
Original Paper

Ann. Henri Poincaré Online First
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Abstract. We study a novel n(n+1)/2-dimensional non-semisimple Lie al-
gebra gn, a generalisation of both sl2(K) and the two-photon Lie algebra
h6. We investigate its properties, including its structure, representations,
and its Casimir elements. In particular, we prove that there exists only
one non-trivial Casimir polynomial of degree n given by the determinant
of an n × n symmetric matrix. We then associate this Lie algebra to a
hierarchy of Hamiltonian systems with integrability properties depending
on n and describe their first integrals as sums of squares of linear combi-
nations of the components of the angular momentum. In particular, we
obtain that these systems are integrable for n = 2, quasi-integrable for
n = 3, and of Poincaré–Lyapunov–Nekhoroshev type for n ≥ 4.
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1. Introduction

Lie algebras play a pivotal role in the study of integrable systems, serving
as a fundamental tool for understanding and classifying these mathematical
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structures. Crucial to the advancement of this field was the development of
quantum mechanics. Indeed, the Lie algebraic approach to integrable systems
was initiated in Hendrik Casimir’s Ph.D. thesis [24] on rigid body motion in
quantum mechanics and later continued with the seminal paper by Fock [33]
on the SO(4) symmetry of the hydrogen atom. A similar finding was made
around of the same time by Demkov [27] and Fradkin [34] about the harmonic
oscillator, whose underlying symmetry algebra was found to be related to the
special unitary algebra, see also [32]. This research left an everlasting mark
in the history of the topic as it is witnessed by the famous book of Herman
Weyl on the subject [90]. On the other hand, the importance of Lie algebras
in classical mechanics was established only later, mostly through the funda-
mental work of Olshanetsky and Perelomov. In their most famous paper [71],
Olshanetsky and Perelomov established a connection between semisimple Lie
algebras and Calogero–Moser like integrable Hamiltonian systems [19], see also
the book [74].

The systematisation of these ideas led to the so-called algebraic approach
to integrable systems. This field uses tools from Lie or Poisson algebra theory
to construct new integrable systems and explicitly solve existing ones. The first
problem, also known as the “search problem”, is of fundamental importance in
the theory of integrable systems and in mathematical physics in general, since
integrable systems are ubiquitous in applications, as they arise as a limiting
form of a broad families of nonlinear systems [20]. Given a “generic system”,
it is possible to obtain information on its behaviour using perturbation theory
of an integrable system, see e.g. [3, Chap. 11].

The strength of most algebraic methods in integrable systems is that, in
contrast with various existing direct methods, see e.g. [28,29,35,39,41,42,48–
51,77–81,84,85,89], they can be employed to construct integrable systems in
arbitrary dimensions. In contrast, direct methods are often limited by cum-
bersome computations as the number of degrees of freedom increases.

As in any top-down approach, the main limitation of algebraic methods
in integrable systems is our knowledge of the properties of a given mathemat-
ical structure. For this reason, the techniques based on Lie algebras in most
of the cases are built on (semi)simple Lie algebras, which are essentially com-
pletely understood over the complex field since the times of Killing [52] and
Cartan [23]. When the real field is considered, for instance for applications in
classical mechanics, the situation is more involved, since complex simple Lie
algebras have multiple possible real forms [73]. Besides the results on simple
Lie algebras, the classification of (all) real Lie algebras is nowadays limited up
to dimension 6, with an history going back to Luigi Bianchi [17] and completed
only about 70 years later by Turkowski [88] with many contributions given by
Mubarakzyanov [63–65]. For more details, see the very complete introduction
on the topic in [75, §2]. Classification in higher dimension becomes impractical
as the number of Lie algebras grows exponentially (see the estimates in [54]),
so usually one confines the study to Lie algebras with interesting properties,
where of course the interest depends on the intended application.
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This paper is devoted to the study of a novel n(n + 1)/2-dimensional
non-semisimple Lie algebra, which we call gn for n ≥ 2. Up to isomorphism,
the Lie algebra gn is a generalisation of another non-semisimple Lie algebra
called the two-photon Lie algebra h6 [91], which arises as g3. Moreover, it is
well known that the two-photon Lie algebra admits as Levi factor a copy of
the three-dimensional special linear algebra sl2(K), which arises in our con-
struction as g2. The Lie algebra gn generalises this property, and in particular,
we will show that for every fixed n it contains as Lie subalgebras all the Lie
algebras gk with 2 ≤ k ≤ n−1. The Lie algebra gn was first proposed in [43] in
the context of the application of Lie algebras to discrete time integrable sys-
tems through the so-called coalgebra symmetry approach [6,11,14]. Roughly
speaking, the coalgebra symmetry approach is an algebraic machinery that
given a (classical) one degree of freedom Hamiltonian system associated with
a Lie–Poisson algebra turns it into one with N degrees of freedom, and many
first integrals are obtained from the Casimir elements of the underlying Lie–
Poisson algebra. In some particular cases, these first integrals are enough to
give both integrability and even superintegrability of the N degrees of freedom
Hamiltonian system. In [43], it was proposed that the Lie algebra gn could be
useful to explain integrability of both discrete and continuous time systems,
making it a “good” candidate Lie algebra to be studied in arbitrary dimension,
i.e. arbitrary n. However, the idea given in [43] requires the computation of
the Casimir elements of the Lie algebra gn for generic n. This is a difficult
problem to tackle because the algebra is non-semisimple, and for this kind
of Lie algebras the standard ways of computing the Casimir elements rapidly
become untreatable because of the complexity of the calculation involved.

In this paper, we address the problem of determining the Casimir ele-
ments of the Lie algebra gn by initially employing the vector field approach
based on its coadjoint representation. We then rigorously prove that the ob-
tained polynomial is indeed the Casimir invariant for any n ≥ 2, within a
framework grounded in the representation theory of Lie algebras [36]. We are
able to show that there exists, up to a scalar multiple, only one non-trivial
Casimir polynomial of degree n. This result generalises the well-known Casimir
elements of sl2(K), a degree two polynomial [86, §16.5], and of h6, a degree
three polynomial [8], which are recovered as the n = 2, 3 cases, respectively.
Then, in the spirit of [6,11,14] we build a hierarchy of Hamiltonian systems
in N degrees of freedom associated with the Lie algebra gn. In particular, we
show that each of these systems possesses a total number of 2(N − n + 1) first
integrals divided into two families of N − (n − 2) pairwise commuting ones.
In particular, this implies that the given systems are integrable for n = 2,
quasi-integrable for n = 3, and of Poincaré–Lyapunov–Nekhoroshev type with
rank N − (n − 2) [37,38,69] for n ≥ 4.

The plan of the paper is the following: in Sect. 2, we discuss the back-
ground material we need throughout the paper. In particular, we focus on the
basic notions on Lie algebras and their representations that we are going to use,
and we give a short introduction to the coalgebra symmetry method applied to
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Classical Mechanics. In Sect. 3, we introduce the Lie algebra gn and establish
its main properties. In particular, we show that there is a chain of inclusions
of Lie subalgebras, prove that gn can have at most one non-trivial Casimir
element, and then construct a matrix representation in sl2(n−1)(K) and also
its coadjoint representation in the space of vector fields. Section 4 contains the
main result of the paper: the proof of the form of the Casimir element of gn

for arbitrary n. We start by employing the method of vector fields to examine
the low-dimensional examples n = 2, 3, 4. Carefully analysing those examples,
we guess the general form of the Casimir polynomial for generic n as the de-
terminant of a given n × n symmetric matrix with coefficients in gn. Then,
we use the matrix representation constructed in Sect. 3 to prove that such a
determinant is indeed a Casimir polynomial, being well-behaved with respect
to the action of the group SLn(K), and recalling that such an action has the
property of leaving invariant the determinant of a symmetric matrix. Then,
in Sect. 5 we proceed to associate to gn a hierarchy of classical Hamiltonian
systems using a one degree of freedom symplectic realisation. Moreover, using
the information on the Casimir element of gn, we are able to describe the
first integrals of the obtained Hamiltonian systems. In particular, we provide
a expression of the first integrals as sum of squares of “building blocks” that
are n-indices objects arising as linear combinations of the angular momentum
components Li,j , plus constant terms coming from the gn central elements un-
der the chosen symplectic realisation. We also provide a determinantal formula
for these n-indices objects, which clarifies their rather intricate structure. Of
course, the known cases n = 2, 3 are properly recovered. Finally, in Sect. 6 we
discuss our results and suggest further directions of research in the field.

2. Background and Notations

In this section, we discuss the background tools we need to fully develop our
arguments, and fix the notations we are going to use throughout the manu-
script.

2.1. Notions from Representation Theory

Consider a finite-dimensional Lie algebra g over a field K. In this subsection,
we recall a few notions from representation theory, see for instance [36]. A
representation ρ of the Lie algebra g on a vector space V (finite or infinite
dimensional) is a linear map of g into the space of linear operators acting on
V , denoted by L (V ):

ρ : g L (V )

x ρ(x),
(2.1)

such that:
ρ([x, y]) = ρ(x) ◦ ρ(y) − ρ(y) ◦ ρ(x). (2.2)

Note that, within this definition, we implicitly used that L (V ) is a Lie algebra
with Lie bracket given by the difference of compositions: [F,G]L (V ) = F ◦G−
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G ◦ F , and a representation preserves the Lie bracket: ρ([x, y]) = [ρ(x), ρ(y)].
If the map ρ is injective, the representation is called faithful.

When V is a finite-dimensional vector space over K we have that L (V ) ∼=
gl(V ), the space of linear operators on V . If dimV = n, after choosing a basis,
this is the space of n×n matrices and it is denoted by gln(K). The commutator
is [X,Y ] = XY − Y X, cf. (2.2). Representations ρ : g −→ gln(K) are called
matrix representations.

A basic example of a representation of a Lie algebra is the adjoint repre-
sentation ρad, which we will use later. It is defined as follows:

ρad : g gl(g)

x ρad(x)(−) = adx(−) = [x,−].
(2.3)

The Lie bracket is preserved due to the Jacobi identity for a Lie algebra. Given
a finite-dimensional representation ρ : g −→ gl(V ), we can define representa-
tions on tensor products of V , see [53, §4.2.2]. In particular, we are interested
in the representation ρ⊗2 induced on V ⊗2, namely ρ⊗2 : g −→ gl(V ⊗2), where
for every x ∈ g we have:

ρ⊗2(x) : V ⊗2 V ⊗2

v ⊗ w (ρ(x)v) ⊗ w + v ⊗ (ρ(x)w) .

(2.4)

We observe that that ρ(x) acts as a derivation on V ⊗2 and this is also true for
V ⊗n. This action can be made more explicit by choosing a basis e1, . . . , en of
V and identifying the tensor product with the vector space of n × n matrices
in the following way:

V ⊗2 Mn (K)

ei ⊗ ej Ei,j ,

∼=
(2.5)

where Ei,j is an n × n matrix whose only nonzero entry is the element (i, j):

Ei,j = (δikδjl)n
k,l=1. (2.6)

It is then an easy computation to verify that the representation ρ⊗2 on V ⊗2

is (equivalent to) the representation, still denoted by ρ⊗2, on Mn(K):

ρ⊗2 : g Mn(K)

x ρ⊗2(x)(M) = ρ(x)M + Mρ(x)T
.

(2.7)

In the decomposition V ⊗2 = Sym2 V ⊕ Λ2V , the subspaces of symmetric and
skew symmetric tensors are mapped into themselves by any ρ⊗2(x). So, it
makes sense to consider the representations on the two invariant subsets. In
particular, we denote the representation ρ⊗2 restricted to Sym2 V (resp. Λ2V )
by ρ(2) (resp. ρ[2]).
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More generally, for each n ≥ 0 we have the representations ρ(n) on
Symn V . This leads to consider the symmetric algebra SV of V , an infinite
dimensional vector space
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SV :=
∞⊕

n=0

Symn V , (2.8)

with the convention that Sym0 V = K. An element v ∈ V defines a linear
map on the dual vector space v : V ∗ −→ K simply mapping � ∈ V ∗ to �(v).
The vector space Symn V can then be identified with linear combinations of
products vi1vi2 . . . vin of functions on V ∗ that are homogeneous of degree n.
This leads to the identification SV = Pol(V ∗), the algebra of polynomial
functions on V ∗.

