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We consider the open unit disk D equipped with the
hyperbolic metric and the associated hyperbolic Laplacian
£. For A € C and n € N, a A-polyharmonic function of order
n is a function f : D — C such that (£ — XI)"f = 0. If
n = 1, one gets A-harmonic functions. Based on a Theorem of
Helgason on the latter functions, we prove a boundary integral
representation theorem for A-polyharmonic functions. For
this purpose, we first determine n'"-order \-Poisson kernels.
Subsequently, we introduce the A-polyspherical functions and
determine their asymptotics at the boundary 0D, i.e., the
unit circle. In particular, this proves that, for eigenvalues
not in the interior of the L?-spectrum, the zeroes of these
functions do not accumulate at the boundary circle. Hence
the polyspherical functions can be used to normalise the n*"-
order Poisson kernels. By this tool, we extend to this setting
several classical results of potential theory: namely, we study
the boundary behaviour of A-polyharmonic functions, starting
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with Dirichlet and Riquier type problems and then proceeding
to Fatou type admissible boundary limits.
© 2024 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The aim of this article is to initiate a detailed study of the potential theory associated
with the polyharmonic, and more generally, A-polyharmonic functions for the hyperbolic
Laplacian £, that is, the solutions f of (£ —AI)"f =0, forn € N and A € C.

A polyharmonic function of order n on a Euclidean domain D is a complex-valued
function f on D that belongs to the kernel of the n'! iterate of classical Euclidean
Laplacian: A" f = 0. The study of polyharmonic functions goes back to work in the
19*" century, and continues to be a very active topic. See e.g. the books by ARONSZAJN,
CREESE AND LIPKIN [2] or by GAZzZOLA, GRUNAU AND SWEERS [10]. A classical theorem
of ALMANSI [1] says that if the domain D is star-like with respect to the origin, then
every polyharmonic function of order n has a unique decomposition

F) =3 P ha(),

k=0

where each hy is harmonic on D, and |z| is the Euclidean length of z € D. In particular,
let the domain be the unit disk

D={:=x+iyeC:|z|=+vz2+y% <1}

Assume for the moment that in Almansi’s decomposition, each hy is non-negative. Then
it has an integral representation over the boundary 0D of the disk, that is, the unit
circle, with respect to the Poisson kernel

_1-]e

P(Z,E)—m (zeD, £ =€'? € OD) (1)

Thus, Almansi’s decomposition on the disk reads as

n—1

1) =Y [P P9 dne). @)
k=05D
where vy, ...,v,_1 are non-negative Borel measures on the unit circle. Without requir-

ing non-negativity of the hy, the result still remains true, taking analytic functionals
(i.e., certain distributions) vy instead of Borel measures: this follows from results by
HELGASON [12], [13] which will be of crucial importance further below.
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We now change our viewpoint and view D as the hyperbolic or Poincaré disk with the
hyperbolic length element and resulting metric

s — 2¢/dz? + dy?

|1 —zw| + |z — w

(3)

and p(z,w) = log

1—1z[2 11— zw|— |z —w|
We note that the Poisson kernel can be written as
P(z,6) = e &9 with  b(z,€) = limf(p(w,z) - p(w,O)) , (4)
w—

the Busemann function. The hyperbolic Laplace (or Laplace-Beltrami) operator in the
variable z =z + iy is

22
2:%(6%65). (5)
The harmonic functions for the two Laplacians on the disk clearly coincide, but this is
no more true for polyharmonic functions of higher order. While there is an abundant
ongoing literature on polyharmonic functions in the Euclidean setting, we are not aware
of an extensive body of work for the hyperbolic Laplacian, or more generally, for Laplace-
Beltrami operators on manifolds. A few references are, for example, CHUNG, SARIO AND
WANG [6], CHUNG [5] as well as SCHIMMING AND BELGER [31] plus some of the citations
in the latter paper, and also JAMING [18].

The first main aim of this note is to provide an integral representation in the spirit
of (2) for hyperbolically polyharmonic functions of order n. More generally, we consider
A-polyharmonic functions of order n, that is, solutions f : D — C of

(E—AD)"f=0.

Here, I is the identity operator, and we are taking the n'P iterate of £ — \I, where
A€ C. If n =1, we speak of a A-harmonic function. Considering A\ as an “eigenvalue”,
one should be careful with respect to the space on which the operator acts. Indeed, we
are not referring to the action of £ as a self-adjoint operator on L?*(D, areay,), where
areay, is the hyperbolic area measure of D and the corresponding spectrum (—oo, —% ]is
continuous. The mapping

)\(s):sg—i, seC, R(s)=0

maps the half-open half plane {s € C : R(s) > 0} \ {it : t < 0} bijectively onto C. We
write s(A) = 4/ A+ % for the inverse mapping, where the square root of re'? is \/7764“75/2
forr > 0 and ¢ € (—m, 7.

Here is our first main result.
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Theorem 1.1. Every A-polyharmonic function f : 1D — C of order n has a unique repre-
sentation of the form

Z/ b(z. &) Pz, €NV 2du(€),  if A#£ -1,
k=05
f(Z) = n—1
Z/fJ(z,s)?’“ P(2,€)"/2 duy(€), if A=—1,
k=05
where vy, ..., Vn—1 are analytic functionals on OD.

We postpone the precise definition of these functionals to §2, and we shall also rescale
the kernels in the integrals in a suitable manner to get the (order n + 1) A-polyharmonic
Poisson kernels P, (z,£| ), n > 0; see Proposition 2.6.

Our proof of Theorem 1.1 in §2 is inspired by related results obtained in a discrete
setting, mostly in recent work of PICARDELLO AND WOESS [28] on polyharmonic func-
tions on general trees, that was preceded by a long paper by COHEN ET AL. [7] who
had used rather involved methods to obtain an integral representation for polyharmonic
functions on a regular tree with respect to the standard graph Laplacian. (In [28], this
is generalised and simplified.) Further motivation for the present work came from SAvA-
Huss AND WOESS [30], who studied the boundary behaviour of polyharmonic functions
on regular trees. There are many profound analogies between the hyperbolic disk and
regular trees. In the potential theoretic setting considered here, see the first part of the
note by Boiko AND WOESS [3] for an exposition of those analogies.'

The natural next goal is to study the asymptoptic behaviour of A-polyharmonic func-
tions. For this purpose, but also by inherent interest and for further possible applications,
in §3, we introduce the family of polyspherical functions ®,(z|}), i.e., suitably nor-
malised A-polyharmonic functions of order n+ 1 which only depend on r = |z|. Here, the
functions ®g(z|A) for A € C are the classical spherical functions of the Poincaré disk.
A major step, in itself of interest, is to determine the asymptotic behaviour of ®,(z| )
near 9D, that is, as r — 1 or equivalently, R = p(z,0) — oo; see Theorem 3.4.

This is important because, for the study of the boundary behaviour of A-polyharmonic
functions one needs a suitable normalisation of the polyharmonic kernels P, (z,&|\), in
order to compensate for their growth or decay; this normalisation is then accomplished
in §4; it extends the classical case n = 0 via the laborious computations of §3. Indeed,
when n = 0, it is well-known that it is appropriate to normalise A-harmonic functions
by the A-spherical function, see e.g. MICHELSON [27] and SJOGREN [33], and for regular
trees KORANYT AND PICARDELLO [21]. This cannot be done for A € (—oo0, — 1), because
for these values of A the zeroes of the A-spherical functions accumulate at the boundary
circle, while for all other values of A, there are no zeroes at all; see Remark 3.3.

! In the formula for the hyperbolic Laplacian — which is (5) here — one of the two squares is missing in [3].
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So for arbitrary n, our normalisation consists in dividing by ®,,(z|\), which is feasible
since it follows from Theorem 3.4 that this function has no zeroes close to the boundary
circle. In §4, we show that the resulting normalised kernels are good approximate identi-
ties at the boundary points, so that the classical convergence results hold for transforms
of functions and measures on JD; see Proposition 4.6.

