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Abstract

We show that the second fundamental form of the Prym map lifts the second Gaussian map w4 of the
Prym-canonical bundle. We prove, by degeneration to binary curves, that 4 is surjective for the general
point [C, A] of R for g > 20.
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1. Introduction

Similarly to the period map P, : M, — Ag, the Prym map Pry : Ry, — A, provides
a way to link the geometry of moduli spaces of curves to the geometry of moduli spaces
of principally polarized abelian varieties. Recall that R, denotes the moduli space which
parametrizes isomorphism classes of pairs [C, A], where C is a smooth curve of genus g and
A € Pic%(C)[2] — {Oc¢} is a torsion point of order 2, or equivalently isomorphism classes of
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unramified double coverings 7 : C — C. The Prym map associates to a point [(C, A)] € Re
the isomorphism class of the connected component of zero, P(C, A) of the kernel of the norm
map Nm, : JC — JC, with its principal polarization. Both the period map and the Prym
map have been extensively studied since a long time, but also recently there have been important
developments on the birational geometry of Rg [11].

In this paper we focus on the study of the second fundamental form of the Prym map
analogously to what it has been done for the second fundamental form of the period map and
its link with the second Gaussian map. In fact in [10] it is shown that the second fundamental
form of the period map lifts the second Gaussian map of the canonical line bundle, as stated
in an unpublished paper by Green and Griffiths (cf. [13]). With this geometrical motivation,
in [7] we investigated curvature properties of M, endowed with the Siegel metric. In fact, we
computed the holomorphic sectional curvature of M, along the tangent directions given by the
Schiffer variations in terms of the second Gaussian map. This also suggested that the second
Gaussian map itself could give interesting information on the geometry of the curves, hence its
rank properties have been investigated in a series of papers (see [4,6,8,9]).

Here we first generalize the lifting result of [10] to the Prym map, namely at the point
[C, A] € R, we have the following commutative diagram

* ~ 11 20l ~ 20 ®2
NRg/.Agfl,[C,A] = IZ(KC ®A) ELLENG\ QRQ,[C,A] =S“H (KC )

1

HOKEY

where I (K¢ ® A) is the kernel of the multiplication map S?HO(Kc ® A) — HO(Kg’z), 11 is
the second fundamental form of the Prym map, m is the multiplication map and 1 4 is the second
Gaussian map associated to the Prym canonical bundle K¢ ® A. This also allows us to generalize
the results of [7] on the holomorphic sectional curvature of R, with the Siegel metric induced
by A, via the Prym map.

In the second part of the paper we concentrate on the study of the second Gaussian map (i 4,
A € Pic®(C)[2] non trivial. The main result is the proof of the surjectivity of © 4 for the general
curve [C, A] € Ry of genus g > 20, generalizing analogous results on the surjectivity of the
second Gaussian map of the canonical line bundle for the general curve in M, for g > 18.
For the canonical line bundle this surjectivity for general curves of high genus was proved in
[8] using curves on K3 surfaces, then the sharp result for genus >18 has been shown in [4]
using degeneration to binary curves, i.e. stable curves which are the union of two rational curves
meeting transversally at g + 1 points. Here we generalize these degeneration techniques to prove
the surjectivity of second Gaussian maps (i 4, for the Prym-canonical bundles K¢ ® A.

In particular, this shows that the locus of curves [C, A] € R, (g > 20) for which the map
i 4 is not surjective is a proper subscheme of R, and one observes that for g = 20 it is an
effective divisor in Ryo of which we compute the cohomology class both in R»o and in a partial
compactification R0 following computations developed in [11].

The paper is organized as follows: in Section 2 we describe the second fundamental form,
we prove that it is a lifting of the second Gaussian map p4 and we compute the holomorphic
sectional curvature along the Schiffer variations. In Section 3 we construct the Prym-canonical
binary curves that we use for the degeneration. In Section 4 we explicitly describe the ideal of
the quadrics containing the Prym-canonical binary curve. In Section 5 we prove, by induction on
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the genus, the surjectivity of p4. In Section 6 we compute the cohomology class in Rag of the
degeneracy locus of the second Gaussian map. Finally in the Appendix we list the Maple scripts
used in the computations.