We are particularly interested in the case that V = g and ρ = ρad, the
adjoint representation on V , now extended, by derivations, to all of SV . That
is, ρad : g −→ L (Sg), where for all x ∈ g we have:

ρad(x) : Sg Sg

xi1xi2 . . . xin [x, xi1 ]xi2 . . . xin + · · · + [x, xin ]xi1 . . . xin−1 .

(2.9)
Then, a polynomial Casimir element C ∈ Sg is by definition an element anni-
hilated by the adjoint action:

ρad(x)(C) = 0 ∀x ∈ g . (2.10)

Clearly, the elements of the centre of a Lie algebra Z(g) are Casimir elements.
These elements are usually called trivial Casimir elements, since they belong
to the Lie algebra g itself.

More explicitly, if we choose a basis g = span
K

{ x1, . . . , xd }, then we have
the identification Sg ∼= K [x1, . . . , xd], the polynomial algebra in d variables.
The Lie algebra structure is determined by the structure constants ck

ij , i.e.:

[xi, xj ] :=
d∑

k=1

ck
ijxk . (2.11)

The Lie bracket of g induces on Sg = Pol(g∗), and more in general on the
algebra of functions F (g∗) of all smooth/analytic functions on g∗, the so-
called Lie–Poisson bracket:

{f, g}Sg =
d∑

i,j,k=1

ck
ijxk

∂f

∂xi

∂g

∂xj
, (2.12)

see also [60, Chap. 7]. Notice that:

ρad(xi)(xj) = [xi, xj ] = {xi, xj}Sg, (2.13)

and hence, since x ∈ g acts by derivations:

ρad(x)(f) = {x, f}Sg. (2.14)

Consequently, polynomial Casimir elements C can be constructed as elements
of the symmetric algebra by solving:

{C, x}Sg = 0, ∀x ∈ g. (2.15)
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Since g acts on F (g∗) by derivations, we actually have a map g −→
X(g∗), the latter being the space of vector fields over g∗. In fact, the formula
for ρad(xi)(xj) implies that xi acts as the vector field:

x̂i :=
d∑

j,k=1

ck
ijxk

∂

∂xj
. (2.16)

The vector fields are a Lie algebra with Lie bracket given by

[X,Y ]LB(f) := X(Y (f)) − Y (X(f)), X, Y ∈ X(g∗), f ∈ F (g∗).
(2.17)

Then x �→ x̂ is a Lie algebra representation since the vector fields x̂i satisfy
the same commutation relations as xi in the Lie algebra g, i.e. the following
identity holds:

[x̂i, x̂j ]LB = ̂[xi, xj ]g . (2.18)

Thus, following for instance [86], we say that the vector fields { x̂1, . . . , x̂d } ⊂
X(g∗) form a basis of the so-called coadjoint representation of g, acting by
derivations on F (g∗).

Remark 2.1. Note that if Z(g) 
= 0, the adjoint representation is not faithful,
as all the elements in the centre are mapped into the zero vector field of X(g∗).

For the search of Casimirs, we then have the following result:

Proposition 2.2 ([86, §3.2]). Given a d-dimensional Lie algebra g, then its
Casimir elements can be found as the functionally independent solutions of
the system of PDEs:

x̂i(f) = 0, i = 1, . . . , d, (2.19)
where the x̂i are the basis of the coadjoint representation in the space of vector
fields, see equation (2.16).

This result tells us that one does not need to check the polynomial
Casimir condition (2.15) for every element, but just a suitably chosen ba-
sis is enough. For applications and further discussion of this method to find
Casimir elements of Lie algebras, we refer to [86]. A short discussion of this
approach in our case of interest, along with some motivations on why it tends
to become ineffective as the dimension of the Lie algebra grows, is presented
in Sect. 4.

We also recall the following important result on the number of Casimir
elements admitted by a Lie algebra:

Theorem 2.3 (Beltrametti–Blasi [16]). Let g be a d-dimensional Lie algebra
over K with structure constants ck

ij. Then, the number of functionally indepen-
dent Casimir invariants, ν, of g is the following:

ν = dim g − rankA, A =

(
d∑

k=1

ck
ijxk

)d

i,j=1

, (2.20)

where the xi are commuting variables on the base field.
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We conclude by recalling that for some other authors Casimir elements
are considered in the universal enveloping algebra (UEA) Ug of the Lie algebra
g rather than in its symmetric algebra. For instance, in [53] a Casimir element
is defined to be an element of Ug invariant with respect to the adjoint action of
g, defined by extending the adjoint action of g on Ug. In fact, this definition is
analogous to the one we gave, because there exists a map Σ: Sg −→ Ug, called
the symmetrisation map, mapping polynomial Casimir elements in Sg into
polynomial Casimir elements in Ug in the sense just described. For this reason,
within this paper we will only consider Casimir elements in the symmetric
algebra Sg, see also [22, §2].

2.2. The Coalgebra Symmetry Approach for Hamiltonian Systems

The concept of coalgebra was introduced in quantum group theory during the
1980s [30], see also the book [25]. However, its application to (super)integrable
systems did not emerge until the late 1990s through the pioneering work of
Ballesteros, Ragnisco, and their collaborators in [11,14]. Over the years, this
approach has been significantly expanded to encompass diverse scenarios, lead-
ing to a deeper understanding of various integrable and superintegrable sys-
tems. As evident from comprehensive reviews such as [6], the coalgebra symme-
try framework has also been successfully applied in other areas, including the
study of superintegrable systems on non-Euclidean spaces [4,7]. Additionally,
it has been employed to investigate models with spin–orbital interactions [83],
discrete quantum mechanical systems [56], and superintegrable systems related
to the generalised Racah algebra R(n) [26,57–59]. Furthermore, adaptations of
this method have been made for use with comodule algebras in [10] and loop
coproducts in [68]. Recent work has also explored its application to discrete
time systems[31,43,44]. This subsection will provide a brief overview of the
coalgebra symmetry construction, highlighting the main results and ideas in
this theory.

The starting point of this approach is the following definition:

Definition 2.4. A coalgebra is a pair (A ,Δ) where A is a unital, associative
algebra and Δ: A −→ A ⊗2 is a coassociative map. That is, Δ is an algebra
homomorphism from A to A ⊗2:

Δ(x · y) = Δ(x) · Δ(y), ∀x, y ∈ A , (2.21)

such that:
(Δ ⊗ Id) ◦ Δ = (Id ⊗Δ) ◦ Δ , (2.22)

that is, the following diagram commutes:

A

A ⊗2

A ⊗2

A ⊗3

Δ Δ ⊗ Id

Δ Id⊗Δ

(2.23)

The map Δ is called the coproduct map.
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When there is no possible confusion on the coproduct map, it is custom-
ary to denote the coalgebra simply by A . Our case of interest are Poisson
coalgebras. That is, we will not assume A to be a generic unital associative al-
gebra, but rather we will consider it to be a Poisson algebra, i.e. a commutative
associative algebra admitting a bilinear derivation {, }, satisfying the Jacobi
identity. The bilinear operation {, } is called a Poisson bracket. To build a
Poisson coalgebra, the coalgebra structure and the Poisson algebra structure
have to be compatible in the sense of the following definition:

Definition 2.5. A Poisson coalgebra is a triple (A ,Δ, { , }) where (A ,Δ) is a
coalgebra and (A , {, }) is a Poisson algebra, such that the coproduct map is a
Poisson homomorphism with respect to the induced Poisson bracket on A ⊗2:

{x ⊗ y, w ⊗ z}A ⊗2 = {x,w}A ⊗ yz + xw ⊗ {y, z}A , x, y, z, w ∈ A , (2.24)

i.e. Δ({x, y}A ) = {Δ(x),Δ(y)}A ⊗2 .

The coproduct provides us a way to obtain relevant elements living in
the twofold tensor product of a Poisson algebra. In particular, the coproduct
is not surjective, but its image is a copy of the original Poisson algebra A in
A ⊗2: A ∼= Δ(A ) ⊂ A ⊗2.

The construction of the coproduct can be extended in two different ways
for all m > 2 [6]. Indeed, by recursion one can define the left and right higher-
order mth coproducts Δ(m)

R : A −→ A ⊗m and Δ(m)
L : A −→ A ⊗m, acting as:

Δ(m)
L =

(
m−2︷ ︸︸ ︷

Id⊗ Id ⊗ · · · ⊗ Id⊗Δ
) ◦ Δ(m−1)

L , (2.25a)

Δ(m)
R =

(
Δ ⊗

m−2︷ ︸︸ ︷
Id⊗ Id⊗ · · · ⊗ Id

) ◦ Δ(m−1)
R . (2.25b)

By induction on m, it can be proved that the mth coproducts Δ(m)
L and

Δ(m)
R are also Poisson maps on A ⊗m and define a copy of the original algebra:

A ∼= Δ(m)
i (A ) ⊂ A ⊗m, i = L,R.

In particular, if { x1, . . . , xd } is the generating set of A , for a generic
element F ∈ A we can write:

Δ(m)
L (F )(x1, . . . , xd) = F (Δ(m)

L (x1), . . . ,Δ
(m)
L (xd)), (2.26a)

Δ(m)
R (F )(x1, . . . , xd) = F (Δ(m)

R (x1), . . . ,Δ
(m)
R (xd)). (2.26b)

Now, let us fix an N ∈ N. Then, following for example [66] we can consider
a chain of tensor products A ⊗m for all m ≤ N with left/right embeddings:

ιm,L : A ⊗m A ⊗N

x ιm,L(x) = x ⊗ 1 ⊗ 1 ⊗ · · · ⊗ 1︸ ︷︷ ︸
N−m

,
(2.27)
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and:
ιm,R : A ⊗m A ⊗N

x ιm,R(x) = 1 ⊗ 1 ⊗ · · · ⊗ 1︸ ︷︷ ︸
N−m

⊗x.
(2.28)

So, we can consider all the elements as lying in the final tensor product A ⊗N .
In particular, we can consider all the Poisson brackets in A ⊗N in the following
way: let x ∈ A ⊗m and y ∈ A ⊗m′

, then:

{x, y}A ⊗N = {ιm,L(x), ιm′,L(y)}A ⊗N , (2.29)

and, similarly, if we consider the tensor product within the right embedding,
or the mixed case.

Now, a crucial ingredient in the construction of Hamiltonian systems from
coalgebras is the fact that Poisson algebras admit Casimir elements. This is
a direct generalisation of what we discussed in the previous section about
Casimir elements for Lie algebras. Clearly, given a Poisson algebra (A , {., .}),
a Casimir element C ∈ A is an element such that {C, x}A = 0 for all x ∈ A ,
to be compared with (2.15). We denote the space of Casimir elements of a
Poisson algebra by:

Cas(A , {., .}) = { C ∈ A | {C, x} = 0, ∀x ∈ A } . (2.30)

This space is a subalgebra and also an ideal of A [60, Chap. 1]. If Cas(A , {., .})
is finitely generated, we can take a (minimal) set of its generators { C1, . . . , Cs }.
We will say that such a set of generators is a set of functionally independent
Casimirs. This name is justified from the fact that in the case of the symmetric
algebra Sg of a d-dimensional Lie algebra g, through the isomorphism Sg ∼=
K[x1, . . . , xd] this notion reduces to the standard analytic notion of functional
independence.

Then, we can state the following fundamental result adapted to our no-
tations:

Theorem 2.6 ([6,14]). Assume we are given a finitely generated Poisson coal-
gebra (A ,Δ, {, }), with A generated by the set {x1, . . . , xd}, whose Casimir
subalgebra is finitely generated Cas(A , { , }) = { C1, . . . , Cs }. Then, the two
sets of functions:

L =
{

C
(m)
j := (ιm,L ◦ Δ(m)

L )(Cj)(x1, . . . , xd)
}

m=1,...,N,j=1,...,s
, (2.31a)

R =
{

Cj,(m) := (ιm,R ◦ Δ(m)
R )(Cj)(x1, . . . , xd)

}

m=1,...,N,j=1,...,s
, (2.31b)

are made of Poisson commuting functions on A ⊗N . Furthermore, they Pois-
son commute with Δ(N)

L (xi) = Δ(N)
R (xi), i = 1, . . . , d and with all functions

Δ(N)
L (H) = Δ(N)

R (H) ∈ A ⊗N , where H ∈ A .

