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ABSTRACT
Simulations of vibrational spectra are important for interpreting experimental data as well as understanding molecular structure and
dynamics. Herein, we present an approach for the efficient and accurate incorporation of anharmonicity into such simulations. Real-time
nuclear–electronic orbital time-dependent density functional theory treats specified protons quantum mechanically on the same level as the
electrons, propagating the electronic and protonic densities according to the time-dependent Schrödinger equation. This approach inher-
ently includes the anharmonicity of the quantum protons and can be combined with Ehrenfest dynamics for the classical nuclei. Herein, this
real-time nuclear–electronic orbital (NEO)–Ehrenfest approach is combined with the quasiclassical trajectory (QCT) approach for generat-
ing initial conditions that include the zero-point energy of the classical nuclei, thereby enabling sampling of the anharmonic regions of the
potential energy surface. The resulting NEO-QCT approach is shown to capture the anharmonic heavy nuclear motion, as well as the anhar-
monicity of the quantum protons, for a series of molecular systems, including HCN, HNC, FHF−, CH2O, and HCOOH. The NEO-QCT
method also captures the distinct spectral features of the formate–water complex (CHO−2 ⋅H2O), including the redshifted and broadened
OH stretch band due to strong anharmonicity arising from hydrogen bonding and coupling between the motions of the hydrogen nuclei
and the heavy nuclei. The NEO-QCT method enables computationally practical simulations of vibrational spectra of molecules that exhibit
significant anharmonicity and coupling between vibrational modes.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0317500

I. INTRODUCTION

Vibrational spectroscopy is a cornerstone of understanding
chemical and biological systems. Spectroscopy is inherently a quan-
tum mechanical process, as it is related to transitions between
quantum mechanical vibrational levels induced or stimulated by
the interaction with light. Nevertheless, a typical approach for sim-
ulating vibrational spectra is to use classical molecular dynamics
(MD) without explicitly including nuclear quantum effects. Such
approaches yield results comparable with experimental data for
molecular systems that are predominantly harmonic or for con-
densed phase systems in specific cases when the nuclear quantum
effects are averaged out.1,2

However, nuclear quantum effects (NQEs) are often associ-
ated with spectral features that cannot be captured with classical
simulations.3–5 The neglect of NQEs such as nuclear delocalization,
zero-point energy (ZPE), and tunneling in classical MD simulations
can limit the accuracy of both the frequencies and intensities of
vibrational spectral features. When vibrations exhibit a high degree
of anharmonicity, the inclusion of NQEs, such as nuclear delocal-
ization and ZPE, to enable sampling of the anharmonic region of
the potential energy surface is necessary to predict the correct fre-
quencies. Due to the neglect of NQEs, classical MD simulations
usually exhibit blueshifted spectral features compared to exact quan-
tum dynamical calculations or experiments.3 Significant NQEs are
also observed for the intensities of the overtones and combination
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bands.4 Another shortcoming of classical MD is the underestima-
tion of the mode mixing in Fermi resonances.4,6 Finally, tunneling
is responsible for the splittings of signals in the vibrational spec-
tra of some systems, and tunneling cannot be described by classical
MD.

Simulating vibrational spectra at the fully quantum mechan-
ical level requires numerically exact quantum approaches that
typically scale exponentially with the number of degrees of free-
dom. Examples of fully quantum mechanical approaches are
the vibrational configuration interaction (VCI) method,7,8 the
second-order vibrational perturbation theory (VPT2) method,9,10

and the multiconfiguration time-dependent Hartree (MCTDH)
method.11,12 To mitigate the unfavorable scaling of fully quantum
mechanical calculations, several trajectory-based methods have been
devised. Path integral methods can be divided into imaginary-time-
based techniques,3,13 such as ring-polymer molecular dynamics
(RPMD),14 centroid molecular dynamics (CMD),15 and real-time
methods, such as the semiclassical initial value representation
(SC-IVR) approaches.5,16–22 These trajectory-based methods
approximately include NQEs from all the nuclei in the system
by taking advantage of the linear scaling with the number of
degrees of freedom of classical trajectory simulations. Different
approximations can capture the NQEs to various extents.3,4

A different class of methods is based on the hypothesis that
the most significant NQEs in molecular systems are associated
with specific nuclei, such as the lighter hydrogens. Therefore, an
effective way to fight the unfavorable scaling of fully quantum cal-
culations is to treat only specified nuclei at the quantum level,
while describing the remaining nuclei at the classical level. This
premise underlies most implementations of the nuclear electronic
orbital (NEO) approach.23–25 The NEO approach is a multicompo-
nent quantum chemistry method, where selected nuclei are treated
on the same footing as the electrons, while the remaining nuclei
are treated as classical point charges, as in conventional elec-
tronic structure calculations. The NEO approach provides vibronic
energy levels for the quantum subsystem composed of protons
and electrons, including non-Born–Oppenheimer effects. A wide
range of NEO methods have been developed over the years, includ-
ing NEO Hartree–Fock theory (NEO-HF),23 NEO density func-
tional theory (NEO-DFT),26–28 NEO time-dependent DFT (NEO-
TDDFT),29,30 NEO configuration interaction (NEO-CI) and mul-
tireference CI (NEO-MRCI),23,31,32 and NEO coupled cluster theory
(NEO-CC).33

