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Abstract

In this paper we introduce a new model, named CARMA (p,q)-Hawkes, as the Hawkes model with
exponential kernel implies a strictly decreasing behaviour of the autocorrelation function while
empirical evidences reject its monotonicity. The proposed model is a Hawkes process where the
intensity follows a Continuous Time Autoregressive Moving Average (CARMA) process. We also
study the conditions for the stationarity and the positivity of the intensity and the strong mixing
property for the increments. Furthermore, we present two estimation case studies based respectively
on the likelihood and on the autocorrelation function.
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1. Introduction

Point processes are useful mathematical models that describe the dynamics of observed event
times and have been applied in several fields of study from queueing theory to forestry statistics.
Among the family of point processes the Hawkes (1971ajb|) process is widely the most established
and widespread model in different areas, especially in quantitative finance, actuarial science and
seismology (see (Ogatal|1988 and references therein for further details). Indeed the Hawkes process
is particularly interesting since it is a self-exciting process, which means that each arrival excites
the intensity such that the probability of the next arrival is increased for some period after the

jump, and consequently it is well-suited to investigate, for instance, natural clustering effects and
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bank default in time. To show the versatility of the Hawkes process we mention a few other
possible non-financial and non-insurance applications: a) social science area such as the modeling
of urban crime (Mohler et al|2011) and the population dynamics (Boumezoued|2016); b) social
media sector as done in [Rizoiu et al| (2017); and c¢) the modeling of disease spreading such as
COVID-19 transmission as discussed in |Chiang et al.| (2022).

Recently the Hawkes process has gained a relevant role in financial modeling, in particular in
the field of market microstructure. As a matter of fact it is used to model market activity, especially
order arrivals in the limit order book (e.g., Bacry et al. [2013;|Muni Toke and Yoshidal 2017} |Clinet
and Yoshidal 2017). For a complete overview of applications of the Hawkes process in finance, we
suggest the works of |[Bacry et al.| (2015 and Hawkes (2018). The Hawkes process has aroused its
appeal among researchers and practitioners as well as in the insurance area. Indeed, as mentioned
in Lesage et al.| (2022), insurance companies are interested in point processes for the quantification
of regulatory capital and in managing risks (e.g., computing ruin probabilities and measuring the
effect of cyber-attacks as discussed respectively in |[Cheng and Seol|2020} [Bessy-Roland et al.|[2021
and, recently, |Hillairet et al.| (2023) for cyber-insurance derivatives). Swishchuk et al.| (2021) show
that the use of a Hawkes process with exponential kernel for modeling insurance claim occurrences
provides an improvement over the fit of a classical Poisson model. However, they are not able to fit
different empirical autocorrelation functions as exhibited in Swishchuk et al.| (2021, Figures 3 and
5, p. 112). For recent results on Hawkes process we suggest (Cattiaux et al.| (2022) and references
therein.

As stated in Errais et al. (2010), the Hawkes process with exponential kernel is Markov and
shows a good level of tractability that makes it useful for real applications in the presence of large
data sets (e.g., high-frequency market data). The specification of the kernel restricts the shape
of the time dependence structure of the number of jumps observed in intervals with the same
length. Indeed, as observed in |Da Fonseca and Zaatour| (2014]), the autocorrelation in a Hawkes
model is a decaying function of lags which is not flexible enough to represent the dependence
structure observed in many data sets (e.g., wind speed data in which the exponential autocorrelation
overshoots the empirical one for small lags and vice versa for large lags as documented in [Benth and
Rohdel[2019; and, as shown in |[Hitaj et al.|2019, mortality rates where the empirical autocorrelation
function of the shock term appears to be non-monotonic).

To overcome the aforementioned drawback, in this paper we introduce a new model named
CARMA (p,q)-Hawkes process. The proposed model is a Hawkes process where the intensity follows
a Continuous-time Autoregressive Moving Average (CARMA) process and it is able to provide
several shapes of the autocorrelation function as it removes the monotonicity constraint detected
in the standard Hawkes process. The greater flexibility relies on the CARMA(p,q) component
of our model, especially in the choice of the autoregressive and moving average parameters. The
CARMA process, introduced in Doob) (1944)), is the continuous-time version of the ARMA model

and has the advantage, other than to design different shapes of autocorrelation functions, to handle
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better irregular time series with respect to the ARMA process, especially for high-frequency market
data, as discussed in Marquardt and Stelzer| (2007)) and [Témasson| (2015)). As a matter of fact,
the CARMA model has found many applications in the literature. Here, we list a few of these
applications: a) |Andresen et al. (2014) use a CARMA (p,q) model for short and forward interest
rates, while b) Hitaj et al. (2019)) employ such a model in order to capture the dynamics of the
shock term in mortality modeling; c) Benth et al.| (2014)) consider a non-Gaussian CARMA process
for the dynamics of spot and derivative prices in electricity markets; and d) Mercuri et al.| (2021)
provide formulas for the futures term structure and options written on futures in the framework
of a CARMA (p,q) model driven by a time-changed Brownian motion. As remarked in [lacus and
Mercuri| (2015), CARMA models have manifold interests: they can be used to describe directly
the dynamics of time series and to construct the variance process in continuous time models (see
Brockwell et al.|2006/ and [Iacus et al.[|2017, 2018|for further details). Our paper presents a different
type of application as we use CARMA (p,q) models for the intensity of a point process.

The paper is organized as follows. In Section [2] we review the Hawkes process with exponential
kernel. In Section [3) we introduce the CARMA (p,q)-Hawkes process, study the conditions of
stationarity and positivity for the intensity, and provide the likelihood function. In Section {4l we
focus on the autocorrelation function of jumps in the proposed model and prove the strong mixing
property of increments that leads to the asymptotic distribution of the empirical autocorrelation
function. In Section [5] we present two estimation case studies in which we highlight methodological
differences that may emerge from the level of data granularity and data storage since the estimation
of parameters can be affected (see Shlomovich et al.[2022 and reference therein for details). In case
of non-aggregate data, discussed in Section [5.1] with exact event times as for seismological data, we
use the maximum likelihood estimation. Whereas in Section that deals with aggregate data
that refer to market orders with time span of one minute interval, we employ the autocorrelation

function. Section [6] concludes the paper.

2. The Hawkes Process

Point processes are useful to describe the dynamics of observed event times, i.e., a collection of
realizations {¢;}3°, , t; > 0 for i = 1,2,... with ¢y := 0 of the non-decreasing non-negative process
{T:} ;>1 called the time arrival process. The counting process Ny, representing the number of events

up to time t, is obtained from the time arrival process as follows:

Ny = Zﬂ{ngt} (1)

i>1

for t > 0 with associated filtration (F;)¢>¢ that contains the information of the counting process

N; up to time t. An important quantity when dealing with a point process NV; is the conditional



intensity A; defined as:

A = lim Pr[Nepa — Ny = 1|1 F]
A—0+ A

It then follows that the counting process satisfies the following properties

1-MA+0(A) ifn=0
PriNesa — Ne=n|F] = MA+0(A) ifn=1
o(A) ifn>1.

The conditional intensity A; of a general self-exciting process has the following form:
)\t:/H—/ h(t — s)dNs (2)
[0,t)

with baseline intensity parameter p > 0 and (excitation) kernel function h (¢) : [0, +00) — [0, +00)
that represents the contribution to the intensity at time ¢ that is made by an event occurred at
a previous time 7; < t. Following the general results about the Hawkes process in |[Brémaud and

Massoulié| (1996)), the stationary condition reads:

+o0
/ h(t)dt < 1. (3)
0

The most used kernel is the exponential function and specifically h (t) = ae 5 with a, 8 > 0. The
stationary condition in implies 8 > a.

Exploiting the Markov property of the process X; := (A, Ny), it is possible to get the in-
finitesimal generator (see |[Errais et al.|2010/ and Da Fonseca and Zaatour|2014| for further details)
associated to a function f : Ry x N — R with continuous partial derivatives with respect to the first
argument % (x). Starting from the definition of the infinitesimal operator for a Markov process
X;, that is,

Af = Jim, E[f (Xt+A)|A]:t] - f (Xt),

Errais et al.| (2010) compute the infinitesimal generator for the Hawkes process with exponential

kernel that writes as

Af =8 (n— M) gi M, Ne) + M [f e+, N+ 1) — f (A, Ny (4)

For every function f in the domain of the infinitesimal generator it is possible to build a martingale

process M; with respect to the natural filtration in the following way
t
Mi = £ O, Vi) = £ (auNo) = [ AF O N s,
0
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which leads to the well-known Dynkin’s formula

E[f (A, M) [ 7] = £ (A, No) + E [ / Af (. Ny) du

fs} , Vit>s.

The above formula for f = Ny is used in Da Fonseca and Zaatour| (2014) to compute the moments
and the autocovariance function of jump increments observed in intervals of length 7 with lag
¢ in which is shown that the Hawkes model with exponential kernel can only reproduce strictly
decreasing autocorrelation functions for varying lag values §. An interesting extension is given in
Boswijk et al.| (2018) where the self-excitation is identified through the modeling of common jumps

between the log price process and its own jump intensity.

3. CARMA (p,q)-Hawkes model

In this section, we introduce the CARMA (p,q)-Hawkes model (Section , a point process
where the intensity follows a CARMA (p,q) process, and its likelihood function (Section [3.2)).