This result was obtained in [14] in the case of the left coproduct. The
extension to incorporate also the right coproducts originally introduced in [15]
can be found, for example, in [6]. The functions C

(m)
j and Cj,(m) are usually
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called left and right Casimir functions. Note that despite the name these func-
tions are not Casimir elements in the standard sense, and in general they do
not commute with each other [57]. Moreover, because of the coassociativity
property we have C

(N)
j = Cj,(N), at a fixed j = 1, . . . s.

Now, to discuss integrable systems, we need to put this algebraic con-
struction with a Hamiltonian system. This is done through the so-called sym-
plectic realisation of a Poisson algebra. A symplectic realisation is, in general,
a Poisson algebra homomorphism from a given Poisson algebra (A , {, }) to
the algebra of smooth functions on an open subset U of a symplectic manifold
(M ,Ω), with dimM = 2M . Since we are working locally, from Darboux theo-
rem, we can consider on the open subset U the canonical coordinates (q1,p1),
and the symplectic form to be the canonical one ω. Under such hypotheses, a
M degrees of freedom canonical symplectic realisation is the following Poisson
homomorphism:

D: (A , { , }) (C∞(U), { , }ω)

xi xi(q1,p1).
(2.32)

If the Poisson algebra is a Poisson coalgebra, from a M -degrees of freedom
symplectic realisation we can find a NM -degrees of freedom symplectic real-
isation by taking the tensor product of realisations: D⊗N . The factors of the
tensor product are usually physically interpreted as “sites”, where on each of
them resides a “particle” with M -degrees of freedom. We denote the canonical
coordinates in the NM -degree of freedom realisation by:

(q,p) = (q1,p1, . . . ,qN ,pN ), (2.33a)

where:

qj = (qj,1, . . . , qj,M )T
, pj = (pj,1, . . . , pj,M )T

, j = 1, . . . , N. (2.33b)

In general, by applying the tensor product realisation we can construct
the first integrals, using the left and right Casimir introduced in Theorem
2.6. Moreover, using the last part of Theorem 2.6 we see that we can lift a
one-particle, M -degrees of freedom Hamiltonian H ∈ C∞(U) to generate an
N particle, NM -degrees of freedom Hamiltonian equipped with many first
integrals, usually called universal integrals [4,57]. This is the content of the
following result:

Theorem 2.7. Assume we are given a finitely generated Poisson coalgebra
(A ,Δ, { , }) whose Casimir subalgebra is finitely generated Cas(A , { , }) =
{ C1, . . . , Cs }, and assume we are given a M -degrees of freedom canonical
realisation D : A −→ C∞(U). Then, given H ∈ A and the corresponding
M -degrees of freedom Hamiltonian H(q1,p1) := D(H) ∈ C∞(U), the NM -
degrees of freedom Hamiltonian:

H(N)(q,p) := (D⊗N ◦Δ(N)
L )(H) (2.34)
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admits two sets of sN commuting first integrals given by:

L =
{

C
(m)
j (q,p) := D⊗N (C(m)

j )
}

m=1,...,N,j=1,...,s
, (2.35a)

R =
{

Cj,(m)(q,p) := D⊗N (Cj,(m))
}

m=1,...,N,j=1,...,s
, (2.35b)

where the functions C
(m)
j and Cj,(m) are defined in equation (2.31).

Let us now discuss the main case of interest, that is, the one of Lie–Poisson
algebras (F (g∗), {, }), or if only polynomials are involved the symmetric al-
gebra Sg ∼= Pol(g∗) ⊂ F (g∗) of a Lie algebra g. All Lie–Poisson algebras
admit a common coproduct, called the primitive coproduct Δ [87], which can
be defined on the (linear) generators of the symmetric algebra as:

Δ: Sg (Sg)⊗2

xi Δ(xi) = xi ⊗ 1 + 1 ⊗ xi,

(2.36)

then extended to generic elements of Sg through the homomorphism prop-
erty (2.21), and eventually to the whole algebra of smooth functions F (g∗).
Many different coproducts are build upon deformation of the primitive co-
product, see e.g. [25] and papers [12,61]. The primitive coproduct allows great
simplifications in the theory. For instance, it makes the construction of the
tensor realisations from a basic one immediate. For the sake of convenience,
we enclose this result in the following lemma:

Lemma 2.8. Consider a Lie algebra g = span
R

{ e1, . . . , ed }, the induced prim-
itive coproduct on Sg ∼= R[x1, . . . , xd] (2.36) and a M -degrees of freedom re-
alisation D: (A , {, }) −→ (C∞(U), {, }ω) (2.32). Then, we have the following
expressions for the NM -degrees of freedom canonical symplectic realisation of
the generators:

D⊗N (ιm,L ◦ Δ(m)
L (xi)) =

m∑

j=1

xi(qj ,pj), (2.37a)

D⊗N (ιm,R ◦ Δ(m)
R (xi)) =

N∑

j=N−m+1

xi(qj ,pj), (2.37b)

where qj and pj are given in Eq. (2.33b).

Let us summarise the construction and place it in the context of integra-
bility of Hamiltonian systems. From Theorem 2.7, we have that a Hamiltonian
system endowed with coalgebra symmetry is naturally equipped with two sets
of first integrals whose number depends on the Casimir of the underlying Lie
(or Poisson) algebra. However, for a “generic” Poisson algebra such a Hamil-
tonian system is not necessarily integrable, while for some specific ones it can
be even more than integrable. To this end, we recall some basic definitions in
the theory of integrable systems:

• a Hamiltonian system possessing N functionally independent first inte-
grals in involution, Hamiltonian included, is called Liouville integrable [3];
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• a Liouville integrable system possessing N +k, 1 ≤ k ≤ N −1 functionally
independent first integrals is called superintegrable, in particular if k =
N − 1 it is called maximally superintegrable (MS), and if k = N − 2 it is
called quasi-maximally superintegrable (QMS) [62,82];

• a Hamiltonian system possessing l with 1 ≤ l ≤ N − 1 commuting first
integrals is called a system of Poincaré–Lyapunov–Nekhoroshev (PLN)
type with rank l, in particular if l = N −1 it is called quasi-integrable [37,
38,69].

Now, for a Hamiltonian system with coalgebra symmetry there are algebraic
conditions to be fulfilled on the algebra and on its realisation to obtain auto-
matically Liouville integrability, see [6]. Moreover, for some specific realisation,
the first integrals computed through formulas (2.35) can be trivial up to a cer-
tain N , i.e. a constant. Without entering into the details, we simply note that
the only aspect that may fail in terms of integrability concerns the functional
independence of the first integrals produced via Theorem 2.7. However, for
any given Casimir, the left and right integrals generated from it are, by con-
struction, mutually functionally independent. We will show the details of this
construction in the explicit example of the Lie algebra gn in Sect. 5.

3. The gn Chain of Lie Algebras

In this section, we rigorously introduce the gn Lie algebra and derive its first
properties. In particular, we present a matrix representation of gn in the special
linear algebra of a properly chosen dimension.

Throughout this section and the rest of the paper, we will not explicitly
indicate the base field for the Lie algebras. In general, the reader can assume
either the complex or the real numbers. Field-dependent results or statements
will be specified when needed.

3.1. Definition and Main Properties

The Lie algebra gn is a Lie algebra of dimension Tn = n(n+1)/2 characterised
by the following generators.1:

• the 3 generators { h, x−, x+ };
• the 2(n − 2) generators { yi,−, yi,+ } for i = 1, . . . , n − 2, (n ≥ 3);
• the Tn−2 central elements zi,j with 1 ≤ i ≤ j ≤ n − 2, (n ≥ 3);

with commutation relations:
[x+, x−] = h, [h, x±] = ±2x±, [h, yi,±] = ±yi,±,
[x−, yi,−] = [x+, yi,+] = 0, [x−, yi,+] = yi,−, [x+, yi,−] = yi,+,
[yi,+, yj,+] = [yi,−, yj,−] = 0 [yi,+, yj,−] = zmin(i,j),max(i,j) [zi,j ,−] = 0.

(3.1)
As stated above, the centre of gn is

Z(gn) = span
K

{ zi,j }1≤i≤j≤n−2 . (3.2)

1We use the notation Tn because the dimensions of the Lie algebras gn are the triangular
numbers.
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Note that dimZ(gn) = Tn−2 = (n − 1)(n − 2)/2.
In the following, we denote by gn the quotient algebra obtained as the

quotient of gn by the ideal Z(gn), i.e. gn = gn/Z(gn), see, for instance, [36,
§9.1].

By construction, for n = 2 we have g2 = sl2(K). Indeed, in this case
the generators yi,± and zi,j are not present. Next, for n = 3 we get a six-
dimensional Lie algebra with generators {h, x+, x−, y+ := y1,+, y− := y1,−,
z := z1,1}. This Lie algebra is isomorphic to the two-photon Lie algebra h6 [91],
which is in turn isomorphic to the (1 + 1)-Schrödinger algebra [45,70]. For
n = 4, we have a ten-dimensional Lie algebra isomorphic to the A10 Lie algebra
introduced in [43]. The peculiarity of these Lie algebras is the fact that they
form a chain of inclusions:

sl2(K) ⊂ h6 ⊂ A10, (3.3)

where each Lie algebra is “embedded” as a Lie subalgebra in the next one.
This result can be made more general in the following lemma:

Lemma 3.1. For a fixed n ≥ 2, we have the following chain of inclusions

g2 ⊂ g3 ⊂ · · · ⊂ gn−1 ⊂ gn, (3.4)

where any Lie algebra is a Lie subalgebra of the following one.

Proof. Let us note that, given the isomorphisms discussed above, we can re-
strict to prove this statement for n ≥ 3. To be more precise, we observe that
for all 2 < k ≤ n the following decomposition as vector spaces holds true:

gk = gk−1 ⊕ Ik ⊃ gk−1, (3.5)

where

Ik = span
K

{ yk−2,−, yk−2,+ } ⊕ span
K

{ z1,k−2, . . . , zk−2,k−2 } . (3.6)

Now, we see that [gk, Ik] ⊂ Ik, that is, Ik is an ideal in gk, and that [gk−1, gk−1]
⊂ gk−1 ⊂ gk, that is, gk−1 is a Lie subalgebra of gk. Both these statements
can be read from the following decomposition of the commutation table:

gk−1 yk−2,+ yk−2,− z1,k−2 · · · zk−2,k−2

gk−1 Lk−1 Wk 0 · · · 0
yk−2,+ −WT

k

0 −zk−2,k−2 0 · · · 0
yk−2,− zk−2,k−2 0 0 · · · 0
z1,k−2 0T 0 0 0 · · · 0

...
...

...
...

...
. . .

...
zk−2,k−2 0T 0 0 0 · · · 0

(3.7)
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where Lk−1 is the commutation table for gk−1, and

Wk :=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−yk−2,− yk−2,+

0 yk−2,−
yk−2,+ 0

0 −z1,k−2

z1,k−2 0
0 0
0 −z2,k−2

z2,k−2 0
0 0
0 0
0 −z3,k−2

z3,k−2 0
0 0
...

...
0 0
0 −zk−3,k−2

zk−3,k−2 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.8)

This ends the proof of the lemma. �
So, following the statement of the previous lemma, we say that the se-

quence of Lie algebras { gn }n≥2 form a chain of Lie algebras. Next, we show
the Levi decomposition [86, §2.2] of the Lie algebra gn:

Lemma 3.2. The Lie algebra gn has the following Levi decomposition:

gn = sl2(K) ⊕S rn, (3.9)

where rn is the radical, generated by the elements yi,±, i = 1, . . . , n − 2 and
zi,j, i ≤ j = 1, . . . , n − 2, whose nonzero commutation relations are:

[yi,+, yj,−] = zmin(i,j),max(i,j). (3.10)

Proof. This statement follows trivially from the commutation relations of gn

(3.1). �
Remark 3.3. The radical rn is a two-step nilpotent Lie algebra which can be
interpreted as a generalised Heisenberg algebra. We remark that in the case
n = 3, it is exactly the Heisenberg algebra h(1), or in the notation of [86] the
nilpotent algebra n1,3.