As the NEO potential energy surface depends on only the coor-
dinates of the classical nuclei, the NEO vibronic energy levels are not
directly comparable with vibrational spectroscopy experiments. The
NEO vibrational [NEO(V)]34,35 and constrained NEO (CNEO)36,37

approaches address this issue in a practical manner. In the NEO(V)
approach, the NEO Hessian, given by the second derivatives of the
NEO energy with respect to the classical nuclei, is extended by using
the second derivatives of the NEO energy with respect to the posi-
tion expectation values of the quantum nuclei to recover the full
molecular dimensionality. The vibrational frequencies are calcu-
lated by diagonalizing this extended NEO Hessian. Along the same
lines, the CNEO approach constructs an extended energy surface
that depends on the coordinates of the classical nuclei and the posi-
tion expectation values of the quantum nuclei. The CNEO potential
energy surface is obtained by constraining the position expectation

value of the quantum nuclear position operator. Since the CNEO
potential energy surface has a dimensionality corresponding to that
of a conventional electronic surface, a classical MD trajectory can
be propagated to calculate the correlation functions required to
simulate vibrational spectra.38–41

An alternative approach for computing vibrational spectra
is to combine the real-time NEO-TDDFT (RT-NEO) method42

with Ehrenfest dynamics.43,44 The RT-NEO method propagates
the electronic and protonic densities numerically according to
the time-dependent Schrödinger equation.42 An advantage of the
RT-NEO–Ehrenfest approach is that it accounts for the feedback
between the classical nuclei and the electron–proton quantum sub-
system via Ehrenfest dynamics. This approach has been shown to
produce accurate vibrational spectra for small molecules.43

In this work, we demonstrate how the RT-NEO–Ehrenfest
approach can yield accurate vibrational spectra that align with
experimental measurements. Particular attention is devoted to the
choice of initial conditions. In particular, we employ a quasiclassical
trajectory (QCT) approach to account for the ZPE of the classi-
cal subsystem. We demonstrate how this implementation improves
on previous results for triatomic molecules with a single quantum
proton.43 We also show that this approach effectively treats more
complex anharmonic molecular systems.

This paper is organized as follows: Section II summarizes the
RT-NEO–Ehrenfest approach, the calculation of vibrational spec-
tra from the total dipole moment of a molecular system, and
the generation of the QCT initial conditions. Section III provides
the computational details for the simulations. Section IV presents
the results for simple linear molecules, formic acid, and the more
challenging formate–water complex. Section V summarizes the
results and discusses future directions.

II. METHODS
A. NEO–Ehrenfest algorithm

In this subsection, we provide a brief review of the
RT-NEO–Ehrenfest algorithm used in this paper. More details can
be found in the original paper.43

In the RT-NEO–Ehrenfest approach, the NEO multicompo-
nent Hamiltonian is

ĤNEO = T̂e + T̂p + V̂ee + V̂pp + V̂ep + V̂ec + V̂pc. (1)

This Hamiltonian includes the proton kinetic energy, T̂p, and the
Coulomb terms involving the proton–proton, V̂pp, electron–proton,
V̂ep, and proton–classical nucleus, V̂pc, interactions, as well as the
analogous conventional electronic terms. The dynamics of the clas-
sical nuclei follow Newton’s equations of motion with a mean-field
potential generated by the electronic–protonic wavefunction ∣Φ⟩.
The equations of motion are

ih̵
∂∣Φ⟩
∂t
= ĤNEO∣Φ⟩, (2)

MIR̈I = −∇I⟨Φ∣ĤNEO∣Φ⟩ −∇IVcc, (3)

where h is the reduced Planck’s constant, Vcc is the Coulomb interac-
tion between the classical nuclei, and the index I denotes the classical
nucleus of mass MI and coordinates RI .
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In this paper, we employ the NEO-DFT26–28 and
NEO-TDDFT29,30 levels of theory. The propagation of the
electronic–protonic subsystem of Eq. (2) is performed with the
RT-NEO-TDDFT method,42 which propagates two coupled von
Neumann equations,

ih̵
∂

∂t
Pe(t) = [Fe(t, Pe(t), Pp(t)), Pe(t)],

ih̵
∂

∂t
Pp(t) = [Fp(t, Pp(t), Pe(t)), Pp(t)].

