the real mass case, as expected.

one obtained with real-valued internal masses. This is shown explicitly for one of the MIs in Figure 3.7
right, although it holds for all the other MIs. In particular, we have compared the results for real- and
complex-valued masses, where the latter have been calculated using different values of the decay-width
I'. This example shows that SEASYDE can robustly handle arbitrary internal complex masses.

Regarding the time performances, they strongly depend not only on the number of terms in the series,
but also on the presence of singularities between the starting and ending points. In Table 3.2 we report
the time necessary for transporting the boundary conditions from the Euclidean region to a test point for
different number of terms, along with the precision of the result.

Number of terms Precision Execution time

50 terms 1014 ~ 14 min
75 terms 10~19 ~ 26 min
100 terms 10~2° ~ 50 min
125 terms 1033 ~ 75 min
150 terms 1040 ~ 90 min

Table 3.2: Precision achieved and execution time for transporting the boundary conditions from the Euclidean
region to a test point for different number of terms in the series for the two-loop plnar box topology with two
massive lines.

This estimate is obtained on a MacBook Pro (2015) equipped with a 2.7 GHz Dual-Core Intel i5.
The fact that the execution time increases so much with the number of terms, is mainly due to the poor-
performances of the Mathematica function Series when dealing with series with a big number of
terms. Anyhow, for most current precision studies, a 10719 precision is sufficient. The execution time
depends also on the distance between the starting point, where the boundary conditions are imposed, and
the final one, in which we would like to evaluate the solution. For reaching the physical region we usually
need a number between 15 and 20 steps. Given the results in Table 3.2 we can estimate a total of 50, 160
and 300 s per step for 50, 100 and 150 terms, respectively. Once in the physical region, less singularities
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need to be avoided and, hence, more direct path can be chosen. In this case a number between 1 and 10
steps is sufficient to reach every point in the phase-space. Having a BC directly in the physical region
enormously speeds up the computation.






Chapter

From amplitudes to physical observables

“On this proud and beautiful mountain we have lived hours of
fraternal, loving, and exhausting struggle. Here, we cease to be the

slaves of our own imagination.”

Lionel Terray, French alpinist.

In Chapter 2 and 3 we explored the computation of scattering amplitudes and the evaluation of Feyn-
man integrals within the framework of perturbative QFT. These calculations are formulated in terms
of fundamental, non-interacting initial and final states, namely quarks, gluons, and leptons. However,
at modern colliders such as the LHC, the colliding beams consist of protons. A proton is a complex,
bound state of partons (quarks and gluons) characterized by a low momentum scale, Aqcp ~ 200 MeV,
where the strong coupling constant o becomes O(1). Consequently, the interactions binding the pro-
ton together fall into the non-perturbative regime of QCD, rendering a purely perturbative calculation
of a proton-proton scattering cross-section impossible. To make theoretically rigorous predictions for
hadronic observables, we must isolate the high-energy, short-distance perturbative physics (which we
can calculate using the techniques from previous chapters) from the low-energy, long-distance non-
perturbative physics. This separation is rigorously formalized by the factorization theorem. In this
Chapter we will first review the factorization theorem, we will sketch out how the calculation of Next-to-
Leading Order (NLO) and Next-to-Next-to-Leading Order (NNLO) corrections works, focusing specif-
ically on the Drell-Yan processes, and, finally we will introduce OCEANN [6] which is the framework
we developed for performing the calculation of two-loop amplitudes.

4.1 Factorization theorem

The essence of the factorization theorem is that the timescale of the hard, high-momentum-transfer col-
lision, 1/Q, is vastly shorter than the timescale of the interactions binding the partons within the hadron,
1/Aqcp. Thus, the incident partons can be treated as essentially free during the hard scattering.

For an inclusive hadronic collision process A+B — f+ X, where A and B are the incoming hadrons,
f is a generic final state with a characteristic hard scale ) and X accounts for any additional radiation.
By remaining inclusive over the kinematics of the unobserved state X, the factorization theorem states
that the total inclusive cross-section can be written as:

1 1
TAB—f+X = Z/O dxa/o dzy foya(Tas pir) for (o, 1F)
a,b

: Agep \”
O'ab—>f+Xp(l'apA,bepB,,uR,,uF)—i—O( (22 ) , 4.1)
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This formula represents a convolution of two distinct components, separated by an arbitrary energy scale
known as the factorization scale, pup. The terms f,/4(, pr) are the Parton Distribution Functions
(PDFs)!. They represent the probability density of finding a parton of flavor a within hadron A, carrying
a longitudinal momentum fraction x of the parent hadron’s total momentum. PDFs encode all the long-
distance dynamics of the proton. Crucially, PDFs are process-independent quantities. A PDF extracted
from Deep Inelastic Scattering (DIS) data at HERA can be used to predict Higgs production at the
LHC. This universality is what gives the factorization theorem its immense predictive power. While the
PDFs f,, Az, pp) cannot be calculated perturbatively, their dependence on the factorization scale pp is
entirely governed by perturbative QCD. This is described by the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equations [152, 153]:

0
b g o) / L b (2 0nur) fyyalone). 2

Here, P;j(x/z) are the Altarelli-Parisi splitting functions, calculable in perturbation theory. They repre-
sent the probability of a parton j radiating a collinear parton and turning into a parton ¢. The DGLAP
equations allow us to measure PDFs at a low scale g (via experimental fits) and mathematically evolve
them up to the highly energetic scale @) of the LHC collision.

The term G455 1 x, is the partonic cross-section for the constituent partons a and b to produce the
final state f plus some additional radiation X,,. Because it takes place at the hard scale @) > Aqcp,
asymptotic freedom guarantees that as(Q)) < 1. Therefore, 6 can be computed as a perturbative series
in a5 and «. The differential cross-section do represents the transition probability per unit incident flux.
It connects the quantum mechanical transition amplitude to the experimentally measurable scattering
rate. The master formula for the differential cross-section of a 2 — n process is given by:

e
= —|M[de,. 4.3)

This equation cleanly factorizes the computation into three distinct components: the kinematic flux factor
2, which is exactly where the multi-loop amplitudes and

Feynman integrals discussed in Chapters 2 and 3 are applied, and the Lorentz Invariant Phase Space d®,,.
Moreover, ¢ explicitly depends on the renormalization scale p g (arising from the UV regularization of
the loop amplitudes) and the factorization scale .

The final term, O(Aqcp/Q)", represents higher-twist effects (multi-parton interactions, hadroniza-
tion corrections). For processes where () is large, these power corrections are strongly suppressed and
are typically ignored in high-precision high-energy phenomenology.

The introduction of the factorization scale up is essentially a renormalization procedure applied to
infrared, specifically collinear, divergences. When calculating the partonic cross-section & beyond Lead-
ing Order (LO), one encounters singularities when initial-state partons emit massless gluons collinearly,
or when initial-state gluons split collinearly into quark-antiquark pairs. Unlike final-state collinear sin-
gularities which cancel for inclusive observables (guaranteed by the KLLN theorem), initial-state collinear
singularities do not cancel. Instead, these uncancelled logarithmic collinear singularities are systemat-
ically factorized and absorbed into the definition of the scale-dependent PDFs. The factorization scale
wr serves as the arbitrary energy scale at which this separation between long-distance and short-distance
physics is performed. Rather than artificially classifying emissions as resolvable or unresolvable based
on a kinematic boundary, the proper theoretical framework relies on a rigorous matching procedure.

"For reviews on PDFs see, for example, Ref. [147-151]
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Specifically, the collinear emissions evaluated in the perturbative partonic cross-section are systemati-
cally matched to those already absorbed into the PDFs. Through an exact subtraction of these overlapping
singular pieces, the collinear divergences are cleanly removed from the partonic calculation, yielding a
finite, short-distance partonic cross-section 6. Because pr is an unphysical artifact of our calculation
method, the true physical hadronic cross-section o4, x must be independent of it:

u%aa?&abﬁx =0. (4.4)
HE

In practice, because we truncate our perturbative expansion for & at a fixed order, a residual ur depen-
dence remains. Varying up (typically by factors of 2 around the hard scale @) is a standard method used
to estimate the Missing Higher-Order Uncertainties of the theoretical prediction.

Although originally developed to tackle the non-perturbative complexities of hadron-hadron colli-
sions, the factorization theorem can be naturally generalized to lepton colliders, such as eTe™ or pu+ ™
machines. This generalization requires substituting the traditional hadronic PDFs with lepton PDFs. The
conceptual architecture of the theorem remains identical in both environments: it isolates the short-
distance hard scattering amplitude from the long-distance initial-state dynamics, absorbing collinear
singularities into distribution functions whose scale dependence is governed by DGLAP-like evolution
equations. However, a fundamental difference lies in their physical origin. While proton PDFs encodes
the non-perturbative dynamics of color confinement and must be extracted from experimental data, lep-
tons are elementary particles. Consequently, lepton PDFs are purely perturbative quantities. In particular,
they account for the resummation of large collinear logarithms, arising from Initial State Radiation (ISR)
of photons, which can be rigorously calculated from first principles within quantum electrodynamics and
the electroweak theory.

4.2 NLO calculations

To better explain how to perform an higher order calculation, we explicitly go through the computation
of NLO QCD corrections to Neutral-Current Drell-Yan (DY), i.e. the production of a lepton pair via an
intermediate neutral electroweak gauge boson. A complete introduction to DY will be given in Chapter
5.

At Leading Order (LO), the partonic process consists of quark-antiquark annihilation: qg — ¢*¢~.
The corresponding cross-section is integrated over the 2-body final-state phase space, d®,. To achieve
NLO accuracy, formally O(as) relative to the Born process, we must evaluate two distinct classes of
partonic corrections: the virtual and the real contributions.

The virtual correction arises from the interference between the tree-level Born amplitude and the one-
loop amplitude. For DY, this involves a single virtual gluon exchanged between the initial-state quark
lines (the vertex correction), as well as quark self-energy diagrams. Because the final state still consists
only of the lepton pair, this contribution shares the exact same 2-body phase space as the Born level.
However, integrating the loop momentum in exactly 4 dimensions yields divergences in the infrared re-
gion (soft and collinear limits). Regulating the theory in d = 4 —2¢ dimensions isolates these divergences
as explicit poles of the form 1/¢? and 1/e.
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The real emission contribution arises from tree-level processes where an additional parton is radiated
into the final state. At O(«), two partonic channels open up. Namely,

qq — E'W‘g, 4.5)
qg — L0 q. (4.6)

These processes are integrated over a 3-body phase space d®3. While the matrix elements for these
processes are finite for generic, widely separated kinematics, they become kinematically singular in soft
and collinear regions. For instance, the ¢q¢ — ¢™/~ g matrix element diverges when the emitted gluon
becomes soft or perfectly collinear with either incoming quark.

The Kinoshita-Lee-Nauenberg theorem guarantees that for any sufficiently inclusive observable, the
infrared singularities present in the virtual loop integrals will exactly cancel against the kinematic singu-
larities arising from the integration over the unresolved real-emission phase space. However, it is crucial
to emphasize that in hadronic collisions, this automatic cancellation applies strictly to soft singularities
and final-state collinear singularities. The initial-state collinear singularities do not cancel between real
and virtual corrections. Instead, all infrared divergences are only fully removed after these remaining
collinear singularities are factorized and absorbed into the PDFs. If we were calculating the totally
inclusive cross-section, we could perform the phase space integrals analytically in d dimensions, ob-
serve the exact cancellation of the 1/¢ poles, and safely take the limit ¢ — 0 to obtain a finite result.
However, modern precision phenomenology is almost never fully inclusive. Experimental collaborations
measure fiducial cross-sections, imposing complex kinematic cuts on the final-state leptons to suppress
backgrounds and adapt for detector constraints. The application of these arbitrary experimental cuts, rep-
resented mathematically by a non-analytic measurement function, makes the analytical integration of the
phase space impossible. We are forced to evaluate the integrals numerically using Monte Carlo methods.
This presents a critical bottleneck since we cannot perform numerical integration in 4 dimensions over
quantities that are separately divergent.

To solve this, the numerical integration must be restructured such that the virtual and real contri-
butions are made independently finite in 4 dimensions before the Monte Carlo integration takes place.
The standard modern approach is the subtraction method [154-156]. The idea is to introduce a local
subtraction counterterm ddg, which is cleverly constructed to satisfy two requirements. The first one
is that it must exactly mimic the singular behavior of the real-emission matrix element do g in all soft
and collinear limits. The second is that it must be analytically integrable over the 1-body phase space of
the unresolved radiation in d dimensions. By adding and subtracting this term, the NLO cross-section is
reorganized as follows:

ONLO —/ doRr + / doy = “4.7)
d®p41 dd,

:/ [dog — dog + dog] + déoy = (4.8)
d®p41 dd,

- / [dég — dés] + / [d&v+ / d&s} (4.9)
dPr i1 dd, dd,

This structure resolves the numerical bottleneck. In the first integral, the counterterm exactly cancels
the divergences of the real emission, rendering the bracketed term completely finite and safely integrat-
able numerically in 4 dimensions. In the second integral, the analytical integration of the counterterm
over the unresolved subspace yields explicit 1/e poles. These poles analytically cancel the explicit 1 /¢



4.3. NNLO calculations 67

poles inherent to the virtual correction. Any remaining initial-state collinear poles are absorbed by the
renormalization the bare PDFs.

Crucially, the choice of the subtraction counterterm d&g is not unique. The fundamental requirement
of a valid subtraction scheme is just that it matches the real-emission matrix element in all soft and
collinear limits. Consequently, one is completely free to add any finite piece to the counterterm. Such an
arbitrary modification simply reshuffles finite O(«a) contributions between the numerical phase-space
integral of the real and the virtual component, leaving the total physical cross-section unchanged. This
theoretical freedom has led to the development of several distinct subtraction formalisms, each defining
the finite parts and the mapping of the unresolved phase space in different ways. At NLO, two universally
adopted, process-independent frameworks dominate the field. Namely, the FKS subtraction proposed
by Frixione, Kunszt, and Signer [154], and the dipole subtraction formalism by Catani and Seymour
[155,156].

4.3 NNLO calculations

When evaluating Eq. 4.1 at NNLO even more channels open up. For example, if we consider mixed
QCD-EW corrections, i.e. corrections of O(asa) with respect to Born, we have to compute loop correc-
tions for double virtual and real-virtual contributions:

qq = 00, yy = 07 two-loop QCD-EW
qq — "0 g, qg =Tl q one-loop EW
Q@ =00y, gy =0T q, gy =0Tl ¢q one-loop QCD

and double real processes at tree-level:

qq — (70 g, qy — (0 qg, gy — (707 qq,
qg — (T gy, qq — (0 qq, qq — 0 q'q,
qq — (T4 qq, qq — 0 qq, qf — (70 qq .

The double-real contribution dégg is integrated over the (2 + 2)-body phase space, d®o2. This term
diverges kinematically when up to two partons become simultaneously soft and/or collinear. The Real-
Virtual Contribution dégry consists of the interference between one-loop and tree-level amplitudes for
the production of 2 + 1 partons. It contains explicit 1/¢ poles from the loop integration (evaluated in
d = 4 — 2¢ dimensions) and implicit kinematic singularities when the single extra real parton becomes
soft or collinear. The Double-Virtual Contribution dévy contains the interference of two-loop amplitudes
with tree-level amplitudes, as well as the squared one-loop amplitudes, for the Born kinematics. These
multi-loop amplitudes contain deep explicit infrared poles up to 1/¢*.

4.3.1 gr-subtraction

Extending the local, point-by-point subtraction algorithms introduced in previous Section to NNLO is
a task of formidable complexity. At NNLO, one must handle double-real emissions where up to two
partons can become simultaneously soft and/or collinear in highly intricate, overlapping configurations.
To bypass the difficulties of constructing universal local counterterms for the double-real phase space,
alternative approaches based on phase-space slicing have been developed. For the calculation of the
Drell-Yan process presented in this thesis, we employ the gp-subtraction formalism [157-159]. Rather
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than subtracting singularities point-by-point across the entire phase space, gr-subtraction is a non-local
slicing method that exploits the universal properties of QCD radiation in the limit of small transverse
momentum.

The fundamental idea of gr-subtraction is the use of the transverse momentum of the produced color-
singlet final state, denoted as gr, as an infrared resolution parameter. If we consider the inclusive pro-
duction of a generic color-singlet system f in a hadronic collision, at Born level we have that the color-
singlet is produced via the annihilation of initial-state partons with exactly zero transverse momentum,
i.e. gr = 0. Momentum conservation dictates that f can only acquire a non-zero transverse momentum
if it recoils against additional real partonic radiation emitted into the final state. Therefore, the condition
qr > 0 strictly bounds the kinematics away from the purely virtual Born-level configuration. If we

introduce a small theoretical cutoff, g3, the phase space naturally partitions into two distinct regimes:

* aresolved regime with g7 > ¢$*" in which the final state must contain at least one resolved, hard

parton. The NNLO calculation for the inclusive production of f is then kinematically reduced to
an NLO calculation for f+jet;

* an unresolved regime in which g < ¢$*". In this case, the system is accompanied by purely soft
and/or collinear radiation.

By combining these two regimes, the gp-subtraction formalism expresses the fully differential NNLO
cross-section for the production of a color-singlet state f as:

. . Jftjet  C
dUI{INLO = HI]\CINLO ® dg{o + dUI{ILg — dénNLo| - (4.10)

This master formula breaks the complex NNLO calculation into three manageable, automatable compo-
nents. The real emission term, dc}f\c{g’ " represents the NLO cross-section for the production of f accom-
panied by at least one hard jet. Because this is an NLO quantity, it can be evaluated using standard local
subtraction techniques without requiring any new theoretical machinery. In the limit g — O this real
contribution is divergent, since the recoiling radiation becomes soft and/or collinear to the initial-state
partons. Such divergence is cancelled by the counterterm d&gIELO. More precisely, d&ggm guarantees a
non-local cancellation at the level of the inclusive gp distribution, i.e. at any fixed value of g but only
upon integration over all other kinematic degrees of freedom. Finally, the hard function Hf\;NLO collects
the purely virtual two-loop corrections to the Born process, along with the finite remainders left over
after the analytic cancellation of the infrared poles between the two-loop integrals and the subtraction
terms integrated down to gr = 0.The calculation of the hard function will be the focus of Chapter 5. In
that Chapter we will also present the integrated counter-terms which makes the hard function finite. The
quantity in the square brackets in Eq. 4.10 represents the difference between the real-emission cross-
section and the subtraction counterterm. The counterterm is designed to reproduce the exact singular
behavior of the real emission, both components are individually divergent, however their difference is
finite in the g7 — 0 limit. Crucially, due to the non-local nature of the ¢ -subtraction method, this exact
cancellation cannot be evaluated directly at g = 0 point-by-point in a four-dimensional Monte Carlo
integration without encountering severe numerical instabilities. This is precisely why a finite cutoff pa-

rameter, r.,; = ¢5*/Q, is required in practical applications. The numerical integration of the quantity

in the square brackets is instead restricted to the kinematically well-defined region g7 > ¢5**. How-
ever, the presence of this cutoff introduces unphysical power corrections in r.,; to the final cross-section.
To obtain a cutoff-independent prediction, the numerical phase-space integration must be performed for
several progressively smaller values of r.,;. The physical result is then extracted by extrapolating the

dependence of the cross-section to the r.,; — 0 limit.
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4.4 Automatization of NNLO calculations

In the previous sections, we investigated the conceptual and mathematical anatomy of an NNLO cross-
section. We established that predicting a physical observable at NNLO accuracy requires the compu-
tation of double-virtual, real-virtual, and double-real matrix elements, followed by a highly non-trivial
extraction and cancellation of infrared singularities.

For NLO calculations, this entire pipeline, from the generation of Feynman diagrams to the final
phase-space integration, has been fully automated in general-purpose Monte Carlo event generators like
MadGraph5_aMCNLO [20, 160]. The user simply specifies a process, and the software handles the rest,
relying on one-loop amplitude providers and universal subtraction schemes like Catani-Seymour dipole
subtraction or the FKS method.

Automating NNLO calculations in a similar manner is the current frontier of high-energy phenomenol-

ogy.

4.41 Two-loop amplitudes

Here we present OCEANN [6], a new complete workflow for the evaluation of two-loop corrections.
The computational framework OCEANN is a collection of codes and packages that provides, to an
experienced user, all the necessary tools to face the challenges of the calculation of a multi-loop elec-
troweak amplitude in a consistent way. The main steps of these computations are: the calculation of
the squared matrix element which contains all the interference terms between the Feynman diagrams
that contribute to the process; the evaluation of the Feynman loop integrals present in the amplitude;
the cancellation of the UV and IR divergences via the renormalisation and subtraction procedures and,
finally preparation of numerical grids. Because the exact evaluation of multi-loop amplitudes is highly
complex and computationally expensive, calculating them on-the-fly at every single phase-space point
sampled by a Monte-Carlo generator would require an unfeasible amount of time. Numerical grids solve
this bottleneck. They are essentially pre-computed datasets that map the value of the finite amplitude
across a discrete, multidimensional mesh of phase-space points. Once these grids are generated up-
stream, Monte-Carlo integrators can rely on fast interpolation algorithms to evaluate the amplitude at
any arbitrary kinematic configuration. This approach decouples the slow amplitude evaluation from the
phase-space integration, drastically reducing the total runtime while preserving high theoretical preci-
sion.

The evaluation of the squared matrix elements is implemented, within OCEANN, in the Mathematica
package ABISS (Amplitudes Builder, Interference Solver and Simplifier). ABISS expresses the final
result as a combination of MlIs, each multiplied by a rational function of the kinematical invariants and
masses of the process, with a workflow which can be described schematically by the following points:

1. The generation of the Feynman diagrams of the chosen scattering process is performed with FEY-
NARTS [161], which supports several model files for the SM and its extensions.

2. The Feynman diagrams with the insertion of UV counterterms are generated with a custom model
file for FEYNARTS which provides the counterterms in symbolical form. Their numerical values,
as a Laurent series in the dimensional regularization parameter €, can be computed together with
all the other diagrams, or they can be read from any external counterterm library.



70 Chapter 4. From amplitudes to physical observables

3. The evaluation of the interference between an amplitude and its Hermitian conjugate?, including
the sum over all the external polarizations, is performed by dedicated routines in ABISS. The
result is a list of expressions, Lorentz scalars, including Feynman loop integrals and coefficients,
functions of kinematical invariants and masses.

4. All the Feynman integrals are classified in terms of integral families. The user can propose a pre-
ferred choice of integral families, in terms of which ABISS tries to write all the Feynman integrals
present in the computation®. If the assignment of a given Feynman integral to one of the available
families is not possible, ABISS automatically completes the tentative set, using the information
of the new Feynman integral to introduce the new family. At the end of this classification step,
the initial information relevant for the reduction to a minimal set of so called Mls is available and
automatically organized in a group of dedicated directories.

5. The output of the previous point is ready for the external run of any code able to generate all the
relations useful to express a generic element of an integral family as a linear combination of MIs.
Such relations include IBP and Lorentz identities. Within OCEANN, we consider as reference
code for this task KIRA [112-114,120]. The outcome of the run can be imported back to the
directories already set-up by ABISS.

6. With the help of the reduction rules computed in the previous point, ABISS is able to organize
the squared matrix element as a sum over the Ny;; MIs Z;, with appropriate coefficients ¢;. For
example, in the case of the two-loop contributions,

Narr

MOMOD) =5 67, @.11)
j=1

Both coefficients and integrals depend on the kinematical invariants and on the masses of the
particles of the model.

The evaluation of the MIs which have been identified in the first stage is handled within OCEANN with
the public Mathematica package SEASYDE [2, 5], following a simple workflow:

1. For each integral family, we compute the systems of differential equations satisfied by its MlIs,
with respect to the kinematical invariants. For this task, several tools are publicly available, like
e.g. LITERED [115] or REDUZE [117].

2. We compute the boundary condition values for each MI with the code AMFLow [130].
3. We solve the system of differential equations with SEASYDE.

SEASYDE solves the system of differential equations with the series expansion procedure [106,132]. The
solution is studied in the complex plane, with an original algorithm for the analytical continuation of the
solutions. The efficient evaluation of a series of points in one single run is relevant for the preparation of
numerical grids which sample the whole phase space of the process. The numerical results have arbitrary
precision, which can be selected by the user and is achieved with an appropriate number of terms in the
power series used to represent the solution.

>We can in full generality consider an amplitude and a projector.
3Different routings of the loop momenta and trivial symmetry relations are tested, to match the momenta with those of the
definition of the integral family.



4.4. Automatization of NNLO calculations 71

Once the interference terms have been computed and the Feynman integrals evaluated, then the last
steps of the calculation are handled by internal routines within OCEANN: the combination of the dia-
grammatic and counterterm contributions, to achieve the UV finiteness of the amplitude; the subtraction
of the IR poles from the UV renormalised interference terms. The sequences of points, covering the
whole phase space, computed by SEASYDEfor the Mls and within ABISS for their rational coefficients,
express the finite contribution of the virtual corrections, relevant for phenomenological studies. One pos-
sible strategy is the preparation of grids which allow the evaluation of the correction at any phase-space
point via interpolation, with excellent accuracy.

This approach has been applied, within a preliminary version of the OCEANN framework, for ex-
ample, in the context of the mixed QCDXEW corrections in [1, 3], providing in particular the validation
of this new semi-analytical approach, to handle the cancellation of UV and IR divergences, represented
by poles in dimensional regularization.

The sequence of computational steps described above, taking place within the OCEANN framework,
is fully general and applies to the evaluation of the purely virtual corrections of an arbitrary scattering
process at a given perturbative order.

4.4.2 Phase-space integration

With the automated generation of two-loop amplitudes addressed, the final critical step in producing a
physical prediction is the integration of these matrix elements over the multi-particle phase space. At
high-energy particle colliders, the inclusive cross-section takes the form of Eq. 4.1.

However, in a realistic collider environment, detectors have finite acceptances, e.g. particles escaping
down the beam pipe are unmeasured, and large backgrounds necessitate strict fiducial cuts, such as
requiring a minimum transverse momentum pr or restriction on the pseudo-rapidity n of final-state
leptons and jets. These experimental realities are encoded in a measurement function Ocy(p1, - - -, Pn)s
which is added to the integrand of Eq. 4.1. This measurement function acts as a complex, non-analytic,
multi-dimensional step function. Because these arbitrary geometric boundaries make analytic integration
impossible, the field must rely entirely on Monte Carlo integration. Monte Carlo generators evaluate the
phase space by randomly sampling multi-particle kinematic configurations (events). For each event, the
program checks if the kinematics pass the Oy filter; if so, the event is kept and weighted by the exact
value of the squared matrix element. Furthermore, the dimensionality of the phase space at NNLO is
exceptionally high; a 2 — 4 process evaluated at the double-real emission level requires integrating
over a computationally heavy multi-particle phase space. This numerical approach, hence, is the only
mathematically viable way to translate d-dimensional QFT into highly differential predictions that can
be directly plotted against LHC data.

While general-purpose event generators, like MadGraphS_aMCNLO, have completely automated this
integration process at NLO, extending this automation to NNLO is a formidable challenge due to the del-
icate numerical cancellations required between real emissions and IR subtraction counterterms in deep
unresolved limits. Despite these challenges, highly successful specialized frameworks have emerged.
The state-of-the-art example for computing NNLO QCD and NNLO QCD-EW and NLO EW correc-
tions is the MATRIX (Munich Automates g7 subtraction and Resummation to Integrate Cross Sections)
framework [162]. MATRIX effectively achieves a "push-button" automation for a wide class of pro-
cesses, specifically the production of massive, color-singlet final states (such as Drell-Yan, Higgs, and
diboson production).