3.1. CARMA (p,q)-Hawkes: stationarity and positivity conditions for the intensity
Definition 1. A vector process [X14,...,Xpt, Ni|| of dimension p+1 is a CARMA (p,q)-Hawkes

process if the conditional intensity A: is defined as
Ae=pn+blX, (5)

where p > 0 is the baseline parameter and b is a p-dimensional column vector containing the ¢+ 1

moving average parameters by, ..., by defined as
b [bo,...,bq]T ifp—q=1 (©)
[0, - bgy bgs1 s bp1] ", withbyi1 = ... =by 1 =0 ifp—q>2.
The p-dimensional process Xy = [Xi4, ... ,XLp]T is defined as:
X, = / A=) edN, (7)
[0,t)



+oo
where the exponential matriz e :=3" %Ah.
R=0
The p X p matriz A, named companion matriz, has the following form

[0 1 0 ... 0 ]
0 1 ... 0
A= , (8)
0 0 0o ... 1
—ap —Qp-1 —Ap_2 ... —ai

= 4 pxp
where ay,...a, are the autoregressive parameters. The p-dimensional column vector e is defined
as:
T
e=1[0,...,1] . (9)

Remark 1. The process X; in satisfies the following stochastic differential equation (sde)
dX; = AX,dt +edN, with Xo=0. (10)

The dynamics in describes the state space process in a CARMA (p,q) model driven by Ny rather
than a Lévy process as done in previous literature (see |Brockwell, |2001); |Brockwell et al., |2011;
Tomasson, 2015, and references therein). As a result, the intensity A in is a CARMA(p,q)
model. This means that the CARMA (p,q)-Hawkes process combines the self-exciting effect in a
Hawkes process with the time-dependence structure of a CARMA (p,q) process (see|Brockwell, | 2004;
Benth et all, 12014, for some examples). It is worth noting that Ny is right-continuous while X; and

A are left-continuous.

Theorem 1. The process X; and the (p + 1)-dimensional column vector process [Xt, N¢| in Defi-
nition [l are Markov Pl

Proof. See[Appendix D.I| O

To investigate the stationary regime of a CARMA (p,q)-Hawkes model, it is necessary to deter-
mine the conditions required for a non-negative kernel, i.e., h (t) := bTeAte > 0, V¢t > 0. In case
of a CARMA (p,q) driven by a non-negative Lévy process the conditions of a non-negative kernel
are presented in [T'sai and Chan (2005, Theorem 1, p. 592). In a similar fashion such conditions
can be applied directly to our case due to the non-negative trajectories of the counting process Ny.
Indeed, as done in Brockwell et al.| (2006, Theorem 5.2) for COGARCH(p,q) models, in the next

2For the Markov property we refer to Cinlar| (2011, Theorem 1.2, p. 444). Let (Q,H,P) be a probability space
with filtration F = (F¢),cp with T € R and let (E,&) be a measurable space. Consider a stochastic process
Z :={Z; : Q — E},.; adapted to the filtration 7. The process Z is Markov relative to F if and only if for every
time ¢ and time u > ¢t and any positive £—measurable function g we have E[g (Z.) |F:] = E[g(Zu) |Z:]. For any
indicator function g = 14 with A € &, the Markov property implies that P [Zi4o € A|Ft] = P [Zi4u € A|Z¢].
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proposition we rephrase the main result that can be applied in a generic CARMA (p,q)-Hawkes
process with by > 0.

Proposition 1. For a CARMA (p,q)-Hawkes process in which the real part of all eigenvalues of A is

negative, the kernel function h (t) := bTeAte]l{tZO} 1s non-negative if and only if the ratio function

Z(('g 1s completely monoton on (0,400) with the polyomials a(z) and b(z) defined respectively as

a(z) =2 +ar2P" M4+ ta, and b(2):=by+bizd ... Fby 2Pt

Remark 2. In the case of real negative eigenvalues the following results apply:

(a) Suppose all eigenvalues of A are negative real numbers sorted as follows 5\p <,....,< X and
that all the roots of b(z) = 0 are negative real numbers such that v4 <,...,< vy < 0. If

Zéc:l vi < Zle X for 1 < k < gq, then the kernel of a CARMA (p,q)-Hawkes process is
non-negative.

(b) A necessary and sufficient condition for a non-negative h (t) in a CARMA(2,1)-Hawkes pro-
cess 1s that ;\2 < 5\1 < 0 and by + 5\1b1 >0 with by > 0.

We notice that the non-negativity requirement for the kernel implies a strictly positive intensity
process \; as the baseline parameter p is strictly positive.
Without loss of generality, we assume that matrix A is diagonalizable which corresponds to the

assumption that the eigenvalues of A are distinct. The eigenvectors of A are

used to define a p X p matrix S as

1 1]

M\ M\

S:= | M A2
R

It follows that S satisfies ST'AS = diag (5\1, e ,5\p>, a result used to prove the next theorem on
the stationarity conditions for a CARMA (p,q)-Hawkes process.

Theorem 2. Let us consider a non-negative kernel function and suppose u > 0. Then a CARMA (p,q)-

Hawkes (X14,...,Xpt, Nt) is a stationary process if all eigenvalues of A are distinct with non-

negative real part and —bT A~le < 1.

3 A function f (x) defined on (0, +00) is said to be completely monotone if and only it has derivatives of all orders

and (—1)" ‘?gi;f} >0forn=0,1,3,....




Proof. See [Appendix D.2| ]

Assumption 1. We shall assume for the remainder of the paper that: i) the kernel is a non-
negative function and p > 0; and ii) all eigenvalues of A are distinct with negative real part and
-b"A le < 1.

For practical applications, instead of checking ex-post signs of eigenvalues of matrix A, it is
possible to enforce ex-ante the negativity of the real part for eigenvalues using some transformations
on the parameters space as done, for example, in Tomasson| (2015). As a CARMA (p,q)-Hawkes
process is Markov, we are able to calculate the infinitesimal operator as described in the following

theorem.

Theorem 3. Let f(z1,...,2p,n) : RP x N — R be a function in which the first p derivatives

887{1’ cee a‘% are required to be well defined and continuous. Under the same conditions in Assump-

tion the infinitesimal generator of function f for a CARMA (p,q)-Hawkes Yy = [ X1 4, ..., Xpt, Ni]
process Zéﬂ

q
Afe = AH'ijXj,t f (Xatses Xpt + LN +1) — f( X1y, Xty Vi)
j=1
p—1
of af
—X; —— A1 X 11
+ ;aXi,t +1’t+aXp,t [p,] <%t (11)

where Ay, is the p-th row of the companion matriz A and the intensity process A is defined as
in (F]). Alternatively, denoting with f (X¢, Ni) := f (X1, ..., Xpy, Ni), the infinitesimal generator

can be written as

Afy = (n+D7X) [f (Xe + €, Ny + 1) = [ (Xe, Nl + /T AX, (12)
of of 1" iy . . .
where Vi, f := [8X1 “y e 8X,,t} . The quantities X, e and e have the same meaning as in Defini-
tion [
Proof. See [Appendix D.3| [

Under some mild conditions for the integrability of the transformation f (Xr, Nr) at a generic
finite final time T" < 400 (see Errais et all [2010; |Cui et al.l [2020, for instance), the conditional

“The notation Af; refers to the infinitesimal generator of f applied to Y; = [X1.,..., Xps, Ni] ie. Afi =
fF(Xagyeoo, Xpt, Ne).



expected value for f (X7, Np) can be computed applying the Dynkin’s formula:

T
B (Xr,N0) 7] = f (Ko, Nig) 48 | [ Afit| 7, (13)
to
that has a representation of the following form
dE [f (XtaNt) |th0] :E[Aft |‘Fto]dt’ (14)

with initial condition f (X4,, Ni,). We use the infinitesimal generator (12f) and the result in
to obtain the following theorem for the computation of the first moment of the counting process

N¢. In the remainder of the paper, we use E; [-] := E [ | F¢].

Theorem 4. Let A be a p X p companion matriz where the last row has the following structure
A[p’] = [bo — Qp, bl —Qp—1,---, bp,1 - al] . (15)

Under Assumption |1 and supposing that all eigenvalues of A are distinct with negative real part,

for any T >ty > 0, the conditional first moment of the counting process is
E;, [N7] = Ny + 1 (1 - bTA_le) (T —ty) + bT AL [8A<T—t0> - 1} [Xto + A—leu} . (16)
while the conditional expected value of the process X is
E,, [X7] = eA(T—t0) [Xto + A‘le,u} — A leyp. (17)
The quantities in and satisfy respectively the following ordinary differential equations:
dEy, [INy] = [,u (1 - bTAfle> + b eAl—t0) {Xto + AfleuH dt (18)

and
dEy, [X¢] = (AIEtO 1X,] + ue) dt (19)

with initial conditionsﬂ Xy, and Ny,. The long-run value for By, [X1] is obtained as follows
E[Xo] = lim Ey [X7] = —Aep. (20)
T—+00

Moreover, the expected number of events that occurs in an interval with length T, i.e., (T,T + 7],

5For to = 0, then Ey, [X7] = (eA(TftO) -1 Afle,u and
Ei, [N1] = p (1 - bTA—le) (T —to) +bTA! [eA(T_tO) - I] A-lep.



given the information at time tog < T s
Ei [(Nryr — Npo)] = 1 (1 - bTA’le) 7+ bl A lAT—t) (eAT - I) (Xto n A*le@ (21)
and the stationary behaviour of 18

E[ArNoo] i= lim By, [N4r = Np) = p (1 - bTA—le) 7 Vr>0. (22)

Proof. See[Appendix D.4] O

Using the same arguments in Brockwell et al. (2006 proof of Proposition 4.1, p. 815) , all
eigenvalues of matrix A have negative real parts if for some positive integer > 1 the following
inequality holds

|[s~tebTs

< Re (Xl) (23)
,
where, in this context, ||-||, denotes the natural matrix norm induced by the vector L"-norm. This
result comes directly from an application of the Bauer-Fike Theorem (see Bauer and Fike| 1960 for
further details) since A is obtained by perturbing matrix A as A = A +eb!.
A sufficient condition for is

‘m bl < Re (A1) (24)

where ||bly := /> F_; b2 ;| is the Euclidean norm of b, omax (S) and omin (S) are respectively
maximal and minimal singular values of S. In particular, we observe that

j5a75], <o, =
and that ko (S) := [|S]|,||S™!||,, the condition number in 2-norm, can be written as
Omax (S)
k2 (S) = ——=. 2
2 (9) = 2 (20

Moreover, denoting with HebTHF the Frobenius norm of eb', we obtain HebTH2 < HebTHF.
Applying the definition of the Frobenius norm we have

[eb7][. < bl (27)
and combining (25)), (26) and (27) we get
S)
S7'eb's| < Tumae () . 28
[s-tenTs], < 2o, (29

10



Thus, the inequality in implies .