Since our goal is to determine the Casimir elements of the Lie algebra
gn, we begin by establishing how many such invariants the algebra admits:

Proposition 3.4. The Lie algebra gn admits

νn = Tn−2 + 1, (3.11)

Casimir elements of which Tn−2 are the central elements zi,j and only one is
non-trivial up to multiplication by scalars and by central elements.
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Proof. The proof of this result relies on the Betrametti–Blasi formula in The-
orem 2.3. Consider the commutative variables in K:

h, x−, x+, y1,−, y1,+, . . . , yn−2,−, yn−2,+, z1,n−2, . . . , zn−2,n−2, (3.12)

associated with the corresponding generators of gn and taken in this order.
Then, using formula (3.7) we can write the matrix A(n) in (2.20) in a recursive
way as:

A(n) =

⎛

⎝
A(n − 1) Y (n) O
−Y T (n) Z(n) O

O O O

⎞

⎠ , (3.13)

where O denotes a zero matrix of the appropriate size, and we defined:

Y (n) :=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−yn−2,− yn−2,+

0 yn−2,−
yn−2,+ 0

0 −z1,n−2

z1,n−2 0
0 0
0 −z2,n−2

z2,n−2 0
0 0
0 0
0 −z3,n−2

z3,n−3 0
0 0
...

...
0 0
0 −zn−3,n−2

zn−3,n−2 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, Z(n) :=
(

0 −zn−2,n−2

zn−2,n−2 0

)
,

(3.14)
and the initial datum:

A(2) :=

⎛

⎝
0 −2x− 2x+

2x− 0 −h
−2x+ h 0

⎞

⎠ . (3.15)

We aim to prove that rankA(n) = 2(n − 1). To do so, we will extract
from A(n) a 2(n − 1) × 2(n − 1) submatrix which evaluated for a particular
choice of the variables (3.12) will have non-vanishing determinant. From the
continuity of the determinant, this is enough to prove the statement.

Firstly, let us remove all zero lines and rows in A(n): these correspond
to the coefficients associated with the central elements zi,j . This gives us a
matrix with Tn −Tn−2 = 2(n−1)+1 columns and rows of the following shape:
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Ã(n) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −2x− 2x+ −y1,− y1,+ · · · −yn−2,− yn−2,+

0 −h 0 y1,− · · · 0 yn−2,−
0 y1,+ 0 · · · yn−2,+ 0

0 −z1,1 · · · 0 −z1,n−2

. . .
...

−zn−2,n−2

0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(3.16)
where we omit the subdiagonal elements since the matrix is skew symmetric.
Formula (3.16) is proved easily using the recursive formula for A(n) (3.13).
This matrix is a skew symmetric matrix of odd dimension, meaning that its
determinant must be zero and its rank is at most 2(n − 1).

Now, consider the submatrix of Ã(n) obtained by deleting the third row
and third column and evaluating on the following value of the variables (3.12):

yi,− = yi,+ = 0, zi,j =

{
0 if i 
= j,

1 if i = j,
(3.17)

that is, the 2(n − 1) × 2(n − 1) matrix:

Ã0(n) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −2x−
2x− 0

0 −1
1 0

. . .
0 −1
1 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.18)

The determinant of the matrix Ã0(n) is clearly nonzero, and as stated above
the continuity of the determinant implies the following chain of equalities:

rankA(n) = rank Ã(n) = rank Ã0 = 2(n − 1). (3.19)

This last finding implies formula (3.11) using Beltrametti–Blasi’s formula in
Theorem 2.3. Moreover, since the number of central elements is exactly Tn−2,
we conclude that these are part of the above number, and then only a non-
trivial Casimir invariant exists (up to a scalar multiple). This ends the proof
of the proposition. �
3.2. Matrix Representations of gn

In this subsection, following the ideas of [91] for the h6 Lie algebra, we construct
a faithful representation of gn in sl2n−2(K). The faithful representation also
implies that the Jacobi identity holds in gn. This is the content of the following
proposition:

Proposition 3.5. The Lie algebra gn has the following faithful representation:

ρ : gn sl2(n−1)(K)

x X.

(3.20)
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where

x = ah + bx+ + cx− +
n−2∑

i=1

(diyi,+ + eiyi,−) +
n−2∑

1≤i≤j

mijzi,j , (3.21)

and

X =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 0 0 0 · · · 0
...

...
...

0 0 · · · 0 0 0 0 · · · 0
d1 d2 · · · dn−2 a b 0 · · · 0
e1 e2 · · · en−2 c −a 0 · · · 0

2m11 m12 · · · m1,n−2 −e1 d1 0 · · · 0
...

...
...

m1,n−2 m2,n−2 · · · 2mn−2,n−2 −en−2 dn−2 0 · · · 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(3.22)

Proof. We start by noting that the subspace of sl2(n−1)(K) consisting of the
matrices X of the form (3.22) can be described synthetically as:

X =

⎛

⎝
0 0 0
P A 0
M Q 0

⎞

⎠ , (3.23)

where A is the 2 × 2 block representing sl2(K):

A =
(

a b
c −a

)
, (3.24)

P is the (n − 2) × 2 block:

P =
(

d1 . . . dn−2

e1 . . . en−2

)
, (3.25)

and Q is a 2 × (n − 2) block related to P by the formula:

Q = PT J, J =
(

0 1
−1 0

)
, (3.26)

and finally M is a symmetric matrix. We will prove that this subspace is a Lie
subalgebra of sl2(n−1)(K) and that its commutation relations agree with those
of gn, thus proving the proposition.

We start by showing that the subspace is closed under the Lie bracket
of sl2(n−1)(K). By definition, [X,X ′] = XX ′ − X ′X, where the matrix X ′ has
submatrices denoted with primes. So, after some easy algebraic manipulations
we obtain:

[X,X ′] =

⎛

⎝
0 0 0

AP ′ − A′P AA′ − A′A 0
QP ′ − Q′P QA′ − Q′A 0

⎞

⎠ . (3.27)
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Observing that if A,A′ ∈ sl2(K) then AA′ −A′A ∈ sl2(K), we are left to check
that the submatrices in (3.27) satisfy the two conditions:

QA′ − Q′A = (AP ′ − A′P )T
J, (3.28a)

(QP ′ − Q′P )T = QP ′ − Q′P. (3.28b)

To prove (3.28b), it is enough to observe that J is a skew symmetric matrix,
so that:

(QP ′ − Q′P )T = (P ′)T (PJ)T −PT (P ′J)T = − (P ′)T JP +PT JP ′ = −Q′P +QP ′.
(3.29)

On the other hand, to prove (3.28a), we observe that A ∈ sl2(K) one has
JA = −AT J , so that:

QA′−Q′A = PT JA′−(P ′)T
JA = −PT (A′)T

J+(P ′)T
AT J = (AP ′ − A′P )T

J.
(3.30)

The commutation relations can be proved using the basic matrices Ei,j

introduced in Eq. (2.6) and their commutation relations, see e.g. [46, Section
IV.6]:

[Ei,j , Ek,l] = δjkEi,l − δilEk,j . (3.31)

Indeed, it is easy to see that:

ρ(x+) = En−1,n, ρ(x−) = En,n−1, ρ(h) = En−1,n−1 − En,n,

ρ(yi,+) = En−1,i + En+i,n, ρ(yi,−) = En,i − En+i,n−1, i = 1, . . . , n − 2,

ρ(zi,j) = Ei+n,j + Ej+n,i, 1 ≤ i ≤ j ≤ n − 2.

(3.32)
Note that the elements ρ(zi,j) automatically commute with all the others since
the indices of their base matrices never intersect with the ones of the others
and Eq. (3.31) vanishes in such a case. As a title of example, let us compute
the commutation relations of h with the other elements:

[ρ(h), ρ(x+)] = [En−1,n−1 − En,n, En−1,n] = [En−1,n−1, En−1,n] − [En,n, En−1,n]

= δn−1,n−1En−1,n − δn−1,nEn−1,n−1 − (δn,n−1En,n − δn,nEn−1,n)

= En−1,n + En−1,n = 2En−1,n = 2ρ(x+), (3.33a)
[ρ(h), ρ(x−)] = [En−1,n−1 − En,n, En,n−1]

= −En,n−1 − En,n−1 = −2En,n−1 = −2ρ(x−), (3.33b)
[ρ(h), ρ(yi,+)] = [En−1,n−1 − En,n, En−1,i + En+i,n]

= [En−1,n−1, En−1,i] − [En,n, En+i,n]

= δn−1,n−1En−1,i − δn−1,iEn−1,n−1 − (δn,n+iEn,n − δn,nEn+i,n)

= En−1,i + En+i,n = ρ(yi,+), (3.33c)
[ρ(h), ρ(yi,−)] = [En−1,n−1 − En,n, En,i + En+i,n−1]

= −[En,n, En,i] − [En−1,n−1, En+i,n−1]

= −En,i + En+i,n−1 = −ρ(yi,−). (3.33d)
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Then, all the commutation relations of the elements with h coincide with
those given in (3.1). As a last check, we prove the commutation relations of
the elements yi,+ with the elements yj,−:

[ρ(yi,+), ρ(yj,−)] = [En−1,i + En+i,n, En,j − En+j,n−1]

= [En+i,n, En,j ] − [En−1,i, En+j,n−1]

= δn,nEn+i,j − δn+i,jEn,n − (δi,n+jEn−1,n−1 − δn−1,n−1En+j,i)

= En+i,j + En+j,i = ρ(zmin(i,j),max(i,j)). (3.34)

The last equality in Eq. (3.34) follows from the fact that formula (3.32) is
defined for 1 ≤ i ≤ j ≤ n − 2. So, also these commutation relations coincide
with those given in (3.1). The remaining commutation relations can be proved
in the same way, thus ending the proof of the proposition. �

We conclude this subsection with the following corollary which gives a
faithful representation ρ of the quotient algebra gn with image in the n × n
matrices with trace zero. We leave the proof to the reader, but we observe that
the matrix ρ(x) is the upper left block in the matrix ρ(x).

Corollary 3.6. The quotient algebra gn = gn/Z(gn) has the following represen-
tation in sln(K):

ρ : gn sln(K)

x X,

(3.35)

where x has representative

x = ah + bx+ + cx− +
n−2∑

i=1

(diyi,+ + eiyi,−), (3.36)

and

X =

⎛

⎜⎜⎜⎜⎜⎝

0 0 . . . 0 0 0
...

...
0 0 . . . 0 0 0
d1 d2 . . . dn−2 a b
e1 e2 . . . en−2 c −a

⎞

⎟⎟⎟⎟⎟⎠
. (3.37)

3.3. The Coadjoint Representation in the Space of Vector Fields

We conclude this section on the generalities of the Lie algebra gn by presenting
the explicit form of its coadjoint representation in the space of vector fields on
g∗

n. This is the content of the following proposition:

Proposition 3.7. The coadjoint representation of the Lie algebra gn in the space
of vector fields X(g∗) is generated by the following vector fields:

ĥ = −2x−
∂

∂x−
+ 2x+

∂

∂x+
+

n−2∑

j=1

[
yj,+

∂

∂yj,+
− yj,−

∂

∂yj,−

]
, (3.38a)
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x̂∓ = ±2x∓
∂

∂h
∓ h

∂

∂x±
+

n−2∑

j=1

yj,∓
∂

∂yj,±
, (3.38b)

ŷi,∓ = ±yi,∓
∂

∂h
− yi,±

∂

∂x±
∓

n−2∑

j=1

zj,i
∂

∂yj,±
, (3.38c)

ẑi,j = 0. (3.38d)

The proof of Proposition 3.7 is an immediate consequence of the general
result presented in Eq. (2.16). For example, from the commutation relations
(3.1), one has ρad(x−)(x) = [x−, x] 
= 0 for basis element x of gn only if
x = h, x+, yi,+ and one has

[x−, h] = 2x−, [x−, x+] = −h, [x−, yi,+] = yi,− . (3.39)

Thus, the vector field x̂− is given by

x̂− = 2x−
∂

∂h
− h

∂

∂x+
+

n−2∑

j=1

yj,−
∂

∂yj,+
, (3.40)

since x̂−(x) = [x−, x] for any x ∈ gn.
We observe that, as expected, the coadjoint representation is not faith-

ful because the central elements all map to the null vector field. Thus, the
coadjoint representation is in fact a representation of gn = gn/Z(gn).

4. Construction of the Casimir Invariants of gn

In this section, we review the construction of the Casimir elements for the
Lie algebras g2 ∼= sl2(K) and g3 ∼= h6 with the standard method of vector
fields, and we computationally extend the result to the case of g4. From these
low-dimensional cases, we are able to guess the general form of the Casimir
polynomial. After a short digression on the properties of the sln(K) Lie algebra
and its invariants, we prove the guess in the main theorem of this section and
of the whole paper.