MATRIX automates the phase-space integration by leveraging the gp-subtraction slicing formal-
ism. It coordinates the calculation by dynamically partitioning the phase space: it utilizes the Munich
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Monte Carlo integrator to handle the highly structured multi-channel integration of the resolved real-
emission process alongside automated dipole subtraction, while simultaneously integrating the heavily
peaked analytical g7 — 0 counterterms. By interfacing with automated one-loop providers like OPEN-
Loops [163], RECOLA [164] and various specialized two-loop amplitude libraries, such as the one
provided by the OCEANN framework, MATRIX allows phenomenologists to define arbitrary experi-
mental cuts and extract fully differential NNLO distributions in a completely automatic way.



Chapter

Two-loop amplitudes for Drell-Yan

“If you do things properly, climbing is not dangerous. It is just a

matter of extreme precision.”

Ueli Steck, the "Swiss machine", alpinist.

In this Chapter we present our calculation for the two-loop mixed corrections to NC- [1] and CC-
DY [3], the two-loop QED ones to NC-DY [6] and we will give some prospects towards full two-loop
EW calculation.

The Drell-Yan (DY) processes [165] are standard candles at colliders, such as the Large Hadron
Collider (LHC) in Geneva, Switzerland. They consist in the hadroproduction of a lepton pair mediated
by a vector boson. When the mediating boson is electrically neutral, the process is referred to as Neutral
Current DY (NC-DY); when it carries electric charge, it is known as Charged Current DY (CC-DY).

At Leading Order, the DY process proceeds via the s-channel annihilation of a quark and an antiquark
from the colliding hadrons. The two partonic processes are:

qq — (0

qq — (v
To describe the kinematics of the DY process, we define the four-momenta of the incoming hadrons as
Py and P,. The center-of-mass energy squared of the hadronic system is given by s = (P; + P»)2. The
annihilating quark and antiquark carry momentum fractions x; and x2 of their respective parent hadrons,

such that their four-momenta are p; = x1P; and p» = x2P». The invariant mass squared of the partonic
system, §, is directly related to the hadronic center-of-mass energy:

§ = (p1+p2)? = 1798, (5.1

and is exactly the invariant mass of the off-shell vector-boson, § = m?. The latter, in case of the NC-DY
is fully reconstructible from the four momenta of the two leptons:

m? = (pe, + pe,)*. (5.2)

Another experimentally accessible variable is the boson rapidity, y, . It represents the velocity component
along the beam axis of produced bosons relative to the speed of light. It measures how far forward, or
backward, a boson is produced relative to the hadronic collision center (y,, = 0). This is defined as:

1 EV"‘sz 1 T
| =Y FEV ) — 2 == . 53
yv = 5 log <EV_pz,V> 5108 (@) (5.3)
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Figure 5.1: Schematic picture of the Neutral Current Drell-Yan process.

By combining the equations for m?2 and y, the initial partonic momentum fractions can be mapped
directly to the experimentally observable macroscopic variables:

v1o = m—\/geiw. (5.4)

The transverse momentum of the boson is the magnitude of the boson’s momentum projected onto the

Pryv = \/ p;2c7v + p?/,‘/' (55)

At strictly LO, the vector boson is produced with zero transverse momentum, pr, = 0, because the

plane orthogonal to the beam axis.

initial partons are purely collinear. In experimental reality, a non-zero pr . is observed due to intrinsic
transverse momentum of partons within the proton and, more dominantly, hard radiation at higher orders.

The decay of the vector boson yields leptons that are directly measured by the detector. The kine-
matics of these final-state particles are typically described by means of its transverse momentum and
pseudorapidity:

Pre = \/p;g ‘|‘p12/7g>
0
ne = — log [tan <2>] . (5.6)

where 6 is the polar angle relative to the beam axis. Finally, in CC processes, the neutrino escapes the
detector without interacting. Its presence is inferred through missing transverse momentum. Because
the momentum of the neutrino cannot be measured, the true invariant mass of the W boson cannot be
reconstructed. Instead, the transverse mass m v is used, combining only the variables in the transverse
plane:

My = \/2prs pIs3(1 — cos Ag) (5.7)

where Ay is the azimuthal angle between the charged lepton and the missing transverse momentum vec-
tor. These quantities are fundamental in phenomenological studies, and they will be further investigated
in Chapter 6.

The importance of DY in collider physics comes to the fact that the production rates are large, the ex-
perimental signatures are clean, given the presence of at least one lepton with large transverse momentum
in the final state, and there is no color flow between initial and final state. For this reason, they provide
the perfect environment for performing precision studies of the gauge sector of the SM. In particular, the
NC-DY is important for the determination of the Z-boson mass and the effective weak mixing angle,
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while the CC-DY is important for the determination of the 1//-boson mass. These three EW parameters
are known at the moment with small relative errors, 0.01% for the boson masses [166—168] and 0.1%
for the effective weak mixing angle [169, 170], originating from a fitting procedure between measured
kinematical distributions and generated theoretical templates [171-175]. The DY processes are also cru-
cial for the extractions of parton distribution functions (PDFs) [176] and the strong coupling constant
as [177,178]. It is, hence, of extreme importance to minimize the theoretical uncertainties on physical
predictions in order to make the comparison between theory and experiment more significant. The direct
search for signals of New Physics (NP) is carried on, in the DY process, with the precise measurement
of the tail of the kinematical distributions. A deviation could then be interpreted as the distortion due to
a new resonance of, in general, as the effect of a new higher-dimensional operator whose growth with
the energy shows up in the tails. In order to appreciate the possibility of such a deviation, the most pre-
cise SM prediction is needed, with the smallest possible residual theoretical uncertainty. The inclusion
of higher-order corrections makes the theoretical predictions more precise, but it requires to overcome
challenging mathematical and computational problems.

The DY process was one of the first hadronic reactions for which radiative corrections in the strong
and EW couplings as and a were computed. Classic calculations of the NLO [179] and NNLO [180,181]
corrections to the total cross section in QCD were followed by (fully) differential NNLO computations
including the leptonic decay of the vector boson [182-185]. The complete EW corrections for W pro-
duction have been computed in Refs. [186—190], and for Z production in Refs. [191-195]. Recently, the
next-to-next-to-next-to-leading-order (N3*LO) QCD radiative calculations for the inclusive production of
a virtual photon [196, 197] and of a W boson [198] have been completed, and also computations of
fiducial cross sections at this order were performed [199-202].

The mixed QCD-QED corrections to the inclusive production of an on-shell Z boson were obtained
in Ref. [203] through an Abelianisation procedure from the NNLO QCD results [180, 181], and later ex-
tended in Ref. [204] to the fully differential level for off-shell Z boson production and decay into a pair
of neutrinos, thereby avoiding final-state radiation. A similar calculation was carried out in Ref. [205]
in an on-shell approximation for the Z boson, but including the factorised NLO QCD corrections to Z
production and the NLO QED corrections to the leptonic Z decay. Complete O(avs) computations for
the production of on-shell Z and W bosons have been presented in Refs. [206-211]. Beyond the on-shell
approximation, important results have been obtained in the pole approximation (see e.g. Ref. [27] and
references therein). In this approximation the cross section around the W or Z resonance is systemat-
ically expanded so as to split the radiative corrections into well-defined, gauge-invariant contributions.
Such method has been used in Refs. [212,213] to evaluate the dominant part of the mixed QCD-EW
corrections in the resonant region. The calculation in this approximation was recently completed in
Ref. [214].

A first step beyond the pole approximation has been carried out in Ref. [73], where results for the
O(npasa) contributions to the DY cross section were presented. In Ref. [215] some of us presented a
computation of the mixed QCD-EW corrections to the charged-current process pp — fvy + X, where all
contributions are evaluated exactly except for the finite part of the two-loop amplitude, which is evaluated
in the pole approximation. Recently, the exact evaluation of the two-loop amplitude for the QCD-EW
corrections to this process has been presented in Ref. [3].

The complete computation of the mixed QCD-EW corrections to the neutral-current process pp —
¢*¢~ 4+ X has been reported in Ref. [216] considering massive leptons, and in Ref. [217] for massless
leptons. The calculation of Ref. [216] is based on our exact two-loop amplitudes Ref. [1], evaluated
through the reduction to the master integrals of Ref. [138] and a semi-analytical implementation of the
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differential-equations method for their calculation [2, 106, 132]. The computation of Ref. [217] is based
on the two-loop amplitudes presented in Ref. [218], expressed in terms of the master integrals evaluated
in analytic polylogarithmic form [139, 140].

The role of the mixed NNLO QCD-EW corrections is central for a correct interpretation of high-
precision DY data [219-221]. According to the factorization theorem, we can write the hadron level
cross section as a convolution of the proton PDFs with a partonic cross section, and both factors fea-
ture QCD and EW radiative effects. Initial-state QED and mixed QCD-QED collinear singularities
can be factorized from the partonic cross section and reabsorbed in the definition of the physical pro-
ton PDF [222,223]. The coupled DGLAP evolution, with QCD and QED splitting kernels, yields a
non-trivial interplay which goes beyond the simple single-emission probability, with mixed higher-order
effects automatically included [224-226]. The presence of a photon density in the proton opens the possi-
bility of new partonic scattering channels, necessary to complement the cross sections initiated by quarks
and gluons. The relative contribution of the various channels changes, as a function of the invariant mass
of the final state, and only an NNLO QCD-EW calculation can consistently account for their correct
balance [227-229]. The availability of an exact NNLO QCD-EW calculation throughout the whole
invariant-mass range, including both the Z resonance and the large invariant-mass tail, is important to
predict the shape of the kinematical distributions, and, in turn, to establish in a statistically significant
way any discrepancy from the data. In a distinct and complementary perspective, the increased preci-
sion of the partonic results may help putting tighter constraints on the proton parameterization at large
partonic = [230]. Moreover, the knowledge of the NNLO QCD-EW corrections potentially allows us
to improve over the approximations used in shower Monte Carlo programs (see e.g. Refs. [231, 232],
Sec. IV.1 of Ref. [233], and the benchmarking study of Ref. [234]), which include only partial subsets of
factorizable mixed QCD-EW corrections, and to reduce the remaining theoretical uncertaintinties.

5.1 Two-loop mixed corrections to NC-DY

5.1.1 Framework of the calculation

We consider two-loop mixed QCD-EW corrections to lepton pair production in the quark annihilation
channel, as given by

q(p1) + q(p2) = 1" (p3) + 17 (pa) - (5.8)

The bare amplitude! for this partonic process admits a double perturbative expansion in the two coupling
constants

NN
IM) = dré <0‘> (;) | M)y (5.9)

Here we present the calculation of the following interference terms:

(MODMED) (MOOMED)  (MODMED), (5.10)

which contribute at O(aus) to the unpolarised squared matrix element of the process in Eq. 5.8. It
is worth noting that, although the first two interference terms formally correspond to the purely one-

"The hat denotes the bare quantities.
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loop QCD O(«) and one-loop EW O(«) corrections, they are strictly required to construct the fully
UV-renormalised and IR-subtracted finite contribution at the mixed O(««) order (see Eq. 5.43).

Virtual corrections are affected by singularities both of UV and IR type. The renormalisation pro-
cedure allows us to cancel the UV divergences and to express the amplitude in terms of renormalised
parameters, which are in turn related to measurable quantities. The presence of IR divergences in the
virtual corrections, on the other hand, is the counterpart of those which appear upon phase-space inte-
gration in the processes with the emission of additional massless partons, in our case a photon and/or
a gluon. The universality of the IR divergent structure of the scattering amplitudes arising from soft
and/or collinear radiation has been widely discussed in the literature and allows us to build a subtraction
term, independently of the details of the full two-loop calculation. We exploit this property to check
the consistency of our computation, in particular for the prescription related to the Dirac 5 matrix. To
regularise both UV and IR divergences, we work in d = 4 — 2¢ space-time dimensions. The renormalised
amplitude can thus be written as a Laurent expansion in €. At one-loop level we have:

2

(MO AODy = Z eiCl.(O’l)(s,t,mW,mZ,mg), (5.11)
=2
2 .
(MO A0y = Z elCl.(l’o)(s,t,mW,mZ,mg), (5.12)
=2

while at two-loop we have:
0 .
(MO MDY = Z eZCZ-(l’l)(s, ty My, My, my) . (5.13)
i=—4

In Eq. 5.13 we have retained only terms up to ¢’, as we are only interested in the finite cotributions
at NNLO. However, this series contains higher powers of ¢ which will be relevant for higher-order
calculations. In these expressions my is the lepton mass, and iy, 11 are the complex masses of the W
and Z boson defined as:

p2 =m2 —imy, Ty . (5.14)

The mass and decay width m,,, I'y, are real parameters and are the pole quantities, i.e. correspond to
the position of the pole in the complex plane of the gauge boson propagator. We also introduce the
Mandelstam variables, defined as follows:

s=(p14+p2)? t=(p1 —p3)% u=(p2 — p3)® with s +t +u = 2m?2. (5.15)
The on-shell conditions of the external particles are given by
pi =15 =0; pi = pi = mi}; (5.16)

The coefficients C; in Eq. 5.13 constitute the IR-unsubtracted two-loop interference terms, while those in
Egs. 5.11-5.12, computed at one-loop, are necessary to prepare the subtraction term. The IR-subtracted
expressions that can be obtained by their combination constitutes our main result.
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5.1.2 Ultraviolet renormalisation

The renormalisation at O(ac,) of the NC DY process has already been discussed in detail in ref. [73].
We report here the basic steps that we have implemented to obtain the complete two-loop renormalised
amplitude.

Charge renormalisation

The bare gauge couplings g, g(, and the Higgs doublet vacuum expectation value vy are expressed in

terms of their renormalised counterparts g, ¢’, v via the introduction of appropriate counterterms. The

relation of g, ¢’, v to a set of three measurable quantities, like for instance G, my,, m, (with G, the

Fermi constant) or a, my,, m, (with « the fine structure constant)?, eventually allows the numerical

evaluation of the amplitude. We define for convenience two additional bare quantities: the sine squared
2 2 2

2
of the on-shell weak mixing angle, which we abbreviate as s2,, = sin?fy,0 = 1 — ‘; VZZVO, co = 1 =850,

. 0 X
and the electric charge eg = goswo, but we stress that only three of the above parameters are independent.

We introduce the relation between bare and renormalised input parameters

Lo = M+ Otay, [y = py +0py, e =e+de, (5.17)
I3 ey (6ph  oud

2 = 2 2 T T2 . (5.18)
Sw Sw Wz My

The on-shell electric charge counterterm de at O(a?) and O(aas) has been discussed in ref. [79], from
the study of the Thomson scattering. The mass counterterms d2,, dp% in the complex mass scheme [98]
have been presented in ref. [73]. In terms of the transverse part of the unrenormalised V'V gauge boson
self-energies, they are defined as follows:

Suy = 57" (i) 4 (5.19)

at the pole in the complex plane ¢> = u%/ of the gauge boson propagator, with V' = W, Z. From the
study of the muon-decay amplitude, we derive the following relation

G, To

V2 2uf 8%

The finite correction Ar was introduced, with real gauge boson masses, in ref. [91] and its O(«a;) cor-

(1+ Ar) . (5.20)

rections were presented in ref. [236,237]. We evaluate it here with complex-valued masses.
We consider now the bare couplings which appear at tree-level in the interaction of the photon and
Z boson with fermions. By means of the relations in Eq. 5.17 we obtain the UV divergent correction
factor dg% and § gg“ . The first one contributes to the charge renormalisation of the Z f f vertex in the
(o, my,, my) input scheme
g0 ¢ [1+1<256+83V QC%V 58})} = m(1+5g%), (5.21)
2 e ciy s%,

CwSw

Cwo CwSw
while the second is relevant in the (G, my,, m) input scheme

g 1 1 [ 6e 52, —c2 6s2 G
AU \/ AV2G 12 [1 - §A’I“ +3 <2€ + Wﬁ = \/4V2G .12 (1 + 592“)(5.22)

Cwo

2 An alternative input scheme, relevant for the direct determination of the weak mixing angle, has been presented in ref. [235]
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Working out the explicit expression of § gg" , the dependence on the electric charge counterterm cancels
out. Analogously, in the case of the ~y f f vertex, the electric charge renormalisation is given by

goswo =eg=e+de=Vidra(l+dg%) (5.23)

in the (av, my,, my) scheme and by

goswo = \/4V2G,mZ 82, [L+ 1 (=Ar +2%)] = /4v/2G,m2, 52, (1 + 592“) (5.24)

in the (G, mw,m;) scheme. The counterterm contributions to the renormalised amplitude are ob-
tained by replacing the bare couplings in the lower order amplitudes with the expressions presented in
eqgs. (5.21-5.24) and expanding 6g 4,z up to the relevant perturbative order. We show in the next Section
how dg 4,7 enter in the renormalisation of the gauge boson propagators.

Renormalisation of the gauge boson propagators

The renormalised gauge boson self-energies are obtained, at O(«a), by combining the unrenormalised
self-energy expressions with the mass and wave function counterterms. In the full calculation, we never
introduce wave function counterterms on the internal lines, because they would systematically cancel
against a corresponding factor stemming from the definition of the renormalised vertices. We exploit
instead the relation in the SM between the wave function and charge counterterms [27] and we directly
use the latter to define the renormalised self-energies. We obtain:

Sard®) = 274 +2¢*6ga, (5.25)

22.(a%) = SE4(*) - ouL +2(q* — 1) gz, (5.26)
§s2

S85(6%) = 292 — ¢ 2, (5.27)
SwCw

YZA (,2) — SZA(2) _ 5 053 598

zr(@) = X77(q) , (5.28)
Sw Cw

where Z%V/ and E%YT, are the transverse part of the bare and renormalised V'V’ vector boson self-
energy. The charge counterterms have been defined in Egs. (5.21-5.24). At O(aqy) the structure of
these contributions does not change: the corrections to the gauge boson self-energies stem from a quark
loop with one internal gluon exchange and, in addition, from the O(a) mass renormalisation of the
quark lines in the one-loop self-energies.

The expression of the two-loop Feynman integrals required for the evaluation of the O(«a;) correc-
tion to the gauge boson propagators and all the needed counterterms can be found in refs. [73,236,237].

Checks

The physical scattering amplitude does not depend on the gauge choice used to quantise the theory. In
our computation we use the background field gauge (BFG) [48], which restores some QED-like Ward
identities in the full EW SM and guarantees in turn some properties of the Green’s function which appear
in the calculation. For instance, the UV finiteness of the vertex corrections, summed with the external
wave function of the fermions entering in that vertex, is an important property which can provide an
additional check of the calculation. This check has been performed explicitly at the one-loop level, based
on the knowledge of the UV poles of the one-loop Feynman integrals. At two-loop level, we consider the
UV finiteness of the box corrections, we explicitly renormalise the tree-level propagators, and we assume
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that the cancellation of the UV poles between vertex and external wave function corrections takes place.
Since the propagator corrections are IR finite, we conclude that the sum of vertex, box, and external
wave function corrections contains only IR poles. We have explicitly checked that the coefficients of
these poles exactly match the ones predicted by the universal structure of the IR divergences in gauge
theories [238]. This result hints in favour of the validity of the Ward identity also at two-loop level.

5.1.3 Generation of the full amplitude and evaluation of the interference terms

The amplitude at O(aa) receives contributions from different kinds of Feynman diagrams, for which
we depict’ in Figures 5.2 and 5.3 a few representative examples. In the initial state we have two-loop
vertex corrections (Figure 5.2-a), which are combined with the two-loop external quark wave function
corrections (Figure 5.2-b) and with the one-loop external quark wave function correction with initial-
state QCD vertex correction (Figure 5.3-f), yielding an UV-finite, but still IR-divergent, result. The
two-loop gauge boson self-energies, together with the corresponding two-loop mass counterterms and
with the charge renormalisation constants of the initial and final state vertices are shown in Figures (5.2-
c,d,e) and yield an UV- and IR-finite contribution. An example of two-loop boxes with the exchange of
neutral or charged EW bosons is given in Figure 5.2-f. At O(a«) all the factorizable contributions

ol L
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Figure 5.2: Sample Feynman diagrams of two-loop corrections and associated two-loop counterterms.

P P o

(a) (b) (©)
(d) (e) ()

Figure 5.3: Sample Feynman diagrams of factorisable corrections, including one-loop counterterm corrections.

include an initial-state QCD vertex correction; the second factor can be, alternatively: the final-state EW
vertex corrections, the external lepton wave function correction, the one-loop self-energy corrections, the
one-loop mass and charge renormalization counterterms, and the one-loop external quark wave function
correction. They are schematically represented in Figures 5.3(a)—(f) respectively. Also in this case the

3The straight line with an arrow represents a fermion line (blue: massless quark, red: massive leptons, green: neutrinos),
the wavy lines represent EW gauge bosons and the spiral coils represent gluons.
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BFG properties allow to identify UV-finite combinations of Feynman diagrams. In the interference term
<M(0’0) \M(l’l)) we recognise different subsets associated to different combinations of the EW bosons
exchanged in the loops. We consider the following cases: vy, vZ, ZZ, W W in the neutral cases there
are either one boson in a loop and one in a tree-level line or both bosons in the loops, as depicted in
a few representative cases in Figure 5.4 a-c for the vZ subset; in the charged case we find one or two
W' always in the loop lines Figure 5.4 d-f. The calculation of the bare matrix elements up to two-loop

~
+
P pa |
Z g
Z
+
(a) (b) (c)
W+
W,
W
14 Wi,
(d) (e) ®

Figure 5.4: Sample Feynman diagrams contributing to the vZ and to the WW subsets.

follows a general procedure. For the generation of the Feynman diagrams we have used two completely
independent approaches, one based on QGRAF [239] and a second one on FEYNARTS [161]. Two
independent in-house sets of routines, written in FORM [240] and MATHEMATICA [241] have been used
to perform the Lorentz and Dirac algebra. After these first manipulations, the intermediate expressions
contain a large number of scalar Feynman integrals, which can be reduced to a much smaller set of MlIs
by means of IBP and Lorentz Invariant identities [242]. We have executed the reduction algorithms with
two independent in-house programs based on the public codes KIRA [112], LITERED [115,243] and
REDUZE2 [117,244]. We have cross-checked the corresponding expressions at one- and two-loop level,
obtained in the two independent approaches, finding perfect agreement.

The evaluation of the quark wave function corrections (Figure 5.2-b) deserves a comment because
it proceeds in two steps. First, we generate all the Feynman diagrams contributing to the fermion self-
energy and reduce their Feynman integrals to MIs. Second, since we have to compute the derivative of the
self-energy with respect to the external invariant, we express the derivative of the MIs as a combination
of MIs with a standard reduction procedure. We eventually evaluate this combination in the on-shell
limit.

To simplify the calculation, we consider an approximation of the scattering amplitude in the small
lepton mass limit, i.e. when my is negligible compared to the masses of the gauge bosons and to the
energy scales of the process. We thus consider the ratio my/+/s and keep only terms enhanced by a factor
log(m§ /s), while we discard all those contributions vanishing in the m, — 0 limit. This approximation
is used in the reduction to MIs procedure, in order to distinguish the integrals where the dependence on
my has to be considered from those where the massless lepton limit can be immediately taken, with a
remarkable simplification in the latter case. After such procedure, the only contributions with an explicit
leftover dependence on the lepton mass are the ones stemming from factorisable contributions with
initial-state QCD and one-loop final-state vertex corrections. Among the box diagrams, those with one
or two photons exchanges individually develop logarithms of the lepton mass, but the latter eventually
cancel [245] in the physical amplitude.
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The identification of all the MIs which contribute to the final result is given using the notion of integral
family, which we present in the next Section.

5.1.4 Integral families and the representation of the result in terms of Mls

By associating a scalar integral to a specific integral family, we can express all the scalar products in
terms of the denominators of that particular family. We thus obtain, after all the algebraic simplifications,
integrals with the following form:

. / diky dlky |
@m)? 2m)® (k3] [R3]™ [(ky — ho)® — 2] [(kz — p1)2]™ -
ddk‘l ddk’g 1
- / (2m)? (2m)? DY D52 [D1y — p2]sDYY -+ (5.29)

where the exponents oy, can be either positive (0, 1 or 2) or negative. We introduce the symbols Ds

D = k7, Dyj = (ki — k;)?, Dy = (ki — p;)?,

Diji = (ki — pj — )%, Dija = (ki — kj — pr)? (5.30)
and we use them to precisely define the various integral families. Those relevant for the full calculation
are listed here below.

In the cases where the lepton masses are required, because of the presence of final-state collinear sin-
gularities, we find the following integral families which accommodate all the appearing scalar integrals:

Bg : {D1, D2, D12, D11, Do, D12, Da;12, D13, Do3}
By : {D1, D2, D12, D1;1, D2;1, D12, D122, D13, Da3}
Boo : {D1,Ds, D12, D11, Do:1, D12, Dojia, Dig — my, Do — mi}
Boop : {D1, D2, D12, D12, Day2, D112, Da12, Dijz — my, Doz — mj}
Bo7 : {D1,Dy — mj, D1a — m, D11, Da.1, D12, Do — mi, Dis, Do} (5.31)

Additional families, where the lepton masses can be immediately discarded, are:

By : {D1, D2, D12 — 11y, D11, D1, Dijia, Doz, Dz, Doz}

Bis : {D1, D2, D12, Di;1t — 11y, D1, Diiz, D12, Diys, Doz}

Bis : {D1, D2, D12 — 11y, D11, D1, Dijia, Dizg2, Dz, Doz}

Bi3y : {D1, Da, D12 — i, D1, Da2, Diia, Diga, Dz, Daa}

Bis: {D1,D2 — i}, D12, D11, Da1, D112, Da12, D13, Das}

Biyy : {D1, D2 — i, D12, Dii2, D22, Diag, Do, Dis, Daga}

Big : {D1,D2 — i, D12, D11, Da.1, D112, D1z — pidr, D13, Das}

Biep : {D1, D2 — pi, D12, D12, Dai2, Prra, Dotz — iy, Diis, Da3}

Bis : {D1, D2, D12, D1.1, D21, i1z, Doz, Diss — i, Dos — pi ) s (5.32)

where V' can be either Z or . The massless two-loop form factor integrals were presented in [135]. The
MIs with the massive lepton can be straightforwardly obtained from the planar MIs [136, 137] of NNLO
QCD corrections to top quark pair production by replacing the top quark mass with the lepton mass. The
form factor type two-loop MIs with one or two massive lines were obtained in [133, 134]. The two-loop



5.1. Two-loop mixed corrections to NC-DY 83

box MIs with one and two massive lines have been computed in [138—140]. The reduction to the MlIs
allows us to obtain an intermediate representation of the bare results, written as a linear combination of
MIs with the corresponding rational coefficients

204
(MODMEDY =3 (s,t, {ma}, ) Ii(s, b, {mi}, ) (5.33)
k=1
with both the coefficients c; and the MIs I; being dependent on the dimensional regularisation parameter
€, the kinematical variables s, t and the masses {m;} of the gauge bosons and fermions. The integrals I},
are all of the form B;[d;], where i labels the integral family and &; is the set of all the exponents.