3.2. Likelihood Estimation of the CARMA (p,q)-Hawkes

As follows we present the likelihood of a CARMA(p,q)-Hawkes model. Consider that § =
(bo,...,bg,a1,...,ap), then the likelihood of a CARMA (p,q)-Hawkes model is given by

Tk Ty

Exploiting the fact that fOT Fln (A\) ANV, = Zle In (A7), then can be written as

L0, ) =— /OTk [u - bTXt} dt + iln (A1) (30)

i=1

and recalling once again that X; can be expressed by and rearranging the expression we have

Ty t k
L(0,p)=—pTp —b'" / / Al edNydt + ) In(Ar) . (31)
0 J0 i=1

Working on the inner integral, the likelihood becomes

L0 1) = —pu(Ty) —bT /D < [ / y eA(tS)dt] dN,e + i In (\z,) (32)

i=1

while using the results in (A.1)) we get

Ty k
LO,p)=—puT—b' / AL [eAm*S) - I] dNse+ 3 In(Ar,). (33)
0 i=1

Developing the integral in and recalling that S (k) := Zle eAT=Ti)  we finally obtain that
the likelihood of a CARMA (p,q)-Hawkes model writes

k
L(O,p)=—pTy —b A7'S(k)e+kb A7e+ > In(Ap). (34)
=1

4. Autocovariance and Autocorrelation of a CARMA (p,q)-Hawkes process

In this section we compute the stationary autocorrelation and autocovariance functions for the
number of jumps in non-overlapping time intervals of length 7. To this aim we introduce some
quantities that are useful to compute the asymptotic covariance of a CARMA (p,q)-Hawkes process.

11



The first quantity we introduce is the 2 (p +1) o 2 2+ Y matrix A defined as follows
1 1,2 -
e L N
5 ’.
L [p—1,p] D[pfl,p—l] U[p,Lp,g] O[p*l,p*S]
A= - - j +1. (35)
L]p J+1,p] L]P] J+1,p—3+2] Dfp*jJrl,P*jJrl] U[JPJ J+1,p—j] Op—j+1.p—i—1]
! Dy
L [1,p] [1,1]
where the square matrices D[p i1 J = 1,...,p— 1, have the following structure
0
1
J _
Dy pjnr) = : : L :
0 e 1
L b1 —apjr1 bj—ap bp-1— a1, |
. p _ 5 . w . _ .
with D[Ll} = 2(bp—1 — a1). Matrices L[p it ] for j =2,...,pand i = 1,...,5 — 1 are

characterized by the entries with the form

bj—2+i — Qp_ji14(i—1) ifth=p—j+1ll=j—i+landj#p

L7 (h0) = ¢ 2 (bjooti — ap_ji1p@o1)) ifh=p—j+1ll=j—i+landj=p
0 otherwise
while matrices Ué;i_t.il’p_i] fori=1,...,p—1 have form
. 0 .
U’va_‘iil . — [1,p—1] .
A [ (A

Here an example of the matrix A for a CARMA (3,2)-Hawkes model

0 2 0 0 0 0
0 0 1 1 0 0
g: bo—az by —as by—ay 0 1 0
0 0 0 0 2 0
0 bo — a3 0 by —as by —ay 1
0 0 2(bp — a3) 0 2(b1 —a2) 2(b2 —a1) |

12




(p+ )

The second quantity introduced is the p x matrix B defined as:

bo b1 ... bpr O ... ... 0 ... 0
0 b 0 b ... b,_ 0o ... 0

B—=| = - ot (36)
0 ... 0 b 0 ... b 0 ... by

where the generic i-th row is the result of a row concatenation of p vectors with dimensions p, p—1,

.., p—1,...1, respectively. The first i — 1 vectors have zero entries except the element in position
¢ that coincides with b;_1, the vector with dimension p — 4 contains the elements b;,...,b,—; and
the remaining vectors have zero entries.

For example, in the case of a CARMA(3,2)-Hawkes model, the structure of matrix B reads

bp b1 b2 0O 0 O
B=]0 b 0 b b O
0 0 b 0 b1 b

The third quantity is the p(pi;q) x p matrix C in which the entry in the i— th row and in j— th

column has the following structure

0 if i#j(p—25L) and i 2EH)
. . . E . p(p+1)
o= 7 if i=j41(p and i # =5 (37)
bj—1 if 1= (pH) and j #p

2u+by,q if i=12 (pH) and j =p

Let H be a p x 1 vector. Then we define the operator vlt (-) as a function that transforms the

p x p matrix HH | into a 22 2+ D vector containing the lower triangular part of the product HH .
Specifically:
-
ol (HHT) = |H\Hy,... HyHy, HyHo, ... HyHy, ... H;H;, ... HyH;, ... HyH,| . (38

g

~
p entries p-1 entries p-i+1 entries

4.1. Conditions for existence of stationary autocovariance function

In the following section we present the variance and covariance of the number of jumps that
occur in two non-overlapping time intervals of the same length for a CARMA (p,q)-Hawkes model.
We rewrite the quantity Ey, [X7.X/] b using the vlt (-) operator defined in (B38).
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Lemma 1. The following identity holds true
E,, [XTXYT } b = Bolt (Eto (XTXTT )) (39)

where the matriz B is defined in and the operator vlt () is defined as in . Moreover:

ol (]Eto (XTXYT )) _ ATt (XtOXtTO) n [e*‘i@—to) - I] Al (é - C*A—le)
+ e‘Z‘T [/T e_;‘téeAtdt} e Ao [Xto + A_le,u} . (40)
to
Proof. See[Appendix E.I} O

Theorem 5. Under Assumptz’on and supposing that all eigenvalues of A and A have negative

real parts, the long-run covariance
Cov(r,6) := tEJIPOOE[(NtM = Nt)(Nit2rv6 — Nevrys)] — E[Neyr — NJE[Niy2r 16 — Niyroo]
for a CARMA (p,q)-Hawkes process has the following form:
Cov(r,6) =bT A1 [eAT - I} eA‘ggoo (1) (41)

where goo (T) is defined as

Joo (T) 1= (I - 6A7> Aty [ebTAfle —e+Alep (bTA71e> +BA~! (é - CAfleﬂ . (42)

Proof. See[Appendix D.3| O

Theorem 6. Under the same assumptions as in Theorem[5, the long-run variance
Var(t) := lim E[(Ny, — Np)?] — B[Ny — NyJ?

t——+00

of the number of jumps in a interval with length T for a CARMA (p,q)-Hawkes process has the

following form:

Var (r) = (1 — bTA_le) (1 — 2bTA_1e> ur+2bT AT A e <bTA_1e>

+ 2bTATIBA (é - éA-le) 7—2bTA" [eAT - I} hoo (0) (43)
where ho (0) is defined as
heo (0) := —A ey (1 - bTA—le) + A 'A eu?’b T A le + ATIBA "y (é - CA—le) (44)

14



Proof. Sce [ppendix E3 =

Remark 3. Combining the results in Theorems[5 and[6, we determine the asymptotic autocorre-

lation function of the number of jumps in non-overlapping time intervals of length T, i.e., pr (d),
for a CARMA (p,q)-Hawkes in a closed-form formula:

_ Cov(r,d—1)

prld) = = =2 (45)

where d denotes the lag order.

4.2. Strong mizing property for the increments of a CARMA (p,q)-Hawkes and asymptotic distri-
bution of the autocorrelation function
The asymptotic distribution of the autocorrelation function of a CARMA (p,q)-Hawkes process

can be easily obtained by showing that the increments of the process are strongly mixing.

Definition 2. Let (Q, F,P) be a probability space and A, B two sub o—algebras of F. The strong-

mixing coefficient is defined as:
a(A,B) :=sup{|P(ANB)-P(A)P(B)|Ac A BecB}. (46)

Following Poinas et al.| (2019), the quantity in (46)) can be reformulated for a point process IV

in the following way:

ay (r)=sup o (&, &Y,) (47)
teR

where £ denotes the o—algebra generated by the cylinder sets on the interval (a, b]ﬁ Considering
the sequence (A1 Ni), ez where Ay Ny := Nj 1 — Ny, is the number of jumps in the interval of length

1 and extremes k, k + 1, then the strong-mixing coefficient has the form

aa,n (r) = sug o (]-_foo, ,?ir) (48)
ne

where F? is the o—algebra generated by the sequence (A1Ng) y<p<p I an (r) — 0 (respectively
aa, N, (r) = 0) as r — 400, the point process IV; (respectively A;Ny) is said to be strongly-mixing.