(4)

Here, Fe and Fp are the electronic and protonic Fock matrices,
respectively, and Pe and Pp are the electronic and protonic density
matrices, respectively, represented in the orthogonal atomic orbital
basis. If the excited electronic states are not relevant to the process,
the electronic Born–Oppenheimer approximation can be employed
to reduce the computational cost of the real-time propagation.45

With this approach, the electronic density is quenched to the elec-
tronic ground state at each time step during the evolution, allowing
for larger time steps, thereby reducing the overall computational
cost.

To alleviate the requirement of a large basis set for describing
proton motion during dynamics, we employ a traveling proton basis
(TPB) approach. Among the several schemes available,43,46,47 we
evolve the Q-th electronic and protonic basis function centers asso-
ciated with the quantum protons according to a classical dynamics
equation of motion,

mpR̈Q = −∇Q⟨Φ∣ĤNEO∣Φ⟩, (5)

where the mass mp is selected to be the proton mass and the energy
gradient is taken with respect to the proton basis function center
coordinates RQ. This scheme was proposed in previous work and
demonstrated to be beneficial in enhancing the accuracy of vibra-
tional frequencies for selected small molecules compared to a fixed
basis approach.43 We note that this TPB scheme does not con-
serve the energy of the system but does conserve the energy of the
extended system, which includes the kinetic energy of the basis func-
tion centers, based on an extended Lagrangian.46 With this specific
propagation scheme, reliable dynamics for bound potentials, such
as those of interest in vibrational spectroscopy, can be obtained,
as demonstrated for model systems where the numerically exact
dynamics can be propagated.44

B. Calculation of vibrational spectra
In our simulations, the time-dependent dipole can be com-

puted from the time evolution of the electronic and protonic den-
sities. The contribution from the dynamics of the classical nuclei is
included by adding the dipole moment associated with the classical
nuclei, μc, to the dipole moment of the quantum subsystem, μ(t),

μtot(t) = μ(t) + μc(t) = μ(t) +
Nc

∑
i=1

ZiRi(t). (6)

Here Nc is the number of classical nuclei, and Zi and Ri are their
charges and position coordinates, respectively.

To obtain spectra that can be compared with experiments, we
employ the power spectrum I(ω) computed from the time-evolved
total dipole moment,48,49

I(ω)∝ ω
RRRRRRRRRRRRR

tmax

∫
0

(μtot(t) − μtot(0))eiωte−Γtdt
RRRRRRRRRRRRR

2

, (7)

where tmax is the total simulation time. The Fourier transform of the
time-dependent dipole moment, as given in Eq. (7), is performed
using an additional damping term e−Γt to obtain a Lorentzian line
shape with a width determined by Γ. A specific Γ value has been
selected for the different spectra and will be reported for each case.

C. General considerations for initial conditions
To initialize the dynamics, several different strategies have been

used in previous work. Starting at the NEO ground state equilibrium
geometry, the electronic–protonic wavefunction can be perturbed by
orbital swapping to simulate a photoexcited reaction.44 Another pos-
sibility, if the vibrational motion is the main interest, is to perturb the
initial geometry by a small distortion. This strategy, which we denote
NEO-δR, was employed to estimate the vibrational frequencies of
small molecules containing a single quantum proton.43

In this work, we devise a protocol for initializing the
NEO–Ehrenfest dynamics using the quasiclassical trajectory (QCT)
approach. The objective of this protocol is to simulate vibrational
spectra with improved accuracy, thereby allowing applications to
more complex cases of highly anharmonic systems. An aspect that
will be improved is the description of the dynamics of the classical
nuclei, which are coupled to the electronic–protonic quantum sub-
system. A NEO–Ehrenfest dynamics simulation takes into account
the anharmonic ZPE of the quantum mechanical protons but over-
looks the quantum nature of the other nuclei. Our goal is to devise
a strategy to account for contributions from the ZPE associated
with the other nuclei in an approximate manner. By including the
ZPE for the classical subsystem, the Ehrenfest trajectory explores
higher-energy regions of the potential energy surface, thereby allow-
ing the anharmonicity of the overall system to be more accurately
captured.

The problem of finding vibrational eigenvalues, and thus the
ZPE, using classical trajectories has a long history, tracing back
to the Einstein, Brillouin, and Keller (EBK) quantization rules.50,51

The QCT approach establishes a correspondence between classi-
cal trajectories and quantum states. This technique is well-known
for reaction rate constant calculations, where the vibrational quan-
tum states of the reactant molecules are approximated with an
ensemble of classical states.52,53 In particular, normal mode sampling
is used to generate classical states corresponding to the quantum
vibrational states. This method has also been used for molecu-
lar vibrational spectroscopy to enhance the accuracy of classical
MD simulations.54–57

The QCT approach includes the nuclear ZPE and accounts for
the quantum distribution of energy across the nuclear degrees of
freedom. However, since the dynamics still evolve classically, the
system will redistribute its energy over time to reach the classical
equipartition. Due to this energy redistribution, some of the modes
can have less energy than the ZPE at later times during the dynam-
ics. This issue is known as the ZPE leakage and is alleviated by
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propagating trajectories that are not too long in time.58–60 Thus, a
trajectory must be short enough to prevent the energy leakage prob-
lem but long enough to allow all the modes to vibrate for at least
one cycle and have enough points for sufficient resolution of the
spectrum after the Fourier transform. We adopted the Padé signal
processing49,61 to treat the short dynamics in this work.