§5 is dedicated to another important issue: continuous extensions from boundary
data. We first limit attention to n = 0 and show that for the normalized kernel
P(z,£|N)/®o(z]| A), the solution of the Dirichlet problem with continuous boundary data
is unique for any (even complex) A € C \ (oo, —1) (Theorem 5.1). Then we extend
the result to n > 0 by formulating a suitable version of the Riquier problem, adapted
to the fact that the quotient of lower and higher order polyspherical functions tends to
zero at the boundary, and provide such a solution (Corollary 5.4), which is inherently
non-unique.

§6 answers another fundamental question on the asymptotic behaviour of M-
polyharmonic functions, the Fatou theorem. Theorem 6.5 yields admissible non-
tangential convergence of the normalised transforms of measures on JD for A €
C\ (—o0, —i ]. For the critical value A = —%, we even have a wider approach region.
Along the classical guidelines, the proofs are based on maximal inequalities.

The last §7 is devoted to related examples (in the standard case A = 0), discussions
and open questions. In particular, we provide all details of an example outlined to us by
A. Borichev: a harmonic (indeed, analytic) function h(z) such that h(z)/R is bounded
but has no radial limits at the boundary, as R — oo where R = p(z,0) ~ ®1(z|0), the
biharmonic spherical function. In all the paper, for the reader’s benefit, we give most of
the details of the (sometimes lengthy) computations.

Acknowledgements. We acknowledge enlightening email conversations with Alexander
Borichev (Marseille), Fausto Di Biase (Pescara), Jean-Pierre Otal (Toulouse) and Peter
Sjogren (Goteborg).

2. Integral representation

For each § > 0, consider the space H(Aj) of all holomorphic functions on the open
annulus

As={z€C:1-§< |z <1+44}.

The space is equipped with the topology of uniform convergence on compact sets. The
space H(OD) of analytic functions on the unit circle consists of all functions g : 9D — C
which possess an extension in H(As) for some § = 6(g) > 0. The topology on H (D) is
the inductive limit of the topologies of H(As) as § — 0.

Definition 2.1. An analytic functional v on OD is an element of the dual space of H(9D).
We write
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/gdu =v(g), g€ H(OD).
oD

A good way to understand the action of v on H(9D) is described in [8, p. 114], see
KOTHE [23]: let v, = v(e™'"?), n € Z be the Fourier coefficients of v. Then

lim sup |v, |17 > 1
n|—o0

(and this characterises the analytic functionals). If g € H(0D) then the Fourier expansion
g(e'?) =" ,cz gn € is such that

lim sup |g,|*/ " < 1.

|n]—o0

Then

/gdyzzgm. (6)

oD nezZ

For more on analytic functionals, resp. hyperfunctions, see e.g. HORMANDER [16, Chapter
IX] or SCHLICHTKRULL [32].
It will be useful to write

P(z,€|A) = P(z,)" 2,
The following results from an elementary and well-known computation.
Lemma 2.2. For A € C and £ € OD, the function z — P(z,&|\) satisfies
SP(-, €N = AP( €Y.
We note here that we can write
1— |z
(€—-2)(1/§—2)

In this form, for fixed z € D and any A € C, the function £ — P(z,£|\) is in H(As) for
d =1 — |z|. Thus, as a function of £ in the unit circle, it is in H(9D). We now recall an

P(z,§) = (7)

important result.

Theorem 2.3 (HELGASON [12], [13, Section V.6]). For any A € C, every A-harmonic
function h for the hyperbolic Laplacian on the Poincaré disk has a unique representation

h(z) = / P(z.€|N) dv().

oD
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h

where v = v" is an analytic functional on OD.

A very readable proof of this and several related results are contained in the beautiful
expository paper by EYMARD [8].

Remark 2.4. If the A\-harmonic function h is positive real, then \ > —%. Indeed, it is

well known that positive A-harmonic functions exist precisely when A > —%; see e.g.
SULLIVAN [35, Thm. 2.1].

For non-negative h, the functional v" is a non-negative Borel measure. This follows
from general Martin boundary theory, see e.g. KARPELEVIC [19] or TAYLOR. [36].

Before proving Theorem 1.1, we need to find suitable polyharmonic versions of the
Poisson kernel. That is, for each n € Ny, we want to have a kernel of the form

Po(2,€]0) = gna(=0(2,€)) P(2,€|\) (8)
which satisfies
(€= AI)"Pu(z,€|A) = P(2,£| ). (9)
For this purpose, we shall use the following.
Lemma 2.5. Let f € C2(R) and set
Qr(2.€10) = f(=b(2,€)) P(z,£] ).
Then
(£=ADQs(2,€1N) = Qy(2,6| ),
where g = [ +2s f' and s = s(\).

Proof. Here (and frequently also later) we shall use the fact that the Busemann function,
hence also the Poisson kernel (as well as the Laplacian), are rotation invariant:

hle'¥z, e %) = h(z,&) forall zeD, £ €oD. (10)

Thus, it is sufficient to consider £ = 1. Furthermore, from the Poincaré disk model of the
hyperbolic plane we can first pass to the upper half plane model via the inverse Cayley
transform, where in the new coordinates (u,v) with v € R and v > 0, the hyperbolic
Laplacian transforms into v?(0?u + 0?v) and the boundary point 1 € 9D becomes i co.
Then we make one more change of variables, setting w = logv to obtain the logarithmic
model, where now (u,w) € R? and the hyperbolic Laplacian becomes
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£=e"02+02 — 0. (11)
In these coordinates, the Busemann function and Poisson kernel at i oo are
f)((u,w),ioo) = —w and P((u,w),ioo) =e¥,
and
Qs ((u,w),i00|A) = f(w) e/,
The statement now follows by applying the Laplacian in the form of (11). O

Proposition 2.6. For A # —1 and s = s()\), the kernel

Pu(2€]0) = — o (2h(2,6))" Pz, €)+1/?

nl(2s)"
satisfies (9).
For A = —1, where s(X\) = 0, identity (9) holds for

Pa(e€l = 1) = gy (2 67" P(2,6)172

(2n)!
Proof. In order to find a function g, » as in (8), we start of course with go» = 1. We
proceed recursively, looking at each step for a function f,, = f,, x such that

(2= AD)[far(=5(2,) P(5:€ 0] = gu-1a (- €10) Pz €1).  (12)

The function f,, will then be replaced by the simpler g, = g, which satisfies (8) before
proceeding to n + 1. By Lemma 2.5, f,, must solve the differential equation

fo+25fn=gn-1, s=s(. (13)

The characteristic polynomial of (13) has roots 0 and —2s, when A # —1. In the latter
case, 0 is a double root.

We start with A #£ —i and n = 1. Since gg = 1, we are looking for a special solution of
(13) of the form fi(w) = A1 1w, whence Ay 1 = 1/(2s). We get g1(w) = f1(w) = w/(2s),
and going back to the disc model, we obtairilPl via (8), as proposed. We now prove by

induction on n that by setting g, (w) = we obtain a solution for P,.

w
nl(2s)™

Suppose this is true for all orders up to n—1. The right hand side of (13) is a polynomial
of order n — 1 in w. Hence there is a special solution of the form f,(w) = >",_; A, pw".
The coefficients A,, ; are obtained as solutions of a system of linear equations, yielding

a solution of (12). However, by the induction hypothesis, the terms of order k < n are
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annihilated when applying (£—X1)" to f, x(—h(z,€)) P(z,£| ), so that for (9) we only
need g, (w) = A, ,w™. Inserting f,, into (13), comparison of the highest order coefficients

n—1
yields 2sn = (Qlu)lw, which completes the induction step.
n—1)!(2s
When \ = *iv the differential equation (13) simplifies to f/] = g,—1. Here, we set

gn = fn. Starting with gg = 1, we integrate twice at each step and take just the highest
appearing power: g;(w) = w?/2, go(w) = w*/4!, and so on, so that g,(w) = w?"/(2n)!,
as proposed. O

Note that when A = —1, we even have (£ — AI)P,(z,&| — 1) = P,_1(2,&] — 1).

g
In the standard case A = 0, we just write P,(z,&) for P,(z,£&|0).