Finally we observe that the results and the techniques of Section 2 are of different nature from
the rest of the paper, which can be read separately, once one has looked at the definition of the
Gaussian maps in Section 2.2.

We also notice that in the proof of the surjectivity of w4, in particular in Sections 4 and 5, we
follow the lines of the proof of the surjectivity of the second Gaussian map of the canonical line
bundle given in [4].

2. The second fundamental form and the second Gaussian map
2.1. The second fundamental form of the Prym map

We start by recalling the definition of the Prym map
Pr: Rg i Agfl )

which associates to a point [(C, A)] € R, its Prym variety P(C, A) with its principal
polarization. If 7 : C — C is the unramified double covering associated to the pair (C, A), the
Prym variety of the double covering is the principally polarized abelian variety of dimension g—1
defined as the connected component of zero of the kernel of the norm map Nmy : JC — JC,

P(C,A) = Ker(Nmy)? c JC.

We recall that the Prym map is generically an embedding for g > 7 ([12,15]). Hence there exists
an open set Rg C Rg where Pr is an embedding and such that there exists the universal family
f:X - Rg. Ifb e Rg, we have f_1 (b) = (Cp, Ap) where Cp, is a smooth irreducible curve

of genus g and Ay € PicO(Cb)[Z] is a line bundle of order 2 on Cj. Denote by P € Pic(X) the
corresponding Prym bundle and by F/” := f,(wy /RO ® P). Observe that FF" is the pullback

of the Hodge bundle on Ag_1 to Rg. More precisely, if ¥ : Pr(X) — Rg is the universal family
of Prym varieties, so v~l(b) = P(Cp, Ap) is the Prym variety associated to the pair (Cp, Ap),
then FF7 is the Hodge bundle 10 ¢ R!4,.C of the family .

On the local system R lw*(C we have the flat Gauss—Manin connection V™ and a non
degenerate bilinear form defined as follows. At the point P(C, A), the fiber of R IW*C is
isomorphic to the vector space H'(C, C)~, where C % C is the double covering associated
to (C, A) and H'(C,C)~ is the anti-invariant part of the cohomology under the covering
involution on C. If [w1], [w2] € HY(C, C)~, we have the following non degenerate bilinear form
(lw1], [wa]) =i f & w1 AWy and the Gauss—Manin connection VG ig compatible with it, so it
induces a metric connection V-0 on 1%, hence a connection on F¥7 (still denoted by v1-9) and
on its second symmetric power, S2FF". Observe that this metric on S2F"" is the pullback via
the Prym map of the metric on Ag_; induced by the unique (up to scalar) Sp(2g —2, R)-invariant
metric on the Siegel space H,_1. So we will call this metric the Siegel metric.

Consider the tangent bundle exact sequence of the Prym map

0— TRE — TAg—HRg — NRS/Ag—l — 0. (1)
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Its dual becomes

0= T = S fulox/ry ®P) = ful@Fpg) = 0 2
8

where m is fibrewise the multiplication map and we denote by 7, the conormal bundle N, 7*20 JA
8/
Recall that the second fundamental form of the exact sequence (2) is defined as follows

11:T > [o(@F20) ® Qpg, 11() = m(VGE(5)),

where V is the metric connection on S? fi(w y /Ry ®P) = S2FPr defined above. At the point
(C,A) e Rg the exact sequence (2) becomes

0— h(Kc®A) — S*H(Kc ® A) > HY(KE?) — 0.

Hence, if we identify TRg, bo = H (T¢) via the Kodaira—Spencer map of the family X EA RY,

the second fundamental form /7 at [C] canbe seenasamap I/ : L(Kc ® A) — HO(ZKC) ®
HY2K¢).

2.2. Gaussian maps

Let Y be a smooth complex projective variety and let Ay C Y x Y be the diagonal. Let L and
M be line bundles on Y. For a non-negative integer k, the k-th Gaussian map associated to these
data is given by restriction to the diagonal

Vi i H'Y x Y. 15 @ LEM) — HO(Y x Y, I @ LRM ® O4,)
= HO®y, s*l @ L ® M). 3)
The exact sequence
0— IgtlalgyaSkQ}—)O, (@)

twisted by L X M, shows that the domain of the k-th Gaussian map is the kernel of the previous
one:

yf’M : kery]]j;‘,} — HOy, Sk.Qll, QRLQM).