D. NEO-QCT approach
The preparation of the initial state for a molecule in a

QCT simulation is achieved through normal mode sampling. The
vibrational state of a non-linear (linear) molecule composed of
N atoms, regarding rotation and translation separately, is described
by 3N − 6 (5) quantum numbers ni. If the molecule were harmonic,
the EBK quantization rule would be exact and is

∑
i
(1

2
p2

i +
1
2

ω2
i q2

i ) =∑
i
(1

2
+ ni)h̵ωi, (8)

where pi, qi, and ωi are the momenta, positions, and frequen-
cies, respectively, of the normal modes. Equating the corresponding
terms on each side of this expression can be used to partition the
energy, such that each normal mode is associated with a quantum
harmonic oscillator. When each mode undergoes a periodic motion,
as in the case of a vibrating molecule, the EBK quantization is still
exact even if the potential energy surface is anharmonic. In this case,
the quantization rule becomes

∑
i

1
2

p2
i + V(q) =∑

i
(1

2
+ ni)h̵ Ξi(E), (9)

where Ξi(E) represent the classical frequencies associated with the
periodic motion of each mode. These frequencies depend on the
total energy due to the anharmonicity of the potential V(q), which
is, in general, non-separable. If the energy dependence of the anhar-
monic frequency is moderate, the harmonic EBK quantization is a
good approximation. To improve the accuracy by employing anhar-
monic initial conditions, adiabatic switching techniques have been
proposed.54,62–64

When the QCT approach is used to generate initial conditions
for dynamics, the harmonic initial conditions are usually suffi-
cient, as the evolution of the dynamics ensures exploration of the
anharmonic region of the potential energy surface. In this case, the
quantization of the trajectory is achieved by selecting the conditions
for the initial step of the dynamics as follows:

qi(t = 0) = 0,

pi(t = 0) =
√
(1 + 2ni)h̵ωi.

(10)

These initial conditions assume that the molecule is in its equilib-
rium geometry. However, a random phase γi, which is selected from
a uniform distribution in the range [0, 2π], can be added to parti-
tion the starting energy of the i-th normal mode into potential and
kinetic energy terms. The initial conditions become

qi(t = 0) =
√
(1 + 2ni)h̵

ωi
sin (γi),

pi(t = 0) =
√
(1 + 2ni)h̵ωi cos (γi).

(11)

In this work, we choose to use the single initial condition of Eq. (10),
rather than propagating multiple trajectories with different initial
conditions using Eq. (11), to show that reliable vibrational spectra
can be obtained with a single trajectory, which will be more practical
for larger molecular systems.

This procedure is based on the knowledge of the normal mode
frequencies and eigenvectors. To apply this approach to the classi-
cal subsystem composed of Nc classical nuclei in a NEO–Ehrenfest
calculation, we rely on the Hessian at the minimum energy geome-
try on the NEO ground state. In this case, we have a total of 3Nc − 6
(3Nc − 5 if the classical nuclei are linear) normal modes, with the
corresponding frequencies ωNEO

i to be used in Eqs. (10) or (11). Since
our objective in this work is to include the ZPE of the classical sub-
system in the NEO–Ehrenfest dynamics, we select all the quantum
number values as ni = 0, and our initial conditions are

qi(t = 0) = 0,

pi(t = 0) =
√

h̵ωNEO
i ,

(12)

where qi = 0 corresponds to the equilibrium geometry. Finally, we
convert the normal mode velocities to Cartesian velocities using the
conversion matrix that diagonalizes the NEO Hessian because the
dynamics will be evolved in Cartesian coordinates.

For numerical reasons, we find that the frequencies related
to rotations are not exactly zero. This issue contaminates the ini-
tial Cartesian velocities with rotational contributions, which might
build up during the dynamics. To correct for this issue, we use a
simple initial velocity rescaling approach. We subtract from each
nuclear Cartesian velocity the components that contribute to the
total molecular angular momentum, obtaining a modified set of
velocities ṽ. The total energy, Ẽ = ∑i

1
2 miṽ

2
i , is now lower than the

original target energy, EZPE, which corresponds to the ZPE asso-
ciated with the classical subsystem. We then scale the modified
velocities ṽ to obtain the velocities v that restore the original target
energy, EZPE, such that

vi = ṽi

√
EZPE

Ẽ
(13)

and

∑
i

1
2

miv
2
i =

EZPE

Ẽ ∑
i

1
2

miṽ
2
i = EZPE. (14)