Proof of Theorem 1.1. Along with the Poisson kernel, also the function £ — P,(z,&| )
is in H(Ay) for 6 =1 — |z|, for every n € Ng, A € C and z € D.

We claim that every A-polyharmonic function f of order n has a unique representation
of the form

n—1
£ =3 fie) with fulo) = [ Pl ) ). (14)
k=0 oD
where v, ...,v,_1 are analytic functionals on 0D. Furthermore, when A > —% is real,

vk is a non-negative Borel measure if and only if

(L= AD)Fg, >0, where gr=f—(fuo1+-+ fes1)-

To prove this, we proceed by induction on n. For n = 1, this is Theorem 2.3. Suppose the
statement is true for n — 1. Let f be A-polyharmonic of order n. Then h = (£~ XI)""1f
is A-harmonic. By Theorem 2.3, there is a unique analytic functional v,,_; on 9D such
that

h(z) = / P2, €| A) dvm 1 (€).
oD
We set
fur(z) = / Por(2,6 | N) dvms (6).
oD

By Proposition 2.6,
(C—-AD" 1 =h=(L-XI)""'f.

Thus, f — fn—1 is A-polyharmonic of order n — 1, and we can apply the induction hy-
pothesis to that function in order to get the representation of f. Uniqueness follows from
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Helgason’s Theorem 2.3. The statement on non-negativity for real A > —i is a conse-
quence of the well known Poisson-Martin representation theorem for positive A-harmonic
functions. Since (14) differs from the proposed result only by the normalisation of the

kernels P,, the result is proved. 0O

The previous paper [28] on trees adopts a different method of proof, that could also be
used here: it consists in differentiating P(z, & | \) with respect to A instead of integrating
a differential equation with respect to z, which is inherent in the proof of Proposition 2.6.
The drawback is that this does not work at the critical value A = f%, while on the other
hand, it can be applied to more general domains as long as A belongs to the L?-resolvent
set of the underlying Laplacian.

From now on, we use the representation formula (14) for A-polyharmonic functions,
instead of the one of the statement of Theorem 1.1.

3. Polyspherical functions

Definition 3.1. For A\ € C and n € Ny, the n'™ A-polyspherical function is

@n<z|x>=/Pn<z,£|A>de, €D,

oD

where P, is given by Proposition 2.6 and d¢ = dm(&) for the normalized Lebesgue
measure m on the unit circle.

The function ®,(z|A) is A-polyharmonic of order n 4+ 1 and rotation invariant, i.e.,
it depends only on |z|. For n = 0, we recover the classical spherical functions ®(z|\),
where we omit the index 0: for z = re’® € D,

O(z|\) = /P(Z,EI/\) d¢ = /P(,z,g)s<k)+1/2 dé

oD oD
1/ 1—¢2 sz
T on <1+r2—2rcosq’>)
In particular, ®(-|0) = 1. The following is immediate from Proposition 2.6.

Lemma 3.2. For any n € N and A € C and £ € 0D,

(E =AD" Bp(2]N) = B2 | N).

In the specific case A = —% one even has

(L= ADBy(z] ~3) = Bia(z] —1).
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Remark 3.3. For A € C\(—o0, —1), the spherical function ®(r | A) has no zeroes in [0, 1),
while for real A € (—oo, —1), ®(r|\) has countably many zeroes which accumulate at
1.

For real A € [—1, 0o), this is obvious because the integrand in (15) is positive. For
the other values of A, to the best of our knowledge, it seems that these facts are nowhere
referred to in the relevant literature on the hyperbolic Laplacian and its spherical func-
tions. Therefore, we add some explanations.

Expressing £ in polar coordinates leads to the differential equation

(1—-1r?%) r?)?

2 _
1 O (r|\) + a-r

@ () = A(r | X) =0

1 2
in the variable r € [0,1). We now substitute z = 1—}——7"2 and write ¥(z|A) = &(r| ).

Then the above differential equation transforms into
(22 = 1)U (2| N) + 22V (2| \) = AU(z|\) =0.

One sees that the latter is Legendre’s differential equation; see HOBSON [17] and, in
particular, HILLE [14], [15, equations (1) and (2)]. Recall that the Legendre function P,
with parameter a € C solves (1 — 22)P/(2) — 22P.(2) + a(a + 1) P,(z) = 0, and

1—
P,(z)=F <a—|— 1,—a;1; 5 Z) ,

where F is Gauss’ hypergeometric function, and in our case, a(a + 1) = A. We get

_ 142

. 1
O(r|A) = P,(z) with a:—§+s()\) and 2=13

€[1,00).
Compare with [8, identity (25)]. Note that the hyperbolic Laplacian in [8] is 4 times the
one we are using here, and that ®(z | ) is the function ¢g(z, 1) of [8], with 1 = 3+ s(A).
Note also that there are several known identities between hypergeometric functions with
different parameters. For example, GRELLIER AND OTAL [11] use a different version,
which coincides with the one given above, see e.g. LEBEDEV [24, p. 200].

It follows from old work of MEHLER [26] and is explained in [14, pages 27-28, identity
(35)] that for a = —1 +bi with b # 0, that is, for A € (—co, —1), the function P,(z) has
countably many zeroes in [1,00) which are such that the zeroes of ®(r|\) accumulate
at 1. On the other hand, it is comprised in [15, Theorem V and the page preceding it],
that with R(a) # —1/2 the function P,(z) has no zeroes in [1,00).? O

2 We thank Jean-Pierre Otal (Toulouse) for pointing us to the books by Lebedev and Hobson, which led us
to the PhD thesis of Hille [14] and its follow-up [15]. We also acknowledge an exchange with Peter Sjogren
(Goteborg) on the question how well this issue of zeroes of the spherical functions is known in the community
— apparently not at all.
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For any fixed A € C\ (oo, —3), we shall need the asymptotic behaviour of ®,,(z|\)
when |z| — 1, that is, when

p(z,0) = log

In view of Remark 3.3, we do not consider real A € (—oo, —1) because of the infinity of
zeroes of ®(r|N).

In the sequel, we shall adopt the following convention: in the formulas where 0 < r < 1
(resp. z € D with |z| = r) appear, we always use capital R = p(r,0) = p(z,0), and we
do the same in case of subscripts like r, <> Ry.

Theorem 3.4. We have the following, as R = p(z,0) — oo.
(A) If X € C\ (—o0,—1] then

Dp(2]\) ~ % R" eXp((s()\) ~1/2)R),
where ¢(A) # 0.
(B) If A= —1% then

2

Pa(2[A) ~ 2n+ 1w

R*™ 1! exp(—R/2).

In particular, for everyn >1 and A € C \ (oo, —1) there is 0 < ry, x <1 such that
D,(2|A)#0 forall z€D with |z| = rpx.

Forn =0, we set rox = 0.