4.1. Low-Dimensional Cases: n = 2, 3, 4

Let us start with the Lie algebra g2 ∼= sl2(K), and let us find its Casimir
element using the coadjoint action on the space of vector fields. In such a case,
we have to solve the following system of overdetermined PDEs for the function
F = F (h, x−, x+), obtained from (3.38) with n = 2:

ĥ(F ) = −2x−
∂F

∂x−
+ 2x+

∂F

∂x+
= 0, x̂∓(F ) = ±2x∓

∂F

∂h
∓ h

∂F

∂x±
= 0. (4.1)

Solving these three equations using for instance the computer algebra system
Maple, we get the following solution:

F = F
(
h2 + 4x+x−

)
, (4.2)



A Novel Chain of Lie Algebras

where F is an arbitrary function of its argument, to which corresponds the
only functionally independent polynomial Casimir element in Sg2:

C2 = h2 + 4x+x−. (4.3)

This is of course a well-known result, see, for instance, [86, §16.5].
We observe that one can write the (functional independent) Casimir of

Sg2 (4.3) as the determinant of a 2×2 symmetric matrix in the following way:

C2 = −det
(−2x− h

h 2x+

)
. (4.4)

Remark 4.1. As stated in Sect. 2 Casimir elements in Sg are usually found just
by looking at homogeneous polynomial solutions of the system of PDEs (2.19).
In this simple case, we choose to present the general solution of the system (4.1)
since it is one of the few cases where using a computer algebra system it is
possible to obtain such a general solution in a reasonable amount of time.

Let us now consider the next Lie algebra in the hierarchy, namely g3 ∼= h6.
To find the Casimir elements in Sg3, we use again the PDE system obtained
from the coadjoint representation from (3.38) with n = 3:

ĥ(F ) = −2x−
∂F

∂x−
+ 2x+

∂F

∂x+
+ y1,+

∂F

∂y1,+
− y1,−

∂F

∂y1,−
= 0, (4.5a)

x̂∓(F ) = ±2x∓
∂F

∂h
∓ h

∂F

∂x±
+ y1,∓

∂F

∂y1,±
= 0, (4.5b)

ŷ1,±(F ) = ±y1,∓
∂F

∂h
− y1,±

∂F

∂x±
∓ z1,1

∂F

∂y1,±
= 0, (4.5c)

ẑ1,1(F ) = 0, (4.5d)

for the unknown function F = F (h, x−, x+, y1,−, y1,+, z1,1). Now, instead of a
generic function F , since we work in the symmetric algebra Sgn we can restrict
our search to homogeneous Casimir polynomials P of degree l, namely:

P (l) =
∑

i1+...+i6=l

ci1,...,i6h
i1xi2−xi3

+yi4
1,−yi5

1,+zi6
1,1. (4.6)

Substituting the expression (4.6) into the system (4.5) for l = 1, 2, we obtain
only trivial solutions involving the central element z1,1, but we find, up to an
unessential multiplicative constant, the following degree three Casimir element:

C3 = 2x+y2
1,− − 2x−y2

1,+ + 2hy1,−y1,+ + z1,1(h2 + 4x−x+), (4.7)

where C3 = P (3)|solution of (4.5). This Casimir element C3 corresponds, mutatis
mutandis, to the known Casimir element of the two-photon Lie algebra h6, see,
for instance, [5,8,18].

Even more interestingly, we observe that that it is possible to write this
degree three Casimir of Sg3 (4.7) as the determinant of a 3 × 3 symmetric
matrix with coefficients in g3 ⊂ Sg3 = Pol(g∗

3):

C3 = −det

⎛

⎝
z1,1 −y1,− y1,+

−y1,− −2x− h
y1,+ h 2x+

⎞

⎠ . (4.8)
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The idea of considering a determinant came from a study of this polynomial
Casimir. As a homogeneous cubic in six variables, it defines a hypersurface in
P
5. One finds that it has a 2-dimensional singular locus, which is rather special.

At this point, one remembers that the determinant of a 3×3 symmetric matrix
defines a similar hypersurface, which is singular in the symmetric matrices of
rank one; this gives a 2-dimensional singular locus. With some trial and error,
one finds the expression for C3 given above.

In the case n = 4, for l = 1, 2, 3, 4, we have to look for homogeneous
polynomial solutions of the system of PDEs

ĥ(P (l)) = −2x−
∂P (l)

∂x−
+ 2x+

∂P (l)

∂x+
+

2∑

j=1

[
yj,+

∂P (l)

∂yj,+
− yj,−

∂P (l)

∂yj,−

]
= 0,

x̂∓(P (l)) = ±2x∓
∂P (l)

∂h
∓ h

∂P (l)

∂x±
+

2∑

j=1

yj,∓
∂P (l)

∂yj,±
= 0,

ŷi,±(P (l))) = ±yi,∓
∂P (l)

∂h
− yi,±

∂P (l)

∂x±
∓

2∑

j=1

zj,i
∂P (l)

∂yj,±
= 0, i = 1, 2

ẑ1,1(P (l)) = ẑ1,2(P (l)) = ẑ2,2(P (l)) = 0.
(4.9)

With the same notation as above, also in this case for l = 1, 2, 3 one finds trivial
solutions related to the centre of g4 and finally a new non-trivial element for
l = 4. This non-trivial element can be written down as the determinant of a
symmetric matrix with coefficients in g4 ⊂ Sg4 = Pol(g∗

4):

C4 = −det

⎛

⎜⎜⎝

z1,1 z1,2 −y1,− y1,+

z1,2 z2,2 −y2,− y2,+

−y1,− −y2,− −2x− h
y1,+ y2,+ h 2x+

⎞

⎟⎟⎠ . (4.10)

So, from the result above one can guess that the form of the Casimir polynomial
for general n ≥ 2 is:

Cn = −det(Mn), (4.11)

where Mn is the following n × n symmetric matrix, with coefficients in gn:

Mn :=

⎛

⎜⎜⎜⎜⎜⎝

z1,1 · · · z1,n−2 −y1,− y1,+

...
. . .

...
...

...
z1,n−2 · · · zn−2,n−2 −yn−2,− yn−2,+

−y1,− · · · −yn−2,− −2x− h
y1,+ · · · yn−2,+ h 2x+

⎞

⎟⎟⎟⎟⎟⎠
. (4.12)

Experimentally, one can check that this formula provides the Casimir polyno-
mials also for n = 5, 6, 7, 8. However, by simple observation it is not possible to
establish that this will hold for all n. To do so requires a change of perspective.
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4.2. The sln(K) Case

In this subsection, we recall the crucial facts about determinants and SLn(K)
invariance, interpreted in terms of representation theory of sln(K).

The determinant of a symmetric n × n matrix N is a homogeneous
polynomial of degree n in the coefficients (N)ij = nij , 1 ≤ i ≤ j ≤ n,
of N . It is invariant under the map N �→ ANAT for A ∈ SLn(K), that is
det(N) = det

(
ANAT

)
. The vector space of symmetric matrices can be iden-

tified with Sym2(Kn), and N �→ ANAT is the representation of the Lie group
SLn(K) (for K = R or C) on Sym2(Kn).

Let A(t) ∈ SLn(K) be a one parameter subgroup with A(0) = I, A′(0) =
X ∈ sln(K) and A(s + t) = A(s)A(t). Differentiating the matrix A(t)NA(t)T

with respect to t and evaluating at t = 0 gives:

d
dt

A(t)NA(t)T

∣∣∣∣
t=0

= XN + NXT , (4.13)

which is indeed ρ(2)(X)(N) for the representation ρ(2) of sln(K) on Sym2(Kn),
see (2.7).

We now consider the coefficients nij , 1 ≤ i ≤ j ≤ n, of a symmetric
n×n matrix N as independent polynomial variables. Then, the representation
ρ(2) on the linear forms nij above induces, by derivations, a representation of
sln(K) on the polynomials in K[. . . , nij , . . .]. Thus, as we have seen in Sect. 2,
we get a representation of sln(K) in the vector fields on K

n(n+1)/2, defined as:

sln(K) X(Kn(n+1)/2)

X X̂ :=
∑

1≤i≤j≤n

�ij(X)
∂

∂nij
,

(4.14)

where
�ij(X) := (XN + NXT )ij . (4.15)

This representation has the property that for G ∈ K[. . . , nij , . . .] one has

X̂(G) =
d
dt

G(A(t)NA(t)T )
∣∣∣∣
t=0

=
∑

1≤i≤j≤n

∂G

∂nij
(XN + NXT )ij , (4.16)

where A(t) = exp(tX) ∈ SLn(K) is the one parameter subgroup generated by
X ∈ sln(K).

The function det(N) ∈ K[. . . , nij , . . .] is a polynomial, of degree n, in the
nij . The function det(N), being invariant under the action of SLn(K) on N so
det

(
A(t)NA(t)T

)
is constant in t, is annihilated by the vector fields X̂:

X̂(det(N)) = 0, ∀X ∈ sln(K) . (4.17)

Example 4.2. We consider the case n = 2. The Lie algebra sln(K) consists of
the matrices with trace zero, so we have:

N =
(

n11 n12

n12 n22

)
, sl2(K) =

{
X =

(
a b
c −a

)
: a, b, c ∈ K

}
. (4.18)
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Since

XN + NXT =
(

2an11 + 2bn12 cn11 + bn22

cn11 + bn22 2cn12 − 2an22

)
(4.19)

we find for X ∈ sl2(K) the vector field in X(K3):

X̂ = 2(an11 + bn12)
∂

∂n11
+ (cn11 + bn22)

∂

∂n12
+ 2(cn12 −an22)

∂

∂n22
, (4.20)

or more explicitly considering the standard basis of sl2(K) we have three vector
fields:

X̂h = 2n11
∂

∂n11
− 2n22

∂

∂n22
(4.21a)

X̂x+ = 2n12
∂

∂n11
+ n22

∂

∂n12
, (4.21b)

X̂x− = n11
∂

∂n12
+ 2n12

∂

∂n22
, (4.21c)

such that X̂ = aX̂h + bX̂x+ + cX̂x− . As guaranteed by the way we defined
these vector fields, we then have

X̂x(det N) = X̂x(n11n22 − n2
12) = 0, x = h, x+, x−, (4.22)

and this is of course also easy to verify. This is clearly equivalent, up to a
change of basis, to the vector field approach we presented in Sect. 4.

4.3. The gn Case

Now we prove the following statement:

Theorem 4.3. The functionally independent Casimir invariants of the Lie al-
gebra gn are the linear central elements zi,j and the nth degree polynomial Cn

given in equation 4.11.

To prove Theorem 4.3, we need to show that the determinant of the
matrix Mn (4.12) is annihilated by the vector field x̂ on g∗

n for all x ∈ gn.
Since Mn is a symmetric matrix, we want to apply the ideas discussed in the
previous subsection.

Notice that gn ⊂ Sgn = K[h, x−, x+, . . . , zn−2,n−2] and that each of the
n(n + 1)/2 variables appears as a coefficient (up to constants) of Mn, so that
Mn is basically the matrix N above, if we make the appropriate identification
of the variables.

We will show in Lemma 4.4 that for each x ∈ gn there is a matrix
Xx ∈ sln(K) such that ρad(x)(Mn) = XxMn +MnXx. Here by ρad(x)(Mn) we
mean the matrix obtained by applying ρad(x) to all coefficients of Mn. From
this, we will easily deduce that x̂(det(Mn)) = 0.

Since the zi,j are in the centre of gn, which is the kernel of adjoint rep-
resentation, the vector fields ẑi,j are zero. Thus, we only need to consider the
quotient Lie algebra gn. This quotient algebra has a faithful representation in
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sln(K), see Corollary 3.6. We will find it convenient to consider the composi-
tion:

gn gn

sln(K)

(4.23)

again denoted by ρ, and whose action is:

ρ : gn sln(K)

x ρ(x) =
(

0 0
P A

)
,

(4.24)

where:

x = ah + bx+ + cx− +
n−2∑

j=1

(diyi,+ + eiyi,−), (4.25)

with P and A defined by Eqs. (3.24) and (3.25), respectively. We now show
that Xx = −ρ(x).

Lemma 4.4. For x ∈ gn, we have:

ρad(x)(Mn) = −(ρ(x)Mn + Mnρ(x)T
)

. (4.26)

Proof. For convenience, we write Mn in block form

Mn =
(

S U
UT R

)
, (4.27)

where the (sub)matrices S, U , and R are defined as follows:

S =

⎛

⎜⎝

z1,1 · · · z1,n−2
...