III. COMPUTATIONAL DETAILS
To perform the simulations, we first prepared geometries and

initial velocities for the classical nuclei using Q-Chem 6.3 software.65

We started by performing a NEO-DFT geometry optimization. For
HCN, HNC, FHF−, and H2CO, we used the B3LYP electronic
functional.66 For the formate–water complex, we tested three elec-
tronic functionals: B3LYP, PBE0,67 and ωB97X.68 For HCN, HNC,
FHF−, and H2CO, we used the cc-pVDZ electronic basis set for the
non-hydrogen atoms and the cc-pV5Z electronic basis set for the
hydrogen atoms.69 For HCOOH, we used the cc-pVTZ electronic
basis set for all atoms. For the formate–water complex, we used the
cc-pVTZ electronic basis set for the non-hydrogen atoms and the
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cc-pV5Z electronic basis set for the hydrogen atoms. For all systems,
we used the epc17-2 electron–proton correlation functional27,28 and
the PB4-F2 protonic basis set.70 Both electronic and protonic basis
sets were used in their spherical coordinate form. To obtain reliable
geometries and NEO Hessians, we specified tight thresholds for both
the self-consistent field (SCF) procedure and the geometry opti-
mization. The harmonic frequencies and second-order vibrational
perturbation theory (VPT2) calculations serving as references were
computed at the same level of theory as the electronic portion of the
NEO calculations. All input files are available in Zenodo.

The NEO–Ehrenfest dynamics simulations were performed
using the Chronus Quantum open-source package.71 To start the
dynamics, we first calculated the electronic–protonic wavefunc-
tion at the previously optimized geometry. The initial protonic
one-particle density matrix was produced by occupying the tight-
est orbital(s), and the electronic one-particle density matrix was
obtained from a conventional SCF calculation. The SCF DIIS algo-
rithm was employed,72 and the convergence was determined to be
achieved when the difference in energy between consecutive itera-
tions was less than 10−10 a.u., the maximum density difference was
less than 10−10 a.u., and the root-mean-square density difference was
less than 10−12 a.u.

Following the approach introduced by Li et al.,73 we performed
the Ehrenfest dynamics simulations using a triple-split time step: we
used the largest time step ΔtNg = 0.1 fs to compute the energy gradi-
ents, an intermediate time step ΔtNc = 0.01 fs to update the position
coordinates of the classical nuclei evolved with the velocity Verlet
integrator, and the smallest time step ΔtNq = 0.001 fs to perform the
real-time propagation of the electronic and protonic density matri-
ces using a modified midpoint unitary transform (MMUT) prop-
agator.74 To reduce the computational cost for the formate–water
complex dynamics, we employed the electronic Born–Oppenheimer
approximation.45 With this method, we could use larger time steps
of ΔtNc = 0.05 fs and ΔtNq = 0.01 fs.

We conducted two types of NEO simulations. For the NEO-δR
approach, the initial conditions for starting the Ehrenfest trajectories
consisted of a slight distortion of the optimized NEO-DFT geom-
etry. For the NEO-QCT approach, the initial conditions were set
according to Eq. (10). For each NEO-δR or NEO-QCT simulation,
we propagated a single 200 fs trajectory, with the exception that we
propagated 600 fs trajectories for the formate–water complex.

IV. RESULTS
A. Simple molecules

In this section, we begin by examining the impact of
QCT initial conditions on molecules with linear heavy-atom geome-
tries. We first focus on three molecules with a single quantum pro-
ton: HCN, HNC, and FHF−. These systems were already simulated
with RT-NEO–Ehrenfest dynamics to calculate vibrational frequen-
cies.43 This previous work used the NEO-δR approach, where one of
the terminal heavy atom positions was perturbed by 10−5 bohr along
the three Cartesian coordinate directions. In Table I, we compare
the results of the NEO-δR and NEO-QCT approaches. Second-order
vibrational perturbation theory (VPT2) serves as a reference. These
VPT2 calculations employed the B3LYP functional and a mixed elec-
tronic basis set, cc-pVDZ for non-hydrogen atoms and cc-pV5Z for
hydrogen atoms, consistent with the NEO calculations. For all three
molecules, the mean absolute error (MAE) is improved with the
QCT initial conditions. For HNC, the NEO-δR estimate for the NH
bend deviates by only 9 cm−1 from the VPT2 reference value, but
the NEO-QCT approach provides a better estimate for two out of
the three modes. The NEO-QCT approach provides more accurate
vibrational frequencies for the modes dominated by the heavy nuclei
in all cases. Given the minimal geometry perturbation in the NEO-
δR approach, the classical trajectory does not have enough energy
to explore the anharmonic region of the potential energy surface for
these modes.