Proof. For the parameter 0 < r < 1, the even function

1—r2

P, =P [ [ S
1 (0) = Plr.e) = g

¢ € [-m,m] (16)

is strictly decreasing in ¢ € [0,#]. It attains its maximum in 0 with value P.(0) =
(14+7)/(1 —r) = e®. We write

P(¢) _ 1 ' e .
P.(0) 1+ 72sin?(¢/2) with 7=7=—"—~PFP(0)=¢" as r—>1. (1)




M.A. Picardello et al. / Journal of Functional Analysis 286 (2024) 110362 13

Proof of (A). In this case, R(s) > 0, where s = s()\). Then

nl(28)" @(r[A) _ 1 / Po(0) "2 (log Po(6)"
e(s+1/2)R pn 2 PT(O)S+1/2 (10g PT(O))n

/2
2 / R —log(1 + 72 sin? ¢) "d¢
T 1+T2SIH ¢)st1/2 R '
0

2R
We choose 0 < a < i and decompose the last integral into the two parts

2R(s) +1
e /2
/plus /
0 T

As for the second integral,

R - log(l + 72 sin? ¢)
R

‘ <1 (18)
Furthermore,

(7% sin® ¢)REIH/2 > (72 gin? 7) R H1/2

(19)
F(I=a)@REHD) for ¢ € [r7%,7/2] as T — o0,

and we see that the second integral tends to 0 by the choice of a.
As for the first integral in the decomposition, as 7, hence R, tend to infinity, we have

R —log(1 + 72 sin? ¢) ) 1+ 7292
R ST Tlogr
(20)
Therefore, with the substitution x = 7¢, by dominated convergence as 7 — 0o, we obtain

(1+ 72 sin? ¢)5+1/2 ~ (14 7'2(;52)5“/2 and

e

2 / T R —log(1+ 72sin?¢) \"
7r (14 72sin? ¢)s+1/2 R
0

—a

T

Ng/ T 1_log(1+72¢2) nd¢
) (14 72¢2)st1/2 log T
0

Tlfu

/ 1 ) log(1 + 2?) "d
(1+ x?)st1/2 log 7 *

0

SEE®
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2 o
—>;/ T+ 22) S+1/2dav:c()\), (21)
0

recalling that s = s(A). This proves (A).

Proof of (B). In this case, s = 0, and

(20)! Ba(r] — ) z”/” (i ey,

elt/2 R2n T x (1 + 725sin? ¢)1/2 log T

This time, we decompose the last integral into the two parts

1/logT /2
plus /
0 1/log T

By using the analogue of (20), the first integral is asymptotically equivalent to

1/log T

1 log(l + 72 ¢2)
(1_1_72(]52)1/2(1— log > dp as T — 0.
log(1 + 72 ¢?)

1 , and observe that the upper integration limit
ogT

We now substitute x =

1/log 7 transforms into

_ log(1 + (7/log 7)?)

- ~2, as T —00.
log T
Thus, the latter integral becomes
bT
1 d 1 1
ﬂ/(l_@m Lo~ .
2T ) (1 _ 7'_”3) T 2n+1

By (18), the second integral is bounded by

/2
d 1 1 1 log(21
Tsing T 2log T T log T
1/log T

This leads to the asymptotic behaviour of (B). O
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For A € C\ (—o0,—1

11, we define the associated real eigenvalue \* € [—% ,+00) by

the equation
s(A*) = R(s(N)). (22)
We shall also need the function defined as

|<I>|n(z\)\):/|Pn(z,§|>\)|d§, zeD. (23)
oD

The same computations as in the proof of Theorem 3.4 with this modified integrand lead
to the following.

Proposition 3.5. We have the following.
(A) If X € C\ (=00, —7] and s = s(\) then, as R = p(z,0) — oo

(Bl (= | A) ~ Ca(N) B exp( (R(s) — 1/2) R)

as R = p(z,0) = oo, where Cy,(\) = % with ¢(\*) according to (21).

(B) If A = —1 then |®|,,(2 | A) = @, (2| \) with asymptotics given by Theorem 5./.B.

Regarding the zeroes of the higher order polyspherical functions, we have P, (0,£|\) =
®,(0|A) =0 for all A € C and n > 1. For the following, recall that

. L ( n) if n is eve

1 Py , if n is even,
Jn:%/(COS(ZS)nd(ﬁ: 2n \n/2

- 0, if n is odd.

Lemma 3.6. Let n > 1. Then we have the following as r — 0.
(A) If X e C\ {—1} and s = s()),

r", if n is even,

D, (r|A) ~
r? L ifn is odd.

SRTETIay!

(B) If A= —1L then
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Proof. In the sequel all o(r*) are uniform in ¢ € (—m, 7], as r — 0. Short computations
show that

P(r,e'?) =1+ 2r cos¢+o(r) and
log P(r,e'?) = 2r cos ¢ 4 2r%(cos® ¢ — 1) + o(r?)
so that
P(r,e'®)st1/2 (log P(r, ei¢))n
=(14+(2s4+1)r cos¢+ o(r))
X (2”7"" cos™ ¢ + n2" T (cos™ T ¢ — cos™ ! <Z))) +o(r"th)
= 27" cos™ ¢ + 2" L ((25 +1+n)cos"™ ¢ —n cos" ¢) +o(r™th)

Applying % f:r with respect to ¢, using the above formula for J,, and normalising as
in Proposition 2.6, we obtain the proposed asymptotic behaviour near 0. 0O

While we do not know much about the zeroes of ®,(r|\) in general, we have the
following for real eigenvalues.

Proposition 3.7. For real A > — and alln € N, we have ®,,(r|A) >0 for 0 <r < 1.

Proof. The statement is clear for even n, as well as for all n when A = —i. Fixr >0
and consider

Fn(s) = /(logp(rvf))np(rvf)s+1/2 dgv

oD

a function of s > 0. For s = s()), one has ®,,(r|\) = F,(s) when A > —J. Then for
>0
d

EFQn—i-l(S) = Fy,42(s) >0,

so that Fby,1(s) is strictly increasing in s € [0, co). To complete the proof it is enough
to show that Fy,41(0) = 0, or equivalently, that

fons1(2) = /(log P(z,6) " /P(z,€)de =0 forall zeD.

oD

We show this by induction on n. For n = 1, Lemma 2.5 yields that (£ + 1I)f; = 0
(recalling that s = 0). Since f; is radial, i.e., it depends only on r = |z|, it must be
a constant multiple of the spherical function ®(z| — ). Moreover, as f1(0) = 0, that
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constant factor must be 0, that is, f; = 0 on ). Now suppose that n > 1 and that we
have already that fo,—1 =0 on D. Once more, from Lemma 2.5, we get

(2/ =+ i]).fgn_i_l = 2’/1(2’/1 + 1) f2n—1 = 0

so that also fa,41 must be a constant multiple of ®(z| — i) As above, we get fo,11 =0
onD. O

For A € C \ R, from Theorem 3.4 we know at least that ®,(z|\) # 0 when |z| is
sufficiently close to 1.

4. Polyharmonic kernels

Definition 4.1. Let n € Ny and A € C. The n' generalised Poisson transform of an
analytic functional (or measure) v on 9D is the function

L, 5 v(2) = / Pu(z€| N du(€), z€D,
oD

where P, is given by Proposition 2.6. If v is an absolutely continuous measure with
density function g(§) with respect to the normalised Lebesgue measure m on the circle,
then we write II,, » g(z) for the resulting transform. When n = 0, we just write

H)\ ZHO’)\ and HZHO’O .

Our aim is to consider boundary value problems for polyharmonic functions. The
most basic one is the Dirichlet problem: given a continuous function g on 9D, look for
a harmonic function h on D which provides a continuous extension of g to the closed
disk D U 9D, the hyperbolic compactification. The solution is unique and well known,
h(z) = I g(z), the classical Poisson transform.

If we consider A-harmonic functions with 0 # A € C \ (—oo, —%), then we cannot
proceed in the same way, using P(z,£)*M+1/2, Indeed, if we take g = 1 on 0D, then
its A-Poisson transform is h(z) = ®(z|A), which tends to 0 as |z] — 1 when s = 0 or
0 < R(s) < 1/2, and to oo in absolute value when R(s) > 1/2. It is well-known that in
this case one should normalise, and the natural candidate is ®(z|\), see e.g. [27] and
[21]. (Note that this normalisation is not feasible when A € (—oco, —1) because of the
zeroes of the spherical function which accumulate at 0D.)