In this paper, we will exclusively deal with the second Gaussian map for curves C, assuming
also that L = M.
The map )/B is the multiplication map of global sections

HC, Ly® H(C, L) —» H(C, L®?)

which obviously vanishes identically on A2 HO(L). Consequently, H 0C xC,Ip cR®LKXL)
decomposes as A2 HO(L) @ I>(L), where I>(L) is the kernel of S?H%(C, L) — H°(C, L®?).
Since Vi vanishes on symmetric tensors, one writes

v A2HY(L) - HO(Ke ® L®?).
Again, H(C x C, Iic ® L X L) decomposes as the sum of /(L) and the kernel of ;. Since

yL2 vanishes identically on skew-symmetric tensors, one usually writes

vi i h(L) — HY(KS* ® L®?).
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Assume now that the line bundle L is K¢ ® A, with A € Pic%(C )[2], and denote by

1A= VRepa i h(Kc ® A) > HO(KEY )
the second Gaussian map. It is useful to provide also a local description of it. Fix a basis {w;}
of H(K¢ ® A) and write it in a local coordinate z as w; = f;(z)dz ® [, where [ is a local

generator of the line bundle A. For a quadric Q € I,(K¢c ® A) we have O = Zi’j ajjw; @ wj,
where ajj = aj; and ), ; a;j f; fj = 0, hence we have }_; ; aij f{ fj = 0. The local expression
of ua(Q) is

na(Q) =Y aijfl'fid2)* = =Y aij f] fj(d2)*.
iJ )
The maps 114 glue together to give a map of vector bundles on R,

. 2 2\ ~ 4
wil = fillxry ®P)* @ wym™) = fu(0Fro). (©)
where 75 is as in (2).
2.3. The theorem

In this subsection we show that the second fundamental form /7 of the Prym map is a lifting
of the second Gaussian map (14 as it happens for the second fundamental form of the period map
and the second Gaussian map of the canonical line bundle (see Theorems 2.1 and 4.5 of [10]).

To this purpose, recall that given a holomorphic line bundle A of degree zero on a curve C,
there exists a unique (up to constant) hermitian metric H on A and a unique connection Dy on
A which is compatible both with the holomorphic structure and with the metric and which is flat
(see e.g. [14]). If moreover A®Z = O¢ and we denote by : C — C the associated unramified
double covering, we can take an atlas {(Uy, sy)} of A such that the sections s, have values in
C , hence the cocycle g4, g = so/sg has values in {£1}, so it induces a flat structure on A and a
compatible flat hermitian metric on A, which is then equal to H up to scalar (see [16]).

So we can write Dy = D}, + 9, where D', is the (1, 0) component. Such a pair (A, H) is
also called a harmonic line bundle and we have the following properties (see [17]):

e The Kihler identities.
e The associated harmonic decomposition

A*(A) = H*(A) @ im(Dy) ® im(D%) = H*(A) & im(d) ®im(d"),

where H (A) is the kernel of the laplacian operator A = Dy D}, + D}, Dy = 2(30" 49 0).
e The principle of two types

ker(DYy) Nker(d) N (im(Dy) +im(d)) = im(DYyd).

Theorem 2.1. The diagram

L(Kc ® A) 1= S?HO(KE?) )

is commutative.
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Proof. The proof follows the lines of the proof of Theorem 2.1 of [10]. First of all we
take v € HY(C, T¢) and we compute 11(Q)(v) for‘every 0 € L(Kc ® A). Using the
Kodaira—Spencer map k we can assume that v = k(%), where ¢ is the local coordinate of

the unit disk A = {|f| < 1} parametrizing a one dimensional deformation X —f> A where
(C,A) = f ~1(0). Take Y a C™® lifting of the holomorphic vector field % on A, so we have a
C® trivialization 7 : A x (C, A) —> X, 1(¢, x) .= &,y (1), where Py (¢) is the flow of the vector
field Y. Then 6 := 5Y‘(C,A) is a closed form in A%!(7¢) such that [] = v € H!(C, T¢). Denote
by (Cy, Ay) the fiber of f over ¢, where A, is a holomorphic line bundle in PicO(C,)[Z] endowed
with the flat structure induced by the double covering 7; : é, — C;. We denote by H; the flat
hermitian metric and by Dy, = D}y + 9, the flat Chern connection.