TABLE I. Triatomic molecule vibrational frequencies (in cm−1) calculated using RT-NEO-TDDFT–Ehrenfest with the NEO-δR
and NEO-QCT approaches. The mean absolute error (MAE) is calculated using the VPT2 frequencies as the reference. The
absolute differences of the calculated frequencies compared to the VPT2 reference values are given in parentheses.

Vibrational
mode Harmonic

Ref.
VPT2 NEO-δR NEO-QCT

HCN CH bend 787 760 866 (106) 859 (99)
CN stretch 2203 2176 2222 (46) 2180 (4)
CH stretch 3465 3328 3521 (193) 3431 (103)

MAE 115 69

HNC NH bend 457 455 464 (9) 382 (73)
NC stretch 2104 2068 2097 (29) 2090 (22)
NH stretch 3825 3626 3791 (165) 3710 (84)

MAE 68 60

FHF− FF stretch 649 593 639 (46) 623 (30)
FH bend 1387 1350 1451 (101) 1390 (40)

FH stretch 1762 1725 2114 (389) 2108 (383)
MAE 179 151
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TABLE II. Formaldehyde vibrational frequencies (in cm−1) calculated using RT-NEO-TDDFT–Ehrenfest with the NEO-δR
and NEO-QCT approaches. The mean absolute error (MAE) is calculated using the VPT2 frequencies as the reference. The
absolute differences of the calculated frequencies compared to the VPT2 reference values are given in parentheses.

Vibrational mode Harmonic Ref. VPT2 NEO-δR NEO-QCT

CH2O CH2 wag 1241 1187 1262 (75) 1115 (72)
CH2 rock 1280 1247 1295 (48) 1303 (56)
CH2 bend 1555 1517 1627 (110) 1534 (17)
CO stretch 1824 1799 1816 (17) 1827 (28)

CH2 symm. stretch 2885 2739 2921 (182) 2894 (155)
CH2 asymm. stretch 2940 2749 2942 (193) 2703 (46)

MAE 104 62

Next, we focus on formaldehyde, CH2O, as a simple example
with two quantum protons. In this case, the oxygen position was dis-
placed by 10−5 bohr along the three Cartesian coordinate directions
for the NEO-δR calculation. The vibrational frequencies calculated
with the different methods are compared in Table II. The VPT2
reference values were obtained with the B3LYP functional and a
mixed electronic basis set, cc-pVDZ for non-hydrogen atoms and
cc-pV5Z for hydrogen atoms, consistent with the NEO calculations.
The agreement of both methods with the VPT2 reference is satisfac-
tory, but the MAE for the NEO-QCT approach is lower than that
for the NEO-δR approach. Thus, the NEO-QCT approach shows a
slight improvement for the vibrational frequencies compared to the
previous NEO-δR implementation for these simple cases.

B. Formic acid
In this section, we investigate formic acid, HCOOH, as an

example of a molecule for which the classical nuclei are in a nonlin-
ear geometry. A molecule with three nonlinear classical nuclei has

three modes dominated by the motion of the classical nuclei. For
this molecule, the experimental gas-phase infrared (IR) spectrum is
available from the NIST database.75 To perform the NEO-δR calcula-
tions, there is no clear prescription on how to distort the equilibrium
geometry. We chose to perturb the carbonyl oxygen position by
10−5 bohr along the three Cartesian coordinate directions. The
specific distortion chosen as the initial condition in the NEO-δR
simulations impacts the quality of the results. One of the advan-
tages of the NEO-QCT approach is that the initial conditions are
well-defined.

Figure 1 compares the spectra obtained with the two differ-
ent methods to the experimental spectrum. The overall accuracy
of the spectrum is better for the NEO-QCT approach than for the
NEO-δR approach. The NEO-QCT approach reproduces the rela-
tive intensities of the bands more accurately, specifically for the three
modes dominated by the classical nuclei (i.e., the OCO bend, C–O
stretch, and C=O stretch), although not quantitatively. The NEO-δR
approach exhibits two intense peaks in the 2000–2500 cm−1 region
that are not consistent with the experimental spectrum.

FIG. 1. Comparison of the calculated and experimental formic acid IR spectrum. The gray trace is the experimental spectrum in the gas phase from the NIST database,75

and the gray labels indicate the experimental band assignment.76 The black line is the NEO-QCT spectrum, and the orange line is the NEO-δR spectrum. The NEO-δR and
NEO-QCT trajectories were each 200 fs, and a damping factor of Γ = 1.0 × 10−5 a.u. was used for the Fourier transform in Eq. (7). All spectra were scaled such that the
intensity of the highest peak in each spectrum is set to one.