Definition 4.2. For n € Ny and A € C \ (—o0, —%), the nmormalised polyharmonic kernel
is

Po(2,€|N)

K:n,)\(z7§): (bn(z‘)\) y

£€edD, zeD, |z| = rua,
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where 7y, ) is as in Theorem 3.4.

Thus,

I, v(z)

/’Cn,A(Z,f) dv(§) = ENEINE
oD "

Lemma 4.3. There is a constant 6()\) for which the kernels of Definition /.2 satisfy
Ko (2,6)] < C(N) Ko (2,€)

where X\* > —1 is given by (22) and |z| = ry .

Proof. Note that [h(re'®, &)| < h(r,1) = R, where (recall) r = |z| and R = p(z,0) =

+7r
1—r

p(r,0) = log . By Theorem 3.4, as r = |z| — 1,

lc(M)] .
(2| )] oy BE1X)

Note also that by Theorem 3.4,

1
(2| N)| R —————, if AeC\ (—00, —1),

|, (2| A)] ~ 21 n!(2ls(\)]) seM :
|<I>(z|)\)|R2”m, if A=—1 (=X,

as 7 — 1. Therefore, there is CN'()\) > 0 (depending on n) such that

N (2| \)R™, if AeC\ (~o0, 1),
CN)|®n(z]N)] =
(2| N) R, if A= -1,

for all » > ry, x. It follows that |ICn’>\(z, §)| is bounded above by

P(Z7€)§R(s()\))+1/2RTL . P(z, g)s(,\*)+1/2 ) 1
<CN)———=—, if AeC\ (—o0, ——],
CHEpY A TEPO R
and by
1/2 p2n _ 1/2
P(Z7f) ? < C(_%) P(Z7 ) —, lf )\: _l’
G~ D) G- 1) L

which proves our claim. O
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Remark 4.4. (a) If A > —1 then, by Lemma 3.6, K, x(2,&) is well-defined for all z €
D\ {0}. When n is even then, in view of (24), it extends continuously to z = 0, and we
can set r, x = 0 for even n.

However, when n is odd, again in view of (24), K, A(2,€) has a pole at z = 0 unless
& = #i. Thus, for Lemma 4.3 we need to work with r, » = € for odd n, where ¢ > 0 is
arbitrary but fixed.
(b) If A = —2 then K, A (2, &) extends continuously to z = 0 for all n, and we can always
use r, 1 = 0.

Note that Ko+ (z,) dm is a probability measure on 9D for each z € D.
Another look at the proof of Theorem 3.4 yields the following.

Lemma 4.5. Let A € C \ (=00, —1), s = s()\) and n € Ny. Then

lim K,y 2 (r, €'%) = 0 uniformly for
r—1

2R(s)

2r=, ], if AEC\ (=00, —3), where 0<a< g

Y] €
2(log )", 7, if A\=—%, where 0<a<1.
1

Proof. In view of Lemma 4.3, we only need to prove this for n = 0 and real A > —i. In
this case, it is well known except maybe for the fact that usually the lower bound for |1|
is required to be a positive constant, while here it tends to 0 as r — 1.

First, look at case (A) of Theorem 3.4. With 7 as in (17) and ¢(\) as in (21), we have
asr — 1

P(r,e'%|\) N PT(¢)S+1/2 N 1 -
®(r|A) c(A) P(0)st1/2e=R  ¢()) (1 172 sin2(¢/2))s+1/2'

By (19) and (20), this tends to 0 uniformly in the stated range.
In case (B) of Theorem 3.4, as r — 1, that is, 7 — oo,
P(r,el¥| — 1)
o(r| — 1)

P, ()2
Re R P.(0)1/2

7/logT
(1 + 72 Sinz(w/2))l/2.

T m
2 2

Again, this tends to 0 uniformly in the stated range. O

The kernels are also rotation invariant: K, x(e' %z, e *¢) = K, x(2,€). This fact and
the last two lemmas yield the following by well-known methods.

Proposition 4.6. Letn € Ny and A € C\(—oco, —1). For a measurable function g : 9D —
C, resp. a complex Borel measure v on 0D, let

f(z) =T,ag(2), mesp. f(z) =1, v(z).
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Then the following properties hold.
_fE)
(i) If g € C(OD) thenil_rfl NERR
(ii) If g € LP(OD) (1 < p < o0) then hm
in LP(OD).

(iti) If g € L=(0D) then lim 223

= g(&) for all & € OD and uniformly as |z| — 1.

fgrg))‘) (6) for almost every & € oD and

= g(&) in the weak*-topology of L>°(ID).

f(r§)
D, (r| )

(iv) If v is a finite Borel measure on OD then the measures d¢ converge to v

in the weak*-topology, as r — 1.

The classical reference is ZYGMUND [37, chapter 17, Theorems 1.20 & 1.23]. See also
STEIN AND WEISS [34, §I.1, Theorems 1.18 & 1.25 and §I1.2] and GARNETT [9, Theorem
3.1]. In these references, the results are presented for the upper half space, resp. half plane
and carry over to the disk model of the hyperbolic plane.

5. Dirichlet and Riquier problem at infinity

Reconsider statement (i) of Proposition 4.6. It says that for any g € C(9D), the
function

f(2)=—"++ (25)

is A-polyharmonic of order n + 1 which provides a continuous extension of g to {z € D :
|z = rpa}. When n > 1 in (25) then we cannot expect that the given f is the unique
function with this property. Indeed, for example also

lim f(z) + (2| N)

= h < .
L DY) g(€§) when 0<k<n

However, when n = 0 and we are considering A-harmonic functions, this is the solution
of the A\-Dirichlet problem, valid on all of D since ®(-| ) has no zeroes in D. It is well-
known to be unique when A = 0. The extension to real A > —i with normalisation by
®(z| A) is well understood via the maximum principle applied to the kernels o 1 (2, )
of Definition 4.2, which are probability kernels with respect to m for real \. When
AeC\ (-0, —i) is complex, we can still prove uniqueness, via a different technique in
place of the standard one.

Theorem 5.1. Let A € C\ (—oo, —5) and g € C(OD). Then h(z) =11, g(z) is the unique
A-harmonic function for which

h
Dgigg BN =g(&) for every & € ID. (26)
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Proof. We know that the given function h is a solution of the A-Dirichlet problem, i.e.
it satisfies (26). In order to show uniqueness, it is enough to prove that the constant
function 0 is the only solution, when g = 0 on JD. In other words, we assume that h is
a A-harmonic function on D with

. h(z)
1
D3me B(2] \)

=0 forevery £ €D,

and we have to show that h = 0.
Let % be the spherical average of h around 0,

1

h(z) = o /h(|z|ei¢) do.

—T

In particular, 7(0) = h(0). Then % is also A-harmonic, and it is rotation-invariant. Now,
up to multiplication with constants, ®(z|A) is the unique A\-harmonic function which is
rotation-invariant. See e.g. [8] for this well-known fact. Therefore

h(z) =h(0)D(z|A).

On the other hand, the function on the closed disk which is h/®(-|\) in the interior
and 0 on the boundary is continuous, whence uniformly continuous, so that

lim h(z)
lz2|—=1 D(z | N)

=0 uniformly in z.

Since ®(z|A) only depends on |z|, also

h(z)
By yi

We conclude that A(0) = 0.

Now let zg € D be arbitrary. Then there is an isometry = of the Poincaré disk (a
Mbobius transform) such that 70 = z5. The isometries commute with the hyperbolic
Laplacian, whence also the function h.(z) = h(vyz) is A-harmonic. If |z| — 1 then also
|vz| = 1. Therefore also h(vz)/®(vz|A) — 0 as |z] — 1. Now Theorem 3.4 implies

(yz|A)
WNexp((s—1/2)(p(fyz,o)—p(z7o))) as |2| = 1.