Using Theorem 1 in |Cheysson and Lang] (2020), we obtain the following theorem.

Theorem 7. A CARMA (p,q)-Hawkes process satisfying Assumption (1| is strongly mizing with

exponential rate.

5Let N be a counting process defined as a map from a probability space (92, F,P) to a measurable space (M, M)
of locally finite counting measures on Q. Then the o—algebra €8 is defined as:

& =c({NeM:N(A) =n};AecB((ab]),neN).
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Proof. See [Xppendix E} =

As shown in |Cheysson and Lang] (2020)), we have that aa,n (r) < ay (r) and the result in The-
orem (7| implies that the sequence (A1Ng),cy is strongly mixing. This result is useful to determine
the asymptotic distribution of the sample autocovariance and autocorrelation functions associated
to the sequence (A1Ng),cy. Following the result in [[bragimov and Linnik (1971), we obtain the
following result for the asymptotic distribution of the sample mean, the sample variance and the

sample autocovariance function.

Theorem 8. Let (Ni);~q be a stationary CARMA (p,q)-Hawkes process that satisfies the assump-

tions in Theorem H We assume the existence of a positive constant ¢ such that E [(A1N1)4+¢} <
+00. Denoting with

A1 N
(AIN, — E(A1Ns))?
Vi = | (AiNp —E(A1Nx)) (A1Ngp1 —E(A1N)) |, withk=1,...n andd <n

(AlNk —E (AlNoo)) (AlNker —E (AlNoo))

as n — +oo, we have:

E(A1Nw)
N Var (A1 Nx)
1
vl - ; Vi — Am{(l) — Nit2(0,%) (49)
Acv (d)
where Acv (d) := Cov(1l,d — 1) and
+oo
S = Var (Vi) +2_ Cov (Vﬂ/,j). (50)
k=2
Proof Sce (Xppendis 3 0

Through the use of the Delta method, we study the asymptotic behaviour of the random
vector that contains the sample mean of the increments in the first position and the empirical
autocorrelations in the remaining entries. As a first result, we report the asymptotic distribution
of the empirical autocorrelation function. Denoting with py, » == [pnr (1),..., pnr (m)]T where
pr (d) is the sample estimator of p- (d) in (45). The asymptotic distribution of py, - is

V1 (Bnr — pr) = Nom (0,%,), as n — +o0. (51)
16



The variance - covariance matrix X, has the following form:
T
YXp=Jp:E[Jps]

where ¥ is defined in (50); Jp- is the Jacobian matrix of the autocorrelation that can be seen as
a vector function of ¢ in (E.32)). Therefore Jp;, is determined as:

Pr Lyxm
Jpr =10 — . 52
pr [ mxl Var (A1 Nx) ‘ Var (AlNoo)] (52)
Following the same strategy, it is possible to determine the asymptotic distribution of the column
vector X r 1= [A/TTV " f)nﬁ} where A/T]\V n is the sample estimator for E[A;Ns]. Therefore, we
have:
\/H(XTL,T - XT) - Nm+1 (07 EXT) , a8 N — 400 (53)

where X, is a column vector containing the first moment E [A;Ny] and the first lag m autocorre-

lations. The variance-covariance asymptotic matrix 3, = results to be
T
Sy = IxeX[xA (54)

while the Jacobian matrix Jx, can be written as

Jxr = [ jpl ] (55)

where the first element of row vector e; is equal to one and the others are all zeros.

4.8. Asymptotic Distribution of the Moment Matching Estimation based on the Autocorrelation

Function

As discussed in Shlomovich et al.| (2022), real event data can provide imprecision in the record-
ing of event time-stamps (e.g., network traffic data). Furthermore, we have usually the following
trade-off: expensive cost in recording event time with a high precision and poor accuracy of mea-
surements. As a matter of fact, common practice is to work with binned data (that is, without
loss of generality, the technique of aggreating data). To this aim, we propose a two-step estimation
procedure, named Moment Matching Estimation (MME), for a CARMA (p,q)-Hawkes process and
we provide the asymptotic distribution of the obtained estimators.

Consider a sequence of empirical observations for the increments of a counting process (A Ny) ke1,...n"

The first step is to compute the least squares estimator as

0, := argmin M (pnr,0) (56)

0r, - EOCRPFa+1
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where O is a compact subset of RPT9*! such that the stationary condition is guaranteed, the kernel
function is non-negative, higher order moments of a CARMA (p,q)-Hawkes process exist and the
true vector parameter ¢ is an interior point of © . For a fixed m > p+q¢+1, M : RT' x © — Rg

is defined as:

Pn .0 Z pn‘r - d))2 (57)
d=1

in which d denotes the lag order, p,, (d) represents the empirical autocorrelation with lag d while
pr(d) is its theoretical counterpart obtained in . The vector 6 includes only the autoregressive
(a1,...,ap) and moving average (by, ...,b,) parameters.

Let 0,, be the solution of the minimization problem in (56). As the function in is smooth (i.e.,
M (pn,-,0) € C* with respect to both arguments), we compute its gradient vector m (pp -, 0) as

follows

pn 70 Z pn T — Pr,0 (d)) VGPT,G (d) .
d=1
0,, satisfies the first order condition, i.e.
m (pnr,0) = 0. (58)

Applying the Implicit Function Theorem, we get a differentiable function that is the solution of
the condition in . Specifically, that is

On = f (pn.r). (59)
Its Jacobian matrix Jf (-) reads
Tf(Prrs8) = = [Jom (prrs )] Tp 1 (Prrs0) (60)
where
Tpn M (Prr,0) = [Vopro (1)].. [Vopro (m)], (61)
Jori (pnrs0) = — di (Vapra (@) [Vopra (@))7) + di (pnr (d) = pro () Hopro (d)  (62)

while Hgppr g (d) is the Hessian matrix of the function p; g (d) with respect to 6.
Observe that
N (én - 9) — Nyig (0,5), as n — +oc (63)

where

= Jf (pr,0) S, [T f (pr.0)] " (64)
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In the second step, we estimate the baseline intensity parameter p using the analytical first moment.
Indeed, by inverting the equation in , we get

E[A;No)

E[A,Ny|,0) = ——7 =
N

(65)

The quantity fi, is a plug-in estimator, where instead of E [A; Ny ], we consider its sample version
A/T]\Vn; we also substitute 6§ = (a, b) with 0, = (&n, l;n>

. T
To get the asymptotic distribution of 6g, := [ﬂn,ﬁn] , we need to determine the asymptotic

N — ~ 1T

distribution of 6, := [ATNH7 Qn} that results to be
AN, E[A, N

Vvn ( ; > _ ( [ . ] >] — Npiq+1(0,2p,) as n — +oo (66)

where
1 0 1 0 T
291 = Ixm EX 1xm (67)
Oix(ptq) Jf (pr,0) 015 (ptq) Jf (pr,0)

with X, as in . The asymptotic distribution of é(],n can be obtained straightforwardly using
the results in and in . Indeed

vn (éoﬂ — 9) — Npiq+1(0,X4,) as n — +oo, (68)

with
+

Yo, =

0

(69)

wmmmmﬁl%[wmewf
I ! I

All partial derivatives used for the computation of the asymptotic behavior of the parameter
estimators involve the parameters differentiation of a matrix exponential. This can be easily
done using the procedure proposed in [Tsai and Chan| (2003) (see |Das et al., 2022, for recent

developments).

5. Empirical analysis

In this section we perform two estimation exercises using real data, showing how CARMA (p,q)-
Hawkes models may find applications in various areas. In the first case study, we consider the
occurrences of earthquake events with timestamp values accurate down to the second. Indeed an
insurance company, could be interested in an accurate modeling of time arrivals of new events
as a consequence of large-magnitude earthquakes in order to improve the forecasting of future
losses. Given exact timestamps, we estimate model parameters based on the likelihood function

(Section [3.2]) in which we select optimal p and ¢ orders for the intensity process.
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The second case study considers intra-day orders of an Italian government bond indexed to the
Italian inflation rate received during the first day of placement period (October 2, 2023) reserved
to individual investors. The security in question is the “BTP Valore Sc Oct28 Eur” with ISIN
I1T0005565400, which has quarterly coupons with a “step-up” mechanism. Data are recorded in
equidistant intervals of one minute, allowing for cumulative indistinguishable events, and thus the
estimation of model parameters is based on the minimization of the squared distance between

empirical and theoretical autocorrelation as discussed in Section [4.3

5.1. Estimation procedure using the likelihood function

For the estimation procedure based on the likelihood function , we use a data set composed
of earthquake events registered on the coast of Ancona (central-eastern Italian coast) in the period
January 2, 1982 to January 2, 2023[] In Figure [1] we report the events that define the counting
process, observing that the coast of Ancona experienced two large-magnitude earthquakes in 2016

and 2022 followed respectively by subsequent events of smaller magnitude.

300
1

250
Il

I\

100
1

50
_Au|)

1990 2000 2010 2020

years

Figure 1: Earthquake events on the coast of Ancona from January 2, 1985 to January 2, 2023.