5.1.5 Infrared singularities and universal pole structure

The renormalised matrix elements are UV-finite, but still contain IR divergences originating from soft
and/or collinear massless partons. These singularities are guaranteed to cancel when combined with the
NNLO QCD-EW real and real-virtual corrections and subtracted of the initial-state collinear poles, to
obtain an IR-safe observable. Nevertheless, their presence at intermediate stages of an inclusive compu-
tation, as it is the case with the results provided in this paper, requires the development of methods to
consistently handle them; they must be systematically subtracted, leaving a finite remnant.

While in NLO computations the Catani-Seymour dipole subtraction [155, 156, 246] and FKS sub-
traction [154] are the two most widely used methods, at NNLO several techniques have been proposed
(see e.g. [247] and references therein), each one with a different subtraction procedure for the various
contributions to physical observables.

The subtraction of the IR poles from the two-loop matrix elements is in general achieved via a process-
independent subtraction operator Z, that can be constructed by using the universality of the IR singularity
structure of the scattering amplitudes, known in the case of a massless gauge theory up to two-loop
level [238,248-250]. An explicit study was performed in [251,252] to obtain the IR structure of the two-
loop amplitudes for mixed QCD®QED corrections to NC Drell-Yan production considering massless
leptons. The case of theories with massive particles has been studied in [253-257]. In particular, the
IR structure for one-loop QCD corrections to top quark pair production has been examined in detail in
ref. [258], while at two-loop level in refs. [259-261]. This can be appropriately Abelianised [262] to
obtain the IR structure in the present case by replacing the top quarks with massive leptons.

Different subtraction operator within different subtraction schemes can in principle differ from each
other: anyhow the universality of the IR divergences implies that the subtracted virtual contribution at
two loops may differ, at most, by a finite constant. For the sake of definiteness, we illustrate here the
subtraction operator used in our calculation, which has been performed in the framework of the gr-
subtraction formalism [157], introduced in Section 4.3.1. However, we stress that our results can be
easily converted and combined to the description of real radiation in any other IR subtraction scheme, by
adding the appropriate finite remainder.

The IR subtraction functions (Z) at one-loop are given by

1 a0 s\ ¢ 2 1 ;
Lyoo - (M) Cr (_62 ~Lsram +<2> | (5.34)

€

1 e 2 1 4
EI(OJ) - <:2> [Qg (—62 —~(3+2im) + @) + GFZ(O’”} : (5.35)
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where

2p1. 2 1 2
P00 — QuQulog (222P) L @0y 00 (5.36)
2p2.p3 2 x

and S, = (dme 7E)c. Q; and @, are the charges of the lepton and of the initial-state quark, and the
Casimir of the fundamental representation of SU(N), C, is given by Cr = % . The variable z; is
defined by
1— 2
A=) . (5.37)
X me

Using the one-loop subtraction functions, we obtain the finite contributions to the one-loop QCD and
EW amplitudes, respectively, as follows:

M@0 Finy — | pg(L0)y _ 7(10)| A4 (0.0)y (5.38)
|M(o,1),fm> _ |M(0,1)> _I(Ovl)‘M(OVO)% (5.39)

The mixed two-loop subtraction operator* is given by

1
S2

€

—2e¢
S 4 1 . 1 .
711 <M2> Cr [QZ (64 + 6—3(12 + 8im) + 6—2(9 — 28(o + 12im)

+1<_;’+6C2—2443—4W42)>

2 1 4

€
In order to describe the contributions entering in Z(!)), let us discuss first the IR singularities of the
one-loop and two-loop boxes. The fact that the ¢g initial state has zero electric charge implies that
there are no QED collinear singularities stemming from the exchange of a photon between an initial
quark and a final lepton lines. Such terms appear in the individual diagrams, but cancel in the physical
amplitude. This conclusion can also be seen as a confirmation of the universality of initial state QED
collinear singularities. This property is observed at one loop and confirmed also when going to O(a)
by dressing the initial state quark line with all the possible gluon exchanges. In the sum of all the two-
loop box diagrams we can thus expect that the photon exchange develops at most a soft divergence. The
presence of a colorful initial state quark line but of a colorless final state lepton line leads to a natural
separation between the gluon IR-divergent exchanges in the initial state and the QED interaction in the
rest of the diagram. For this reason, all the IR singularities, soft and collinear, stemming from the two-
loop box diagrams, can be subtracted by the product of Z(1:9) and Z(%1), times the Born amplitude.
The divergences in the product of initial and final factorizable contributions are obviously canceled by
the same product of one-loop subtraction operators. The initial state vertex corrections have a richer
structure, including planar and non-planar topologies, both yielding IR divergent contributions. The
former can be subtracted again by the product of Z(-9) and Z(91), while the latter require a genuinely
two-loop subtraction operator. From the above comments we conclude that the operator Z 1) jg applied
to the Born amplitude and receives contributions from the product of Z(19) and 7OV and from the
two-loop non-factorizable contributions appearing in the vertex corrections.

* An analogous expression, in the massless lepton case, has been discussed in refs. [251,252].
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We note that the application of Z(1)) can not make the complete amplitude IR finite. There are in
fact additional configurations where e.g. the gluon yields a divergence and the EW interaction is finite.
This is for instance the case in the two-loop boxes with the exchange of two W or Z bosons. They can
be subtracted by applying the one-loop QCD subtraction operator 7 (1.0) to the one-loop EW amplitude
subtracted of its one-loop QED divergences, as defined in Eq. 5.39. An analogous subtraction can remove
the photon divergences which multiply a finite QCD remnant, as defined in Eq. 5.38.

Using Eqs. 5.38-5.40, we obtain the finite and subtracted two-loop amplitude as follows

‘M(l,l),fin> _ ‘M(1’1)> —I(l’l)|./\/l(0’0)> _:z-(O,l)’M(l,O),fin> o j(l,O)‘M(O,l),fin> 7 (541)

with Z(-7) defined by dropping the term proportional to 3 in Z(»7). This choice is conventional and
defines the finite part of our subtraction term. The approximation of the amplitude in the small lepton
mass limit retains all the terms enhanced by log(my), divergent in the m, — 0 limit. The structure of
these corrections reflects the universality property of the final-state collinear divergences, and is given,
normalised to the Born squared matrix element, by

(M(O’O)’M(l’l)’ﬁn>
lim
mp—0 (M(O’O) ’j\/l(070)>

2 2
=K + CpQ¥(—8+ 7¢ — 3in) [ —log <";f> + log? ("g)] . (5.42)

where K represents all the other terms in the interference, constant in the m, — 0 limit.

5.1.6 The UV-renormalised IR-subtracted hard function

Using Eq. 5.41, we obtain the finite IR-subtracted matrix element (M (00| AM(LD.f) from the UV
renormalised matrix element (A (00| A£(11))

<M(0,0)|M(1,1),fin> _ <M(0’0)‘M(1’1)> o 1—(1,1)<M(0,0)|M(0,0)>
_ i—(O,l) <M(0,0)|M(1,0),fl'n> o i(l,o) <M(0,0)’M(0,1),fin> . (543)
This quantity, renormalised with the Born squared matrix element, represents the hard function H 1),
defined as
1 <M(0,0)‘M(1,1),fin>
(CN ) R
H 16 2 Re ( MO0 MO0 . (5.44)

The contributions to the two-loop vertex and box diagrams, introduced in Eq. 5.33, come from 204 MIs.
We compute them using the method of differential equations [23,242,263-267]. For a large subset, we
express the solution in terms of generalised harmonic polylogarithms (GHPLs) [268-270]. In our results
we also find the following 5 MIs:

{0,1,1,1,0,1,1,0,1},{1,1,1,1,0,1,1,0,1},{1,1,1,1,-1,1,1,0, 1},
{1,1,1,1,0,1,1,—1,1},{1,1,1,1,-1,1,1, -1, 1}, (5.45)

in the two integral families Big and Bjg, which are not expressed, according to the discussion of
ref. [138], in terms of GHPLs, but using Chen-Goncharov integrals [141]. The possibility to solve
the MIs with two internal massive lines and obtain a representation in terms of Nielsen polylogarithmic
functions has been discussed in ref. [139]. In our case, the evaluation of the Chen iterated integrals [141]
in a non-physical region, where the boundary conditions are fixed, is possible, but the analytic continua-
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tion to cover the full physical region constitutes a formidable task. For this reason, we adopt a different,
semi-analytical, approach to solve and evaluate these MlIs, and we describe it in Section 5.1.7.

The final results, expanded in powers of ¢, are written in terms of GHPLs and of the symbols associ-
ated to the 5 MIs whose solution is given in terms of Chen integrals. In the next Sections, we explicitly
discuss the numerical evaluation of the latter. We note that the individual contributions from these 5 Mls,
to the single pole in € of the full unrenormalised matrix element, contain the Chen iterated integrals, but
the summed result is independent of those.

5.1.7 Semi-analytical solution of Mls via series expansion

In ref. [138], 5 MIs with two internal massive lines have been solved in terms of Chen iterated integrals,
but their analytical continuation to the physical region is extremely difficult. We thus turn to a different
approach and we obtain these MIs in semi-analytical form, by solving the relevant system of differential
equations via series expansion as initially proposed in ref. [132]. This approach is implemented in
the MATHEMATICA code DIFFEXP [106]. However, since the public version of DIFFEXP does not
support, for the time being, the possibility of complex masses in the internal lines of the loop integrals,
we relied on our package SEASYDE [2], that consistently takes into account the presence of complex
weights and the analytic continuation to the complex plane. By approaching the problem in such a semi-
analytical way, we have to consider the complete system (36 x 36) of differential equations [138], which
includes the 5 MIs of Eq. 5.45. The other 31 integrals are already known in terms of GHPLs and we
use their numerical evaluation obtained with GINAC [271] as a cross check of the correct behavior of
SEASYDE finding perfect agreement®. The values for the 5 MIs in Eq. 5.45 are instead new predictions.
In the Euclidean region, we validated our results for these five MIs against the values computed with
PYSECDEC [129]. We found perfect agreement up to the first five significant digits, which corresponds
to the numerical precision limit achieved by PYSECDEC. This evaluation required approximately two
hours of computation time on a standard laptop. In the physical region, however, a similar comparison
could not be performed due to convergence issues encountered with PYSECDEC, leading us to adopt
an alternative validation strategy. We have solved the same system of differential equations with a real
value for the gauge-boson masses, by using both DIFFEXP and SEASYDE, finding perfect agreement®,
for different values of the centre-of-mass energy, below and above all the physical thresholds. Finally, we
cross-checked against AMFLOW the values of the five MIs with complex internal masses, in the physical
region. We found exact agreement up to 40 significant digits. This numerical evaluation required 50
minutes of computation time on a 32-core machine.

In Figure 5.5 we present the real and imaginary parts of the values of the €” coefficient of the MIs
numbered from 32 to 36 in ref. [138], in a phase-space region relevant for LHC phenomenology.

This approach faces all the problems of the analytical continuation immediately from the analysis of
the structure of the differential equations. If it is possible to expand the solution in a region around the
boundary condition points, then the problem becomes of algebraic nature, i.e. we have to solve for all
the coefficients of the various powers of the expansion variable. The system of differential equations
of ref. [138] can be cast in dlog form and thus contains the complete information about the singular-
ity structure of the problem, in particular the position of the branch points relevant in the discussion of
the polylogarithmic functions present in the solution. This information can be exploited to control the

SBoth codes work with arbitrary precision and any level of agreement can be reached simply adding more terms in the
respective expansions. In particular we have verified explicitly agreement of the first 40 significant digits

8 Also in this case the two codes can work with arbitrary precision and we have explicitly checked the agreement of the first
40 digits.
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MI 32 - Real part MI 32 - Imaginary part

int

int

int

Figure 5.5: Real (left column) and imaginary (right column) parts of the ® coefficient of the two-mass MIs
labeled 32 to 36 in ref. [138].

analytic continuation when we extend the solution to an adjacent region, either non-physical or physi-
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Figure 5.6: In the plot we show the finite hard function H1'1), in the resonance region (left) and in the high
invariant mass region (right), as a function of /s and cos .

cal. We remark that complete control on the analytic continuation has been verified when varying one
kinematical variable at the time.

5.1.8 Numerical results

In this Section, we present the numerical evaluation of our result, the finite IR-subtracted UV-renormalised
hard function H(:1). For every practical application, the evaluation in one phase-space point of the
correction factor stemming from the two-loop O(aw,) virtual corrections requires a cumbersome proce-
dure. We consider it more convenient to prepare a numerical grid for H ('), covering all the phase-space
values relevant for NC DY in a given fiducial volume and parameterised in terms of the partonic centre-
of-mass energy /s and scattering angle cos . We notice that the virtual correction, after the subtraction
of all the IR singularities, is a smooth, slowly varying function of /s and cos §. We have prepared a grid
with a sampling based on the known behaviour of the NLO-EW distribution, with special care for the Z
resonance region, where a finer binning is necessary. For illustration purposes we consider here a grid
with (130x25) points in (1/s, cos 6), covering the intervals s € [40, 13000] GeV and cosf € [—1, 1]. The
extraction of any intermediate value of H(')) can be obtained via interpolation of the grid points with
excellent accuracy thanks to the smoothness of the function. With our implementation, we reproduce the
exact correction with an accuracy at the 10~ level, in the whole phase space. This accuracy is sufficient
for phenomenological studies, but can be increased whenever needed.

The preparation, on a single core, of a grid of values for all the 36 two-masses MIs requires a fixed
step, executed only once, to move from the boundary conditions fixed in the non-physical Euclidean
region to the physical region, which can take ~ 20 minutes. Moving in the physical region is faster, with
an average time of ~ 5 minutes per point. Once this first grid is ready, the evaluation of the corresponding
grid for the H (1) function requires ~ 3 minutes per point. Once the [/ 1.1 grid is ready, its interpolation
in any simulation code requires a negligible time.

We use the following parameters:

myz 91.1535GeV TI'z  2.4943 GeV
my 80358 GeV  TI'yy 2.084 GeV
my 125.09GeV  m; 173.07 GeV

The values of the gauge boson masses and decay widths are compatible with those reported in the PDG
[272], extracted in a running-width fitting scheme. The choice of the complex mass scheme to define the
masses of the unstable W and Z bosons implies that all the functions which depend on these parameters
become functions of complex variables. We have exploited the rescaling properties of the GHPLs to
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set their argument equal to one, adjusting all the other weights, which become in general complex’.
For the numerical evaluation of all the GHPLs appearing in the final expressions, we use GINAC and
HANDYG [142] in two independent C++ and MATHEMATICA codes to evaluate each phase-space point.
We also use HARMONICSUMS [143, 144], POLYLOGTOOLS [145] and LOOPTOOLS [146] for several
cross-checks of the one- and two-loop integrals available in closed analytic form, with real and complex
masses. For the numerical evaluation of the 5 MIs of Eq. 5.45, we use the semi-analytical approach
described in Section 5.1.7.

We present in Figure 5.6 the numerical grid expressing the UV-renormalised IR-subtracted two-loop
O(aa) virtual correction due to the two-loop vertex and box diagrams (Figure 5.2 a,b,f and Figure 5.3
a,b,f). The plots show the IR subtracted correction factor H(1:)) defined in Eq. 5.44, as a function of
/s and cos f. We consider the range —1 < cosf < 1 and, for the partonic center-of-mass energy, two
different intervals, namely 50 < /s < 250 GeV and 50 < /s < 5000 GeV.

With the zoom in the 50 < /s < 250 GeV interval, we can appreciate the non-trivial structure
of the corrections starting from the Z resonance and up to 110 GeV. The description of the WW and
Z 7 thresholds is smooth, thanks to the implementation of the complex-mass scheme. Above 200 GeV
the shape of the correction factor is negative, smooth, and slowly decreasing; we do not observe the
appearance of additional structures. The non-trivial cos # dependence is due to parity violating effects,
in largest size stemming from the interference between the two-loop AA subset of diagrams and the
tree-level amplitude with a Z-boson exchange.

5.2 Two-loop mixed corrections to CC-DY
The process under study is the production of a lepton-neutrino pair in quark-antiquark annihilation

u(pr) + d(p2) = velps) + 1 (pa) - (5.46)

We consider the two-loop mixed QCD-EW corrections to this reaction®, with explicit results for massless
initial-state quarks. The Mandelstam variables are defined as:

s=(p14+p2)? t=(p1 —p3)% u=(p2 — p3)* with s +t +u=m}, (5.47)
while the on-shell conditions of the external particles are:

pi =p3 =p3 =0; pj = mj; (5.48)

5.2.1 Generation of the full amplitude and evaluation of the interference terms

Different kinds of Feynman diagrams contribute, at O(au), to the scattering amplitude, and we compute
them using the background field gauge (BFG) [48]. We present’ in Figures 5.7 and 5.8 a few represen-
tative examples. The initial state two-loop vertex corrections (Figure 5.7-(a)), are combined with the
two-loop external quark wave function corrections (Figure 5.7-(b)) and with the one-loop external quark
wave function correction with initial-state QCD vertex correction (Figure 5.8-(f)). The combination
yields an UV-finite, but still IR-divergent, result. We treat as a separate subset the sum of two-loop

Cfr. also ref. [273]

8The production of the £~ , final state can be obtained with a fully analogous calculation, or, assuming CP invariance, from
the amplitude for the positively charged final state, with appropriate transformations of the external momenta.

The straight line with an arrow represents a fermion line (blue: quark, red: leptons), the wavy lines represent EW gauge
bosons (green: W, red: Z, black: photon) and the spiral coils represent gluons.
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Figure 5.7: Sample Feynman diagrams of two-loop corrections and associated two-loop counterterms. The wavy
green line represent a W -boson while the black one a photon.

Figure 5.8: Sample Feynman diagrams of factorisable corrections, including one-loop counterterm corrections.
The wavy green line represent a 1/-boson while the red one a Z-boson.

W self-energy, together with the corresponding two-loop mass counterterms and with the insertion of
charge renormalisation constants in the initial and final state vertices. Representative diagrams are shown
in Figures 5.7-(¢),(d),(e). The combination yields an UV- and IR-finite contribution. An example of a
two-loop box with the exchange of one WW and one neutral EW boson is given in Figure 5.7-(f). We note
the absence of contributions from closed fermionic triangles due to colour conservation. Specifically, at
this perturbative order, such a loop would necessarily connect to the remainder of the diagram via exactly
one gluon and two electroweak gauge bosons. Because the electroweak bosons are color-neutral, the as-
sociated color factor is proportional to the trace of a single SU (3). generator, which vanishes identically:
Tr(t*) = 0.

The factorisable contributions are schematically represented in Figures 5.8-(a),(f). They all include,
at O(«ag), an initial-state QCD vertex correction. The second factor can be, alternatively: the final-state
EW vertex corrections, the external lepton wave function correction, the one-loop W self-energy cor-
rections, the one-loop W mass renormalisation counterterms, the one-loop external quark wave function
correction and the one-loop charge renormalisation contributions. The properties of the BFG allow to
identify UV-finite Feynman diagrams combinations.

We follow the general procedure introduced in Section 4.4.1 to compute the bare matrix elements up
to two-loop order.
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We retain the exact dependence on the lepton mass my, both at the one- and two-loop level, only
in the diagrams where an internal photon couples to the final-state lepton, featuring the complete set of
contributions enhanced by log(m%). The lepton mass regulates, in this case, the final-state collinear di-
vergences. These diagrams also yield a gauge-invariant subset of terms proportional to m% /m?2,, which
are however phenomenologically negligible. In all the other cases, we do not have final-state IR diver-
gences, and therefore we can keep the lepton massless. The use of this approximation reduces by one
the number of independent mass scales in the computation and thus its complexity, allowing for a faster
evaluation of the amplitude.

5.2.2 Integral families and the representation of the result in terms of Mls

The scattering amplitude, after the computation of the interference terms, appears as a sum of scalar
Feynman integrals.

In order to classify all the integrals entering in our computation, we need 11 different integral families.
Among them, 7 can be defined exactly as the ones introduced in Sec. 5.1 for the case of the NC DY
process:

Bo, B1, Bi1, Bi2, Bis, Bis, Bus. (5.49)
The remaining 4 integral families only appear for the case of CC DY:

Bis : {D1, D2 — uir, D12, D11, Doyt Piia, Dojiz, Pugs, Doy — mi )
Biay : {D1, D2 — 43, D12, D12, Da2, D112, Dos12, Diss, Doz — mi }
Big : {D1,Ds — ,u%/l,912,Dl;l,Dz;thz,Dz;lz - M%/Qapl;&@zs}
Bigp : {D1, D2 — i3y, D12, D12, Day2, D12, Daia — i, Diis, Dags} (5.50)

where V] and V5 are two different vector bosons and the Ds are the ones introduced in Eq. 5.30.

The integral families listed in Eq. 5.50, despite being specific to the charged current case, can also
be seen as an extension of integral families already appearing in the neutral current process, where the
value of the masses in the propagators has been modified. In particular, B describes box integrals with
a W-Z exchange and is the natural extension of Big, already introduced in [1] to describe the Z-Z and
W-W box integrals. The latter can in fact be obtained from By in the equal mass limit py, — py,
w1y, — py. Similarly, by considering a massless lepton, m, = 0, in the integral family B14, we retrieve
the integral family B14 listed in Eq. (5.49).

In the NC DY case, we introduced the integral family B, instead of the more general BM because the
final state collinear singularities, like e.g. those stemming from the v-Z boxes, were cancelling between
different contributions [245]. We were thus able to take the massless limit for this subset of diagrams.
The integral family By, yields collinear poles in dimensional regularization, while such singularities
appear in B4 as lepton-mass logarithms.

After performing the reduction to MlIs, the bare result can be cast in the following, compact form:

274
(MODMEDY =3 (s, t, {ms}, €) Iu(s, t, {mi},e) (5.51)
k=1
where ¢y, are rational coefficients, functions of the kinematical invariants (s, ), the set of real and complex
masses {m;} and of the regularisation parameter ¢, while I are the MIs'®. In addition to the MIs

!0This intermediate result is provided as an ancillary file attached to this paper.
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Figure 5.9: Master Integrals with two different internal masses, belonging to topology Big. Thin plain lines
represent massless particles. Thick and double lines represent massive particles. External dashed lines indicate the
Mandelstam invariant s.



5.2. Two-loop mixed corrections to CC-DY 93

Figure 5.10: Master Integrals with two different masses, belonging to topology Bi4. Thin plain lines represent
massless particles. Thick and double lines represent massive particles. External dashed lines indicate the Mandel-
stam invariant s.
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employed for the NC DY, in the case of the CC DY we have to evaluate two more sets. In Figure 5.9
we show the additional MIs belonging to topology Big, that, therefore, have two different masses in the
propagators. In Figure 5.10, instead, we show the Mls of topology B4, that have two different masses
in the propagators and a massive external leg.

5.2.3 Numerical evaluation of Mls via series expansions

The final step of the calculation consists in the numerical evaluation of the MIs. The additional com-
plication of the charged-current calculation, with respect to the neutral-current one presented in [1], is
given by the presence of the Bis and Big topologies, that are two-loop boxes with two internal (and one
external in the case of 314), and different, massive lines. In the case of Bm, the analytical result for
the equal masses case has been presented in [138] in terms of Chen-iterated integrals and an analytical
expression in terms of GPLs has been found in [139]. However, for the different masses case, no analyt-
ical expressions are available in the literature. We have opted to compute the integrals using the series
expansion approach.

We have generated the differential equations using in-house MATHEMATICA routines, which rely
on the external package LITERED for computing the derivatives with respect to kinematic invariants
s and ¢t and on the IBPs relations provided by KIRA. The boundary conditions for all the MlIs have
been computed in a point in the physical region by using AMFLOW [130], interfaced with KIRA. Their
numerical evaluation, up to 50 digits, requires ~ 4.5h on a laptop using 8 threads. Finally, we have
solved the system of differential equations in the Mandelstam variables s and ¢ using the MATHEMATICA
package SEASYDE [2], that allows us to consider complex-valued internal masses.

Since when combining the numerical values of the MIs with their rational coefficients big numerical
cancellations can occur, it is extremely important to keep under control the numerical precision of the
evaluation of the MIs. Within SEASYDE, we have decided to keep 70 terms in the expansion in the kine-
matic invariants. The estimate for the relative error provided by SEASYDE is, at worst, 10~ in every
point of the phase-space'!. In several points of the phase-space we have performed a cross-check against
AMFLOW by computing the MIs with 50 digits precision, finding agreement for the first 14 digits, in
accordance to the uncertainty estimated by SEASYDE. Cross-checks with analytical expressions, when
available, have been performed as-well, finding agreement.

Using SEASYDE we were able to generate a numerical grid in (1/s, cos @), consisting in 3250 points,
as described in detail in Section 5.1.8. The numerical evaluation of the complete grid for all the topolo-
gies requires, in total, ~ 3 weeks on a cluster with 26 cores. The most complicated case is the two-loop
box with two massive internal lines, for which we have to solve a system with 56 equations. The calcu-
lation of its grid requires ~ 10 days by itself.

Mass evolution

Finally, we have done a self-consistency check by exploiting the flexibility given by the method of
differential equations and the series expansion approach. We observe, indeed, that in the limit of the two
masses being equal, the B topology reduces to the Bjg from the neutral-current case. Hence, another
way for computing a numerical grid for By is, firstly, to create a numerical grid in (s, t) for Bjg and,
secondly, to write down the differential equations w.r.t. one of the two masses to evolve Bjg to Blg. We

"'To estimate the numerical precision of the series expansion in SEASYDE , we evaluate the n-term series at half its radius
of convergence and compare it against the same expansion truncated at n — 3 terms. The relative difference between these two
evaluations is taken as the error estimate.
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evolve (s, 1) ‘7

(s, 1) = (0. 1) erid for B4
BCs for Bg
evolve upper
mass
evolve (s, 1)
(s,8) = (80, 1) grid for B¢
BCs for By

Figure 5.11: The two possibilities for creating a numerical grid for the Big topology. The first one, represented
by the blue line, is to get the BCs for Big and then use the diff. eqs. w.r.t. s and ¢ for obtaining the final grid. The
second one, indicated by the orange lines, is to obtain the BCs for Big, use the diff. eqs. for creating a grid in s
and ¢ for Big and, finally, use it as new BCs for evolving Big to 316.

have explicitly verified, for different points in the phase-space, that the result obtained by evolving the
equal masses box in s and ¢ and then in one of the two masses, is in agreement with the one obtained
by evolving directly the two-masses box in the Mandelstam variables s and ¢. The two possibilities are
schematically depicted in Figure 5.11.

5.2.4 Additional comments on the numerical evaluation of Mls

In this work, our main objective is to pursue the automation of all the steps in the calculation of virtual
corrections, in particular, the numerical evaluation of the MIs. Within our framework, all the steps
are handled automatically (computing the differential equations, obtaining the boundary conditions and
solving the system) thus opening the door to more complicated problems with the presence of a larger
number of topologies.

However, this automation comes at a price. In [1], indeed, the computation of a numerical grid for
the Bjg topology takes ~ 12 hours. Even considering a factor 1.5/2 related to the bigger size of the
system (56 equations for Bjg against 36 for Bjg), we are a factor 10 /15 slower with respect to the case
of NC DY. This big difference in time is mainly due to the state of the system of differential equations.
In the previous case, in fact, we have put a strong effort in simplifying the system by choosing a suitable
change of basis to cast the system in pre-canonical form. This simpler form of the system enormously
speeds up the computation. On the contrary, in this work, we have taken the Mls suggested by KIRA
and we have blindly written down their differential equations. This means that, other than standard
algebraic simplifications, we have not performed any other optimization. Finding a change of basis
which simplifies the system of differential equations is indeed important. However, it requires a big
effort and a profound knowledge of the problem, while this blind approach relies only on computational
power.