J. Chem. Phys. 164, 144123 (2026); doi: 10.1063/5.0317500 164, 144123-6

© Author(s) 2026

 
0
4
 
M
a
y
 
2
0
2
6
 
1
7
:
1
9
:
1
8

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

C. Formate–water complex
The previous examples have focused on the fundamental bands

in the vibrational spectra of predominantly harmonic molecules.
A more demanding test for our method is a molecule exhibiting
significant anharmonicity involving both the classical and quan-
tum nuclei. A type of molecular system with this characteristic is a
dimer composed of a molecular anion and a water molecule. This
type of system has been extensively studied both experimentally
and theoretically.77–82 Gas phase experimental spectra are available,
enabling a direct comparison between the simulated and experi-
mental spectra. A common characteristic of the IR spectra of these
dimers is an extreme broadening with a pronounced substructure in
the OH stretch region, which reflects the strong anharmonicity and
coupling to low-frequency intermolecular modes that involve all the
nuclei. The center of this band is also significantly redshifted with
respect to the frequency of the harmonic OH stretch. To explain this
effect, vibrational adiabatic models have been developed. Static and
dynamical approaches have demonstrated that good agreement with
experiment is obtained using multidimensional approaches.81–83

Thus, high-dimensional quantum dynamics methods are required
to model this spectral broadening.

We focus on the formate–water complex with the chemical
formula HCO−2 ⋅H2O. Before performing the RT-NEO–Ehrenfest
dynamics simulations, we conducted a benchmarking study of
the level of theory using the linear-response (LR) NEO-TDDFT

approach.29,30 Because LR-NEO-TDDFT does not account for the
motion of the classical nuclei, we cannot expect perfect agreement
with the experimental frequencies. The results from the benchmark-
ing are reported in the supplementary material. All the results used
the same protonic basis set, PB4-F2, and the epc17-2 functional.
Figure S1 shows that different electronic functionals yield quali-
tatively similar protonic excitation energies when using the same
electronic basis set. The electronic basis set is the most critical fac-
tor that influences the qualitative results, in agreement with previous
studies.30 When employing the B3LYP functional, a large composite
electronic basis set (i.e., cc-pV5Z on the protons and cc-pVTZ on
the carbons and oxygen) is necessary to obtain satisfactory
qualitative agreement with the experimental frequencies. The
LR-NEO-TDDFT excitation energies obtained with this basis set
are in the best qualitative agreement with the experimental features
(Figs. S2–S4). In this case, augmenting the basis set on the classical
nuclei has a minimal effect on the protonic states (Fig. S5). From this
benchmarking, we selected the B3LYP electronic functional with the
composite cc-pVTZ/H:cc-pV5Z electronic basis set.

With this setup, we simulated the spectrum using the
NEO-QCT approach. The convergence of the spectral line shape
with the total simulation time is shown in Fig. S6. We found that
a trajectory of around 600 fs is needed to obtain a signal in the
broadband region of the spectrum. Although this is a high-frequency
region, the signal results from the high-frequency OH stretch

FIG. 2. Comparison of the calculated and
experimental formate–water complex IR
spectrum. The gray trace indicates the
experimental spectrum in the gas phase,
digitized from Ref. 77. (a) The black line
indicates the NEO-QCT spectrum. (b)
The orange line indicates the CL-QCT
spectrum. The inset shows a comparison
of the CL-QCT and NEO-QCT spectra in
the broadband region. The CL-QCT and
NEO-QCT trajectories were each 600 fs.
For the Fourier transform in Eq. (7),
we used a damping factor of Γ = 1.59
× 10−4 a.u. for both the NEO-QCT and
CL-QCT simulations.
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mixing with the low-frequency modes of the dimer. Thus, it is rea-
sonable that we need a longer time to observe the spectral signal
arising from this coupling. The disadvantage of propagating for
longer times is that the dynamics begin to display numerical insta-
bilities and some spurious features start to appear in the spectrum.
We used a damping factor of Γ = 1.59 × 10−4 a.u. to remove spurious
peaks from the spectrum.

Figure 2(a) shows the spectrum obtained from the NEO-
QCT simulation. We applied a 0.95 scaling factor to the frequency
axis to align the simulated spectrum with the experimental data,
as is common when computing vibrational spectra with DFT.84

This scaling factor accounts mainly for the limitations of the level
of electronic structure theory. For comparison, Fig. 2(b) shows
the spectrum obtained from the classical dipole–dipole correlation
function computed from a conventional Born–Oppenheimer QCT
simulation, denoted CL-QCT, where all the modes were assigned
initial harmonic ZPE in the form of kinetic energy. The level of
electronic structure theory and the total simulation time for the
CL-QCT trajectory were the same as those for the NEO-QCT trajec-
tory, although the scaling factor was not applied. For the CL-QCT
spectrum, we used a damping factor of Γ = 1.59 × 10−4 a.u.