This is bounded, since

|p(7 2,0) = p(z,0)| = |p(z,77"0) = p(2,0)| < p(v"0,0).
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We infer that

hy(z) _ h(yz) @(z]N)
(z|A)  R(yz|N) 2(z|N)

—0 as |z] > 1.

We can now apply the above argument to h, and its spherical average, and conclude
that h(zp) = 0. This is true for every zp € D. O

The next Lemma is in preparation of the Riquier problem for A-polyharmonic func-
tions.

Lemma 5.2. For A € C \ (—o0, —%), let f be A-polyharmonic of order n+1 on D and
such that the A-harmonic function h = (£ — XI)" f satisfies

. hiz) _
Dlalzni>€ D) g(&)  for every & € OD

where g € C(OD). Then

f(z) = Hn,)\ g(Z) + f*(Z) )
where fy is A-polyharmonic of order n.

Proof. This is very similar to the inductive argument in the proof of Theorem 1.1. It
follows from Theorem 5.1 that h =11, g =: hy. Write f; =11, » g. By Lemma 5.2,

(S =AD" fy = hy = (£ = AI)".
Therefore (£ —AI)"f, =0. O

In the setting of the Euclidean Laplacian A on a bounded domain, the Riquier problem
asks for solutions of A" f = 0 with prescribed boundary data g, = A¥f for k =0,...,n—
1. This is not applicable to the hyperbolic setting of (£— A I)™, even when A = 0, because
in any case, the quotient of lower and higher order polyspherical functions tends to zero
at the boundary. For this reason, we propose a different formulation.

Definition 5.3. Let A € C\ (—oco, —1)and go,... ,gn—1 € C(D). Then a solution of the
associated Riquier problem at infinity is a polyharmonic function

f=fot+ fu

of order n, where each fj is A-polyharmonic of order k£ + 1 and

lim (&= ADEfe(2)

z—E (I)(Z | )\) = gk(f) for every f c oD .
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Note that by Remark 3.3, the denominator in the last quotient is always non-zero.

Corollary 5.4. A solution of the Riquier problem as in Definition 5.3 is given by

fk(z):Hk,Agk(Z)’ kZO,,’I’L—l
One also has for every £ € 0D and k € {0,...,n—1}

ez - filz) ,
lgm—gk(§) and lgm_o for j <k.

6. A Fatou theorem for polyharmonic functions

Definition 6.1. (i) For 0 < § < =, consider the arc Bs = {e'?: |¢| < §} C ID, and
for ¢ = €'® consider the rotated arc Bs(() = (Bs = {€'?: |¢ — a| < §} with measure
(normalised arc length) m(B;(¢)) = 6/7. The Hardy-Littlewood mazimal operator is
defined on functions g € L'(9D) as

1
Myg(() = sup mB(/O lg(6)|dé : 0<d< T

(ii) Let [0,¢] be the line segment with endpoints 0 and ¢ = €'® in the unit disc D, and
for a > 0 consider the admissible region, or tubular domain

r.(¢) = {z eD: p(z[0,¢) < a}.

The non-tangential (tubular) mazimal operator of width a > 0 is defined on functions
g € LY(OD) as

M g(C) = sup ] / /cn,mz,og(@ds‘:zera<<>,|z|>rn,x 7
oD

where /C,, » is the kernel introduced in Definition 4.2 and r,, 5 is as in Theorem 3.4.
(iif) With the same ingredients as in (ii), the enlarged-admissible region is

L'iy(¢) = {z eD: p(z[0,¢) < a—l—logp(z,O)}.

The extended mazimal operator of width a is defined on functions g € L' (D) as

Vg (C) = sup

[Kasz8199 dg]: 2 €Tw)(Q), | > run
D

o)
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Both I'4 (¢) and I'(4)(¢) are (Euclidean) convex subsets of D which touch the boundary
0D only at . In the Euclidean metric, the “tube” I',(¢) is conical at ¢ with Stolz angle
2arctan(sinh a). On the other hand, the boundary curve of the larger domain I'(,)(¢) is
tangent to dD at (.

The following fact is well-known (see, for instance, [22, Corollary of Lemma 1.1]).

Proposition 6.2. The Hardy—Littlewood mazimal operator is of weak type (1,1) and strong
type (p,p) for 1 <p < oo.

Our aim is to prove the following.

Proposition 6.3. For every a > 0 and n € Ny, there is a constant C(a, X) > 0 such that
for all g € L*(0D)

1
MY g < Cla,\) Mg, if A€ T\ (=00, =),
n . 1
MV g < Cla Mg, if A=—7.

Note that the inequality in the critical case is stronger, since the underlying domain
is enlarged. By Lemma 4.3, it is sufficient to prove Proposition 6.3 for n = 0 (i.e., for
£—AI) and real A > —i, showing that

1
MON g < Cla,\) Mg if A > -1 and
1
MY g < Cla, ) Mg if A= 7.
That is, we only need to work with the standard spherical functions ®(z | \).
In this case, the proof is practically folklore when A > —1, see [37], [20] or [27], while
the extended version for A = —7 is contained in a note by SJOGREN [33]. However, the
extent to which the proof is folklore is such that it is hard to find a simple version for the
hyperbolic Laplacian, and the note [33] is also not very easily accessible. Therefore, for
the reader’s convenience, we include a simple proof (more direct via partial integration

than typical versions which decompose the unit circle in countably many arcs).

Proof of Proposition 6.3. 1) As mentioned, it is sufficient to work with n = 0 and
A real. Then K, 2 (2,€)d€ is a probability measure, and we have rotation invariance:
Kna(et®z, e ¢) = K a(2,€). Thus, it is enough to prove the inequality at ¢ = 1.

2) For the rest of this proof, we set

1, if A>-1,
t=sA)+1/2 and R*= (28)
R, if A= —

N
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Thus ¢t > 1/2 when A > — and t = 1/2 when A = —1. We can subsume both admissible
regions I'q(1) and I'(4)(1) under

{z=re*eD:p(z0,1]) <a+logR*},

1
where, as always, R = log 1 tr

. Elementary computations with hyperbolic distance

yield for z = re'® with r < 1 and |a| < 7 that for any a > 0,
—r? [sina|, if |af <m/2

0,1 a+log R <=
Pz [0.1]) < a+log 1, it Ja| > /2.

sinh(a + log R*) > { (29)

= K,

If o] > 7/2, this is the same as R < a + log R*. Thus, there is 7, € (0, 1) such that
when r > r, then the second of the above cases is excluded, and that sinh(a + R,) > 1,
where R, = p(r4,0).

3) In view of (17), we need to show that for z = re'® in the range of (29),

[ gt < Ca ) My, (0)
i 1 +

e
27TR_ (1 )2s1n g )

If r € [0, 7o) then the kernel of the above integral is bounded, so that the estimate is
immediate with a suitable value of C(a, A). So we now consider the case r > r,, where we
know that |a| < 7/2, and o — 0 as r — 1. For ¢ € (=7, 7|, we have |¢ — «|/2 < 37 /4,
whence there is k € (0, 1) such that \sin¢)_—°‘| > I€|¢_Ta|, as well as |sina| > k|al. We
may assume that r, is such that 2K, < 7 for r > r,. Now the left hand side of (30) is
bounded above by

1
— [ lg(e'?)] do.
27TR / (1 + n2(1 )2 (¢ a)2)t

We decompose the last integral into fl : for the first part,

ol<2r,/n T Jio1z2k,

2K, /k
e / i 1
m g(e"?)] 7 do
R (14 = (6~ )?)
R 2K, /k
e 4K el 4e?
< S 1) < 1
s [ el do < ST My(1) < 2 M()
—2K, /K

For the second part, we set
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[l
/\g (@) +lg(e™V)) dib, b€ [~ .
0

Then

H(¢) < 29 Mg(1).