A second comment applies to the possibility of using AMFLOW for the evaluation of the MIs in all
the points of the phase-space. The evaluation of all the MIs takes ~ 3h15m per point, running on 8
cores and asking for a precision of 16 digits. By using the same setup as the one used for SEASYDE, the
complete run would approximately take 130 days'2.

"2The run-times have been estimated by using the latest public versions of each code.
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A final comment regards a severe limiting factor when working with numerical grids. Usually, all
the input parameters are fixed to their numerical values and they cannot be modified without rerunning
the final steps of the calculation. This requires a large amount of time. The series expansion approach,
however, can be exploited for providing, with limited additional work, also the dependence on an addi-
tional variable e.g. dmy = my — My, Where Ty is a reference value for the mass of the W boson.
This can be done following the idea of the mass evolution introduced in Section 5.2.3. In particular, for
each topology, we use the grid in (s, t), that we already have with a reference value 7y, as a boundary
condition, and we solve the differential equations w.r.t. my, around my,. By doing so, it is possible to
provide a grid in (s, t) where each point is a series in dm,,. Moreover, since the dm,,, we are interested
in are of the order of 0.1 GeV at most, only a small number of terms in the series is needed. Therefore,
the solution can be computed in a small amount of time. For illustration, the evaluation of the dm, de-
pendence for the B topology, for all 3250 points, has taken ~ 1.5 days, keeping 15 terms in the series.
The difference between the SEASYDE solution, evaluated in dm,, = 0.1 GeV, and AMFLOW is on the
13th significant digit. This approach opens the possibility for implementing this kind of corrections in
frontier studies like, but not limited to, the W -boson mass determination.

5.3 Two-loop EW corrections to NC-DY: IR structure

Now we also present the evaluation of the two-loop pure QED corrections to NC-DY. This QED cal-
culation serves as a strategic, intermediate step toward the ultimate goal of a full two-loop electroweak
evaluation. From a technical point of view, the pure QED case offers a highly instructive framework,
since it significantly reduces the number of Feynman diagrams and the complexity of Feynman Integrals
due to the absence of massive gauge bosons. Most importantly, the IR pole structure of the pure QED
result is the same as the one of the full two-loop EW case. Consequently, successfully isolating and
subtracting the IR divergences within the QED amplitude acts as a rigorous proof of concept, demon-
strating that the applied subtraction methodology will successfully and extend to the full two-loop EW
calculation.

5.3.1 Infrared singularities and universal pole structure

The IR divergent structure of the bare amplitude \M> can be captured in a process-independent way
by exploiting the universal structure of IR divergences [274]. This is made possible by the introduction
of suitable subtraction operators Z(*/), analogous to the ones introduced in previous Sections for the
mixed corrections. In particular, the operators Z(%?) in EW/QED, describe the emission of massless
photons and the production of additional light fermion pairs. The scattering amplitude diverges when the
emitted particles have vanishing energy (soft limit) or form a vanishing angle with their emitter (collinear
limit). We regularize the divergences arising from the integration over the loop momenta by working in
d = 4 — 2¢ space-time dimensions. In the case of emissions off the massive final state, the emitter
mass m acts as a natural regulator, the collinear divergence represented by a 1/e pole is absent, but in
the amplitude we find logarithms of m. In the case of EW corrections, the conservation of the vector
current implies that the impact of genuinely weak corrections exactly vanishes in the divergent emission
factors, whose expression receives only QED contributions. The universality of the IR divergent factors
implies that their expression depends only on the identity and the kinematics of the external particles of
the scattering under study, but not on the details of the hard interaction; in other words, the discussion of
the IR structure of the utz — e*e™ process is the same, irrespective of the fact that we have a QED or an
EW interaction driving the scattering process.
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Considering the case of QED corrections up to second order, we have:

|M(0,1),fm> _ |M(0,1)> _ I(O’l)|/\/l(0’0)> (5.52)
|IM©@2Finy — | Af02)y — TO2)| A0 _ TO | AfO1).finy (5.53)
We restrict the discussion to the pure QED corrections to a scattering process 2 — n, where the final

state only contains massive emitters. In this case, the infrared structure of the amplitude is encapsulated
in the subtraction operators 7 (0:1) and 7(02) | defined as

§6I( ):@+?€7 (5.54)
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where S, = (4me™72)¢, up is the renormalisation scale and the symbols I‘Z(/) will be defined in the
following. In Eq. 5.55 the sum runs over the particles considered massive in the computation, with
multiplicity ny (3 for the coloured quarks, 1 for the leptons, 1 for the W boson), electric charge gy,
and mass my,. The coefficients by (with by = —2 in the case of fermions and by = +7 for the W
boson) reflect the expression of the EW S function: B(;E W—7_ % Dok nkq,%. In the case of a pure QED
calculation, we must set byy = 0 in Eq. 5.55. The structure of the subtraction operators is governed
by the functions I and I, which can be obtained from the Abelianization of the QCD soft and cusp
anomalous dimensions [255,275]

. 2
T= 37+ QiQ2"P(a) log (_2;‘1’%]32) (5.56)
+Z’yi]1 o Z %chsp(a)ﬁjhh coth 35, j,
J J1#j2
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- ) QiQiy"P(a)lo <> :
Z 77" log 5=
I'==3 Q*"P(a), (5.57)

)
massless

, 30
YU () = % [4 -3 (%) > mgi +0(a”) (558)
k

We refer to massless initial-state particles, with momentum p; and electric charge ();, while with the
labels j = 3, ..., n we refer to the massive final state emitters, with mass m;, momentum p; and electric
charge Q;. The first line of Eq. 5.56 thus represents the contribution coming from initial-state radiation,
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with 7/ defined as

i Yo g (Y o2 (3 a2
" _477622{ 3+ (M) [QZ ( o 24c3> (5.59)
130 972 massless
+ (27 + 3> Z nqui| + (’)(a?’) }
k

In Eq. 5.60 the sum runs over the particles considered massless in the computation, with multiplicity ny
(3 for the coloured quarks, 1 for the leptons) and electric charge g, giving the contribution of the soft
and collinear emission of light fermion pairs from the initial-state partons. The second line of Eq. 5.56
instead contains the contribution coming from the final-state particles, with *yf; defined as

a a 40 massless

J_ 2 2 3

= [—2 + (E) = Zk: ngt + O(a )] . (5.60)

Finally, the third line of Eq. 5.56 contains the interference between initial-state and final-state emissions.

We label with 3, ;, the function defined by the relation

_ Pj1 "Dy .
Mgy Mgy

cosh Bj, j, = (5.61)
The physically allowed values for cosh 3;, ;, with j; and j2 outgoing are cosh 3, j, < 1, corresponding
to 3,5, = —b +im withreal b > 0.

The symbols Ty, T, in Eq. 5.54-5.55 indicate the coefficients of the series expansion in the weak
coupling « of the corresponding anomalous dimensions

ro— %" (%)W o . (5.62)

n>0

The sum in Eq. 5.55 takes care of the collinear emission of massive fermion pairs and of soft emission
with a massive quark loop. As such, it runs over all the particles k& with electric charge g, considered
with a non-zero mass my, in the calculation.

(0,2)

The expression of 7 receives a contribution from the renormalization of the one-photon emission

vertex, which has been performed in the M S scheme, and contributes with a 5y term

massless

4
bo=-3 zkj ny g - (5.63)

The expressions in Eqs. 5.54-5.55 are fully consistent with those presented in [276], and have been
derived with the Abelianization of the QCD subtraction operator presented in [249,255,277].

5.3.2 The process

The process under study is the production of a pair of massive leptons in quark-antiquark annihilation,
for the sake of definiteness an up-quark pair annihilating into an electron-positron pair

u(p1) + u(p2) — € (p3) + e (pa). (5.64)
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(c)
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Figure 5.12: Sample two-loop Feynman diagrams: 1-particle irreducible and factorisable one-loop xone-loop
contributions.

The electron mass is labeled by m.. To regulate final state radiation, we consider the electron to be
massive:

pi=p3=0; pj=p;=mi (5.65)

Here we plan to study the IR structure of the second order purely EW corrections to this process, and to

achieve this goal we limit the discussion to the evaluation in QED of the interference terms'3

<M(o,0)’/\;l(0,1)> , <M(0,0)‘M(072)> ’ (5.66)

which contribute to the corrections to the unpolarized squared matrix element of the process in Eq. 5.64,
at O(a?). The evaluation of the finite part of the two-loop virtual amplitude entails first the discussion
of the UV renormalization, followed by the subtraction of the IR divergences.

In Figure 5.12 are presented some examples of two-loop Feynman diagrams contributing to the bare
interference term (M@0 |M©2)) " (a), (b), (¢) are sample diagrams for each 1-particle irreducible
(1PI) category in which we can group the diagrams, respectively self-energies, vertices and boxes 1PI
diagrams. In contrast, (d), (e), (f) represent sample diagrams for the factorizable contributions given by
the iteration of 2 one-loop diagrammatic corrections. The cancellation of the UV divergences stemming
from the bare diagrams follows according to a standard renormalization procedure. The resulting am-
plitudes are expressed in terms of renormalized parameters, in turn related to measurable quantities. We
write the UV-renormalized amplitude as a Laurent expansion in ¢, and we keep only terms up to O(e?)
or O(€%), at one- or two-loop respectively, in order to include all the second-order finite contributions
when we perform the IR subtraction described in Section 5.3.1.

3We do not discuss the interference term (M D] A1) also contributing at O(a?), which can be easily obtained with
any NLO amplitude generator.
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@) (b) (c)

Figure 5.13: Sample Feynman diagrams with the insertion of a closed fermionic loop along a photon line and the
associated electric charge counterterm diagrams.

5.3.3 Ultraviolet renormalization

The SM renormalization up to second order in the electroweak interaction has been discussed in Sec. 2.1.

The analytical expressions of the fermion mass and wave-function counterterms in QED for the case of

one internal mass can be found in [276]. Our renormalization procedure within OCEANN is real-

ized with a dedicated semi-analytical evaluation of the coupling and fermions renormalization constants,

whose definitions follow from the 2-point Green functions of the theory and can be found in Appendix A.

The generalization of this computational approach to the complete two-loop EW case is straightforward.
We write the virtual amplitude for the production of a pair of massive electrons as

e J
A(uii — ete™)) = 4dra @\ A (0:9) S 1
IM(ut — eTe™)) = 471'@;0 (47r) (M) (5,8, 1, 10y)) (5.67)

where |/\;l(0’j )> is the bare amplitude at %" perturbative order in &, and all the parameters (the electric
charge ¢, the electron mass 1. and the mass 77y of a generic fermion f) and fields are treated as bare
quantities. The renormalized amplitude is obtained by the replacement of all the bare quantities with
their renormalized counterparts: € — e + de, 1. — Me + dMe, 1y — my + dmy, and the rescaling

. 1
v = Zjy = (1+ 5Z¢)%¢ for each external fermionic field, where we consider & = é2/(47) and
a=e?/(4n),
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Since not only the bare amplitude, but also the counterterms are computed in perturbation theory, we
expand the renormalized amplitude and collect all the terms of the same order in the coupling constant,
checking the cancellation of the UV divergences. The result can be eventually cast as an expansion in
the renormalized coupling «, where | M (%:7)) includes diagrammatic and counterterm contributions and
is UV finite.

At first order, we identify three subsets of Feynman diagrams, the corrections to the tree-level photon
propagator, the initial (final) vertex corrections and the associated wave function (WF) factors on the
external quark (electron) lines, the box diagrams. Each of these three groups of diagrams is UV finite,
after the inclusion of the one-loop counterterms: the boxes are UV finite by power counting, the photon
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vacuum polarization is by construction made finite by the electric charge counterterm; the Ward identities
guarantee the UV finiteness of the combination of the vertex corrections with the WF constants of the
corresponding external lines. Additional poles in the dimensional regularization parameter ¢ are however
still present, because of the IR divergent behaviour of the vertex and box corrections.

At the second perturbative order, the finiteness of the self-energy corrections to the tree-level photon
propagator follows from the definition of the electric charge counterterm, once all the factorisable one-
loop contributions have been properly included. Like in the one-loop case, the UV-finiteness of the sum
of vertex and WF contributions can not be directly checked, because of the presence of IR poles, also
expressed with the regulator e. We identify two distinct groups of second-order 1PI diagrams: those with
the exchange of two internal photons (like for instance diagrams (b) and (c) in Figure 5.12), and those
with the insertion, along an internal photon line of a one-loop diagram, of a closed fermionic loop (like
for instance diagram (a) in Figure 5.13). The latter features an UV divergence which is subtracted by
the one-loop electric charge counterterm applied to the corresponding one-loop amplitude (diagrams (b)
and (c) in Figure 5.13).

Since the IR subtraction terms discussed in Section 5.3.1 have been derived in the M S renormalisa-
tion scheme for the electric charge, we have to adopt it also in the evaluation of the virtual corrections
to ensure a consistent cancellation of the IR divergencies. While our final result will thus be expressed
in terms of the coupling ag;5(/tr), evaluated at the renormalisation scale g, it can also be expressed
in terms of the on-shell fine structure constant «(0), with a finite renormalisation at the end of the cal-
culation, as it is discussed in detail in Section 5.3.5. The fermion masses and the fermion wave-function
counterterms are instead always computed in the on-shell scheme.

We remark that a change in the electric charge renormalisation scheme has a non trivial impact on
the pattern of the subtraction of the IR poles. If we consider as an example the two diagrams (b) and (c)
in Figure 5.13, we can easily recognize the fact that a finite additional contribution to the counterterm
insertion is a constant which multiplies the entire underlying one-loop diagram. The latter features
soft and collinear IR poles, which are multiplied by this additional factor. The cancellation of these extra
poles is possible only with a corresponding contribution from the real emission diagrams, or equivalently
from the subtraction term.

5.3.4 Explicit QED results and control over the cancellation of the IR poles

The calculation presented here illustrates with a non trivial example the application of the OCEANN frame-
work presented in 4.4.1.

In the following, we present our results for the squared two-loop QED virtual amplitudes (M (0,0) |M(0’2)>
for the process ui — e™e™. We identify in total 11 families relevant for the description of two-loop box
topologies'?.
analysis of the self-energy diagrams we find 2 new families.

In the classification of the vertex corrections we identify 6 new families, while in the

The fully diagrammatic approach allows us to perform intermediate checks of the calculation. We find
a finite result for the self-energy corrections to the tree-level photon propagator, after the introduction of
the one- and two-loop electric charge counterterms. We check the cancellation of one pole in €, when we
combine a two-loop diagram with one fermion loop insertion together with the charge renormalisation
of the adjacent vertices in the corresponding one-loop diagram.

The UV-renormalised results described in the previous Section still feature IR divergences, which
appear as poles in the dimensional regularization parameter ¢, but also as logarithms of the lepton mass

“We count only once the insertion of a closed fermionic loop, treating the fermion mass as one generic parameter.
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0.438 957 476 012 852 250 408 920 432
et —0.438 957 476 012 852 250 408 920 432
0
—50.507 936 715422 813 794 673 578 353
e 50.507 936 715422 813 794 673 578 353
0
729.673 397 464 406 823 805 401 840 608
e? —1334.179 413 878 226 352 371 754 281 425
604.506 016 413 819 528 566 352 440 817
26 528.662 344 660 489 566 812 058 589 673
e ! —463.090 234 187 259 379 447 239 209 073
—26065.572 110 473 230 187 364 819 380 599
401 847.447 345 130 812 729 654 039 382 635
e 4376.812 767 994 162 824 254 022 583 940
—308980.388 535 504 055 198 013 748 925 268
2Re(M (00| A1(0.2), finy 97243.871 577 620 920 355 894 313 041 307

Table 5.1: Numerical coefficient, computed with at least 32 significant digits, of the IR poles present in the
different contributions to Equation 5.53, for s = 10000 GeV? and t = —2500 GeV?. For each pole, the
first row refers to 2Re(M (O |A(:2)) " the second one to —Z(*2) 2Re(M (0| M(:0)) and the third one to
—7(0:1) 2Re(M (00| A(0-1).fin) " The Jast row is the final result of 2Re (M (0:0)| A1(0:2).finy

in the case of the final state collinear divergences. It is a Laurent series in the dimensional regularization
parameter, and the coefficients of the various powers of € are numbers with arbitrary precision. In Table
5.1 we present the value of the coefficients of the different powers of ¢, for the diagrammatic part and for
the two contributions to the subtraction operator, factorising the one-loop and Born squared amplitudes
respectively. These results are obtained using the following values for the masses and Mandelstam

invariants:
s = 10000 GeV? me = 0.510998 MeV
t = —2500 GeV? m,, = 0.10566 GeV
fig = mz=91.1535 GeV m, = 1.77686 GeV

my = 172.69 GeV

In the evaluation of the individual contributions to the amplitude, we encounter some terms whose value
is several orders of magnitude larger than 1; we can inspect them all in absolute value and define Q) =
log,o(x), with x the largest term of the calculation. We consider verified the cancellation of the IR
poles if, for any given number P of significant digits requested in the arbitrary precision evaluation
framework, with P > @, the sum of the coefficients yields 10~+%, which is our explicit representation
of zero. The results in Table 5.1 have been obtained with a precision request P = 50, while we observe a
precision loss due to internal cancellations by () = 15 orders of magnitude, eventually achieving control
over 35 digits. The IR cancellation can be verified in greater detail by isolating subsets of contributions
proportional to the same power of the electric charges of the initial state quark, final state lepton, and of
the fermion running in the internal loops; each subset is separately IR finite.

Whenever possible, the precision losses can be reduced with a convenient choice of the MIs basis. In
this computation we use the basis of Master Integrals automatically generated by the combined applica-
tion of FEYNARTS, ABISS and KIRA, in order to test the efficiency of our code also with a suboptimal
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Figure 5.14: We plot the contribution to (M|M) coming from one- and two-loop diagrams for different values
of \/s and t = —s/4. In particular, in solid blue we present (4mad) 2Re(M OO |M(O1).Fim) while in dashed
orange a]‘tTS 2Re(M OO MO with age = 1/128. The two-loop contributions have been multiplied by a
factor 10 to improve the readability.

choice of Master Integrals. The numerical control over the pole cancellation is the same as the one ob-
tained using closed form expressions in terms of special functions for the Feynman integrals, given the
possibility to push the precision to an arbitrary level. The solution of the Mls with a series expansion
approach offers on the other hand a significant advantage for all those cases where a closed form solu-
tion is not viable: IR-finite integrals with several internal massive lines, but also IR-divergent integrals
with 2 or 3 internal massive lines, which require a non trivial dedicated effort to be expressed in closed
form [139].

In Table 5.1 we present also the result for the finite part of the interference term, which is in perfect
agreement with the values presented in [276]. In Figure 5.14, we present additional values for the finite
part of the interference term, calculated for different values of /s. The observed behavior explicitly
illustrates the non-trivial interplay of the different powers of Sudakov logarithms present in the virtual
corrections. Specifically, at moderate center-of-mass energies, the corrections initially grow due to the
positive contribution of single-logarithmic terms. However, as /s increases further, the negative double-
logarithmic contributions gradually take over and dominate the asymptotic regime, eventually causing
the overall corrections to decrease.

5.3.5 Impact of a change of scheme

The results discussed in Section 5.3.2 are computed in terms of the M S-renormalised electric charge
agrg(pr). The UV renormalised and IR subtracted squared amplitude, including the corrections up to
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second order, reads:

(MIM) = 167%02 (pur) (MO A0 (5.69)
+ 47704?4—5(/“%) [QRC <<M(0,0)‘M(0,1),fm>>]

+ ) | 2Re ((MOOLAO2m)

+ <M(071)7fin|M(071)7fin>:| _|_ PP
= aﬁTS(MR) Aoo + a?\TS(MR) Ao + CM%(MR) [Aoz +An] + -+,

where the amplitudes |M (177 | A4(02).f) and the abbreviations A;; depend on the renormalisa-
tion scale pr. Another choice to express the renormalised coupling is given by the on-shell scheme
definition, at zero momentum transfer, «(0), from the study of the Thomson scattering. This second
alternative provides an accurate description of the real-photon emission spectra, and it is thus of high
phenomenological relevance. It is interesting to re-express Equation (5.69) in terms of the fine structure
constant «(0), via a finite renormalisation. The relation between the on-shell and M S renormalised
electric charges is given by [79]:

a(0)
1 - Aags(pg)

agrg(pr) = (5.70)

The definitions of the coefficients Aa%( /ﬁ%) are reported in Appendix B, with the first order contain-
ing the hadronic part Aahad(u%), necessary to express the light-quarks contribution. This quantity is
extracted from the experimental data of the cross section ete™ — hadrons and, in the case of ug = mz,
it is possible to use the determination from [278]: Aahad(mQZ) = 0.027572 4+ 0.000359. In the following
we perform a technical comparison to test the perturbative convergence of the results when increasing

the order of the perturbative approximation. Expanding Equation (5.70) one gets:

axrstimz) = a(0) |1+ a(0)aal(m2) + a0 ( (8all )’

MS MS
2
+ Aag\}S(mQZ)ﬂ . (5.71)
Replacing the couplings in Equation (5.69) with Equation (5.71), we obtain:
(MIM) = a(0)2 Ay + a(0)? [,2101 + 280 (m3) Aoo} (5.72)

+ a(0)4 [./_102 + A1 + 3Aa%(mzz) Aot

_ 2
+ QACK%(WL%) Ao + 3 (Aa%(m%)) Aoo} + ...

In Table 5.2 we compare the sum of the contributions to the squared matrix element, using as renor-
malised electric charge ag5(mz) or a(0) 15, We consider different approximations: tree-level only, tree-
level and one-loop corrections, the sum of tree-level, one-loop and of the two-loop (M (9:0)| A4(0:2).fin)
term. At tree level the difference between the results is purely due to the ratio of the coupling constants
(oagrg(mz)/ a(O))Q. In the one-loop virtual corrections there are two subsets: the self-energy corrections

SNote that in order to use the formulae in [79], we have to account for the different normalisation of the Feynman integrals
by a factor S..
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Highest order | a(0) scheme | ag;g(mz) scheme | A (%)

tree-level 46.742 53.546 12.707
one-loop 86.610 94.297 8.152
two-loop 97.158 97.919 0.777

Table 5.2: Numerical results of the squared virtual amplitude at O (o?), O (a?®) and O () in the two schemes
for the renormalised electric charge, with agg(mz) = 1/128 and «(0) = 1/137, in units of 10~%. The last
column shows the percentage difference A = 100 [(M| M)y / (M|M )35 — 1].

together with the electric charge counterterms and the group composed by vertex and box corrections.
The former, combined with the tree level, features in the two schemes much closer results compared to
the tree-level case. The latter on the other hand are still evaluated with tree level couplings and, given the
large difference between the couplings in the two schemes, they yield a difference between the results
at the 8% level. It is thus interesting to observe the impact of the two-loop corrections, which include
the renormalisation of the couplings present in the one-loop diagrams. Thanks to this additional step,
also the one-loop vertices and boxes are evaluated with effective couplings closer in value, reducing the
distance between the two schemes at sub percent level. The large difference between one perturbative
order and the next one is due to the presence of double mass logarithms, which cancel upon inclusion of
the real-emission contributions to the inclusive cross section [279].

5.4 Full Two-loop EW corrections: prospects

The computation of the full two-loop EW amplitude for 2 — 2 scattering processes represents a major
milestone in the precision physics program, both for the High-Luminosity LHC and for future lepton
colliders such as the FCC-ee. Achieving this level of precision is essential to match the anticipated sub-
percent experimental uncertainties in crucial measurements, such as the W boson mass and the effective
weak mixing angle.

While some partial results already exist for specific channels such as e™e™ — Zh, where the gauge-
invariant subset of contributions involving closed fermion loops was computed in [280], a complete
phenomenological calculation remains elusive. Recently, the full bare two-loop amplitude for this pro-
cess was presented in [281]. However, it lacks UV renormalization and IR subtraction, rendering it not
yet suitable for a full NNLO cross-section calculation. Concerning the DY process, while the QED con-
tributions at O(a?) have been discussed in Section 5.3, the full two-loop EW amplitudes are not yet
available in the literature.

5.4.1 Diagrams

The first computational challenge encountered when evaluating full two-loop EW contributions to DY is
the sheer proliferation of Feynman diagrams. This dramatic scaling is driven by the high multiplicity of
particles in the EW sector, including multiple massive gauge bosons, the Higgs boson, and ghosts.
Table 5.3 explicitly details the number of diagrams that must be evaluated at different perturbative
orders. The table highlights not only the rapid growth associated with higher loop orders but also the
huge difference in complexity between purely QCD and purely EW corrections. This huge number of
diagrams necessitates fully automated handling, for instance, by utilizing the OCEANN framework
presented in Section 4.4.1. Furthermore, the analytical expressions for individual diagrams become
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NC-DY | CC-DY
tree-level 2 1
one-loop QCD 2 1
one-loop EW 101 44
two-loop QCD 58 17
two-loop QCD-EW | 1428 209
two-loop EW 9019 4536

Table 5.3: Number of Feynman diagrams that need to be considered at different perturbative orders.

Figure 5.15: Examples of two-loop boxes which contribute to the two-loop EW corrections for the NC-DY.

exceedingly complex at higher perturbative orders due to the increased number of internal lines and
distinct mass scales. This leads to substantially larger analytical expressions and severely increased
processing times for evaluating the interference terms. As an example, computing the interferences
between the Born amplitude and the O(10%) two-loop boxes at O(a?) for the NC-DY process required
O(8h) of CPU time using ABISS, yielding an output file of @O(120 MB). A sample of these diagram
topologies is illustrated in Fig. 5.15.

5.4.2 Integrals and differential equations

The second major bottleneck lies in the IBP reduction of Feynman integrals and the subsequent evalu-
ation of the Mls. This difficulty is directly tied to the multitude of internal massive lines characteristic
of the EW sector. For instance, the second diagram in Fig. 5.15 contains five massive lines character-
ized by two distinct mass scales. Combining these masses with the two Mandelstam invariants and the
dimensional regulator e, the final integrals depend on up to five variables.

This multi-scale dependence makes the reduction to MIs highly demanding in terms of both CPU
time and memory. In our studies, we found that reducing these topologies often exceeded the baseline
capabilities of KIRA 3.0. However, by coupling KIRA with the rational arithmetic tracker RATRACER,
we successfully reduced all scalar integrals to their respective Mls. Specifically, reducing the most
complicated two-loop box topologies required running on a high-performance cluster using O(100) cores
for roughly 50 h, and using approximately 150 GB of RAM.

Reducing the integrals to a basis of MIs is only the first step. The next phase is their numerical
evaluation, which is typically achieved by deriving a system of differential equations, calculating the
boundary conditions at a specific point in the physical phase space, and finally solving the system to
generate a numerical grid suitable for Monte Carlo generators. Each of these steps introduces unique
challenges.
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Concerning the evaluation of the boundary conditions, we employed AMFLOW to evaluate them at
a specific phase-space point. However, for some of the most intricate topologies, the program failed to
converge. This instability arises because our calculation utilizes complex masses for W and Z bosons.
Internally, AMFLOW relies on KIRA to construct the system with respect to the auxiliary mass param-
eter 7. Because KIRA does not natively support fixing kinematic parameters to complex floating-point
values, the IBP reduction must retain the exact analytical dependence on the complex mass. This dras-
tically slows down, and in extreme cases completely halts, the generation of the DEs. Given that our
standard reductions succeeded when pairing KIRA with RATRACER, integrating a similar rational re-
construction approach directly within AMFLOW could potentially solve this issue.