Both the NEO-QCT and CL-QCT approaches qualitatively
reproduce fundamental bands below 2500 cm−1. In this region,
the two most intense peaks correspond to modes dominated by
the heavy nuclei, namely, the CO symmetric and asymmetric
stretches. However, the NEO-QCT approach provides a more accu-
rate substructure in the region around 1700 cm−1. In particular, the
NEO-QCT approach resolves the intense peak of the CO asymmet-
ric stretch and the less intense peak related to the water bending at
1707 cm−1, which is dominated by the quantum protons.

The CL-QCT spectrum exhibits an intense feature centered
around 3100 cm−1, which can be assigned to the water symmet-
ric and asymmetric stretches (see Fig. S7) but does not appear
in the experimental spectrum. This discrepancy arises because the
high-frequency OH stretch modes do not mix properly with the
low-frequency modes in the classical simulation. In contrast, the
NEO-QCT approach describes this mixing properly and the spec-
trum exhibits intensity only in the broadband region, in agreement
with the experimental spectrum [inset of Fig. 2(b)]. Thus, the
NEO-QCT approach provides a more accurate description of the
coupling between the high- and low-frequency modes.

V. CONCLUSION
This work shows how NEO dynamical calculations can

be employed to simulate vibrational spectra for significantly
anharmonic molecular systems with multiple quantum protons.
The combination of RT-NEO–Ehrenfest dynamics with QCT ini-
tial conditions for the classical nuclei is an efficient and accurate
approach for computing vibrational spectra. The anharmonic ZPE
for the quantum protons is inherently included in the RT-NEO
method. The ZPE associated with the other nuclei is incorporated
via the QCT initial conditions, ensuring the classical nuclei sample
the anharmonic regions of the potential energy surface during the
dynamics. The NEO-QCT initial conditions are uniquely defined
to within a phase factor based on EBK quantization theory, avoid-
ing arbitrary choices by the user that could impact the spectra.
The NEO-QCT approach is applicable to a wide range of other

anharmonic molecular systems.77–82 In addition to computing vibra-
tional spectra, the NEO-QCT approach can be used to simulate
nuclear–electronic dynamics of photoinduced processes, such as
intramolecular proton transfer.44

The NEO-QCT approach provides the foundation for inte-
grating RT-NEO–Ehrenfest dynamics with semiclassical dynamics
for the nuclei that are not quantized within the NEO framework.
In particular, the multiple-coherent semiclassical initial value rep-
resentation (MC SC-IVR) approach relies on QCT methods to
perform semiclassical simulations of large systems, recovering addi-
tional real-time quantum effects while still starting from classical
dynamics.20,85 The combination of the MC SC-IVR approach with
the RT-NEO–Ehrenfest approach would offer a practical way to
perform dynamical simulations of molecular systems, including
quantum effects for all nuclei but at a lower computational cost than
a full quantum calculation. These types of hybrid methods will be
the subject of future investigations.

SUPPLEMENTARY MATERIAL

The supplementary material is available free of charge: LR-
NEO-TDDFT benchmarking for the formate–water complex, con-
vergence of the NEO-QCT simulated spectra with the total sim-
ulation time, method used for the assignment of the classical
formate–water complex spectrum, and the formic acid Fourier
transform spectrum.
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24F. Pavošević, T. Culpitt, and S. Hammes-Schiffer, “Multicomponent quan-
tum chemistry: Integrating electronic and nuclear quantum effects via the
nuclear–electronic orbital method,” Chem. Rev. 120, 4222–4253 (2020).
25S. Hammes-Schiffer, “Nuclear–electronic orbital methods: Foundations and
prospects,” J. Chem. Phys. 155, 030901 (2021).
26M. V. Pak, A. Chakraborty, and S. Hammes-Schiffer, “Density functional the-
ory treatment of electron correlation in the nuclear-electronic orbital approach,”
J. Phys. Chem. A 111, 4522–4526 (2007).
27Y. Yang, K. R. Brorsen, T. Culpitt, M. V. Pak, and S. Hammes-Schiffer,
“Development of a practical multicomponent density functional for electron-
proton correlation to produce accurate proton densities,” J. Chem. Phys. 147,
114113 (2017).
28K. R. Brorsen, Y. Yang, and S. Hammes-Schiffer, “Multicomponent density
functional theory: Impact of nuclear quantum effects on proton affinities and
geometries,” J. Phys. Chem. Lett. 8, 3488–3493 (2017).
29Y. Yang, T. Culpitt, and S. Hammes-Schiffer, “Multicomponent time-dependent
density functional theory: Proton and electron excitation energies,” J. Phys. Chem.
Lett. 9, 1765–1770 (2018).
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33F. Pavošević, T. Culpitt, and S. Hammes-Schiffer, “Multicomponent cou-
pled cluster singles and doubles theory within the nuclear-electronic orbital
framework,” J. Chem. Theory Comput. 15, 338–347 (2018).
34Y. Yang, P. E. Schneider, T. Culpitt, F. Pavošević, and S. Hammes-
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