The estimation procedure with the selection of optimal p and g orders for the intensity process
distinguishing for nested and non-nested models is performed as follows. The first candidate con-

sidered, which is also a natural choice of starting point, is a CARMA(1,0)-Hawkes that is compared

"For sake of clarity, an event is qualified as an earthquake if the seismograph records a movement of at least two
magnitudes in the Richter scale. Data are downloaded from https://terremoti.ingv.it/.
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Modell Model2 LR test Best

fitting

4.94
CH(1,0) CH(20) ' CH(20) Model AIC BIC

(11'2 423 CARMA (2,1)-Hawkes 1666 1685
CH(20) CH(21) _ ' CH(21) CARMA(3,0)-Hawkes 1886 1691

b) Fitting results for non-nested models.

CH(2,1) CH@31) % cnen (b) Fitting result ted model

(0.2087)

(a) LR test and corresponding p-value for nested models.

Table 1: Estimation procedure of CARMA (p,q)-Hawkes models applied to the sequence of earthquake events with
p<3.

with a CARMA(2,0)-Hawkes (i.e., the closest nested model in terms of the p and ¢ orders) using
the likelihood-ratio (LR) test. In the case that null hypothesis cannot be accepted at a desired
significance level (in our case 5%), the procedure considers the next couple of models by increasing
the order of p and/or ¢ up to a fixed autoregressive order p until the null hypothesis fails to be
rejected. Following this strategy for a fixed p = 3, the best fitting model in the subset of nested
CARMA (p,q)-Hawkes processes is identified (see Table [1a)); i.c., the CARMA(2,1)-Hawkes.

Then the selection is carried out for the case of non-nested models through the Akaike Informa-
tion Criterion (AIC) and the Bayes Information Criterion (BIC); e.g., CARMA(2,1)-Hawkes and
CARMA(3,0)-Hawkes (see Table[Ib). From the combined results we observe that a CARMA(2,1)-
Hawkes is the the most appropriate model within the CARMA (p,q)-Hawkes family up to a fixed
autoregressive order p = 3 for describing earthquake-time arrivals in the geographic area un-
der investigation. Table [2| displays estimated parameters and standard errors of the best fitting
CARMA(2,1)-Hawkes model.

1o ay a bo b1
est. par. 6.8532E-03 4.8540 0.2643 0.1874 1.7363
s.e. 7.9593E-04 1.6762 0.1411 0.0997 0.5009
loglik. -828.03

Table 2: Estimated parameters (est. par.) and log-likelihood (loglik.) for the CARMA(2,1)-Hawkes model using
MLE for earthquake events on the coast of Ancona.

To establish if the collected data are properly described by the estimated CARMA (2,1)-Hawkes
process we implement the residual analysis discussed in |Ogatal (1988). In practice, the estimated
residuals {7;i},_; = Jo" Medt where {t;},_;

served event times and ) is the estimated intensity. A given model is appropriate for reproducing

the time arrivals {¢;},_, ,, if the new counting process N, = >; 15,<¢ results to be a homoge-

n
neous Poisson with intensity equal to one. Therefore, the estimated increments 7; — 7;_1 should be
modelled with an exponential random variable with rate equal to one.

21



We apply two statistical tests to the increments of the fitted CARMA (2,1)-Hawkes model: the
Kolmogorov-Smirnov (KS) test, as done in |Ogatal (1988), and the Anderson-Darling (AD) test as
is more sensitive on the tails. In both cases we obtain a p-value greater than 5% (respectively
40% for thr KS-test and 7.23% for the AD-test), confirming the appropriateness of the fitted
CARMA(2,1)-Hawkes in modelling earthquake-time arrivals in the coast of Ancona.

5.2. Estimation procedure using the autocorrelation function

In the second estimation case study, data of orders collected during the first day of place-
ment period regarding the Italian government bond are recorded in time intervals of length one
minute, allowing for the presence of indistinguishable multiple events. In this setting, the only
viable solution for the estimation of model parameters is minimizing the squared distance between
empirical and theoretical autocorrelation functions of the number of jumps within intervals of the
same length. Furthermore, in this context, it is essential to determine the optimal p and ¢ orders
and the number of autocorrelation lags to use in the minimization problem. Here, we use a graph-
ical approach, reporting the empirical and theoretical autocorrelation function (acf) as shown in
Figure 2l The choice of the number of lags in the acf is done applying the same rule in the acf R
function. Specifically, we consider lags that do not exceed the integer part of 10 log;, (N ) with N
being number of observations and, in this case, the maximum number of considered lags is equal to
26. Applying this idea, the best fitting model is the CARMA(2,1)-Hawkes (red line) which seems
to fit better the curvature of the empirical acf with respect to the Hawkes with exponential kernel
(blue line).

Using the estimation procedure discussed in Section and the result in , we report in Table
respectively the estimated parameters and the asymptotic standard errors for the CARMA(2,1)-

Hawkes model.

1o al ag bO bl
est. par. 6.2347 3.9375 0.1485 0.1453 3.5309
s.e. (5.5106) (1.9336) (0.1248) (0.1155) (2.0412)

Table 3: Estimated parameters (est. par.) and asymptotic standard errors (s.e.) of a CARMA(2,1)-Hawkes fitted to
the data set composed of orders arrivals recorded on October 2, 2023 for the Italian government bond “BTP Valore
Sc Oct28 Eur”.

6. Conclusion

In this paper we introduce a Hawkes process where the intensity is a CARMA(p, q) model.
We analyze the statistical properties of this process and obtain a closed-form expression for the
autocorrelation function of the number of jumps observed in non-overlapping time intervals of the
same length. The model is a generalization of the standard Hawkes with exponential kernel but it

is able to reproduce more complex dependence structures observed in physical events or in finance.
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Figure 2: Empirical and estimated autocorrelation functions. The red line is the estimated autocorrelation function of
a CARMA(2,1)-Hawkes model and the blue line is the autocorrelation function of a standard Hawkes with exponential
kernel. Vertical lines refer to empirical values of the autocorrelation function.
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Appendix A. Integration of matrix exponentials
Let A be a square matrix and A® := AA--- A As the exponential of the matrix A can be
(Sl —_—

i times
computed as

+OO . .
AW
exp (At) = I+Z T

i=1

it is straightforward to show that
T
/ ATt = A~ (eA<T—t0> - I) - (eA(T_tO) - 1) AL (A1)
to
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Appendix B. Solution of a general Linear Ordinary differential Equation

To solve dY; = (by + AY;) dt, we consider the transformation X; = e~ Y, and observe that
dX; = —Ae MYdt+e MYy, = e bt

from where we have X7 = X, + ftf e~ Ay, dt that in terms of Y; reads

T
Yy = ATy, 4 / AT p,dt. (B.1)

to
Appendix C. Computation of integrals with matrix exponentials

Some useful results for computing integrals that involve matrix exponentials are provided in
Van Loan| (1978)) and |Carbonell et al| (2008)). In particular, we recall the result that deals with

the computation of the following two integrals:

t
/eHH(t_u)H12€H22udu (Cl)
0
t u
// eHll(t*“)H126H22(“’T)H233H33rdrdu (C.Q)
0 JoO

where H11, H12, H22, H23 and H33 have dimension d1 X dl, d1 X dg, d2 X d2, d2 X d3 and d3 X d3,

respectively. We need to define a block triangular matrix H as follows

Hi; H O
H = 0 H22 H23 . (C3)
0 0 Hjss

The integrals (C.1)) and (C.2)) coincide with the elements By (¢) and Bj3 (¢) in the matrix expo-

nential:
B11(t) Biz2(t) Bas ()
et = 0 Baa (t) Bag (t) (C.4)
0 0 Bss (1)

while Byy (¢) := ef11t, Boy (t) := eH22! and Bas (t) := eHss?,

Remark 4. The eigenvalues of H coincide with the eigenvalues of Hi1, Hoo and Hss. If the real
part of all eigenvalues of Hiy, Hoo and Hss is negative, the following result holds

lim M =0
t—+o0
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that implies

tl}inoo B12 (t) =0 (C5)
and
t£+mOOB13 (t) = 0. (C.6)

Appendix D. Proofs of Theorems in Section

Appendiz D.1. Proof of Theorem[]]
Proof. To show the Markov property for X; in , we rewrite it as

Xty = / eA(“HA(t*S)est—i-d)(t, w)
[0,t)

where ¢(t,u) := f[t7t+u Alttu=s)

commute, i.e. HK = KH, then the following result holds e’t5 = e, We then consider the
quantities H = A(u) and K = A(t — s) and notice that they commute. Thus:

)€ edN,;. We recall that if H and K are two square matrices that

Xipu = AWX, 4+ o(t,u). (D.1)

Now, we show that the conditional distribution of ¢(t,u) given the information at time ¢ does not

depend on history before ¢ of the state process and counting process. Let us rewrite ¢ (¢, u) as
o (t,u) = / A ed N,
[O/U')

where for fixed ¢ and Vu > 0 the quantities

Nu = Nt+u - Nt (DQ)

coincide with the increments of the counting process over time intervals with extremes ¢t and ¢ + u,
i.e. on a right-shifted time axis with the new origin corresponding to the current time t.