Generating the DE system for subsequent integration via SEASYDE requires keeping the size of the
coefficient matrix manageable, as the system size directly dictates the evaluation runtime. In the mixed
QCD-EW calculation for the NC-DY process, the DE system for the most complex topology was approx-
imately 700 kB, and the grid generation took about 5 days. For the CC-DY process, the largest topology
reached 2.1 MB, requiring roughly 10 days of SEASYDE runtime. However, for the full two-loop EW
calculation, the size of some systems explodes to O(350 MB), making direct integration practically un-
feasible. To mitigate the issue of massive DE systems, two primary strategies can be employed. On the
technical side, the rational reconstruction techniques implemented in packages like FINITEFLOW are
highly beneficial. In particular, by simplifying the algebraic expressions of the matrix coefficients, one
can achieve a file size reduction of up to 50%. On the physical side, transitioning to a different basis
of MIs, such as a canonical basis, would dramatically simplify the DE system. However, discovering
such a basis for multi-scale problems is highly non-trivial. Automated procedures are currently limited,
generally requiring a significant amount of manual intervention and heuristic approaches.

As detailed in Table 5.4, the benchmark numbers explicitly illustrate the escalation in computational
complexity when transitioning from mixed QCD-EW to full two-loop EW corrections for the DY pro-
cesses. These specific topologies were chosen as a representative sample, ordered by increasing dif-
ficulty, to showcase the varying levels of complexity one must face in these calculations. The data
highlights how each stage of the calculation is stressed by the inclusion of the full EW sector.

The first major indicator of complexity is the number of MIs. For the mixed two-loop NC-DY and
CC-DY topologies, the number of MIs is relatively modest (36 and 56, respectively). Consequently, the
IBP reduction using KIRA combined with FIREFLY is manageable, taking 12 to 16 hours on a standard
32-core node. However, as we move to the full two-loop EW NC-DY topologies, the number of masters
increases significantly, peaking at 140 for the most intricate crossed-box topology. The reduction time
for this specific topology climbs to 54 hours, even when utilizing a much larger 120-core cluster and
integrating the RATRACER package to optimize the reduction procedure.

The evaluation of BCs at a single phase-space point using AMFLOW demonstrates a similar scaling.
While the mixed topologies require roughly an hour to evaluate, the full EW topologies demand consid-
erably more resources, taking up to 4 hours on 120 cores for the 126 master topology. Notably, for the
140 master topology, AMFLOW was entirely unable to compute the BCs. As previously discussed, this
failure is a direct consequence of using the complex mass.

Finally, the size of the systems of differential equation provides a clear metric for the memory and
integration bottlenecks encountered during the final stage. The mixed NC-DY system is a highly man-
ageable 700 kB, allowing SEASYDE to successfully generate a 3250 point numerical grid in 5 days. The
mixed CC-DY system grows to 2.1 Mb, which correspondingly doubles the SEASYDE runtime to 10
days. In sharp contrast, the full two-loop EW systems explode in size, reaching up to 45 Mb and 350 Mb
for the more complex boxes. Consequently, the grid generation times for these topologies are currently
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NC-DY CC-DY Z on-shell NC-DY NC-DY NC-DY NC-DY
2L mixed 2L mixed 2L EW 2L EW 2L EW 2L EW 2LEW
oo | TIT | Do~ TRCHT | TIT | X
# MlIs 36 56 51 47 104 126 140
IBPs 12k 16 h 1d 1.5m 30m 8h 54h
KIRA 96 cores 120 cores 120 cores 120 cores
32 cores 32 cores 32 cores
+FIREFLY + RATRACER | +RATRACER | +RATRACER | +RATRACER
BCs 50 m 75 m 6.75h I5m lh 4h Did not
AMFLow 32 cores 32 cores 32 cores 96 cores 120 cores 120 cores converge
Size DEs 700 Kb 2.1 Mb NA 4 Mb 45 Mb 350 Mb 7?
3250 pt grid 5d 10d NA 2 ” ” ”
SEASYDE

Table 5.4: In this Table we list the reduction times and dimensions of the final system of equations for various
benchmark topologies. In the diagrams, straight lines represent massless fermions and curly lines denote gluons.
The blue dashed line corresponds to the Higgs boson. Wavy lines indicate vector bosons: black for the photon, red
for the Z boson, and green for the 1 boson.

undetermined, as systems of this magnitude are computationally prohibitive to integrate directly without
further algebraic simplification or a transformation to a more optimal basis of MIs.

Beyond the generation of the numerical grids and the evaluation of the Mls, another severe numerical
bottleneck is the final assembly of the amplitude. When combining the numerically evaluated MIs with
their respective rational coefficients, huge numerical cancellations occur. These cancellations are driven
by the intricate algebraic structure of the reduction and the spurious kinematic singularities present in the
coefficients. For instance, in our calculations for both the NC- and CC-DY, we evaluated the necessary
MIs with 20 significant digits. However, after combining them with their coefficients, we obtained a final
result accurate to just 8 significant digits. This dramatic loss of precision implies that the MlIs have to
be computed with a significantly inflated number of digits to guarantee a stable and phenomenologically
useful final amplitude. Unfortunately, the exact target precision cannot be easily predicted in advance and
is typically determined a posteriori by observing the stability of the final result. A potential mitigation
to this issue is, once again, the transformation to a different basis of MlIs, such as the canonical base. A
carefully chosen basis, indeed, could feature rational coefficients with a different kinematic dependence,
therefore reducing the numerical cancellations and the precision requirements imposed on the numerical
integration stage. The systematic determination of transformations capable of casting these differential
equation systems into a canonical, e-factorized form remains a highly active and complex field of ongoing
research [282].



Chapter

Phenomenology

“The mountaineer is a man who leads his body where, one day, his

eyes have looked.”

Gaston Rébuffat, French alpinist.

In this chapter we present a detailed study on the impact of mixed QCD-EW corrections on the
neutral-current DY process at LHC energies. We start by considering bare muons and examine the mixed
QCD-EW corrections in both the resonant region and in the region of high invariant masses. We then
analyse the impact of radiative corrections on the forward-backward asymmetry. We finally consider the
case of dressed leptons. Here we show that our calculation can be extended to the massless limit, and we
present a comparison of our results with those of the massless calculation of [217]. This study has been
presented in [4].

6.1 Calculational details

We consider the inclusive production of a pair of massive muons in proton—proton collisions,
pp—utp” +X. (6.1)

The theoretical predictions for this process can be obtained as a convolution of the parton distribution

functions for the incoming protons with the hard-scattering partonic cross sections. When QCD and EW

radiative corrections are considered, the initial partons include quarks, anti-quarks, gluons and photons.
The differential cross section for the process in Eq. (6.1) can be written as

oo
do= Y dot™", (6.2)
m,n=0
where do(®9) = doy,g is the Born level contribution and do(™™) the O(ag'a™) correction. The mixed

QCD-EW corrections correspond to the term m = n =1 in this expansion and include double-real,
real-virtual and purely virtual contributions. The corresponding tree-level and one-loop scattering am-
plitudes are computed with OPENLOOPS [163,283,284] and RECOLA [164,285,286], the results being
in complete agreement'. The two-loop amplitude has been computed in Section 5.1. Even when all the
amplitudes have been computed, the completion of the calculation remains a formidable task. Indeed,
double-real, real—virtual and purely virtual contributions are separately infrared divergent, and a method
to handle and cancel infrared singularities has to be worked out. In this calculation we use a formulation

'To be precise, the results obtained with OPENLOOPS and RECOLA coincide pointwise in phase space when adopting the
G, or a(Mz) EW renormalization schemes. They differ in the case of the a(0) scheme because of the different treatment of
the light-fermion contributions to the photon vacuum polarization.
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of the gp subtraction formalism [157] derived from the NNLO QCD computation of heavy-quark pair
production [259-261] through an appropriate Abelianization procedure [203,262]. According to the g1
subtraction formalism [157], do (™) can be evaluated as

do(mn) = y(mn) o doro + [dagm’n) — dU(CnTL’n)} . (6.3)

The first term in Eq. 6.3 is obtained through a convolution (denoted by the symbol ®) of the perturbatively
computable function # (™) and the LO cross section doy,0, with respect to the longitudinal-momentum
fractions of the colliding partons. The second term is the real contribution daém’n), where the charged
leptons are accompanied by additional QCD and/or QED radiation that produces a recoil with finite trans-
verse momentum gr. For m 4+ n = 2 such contribution can be evaluated by using the dipole subtraction
formalism [155, 156,246,287-291]. In the limit g7 — O the real contribution dagn’") is divergent, since
the recoiling radiation becomes soft and/or collinear to the initial-state partons. The counterterm da((jn%n)
is explicitly designed to replicate and cancel this singular behavior, ultimately rendering the full cross-
section in Eq. 6.3 finite. However, due to the non-local nature of the gr-subtraction method, this exact
cancellation cannot be evaluated directly at gr = 0 point-by-point in a four-dimensional Monte Carlo
integration without encountering severe numerical instabilities. Consequently, the numerical integration
of the quantity in the square brackets of Eq. 6.3 is only possible when a finite kinematic cutoff is ap-
plied. In practice, the integration is restricted to the well-defined region gz /m,, > Tcut, Where my,,
is the invariant mass of the dimuon system. To recover the physical, cutoff-independent prediction, the
numerical evaluation is performed for several progressively smaller values of 7.y, and the final result is
extracted by carrying out an extrapolation to the ., — O limit (see Ref. [162] for more details).

The required phase space generation and integration is carried out within the MATRIX framework [162].
The core of MATRIX is the Monte Carlo program MUNICH?, which contains a fully automated imple-
mentation of the dipole subtraction method for massless and massive partons at NLO QCD [155,156,246]
and NLO EW [287-291]. The gr subtraction method has been applied to several NNLO QCD computa-
tions for the production of colourless final-state systems (see Ref. [162] and references therein), and to
heavy-quark pair production [259-261] and related processes [292—-295], which correspond to the case
m = 2, n = 0. The method has also been used in Ref. [262] to study NLO EW corrections for the DY
process, which represents the case m = 0, n = 1. The structure of the coefficients H(*1) and da(clfl)
can be derived from those controlling the NNLO QCD computation of heavy-quark pair production. The
initial-state soft/collinear and purely collinear contributions were already presented in Ref. [204]. The
fact that the final state is colour neutral implies that final-state radiation is of pure QED origin. Therefore,
the purely soft contributions have a simpler structure than the corresponding contributions entering the

NNLO QCD computation of heavy-quark pair production [296].

6.2 Phenomenological results

Unless stated otherwise, we work in the G, scheme with Gp = 1.1663787 X 107 GeV~2 and set
the on-shell values of masses and widths to mw,0s = 80.385GeV, mzos = 91.1876 GeV, I'yy,0s =
2.085GeV, I'z os = 2.4952 GeV. Those values are translated to the corresponding pole values

my = mv,os/\/l + Faos/m‘?os and Ty = vag/\/l + P%/,os/m%/,os’ V = W, Z, from which

a=+2G Fm%‘,(l —m%V /m?%)/m is derived, and we use the complex-mass scheme [98] throughout. The

MUNICH, which is the abbreviation of MUIti-chaNnel Integrator at Swiss (CH) precision, is an automated parton-level
NLO generator by S. Kallweit.
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muon mass is fixed to m,, = 105.658369 MeV, and the pole masses of the top quark and the Higgs boson
to my = 173.07GeV and my = 125.9 GeV, respectively. The CKM matrix is taken to be diagonal.
We work with ny = 5 massless quark flavours and retain the exact top-mass dependence in all virtual
and real-virtual amplitudes associated with bottom-induced processes, except for the two-loop virtual
corrections, where we neglect top-mass effects. Given the smallness of the bottom-quark density, we
estimate the corresponding error to be at the percent level of the computed correction. We use the
NNPDF31_nnlo_as_0118_luxged setof parton distributions [297], which is based on the LUXqged
methodology [228] for the determination of the photon density. If not stated otherwise, the central values
of the renormalization and factorization scales are fixed to ur = @ = mz (and the corresponding value
of ag is set), while theoretical uncentainties are estimated by the customary 7-point scale variation, i.e. by
varying (i, and p by a factor of two around their central values with the constraint 1/2 < pp/pp < 2.
We consider bare muons in the final state, unless stated otherwise.

Our results for the mixed QCD-EW corrections will be compared with those from an approach in
which QCD and EW corrections are assumed to completely factorize. Such approximation can be de-
fined as follows: for each bin of a distribution do/dX, the QCD correction, do(1,0) /dX, and the EW

correction restricted to the gg channel, daég’l) /d X, are computed, and the factorized O(as«) correction
is calculated as
daf(;(’i) [ do0 y daég’l) y dopo\ " 64)
dx —\ dX dX dX ' ‘

This approximation is justified if the dominant sources of QCD and EW corrections factorise with respect
to the hard gauge-boson production subprocess (see the discussion in Ref. [215]).

6.2.1 Resonant region

We first study the impact of the mixed corrections on the bulk of the DY cross section around the Z peak.
We consider proton—proton collisions at /s = 13.6 TeV and a fiducial volume defined by staggered cuts®
on the transverse momenta of the positively/negatively charged leptons,

prut >27GeV, pp,- >25GeV, |y,| <2.5, (6.5)
while the invariant mass of the dimuon pair m,,, fulfils
66 GeV < my,, <116 GeV . (6.6)

In Table 6.1 we show our predictions for the fiducial cross section with an increasing radiative con-
tent. We start our discussion from the pure QCD predictions, labelled LO, NLOqcp and NNLOqcp.
The NLO QCD corrections increase the fiducial cross section by about 7% with respect to the LO, their
perturbative uncertainty, estimated through scale variations, being about 4%. The NNLO QCD correc-
tions are negative, and amount to about —2%, while the associated uncertainties are reduced to below
the percent level. N3LO corrections with this setup are not available, but their impact is likely to exceed
the NNLO scale uncertainties [200].

Predictions including NLO EW effects are shown in the fourth and fifth rows of Table 6.1, and are la-
belled NLOgw and NNLOgcp+NLOgw, respectively, while our best prediction, which includes mixed
QCD-EW corrections as well, is labelled NNLOqcp+Mmix+NLOgw. We see that NLO EW corrections

3This combination of cuts is known to restore the quadratic dependence of the acceptance in the transverse momentum of
the dilepton pair, see e.g. Refs [162,298].
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are negative, about —4%, and have a larger impact than what might be expected by a naive coupling
counting. Indeed, they are similar in size to the NLO QCD effects and, being negative, largely com-
pensate the latter. We observe that the scale dependence of the NLOgywy prediction is identical to that at
LO, as might have been expected, given that the relevant amplitudes do not involve the QCD coupling
ag. The newly computed mixed QCD-EW corrections are small for this particular setup, being below
half a percent. They slightly reduce the fiducial cross sections. The small size of the mixed QCD-EW
corrections is consistent with the fact that they do not reduce the scale dependence.

o [pb] o(t9) [pb] a9 oo
LO 735.73(3) 1200 - _
NLOqcp 790.23(4) T2 7% (10 = 454.50(5)  +7.4%
NNLOqcp TT4A()TTE 620 = —15.8(5) ~2.2%
NLOgw 704.07(3) 11270 o0 = —31.66(3)  —4.3%
NNLOqGcp+NLOEw 742.7(5)F0:3% - -
NNLOqcp+mix+NLOgw | 739.6(5) T08% ol = —3.1(2) —0.4%

Table 6.1: Fiducial cross section at the different perturbative orders and the corresponding corrections (/) as
defined in Eq. (6.2).

We now turn to differential distributions. In Fig. 6.1 (left) we show our results for the rapidity distri-
bution y,,, of the dimuon pair. The strongest shape effect can be observed at NLO QCD and to a lesser
extent at NNLO QCD. The inclusion of the mixed QCD-EW corrections further distorts the shape of the
distribution up to 1% in the region |y,,,| > 1.5, and could be potentially relevant for a determination of
the proton PDFs with 1% precision [299].

In Fig. 6.1 (right), we consider the invariant-mass distribution of the dimuon system. QCD radiative
corrections are generally mild for this observable, while the emission of QED radiation off the final-
state lepton pair has a significant impact if the invariant mass is reconstructed from bare leptons, as we
do here. The inclusion of the NLO EW corrections indeed leads to a shift of events, giving rise to the
formation of the characteristic radiative tail in the region on the left of the peak.* Purely weak NLO
corrections modify the strength of the Z-boson couplings to fermions and in turn, at LO, the squared
matrix element of the Z-exchange diagram and the v—Z7 interference. They affect the region around the
Z resonance, with positive corrections reaching up to a few percent below the resonance and moderate
negative corrections above the resonance [214].

Focusing on the impact of the mixed QCD-EW corrections in the middle plot, we observe sizeable
effects and a non-trivial shape distortion. The correction is vanishing around the peak, where it reaches
the maximum slope, while it is rather flat, positive and around 4% in the region below the peak and
rather flat, negative and around —2% in the region above. We observe that the prediction obtained with
the factorised ansatz (see Eq. (6.4)) works well in the latter region, while it fails to describe the exact
result below the Z resonance, because of a non-trivial kinematical interplay between the production of
the gauge boson and its subsequent decay into leptons, as it has been first pointed out in Ref. [213].

“The effect is also present but reduced by approximately a factor of two when leptons and photons are recombined [193].
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Figure 6.1: Predictions for the rapidity distribution (left) and the invariant-mass distribution (right) of the final-
state muon pair, in the setup defined in Section 6.2.1. NLO EW and mixed QCD-EW corrections are additively
included on top of the NNLO QCD prediction. The relative effects of the mixed corrections on top of the additive
combination NNLO QCD + NLO EW are shown in the middle panel, comparing the exact mixed corrections to
the approximate factorised ansatz defined in the text. NLO EW as well as NLO and NNLO QCD K -factors are
displayed in the bottom panel.

Furthermore, we notice that the inclusion of the mixed corrections leads to a significant reduction of the
uncertainty band.

In Fig. 6.2 we show the rapidity distribution of the ;1 (left) and the cos 6* distribution (right). The
Collins—Soper (CS) angle 0* [300] is defined in terms of LAB frame variables as

o o ot
o g — Y 2(p,-Py+ —P,-P )

- )
‘ylt#’ (o /mzu+p%,uu

with p* = (p° £ p®)/v/2. The factor y,,,/|y,,| takes into account the fact that in hadron collisions
the quark and anti-quark directions are not known for each collision. However, on average the quark
carries more energy than the anti-quark as the latter must originate from the sea. Then, the produced
dilepton system is, on average, boosted in the direction of the valence quark. Since the Z boson rapidity
is correlated with the direction of the valence quark, it offers a sensible reference to define the scattering

(6.7)

angle.

The radiative corrections to the rapidity distribution of the anti-muon (Fig, 6.2 (left)) have a rather
uniform impact over the considered rapidity range. In the case of the cos 8* distribution, radiative correc-
tions distort the distribution in different ways. NLO QCD corrections are larger at large | cos 8*|, which
is caused by the gg channel opening up at NLO, dominated by configurations where a valence quark at
relatively large momentum fraction z and a gluon at small = enter the hard process. By contrast, EW
corrections distort the distribution in the opposite way, their impact being slightly larger and negative at
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Figure 6.2: Same as Fig. 6.1 for the rapidity distribution of the anti-muon (left) and the CS angle cos 6* (right).

large values of | cos #*|. The impact of the mixed QCD-EW corrections is generally below the percent
level, reaching the few percent level in the region of large | cos 6*|.

6.2.2 High invariant-mass region

Besides the resonant region, percent-level precision can be envisaged also for data taken in the region
of high invariant masses. This requires a careful assessment of the impact of EW radiative corrections
and their interplay with QCD effects. Following Ref. [301], we consider proton—proton collisions at
/s = 13 TeV and impose the following cuts on the final-state leptons:

pry+ >53GeV, |yl <24, my, >150GeV. (6.8)

For this setup, a dynamical scale is a more appropriate choice. We use as central values of the renormal-
ization and factorization scales the invariant mass of the dimuon system m,,.

In Fig. 6.3 we show the invariant-mass distribution up to m,,,, = 2 TeV. Excluding the first bin close
to the edge at m,,,, = 150 GeV, imposed by the selection requirements on the leptons, the effect of the
mixed corrections is negative and increasing at higher invariant masses, reaching —5% at m,,,, = 2 TeV.
Such values are comparable with or even larger than the statistical error expected at the end of the
High-Luminosity (HL) phase of the LHC, with a total collected luminosity of 3ab~!. The inclusion of
these corrections should help reducing the theoretical uncertainty on the partonic cross section of the
DY process and, in turn, help constraining the proton PDFs, at large partonic x, in a global fit of collider
data.> The precise knowledge of the higher-order corrections to this distribution is the mandatory starting
point for an analysis which aims at the determination of the running of the MS weak mixing angle [303].

5The possibility that a PDF fit at large invariant masses inadvertently reabsorbs a New Physics signal has been discussed in
Ref. [302].



6.2. Phenomenological results 115

T T T T T T T
m BEZ4 NNLOgcp
10-2 19 NNLOgcp+NLOgw J
= | NNLOgqcp+Mix+NLOgw
> L
5 o1n-3 L - 4
V} 10 -
Q L
) o T
2107+ = 7
g e
= 5 ™
S10-°r = 1
< e
0%+ ==
— P PRI B BN SR B R S |
S
B 9 E ! T T T T T T ]
i
Lo
2 ,
]
g —2r ]
&
o —4r NNLOGop +NLOpw 3
; 6L NNLOQcD+MIX g, TNLOEW 3
% NNLOqcp+Mix+NLOgw
= gL 1 1 1 1 1 1
= T T T T T T T
1.2 ]
5 NLOgw /LO
=BTy —— NLOgep/LO ]
v —— NNLOgep/LO
081 i 1 1 7

1 1 1
250 500 750 1000 1250 1500 1750 2000
My [GeV]

Figure 6.3: Dimuon invariant-mass distribution, in the acceptance setup defined in Section 6.2.2. The structure
of the panels and the color codes are the same as in Fig. 6.1.

We observe that the pattern of the mixed QCD-EW corrections is well approximated by the factorised
ansatz (see Eq. (6.4)). This implies that QCD and EW effects largely factorise in this region of high
invariant masses, as also observed in Ref. [217].

In Fig. 6.4, we show the invariant-mass distributions in the backward and forward regions up to
my,, = 6TeV. We see that the impact of mixed corrections increases as m,,, increases. The effect is
slightly more pronounced in the forward region than in the backward region, following an analogous
effect in the NLO EW corrections. As observed in Fig. 6.3 the factorised ansatz works rather well.

6.2.3 Forward—Backward asymmetry

The Forward—Backward (FB) asymmetry Arp(myy) is one of the main observables for the determination
of the leptonic effective weak mixing angle sin? Hgﬂ. At the LHC, Arp(myy) is defined as the difference
between the cross sections in the forward and backward directions normalized to the total cross section,
differentially with respect to the invariant mass myy of the dilepton system [191,304],

F(myg) — B(myg)

A = . 6.9
ro{met) F(mee) + B(mee) ©
The forward and backward cross sections are given by
1
do
F = dcos @ ——
(mge) /0 L P T (M),
B( )—/Odcose*d"( ) (6.10)
mee) = 1 d cos 0*dmyy mee) '

where cos 0* is defined in Eq. (6.7).
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Figure 6.4: Dimuon invariant-mass distribution, in the acceptance setup defined in Section 6.2.2, in the CMS
bins [301], in the backward (left) and forward (right) regions. The structure of the panels and the colour codes are
the same as in Fig. 6.1.

The FB asymmetry is defined from the identification of the scattering angle of the negatively charged
outgoing lepton, with respect to the direction of the incoming particle, in our case at LO a quark. In
proton—proton collisions, we cannot prepare the partonic initial state or, in other words, we are not aware
of the direction of the incoming quark: each final state receives, at LO, contributions from both quark—
antiquark and antiquark—quark annihilation, listing the partons involved in the hard scattering process
from the first and the second hadron, respectively. If the partonic centre-of-mass system is at rest in
the laboratory frame, y¢, = 0, the invariance of the system under interchange of the incoming hadrons
exactly cancels out all the parity-violating contributions to App(myg). At non-vanishing yz, values, the
quark—antiquark subprocess (with the incoming quark oriented along the rapidity direction) prevails over
the antiquark—quark process, because of the larger weight of the quark PDF with its valence content than
that of the antiquark PDF; the unbalance avoids the cancellation of the parity-violating effects, and we
observe a non-vanishing Arp(my). The slope of the asymmetry, in the Z resonance region, is steeper
for larger y4, values, as illustrated by the different panels in Fig. 6.5.

The experiments run at LEP/SLC [9] have measured the leptonic FB asymmetry at the Z resonance
with a precision of about 6%, which in turn allowed a determination of sin? Hﬁﬁ with a relative error of
about 7 - 1074, Measurements of the FB asymmetry have been performed by the CMS experiment at
8 TeV [305], by the ATLAS experiment at 7 TeV [306] and by the LHCb experiment exploiting data at
7 and 8 TeV [307]. More recently, the CMS experiment has measured A (my) and extracted sin? Qﬁﬁ
from data collected during Run 2 at 13 TeV [308]. These measurements have already reached a precision
better than the percent level.

Given the foreseen increase in statistics in the HL-LHC phase, it is important to investigate the im-
pact of higher-order QCD, EW, and mixed QCD-EW radiative corrections in the theory predictions of
Arp(myg). These effects have been recently studied in the pole approximation [214] in proton—proton
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Figure 6.5: Theoretical predictions for the FB asymmetry for different slices of rapidity of the dimuon final state
at different perturbative orders. Shifts with respect to the LO prediction induced by separate sets of corrections are
reported in the bottom panels.

collisions at 13 TeV. In the following, we present a study on the impact of the exact mixed QCD-EW
corrections to the FB asymmetry, for dimuon production in proton—proton collisions at 8 TeV. We adopt
the setup used by the CMS collaboration for the extraction of sin? Hﬁﬁ [305]:

pr1>25GeV, pro>15GeV, |y, <24, 60 <myu, <120GeV, (6.11)

where pr 1 (pr2) is the transverse momentum of the hardest (second hardest) lepton. We consider
five intervals in the absolute rapidity of the dimuon final state: 0 < |y,,| < 0.4, 0.4 < |yu,| < 0.8,
0.8 < |yuul < 1.2, 1.2 < |yuu| < 1.6 and 1.6 < |y,,| < 2.4. In order to better quantify the impact of
the higher-order corrections, we consider the shifts with respect to the LO prediction for the FB asym-
metry,

AAFp(me) = Af g(mee) — ARG (me) (6.12)

where X = NLOqcp, NLOgw or NNLOyxb. In Fig. 6.5, we show results for App(mg) with an
increasing radiative content. The shifts compared to the LO asymmetry are shown in the bottom panels
of Fig. 6.5.

We first observe that the NLO QCD corrections have a tiny impact throughout the whole invariant-
mass range: the strong interaction is invariant under parity, and QCD corrections largely cancel in the
definition of App(myge). The NLO EW corrections have a large impact, through two distinct mech-
anisms: the large parity-even QED correction contributes mostly due to final-state radiation, which is
particularly important below the Z resonance; the purely weak correction contributes instead to the
parity-violating contribution. These two effects combined yield the largest shift of App(mygs). The
mixed QCD-EW corrections inherit both features from the NLO EW terms, with increasing impact at
larger y,,,, values; they are larger in size than the purely QCD corrections.