Let w(t) be a section of FF", hence Vit € A, w(t) € HO(KC, ® A;) = H'O(A,). Denote
byt : C — C;and by oy : Cc - C ; the diffeomorphisms induced by t, where C and C, are

the unramified double coverings induced by A and by A,;. We have the following commutative
diagram:

c—G

C 4> Cz
so we have an induced map by pullback 7;* : AY(A;) — AlN(A), and since w; € AI’O(A,)
is Dp,-closed, then also t;(w;) is Dy-closed because we have 1,*(Dg,) = Dpg. In fact by
the commutativity of the diagram one immediately sees that the flat structure on A; given by
the covering 7; : C; — C; induces by pullback the flat structure on A given by the covering

7:C— C.
So 7, (wr) is Dy-closed, hence it has a power series expansion at t = 0

7 (wr) = o + (@ + Dgh)t + o(1),

where o = w(0), @ € A!(A) is harmonic and % is a C™® section of A (by the harmonic
decomposition for Dg). So we have VGM[a)(t)], —0=[a],0 -0w= % 4+ 3h, so k(az) [w] =
ar
0,1 ;

[«®1], where «®! is the (0, 1) component of .
Now assume that {w;};=1,...¢—1 is a basis of HY%Kc ® A). Take aquadric Q € L(Kc ® A),

0 = Z ja; jw; ® wj, with a; ; = aj;, then Vi we have V [w,(t)], —o0 = [o;19], so if
Q(t) = Zi’/ a;,j(Dw;(t) @ w;(t) is a section of 7, such that Q(O) = Q,wehave I1(Q)(v) =
m(Vy Oi=0) = > i Owiw; + 23 5 a;, jal’owj Since Y, ;a4 j(wi(Dw;(1) = 0,
also its derivative with respect to ¢ at + = 0 must be zero, i.e. 2 Z -a, ,(ot, + Dghp)w; +
Z a’ (O)a),-a) = 0, and if we take the (1, 0) part we have 22 L a;, ](oz o4 Diyhpw; +
Z al w,wj_O so I1(Q)(v) = ZZ”a,ij h;.

ij
Now we observe that Z ia; jwjDyhi = p(Q)(v) where p is the map defined in Theorem

4.4 of [10]. So we conclude by Theorem 4.5 of [10] that asserts that p is a liftingof ws. O

Corollary 2.2. Let ép € H YTe) be a Schiffer variation at a point P € C. Then we have

1 1
na(Q)(P) = “omi 11(Q)Ep ©ép) = ——Ep(I1(Q)(&P)).
i 21
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Proof. Recall that given a point P € C, a Schiffer variation £p € H'(T¢) is a generator of
the image of the coboundary map H 0(TC(P)‘ p) > H 1(TC). Given a local coordinate in a
neighborhood of P, under the Dolbeault isomorphism HY(Tx) = HOY(Ty), &p is represented
by the form 0p = z( 3) —L_9bp ® 3 , where bp is a bump function around P. Notice that if we
choose bp to be one in a neighborhood of P, &p depends only on the choice of z. The choice of
the local coordinate also allows us to see the evaluation valp in P as an element of H(K ®4)*

and it holds: m*(valp) = mfp ® &p (see [10] p. 139). In fact, if {A;} is a basis of HO(K?Z),

such that locally A; = g;(z)(dz)?, we have (§p © £p)(A; © Aj) = &p(A)&p(A;) and by Serre
duality

o | abp bpgi(z)
gp()»l)—/cgt(Z)dZ/\—Z_Z(P) = /Cd<z_z(P)dZ>

_ 8i(2) P
= /P Y z(P)dZ = 2ri)gi(P), ()
1

where I' is a small circle around P. Hence by Theorem 2.1 we have pua(Q)(P) = —5—

2mi
11(Q)Eép ©ép) = zn,EP(II(Q)(SP)) 0
2.4. Curvature

In this subsection we would like to give an explicit formula for the holomorphic sectional
curvature of the Siegel metric on R along the tangent directions given by the Schiffer variations.
This formula is analogous to the formula of the holomorphic sectional curvature of the Siegel
metric on M, induced by the Period map, given in Cor.3.8 [7).!