At this stage, we write the counting process N; in terms of a Poisson random measure. Let M be
a Poisson random measure on Ry x F where R refers to time and E to some physical space of
events ﬁ From Theorem 6.11 page 302 in |Cinlar| (2011) a counting process N; with predictable
intensity A as the one defined as in (5)), has the following (pathwise a.s.) form:

N, (w) = / Lo} (2) M (ds, d2)
[0,t] xR+

8See Definition 6.1, p. 299 in [Cinlar| (2011): the Poisson random measure M asserts the independence of the
future of M from its past.
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Considering the increments N, in (D.2) Yu > 0, we get:

Nu(w) = / Loy (2) M (ds, dz).
[t,t+u] xRy

Now we define a shifted time axis such that [t,¢ + u] — [0, u], and notice that:

Ny, (CU) = /[0 xR 1{(075\5(“))]} (z) M (ds, dz) , (D.3)

where ), (w) on the new axis coincides a.s. with A, (w) on the original time axis while M is a
(shifted) Poisson random measureﬂ . The increments in (D.3)) allow us to rewrite the process X4,
in (D.1)) as a process X, with dynamics:

X, = A X, +/ eA(“*S)d]\Afs, where X, = X; a.s., (D.4)
[0,u)
and
5\u =pu+ bTXu

which concludes the proof for the Markov property for X;. Notice that, on the new axis, X, has a
similar form as and the additional term eA“XO is known at time ¢ since XO = X; almost surely.
The integral in (D.4]) is controlled only by {5\5}

past information up to t.

= {Mi4s}g<s<qy» it does not depend to the
0<s<u ==

The Markov property for the vector process [ X, Nt](p +1)x1 can be proved with similar steps as

Au X t+u A(t+u—s)
_ | px1 t +/ ¢ ¢ lan.. (D.5)
Ol)(p 1 Nt t 1

Indeed, the result in (D.5) has the same structure as in (D.1)) and, to compute its conditional

distribution given the information at ¢, we need only the column vector [X;, Ny|. This concludes

Xt+u
NtJru

the proof of the Markov property for [X;, V¢] and the whole proof. O

Appendiz D.2. Proof of Theorem [
Proof. For a non-negative kernel function, the stationary condition in for a CARMA(p,q)-

Hawkes process becomes

+oo T
/ b'eMedt = lim b'eMedt = lim b'A™! (AT —T)e, (D.6)
0 T—~+o00 0 T—~+o00

oIf Vu > 0 and Vz € E we define M (u, z) := M (t + u, z), M is still a Poisson random measure independent of F;
and has the same law as M.
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where I is the identity matrix with dimension p. As A is diagonalizable,

eAT — SeATsfl

where A := diag (;\1, ce 5\p>. Thus the limit in is

lim bTA™ (AT —T)e = b'A™! [s ( lim eAT) s!— I] e.
T—4o00 T—4o00

Recalling that all eigenvalues of A have negative real part, we notice that eA” tends to a p x p
zero matrix. The integral in becomes

—+00
/ befledt = —bT A le. (D.7)
0

The stationarity condition in implies —bT A7le < 1. O

Appendiz D.3. Proof of Theorem [3]

Proof. Let us consider two cases. If Npij, — Ny = 0, the vector X7 = [Xq4,... ,Xp7t]—|— becomes
Xrip = X%Iih where X%Iih means no jump (NJ) occurred in the interval (7,7 4 h| and can be

written in the following way
X’Zl\“Iih — eA(T+h_tO)XtO + / 6A<T+h_t)edNt
[to,T)

as the quantity f[T T eAT+h=)ed N, is zero due to the absence of jumps in the interval (T, T + h].

From

XN, = eAn [eA(T_tO)XtO + / eA(T_t)edNt] . ¢
[to,T)

we have that
lim XN, = X D.8
hl ) T+h T ( )

If Nryp — Ny =1 then Xpyp = X}{rh is computed as

X%’{rh _ eA(TJrhfto)XtO +/

AT+ N, 1 / AT+ g N,
[tovT)

[T, T+h)

Defining the jump time 7T} in the time interval (7,7 + h| we get

/ AT+ N, = (AT+h—Ty) o
(T.T+h)
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As lim Ty, = T, we observe that
h—0

—

[tO 7T)

Note that X; +e = [Xy1,...,X¢p + 1]T and consider the following quantity:

E[f (Xtpths - Xpaahs Nesn) |1 Fe] = F(X00un - Xptun Ne) (1= Aeh)
+ (X Xt Ne+ 1) Mh+o(h).

The infinitesimal generator is:

Aft — lim ]E[f (Xl,t-‘rh)"'?Xp,t-i-h?Nt-‘rh) |Ft] - f(Xl,tv"'7Xp,t7Nt)
h—0 h
= lim A [f (XTn - X Ne+ 1) — F (X1 X n NY) |

f(Xi\fz]_A,_h)"')X]l;\’Ii]_i_h)Nt) _f(Xl,ta--'vXp,tuNt)
lim .
h—0 h

From and we obtain

Afe = Mf (X Xpp LN+ 1) — f(Xag, oo, Xpt, N
P s X0 M) = f (X X, Ny)
+ lim . (D.10)
h—0 h

To compute the limit (D.10)) we use De I’'Hopital’s rule

L oxN!
lim 81{] MR = lim % aﬁfj A X,
h—>0i:1 aXz’,t—f—h oh h—0 aXl,t—&-h aXp,t—f—h
p—1
0 0
= anXi—i—l,t + anA[p,]Xt, (D.11)
i—1 it p,t
and substituting (D.11]) in (D.10]), we finally obtain the result in (|12]). ]
g ) y

Appendiz D.4. Proof of Theorem[]]

Proof. Proof of Theorem |4 To determine the expected number of jumps in we obtain first
the infinitesimal generator of the function f (Xi4,..., Xy, Nit) = Ny, that is Afy = Ay where the
conditional intensity A; is defined in . Applying the Dynkin’s formula in we obtain the
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following ODE
dEy, [Ni] = |+ b Ry, (Xy)| dt. (D.12)

Then, we compute E;, [X;] that requires a system of infinitesimal generators. In particular, for
i=1,...,p—1, we have
AXyi = Xeit1

and

p
AXyp = (M + bTXt) +Ap Xt =p+ Z (bim1 — apy1-i) Xt
i—1

Applying , we get
dE:, [X;] = (AEtO [X,] + Me) dt (D.13)

where A is defined in (15). With the initial condition Xy, the solution of the system in (D.13) is
(L7). Substituting in (D.12)) we obtain the following ODE for the expected number of jumps

dEy, [N, = [u (1 - bTA—le) + b Alt) [Xto + A—leMH dt

whose solution is in with initial condition Ny,. Using the result in we observe by straight-
forward calculations that the expected number of jumps in an interval of length 7 reads as in .
Due to the negativity assumption for the real part of the eigenvalues of matrix A, we obtain the
asymptotic behaviour in and as limp_, 4 AT — 0 where 0 is a p X p zero matrix (see

(C.5))- a

Appendix E. Proofs of Theorems in Section

Appendiz E.1. Proof of Lemmal[]]
Proof. Using the definition of matrix B in , the identity in is straightforward. To show

the result in , we need first to compute the infinitesimal generator for each component of
vlt (XtXtT ) From the definition in we identify p blocks where the dimension of each block
decreases by one unit. More precisely, the j—th block has p — j + 1 elements. Considering the
first block (i.e., j = 1) we have p infinitesimal generators obtained applying the result in of
Theorem |3l For the first element in the first block, we have .AXtQJ = 2X;2X; 1. While for the i—th
element in the first block with i =2,...,p—1 we get AX;; X1 = X;;X; 2+ Xi 41X, and finally

AXi p Xe1 = M[(Xep+1) Xieg — Xep Xea] + Xi pXio + Ap 1 Xt Xt
= pXi1+ X pXio+ (bT + A[p,.}) X X1
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For a generic j—th block, we get p — j + 1 infinitesimal generators. In particular for i = j we have
Ath,] = 2Xt,th,j+1- For i = ] + 1, ceey D — 1 we have -AXt,iXt,j = Xt,iXt,jJrl + Xt’th72'+1 and
AXippXtj = Ml(Xep +1) Xoj = XepXej] + XepXejir + Ap Xe Xe
= MXt,j + Xt,pXt,j—l-l + <bT + A[p,}) XtXth.

The last block contains only one infinitesimal generator of the form

AXtQ,p — )\t |:(Xt,p + 1)2 - th,p:| + 2A[p,~]XtXt,p

= BT X+ 2, +2 (BT + Ay ) Xi Xy
Using the Dynkin’s formula in we obtain the following system of linear ODE’s:

dolt <Et0 (thtT )) - [p,é + CEy, (X;) + At (Eto (thtT m dt (E.1)

where the @ vector € is composed of zero entries except the last position where the element is
one; A and C are defined in and respectively.
The first step is to solve the ODE defined in (E.1|) whose solution has the following form

vlt (Eto (XTXQT )) _ ATty (XtOXtTO ) L AT / LA [,ué + CE,, (Xy)| dt

to
_ AT—t0) (XtOXtTO) + [eA(T—to) _I} AlE
= T = -~
+ AT / e"ACEy, (Xy) dt. (E.2)
to
We also observe that

=~ T ~ ~ = T = ~ ~ - ~
AT / e ACE, (X)) dt = AT / eALG [eA(t_tO) [XtO+A—1eu} —A—leu} dt

to to

= T = - ~ -~ o
— eAT/ e AtCeAtqteAto [Xto + A_leu}
to

[eA(TtO) - I] A"'CA ep. (E.3)

Substituting (E.3)) into (E.2) we obtain the result in (40). O

Appendiz E.2. Proof of Theorem 3

We provide below the proof of Theorem [5| on the long-run covariance of the number of jumps
in a CARMA (p,q)-Hawkes model.
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Proof. We first determine the covariance of number of jumps in two non-overlapping time intervals

given the information at time ¢y. This quantity is formally defined as

Covy, (7,6) = By [(Newr — No) (Newar+5 — Negrts)]
= By [(Negr = NI B [(Nev2r45 — Negras)] - (E.4)