The effective weak mixing angle sin® 955 can be determined from the study of App(my) [235]. In
the Z-resonance region App(myy) is generated by the product of vector and axial-vector couplings of

®Here NNLOwix includes only the mixed QCD-EW corrections on top of the LO prediction.
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Figure 6.6: The variation of Arp(my) for a change of the weak mixing angle value by 19 - 1075,

the Z boson to fermions, in the squared Z-exchange diagrams, yielding in turn a sensitivity to the value
of the weak mixing angle, present in the vector coupling. Away from the resonance, the squared Z-
exchange diagrams are kinematically suppressed, Arp(myy) is larger than at the resonance and driven
by the product of the photon vector coupling with the axial coupling of the Z boson. This second
coupling combination has no dependence on the weak mixing angle.

The sin? Gﬁff determination cannot be based on the analysis of one single bin of the Arp(my)
invariant-mass distribution, i.e. the Z-resonance bin, because the result would be swamped by PDF
uncertainties. The latter can be constrained [308], adopting a template fit procedure, which typically re-
quires the analysis of Arp(myy) in the mass window (70, 110) GeV. It is thus necessary to have control
over the radiative corrections in this very region.

In order to illustrate the sensitivity of App(myy) to sin? 9£H, in Fig. 6.6 we study the variation of the
asymmetry induced by a change’ of the weak mixing angle by 1.9 - 1074, a value slightly larger than
the current experimental error on sin? Gﬁﬂ [309]. For the sensitivity estimate, it is sufficient to consider a
variation of the LO Arp(mye) asymmetry, which we present in Fig. 6.6. The extraction of sin? Hgﬁ from
a fit to the experimental data must be performed using the most precise theoretical templates: missing
higher orders could affect the final result inducing a spurious shift of the central value. The size of the
latter can be estimated evaluating the impact of the higher order corrections on Agp (/).

Comparing Fig. 6.5 and Fig. 6.6, we clearly see that the impact of the mixed QCD-EW corrections
is large. Part of the effect is known to be due to QED final-state radiation [214], which is typically
accounted for in the experimental analyses using Monte Carlo parton showers. Nonetheless, when com-
paring Fig. 6.5 and Fig. 6.6, it is evident that a thorough evaluation of the computed corrections will be
essential for accurate future determinations of the effective electroweak mixing angle sin” 6%;.

"Since our calculation is performed with (G, mw,mz, mm) as input parameters of the EW Lagrangian, we induce a
variation of the weak mixing angle by a change of the value of the W-boson mass of 10 MeV.
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6.3 Comparison with massless calculation

In this Section we present a comparison of our results to those of Ref. [217]. To this purpose, the EW
scheme and input parameters are tuned to those of Ref. [217], as far as possible. In Ref. [217] the
selection cuts are

myg > 200GeV,  pp >30GeV, |\ /prepre- > 35GeV,  |yes| <25, (6.13)

and leptons are treated as massless.

It is well known that fiducial cuts applied to bare massless leptons are, in general, not collinear safe
with respect to the emission of a collinear photon off a final-state lepton. The definition of physical
observables requires therefore the introduction of a recombination procedure of photons to a close-by
lepton®. This prevented the authors of Ref. [217] to directly compare their results, valid for dressed or
calo leptons, to the results of Ref. [216], obtained for the case of bare massive muons.

Conversely, our framework, which retains the dependence on the mass of the final-state leptons,
allows us to perform calculations for both bare and dressed leptons. This can be easily understood if
we take seriously the fact that the mass of the lepton acts as the regulator of the final-state collinear
singularity associated with the emission of a photon off a lepton. Indeed, the resulting dead-cone effect
leads to a smooth suppression of the collinear photon radiation at the parton level. In combination with
the qr/mygp > rey requirement, applied at the parton/bare level, this makes the real-emission cross
section finite. We can then apply the recombination procedure to each parton level event, analogously
to what happens for jet cross sections computed with a local subtraction method. We also stress that the
mass of the lepton should not be regarded as an additional cut-off parameter in our formalism (besides
the slicing parameter 7.y¢). Our subtraction formula in Eq. (6.3) indeed retains the exact dependence on
the mass of the lepton, without introducing further approximations.

To summarise, we can compare with the results of Ref. [217] for dressed leptons within our framework
by repeating the calculation for decreasing lepton masses and eventually taking the limit m, — 0. In
practice, we can perform the calculation at a sufficiently small value of the lepton mass, which can be
even larger than the physical mass of the considered leptons, as long as power corrections can be safely
neglected. Our comparison with the results for dressed electrons of Ref. [217] is carried out using a
reference lepton mass my, = m,, = 105.658369 MeV.

The above procedure is consistent with the fact that we are performing an on-shell renormalization
of the electric charge. Instead, one can consider a running coupling constant as, for example, in the MS
scheme with only massless fermions (quarks and leptons) actively running in the beta function, while the
wave functions of the external massive leptons are renormalized on-shell (decoupling scheme). In this
situation, it is well known that an extra correction contribution, proportional to In .z /my, must be added
in passing from the massive to the massless calculation in order to compensate for the different number
of active flavours in the beta function [310].

There is, however, a caveat related to LO photon-induced processes, namely the vy — ¢*¢~ channel.
In this case, the subtraction of the photonic vacuum polarization insertions is usually dealt with relying
on dimensional regularization for the light flavours, whereas, for massive fermions, the mass is used as
the physical regulator. This is consistent with the reabsorption of initial-state collinear singularities into
the renormalization of the parton distribution functions when applying collinear factorization, with the
light flavours treated as active in the MS scheme, whereas the massive flavours are only generated radia-

8In Ref. [217] a lepton and a photon are recombined if their separation in rapidity and azimuth Re, = /A2y, + ASD?W is
smaller than a parameter Rcut = 0.1
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slpbl | ono #(10) #(0.1) #(2,0) HLD)
g | 1561.52(5) | 340.3(3) | —49.77(5) | 44.6(4) | —15.7(7)
a9 — 0.0601(3) — —32.7(2) | 2.15(7)
a7 — — ~0.30(2) — | —0.231(9)
gy — — — - 0.266(1)
99 — — — 2.02(6) —
vy | 59.645(6) — 3.174(9) — —

Table 6.2: The different perturbative contributions to the fiducial cross section in the various partonic channels,
in the setup of Ref. [217].

tively from scales above the pair production threshold. To perform a consistent comparison between our
massive calculation and the massless results available in the literature, this difference in the collinear fac-
torization must be compensated for. In other words, the photon distribution receives an O(«) correction
due to the change of scheme [311], and the cross section in the - channel is modified as

2 2
0,1 2e m

dag%ﬂ)w:o = da’(Y(’)Y:l%e -« 3 ‘ In QE da’%%z ) (6-14)
T UE

which is obtained through the Abelianization of the analogous formula for the case of the gg channel
given in Ref. [310]. From a practical point of view, the logarithmic term on the right-hand side represents
the exact finite shift required to translate our massive computation into the MS factorization scheme
adopted by the massless calculation. Subtracting this term from our massive result ensures a theoretically
consistent, scheme-matched comparison between the two approaches.

In Tab. 6.2, we show our results for different orders in the different partonic channels. Our predictions
for the NLO EW corrections are in very good agreement with those of Ref. [217]. The small difference
for the quark—antiquark (¢q) channel ? is related to the fact we are using a finite lepton mass. Nonetheless,
such a difference is well below the 0.01% level for fiducial cross sections, confirming that the power
corrections in the lepton mass are indeed negligible for the chosen value.

Turning to higher orders, we observe a convincing agreement for the NNLO QCD corrections in
all considered partonic channels with the corresponding results of Ref. [217]. The choice of product
cuts [298] in Eq. (6.13) alleviates the problem of linear power corrections in the ¢ subtraction formal-
ism, leading to a better convergence of the method. Concerning the mixed QCD-EW corrections, we
find agreement within uncertainties in the quark—antiquark channel, which contains the genuine two-loop
virtual contribution, and in the gluon—photon channel. Our result for the correction in the quark—photon
channel is about 10% larger than the corresponding result of Ref. [217]. We note that Ref. [217] quotes
an overall 1% uncertainty on the mixed QCD-EW corrections, but does not provide the numerical ac-
curacy of the separate partonic contributions, so we are unable to assess the significance of this small
discrepancy. If the 10% difference in the quark—photon channel persists after acquiring higher Monte
Carlo statistics, a more in-depth theoretical investigation will be necessary. Possible directions to look
into would be differences in treatment of the renormalization scheme in the complex mass scheme or in
the evaluation of the photon self-energy. In the quark—gluon channel, however, the discrepancy is defi-
nitely significant, our result being about a factor of two larger than the corresponding result of Ref. [217].

°For simplicity, the quark—antiquark channel is assumed to include all possible scattering processes involving quarkanti-
quark, quarkquark, or antiquarkantiquark initial states of any flavour.
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Figure 6.7: Mixed QCD-EW corrections oY) as functions of the parameter 7. in the quark—antiquark (top
left), quark—gluon (bottom left), quark—photon (top right) and gluon—photon (bottom right) channels for two differ-
ent values of the final-state lepton mass, m,; = 1GeV and m, = m,,. Our results are normalized to the m; = m,,
result in the r.,; — O limit.

Despite our efforts and two completely independent numerical implementations, we were unable to ex-
plain this difference. After extensive cross checks, the authors of Ref. [217] informed us that they found
a bug in their implementation. After fixing this bug their result in the quark—gluon is in perfect agreement
with ours. More detailed checks, also at the differential level, are needed for a thorough comparison of
the two calculations.

In Fig. 6.7, we study the dependence on the slicing parameter 7.y for the nominal lepton mass
my = my, and for a larger mass value, my = 1GeV. As expected, the cross-section exhibits a linear
dependence on 7, in the asymptotic limit. The results are consistent with the assumption that the resid-
ual dependence on the lepton mass, after the cancellation of large logarithms between real and virtual
contributions, is indeed power suppressed. We observe that the power corrections of the lepton mass
have a marginal impact on the final result. For comparison, the effect of increasing the lepton mass
to my = 1GeV on NLO EW corrections is to reduce them by about 3%. Our results provide a strong
confirmation that the cancellation of all IR divergencies in our method does take place correctly, thereby
providing a stringent check of the whole calculation.

We conclude this section by presenting further results for dressed leptons, which correspond to the
setup of Sect. 6.2.1. In Table 6.3, we show the corresponding fiducial cross sections. Figure 6.8 displays
the rapidity spectrum and the invariant mass distribution of the dilepton system. As discussed above, we
use a fixed lepton mass, setting m; = m,,, with negligible power corrections. As expected, the effect of
QED final-state radiation is reduced when considering dressed leptons, leading to a decrease in radiative
corrections in the NLO EW and mixed QCD-EW contributions. This effect is more pronounced in the
invariant mass distribution, where the radiative tail below the resonance peak is significantly suppressed.
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+12.7
NLOgw 715.94(8)7136% —19.7(1) —2.7%
NNLOGcp+NLOgw 754.6(5) "0 4% — -
NNLOqcp+mix+NLOgw | 752.4(5) 70 7% —2.1(1) —0.3%
Table 6.3: As in Tab. 6.1 but for dressed leptons.
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Figure 6.8: As in Fig. 6.1 but for dressed leptons.



Chapter

Constraining new physics with SMEFT
global fits

“A blank spot on the map is a fine thing. It is a very fine thing indeed

to see what is there, to go out into the unknown and discover.”
Eric Shipton, English alpinist.

In the preceding Chapters, we dedicated significant effort to pushing the boundaries of theoretical
precision, culminating in the computation of fully differential cross-sections for the NC-DY process at
NNLO QCD-EW level of accuracy. However, producing a high-precision SM prediction is not an end in
itself, but rather an essential prerequisite for isolating the subtle and indirect signatures of BSM physics.

As introduced in Ch. 1, the Standard Model Effective Field Theory (SMEFT) provides a robust,
model-independent framework to parameterize the effects of heavy, unknown new physics by adding to
the SM Lagrangian higher-dimensional operators, scaled by unknown Wilson coefficients. Searching for
new physics therefore becomes a parameter extraction exercise, i.e. we compute theoretical predictions
as functions of these Wilson coefficients and perform a statistical fit to constrain them against precise
experimental measurements. Crucially, the constraining power of such a global fit depends on the signif-
icance of the comparison, which combines both experimental and theoretical errors. If our predictions
suffer from large theoretical uncertainties, such as scale uncertainties or missing higher-order correc-
tions, the resulting error bands will hide the small deviations induced by BSM physics, rendering the fit
insensitive to new phenomena. By reducing theoretical uncertainties through the multi-loop calculations
detailed in this thesis, we ensure that theoretical errors do not become the bottleneck in this statistical
comparison.

Furthermore, a single high-precision measurement is generally insufficient to bound the multidimen-
sional parameter space of the SMEFT. To break the inherent degeneracies between various dimension-six
operators, these highly precise theoretical predictions must be systematically confronted with a vast and
diverse experimental dataset. Our goal in this final Chapter is to translate the theoretical machinery we
have developed into statistically meaningful constraints on the fundamental laws of nature, extracting
limits on Wilson coefficients using current data, and projecting how these bounds will evolve given the
anticipated increase in experimental precision at future colliders. This Chapter has been adapted from [7].

7.1 The framework of SMEFT global fits

If the mass scale of new physics, A, is significantly larger than the electroweak scale (v ~ 246 GeV)
and the typical kinematic reach of the collider, its effects can be systematically parametrized using an
effective field theory approach. The SMEFT provides a model-independent parametrization of BSM ef-
fects by effectively extending the SM Lagrangian by means of higher-dimensional operators constructed
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from SM fields that respect the SU(3). x SU(2)r, x U(1)y local gauge symmetry. The extraction of
meaningful physical constraints from experimental data requires a comprehensive and highly structured
statistical approach known as a global fit.

The primary goal of a global fit is to simultaneously constrain a large set of SMEFT Wilson coeffi-
cients using a vast and diverse array of experimental measurements. Relying on single, isolated observ-
ables to constrain new physics is fundamentally limited by the presence of "flat directions" or parameter
degeneracies. Because multiple dimension-6 operators can contribute to the same physical process, a
deviation (or lack thereof) in a single measurement can often be explained by various combinations of
Wilson coefficients canceling each other out.

To break these degeneracies, one must combine datasets with different kinematic dependencies and
initial/final states. For instance, operators modifying the Z-boson couplings to fermions affect both
pole electroweak precision observables at LEP and the high-energy tails of the Drell-Yan invariant mass
distribution at the LHC. Only by performing a simultaneous global fit to both datasets can the individual
contributions of these operators be disentangled and rigorously bounded.

7.1.1 SMEFIT code

In our study we used the publicly available fitting framework SMEFIT [312]. The latter takes as input
some experimental datasets and their corresponding theoretical predictions. In particular, in the presence
of nep dimension-six SMEFT operators, a general SM cross-section osyt can be written as follows

Top G op Gl
~ /A2 ~ i ~ 1Cj
et (€/A%) = s + E Octti ng + § Ocftij 7a > (7.1)
i=1 ij=1

with Gefs, i/ A? and et ij/ A4 indicating respectively the contributions to the cross-section arising from
the interference with the SM amplitudes and from the square of the EFT ones, once the Wilson coeffi-
cients ¢; are factored out. We explicitly note that the contributions originating from double insertions of
dimension-six operators into the same amplitude, formally O(1/A%), are not included in this parameter-
ization. These cross-sections hence depend on 7, Wilson coefficients and on the cutoff scale A, with
only the ratios ¢/A? being accessible in a model-independent analysis. For this reason, in the follow-
ing we will reabsorb the scale A into the Wilson Coefficients by defining ¢; = ¢&;/A%. Eq. 7.1 can be
generalized when other types of SMEFT operators, e.g. dimension-eight operators, are considered in the
interpretation of the observable.

The terms osm, Oef,; and Gegt ;5 in Eq. 7.1, are inputs to SMEFIT and are provided by means of
external calculations. In this respect, the fitting code is agnostic in the calculational settings used to
produce them, provided they comply with the required format of the theory tables.

The goal of SMEFIT is to determine confidence level in the space of the Wilson coefficients given
an input dataset D and the corresponding theory predictions 7 (¢), with the latter given by Eq. 7.1 or
generalizations thereof. The agreement between the dataset D and a theory hypothesis 7 (¢) is quantified
by the likelihood function £(¢). The wide majority of measurements used in EFT interpretations are
presented as multi-Gaussian distributions, for which the likelihood is given by

Ndat

Le)x [[ exp [ (Tm(e) = D) (cov™), . (Tu(e) = Dy)] . (7.2)

m,n=1
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In such cases, the log-likelihood function (—log £) becomes either a quadratic or a quartic function
of the Wilson coefficients ¢, depending on whether the quadratic terms in the EFT parametrization of
Eq. 7.1 are retained, according to the user specifications in the runcard.

Once a statistical model £(c) for the input dataset D is defined in terms of the theory predictions 7 (¢),
SMEFIT proceeds to determine the most likely values of the Wilson coefficients ¢ and the corresponding
uncertainties by means of a strategy based on Nested Sampling (NS) via the MultiNest library [313,314].
The starting point is Bayes’ theorem relating the posterior probability distribution of the parameters c
given the observed data and the theory hypothesis, P (¢|D, T ), to the likelihood function (conditional
probability) and the prior distribution 7,

D|T,c)P(c|T) L(c)m(c)

P
P(ep, 1) = TP D) ELOEL), 73)

with the Bayesian evidence Z ensuring the normalisation of the posterior distribution,

Z= /ﬁ(c)ﬂ(c) de. (7.4)

By means of Bayesian inference, NS maps the n.,-dimensional integral over the prior density into

X(\) = / m(c)de, (7.5)
{e:L(e)>N}

a one-dimensional function corresponding to the volume of the prior density 7 (c)dc associated to likeli-
hood values greater than . Eq. 7.5 defines a transformation between the prior and posterior distributions
sorted by the likelihood of each point in the EFT parameter space, is evaluated numerically, and results
in ngp samples {c®} providing a representation of the posterior probability distribution from which
one can evaluate confidence level intervals and related statistical estimators. The default SMEFIT anal-
yses assumes a flat prior volume 7(c), although implementing alternative functional forms for the prior
volume is an option available to the user.

One benefit of sampling methods such as NS is that they bypass limitations of numerical optimisation
techniques such as local minima preventing reaching the absolute minimum, with a drawback being that
the computational resources required in NS grow exponentially with the dimensionality np.

The output of a SMEFIT analysis consists on the posterior probability distributions associated to the
fit coefficients c as well as ancillary statistical estimators such as the fit quality per dataset. This output
can be processed and visualized by means of a fit report, which is generated by specifying a separate
runcard either for an individual fit or for pair-wise (or multiple) comparisons between fits.

By modifying this dedicated runcard the user can specify what to display in the report, with cur-
rently available options including comparisons between SM and best-fit EFT predictions for individual
datasets, posterior distributions with associated correlation and confidence level bar plots, two-parameter
contour plots, the log-likelihood distribution among replicas or samples, Fisher matrix by dataset, and
the outcome of the PCA analysis among others.

7.1.2 SMEFT Operator Basis

At mass dimension six, the SMEFT Lagrangian contains 2499 independent operators (including flavor
and CP-violating structures, but not baryon and lepton number violating ones). In practice, it is impossi-
ble to constrain this entire parameter space simultaneously with current data. Therefore, a global fit must
adopt a specific non-redundant basis and a well-defined truncation strategy.
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In the following, we summarise the definitions of the SMEFT operator basis we used in our study. For
each operator, we indicate its definition in terms of the SM fields, and the conventions that are used both
for the operator and for the coefficient. For the predictions, we adopt the Warsaw basis of dimension-six
operators [40] assuming a U (2) 4, XU (2)y, XU (3)ax % (U(1)¢xU(1)e)? flavour symmetry, subsequently
restricted to U(2)4, X U(2)yy X U(3)a, x U(3)e x U(3)e at the level of the global fits. This assumption
corresponds to a U(2) flavour symmetry framework [315,316]. This specific structure is motivated by the
large top-quark mass, explicitly isolating the third-generation quarks from the first two light generations.
In practice, this symmetry strongly restricts the structure of New Physics deviations in flavour-changing
neutral currents since, in the exact symmetry limit, transitions between the light generations and the third
generation are strictly forbidden.

» Table 7.1 lists the purely bosonic dimension-six SMEFT operators entering our basis. These op-
erators modify the production and decay of Higgs bosons and the interactions of the gluons and
electroweak gauge bosons. See [317] for more details.

» Table 7.2 lists the operators containing two fermion fields, either quarks or leptons. The two-
fermion operators are classified in three groups: those involving 3rd generation quarks, those
involving 1st and 2nd generation quarks, and those involving two leptons. For the latter (two
lepton operators), the flavour index j runs from 1 to 3 following our flavour assumptions. Note
that our basis includes the two-fermion operators modifying the Yukawa couplings of the top,
bottom, and charm quarks (¢, Cpy, Ccp) and of the tau and muon leptons (¢, ¢,p). In Table 7.2,
the coefficients indicated with (*) do not correspond to physical degrees of freedom in the fit, but
are rather replaced by cf(;]), c;_Q), and c;z.

» Table 7.3 collects the definition of the four-fermion coefficients that enter in the predictions in
terms of the coefficients of Warsaw basis operators. These four fermion operators, involving ei-
ther four-heavy quarks (4H), two-light-two-heavy quarks (2L2H), two-leptons-two-heavy quarks
(212Q) or two-leptons-two-light quarks (212q), are defined as

iy ug) (deyudy),

”’“” VT A (dy, TAdy)

ORI = (v 4;) (Tvua),
O3 = (qiy" " ¢3) (@’ @),
O = (giy" q;) (Tpym)
O = (g T4 q;) (wryu T wy),
T = (@747 (i), (7.6)
Z]kl) = (" T q;) (dyy TAdy),
““> = (") (W),
Lk _ (7,1
= (U

Moreover we include the four-lepton (41) operators
jklm =z —
O™ = (L) (L")
O™ = (Lyuly) (erv"em) . (1.7)
OLM™ = (ejuer) (en''em) -
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Operator Coefficient Definition Operator Coefficient Definition

o Cot (¢lp) GR“ G, | Oun Coll (¥T0)O(¢T)

O,s CoB (‘PTSO) B" By Ocp CoD (‘PTD#SO)T(QOTDMO)
Opw CoW (elo) W WL, | Ow CWWW erggkWLW7ve Wy
O,ws CowB (#7200 BWy, | Oy Cp (¥Tp)?

Table 7.1: The purely bosonic dimension-six SMEFT operators entering our basis. These operators modify the
production and decay of Higgs bosons and the interactions of the electroweak gauge bosons. For each operator,
we indicate its definition in terms of the SM fields, and the conventions that are used both for the operator and for
the coefficient. See [317] for more details.

The flavour index ¢ is either 1 or 2, and j is either 1, 2 or 3.

In the global fits which will be presented in Sect. 7.2 we impose a U(3); x U(3), symmetry in the
lepton sector. In total, the number of independent degrees of freedom is 1, = 61. The flavour universal
coefficients definitions are trivially derived by identifying all lepton flavour indices. The four-lepton

operator (’)%klm), is split into two invariants, such that [318]

nglm _ cggéjk(Slm + Cée(gjm(;lk ) (7.8)

The coefficients used in the fit are classified into the different groups of operators as specified in Table 7.4.
For each operator class, we indicate the number of members and the degrees of freedom considered in
the SMEFT global fit, see Tables 7.1-7.3 for the corresponding definitions.

7.1.3 Experimental datasets and Drell-Yan

The LHC dataset used in this work follows the one adopted in [319, 320] with two extensions. First,
the inclusion of Drell-Yan production, specifically of the CMS 13 TeV measurement of [301] which is
particularly relevant to constrain the four-fermion operators composed of two quark and two leptonic
fields, namely:

_ 3 — 3
ngg)v csz CQe, Cte, Cte, c((lf )7 CL(]Z)7 Cqes Cluy Cldy Ceus Ced - (79)

In particular, c(Q_), 082 cQe, enter at LO through the bb channel, while ¢;y and ¢, start contributing at
NLO. Second, the ATLAS measurement of Z production in vector boson fusion (VBF) at 13 TeV [321],
which provides independent constraints on the modifications of the Triple Gauge Couplings.

The CMS Z’ dilepton search of [301] can be recasted as a measurement of neutral-current DY pro-
duction. This analysis targets the high invariant mass region for the dilepton pair, which is particularly
sensitive to two-lepton-two-quark operators due to energy growing effects [322,323]. The CMS dataset,
in particular, provides the full Run-2 statistics and extends the dilepton invariant-mass reach up to 6
TeV [324]. In our study, we retain the n, = 79 bins with my, > 500 GeV. For each bin ¢, the CMS
analysis reports the observed dilepton yield, n; ¢¢, as well as the corresponding SM expectation b; sm,
which contains contributions from DY, top, and diboson production. To isolate the DY signal, n;, we
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Operator ~ Coeffi- Operator  Coeffi- Definition
cient cient
3rd generation quarks
1) 1) x ; TH ) A/l ez ~ 1
0.9 Q) (*) z(go D, cp) (Q ~y Q) O crw Z(QT T t) eW,, +hec.
<~ _ —
0% o i(p' D) (@ 7'Q) | Ous cp (%) i(QTM 1) ¢ B, + hec.
ch_Q) Ctz =56 CtB + Co Ctw
© _ _
O, Cot i(goT D, <p) (t ~H t) O,c e, igs (QT‘“V T t) %) G/‘:‘V +h.c.
O,, Cty (¢Te) Qt @ +hec. Oy, Chyp (¢T) @by +hec.
Ist, 2nd generation quarks
oW () % (oD 7 " 1) (ot D s M
b Coi ) 2 H(¢"Due) (@ ) ou Cou 2 i(e" Dy ) (7" ws)
,2 i=1,2
0B 3) j TB i ra) O j TB d:~"d
¢q Ceq > 2(90 uTI‘P)(qW T q%) pd Cod 2(90 7 ‘P)( iy J)
j=1,2,3
cg(z;l) O., Cep (pTap) G2c @ + h.c.
two-leptons
. <_) 7 . H —_
o Cot i(0 Dy o) (€57 5) Ope Cpe i(¢"Dyuy) (e e)
) (3) (D gy (oD 0 A
Ohvi Cot, (" Dy rip) (64" 7'C5) O, Cop (" Dy ) (1" 1)
_ <~
(O Cuyp cpTgo) Uy + h.c. O, Cor i(cpTDu <p) (? ~H T)
O, Cro cpTgo) 037 +he.