Observe that, by (29) and the choices of r and x, we have |a| < K,./k, so that |¢| > 2K, /k
implies |¢ — a| > |¢|/2. We get, with ¢, = (2k)%!/(r, 7), and using partial integration

el i 6 1
t d
e | Tes——

2K, /k<|l<m

_p2-l , i
= [ st + lote ) 5 a0

2K, /k

< Cx

(-r* [ Hm) H(?Kr/nu%/“ H(9) |

T T R 72 (2K, k)% p2t+1 ¢
2K, /k
(1 -2t [ or [
2K, /k
2 4t K 2t-1

’ 1), if t>1/2,

¢ <7r2t1 T (sinha) ) Mg(1), it t>1/
<

2421
C (%H) My(1), it t=1/2,

because —log(2K,/k) < R by the choices of r, and . This concludes the proof. O

As a consequence, we have the following convergence theorem (in the discrete setting
of trees, see [21, Theorem 1, Theorem 3] for A\-harmonic functions, and [30, Theorem 4.6]
for regular trees and A-polyharmonic functions).

Definition 6.4. A function f: D — C converges admissibly, (= non-tangentially) resp.
enlarged-admissibly at a boundary point & € 9D if, for every a > 0, the limit

lim z), resp. lim z
Fa(§)92%§f( ) P F(a)(E)BZHif( )

exists and is finite.
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Theorem 6.5 (Fatou theorem for A-polyharmonic functions). Let A € C \ (oo, —1) and
v a Borel measure on dD. Then the normalised A-polyharmonic function

I, A v(2)

Ty =z

converges admissibly at m-almost every point in OD. The limit is the Radon—Nykodim
derivative dv®/dm, where (recall) m is the normalised arc length measure, and v®¢ is
the absolutely continuous part of v.

If A= ——, convergence is even enlarged-admissible.

Proof. It is well-known that we can assume v to be absolutely continuous with respect
to m. We prove this fact for the sake of completeness: if v is singular with respect to m,
then there is an m-null set £ C 9D such that v(D \ E) = 0. For every ¢ > 0, let {A; C
OD: j =1,...,n} be a finite collection of open arcs covering F with m(U;-L:1 Aj) < e.
Let U = J;_, 4;. Then

ExErk /’PZgIA (L0 gy

([ A)]

which tends to 0 when z — ( € 9D \ U by Lemma 4.5.

So we can assume that v is absolutely continuous with respect to the normalised
Lebesgue measure m, with g = dv/dm € L'(dD, m). The rest of the proof is the contin-
uous analogue of [21, Theorems 1 and 3] and [30, Theorem 4.6]. In brief, we can find a
sequence (gx) in C(OD) such that ||g — gx|| < 1/2*, and by Propositions 6.2 and 6.3,

> mrMg - gr) > €] < 0.
k

By the Borel-Cantelli Lemma,

klim Mg — gr)(€) =0 for m-almost every & € ID.
—00

We can now apply Proposition 4.6(i) to each of the gi to get the proposed convergence
at all those points £ € 9D. O

Let us call a A-polyharmonic function f regular if all the analytic functionals vy in
the boundary representation of Theorem 1.1, or better (equivalently) formula (14), are
complex Borel measures on dD. The fact that @ (r| )/ P, (r|A) — 0 for k < n, when
r — 1, yields the following.

Corollary 6.6. For A € C\(—o0, —i), let f be a regular \-polyharmonic function of order
n+ 1 and v, the highest-order representing measure of f in (14). Then f(z)/®n(z]|A)
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converges admissibly (resp. enlarged-admissibly, if A = —=) at almost every & € OD. The
limit function is the Radon—Nykodim derivative dz/ﬁc/dm,

Compare the following with [31].

Corollary 6.7. For A € C \ (—oco, —1/4), the only radial A-polyharmonic functions of
order n+1 on D are the linear combinations of the A-polyspherical functions ®q, ..., P,.

7. Examples, complements, open problems

In this section, we study examples of (hyperbolically) harmonic and bi-harmonic func-
tions which are not regular. We focus on the case A = 0, where of course s(0) +1/2 = 1.
First, for 0 <r < 1 and £ € ID,

Pl = e
’ 1+7r2—rf—r/¢

nezZ

Thus, for any fixed z = re'® € D, the Fourier expansion of the Poisson kernel in the
boundary variable & = e*? is

P(’/‘ eia7€i¢) — Z T|n| efina eimb.
nez

Next, we want to determine the Fourier expansion of —h(z, &) = log P(z,£). By (7),
) 1 ) rinl
log P(r,&) =log(1 — r*) — log(§ — r) — log(g — r) =log(l —r%) + E —| | ",
n
so that we have the Fourier expansion
10gP(re‘°“,e‘¢) zlog(l—r2)—|— E —eTinaing

Now we can write

P(r,&)log P(r,€) = Zr‘ldu

nez

since the coefficients of £ and £~ must coincide. For n > 0,

K|
™ dy (1) = " log(1 — r?) Z = k|r
0£kEZ
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o nt+2k n P 0 r2k—n
=r"log(1 — %) + - +Z?+ >
k=1 k=1 k=n+1
—_——
= —r"log(1l —r?)

whence

Note that d,(r) is in fact a function of 72. We have

= (1- r2)r2k

dn(r) - dnfl(r) = Z

=0,

P k+n
so that
> 2k O k
k:O m=1
whence
_ 2
logl_r2 =do(r) < dn(r) < (1+n(1-1?) logl_r2 . (32)

We conclude that the Fourier expansion of the biharmonic Poisson kernel is

Pi(re'®,e'?) = P(re'®,e'?) log P(re'®,e'?) = Z rinl (1) eTinaging,
nez

Definition 7.1. Let h(z) be a harmonic function on D and let v" be the analytic functional
on JD in its Poisson representation. The associated biharmonic function is

52) = [ Pz (o).
oD
Now, let us start with an analytic, whence harmonic function

= Zh” 2", limsup |h, Y™ < 1 (33)

n—oo

on D. We compute the Fourier coefficients 1/* = v/ (e~1"?) of the corresponding analytic
functional v", that is

h(z) = / (z,&) dv"( Zrlnle inayh

oD nez
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where z = re™'*. Comparison with

h(z) = Z By ™ et
n=0

yields
h_,, if n<O0,
=yt (34)
0, if n>0.
Then the associated biharmonic function is
o0
fu(2) =Y hnda(z]) 2"
n=0
Below we shall use the fact that (32) implies
1 G n
fn(2) = log 7——5h(2)| < L =7")> nlh|r (35)
n=1

1
1—r2

with log ~ R as r = |z| — 1. Moreover, the real part

nel no + hnefl no

Rh(z) =Y hpr" h 5

n=0

is harmonic, and the Fourier coefficients of the corresponding analytic functional v%"
are

§Rh0 , if n= O,
=S he/2,  if n>0,

h_n/2, if n<0.

(Indeed, every real harmonic function arises as the real part of an analytic function.) It
follows that

IRrh(z) = —/Pl(zvﬁ) A (&) = Rfn(2) .
oD

Discussion 7.2. Euclidean and hyperbolic harmonic functions coincide. We know that if
a harmonic function h is bounded then its representing analytic functional is in fact a
measure with bounded density with respect to the Lebesgue measure on 0D. Euclidean
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biharmonic functions are of the form hy(z) + 72ha(2) with hy, hey harmonic. The Eu-
clidean biharmonic kernel is 72 P(z, ¢), and no normalisation is in place. In this context,
MAZALOV [25] provides an example of a bounded biharmonic function which has no ra-
dial limits at the boundary. The function is of the form (1 — r?)Rh(z) where h(z) is
as in (33) with a lacunary sequence of coefficients h,, > 0. It is bounded, while h(z) is
not bounded. What would be an analogue in the hyperbolic case? Since the biharmonic
kernel needs to be normalised by ®1(z]0) ~ R ~ |log(1 — r)| as R — oo (recall that
R = p(z,0) and r = |z|), we would look for a hyperbolically biharmonic function f(z)
such that f(z)/|log(1 — )| is bounded but has no radial limits.