Using the iteration property of the conditional expected value, (E.4]) becomes

Covgy (1,6) = Eyo [(Nerr — Ne) Eir [(Neg2r 16 — Niegrys)]]
Bty [(Ner — N Eig [(Ney2r46 — Neyras)] -

Applying the result in Theorem 4] we get
Covy, (1,6) =bT A™? [eA(T'HS) - eA‘S] Gt (t,7) (E.5)
where

gt (6,7) = Euo [(Nesr — Np) Xpgr] — AR [Nyr — NJ X
+ (I - eA<t+T—t0>) A~ leuEy, [Nitr — Ny

= By [Nepr Xoir] + A Loy, [Ny] — A7 [Eto (N, X) + A~ leuE,, [Nt]}

— eA(t”_tO)Eto [Nigr — Ne] Xy + (I - GA(HT_tO)) A~"epEy, [Niyr — Ni . (E.6)

In the rhs of (E.6)), the last two terms are stationary due to the result in and to the negativity
of the real part for the eigenvalues of A; the third term converges to zero as ¢ — +oo while the

fourth term has the following limit behaviour
(I - eA(”T*tO)) A~ teuRs, [Nyyr — Ni| — A~ tep? (1 - bTA*1e> T a.s. t — +o0. (E.7)
For the first two terms in the rhs consider the quantity:
hig (t,7) = By [Nppr X r] + A_le,u]Eto [N¢], Y7 >0,t >t (E.8)

as t — +oo. In (E.8) the vector E;, [N X;] requires the calculation of p infinitesimal generators.
We then observe that for i = 1,...,p — 1, the infinitesimal generator of the function N; X ; is:

AN Xz = (M + bTXt) [(Ne +1) Xy — Ne Xy i) + Ne Xe i

= (uXui + X0 X[ b) + NiXpia
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while for i = p

AN X, = (M tbT Xt) [(Ne +1) (Xpp +1) — NeXop] + NeAp, 1 X

= <M +b' X, + ,uNt) + (MXM, + Xt,pXth) + (bT + A[p,.]> N Xy,
that implies

dEto [XtNt] = |:(M + bTEtO [Xt] + NEto [Nt]> e+ MEto [Xt] + Eto |:XtXtT} b + AEto [XtNt]} dt

(E.9)
from where we get
- T .
E [XrN7] = eAT70X Ny + / AT (u + b By [Xy] + py, [Nt]> edt
to

T

+ / AT [uEtO [X,] + Ey, [thtT ] b} dt. (E.10)
to

The quantity E;, [X7Nr] is not stationary but it is useful as it appears in the rhs of the function
hi, (t, 7) introduced in (E.8)) that can be rewritten as

t+7 t+7
hyy (t,7) = eA0FTX, N, + / AT edu + / AETULTE, [X,]edu
to to

t+7 . _
b [T AT By, (N edu+ A epy [N

to

t+r
+ / AltHT—w) [MEtO [X.] + By [XuXuT } b} du. (E.11)

to

We analyze the long-run behaviour of each term in the rhs of (E.11)). We first observe that

t+1 . _
/ eA(H'T_")du,ue _ (eA(t—l—T—to) _ I) A_l;ae
to

with
lim (eA(H'T_tO) — I) A e = —A " e, (E.12)

t—+00

The formula for the conditional expected value of the process in allows us to rewrite the third
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term in the rhs of (E.11]) as follows

t+7 _ t+71 . . . _
/ eA(HT*")ebTEtO [Xy]du = eA+T) / e Ateb T eAtdue Ao {Xto + Afleu]
to to

t+17 . B
— / AT dueb T A ep
to

- t+7 - - B
= eA(t+T)/ e Ateb T eAtqyeAlo {Xto +A_1eu]
to

(eA(HT*tO) - I) A~ 'eb" A lepu. (E.13)

To compute the integral eA(+7) t?LT e~Ateh T eAudye=Ato we use the result in (C.4) and exploiting
its limit behaviour (C.5)), the long-run behaviour of (E.13]) becomes

t+1 B N
lim AFTVeb TRy, [X,]du = A leb A ep. (E.14)

t—-+o0 to

The fourth term in the rhs of (E.11) can be written as

t+71 t+7 . ~
/ eA(HT—“)due,uNto + / 6A(t+T—U) (u _ tO) due,u? (1 _ bTA—1e>
to to

t+1 B - - N
+ / AT Ve b T AT {eA(“*tO) — I} du <Xt0 + A’le,u> + A teuRy, [Ny]
to

. - t+7 -
= (eAtFT10) _ 1) A eulNy, + AT (4 — ) dul ep? (1 —bTA e
\ ¢
0

. t+7 ~ ~ I -
+ Al e Ateb ! eAtdye A AL {Xto + Afleu} p
to

Al (eA(HT_tO) @ I) eb'A™! {Xto + A_leu} 1+ A LepuEy, [Vy] . (E.15)

Integrating by parts we get

t+7 B
/ AT (4 — ) du = A1 [(e

to

(t+7—to) _ I) A TI(t+7— tO)} '

Thus (E.15) becomes
(eA(H—T—to) _ I) A~leuN, + A |:<6A(t+7'—to) _ I) Al T(t4r— to)} e (1 _ bTA—le)

. t+7 ~ ~ — -
+ Al e Ateb ! eAtdue A AT [Xto + Afleu} 1
to

~ A! (eA(HT—W - I) eb A [Xto + A_leu} 4+ A ek, [V] .
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Using the formula for the conditional expected value of the counting process in we get
(eA(tJrTfto) _ I) AleuN, + A~ |:<€A(t+‘r7t0) _ I) A T(t47— to)} ess? <1 _ bTAqe)

- t+7 . . - _
+ AT e Aleb T eAtdue A0 AT [Xto + A_leu} 1
to

- Al (eA(HT*tO) — I) eb A! {Xto + Afleu] 1
+ A_le,u {Nto + p (1 — bTA_1e> (t—to) + bTA™! (eA(tl_tO) — I> {Xto + A_ley”

— €A(t+T_tO)A_1e/,LNtO + A—l |:<6A(t+7'—t0) o I) A—l _ IT] eu? <1 _ bTA—le)

_ t+7 ~ ~ I -
) e Ateb ! eAtdue A AT [Xto + Afleu} i
to

_ A-LleAltHT—t0) g T AL [Xto +A‘1e,u} M+A—1eﬂbTA—1eA(t—to) [Xto —i—A_le,u,}
and its long-run behaviour is established considering ¢ — +o0, that is
~A! [A—l + IT] ey (1 - bTA—le) . (E.16)
The fifth term in the right-hand side of can be rewritten as

t+7 t+1 . . B
/ eA(t+T—u)Et0 [Xu] du,u _ /t eA(t-i—T—u)eA(u—to)du [Xto + A_le,u} M
to 0

t+7 _
o / eA(t+Tf’u)duAfleu2

to

_ eA(t""T_tO) (t +7T— t(]) [Xto + A_le,u'} H

Al (eA(tJrT—to) _ I) A leu?,

that has the following long-run behaviour

t+7 . _ N
lim AETIE, X, ] dup = AT A lep?. (E.17)

t——+o00 to
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Lemma |1| suggests that the last term in the rhs of (E.11]) can be written as

t+1 t+1m =
/ 6A(t+77u)EtO {XuXﬂ bdu — / AT B oA u—t0) it (XtoXtD
to

to

t+r
+ / eAltT— “)Be (u= to)duA ,u( —CA™! )

to

t+7 . ~
— / AT uBA (é — CA_le)

to
+ /tHT eA(HT*“)Beg“ [/tu eghCeAhdh} e—Ato [Xto + A lep| du.
0 0
The result in implies that
/t T Ao, X, X[ bdu = [ /t . eA(tJFT_“)Be‘Z‘(“_tO)du] ot (X, X))
0 0
. |:/:+T eA(tJrTu)Bej:X(uto)du] Ailﬂ <é B éAfle>
0
(eA“*T*t@ . I) A 'BA 1y ( _CA- e)

t+17 . = u - ~ ~
+ / eAlFT—u)BeAu [/ e_AhCeAhdh} e Aldy [Xto + A_le,u] .
to to

To determine the asymptotic behaviour of this term, we analyze the long-run behaviour of the

integral f HT (A(t+T—u) BeA(u—t0) qy. Exploiting the result in |[Appendix C| we have
t+7 . =
lim eAltT—u)BeAu—to) gy =
t—-+o0 to

as all eigenvalues of A and f& have negative real part. Using the Fubini-Tonelli’s Theorem the last

integral becomes
t+r = t+7

/ eA(t—i—T—u)BeAu |:/ —AhCeAhdh:| —At()du _ / / t+7' u)B6 (u h)Ce (h to)dhdu
to to

Its long-run behaviour is obtained using the result in (C.6|), that is

t+7 u o = ~
lim / AT BeA =) G Alh—to) pdy = (E.18)
t—-+o00 to
Finally, we have
t+17 . N ~ o
lim cAlrT—wg, [XuXJ ] bdu = A" BA~ 14 (é - CA‘1e> . (E.19)
=+ Jio



From (E.12)), (E.14), (E.16), (E.17) and (E.19) we obtain the limit behaviour for the quantity in
(E.11)

heo (T) = tilinoo hio (¢, 7)