Table 7.2: Same as Table 7.1 for the operators containing two fermion fields, either quarks or leptons. Thy are
classified in three groups: those involving 3rd generation quarks, those involving 1st and 2nd generation quarks,
and those involving two leptons. For the latter (two-lepton operators), the flavour index j runs from 1 to 3: with
the flavour assumptions adopted in this work, these coefficients will be the same regardless of the specific values
that 5 takes. The coefficients indicated with (*) do not correspond to degrees of freedom in the fit, but are rather

(

replaced by c@), cf;Q), and ¢;z.
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DoF Definition (in Warsaw basis notation) | DoF Definition (in Warsaw basis notation)

4-heavy-quark operators

cb o 20;513333) B % 0283333) ch 0 802,(13333)
cb . 0(11 7&3333) ch t 02123333)
el L gf333)
2-light-2-heavy quark operators
652 (1332) 1 3 3(z33z) Cég ; (2233) n (1; ;511331) +1 q(133z)
6522,2 Cégig?ﬂ) 2((11331) ci’g ; ng¢¢33) n é (ngz33z) B ngz33i))
qu ng(ji33) Cth C;gii33)
Al e i g
c% . 02533“) Cé) . 03233@)
G T
Cst 0223?0']') de 0(11233jj)
2-heavy-quark-2-lepton operators
622_3)1 6}51133) B 6%1133) 08421 0%1133)
ngl 6}53333) B 6%3333) 08423 0:253333)
coe Cgﬂl) cor c((]?é333)
Cte 3 Cir c3333)
o G
2-light-quark-2-lepton operators
ngl) cééllii) %mz) C((IZ Cz,énii)
Cqe CS,ZZ“)
Coru Céilii) Cord Cgllm
Cen ™ Ced o

Table 7.3: Definition of the four-fermion coefficients that enter in the fit in terms of the coefficients of Warsaw
basis operators of Eq. (7.7). These coefficients are classified into four-heavy-quark, and two-light-two-heavy-
quark, 2-heavy-quark-2-lepton, and 2-light-quark-2-lepton operators. The flavour index ¢ is either 1 or 2, and j is
either 1, 2 or 3: with the flavour assumptions adopted in this work, these coefficients will be the same regardless
of the specific values that ¢ and j take.
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Operator class Subclass Nop Wilson Coefficients
Purely bosonic (B) 8 | CoGs CoBs Colls CoDs CWWW s Cps CoW > CoW B
3rd gen quarks 8 nglgg’ Ctw s Cgc)g’ CtB> Cot»> Ct@s Cips Chyp
Two-fermion (2F) Ist, 2nd gen quarks | 5 ng) , Cgfq) s Cods Cpus Cep
two-lepton (2£) 5 Cots C‘(;)g), Cyes Cup> Cro
4H 5 CbQ? C%Q? Cbt’ C%t’ cy
il i iyl
2L2H 14
Four-fermion (4F) C%u, CSQU’ Cbu’ Cfd’ C%d, C%d’ Céd
2H2/ 5 ng), Cg’z, CQes Ctes Cte
21.2¢ 7 cgz), c((;), Cqes Clus Clds Ceus Ced
4¢ 4 Cets Cyps Cles Cee
Total 61 -

Table 7.4: Overview of Wilson coefficients associated to the dimension-six SMEFT operators that compose our
fitting basis. For each operator class, we indicate the number of members and the degrees of freedom considered
in the SMEFT global fit. See Tables 7.1-7.3 for the corresponding definitions. Here ‘H’ stands for a heavy quark
field, L for a light quark field, and ¢ for a leptonic field. The index 7 for the 2-lepton operators runs from 1 to 3 in
our flavour assumptions.
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subtract the non-DY background (top and diboson) from the observed yield,
n; = ni e — by, (7.10)
where the non-DY background, b;, is obtained as
bi = bism — a; dism - (7.11)

Here d; sm denotes our prediction for the DY event yields based on MADGRAPH5_AMC@NLO [20], and
a; represents the experimental acceptance and selection efficiency. Theoretical predictions for the DY
differential distributions in the SMEFT, d; smrrT, have been computed using MADGRAPH5S_AMC @NLO
together with SMEFTsiM [318] and SMEFTATNLO [325], the latter by means of a dedicated version
extended to two-lepton-two-quark (2L2Q) operators, for the LO and NLO QCD calculations respectively.
Several cross-checks have been performed between SMEFTSIM and our new implementation of 2L2Q
operators in SMEFTATNLO, finding agreement. This way, we obtain the expected number of events in
the i-th bin as a function of the Wilson coefficients as y; = a; d; SMEFT-

Since we focus on the tails of the distributions, where a small number of events is observed, for this
dataset the likelihood is non-Gaussian and is instead given by the product of Poisson probabilities per
bin:

mn ;"

Llni i) = [[ e (7.12)
i=1 "

The best-fit values for the Wilson coefficients are then determined by minimising the difference between
the experimental and theoretical likelihoods,

m
D = —2(log L(n;,y;) — log L(n;,n;)) = QZ (yi —n; + n;log T;) , (7.13)
i=1 !
through the external likelihood module of SMEFIT. We note that the Poissonian likelihood of Eq. 7.12
introduces non-linear effects even in the O (A‘z) fits, and hence one may find non-Gaussian posteriors
in linear EFT fits which include this DY dataset. In practice, we find that deviations from Gaussianity
are small.

Concerning the Zjj production in vector boson fusion from ATLAS [321] at 13 TeV, here we include
the ng,¢ = 12 bins of the absolute differential distribution in Ay, ;, namely the difference in azimuthal
angle between the two tagged VBF jets of the event. This distribution is known to provide good sensi-
tivity to modifications in the triple-gauge coupling cyyww [326]. For this dataset, theoretical SMEFT
predictions have been computed at LO in MADGRAPH5_AMC @NLO interfaced with SMEFTATNLO.

7.1.4 Projections for lepton colliders

In our study, we consider also projections for future lepton collider observables. The full dataset, includ-
ing theoretical SM and SMEFT predictions, and the projected experimental and theoretical uncertain-
ties, are publicly available in the SMEFIT database, https://github.com/LHCfitNikhef/
smefit_database, to which we refer the reader for more detailed information.

Table 7.5 summarizes the running scenarios assumed for the projections considered in this work
following the European Strategy for Particle Physics Update 2026 (ESPPU26) submitted inputs. For
each collider, we indicate the geometry, the number of interaction points (IPs), the beam polarisation, the
centre of mass energy, and the integrated luminosity.


https://github.com/LHCfitNikhef/smefit_database
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Collider Geometry, # IPs | Beam Polarisation (¢, e™) | Energy (v/s) | Luminosity (Lin)
91.2 GeV 48 ab~!
LEP3 Circular, 2 IPs Unpolarised 160 GeV 56ab !
230 GeV 2.304 ab™ !
91.2 GeV 205 ab~ !
161 GeV 192 ab~?
FCC-ee Circular, 4 IPs Unpolarised
240 GeV 10.8 ab~!
365 GeV 3.12ab7 !
91.2 GeV 0.1ab!
250 GeV 3ab~!
(F80%, £30%)
LCF Linear, 1 IP 350 GeV 0.2ab"?
550 GeV 4(8)ab!
(F80%, +20%) 1000 GeV 8(0)ab™!

Table 7.5: The assumed running scenarios for the LEP3, FCC-ee and LCF colliders. In the case of LCF, the
luminosities correspond to the LCF550 program, while those in parentheses correspond to LCF1000 (see text for
the details).

LEP3. LEP3 is a proposed electron-positron collider operating as an electroweak and Higgs factory
in the LHC tunnel. Here we follow [327] and assume three different runs at three different /s and two
IPs for the operation of LEP3. The Z-pole run at 91.2 GeV would run for 5 years at an integrated lumi-
nosity per year and per IP of 4.8 ab™!, resulting in a total luminosity of 48 ab~!. The WW threshold
run at 160 GeV would last 4 years, collecting a total of 5.6 ab~*. The Higgs factory ZH run at 230 GeV
would collect a total of 2.304 ab~!. The statistical uncertainties for LEP3 observables are obtained by

rescaling the corresponding ones from the FCC-ee by the luminosity ratio \/ L1EP3/ LFCC—ce, While the
systematic uncertainties are kept the same as for FCC-ee (though we note that dedicated detector simu-
lations are missing for LEP3). In terms of input observables, for LEP3 we consider the same processes
as for FCC-ee, with the exception of those belonging to the y/s = 365 GeV run which are not accessible
at LEP3.

FCC-ee. In the integrated FCC program [328,329], an electron-positron collider (FCC-ee) operating
in a new 91 km tunnel would be followed by an hadron-hadron collider (FCC-hh) with centre of mass
energies between 70 TeV and 120 TeV, depending on the chosen magnet technology. The FCC-ee inputs
used in this analysis are described in [330] and have been updated following the Feasibility Report [328,
329] studies submitted to the ESPPU26, with projected experimental uncertainties taken from [331,332].

The Z-pole measurements considered for the FCC-ee are the following: the electroweak coupling
constant o(my) and the Electroweak Precision Observables (EWPOs), namely the total Z width 'z,
the total cross section into hadrons Uﬂad, the ratios to difermion final states R, R, R, Ry, R, and the
corresponding forward-backward asymmetries A., A,,, A;, Ay, A..



7.1. The framework of SMEFT global fits 133

For the data-taking at /s = 240 GeV and /s = 365 GeV, we consider projections for single Higgs
production, difermion production, and the total cross section into hadrons aﬁad. Specifically, for single
Higgs production, we consider the H Z channel (both inclusive cross section and its decays to the bb, c¢,
99. WW,ZZ,~Z,yy 7 7 and u"pu~ final states) and the VBF channel (only hadronic Higgs decays
at 240 GeV, and all channels except "~ at 365 GeV). For difermion production, we include both the
forward-backward asymmetries (A., A,,, A7, Ay, A.) and the associated partial ratios (R, R, Ry, R.),
except for the eTe™ final state which is included as total production rate (in addition to A.),

Additional constraints provided by the FCC-ee projections arise from W W~ production (total rate,
branching fractions, optimal observables for the fully- and semi-leptonic final states) at 161 GeV, 240
GeV, and 365 GeV. We also consider the optimal observables for ¢¢ production at /s = 365 GeV. For
the latter, a 10% selection efficiency to reconstruct the ¢ system is assumed.

LCFE. Several possible realisations of a linear electron-positron collider, from the International Lin-
ear Collider (ILC) in Japan to the Compact Linear Collider (CLIC) at CERN have been proposed for
consideration. Here we adopt as a benchmark the settings of the Linear Collider Facility (LCF) vision
for CERN’s future [333]. As indicated in Table 7.5, the LCF would run at five different energies, from
a Giga-Z run at 91.2 GeV and Higgs and top quark factory runs at 250 GeV and 350 GeV to the high-
energy runs at 550 GeV and 1 TeV. An alternative running scenario is also being considered, where the
1 TeV run is replaced by a longer 550 GeV run collecting 8 ab™ ! of luminosity. In this work, these
scenarios are labelled as LCF550 and LCF1000. In Table 7.5 we indicate in brackets the luminosities
corresponding to LCF550.

A unique feature of linear colliders is the possibility of polarising the lepton beams, which provides
additional sensitivity to the electroweak couplings. The polarised e~ and e beams of the LCF with
polarisations P = (P_, Py ) contain the following fractions of right and left-handed particles [334]:

1+ Py 1-Py
fr(e)=——=,  fule)=——, (7.14)
e.g. a beam with polarisation P = (+80%, —20%) results in handedness fractions of
fr(e™) =90%, fr(e™)=10%, fr(e")=40%, fr(e")=60%, (7.15)

and hence collisions dominated by the e, + ez initial state. Since right- and left-handed fermions are
charged differently under the SU(2), ®U (1)y gauge group, varying polarisations probe different aspects
of the electroweak interactions, enhancing sensitivity to BSM deviations in electroweak couplings.

In terms of experimental input, for the LCF projections considered in this work we include the fol-
lowing observables:

* a(myz) and EWPOs, measured at /s = 250 GeV via radiative return. EWPOs are also measured
in the Giga-Z run at 91 GeV.

* Single Higgs production in the ZH channel, measured both inclusively and in different decay
channels at /s = 250, 350 and 550 GeV.

» Single Higgs production in the VBF channel, accessible in the different final states at 350, 550 and
1000 GeV. For the run at /s = 250 GeV, only the bb final state is available.

* The total rate and forward-backward asymmetries in difermion production, measured at all ener-
gies.
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e W+W ™ optimal observables, included for all energies.

* tt optimal observables, included for all runs with Vs > 350 GeV, with a 10% selection efficiency
assumed up to 550 GeV and then a 6% efficiency for the 1000 GeV run.

* The high-energy runs at /s = 550 GeV and 1 TeV give access to t¢H and double Higgs pro-
duction, providing direct sensitivity to the top Yukawa coupling and to the Higgs self-coupling,
respectively. Here we include the total inclusive cross sections for ttH and H H production at
these two energies, for the latter considering both VBF (W+W ™ fusion) and associated ZH H
production.

7.1.5 Theoretical uncertainties

In previous SMEFIT analyses [319, 330] they considered two scenarios for the theoretical uncertainties
affecting projections for EWPOs at future lepton colliders: the current level of theory errors, and no
theory errors at all. Here we expand this treatment to take into account two additional scenarios for theory
uncertainties in SM predictions discussed in the Physics Briefing Book (PBB) [335], namely the so-called
‘conservative’ and ‘aggressive’ scenarios. In the following, we consider SM theory uncertainties for the
following lepton collider observables: Higgs production and decay, Z pole EWPOs, WW production,
and W branching ratios. The four scenarios for SM theory uncertainties for lepton colliders that are used
for this work are:

* Current: theoretical uncertainties on SM processes at future lepton colliders are assumed to be of
the same size as current estimates.

» Conservative: theoretical uncertainties on lepton collider processes are assumed to improve by a
moderate amount, based on the expansion of existing higher-order computational techniques.

» Aggressive: we assume a substantial improvement of theoretical uncertainties, which would re-
quire breakthroughs in higher-order calculation methods.

e Ideal: we assume all SM theory uncertainties at future colliders are sub-dominant compared to
experimental precision and can be neglected.

In addition to theoretical uncertainties from the PBB, we include for Z pole observables (EWPOs and
a) the effect of parametric uncertainties arising from the propagation of experimental uncertainty on the
measurement of input parameters. The impact of parametric uncertainties is highly correlated, but these
correlations were neglected in previous SMEFIT analyses. Here we take them into account by including
their full theory covariance. This was done using the code presented in [336] for LEP and for future
colliders, by implementing the projected uncertainties on input parameters. In the G, scheme, these are

{mW7 mgz, G/Lv mmg,mg, OCS}.

7.2 Global SMEFT analysis

In this section we present results for the global SMEFT fit at the three eTe™ colliders listed in Table 7.5:
LEP3, FCC-ee, and LCF. For LCF, we consider both the LCF550 (without the 1 TeV run, but with higher
luminosity at /s = 550 GeV) and the LCF1000 variants separately. While comparing the projections
from these three colliders among them, we also quantify the impact of quadratic EFT corrections, how the
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sensitivity to SMEFT operators varies in the different scenarios on the theoretical uncertainties associated
to the SM predictions, and revisit the study of [319] for the Higgs self-coupling at the HL-LHC and future
electron-positron colliders.

In this section, we show results for the n,, = 61 Wilson coefficients that compose our fitting basis
evaluated at the reference scale pp = 10 TeV. The reference scale p is introduced by renormalization
procedure. While physical observables do not depend on it, the Wilson coefficients do, and their scale
dependence is determined by Renormalization Group Equations (RGEs). We set 1o = 10 TeV to reflect
a possible mass scale of heavy new physics, without committing to any particular UV model. This min-
imizes large logarithms when matching our EFT results onto explicit UV-complete models. Choosing a
lower scale motivated by high-precision measurements, such as mz would leave the physical observables
invariant but shift the mathematical representation of the fit. Applying the RGE evolution matrix to trans-
late our results down to m»z would rotate the basis: central values would shift, errors would redistribute,
and our single-parameter individual fits would appear as highly correlated, multi-operator scenarios at
the lower scale. Furthermore, we present our results both in global fits, where all n,;, Wilson coefficients
are allowed to float simultaneously and are subsequently marginalised, as well as in individual fits. In the
latter, only a single Wilson coefficient is assumed to be non-zero at the high scale pig = 10 TeV, though
the coefficients of additional operators may be induced at the experimental scale via RGE mixing.

First, we present in Sect. 7.2.1 results for the baseline fits, carried out at the linear level in the EFT ex-
pansion and account for theoretical uncertainties in the aggressive scenario. Then we study in Sect. 7.2.2
the impact of quadratic EFT corrections in the global fit. Subsequently, Sect. 7.2.3 presents results for
the four scenarios for the theoretical uncertainties discussed in Sect. 7.1.5.

7.2.1 Baseline results

For the presentation of the results in this section, we cluster the Wilson coefficients into different families:
those associated with four-heavy-quark (4H), two-light-two-heavy quark (2L2H), purely bosonic (B),
two-lepton-two-light-quark (2£2q), two-fermion (2FB), two-lepton-two-heavy-quark (2¢2Q), and four-
lepton (4¢) operators. We start by presenting our baseline results for the global SMEFT fit, which are ob-
tained with settings aligned whenever possible with those of the ESPPU26 Physics Briefing Book [335].
In particular, here we consider as baseline linear EFT calculations and the aggressive scenario for theo-
retical uncertainties at lepton colliders, and subsequently explore the impact of varying these settings.

To begin with, Fig. 7.1 displays the 95% C.I. bounds obtained for the Wilson coefficients in the
SMEFT analysis, comparing the outcome of individual and global marginalised fits for the HL-LHC,
LEP3, FCC-ee, LCF550, and LCF1000 projections. Note that since we absorb factors of A~2 in our
definition of the Wilson coefficients ¢;, these are dimensionful and have units of TeV~2. These fits are
carried out at O (A*Q) in the EFT expansion; results accounting for quadratic corrections are presented
in Sect. 7.2.2. One-loop RGE effects are included, and theoretical uncertainties are included in the
‘aggressive’ scenario; the impact of varying the latter is quantified in Sect. 7.2.3. In all cases, the bounds
on the Wilson coefficients are provided at the reference scale of ug = 10 TeV.

The same information contained in Fig. 7.1 for the constraints of the different Wilson coefficients
can be presented with alternative visualisations to facilitate its perusal. To this end, Figs. 7.2 and 7.3
display the same bounds as in Fig. 7.1, now in a spider-plot format, with the projected uncertainties in
the bounds on the Wilson coefficients displayed as ratios to the HL-LHC expectations, for individual and
global marginalised fits respectively. Specifically, we plot the metric Rs.,, defined as the ratio between
the magnitude of the 95% C.I. interval for a given EFT coefficient ¢; obtained in a future collider fit, to
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Figure 7.1: Results (length of the 95% C.I. bounds) of individual (triangles) and global marginalised (filled bars)
fits to the projections for different future colliders for the no, = 61 Wilson coefficients that compose our basis,
displayed at the reference scale of pip = 10 TeV. These fits are carried out at the linear level, O (A‘z), in the EFT
expansion, account for RGE effects, and assume the aggressive scenario for theory uncertainties.
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that of the same quantity in the HL-LHC fit:
[cmin | cimax] 9% CI (HL-LHC + future collider)

Rse; = :
’ [emin emax] 9% gy, T HC)

T (7.16)

Therefore, in Figs. 7.2 and 7.3, for a given coefficient c;, the smaller the value of Rs., the more significant
the impact of the new data. Note also the logarithmic scale of the radial axis, and that the Wilson
coefficients are clustered in terms of the categories defined in Table 7.4. Furthermore, Fig. 7.4 shows the
same results as in Fig. 7.1 presented as bounds on A = 1/4/¢; (), which can be interpreted as the mass
scale being probed by the SMEFT analysis for Wilson coefficients of order unity at the reference scale
wo = 10 TeV.

To further streamline the interpretation of the results presented in Figs. 7.1-7.4, we also display in
Fig. 7.5 the diagonal entries of the Fisher information matrix [317], evaluated at linear order in the EFT
expansion for the LEP3, FCC-ee and LCF projections, in all cases with LEP and HL-LHC included. For
the purposes of this Fisher information analysis, we cluster the input datasets into three groups: LEP,
HL-LHC, and either LEP3, FCC-ee or LCF, in the latter case separating the different /s runs. Each
row of the table is normalised to 100. The larger the entry of these Fisher information matrices, the
more dominant a specific dataset is in determining the corresponding operator in the case of individual
fits. For instance, from Fig. 7.5 one observes that at the FCC-ee all four-quark operators are constrained
predominantly by the Tera-Z observables, while for the LCF the impact of the Z-pole run for these
operators is mostly subdominant and is instead driven by the energy runs above the Z-pole. As another
example, at the LCF the two- and four-lepton operators are mostly determined by the /s = 1 TeV run,
while at the FCC-ee they are mostly constrained by the runs at /s = 240 and 365 GeV.

We now comment on some of the main features observed from Figs. 7.1-7.5.

Individual versus marginalised fits. Comparing bounds obtained from individual (one-parameter)
fits and marginalised fits in Figs. 7.1-7.4, a first observation is that the bounds obtained in the global
marginalised case are in many cases much looser, often by orders of magnitude. This is the case for most
of the four-fermion operators, both those including quarks and those with leptons, and also for some of
the purely bosonic and two-fermion operators. These differences arise because, in the global fit (espe-
cially in the linear case), variations in one coefficient may be compensated with correlated variations of
other coefficients while still leading to a satisfactory description of the experimental data, hence leading
to a degradation of the bounds.

Individual and global marginalised bounds are instead similar for those Wilson coefficients that are
weakly correlated in the global fit. Operators falling in this category include for example the self-
coupling ¢, at the HL-LHC and LCF, which can directly be constrained from the di-Higgs production
cross-section. Similar observations were made when comparing individual and marginalised fits in pre-
vious analysis [319].

Any realistic UV completion of the SM model will activate only a subset of dimension-six Wilson
coefficients. At the same time, only very simple UV extensions would activate only a single SMEFT
coefficient at the matching scale pg. Hence the results presented in Figs. 7.1-7.4 need to be understood
as bracketing what would be obtained for specific UV scenarios, where the bounds obtained will be more
stringent than in the global fit, but looser as compared to the one-parameter analysis.

Analysis of individual bounds. The spider plot of Fig. 7.2 quantifies the expected improvement in
the individual bounds for the Wilson coefficients that form our fitting basis in light of the future collider
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Ratio of Uncertainties to HL-LHC Baseline O (A‘Q) , Individual

== LEP3 =0— FCC-ee == LCF550 =&— LCF1000

Figure 7.2: Same as Fig. 7.1 now with the projected uncertainties in the individual bounds on the Wilson coeffi-
cients in a linear SMEFT fit with aggressive theory uncertainties displayed as ratios to the HL-LHC expectations,
Eq. (7.16). We compare LEP3, FCC-ee, LCF550, and LCF1000. Note the logarithmic scale of the radial axis. The
Wilson coefficients are clustered in terms of the categories defined in Table 7.4.
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Ratio of Uncertainties to HL-LHC Baseline O (A‘z) , Marginalised

=—d— LEP3 =0 FCC-ce == LCF550 == LCF1000

Figure 7.3: Same as Fig. 7.2 for the global marginalised bounds.
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Figure 7.4: Same as Fig. 7.1 for the lower bounds on the mass scale A = ¢; /" (10), which can be interpreted as
the characteristic NP mass scale being probed by the SMEFT analysis assuming Wilson coefficients of order unity.
Results are evaluated at the reference energy scale of ;19 = 10 TeV.
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Figure 7.5: The entries of the Fisher information matrix, evaluated at linear order in the EFT expansion, for the
fits based on the LEP3, FCC-ee, LCF-550 and LCF-1000 projections (from left to right). For this analysis, we
cluster the input datasets into three groups: LEP, HL-LHC, and either LEP3, FCC-ee, or LCF respectively, in the
latter case separating the different /s runs. Theoretical uncertainties are included in the aggressive scenario.
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projections with respect to the HL-LHC baseline. Overall, the FCC-ee displays the best performance,
with significant reduction of the bounds on the Wilson coefficients in all categories. For many directions
in the SMEFT parameter space, the improvements of the FCC-ee as compared to the HL-LHC are better
by a factor of at least 20. We note that these improvements also apply to operators, such as the two-light-
two-heavy and four-heavy quark types, which are not directly accessed at lepton colliders but to which
the fit is sensitive through loop effects via RGE evolution.

One also finds that a small number of operators will not be significantly improved in any of the future
colliders considered compared to the HL-LHC, such as the top and muon Yukawa couplings c;, and
Cup» Tor which a higher-energy proton-proton or muon collider would be needed, or the purely bosonic
operators c i and c,pg. In the specific case of the top Yukawa coupling, we remark that our HL-LHC
projections are not based on targeted analyses, and that variations of the correlation model for Higgs
measurements at the HL-LHC can modify these expectations.

The LCF reach dominates over the FCC-ee one for some of the operators involving leptons, since
these benefit from an increased sensitivity at the higher energy runs at /s = 550 GeV and 1 TeV. The
LCF results are instead less competitive than the FCC-ee ones for the two-fermion-bosonic operators
and most of the four-quark operators. These operators are constrained via RGE running to the Z-pole
observables and are more weakly constrained at the Giga-Z and /s = 250 GeV runs of the LCF than at
the Tera-Z run of the FCC-ee (and to a lesser extent of LEP3). We note in particular that the Tera-Z run
at the FCC-ee is scheduled to have a luminosity almost 70 times larger than the Giga-Z and /s = 250
GeV runs combined at the LCF.

When considering individual bounds for the Wilson coefficients, LEP3 offers a competitive perfor-
mance for most operators considered. The degradation of the bounds as compared to FCC-ee is typically
around a factor two. As in the case of FCC-ee, individual fits at LEP3 constrain two-lepton-two-heavy
quark operators even in the absence of the ete™ — tf run through RGE evolution to the lower /s
observables.

Analysis of global marginalised bounds. When comparing the improvement in the bounds to
the HL-LHC baseline for the global marginalised fits in Fig. 7.3, one observes qualitative differences
as compared to the corresponding results at the individual fit level of Fig. 7.2. First, an inversion of
the relative hierarchy in reach for the various colliders: while for individual fits FCC-ee is typically
superior with a handful of exceptions, in the global marginalised fits the best performance is achieved
by the LCF, especially if the run at /s = 1 TeV is taken into account. Second, the improvements with
respect to the HL-LHC that could be obtained at the FCC-ee are now moderate, specifically for the two-
light-two-heavy four quark operators. Third, LEP3, which was competitive with the other colliders in the
individual fit, now leads to the worst constraints for all the operators, with, in many cases only a relatively
small improvement compared to the HL-LHC baseline. Finally, for the LCF, the qualitative pattern of
improvement as compared to HL-LHC remains similar in individual and in global marginalised fits, at
odds with the FCC-ee case and LEP3.

The different qualitative behaviour displayed in Fig. 7.3 as compared to Fig. 7.2 may be understood
as follows. For individual fits, FCC-ee excels thanks to its unprecedented precision of the Z-pole observ-
ables, to which most operators flow via RGE. In the global fit, however, these same Z-pole constraints
are largely weakened by correlations, whereas the LCFs larger variety of observables helps break these
correlations resulting in tighter marginalised constraints despite its lower overall sensitivity. Similarly,
LEP3 can also probe with high precision the Z-pole observables, leading to strong indirect constraints
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in the individual fit, but its lack of runs above /s = 230 GeV prevents competitive bounds in the
marginalised fit.

The results of Figs. 7.2 and 7.3 may appear at first inspection to provide a contradictory message.
However, this is not the case: any SMEFT interpretation depends, by construction, on the assumptions
made on the operator basis. Confronting Fig. 7.3 with Fig. 7.2 therefore illustrates the two limiting
cases: all operators are assumed to have the same prior relevance, or only one of them is assumed to
fully dominate, in both cases at the matching scale pq.