. . .
...

z1,n−2 · · · zn−2,n−2

⎞

⎟⎠ , U =

⎛

⎜⎝

−y1,− y1,+
...

...
−yn−2,− yn−2,+

⎞

⎟⎠ , R =

(−2x− h
h 2x+

)
.

(4.28)
Note that the matrix S is symmetric. Since ρad(x)(zi,j) = [x, zi,j ] = 0, the up-
per left block of ρad(X)(Mn) is zero. For the upper right block of ρad(X)(Mn),
we use that

ρad(ah + bx+ + cx−)(−yi,−) = ayi,− − byi,+, (4.29a)

ρad(ah + bx+ + cx−)(yi,+) = ayi,+ + cyi,− , (4.29b)

leading to the term −UAT in the upper right block and its transpose in the
lower right block. Similarly:

ρad

⎛

⎝
n−2∑

j=1

(djy+,j + ejyj,−)

⎞

⎠ (−yi,−) = −
n−2∑

j=1

djzi,j , (4.30a)

ρad

⎛

⎝
n−2∑

j=1

(djy+,j + ejyj,−)

⎞

⎠ (yi,+) = −
n−2∑

j=1

ejzi,j , (4.30b)
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hence ρad(
∑

j(djy+,i + ejyj,−)) maps U to −SPT . For the lower right block,
we compute:

ρad(ah + bx+ + cx−)(R) =
(

4ax− − 2bh −2bx+ + 2cx−
−2bx+ + 2cx− 2ch − 4ax+

)

= −(AR + RAT
)

.

(4.31)

Similarly:

ρad(
∑

(djy+,j + ejyj,−)(R) =

(
2
∑

j djyj,−
∑

j(−djyj,+ + ejyj,−)∑
j(−djyj,+ + ejyj,−) −2

∑
j djyj,+

)

= −(PU + UT PT
)

.

(4.32)
Putting everything together, we showed that:

ρad(x)(Mn) =
(

0 −(UAT + SPT )
−(AUT + PS) −(AR + RAT + PU + UT PT )

)
. (4.33)

On the other hand, we can compute the action ρ(x) directly and we obtain
the desired equality:

ρ(x)Mn + Mnρ(x)T =
(

0 0
P A

)(
S U

UT R

)
+
(

S U
UT R

)(
0 PT

0 AT

)

=
(

0 0
PS + AUT PU + AR

)
+
(

0 SPT + UAT

0 UT PT + RAT

)

=
(

0 SPT + UAT

PS + AUT PU + UT PT + AR + RAT

)
.

= −ρad(x)(Mn) .

(4.34)
The ends the proof of the lemma. �

We are in place to complete the proof of Theorem 4.3.

Proof of Theorem 4.3. For x ∈ gn, we define Xx := −ρ(x) ∈ sln(K). Then the
vector field X̂x has the property that X̂x(y) = ρad(x)(y) for all y ∈ gn ⊂ Sgn

and thus X̂x = ρad(x) for all x ∈ gn. For x ∈ gn, let A(t) = exp(tXx) ∈
SLn(K), then:

ρad(x)(det Mn) =
d
dt

det
(
A(t)NA(t)T

)∣∣∣∣
t=0

= 0, (4.35)

where the first equality follows from Lemma 4.4 and the second from the
invariance of the determinant. Thus, Cn := −det(Mn) is a polynomial Casimir
for gn. �

In the next section, as a physical application in classical mechanics within
the framework of coalgebra symmetry, we derive a one degree of freedom canon-
ical symplectic realisation of the Lie–Poisson coalgebra (F (g∗

n), {, },Δ) and we
use the information on its polynomial invariant to construct Hamiltonian sys-
tems in arbitrary dimensions with a given number of first integrals obtained by
the coalgebra symmetry through the Casimir of degree n reported in equation
4.11.
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5. Canonical Symplectic Realisations and Hamiltonian Systems
Associated with the Lie–Poisson Coalgebra Constructed
from gn

In this section, we present a hierarchy of Hamiltonian models arising from the
Lie–Poisson algebra Sgn = Pol(g∗

n) ⊂ F (g∗
n) using the coalgebra symmetry

approach as detailed in Sect. 2. To do so, we will consider as a base case the
simplest symplectic manifold possible, namely R

2 with local coordinates (q, p),
the canonical symplectic form ω = dq ∧ dp, and Poisson bracket:

{f, g} =
∂f

∂q

∂g

∂p
− ∂g

∂q

∂f

∂p
, f, g ∈ C∞(R2). (5.1)

Our final result will be that to the Lie–Poisson algebra constructed from the
Lie algebra gn corresponds a hierarchy of Hamiltonian systems in N degrees
of freedom (obtained from a canonical one degree of freedom realisation) pos-
sessing a grand total of 2N − (2n − 2) first integrals, of which N − (n − 2) are
in involution. These Hamiltonian systems will be, in general, non-integrable.
The first two cases, namely n = 2, 3, are well known in the literature, having
being studied in many different papers [8,9,11,13,14]. Now, we will detail this
construction, starting from the basic cases n = 2, 3, 4 and confront our results
with the literature.

5.1. The Case n = 2: g2 Coalgebra Symmetry

The case n = 2 corresponds to the Lie–Poisson coalgebra associated with
sl2(R). The coalgebra symmetry approach is well known in the literature, see
e.g. [6,9]. We use this example to illustrate in detail the construction outlined
in Sect. 2.2. The reader who already knows the method can safely jump to
Sect. 5.4.

It is possible to show that the following map:

D2 : Sg2 C∞(R2)

(h, x−, x+) (qp,−q2/2, p2/2),
(5.2)

gives rise to a one degree of freedom realisation of the linear elements of the
symmetric algebra Sg2. Indeed, by direct computation we have that:

{D2(x+),D2(x−)} = D2(h), {D2(h),D2(x±)} = ±2D2(x±), (5.3)

where we used the canonical Poisson bracket (5.1). When we consider the
canonical realisation the Casimir assumes the value:

C2(q, p) = D2(C2) = D2(h)2 + 4D2(x−)D2(x+) ≡ 0. (5.4)

At this level, we can take as one degree of freedom Hamiltonian any polynomial
(and then extend to any smooth/analytic function) of the generators of the
Lie–Poisson algebra Sg2, i.e.:

H2 = H2(D2(h),D2(x−),D2(x+)) = H2(qp,−q2/2, p2/2). (5.5)
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To give a concrete example, the harmonic oscillator arises with the choice:

Hho = D2(x+) − ω2 D2(x−) (5.6)

in (5.5). Now, we can use the primitive coproduct Δ to obtain the generators
of Sg2 within (Sg2)⊗2, namely:

Δ(h) = h ⊗ 1 + 1 ⊗ h, Δ(x±) = x± ⊗ 1 + 1 ⊗ x±. (5.7)

Applying this to the Hamiltonian (5.5), we obtain its two degrees of freedom
version:

H
(2)
2 := Δ(H2) = H2(Δ(h),Δ(x−),Δ(x+))

= H2(h ⊗ 1 + 1 ⊗ h, x− ⊗ 1 + 1 ⊗ x−, x+ ⊗ 1 + 1 ⊗ x+).
(5.8)

In the same way, we obtain the Casimir element:

C
(2)
2 := Δ(C2) = Δ(h)2 + 4Δ(x−)Δ(x+)

= C2 ⊗ 1 + 1 ⊗ C2 + 2
(
h ⊗ h + 2(x− ⊗ x+ + x+ ⊗ x−)

)
.

(5.9)

From this last formula, we see how the coproduct produces non-trivial elements
by “intertwining” elements coming from different sites.

Now, we come to the realisation. By direct computation, we see that ap-
plying the realisation D2 : Sg2 −→ C∞(R2) to the generators (5.7) we obtain:

D⊗2(Δ(h)) = q1p1 + q2p2, D⊗2(Δ(x−)) = −q21 + q22
2

, D⊗2(Δ(x+)) =
p2
1 + p2

2

2
.

(5.10)
That is, we obtain the following canonical two degrees of freedom realisation:

(D2)⊗2 : Sg⊗2
2 C∞(R4)

(Δ(h),Δ(x−),Δ(x+)) (q1p1 + q2p2,−(q21 + q22)/2, (p21 + p22)/2).
(5.11)

Clearly, this is the same as an application of Lemma 2.8. So, in the realisation
we have the two degrees of freedom Hamiltonian:

H
(2)
2 (q1, p1, q2, p2) = H2(q1p1 + q2p2,−(q21 + q22)/2, (p21 + p22)/2), (5.12)

and the Casimir function becomes:

C
(2)
2 (q1, p1, q2, p2) = −L2

12, L12 = q1p2 − q2p1. (5.13)

The minus sign is of course irrelevant. Note that taking into account the first
integral C

(2)
2 the Hamiltonian system generated by H

(2)
2 is automatically Li-

ouville integrable, which for N = 2 coincides with the notion of quasi-maximal
superintegrability, being N = 2N − 2 for N = 2. For example, for H2 = Hho

we obtain:

H
(2)
ho (q1, p1, q2, p2) =

1
2
(p21 + p22) +

ω2

2
(q21 + q22), (5.14)

i.e. the two-dimensional isotropic harmonic oscillator. Such a system admits
additional first integrals making it maximally superintegrable. As far as we
know today, the additional integrals are not of coalgebraic origin, see for in-
stance [76] for a discussion of this problem in the quantum case.
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Again by direct computation, or by application of Lemma 2.8 we pro-
duce the following canonical N degrees of freedom realisation with Darboux
coordinates (q,p) = (q1, . . . , qN , p1, . . . , pN )

(D2)⊗N : Sg⊗N
2 C∞(R2N )

(Δ(N)(h),Δ(N)(x−),Δ(N)(x+)) (q · p,−q2/2,p2/2),
(5.15)

where we used the vector notation. In the same way, we obtain the following
abstract Hamiltonian:

H
(N)
2 := Δ(H2) = H2(Δ(N)(h),Δ(N)(x−),Δ(N)(x+)) , (5.16)

which in the realisation (5.15) becomes the function:

H
(N)
2 (q,p) = H2(q · p,−q2/2,p2/2). (5.17)

Applying Theorem 2.7, we have that the above Hamiltonian is endowed with
the following left and right Casimir functions:

C
(m)
2 (q,p) = −

m∑

1≤i<j

L2
ij , C2,(m)(q,p) = −

N∑

N−m+1≤i<j

L2
ij , m = 2, . . . , N,

(5.18)
where Lij = qipj − qjpi are the components of the angular momentum tensor.
Let us remark that the subscripts appearing in the left and right Casimirs refer
to the n = 2 case of gn. Again, the minus sign is irrelevant. Still following the
statement of Theorem 2.7 the C

(m)
2 and the C2,(m) form two sets of commuting

first integrals. We also recall that, from the general theory, C
(N)
2 = C2,(N).

Adding the Hamiltonian H
(N)
2 to the two sets of integrals L2 := {C

(2)
2 , . . . ,

C
(N)
2 } and R2 := {C2,(2), . . . , C2,(N) } we obtain two sets of N functionally in-

dependent commuting first integrals:

L̃2 := {H
(N)
2 , C

(2)
2 , . . . , C

(N)
2 } , R̃2 := {H

(N)
2 , C2,(2), . . . , C2,(N) } , (5.19)

thus proving that the obtained Hamiltonian system is always Liouville inte-
grable, see also [6]. This kind of property is called multi-integrability. In total,
it is easy to check, as all first integrals except H

(N)
2 and C

(N)
2 = C2,(N) are

local, that we have a set of [(N − 1) + (N − 1) − 1] + 1 = 2N − 2 functionally
independent first integrals:

I2 := {H
(N)
2 , C

(2)
2 , . . . , C

(N)
2 , C2,(2), . . . , C2,(N−1) } . (5.20)

So, the Hamiltonian system is quasi-maximally superintegrable (QMS), being
just one constant missing for maximal superintegrability. In some particular
cases, like the harmonic oscillator discussed above, there are additional func-
tionally independent constants leading to maximal superintegrability, see, for
instance, [55] and references therein.
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5.2. The Case n = 3: g3 Coalgebra Symmetry

The case n = 3 is associated with the Lie algebra h6 [91]. The coalgebra
symmetry approach to this case has been developed in [6,8,18].