Assume that {Q;} is an orthonormal basis of Io(K¢ ® A), {w;} an orthonormal basis of
H O(K ¢ ® A) and choose a local coordinate z at P and a local generator a of A such that locally
w; = fi(2)dz®a.

Proposition 2.3. The holomorphic sectional curvature H of TRg at [C, A] € ’Rg computed at
the tangent vector £p given by a Schiffer variation in P is given by:

1
HEp) =—1——5— D(P)|?
ép) 6ot 2 lea(Qi)(P)

where ap = ; | f; (P)|%
Proof. Also the proof follows the lines of [7]. We start recalling that

H(Ep) = (R(ép),ép)@;,ép)’
(Ep,&p)
and by the Gauss formula we have (R(£p),&p)(Ep.Ep) = (R(Ep).Ep)(Ep.Ep) — (0(Ep),
o&p))(p, S p), where R is the curvature of the Siegel metric, R is the curvature of Ag_1and o
is the second fundamental form of RO in A,_1 (see the tangent bundle exact sequence (1)).
First of all observe that the holomorphic sectional curvature of Ag_; along the Schiffer
variations is equal to —1 (see the argument below Corollary 3.8 of [7]). In fact a Schiffer

I Notice that between the formula of Cor 3.8 of [7] and the formula given in Proposition 2.3 there is a difference by a
factor 4, due to a small mistake in Cor 3.8 of [7] where we identified p with 71, while 11 = —2p ([10] p.136).
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variation £p, seen as a symmetric homomorphism HY%Kc ® A) - HY%Kc ® A)* = HY(A)
has rank 1, since its kernel is H(K¢ ® A(—P)). To compute (o (£p), o (£p))(Ep, Ep), recall
that o (6p)(Q) = I1(Q)(&p), for all O € L(Kc ® A), hence o(§p) = >, I1(Q:)(Ep) ®
Q7F, where {Q;} is an orthonormal basis of (K¢ ® A). Hence (o(ép),0(ép)) =
> II(Qi)(Ep), I1(Qi)(Ep)). Now recall that the Schiffer variations at 3g — 3 general points
of C give a basis of H'(T¢), so we can write 11(Q;)(£p) = > Es(11(Qi)(&p))&S, therefore
(o(Ep),op))Ep.Ep) = D ;6p(TI(Q:)(Ep))sp(I1(Qi)(ép)). By Corollary 2.2 we have

Y EpUT(Qi)(EPNEPUTT(Q)(EP)) = 4m2 Y [1a(Qi)(P)|>. Now it remains to show that
(p.&p) = 871204%) as in Lemma 2.2 of [7]. To do this we write £p as an element of

S*(HY(Kc ® A)) as §p = Y, ; €p(@i)(w)) (@} © wf), where {w]} is the dual basis of the
orthonormal basis {w;}. One computes &p(w;)(w;) = Ep(wiw;) = 2mifi(P) f;j(P) by (8), then
the proof follows exactly as in Lemma 2.2 of [7]. U

3. Prym-canonical binary curves
3.1. Strategy of the proof of surjectivity

The rest of the paper is devoted to the proof of the surjectivity of the second Gaussian map
w4 for the general point [C, A] € R,. We will do it by degeneration to binary curves following
the method used in [4] for the second Gaussian map of the canonical line bundle. We recall that
R admits a suitable compactification ﬁg, which is isomorphic to the coarse moduli space of
the stack R, of Beauville admissible double covers ([3,1]) and to the coarse moduli space of the
stack of Prym curves ([2]).

Consider the partial compactification 7~€g of Ry introduced in [11]. Denote by f : X — ﬁg
the universal family and by P € Pic(X) the corresponding Prym bundle as in [11] 1.1. The map
of vector bundles over Rg, u:l — f*((wX/Rg RP)®? R @R ®2) ~ Je (a);e:;Rg) defined

in (6), extends to a map
iD= fullof @) © S(2)) = fulw @ P IFY), )
where 75 is the kernel of the multiplication map S? f, (@ F®P) — fi (a)?2 ®P®2), and Z is the

locus of nodes of fibers of f, so Q} Swr®I1z.