Now suppose that h(z) is such that h, > 0 and such that f(z)/|log(1—r)]| is bounded.
Then we have by (32) for |z| =17

o0

dp(r
h(2)| < h(r) < ;oh" i

n fn(r)
S Tog(1— )]

)7'
r)

Hence also the harmonic function h(z) is bounded, the (common) representing analytic
functional of h(z) and f3,(2) is a measure with bounded density and f5,(z)/|log(1—7)| has

admissible limits almost everywhere on 9D by Theorem 6.5. It is also worth mentioning
that fr(2)/|log(1 — r)| — h(z) has admissible limit 0 almost everywhere. 0O

Question 7.3. Let v be an analytic functional on 9D and

fmznmmaz/awoww

D

be such that f(z)/R is bounded. Is it true that v must be a measure with bounded
density?

On an example of Borichev.?
The following interesting example is closely related to the results and methods in the
paper by BORICHEV ET AL. [4].

Proposition 7.4. There is a harmonic function h(z) on D such that h(z)/|log(1 — r)| is
bounded, but has no radial limits at any point of OD.

Of course, this function is also £-biharmonic, so it is an example of a biharmonic
function in the sense of Discussion 7.2.
We now provide the details of the proof of Proposition 7.4.

3 We acknowledge literature hints of Fausto Di Biase (Pescara) which led us to the work of Borichev. We
are particularly grateful to Alexander Borichev (Marseille) who indicated this clever example to us.
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The set K = {% 3™t e [0, 1}} is a spiral winding one and a half times around
the origin with radius r varying from 1/6 to 1/3. Using Runge’s approximation theorem
as for example stated by RUDIN [29, Thm. 13.7], one finds a homogeneous polynomial

2)=Y p;j2’ with |p(z) —5/3|<2/3 forall z€ K. (36)
It is of course harmonic, and on D),

Ip(z)] < Blz|, where B = Z Ipj] -
j=1

We construct the function

Zk' (*"), zeD. (37)

Note that p(0) = 0.

Lemma 7.5. The series defining h(z) converges absolutely in D, and

[1(2)]

2eb [log(1 — |2])]

Proof. Consider

>, 2"
Z—:—logl—z)
—~n

For real € [0, 1), the sequence (r"/n) is decreasing, whence

oo 2Mtt_1 n o] ol+1_q ¢S] o]
_ r LT 1 ol 1 9l
LERD DD DR-E) T e SO I
=0 n=2! =0 =1 k=1 [I=k!
S 1 1 Lkl o(k+1)1—1 S 1 1 1 | 2k S 1 ol k!
/52(( + 1) — .)r /52(1_—k+1)( +Dlr /ZZ lrs .
Therefore

Zk! |z|2k! < |22 + 4flog(1 — |2])| < ¢ [log(1 — |z])].
k=1

Now
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)

h(2)] <3 Il Dok < e |hylflog(1 — [217)] < ¢ B [log(1 — |2])
k=1 j=1

j=1
as stated. 0O

Lemma 7.6. For every a € (—m, |,

, [(ret®)]
limsup ———— >
r—1 |log(1—7)]

Proof. We fix @ and N € N and can find ry = ry(«) such that
Wy :TNeiazN’ cK.
Thus,

1/6 <ry <1/3, |[p(wn)—5/3]<2/3, and R(p(wn)) > 1.
Now we choose

1 2N! .
ZN:TN/ e,

so that |zy| — 1, and we consider

N-1 o)
N! k! k!
h(zn) — N!p(z?v )= k!p(zjzv )+ Z k!p(zjzv ).
k=1 k=N+1
We can estimate the first sum by
N-1 N-1
! 2B
Kp(z%)| < B K<2B(N - 1)!= N,
k=1 k=1

and, by setting xx = (1/3)N' and using that 2" > n, the second sum is majorized as
follows:

. k! > k! (k!/N1)—1 > k! .
Z k:!p(ZJQV‘) < BN! Z ﬁx?\/ o < BN! Z ﬁ"xg\lfc./N.)fl
k=N+1 k=N+1 : k=N+1 :

(N + 1)z — Na ¥+t
(1 —.’13N>2

—0, as N — o0

<BN! > maj ' =BN!
m=N+1

It follows that
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h(zn) — N! p(z?vm)‘ < Nley, where ey -0 as N — co.
——
p(wn)

Now note that 1 < log(1/ry) < 2. Using this and the fact that for £ > 0 one has
x—22/2 <1— e ® < z, one obtains that

< 2.9~N

—N!
1= loy=1-¢? logwrm{
1 —N!
>1.9-N

We deduce that |log(1 — |2n])| ~ N!, whence

hz) ’—p(wN) -0 as N—oo.

[log(1 — |2n])

Since [p(wy)| = R(p(wn)) > 1, the statement is proved. O

h
Lemma 7.7. lim sup #) =0.
N—o0 |z]=1—2-NIVN ’10g(1 - |Z|)|
Proof. It is sufficient to show that
ho(1 -2~ NN > :
lim M =0, where ho(z) = Zk!sz .
N—oo NIWN —
Similarly as above, using the fact that (1 — 2_]\”‘/ﬁ)21\”\/N < 1/e and setting yny = eV,
we find
Wi N o 1. gk!=NWWN
ho(1—27"VN)y <N k4 Y k(D)
k=1 k=Nt1
> !
CONIENL S B ) tmi-tyiovm
k=N+1"""
oo
<2N!+ N! Z m(yN)m_ly}v_\/N
m=N+1

(N+ 1)y%+17\/ﬁ _ Ny%+27\/ﬁ
(I-yn)?
—0, as N —> o0

=2N!+ N!

Divided by N!\/N, this tends to 0. O
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Lemmas 7.5, 7.6 and 7.7 prove Proposition 7.4. With very small adaptations, one
verifies that the same statement holds for the harmonic function Rh(z). We conclude
with the following observation, which should not look too surprising. (Recall that for
A =0, y(2|0) ~ R?/2,as 7 = |2| — 1.)

Lemma 7.8. The biharmonic function fi, associated with the function h of (37) is such
that fi,(z)/R? is bounded and has no radial limits at any point of OD.

Proof. Similarly to Lemma 7.5, for 0 < r < 1,

n 0o 2kt 1 g

1 lo 1 = i Z l T" > Z 1 2(k+1)1
Lo —~j| — j
n=1 ]:1 k=1 n=2%k! j:1
(2) EZ(k 1) gD 2D
k=1

For (%), see below. We get via (35)

1

- T

fn(z) —log ﬁ h(z)| <

N [e'S)
(1—17%) Zj ;| Zk!2k! P2 Clog 1
j=1 k=1

for a suitable constant C' > 0. The statement follows by dividing by (log 1—;)2 and
applying Proposition 7.4.
Let us prove (x):

o(k+1)! _
@:= (k+1 2(k+1)! Zk Z’
n=2k!

1 gk! ) o(k+1)!_q 2(k+1)! —j

k-l

- + - @ @ - @<
19(k+1)! Z 19(k+1)! ;

Tkt 1)2 (k+1)12 P

As k — oo, the first term behaves like

2k ! log 2 S0
(k + 1)1 2(k+1)! )
while the second term is

o(k+1)!_q

1 1
> (3 = ey los2.

T oj=2k41

Thus, the quotient @ is bounded below by some ¢ > 0 for all k. O
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