= —Alge+A'eb"Alep—A? {A_l + IT} e’ <1 — bTA_le)

+ A'A"le?ATIBA (é - CA—le) . (E.20)

Using (E.20) we can determine the asymptotic behaviour of (E.6|) and we get

9oo (1) = lm gy (t,7)
= t£+mco hio (8, 7) — AT |:t££—noo hy, (8, 0)} + A ley? (1 — bTA_le) T
= oo (7) — €AThey (0) + A ey (1 _ bTA—le) A (E.21)
By straightforward calculations (E.21)) becomes and the covariance reads as in (41)). O

Appendiz E.3. Proof of Theorem|[6.
Here we provide the proof of Theorem [6]

Proof. For the asymptotic variance we need to compute the conditional variance of the number of

jumps in an interval with length 7. First we observe that
op (t,7) = Vary (Nypr — Np) = By {(NH—T - Nt)z] —EZ [Niyr — N
We then compute the second moment of the increments

Ky, |:(Nt+7' — Nt)Q} = [ [N152+T] + Ky, [N | = 2Ky, [N{E¢ [Niy-]]
= gy [V3] — By [N?] — 2B, Vi) (1-DTAe) 7
~ 9pTA™! [eAT - I] [Eto [N Xi] + A leuly, [Nt]} .
For Ey, [Nf] it is useful to compute the infinitesimal operator for the function f (X1 4,..., Xp ¢, Ny, ) =

N7, that reads
Afi=pn(2N; +1) +2b" N;X; + b' X;.

Applying the Dynkin’s formula, we have

t t t
Ey, [NZ] = NE+2u / By [Nu] du + p (t —to) +2b " / Ey, [Ny Xo]du+b' / Ey, [X,] dt.

to to to
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Therefore

t+1 t+7 t+1
Ety |(Nir — Nt)Q] = 2u / Et, [No] du + pur +2b" / Ety [NuXy]du+b" / By, [X.] du
t t t
— 2R, [Ny i (1 - bTA—1e> 7—2b A [eAT - I} [Eto IN.Xy] + A leuly, [Nt]}
t+1 t+1
= 2 / Et, [Ny — Ny]du + pr +b" / Et, [X,] du
t t

t+71 _
+ 2p" / [Eto [N, X.] + A~ euEy, [Nt]} du
t

~ 2pTA"! [eAT - I} [Eto [N X + A~ ek, [Ntﬂ . (E.22)

We study the asymptotic behaviour of the terms in (E.22). Denoting with ay, (¢,7) := ftt+7 Et, [Ny — N¢] du,

we obtain

t+71 B t+7 B - - _
ay, (t,7) = / ,u (1 - bTA_1e> (u—t)du —|—/ b A™! [eA(u_tO) - eA(t_tO)} du [Xto + A_le]
t ¢

= p(1-vTATe) Tt [THTAT A0 r]aueAt [x,, 4 At
t

We observe that the following integral is finite
t+71 N 4
/ b TA! [eA(“_t) — I] du < 400
t

from where we deduce that

2

(oo (T) 1= t£+moo ag, (t,7) =p (1 - bTAfle> % (E.23)

We then focus on the quantity by, (¢,7) := ur + b’ tHT Et, [Xu] du that through straightforward

computations can be written as

by, (1, 7) = pr+b' /tH_T [eA(“_tO) (Xto + A_le,u> — A_leu} du

i . o N
= (1 — bTA_1e> pr 4 b T eAlt=to) / eAlu—t) (Xto + A_le,u) du.
t

Since we have a continuous integrand in a compact support

t+7 .
/ A=ty < ~+o00,
t
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we have

boo (1) := lim by, (t,7) = (1 - bTA—le) ur. (E.24)

t——4o00

Denoting with ¢, (t,7) := ftHT [Eto [N, X,] + A teuR,, [Nt]} du, we obtain
c (6,7) = To ¢ (t,7)+ I 4 (t,7)+ Iy 4, (t,7)+ I3 4 (t,7)+ Iy, (t,7)+ Is 1, (t,7)

where In4, (t,7) == ftt+T eA(“_tU)XtONtodu is rewritten as

- t+1m
To, (£,7) = eA(ttO)T/ AU Xy, Ny du
t
and using the same arguments as above, we get

Ipoo (t,7) == tEeroo Iy, (t,7) = 0.

The quantity Iy 4, (t,7) := ftt+T (eA(“_tO) — I) A~'eudu can be rewritten as

t+7 . 5 B
I, (t,7) = / eA(“_tO)A_leudu A A_le;u'
t

while taking the limit as ¢ — +o00, we have

Lo (t,7) == tEeroo Ly, (t,7) = —A teur. (E.25)
The quantity
t+T1 u . _ 5
Ing, (t,7) = / / eAu=s)gh T eAls—t0) 45y, [Xto +Aleu
t to
t+T1 . 5 5
— / (eAW—to) - 1) duA~'eb" A lep (E.26)
t

depends on the integral ftHT ff; eAW=35)eh T eAls—t0) dsdy where from the substitutions s — to=nh

and r =u —t we get
T t+r—to . .
/ / eAlt—totr=h)ep TeAlqpdr. (E.27)
o Jo

Defining
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and applying the result in [Appendix C| the inner integral in (E.27) becomes
A(t—to+r) Opp
[Lp.p; Op,p) € 0 . (E.28)
Ly

Thus the integral in (E.27)) can be computed as follows

p,p

. T . 0
[Lp.p; Op.p] eA(t_tO)/ eArdr [ PP ] - (E.29)
0

We notice that as fOT eArdr < +00 and all eigenvalues of A have negative real part, then

Ir,00 (1) :== lim I, (t,7) = AflebTAfle,uT.

t—4o00

Similarly, we get the limit for the term I3 4, (¢, 7) := ftHT { ;; eA(“*S),uEtO (N,)eds + A~ 'euly, (Nu)] du

as t — +oo:

~ 2 ~ ~
I3 00 (t,7) == tLieroo Iy, (t,7) = —A1 [17‘2 + A_17:| e’ (1 - bTA_le) .

We define the following quantity

t+17 . _ _ B
Loy, (t,7) = [/ eA(u—to) (u —tp) du} [Xto + Afle,u} “w+ AflAfleMZT
t

~ t+7— re ~
_ Afl / eA(ufto)duAfleMQ
t
and observe that the first integral can be rewritten as

t+7 . t+7 . t+7
/ AT (y —to)du = Al / AU (y — ) du 4 A1) (1 — 1) / A=y
t t t

where both terms in the rhs tend to be zero as t — +oo thus

i “1x-1,,2
I4,oo (7') = t—liﬂ_noo I4,t0 (t’ 7‘) = A A eu’r.
Similar arguments are used to determine the limit as ¢ — +oo for the quantity Iy, (1) :=

ftHT ftz eA(ufs)Eto [X57 XST] bdsdu as follows

I oo (1) = lim I5y, (t,7) = A_lBji_lu (é — CA‘le) T

t—+o00
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Combining all results, we get the stationary behaviour for the quantity coo (7) := lim¢—y 4o ¢4, (£, 7)
that reads

oo (1) = —Aleur (1 - bTA_le) — Al [IT; + A_lT] ey’ (1 — bTA_1e> + A A tepr
+ A'BA Y (é - éA‘le) T (E.30)
Furthermore,
Jlim_E, [(Nt+T - Ntﬂ = 2o (T) + boo (1) + 2bT oo (7) — 2bT A [ef“ - I] hoo (0)

= u? (1 — bTAfle>2 % 4 (1 — bTA*1e> (1 — 2bTA*1e) uT
+ 2bTA A lerp? (bTA*1e> +2bTAIBA 1y <é _ c;yle) r

— 2pTA"! [GAT - 1] heo (0).
By straightforward calculations, we obtain the result in for the asymptotic variance. O

Appendiz E.4. Proof of Theorem [
Proof. Proof of Theorem [/l We first prove the existence of a positive constant ag > 0 such that

the kernel function satisfies the condition
/ e®lp (t) dt < +o0. (E.31)
R
We notice that Assumption [1] implies that
—+o00 —+o00
/ e®tp(tydt = b’ / evleAldte =b 'S / evteAdtS e,
R 0 0

Choosing ag € (0,|Re (A1)|) the condition in (E.31) is ensured and thus we can apply the result in
Theorem 1 proved by (Cheysson and Lang] (2020)), and the strong-mixing coefficient results to be
an (r) =0 (e~*") where a € (0, ap). O

Appendiz E.5. Proof of Theorem[§

Proof. Proof of Theorem [§| The proof is quite standard and is an application of Theorem 18.5.3
in Ibragimov and Linnik (1971) and Cramér-Wold device. Denoting with

0 := [E(A1Ny),Var (A1 Ns) , Acv (1),..., Acv (d)] (E.32)

we apply Theorem 18.5.3 in Ibragimov and Linnik| (1971) to the linear combination (CTVk) k=12 .m

where c¢ is a generic d + 2 real vector such that ¢TXc > 0. Since the strong mixing property is

42



Journal Pre-proof

preserved under linear transformations as well as the rate we have
1 n +oo
vn (— Z "V — cT19> - N (0, c¢"Var (Vi)c+2 Z ¢"Cov (V1VkT) c) , as n — 400
n
k=1 k=1

that is
1 n
vn (ﬁ ZCTVk - cTﬁ> — N (0,¢TXc), as n — +00.
k=1

Applying Cramér-Wold device we obtain the asymptotic behavior in . O
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