It is possible to show by direct computation that the map D3 : Sg3 −→
C∞(R2) whose action on the generating set of Sg3, {h, x−, x+, y1,−, y1,+, z1,1 },
is given by:

h �→ qp , x− �→ −q2/2, x+ �→ p2/2 , y1,− �→ −αq , y1,+ �→ αp , z1,1 �→ α2,

(5.21)
where α ∈ R provides a one degree of freedom canonical symplectic realisa-
tion of Sg3. So, as the Hamiltonian we can take any smooth function of the
generators in the realisation (5.21):

H3 = H3(D3(h),D3(x−),D3(x+),D3(y1,−),D3(y1,+),D3(z1,1))

= H3(qp,−q2/2, p2/2,−αq, αp, α2).
(5.22)

Then, through a straightforward application of Lemma 2.8 we obtain
a N degrees of freedom canonical symplectic realisation D⊗N

3 : Sg⊗N
3 −→

C∞(R2N ) with Darboux coordinates (q,p) = (q1, . . . , qN , p1, . . . , pN ) whose
action on the generating set of Sg3, {h, x−, x+, y1,−, y1,+, z1,1 }, is given by:

h �→ q·p, x− �→ −q2/2, x+ �→ p2/2, y1,− �→ −α·q, y1,+ �→ α·p, z1,1 �→ α2,

(5.23)
where we used the vector notation and α ∈ R

N is a vector of arbitrary con-
stants. So, from the one degree of freedom Hamiltonian we obtain the following
N degrees of freedom one:
H

(N)
3 = D⊗N

3

[
H3(Δ(N)(h), Δ(N)(x−), Δ(N)(x+), Δ(N)(y1,−), Δ(N)(y1,+), Δ(N)(z1,1))

]

= H3
(
q · p, −q2/2,p2/2, −α · q, α · p, α2).

(5.24)
Then, applying again Theorem 2.7, we obtain the left and right Casimir func-
tions arising from the degree three Casimir polynomial (4.7):

C
(m)
3 (q,p) = −

m∑

1≤i<j<k

L2
ijk, m = 3, . . . , N, (5.25a)

C3,(m)(q,p) = −
N∑

N−m+1≤i<j<k

L2
ijk, m = 3, . . . , N, (5.25b)

where
Lijk := αiLjk − αjLik + αkLij . (5.26)

We observe that the index m in this case starts from 3, since it easy to show
that C

(m)
3 and C3,(m) vanish identically for m = 1, 2. In summary, we have

that the two sets L3 := {C
(m)
3 }N

m=3 and the R3 := {C3,(m) }N

m=3
are made

of commuting first integrals. Again, from the general theory we have that
C

(N)
3 = C3,(N).

So, for N ≥ 3 adding the Hamiltonian H
(N)
3 to the sets L3 and R3 we

obtain two sets composed by N − 1 functionally independent commuting first
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integrals:

L̃3 := {H
(N)
3 , C

(3)
3 , . . . , C

(N)
3 } , R̃3 := {H

(N)
3 , C3,(3), . . . , C3,(N) } , (5.27)

thus proving that the obtained Hamiltonian system is always quasi-integrable.
In total, it is easy to check, as all first integrals except H

(N)
3 and C

(N)
3 = C3,(N)

are local, we have a set of [(N − 2) + (N − 2) − 1] + 1 = 2N − 4 functionally
independent first integrals:

I3 := {H
(N)
3 , C

(3)
3 , . . . , C

(N)
3 , C3,(3), . . . , C3,(N−1) } . (5.28)

So, despite the Hamiltonian system is not integrable, it possesses a wealth
of first integrals. In some particular cases such that this additional first in-
tegral exists, the Hamiltonian system immediately becomes superintegrable
with 2N − 3 first integral. These particular cases have been studied in the lit-
erature with various methods, including the so-called subalgebra integrability
approach, see, for instance, [13,18]. In particular, we observe that the g3 sym-
metry algebra also allows the possibility of anisotropic extensions of known
models, see, for instance, [18, §5.1.1].

5.3. The Case n = 4: g4 Coalgebra Symmetry

The case n = 4 is associated with the ten-dimensional Lie algebra g4. This
algebra was first introduced (in a different basis) in [43], where it was observed
that it could be used to interpret a N degrees of freedom generalisation of the
autonomous discrete Painlevé equation, see [40,47]. However, we observe that
in [43] the details of the coalgebra construction for such a Lie algebra were
not presented. In this section, we fill this gap presenting an outline of such a
construction.

It is possible to show by direct computation that the map D4 : Sg4 −→
C∞(R2) whose action on the generating set of Sg4, {h, x−, x+, y1,−, y1,+, z1,1,
y2,−, y2,+, z1,2, z2,2}, is given by:

h �→ qp, x− �→ −q2/2, x+ �→ p2/2, y1,− �→ −αq, y1,+ �→ αp,
z1,1 �→ α2, y2,− �→ −βq, y2,+ �→ βp, z1,2 �→ αβ, z2,2 �→ β2,

(5.29)

where α, β ∈ R provides a one degree of freedom canonical symplectic reali-
sation of Sg4. So, as a Hamiltonian we can take any smooth function of the
generators in the realisation (5.29):

H4 = D4

[
H4(h, x−, x+, y1,−, y1,+, z1,1, y2,−, y2,+, z1,2, z2,2)

]

= H4

(
qp,−q2/2, p2/2,−αq, αp, α2,−βq, βp, αβ, β2

)
.

(5.30)

Then, with a straightforward application of Lemma 2.8 we obtain a N degrees
of freedom canonical symplectic realisation (D4)⊗N : Sg⊗N

4 −→ C∞(R2N )
with Darboux coordinates (q,p) = (q1, . . . , qN , p1, . . . , pN ) whose action on
the generating set of Sg4, {h, x−, x+, y1,−, y1,+, z1,1, y2,−, y2,+, z1,2, z2,2 }, is
given by:

h �→ q · p, x− �→ −q2/2, x+ �→ p2/2, y1,− �→ −α · q, y1,+ �→ α · p,

z1,1 �→ α2, y2,− �→ −β · q, y2,+ �→ β · p, z1,2 �→ α · β, z2,2 �→ β2,
(5.31)



G. Gubbiotti et al. Ann. Henri Poincaré

where we used the vector notation and α,β ∈ R
N are vectors of arbitrary

constants. So, from the one degree of freedom Hamiltonian we obtain the
following N degrees of freedom one:

H
(N)
4 = D⊗N

4

[
Δ(N)(H4)(h, x−, x+, y1,−, y1,+, z1,1, y2,−, y2,+, z1,2, z2,2)

]

= H4

(
q · p,−q2/2,p2/2,−α · q,α · p,α2,−β · q,β · p,α · β,β2

)
.

(5.32)
Then, applying again Theorem 2.7, we obtain the left and right Casimir func-
tions arising from the degree four Casimir polynomial (4.10):

C
(m)
4 (q,p) = −

m∑

1≤i<j<k<l

L2
ijkl, m = 4, . . . , N, (5.33a)

C4,(m)(q,p) = −
N∑

N−m+1≤i<j<k<l

L2
ijkl, m = 4, . . . , N, (5.33b)

where

Lijkl = (αkβl − αlβk) Lij + (αlβj − αjβl) Lik + (αjβk − αkβj) Lil

+ (αiβl − αlβi) Ljk + (αkβi − αiβk) Ljl + (αiβj − αjβi) Lkl. (5.34)

We observe again that the index m in this case starts from 4, since it is easy
to show that C

(m)
4 and C4,(m) vanish identically for m = 1, 2, 3. In summary,

we have that the two sets L4 := {C
(m)
4 }N

m=4 and the R4 := {C4,(m) }N

m=4
are

made of commuting first integrals. Again, from the general theory we have
that C

(N)
4 = C4,(N).

So, for N ≥ 4 adding the Hamiltonian H
(N)
4 to the sets L4 and R4 we

obtain two sets composed by N − 2 functionally independent commuting first
integrals:

L̃4 := {H
(N)
4 , C

(4)
4 , . . . , C

(N)
4 } , R̃4 := {H

(N)
4 , C4,(4), . . . , C4,(N) } , (5.35)

thus proving that the obtained Hamiltonian system is of PLN type with rank
N − 2. In total, it is easy to check, as all first integrals except H(N) and
C

(N)
4 = C4,(N) are local, we have a set of [(N − 3) + (N − 3) − 1] + 1 = 2N − 6

functionally independent first integrals:

I4 := {H
(N)
4 , C

(4)
4 , . . . , C

(N)
4 , C4,(4), . . . , C4,(N−1) } . (5.36)

So, despite that the Hamiltonian system is not integrable, it possesses several
first integrals. In some particular cases such that two additional first integral
exist, the Hamiltonian system immediately becomes superintegrable with 2N−
4 first integrals. We defer the study of such cases to future research.

5.4. The Case n Generic: gn Coalgebra Symmetry

It is now possible to obtain the expression for generic n. We start with the
following result characterising a one degree of freedom symplectic realisation
of gn and the associated N degrees of freedom one:
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Proposition 5.1. The Lie–Poisson algebra Sgn has a one degree of freedom
canonical symplectic realisation Dn : Sgn −→ C∞(R2) mapping the Tn gener-
ators of gn as:

h �→ qp, x− �→ −q2/2, x+ �→ p2/2,
yi,− �→ −α(i)q, yi,+ �→ α(i)p, zi,j �→ α(i)α(j),

(5.37)

where α(i) ∈ R, i = 1, . . . , n − 2, are n − 2 real constants. Moreover, this
realisation gives rise to the following N degrees of freedom canonical symplectic
realisation D⊗N

n : Sg⊗N
n −→ C∞(R2N ) mapping the generators of gn as:

h �→ q · p, x− �→ −q2/2, x+ �→ p2/2,
yi,− �→ −α(i) · q, yi,+ �→ α(i) · p, zi,j �→ α(i) · α(j),

(5.38)

where α(i) ∈ R
N , i = 1, . . . , n − 2, are n − 2 real vectors.

Remark 5.2. In Proposition 5.1, we denoted with α(i) the real constants ap-
pearing in the realisation. For example, comparing with the previous case
n = 4, in this notation we should identify α(1) ≡ α and α(2) ≡ β.

Proof. The proof is from a direct computation. For the first part of the propo-
sition, we verify that Dn ({yi,+, yj,−}) = {Dn(yi,+),Dn(yj,−)}, while the other
relations are proven similarly:

{Dn(yi,+),Dn(yj,−)} =
{

α(i)p,−α(j)q
}

= −α(i)α(j) {p, q}
= α(i)α(j) = Dn(zi,j) = Dn ({yi,+, yj,−}) .

(5.39)

In turn, the second part of the statement follows from a direct application of
Lemma 2.8. This concludes the proof of the proposition. �

At this point, we are in place to define the corresponding N degrees of
freedom Hamiltonian system. From formula (5.37), we have that as Hamilton-
ian we can take any smooth function of the Tn elements of the generating set
of Sgn:

Hn = Dn

[
Hn

(
h, x−, x+, { yi,− }i , { yi,+ }i , { zi,j }i≤j

)]

= Hn

(
qp,−q2/2, p2/2, {−α(i)q }i , {α(i)p }i , {α(i)α(j) }i≤j

)
,

(5.40)

where for the sake of brevity we consider understood that i = 1, . . . , n− 2 and
1 ≤ i ≤ j ≤ n − 2. The N degrees of freedom extension of the Hamiltonian is
obtained through the application of D⊗N

n realisation from equation (5.38) and
reads as:

H(N) = H
(
q · p,−q2/2,p2/2, {−α(i) · q }i , {α(i) · p }i , {α(i) · α(j) }i≤j

)
.

(5.41)
Now, let us discuss the first integral we can build for the Hamiltonian

system defined by equation (5.41) using Theorem 2.7. Along the line of the
previous results, we can generate first integrals only from the non-trivial degree
n Casimir polynomial Cn. Then, upon careful direct inspection, the left and
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right Casimir integrals arising from the above-mentioned polynomial can be
expressed as:

C(m)
n (q,p) = −

m∑

1≤i1<···<in

L2
i1...in , m = n, . . . , N (5.42a)

Cn,(m)(q,p) = −
N∑

N−m+1≤i1<···<in

L2
i1...in , m = n, . . . , N (5.42b)

where

Li1,...,in := det

⎛

⎜⎜⎜⎜⎜⎜⎝

α
(1)
i1

. . . α
(1)
in

...
. . .