NP mass reach. When presented in terms of lower bounds in A = ci_l/ 2(,u0), as done in Fig. 7.4,
the results of the individual and global marginalised fits can be interpreted in terms of the characteristic
mass scale of UV physics being probed under the assumption that the dimensionless couplings satisfy
guv ~ 1 at ug (taken to be the same as the matching scale). From the results of individual fits, we find
that future lepton colliders can probe values up to A around O (10) TeV, for instance FCC-ee reaches
A ~ 30 TeV for two-fermion operators such as 050322 and c<(p3q).

Consistently with the trends displayed in the rest of the plots in this subsection, the highest mass reach
for individual fits is achieved by the FCC-ee for the two-fermion and most of the four-quark operators,
while the LCF typically dominates the reach for most of the four-fermion operators involving lepton
fields, reaching for instance above A ~ 100 TeV for the four-lepton operators and for cge.

When considering instead the bounds on the NP mass scale A obtained from the global fit after
marginalisation, the reach on this UV mass scale is markedly reduced, with LCF displaying a superior
performance. For instance, LCF reaches A ~ 20 TeV for the two-lepton-two-light-quark operators, 100
TeV for some of the four-lepton operators, and around 10 TeV for the two-lepton-two-heavy-quark oper-
ators. However, as discussed above, the bounds obtained in the global SMEFT fit are too conservative for
any realistic UV model, and for specific UV completions, the reach in the mass scale A will lie between
the bounds of the individual and global fits.

Correlation patterns. To conclude this discussion, we display in Fig. 7.6 the correlation matrix
for the Wilson coefficients in a global SMEFT fit carried out at the linear level to LEP, (HL-)LHC, and
FCC-ee projections. The numerical value of the correlation is shown only for those entries of the matrix
satisfying |p| > 0.2. It is clear that the fit parameters are characterised by a complex correlation pattern,
although some clear patterns exist. First of all, we note how operators within the same operator class
are in general strongly correlated, as can be seen by inspecting for example the two-light-two-heavy
operators, the four-heavy or the two-lepton-two-quark operators in Fig. 7.6. Beyond this, we note that
cross-correlations between different operator classes also exist, an effect which is enhanced, in particular,
through RG mixing effects. Obvious examples here include the four-heavy operators and the operators
entering the EWPOs, for which we observe a strong correlation of |p| > 0.7. This is in stark contrast to
the milder correlation pattern observed previously in the analysis of Ref. [330] where RGE effects were
not considered.

7.2.2 Impact of quadratic EFT corrections

The results presented in Sect. 7.2.1 are based on EFT calculations truncated at the linear order in the EFT
expansion. Quadratic corrections arising at O (A‘4) from the squares of dimension-six amplitudes can
be comparable, or in some cases even dominant, to the linear ones for certain observables and values of
the Wilson coefficients. In order to quantify the stability of our results with respect to the inclusion of
@) (A‘4) corrections, here we present similar results as those of Sect. 7.2.1 now keeping the quadratic
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Figure 7.6: The correlation matrix in the space of Wilson coefficients in a global SMEFT fit carried out at the
linear level to LEP, (HL-)LHC, and FCC-ee projections. The numerical value of the correlation is shown only for
those entries of the matrix satisfying |p| > 0.2.
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EFT corrections to the cross sections arising from these squares. All other ingredients of the global
SMEFT fit are kept unchanged.

In order to assess the impact of quadratic corrections, we carried out two comparisons. First, Fig. 7.7
compares the global marginalised bounds on the Wilson coefficients obtained at the linear and quadratic
level for each of the future colliders considered. Second, Fig. 7.8 compares the same marginalised
bounds on the quadratic global EFT fit with the analogous results obtained in individual quadratic fits,
where only one Wilson coefficient is assumed to be non-zero at the reference scale pg = 10 TeV. We
now detail some observations that can be derived from Figs. 7.7 and 7.8.

Linear versus quadratic fits. We first note that for some operators, once quadratic corrections are
included, the HL-LHC projections already saturate the sensitivity, with no or minor subsequent improve-
ments from the lepton colliders. This is the case especially for the two-light-two-heavy quark operators.

Moreover, for some operators, one finds large differences in the bounds obtained in the linear and
the quadratic EFT level, with the latter resulting in more stringent constraints by up to two orders of
magnitude, for instance for most of the four-fermion operators. On the other hand, quadratic and linear
bounds are similar for certain Wilson coefficients such as the Higgs self-coupling, the Yukawa operators,
or the triple gauge coupling cyww. In the case of the LCF projections, differences between linear and
quadratic bounds are smaller for operators involving a lepton bilinear, which benefit from the constraints
from difermion production processes at high /s values.

In general, from Fig. 7.7 one concludes that quadratic EFT corrections at the marginalised level can be
sizeable for several of the Wilson coefficients included in the global fit, and therefore must be accounted
for. They lead to phenomenologically relevant impact especially within the four-fermion operators and
some of the two-fermion ones. Quadratic EFT corrections can, however, be safely neglected at future
colliders for the Higgs self-coupling, the triple gauge coupling, and for the Yukawa couplings (except for
the top Yukawa at the FCC-ee and LEP3).

Individual versus marginalised fits. We now consider the results shown in Fig. 7.8, which compares
the bounds obtained from individual and marginalised analyses when quadratic EFT corrections are
taken into account. The linear EFT fit results discussed in the previous section displayed large variations
between the bounds on the Wilson coefficients obtained in the individual and global marginalised fits.
The same trend is obtained in the case of quadratic fits.

As in the case of the linear fits, also for the quadratic ones the overall pattern of improvement across
colliders as compared to the HL-LHC baseline varies dramatically between individual and global fits, as
illustrated in particular by the two-fermion-two-bosonic operators. Concerning the individual quadratic
bounds, the best performance is again obtained by the FCC-ee, with LCF being comparable or better for
operators involving lepton bilinears. These plots illustrate some of the main findings that we just dis-
cussed: for individual quadratic fits, FCC-ee shows the best performance except for operators involving
lepton bilinears and cyyy1y7. For global marginalised fits at the quadratic level, LCF leads to the largest
reduction, and, finally, the benefits of the Tera-Z run are markedly reduced in the global fit.

Flat directions A major challenge in performing global SMEFT fits is the presence of flat or quasi-
flat directions in the parameter space, where different operators lead to degenerate effects on the mea-
sured observables. To systematically resolve these flat directions and ensure a robust fit, we employ
several complementary strategies. First, we redefine our fitting basis by using specific linear combina-
tions of Wilson coefficients, rather than the raw operators themselves (see, for example, the coefficients
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Figure 7.7: Same as Fig. 7.1, comparing the marginalised bounds obtained in global fits carried out at the linear
level in the EFT expansion (filled bars) and those from the quadratic level fits (triangles). Theoretical uncertainties
are included in the ‘aggressive’ scenario.
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indicated with an asterisk in Table 7.2, or the explicit linear combinations defined in Table 7.3). Second,
the specific flavour symmetry assumptions adopted in our analysis naturally restrict the operator count
and help lift parameter degeneracies. Third, the inclusion of RGE evolution introduces operator mixing
across different energy scales, which provides indirect sensitivity to otherwise unconstrained coefficients
and helps break degeneracies. Finally, the inclusion of quadratic O(1/A*) EFT effects in our theoretical
predictions further breaks residual correlations that would otherwise remain perfectly flat if the fit were
truncated strictly at the linear level.

7.2.3 Impact of theoretical uncertainties

As demonstrated in Refs. [328,337], theoretical uncertainties can significantly degrade the physics reach
of future lepton colliders, especially for the high-precision Z-pole measurements, but also for Higgs
and difermion production. Here we quantify the role played by theory uncertainties in our SMEFT
interpretations of future lepton collider data. Fig. 7.9 presents a similar comparison for the lower bound

Y 2(#0) as in Fig. 7.4 for the global marginalised bounds in the linear EFT

on the NP mass scale A = ¢,
fit, now for the results in the four scenarios for theoretical uncertainties discussed in Sect. 7.1.5: current,
conservative, aggressive, and ideal. Notice that in these comparisons the z-axis has a linear scale, and its
range has been adjusted to match the typical variations in the different groups of Wilson coefficients.

From Fig. 7.9 one finds that theoretical uncertainties reduce the reach in the mass scale A by an
amount that depends strongly on the specific operators being probed, the collider, and the scenario for
the expected reduction of theoretical uncertainties assumed. For instance, for the purely bosonic operator
c,w B, the projected bounds on A improve from 7.5 TeV to almost 12 TeV (10 TeV to 15 TeV) at the
FCC-ee (LCF550), when moving from the current to the ideal theory scenario. For other operators,
theoretical uncertainties barely have an impact, such as for the Higgs self-coupling c,, or the triple
gauge coupling cyyw. In most cases, differences between the ‘conservative’ and ‘ideal’ scenario are
found to be at the 10% to 20% level for the global marginalised fit results.

In Fig. 7.10 we present a similar comparison as in Fig. 7.9 for the case of individual fits. There we
find, instead, that the impact of theoretical uncertainties is rather more significant than for the global
marginalised analysis. The observation that stands out the most is how different scenarios for the theory

uncertainties impact the individual bounds at FCC-ee and LEP3 for operators that are sensitive to the

3
®q

depending on whether the current or ideal theory scenario is considered. By contrast, the effect of the

Z-pole observables. For example, the c_ , coefficient shows variations up to a factor 13 at the FCC-ee

different scenarios is less pronounced at LCF, because FCC-ee is significantly more sensitive to Z-pole
observables and is therefore more strongly affected by the corresponding theoretical uncertainties.
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Conclusion

“There are other Annapurnas in the lives of men.”

Maurice Herzog, french alpinist, first ascensionist of an 8000m peak (Annapurna).

The research presented in this thesis was driven by a paradigm shift in the high-energy physics pro-
gram: the transition from an era of discovery to an era of precision. While the Standard Model remains
an exceptionally description of fundamental interactions up to the TeV scale, its inability to account for
phenomena such as dark matter and the baryon asymmetry hints that it is a low-energy approximation of
a more general ultraviolet theory. In the absence of direct signals of beyond the Standard Model physics
at the LHC, the search for new fundamental laws has become intrinsically linked to our ability to predict
Standard Model processes with sub-percent accuracy. The central focus of this thesis is the calculation
of higher order corrections to physical observables.

To achieve this level of theoretical precision, a major bottleneck in state-of-the-art calculations is the
evaluation of complex, multi-scale Feynman integrals. Prior to this work, public tools such as DIFFEXP,
were available for evaluating these integrals via series expansion, however being restricted to real-valued
internal masses. In this thesis, we developed and published the open-source MATHEMATICA package
SEASYDE. SEASYDE extends the series expansion approach to the complex domain, allowing for
a robust treatment of intermediate unstable particles like W and Z bosons within the complex mass
scheme. Furthermore, we integrated this solver into the OCEANN framework, establishing a highly
automated pipeline capable of handling the generation, reduction, and numerical evaluation of two-loop
amplitudes.

Using this machinery, we achieved a significant milestone in precision phenomenology: the compu-
tation of the exact two-loop mixed QCD-EW amplitudes for both Neutral-Current and Charged-Current
Drell-Yan processes. Previously, phenomenological studies of these mixed corrections relied heavily on
the pole approximation or factorized approaches. Our exact computation overcomes these limitations.
By implementing the complex mass scheme and retaining the exact lepton mass dependence to regulate
final-state collinear singularities, we computed the two-loop virtual amplitudes across the entire phase
space without relying on resonant expansions. As a first step towards full two-loop EW calculations, we
also successfully isolated and subtracted the infrared pole structure for the two-loop QED corrections to
Neutral-Current Drell-Yan.

By embedding the two-loop QCD-EW amplitudes for Neutral-Current Drell-Yan within the MATRIX
framework, we produced state-of-the-art, fully differential fiducial cross-sections in both the resonant
and high invariant mass region of the phase space. We showed that the exact mixed QCD-EW correc-
tions become extremely relevant in the high invariant mass region where their impact could reach a few
percents.

Finally, we bridged the gap between Standard Model predictions and the active search for new physics
through the framework of the SMEFT. Moving beyond isolated measurements, we performed a compre-
hensive global SMEFT analysis to project the indirect discovery reach of future electron-positron col-
liders (such as FCC-ee, LEP3, and LCF). Our global fit analysis included 2-lepton-2-quark operators,
quadratic effects, and accounted for Renormalization Group Equation effects.
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Looking ahead, the demand for theoretical precision will only intensify. The upcoming High-Luminosity
LHC program will deliver an unprecedented volume of data, reducing statistical uncertainties for a vast
array of standard-candle observables down to the per-mille level. To ensure that theoretical uncertain-
ties do not become the primary limiting factor in the indirect search for BSM physics, several critical
mathematical and computational challenges must be addressed by the community in the coming years:
full two-loop EW corrections for 2 — 2 processes and mixed two-loop corrections for 2 — 3 ones.
As experimental precision steadily increases, the computation of the full NNLO EW corrections for
2 — 2 scattering processes will become an unavoidable phenomenological requirement. As highlighted
by the benchmark studies performed in this thesis, transitioning to the full electroweak sector induces an
explosive growth in complexity. This entails managing thousands of Feynman diagrams and evaluating
non-planar topologies with multiple internal mass scales, which leads to systems of differential equations
reaching hundreds of megabytes in size. Overcoming this bottleneck will require advancing rational re-
construction techniques and casting the system in canonical bases to simplify the integration of these
massive systems. Beyond 2 — 2 scattering, extending exact NNLO QCD-EW calculations to 2 — 3
processes, such as qg — p' ™ g, represents the next major theoretical frontier. Processes like vector
boson plus jet production are crucial backgrounds for numerous BSM searches and play a central role
in precise detector calibration. Computing the two-loop virtual amplitudes for these reactions requires
handling non-trivial loop integrals with up to five external legs and numerous mass scales. Evaluating
these five-point functions currently pushes the absolute limits of modern reduction algorithms, demand-
ing further fundamental developments in the analytical and numerical evaluation of multi-scale Feynman
integrals.

In conclusion, the work presented in this thesis directly contributes to the ongoing effort to interrogate
the Standard Model at unprecedented levels of accuracy. By mastering the computation of multi-loop
amplitudes, developing automated tools for their evaluation, and translating them into rigorous phe-
nomenological constraints, we continue to lay the necessary groundwork for the next great discovery in
particle physics. The precision frontier is not merely a refinement of known physics, but it is the most
powerful telescope we possess for discovering the unknown.
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Adam Ondra on Silence 9c¢, Czech climber.

The alarm rings. Its 2:00 AM. Next to me, I listen to the others getting out of bed. I slowly crawl
out as well and start helping make the tea for breakfast. I am tired, and I am scared. When Cami asked
me whether I wanted to join them to climb one of the most remote 4000 m peaks in the Alps, I said yes
without thinking twice. Now, I start wondering if this was a good idea. Yesterday, we walked the entire
day: 17 km and 1400 m of elevation gain with heavy backpacks across valleys and glaciers. When we
finally arrived at the bivouac and looked at our goal, the Lauteraarhorn (4042 m), I felt intimidated. The
mountain is huge, the nearest city is 7-8 hours walk away, and the route seems more technical than I
expected. While I am deep in my fears, breakfast is ready. We eat bread with peanut butter and jam,
drink our tea, finish preparing the last few things, and at 3:00 AM, we leave the hut. The moon is high in
the sky and we almost dont need our headlamps. Despite being at 3000 m at 3:00 AM, the temperature
is abnormally high: a few years ago, people used to do this approach with skis in August, now we are
walking on rocks in t-shirts, another sign of global warming. The approach is long, but not difficult.
We walk on rocks for a few hours until we reach a glacier. We put on crampons and start crossing it.
However, the temperature is too high and the snow is not hard enough, so we decide to rope up. After
crossing the glacier, we finally get to the bottom of the South couloir, the real start of our climb. The
sun is rising. Its beautiful. It is just us, the mountains around us, and the silence. There is just enough
time for a snack before we start climbing. The conditions of the couloir are far from perfect. There
has been almost no night frost, so despite the early hour, the snow is soft. With a better freeze, one
would be able to climb the 55 degree couloir in almost no time with crampons and ice axes. In these
conditions, it becomes extremely tiring. At every step, you sink to your hips and have to fight for each
meter. Following the leader is of course easier, so we decide to alternate. Despite this, I am already
exhausted. We are almost at 4000 m, there is not much oxygen in the air, and if it was not for my friends,
I would have already turned back. At 10:00 AM, we finally get to the top of the couloir at 3900 m. Time
for a quick snack before the last 100 m on the south ridge. Now we are moving on rocks, a type of
terrain where I feel more comfortable, so I hope we can speed up a little bit. We are six, so we rope up in
teams of two and start simul-climbing. After a few meters, there is a tricky downclimb. Ale, Cami, Edo,
and Leo decide to turn back because of the warm temperatures and the late hour. Ettore and I decide to
continue. The climb is just a III grade, we move fast on the ridge, and at 11:30 AM we finally reach the
top! Being on top of your first 4000 m peak is something you never forget. Its just you for kilometers.
You feel the cold wind hitting your face and take in a panorama that not many other people have seen. In
that moment, I felt so little in front of the Earth. We dont have much time. The descent is long, and the
temperature is rising, meaning the snow will become softer and softer. We just have time to eat a snack,
take a picture, sign the summit logbook, and then we start descending, trying to catch up with the others.
The first part of the ridge goes smoothly, and in no time we are once again at the top of the couloir. Now
the dangerous part begins. Due to the high temperature, the snow is unstable, and at every step, there
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is a risk of an avalanche. Below us, we see the others and they are moving slower than expected. The
descent is sketchy, and at every step, you have to make sure your feet are stable, otherwise you might
start sliding down. Halfway through the couloir, we catch up with the others. A few moments later, an
avalanche catches Leo. He slides for 30 meters before stopping on some rocks. Everybody holds their
breath. He gets up and waves at us. I have never been so happy to see somebody being okay. We have
to hurry up: its getting dangerous. Finally, at 2:00 PM, we arrive at the bottom of the couloir. The only
obstacle between us and the end of the difficulties is crossing the glacier. The snow is soft now, so the
risk of falling into a crevasse is real. We rope up. Leo and I are the more inexperienced ones, so we
have to go in front. He has just been caught in an avalanche, so he asks me to go first. I accept. I start
walking. At every step, I sink down to my knees. Until, at some point, my foot sinks deeper, and before
I can realize what is happening, I feel the void below me. Leo does a wonderful job catching me, and I
find myself hanging in a crevasse up to my shoulders. They pull me out, and we finally get to the rocks,
the end of the difficulties. From here, it is just a long walk to the car, which we will reach only at 1:00
AM the next day.

I think the story of my first 4000 m peak is a perfect metaphor for what my PhD has been. A looooong
journey, filled with difficulties, obstacles, and unforeseen events, which pushed me to my limits on many
occasions. At the same time, it brought me to beautiful places where very few people have been, and gave
me the possibility to lay my eyes on breathtaking landscapes. And in a PhD, just as in the mountains,
you always need people. To guide you, to pull you out of crevasses, to cheer you up in difficult moments,
or simply to drink a beer with at the end of the day. Thats why I want to thank all the people who shared
a part of this journey with me.

First and foremost, thanks to my supervisors. Thanks, Alessandro, for guiding me through my mas-
ter’s thesis first and for pushing me to pursue the PhD later. Thanks for the long discussions, for your
patience in explaining things to me multiple times, and for giving me the freedom to explore ideas.
Thanks, Fabio, for giving me the possibility to do my PhD in Louvain, which has been the place I felt at
home for a few years. Thanks for the insightful discussions, for always giving the right idea at the right
time, and for putting me in contact with many beautiful people during these years. Thanks to Gauthier,
Jonas, Philippe and Stefano, my PhD committee. Thanks for your comments on the thesis, I really ap-
preciated you taking the time to go so in-depth on it. Thanks to Simone for being my older brother on
this journey. Thanks for teaching me everything, from running slurm on the cluster to how qt-subtraction
works (multiple times, actually), for answering all the stupid questions I was scared of asking the boss,
and, most importantly, for the countless board game nights. Thanks, Michele, for the support, the dis-
cussions, the racchettoni matches, and the Seaside games. Having someone to share the journey with,
including the highs and the lows, was fundamental to me. Thanks to Narayan and Roberto for teaching
me many technicalities about Feynman integrals, renormalization, and for always being supportive.

Thanks to my family: Barbara, Riccardo, Sofia, and Ynse. Thanks for the continuous support, for
trying (multiple times, without a lot of success) to understand what a loop integral is, and for pushing me
to pursue what I liked most without forcing me, even though you did not fully understand my choices.

Thanks to my Louvain family: Daniele, Emile, Federico, Francisco, Jonathan, Leonardo, Luca,
Marco, Marco, Paola, Ricardo, Simone, Stavros, Valentin, and Ze-Qiang. I loved every moment I spent
with you, the Iunches and the nights, the mitragliettes and the calcetto in the Beer Bar. You were the
reason I could call Louvain home for all these years. Thanks to the friends I made in Milan. Thanks, An-
drea and Davide, for the laughs in the office, Eva for the ski touring, and Sabina for the shottini tequila,
sale e limone like we were 18!
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climbing/biking/hiking holidays in Verdon and in the Dolomites. I actually cannot wait to see what
our next adventure will be! Thanks, Elisa, Luca, and Michelle, for the countless climbing nights at
Solid. Thanks to my CAI friends. In particular, to Leonardo for pulling me out of that crevasse, but
also for all the other adventures, including the Dent Blanche attempt, which, to date, is one of the best
experiences I have had in the mountains despite the fact we did not manage to reach the top. Thanks to
Pietro for howling on top of the Grand Capucin. Thanks to Alessandro, Anna, Arsh, Camilla, Cristina,
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as in the mountains, a reliable team is fundamental to reaching the summit, and I could not be happier
with the team I found. This specific expedition is now complete, and I cannot wait to see what the next
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Appendix

Renormalisation relations

We report here the basic definitions that we have followed for the semi-analytical computation of the
counterterms, needed to obtain the complete two-loop renormalised amplitude.

A.1 Electric charge renormalisation within the M S scheme

The renormalisation of the electric charge has been carried out following the same scheme for both the
diagrammatic contributions and the subtraction operators. The relation between the bare electric charge
and the renormalised one is defined up to the second order in « by introducing the counterterms

eg=€e+de=eZ. = e (1 +6210 +622 + O(a3)) : (A.1)

Following the on-shell renormalisation scheme, the Ward Identity associated to the residual U (1),
gauge invariance ensures that the renormalisation of the electric charge follows entirely from the trans-
verse photon-photon self-energy EAA( 2) [48,79,94], via the renormalisation condition on the +f f
vertex that relates Z, with the photon wavefunction counterterm Z44 = 1 + 521%51 =1+4+0Z,, Os(1) +

6222(2) + -

708 — ! 7 (A2)
\/ZOS \/1+5ZAA +6205 4
with
0574 (¢)
6299 = T 21/ . A3
AA o2 o (A.3)

In the M S scheme, only the divergent terms of the self-energies are kept in the definitions of the coun-
terterms, and an additional dependence on the renormalisation scale ;1 and on the regularisation "t Hooft
scale p is introduced together with an overall factor S, = (4me™7E)¢:

_ 2\ €
62150 = 5, <”2> {—15205(”! 1 } , (Ad)
14 9 poles
2

2e
MS2) _ 2 M 1,052 3 (1) 2
5ZM5@) — g7 <M%> [—26ZAA lpoes 5 (5ZAA \poles) :
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We have checked our results to be in agreement with an arbitrary number of digits with the expressions
provided in [276], that we that we report here for completeness after switching to our notation:

_ 2\ € )
ZMS(1) _ a(pr) [ 2N N.O2 A.
6 e 47_[_ Se ILL%% 3€§ ka I ( 5)
. 2
e = (2 o (VT2 (5 )y LS g
€ 47 “\uh 3e2 - K%k — K%k

In our computation, both the UV renormalisation procedure and the IR subtraction of divergences have
been realized fixing for convenience p = g, resulting in an expression for 6 Z, completely independent
of any arbitrary scale.

A.2 Fermion mass and wave-function on-shell renormalisation

The fermion fields and masses are renormalised up to O(a?) with the wave-function renormalisation
constants:

mpo = my+0my = mf—i-(SmSpl) +0(a?) (A.6)
_ e Lo, 1o o 1/ )2 3
The counterterm expressions has been computed with a semi-analytical evaluation fixing the on-shell

renormalisation conditions satisfied from the fermion two-point vertex function. Following the same
notation of [27,48] with E{f = Eéf = 2/f, we have:

o) = g |20 ) + 5O )] »7
_ 9 - s
520 = -0y — am D [0 - SPVGA)]|
Ip p?=m?

- 0 7 f
6Z](c2) — /i@ (m?) _ Qmi”% [Eff@) (p2) + Zéf@) (pz)]

Our results for the fermion counterterms are in agreement with the analytic formula present in [276] after
including the self-energy dependence on the different internal masses.
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Photon vacuum polarization

The change of renormalisation scheme for the QED coupling can be expressed with a finite renormali-
sation between the on-shell one and M S schemes. Following the approach described in [79], we define
the photon vacuum polarization function from the self-energy expression:

S14(%) = — (4ma) I, (¢%) - (B.1)

Indicating with TI() (0) only the e-divergent contribution of II() (0) we therefore link the photon vacuum
polarization function with our definitions of wave-function counterterms:

6293 = 4ma 1L, (0) = 62959 = 4xa’ 1D(0) (B.2)
MS 1 MS(i i qi 7
52N = dmagrg ,,(0) = 6235 = dn(agrg)’ SET(0) .

The two expressions are related by the definition of the bare coupling
1 e\ —1
ap= az:= a(295) " = ogz (Z%AS ) : (B.3)
that we can expand up to the second order in a and/or a7 (since O(a) = O(ag5)):

am = — 47T04am (H,(yl,y) (0) — ﬁgl,y) (0)) (B4)

o _

— dra(agzg)? (aH%)(O) — H%)(O)) +0(a?)
MS

=« (1 - 47Tozmﬂ%)(0) - 47r(am)2f[%)(0) + 0(a?) ) ,

where the factors S’ have been removed by rescaling the t'Hooft parameter in IL,.(0) with p —

eVE [4m pi. In the last row we exploited the fact that a/ag;g = 1 4+ O(«a) and we defined ﬂ%(())
as the finite remainder from the difference H%)(O) — 1:[(7’%(0) Equation B.4 directly leads to the def-
inition of AaM—S(m%) after setting ur = my. The photon vacuum polarisation can be decomposed
as:

L, (0) = T{<P)(0) + TI45P(0) + T1) (0) (B.5)

- Aahad (mZZ)

= T10P)(0) + 1197 (0) + Re(11Y) (m3))

ATt ’

where (lep) and (top) are the perturbative contributions from the leptons and the massive top quarks,
(5) is the contribution from the five light quarks and Aan,(m%) = 4ra (Re(H(ﬁ,)(mQZ)) — ) (O)) is

derived via a dispersion relation from the experimental cross section of e™e™ — hadrons. In conclusion
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we obtain:
Aagrs(my) = Aall(my) + Al (m) + O(a®) = (B.6)
2
= — Aoy [Haep)( )(0) + P (0) + Re(FIOWD (m)) — W]
™

— 47 (ogpg)? [H(lep)@)( )+ 11D (0) 4 Re(I1E) (m ))] + 0P .
The term Aanaa(m?%) starts at O(«) and takes part to the definition of Aa%(m =) thus affecting the
change of scheme for the virtual amplitude starting from NLO. The term Aanag(m?%) starts at O(a) and
takes part to the definition of Aa%(m%), thus affecting the change of scheme for the virtual amplitude
starting from NLO.
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