...
α
(n−2)
i1

. . . α
(n−2)
in

qi1 . . . qin

pi1 . . . pin

⎞

⎟⎟⎟⎟⎟⎟⎠
. (5.43)

From the expression (5.43), we see immediately that the C
(m)
n = Cn,(m) ≡ 0

for m < n. Indeed, in such cases the building blocks Li1,...,in are identically
zero because one should fill the defining matrices with at least two equal in-
dices, causing its determinant to vanish. In summary, we have that the two

sets Ln := {C
(m)
n }N

m=n and Rn := {Cn,(m) }N

m=n
consist of commuting first

integrals. Again, from the general theory, we have that C
(N)
n = Cn,(N) due to

coassociativity.

Remark 5.3. We remark that formula (5.43) reduces to the component of the
angular momentum Li1,i2 in the case n = 2 because of the absence of the
constants α

(j)
il

.

A different yet instructive expression of the building blocks Li1,...,in can
be obtained by expanding the determinant in (5.43) with respect to the last
two rows and then resumming. This yields the following alternative expression:

Li1,...,in =
∑

1≤a<b≤n

(−1)a+b−1 det(Aa,b)Lia,ib , (5.44)

where

Aa,b =

⎛

⎜⎜⎝

α
(1)
i1

. . . α̂
(1)
ia

. . . α̂
(1)
ib

. . . α
(1)
in

...
...

...
...

α
(n−2)
i1

. . . α̂
(n−2)
ia

. . . α̂
(n−2)
ib

. . . α
(n−2)
in

⎞

⎟⎟⎠ , (5.45)

where the hat means that the column is missing. This last form is quite in-
formative, since it shows that the building blocks Li1,...,in are linear in the
components of the angular momentum Lia,ib multiplied by some degree n − 2
polynomials in the real constants α

(j)
il

. Moreover, formula (5.44) reduces im-
mediately to formulas (5.26, 5.34), holding for the cases n = 3, 4, respectively.
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So, for N ≥ n adding the Hamiltonian H
(N)
n to the sets Ln and Rn we

obtain two sets composed by N − (n−2) functionally independent commuting
first integrals:

L̃n := {H(N)
n , C(n)

n , . . . , C(N)
n } , R̃n := {H(N)

n , Cn,(n), . . . , Cn,(N) } , (5.46)

thus proving that the obtained Hamiltonian system is of PLN type with rank
N − (n − 2). In total, it is easy to check, as all first integrals except H

(N)
n and

C
(N)
n = Cn,(N) are local, we have a set composed by [(N − n + 1) + (N − n +

1) − 1] + 1 = 2(N − n) + 2 functionally independent first integrals:

In := {H(N)
n , C(n)

n , . . . , C(N)
n , Cn,(n), . . . , Cn,(N−1) } . (5.47)

So, despite the Hamiltonian system is not integrable for n > 2, it admits a large
number of first integrals. In some particular cases such that n−2 additional first
integrals exist, the Hamiltonian system immediately becomes superintegrable
with 2(N −n)+2 first integrals. To summarise, the hierarchy of Hamiltonians
defined by the chain of Lie–Poisson algebras coming from gn turns out to be
composed by an infinite family of integrable systems (n = 2), then quasi-
integrable systems (n = 3), and PLN type systems with rank N − (n − 2) for
n > 3.

6. Conclusions and Outlook

In this paper, we introduced and studied the novel Tn-dimensional Lie algebra
gn. This Lie algebra was suggested by two of us in a previous work [43] when
dealing with discrete integrable systems. The main feature of this Lie algebra
is being non-semisimple, but also being a generalisation of both sl2(K) and
the two-photon Lie algebra h6. This algebra also has an unusually large centre
Z(gn) of dimension Tn−2.

Throughout this paper, we proved the main properties of the gn Lie
algebra. In particular, in Proposition 3.4 we showed that it can admit at most
one non-trivial Casimir element while in Proposition 3.5 we gave a matrix
representation of this algebra. Our main result, stated in Theorem 4.3, showed
that such a non-trivial Casimir element exists and it is a polynomial of degree
n, for n ≥ 2. Our proof was based on some elements of representation theory,
after guessing the general form of the Casimir invariant as a determinant of a
n×n matrix through the standard method of vector fields. To be more specific,
the key point is that we can obtain a representation of sln(K) in the space of
vector fields over K

n(n+1)/2 such that the determinant of a symmetric matrix
is annihilated by its vector fields. This property encapsulates the well-known
property that the determinant of a matrix is a polynomial of degree n and it
is invariant with respect to the action of the special linear group SLn(K). This
allowed us to conclude that the determinant of the matrix Mn is the Casimir
polynomial we were looking for.

Finally, in the last section we used the coalgebra symmetry approach to
associate to the Lie algebra gn a hierarchy of N degrees of freedom Hamilton-
ian systems with Hamiltonian H

(N)
n (5.41). This was achieved by constructing
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an appropriate one degree of freedom canonical symplectic realisation and
then using the known properties of the primitive coproduct Δ, see Sect. 5.4.
The construction of the non-trivial Casimir polynomial was necessary to en-
sure the existence of two sets of N − (n − 2) commuting first integrals, see
equation (5.42). These first integrals are expressed as sums of squares of n-
indices objects arising as linear combinations of the components of the angular
momentum (see (5.44)). We observed how the integrability properties of the
obtained Hamiltonian depend crucially on n, with n = 2 being integrable,
n = 3 quasi-integrable, and for n ≥ 4 a Hamiltonian system of Poincaré–
Lyapunov–Nekhoroshev type.

The study of the Lie algebra gn we carried out in this paper also paves
the way to many other directions and investigations in the algebraic theory of
integrable systems. We outline some of them now, highlighting why we believe
they are important.

For instance, a natural question is the geometric interpretation of the
coalgebra symmetry with respect to the Lie algebra gn. Indeed, for n = 2 the
coalgebra symmetry with respect to g2 ∼= sl2(R), in the chosen realisation,
can be understood as radial symmetry, i.e. invariance with respect to the Lie
group of transformations SO(N). In a similar way, for n = 3, the coalgebra
symmetry with respect to g3 ∼= h6 can be understood as symmetry around
a fixed axis, i.e. invariance with respect to the Lie group of transformations
SO(N −1) ⊂ SO(N). For generic n, we don’t know yet a similar interpretation.
A related question is if there is any relevant associated symmetry algebra
structure for the universal left and right invariants C

(m)
n and Cn,(m) like there

is in the case of g2 ∼= sl2(R), see [57]. Specifically, it remains unclear whether
these symmetries close in a Lie algebra, or in a polynomial Poisson algebra.

Another area requiring further exploration is the generalisation of the gn

construction to other semi-direct sums with different semisimple Lie algebras,
coming from Cartan’s classification, and the study of the associated Casimir
elements. Since sl2(R) ∼= sp2, the most natural generalisation would be to sub-
stitute the sl2 Levi factor with a generic orthosymplectic Lie algebra sp2k. Let
us note that the Casimir elements of two Lie algebras having the orthosym-
plectic Lie algebra sp2k as Levi factor, namely the perfect Lie algebra wspk

and the inhomogenous Lie algebra Isp2k, have been found in [21] as coefficients
of the characteristic polynomials of an associated matrix. Considering that a
determinant is the known term of a characteristic polynomial, it is plausible
that our results can generalise to the orthosymplectic case in similar way as
in [21].

In Sect. 5, we remarked how the coalgebra symmetry property with re-
spect to the Lie algebra gn in the realisation Dn : Sgn −→ C∞(R2) is not able
to automatically yield integrability as soon as n ≥ 3. To this end, we believe
that a careful application of the subalgebra integrability method [18] can yield
many interesting (super)integrable Hamiltonian systems. This method allows
to build Hamiltonian with additional first integrals using the fact that cor-
responding to some subalgebras one can obtain additional nonlinear Casimir
invariants. Our strategy to find such integrable case will be to classify all the
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optimal subalgebras of gn, i.e. all the different subalgebras conjugated up to
adjoint action of Gn = exp(gn) on gn, see [72, Definition 3.11]. We observe that
recently the slightly stricter notion of optimal families of subalgebras has been
introduced [1,2]. This notion is particularly convenient for computational pur-
poses, allowing to isolate subalgebras with desired properties algorithmically,
giving then a strong starting point to tackle the general problem.

A final relevant open problem is a classification of the various symplectic
realisations of the Lie algebra gn. Indeed, in this paper we confined ourselves
to one degree of freedom canonical symplectic realisations. However, it is for
instance known [67] that the Lie algebra g3 ∼= h6 admits a non-trivial two de-
grees of freedom canonical symplectic realisation D3,2 : g3 −→ C∞(U), where
U = (R2

(q1,q2)
\ {μ2q1 = μ1q2 }) × R

2
(p1,p2)

and its action on the generating set,
{h, x−, x+, y1,−, y1,+, z1,1 }, is given by:

h �→ q1p1+q2p2, x− �→ − q2
1+q2

2
2 , x+ �→ p2

1+p2
2

2 + κ
(μ2q1−μ1q2)

2 ,

y1,− �→ −μ1q1 − μ2q2, y1,+ �→ μ1p1 + μ2p2, z1,1 �→ μ2
1 + μ2

2,

(6.1)

μ1, μ2, κ being real parameters. It is therefore natural to address the classifi-
cation of such symplectic realisations and to investigate their potential use in
the construction of non-trivial integrable systems, including possible applica-
tions of the loop coproduct method [66–68]. We observe that such a method,
which is an extension of the coalgebra symmetry approach that we explained in
Sect. 2.2, is a promising approach for the construction of integrable systems,
but its application was limited because of the lack of suitable Lie algebras
where the construction may apply. We believe that the newly introduced Lie
algebra gn can be used to fill this gap and produce novel interesting result in
such a theory.
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[15] Ballesteros, Á., Herranz, F.J., Musso, F., Ragnisco, O.: Superintegrable defor-
mations of the Smorodinsky– Winternitz Hamiltonian. In: Tempesta, P., Win-
ternitz, P., Harnad, J., Miller, W. Jr., Pogosyan, G., Rodr̀ıguez, M.A. (eds.),
Superintegrability in Classical and Quantum Systems, CRM Proceedings and
Lecture Notes, Providence, American Mathematical Society, vol. 37, pp. 1–14
(2004)

[16] Beltrametti, E.G., Blasi, A.: On the number of Casimir operators associated
with any Lie group. Phys. Lett. 20, 62–64 (1966)

[17] Bianchi, L.: Lezioni sui Gruppi finiti continui di trasformazioni. Enrico Spoerri,
Pisa (1918)

[18] Blasco, A.: Integrabilidad de sistemas no lineales Hamiltonianos con N grados
de libertad. PhD Thesis, Universidad de Burgos (2008)

[19] Calogero, F.: Solution of the one-dimensional N-body problem with quadratic
and/or inversely quadratic pair potentials. J. Math. Phys. 12, 419–436 (1971)

[20] Calogero, F.: Why are certain nonlinear PDEs both widely applicable and inte-
grable? In: Zakharov, V.E. (ed.) What is Integrability? Springer, Berlin (1991)

[21] Campoamor-Stursberg, R.: A new matrix method for the Casimir operators of
the Lie algebras wsp(N,R) and Isp(2N,R). J. Phys. A 38(19), 4187–4208 (2005)

[22] Campoamor-Stursberg, R., Latini, D., Marquette, I., Zhang, Y.Z.: Algebraic
(super-)integrability from commutants of subalgebras in universal enveloping
algebras. J. Phys. A: Math. Theor. 56(4), 045202 (2023)

[23] Cartan, E.: Les groupes de transformations continus, infinis, simples. Ann. Sci.
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ables: forces conservatives. Intégrales cubiques: Mouvements dans le plan. C. R.
Acad. Sci. 200, 22–26 (1935)

[30] Drinfel’d, V.G.: Quantum groups. In: The Proceedings of the International Con-
gress of Mathematicians, Berkeley 1986, AMS, pp. 798–820 (1987)

[31] Drozdov, P., Gubbiotti, G.: Discrete-time systems in quasi-standard form and
the h6 coalgebra symmetry. Phys. Scr. 100, 045248 (2025)



G. Gubbiotti et al. Ann. Henri Poincaré
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