If [C, A] € is a point in 7~2g, the local expression of

ta: hloc®A) - H(oc ® A)®? ® S2(2)) (10)

is as follows. Let {w;} be a basis of H%wc ® A) and write it in a local coordinate as
w; = fi(2)§ ® I, where & and [ are local generators of the line bundles wc, respectively A.
For a quadric Q = Zi’j ajjw; ® w;j € hh(wc @ A), 1a(Q) is locally defined as

na(Q) ==Y aijdfi)(dfE®* @ 1. (11)
i,J

To prove by semicontinuity the surjectivity of w4 for the general point in R in the following we
will exhibit a Prym-canonical binary curve (C, A) for which 14 is surjective.
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3.2. Construction of Prym-canonical binary curves

Recall that a binary curve of genus g is a stable curve consisting of two rational components
Cj, j = 1,2 meeting transversally at g + 1 points. Moreover one can check thatif A € Pi ()
then H(C, wc ® A) has dimension g — 1 and the restriction of wc ® A to the component Cjis
KC (D;) where Dj is the divisor of nodes on C;. Since Kc,(Dj ) = Opi(g — 1) we observe that
the components are embedded by a linear subsystem of O]Pl (g — 1), hence they are projections
from a point of rational normal curves in P~ 1 Vice versa, let us take 2 rational curves embedded
in P¢~2 by non complete linear systems of degree g — 1 intersecting transversally at g + 1 points.
Then their union C is a binary curve of genus g embedded either by a linear subsystem of w¢c or
by a complete linear system |[wc® A|, where A € Pic%(C) is non trivial (see e.g. [5], Lemma 10).
In this section we will construct a binary curve C embedded in P¢~2 by a linear system |wc ® A|
with A®2 = O¢, and A is non trivial.

Assuming that the first ¢ — 1 nodes, Py, ..., P,_; are in general position, up to projective
transformations we will take P; = (0,...,0,1,0,...,0) with 1 at the i-th place. Then we can
assume that C; is the image of the map

oy Pl > PE2 =12

Gj(t,u) = [Mj(t, M)W—“J’”

s, Mi(t,u
(t —ay ju) i)

(t —ag—1 ju)

with M (t, u) := Hf;ll(t—ar,ju),j =1,2and ¢;([as,;, 1) =P,l=1,...,g - L.

We will also impose that the remaining two nodes P, = [f1,...,%;—1] and Pgqq =
[s1,...,8g—1] are the images of [0, 1] and [1, O] through the maps ¢;, j = 1, 2. This is equivalent
to

djtia,,]
Cij = Y 8i,j = MjSi,

-1 .
where 11}, d; are non zero scalars and A; =[], ax,j, j = 1,2.

Lemma 3.1. Let us choose s; = 1 fori =1,...,[5], 5 =0, fori =[§1+1,...,¢8 — 1, while
i =0fori=1,... [Slti=Lfori=[81+1,....g—Lpi=po=pd = —‘1%. Then,
for a general choice of a; j’s, C = C1 U Cy is a binary curve embedded in P8=2 by a linear
system |wc ® A| with A®? = O¢ and A non trivial.

Proof. One can easily check that if we choose the elements ay ; general (j = 1,2, k =
I,...,g — 1), C; are smooth rational curves and C has exactly g + 1 nodes at the points P,
k=1,..., g+ 1, and no other singularity. Then, by the above discussion we know that C is a

binary curve embedded in P¢~2 by a linear system of wc ® A, with deg(A) = 0. We will now
show that A is a 2-torsion non trivial element in Pic%(C). In fact, recall that Pic®(C) = C*8
and if we denote by o : N — C the normalization map, we have an exact sequence

g+l
0— (wc ®A) = ayx(a™(wec ® A)) — @(Cp,. — 0. (13)
i=1
If we set {g;,ri} = a”'(P), withq; € C1,r; € Co,i = 1,...,g+1, Dy = Z, 1 qi,
= Zlig;rl] ri we have o*(wc ® A) = Ky (D1 + Dy). So if we take the long exact sequence in
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cohomology associated to (13), we have

0 — H%wc ® A) - H(K¢, (D)) ® H(K¢,(Dy)) = C#H! — 0. (14)

Clearly H)(Kc,(D1)) = H%(Opi(g — 1)) = C2 = HO(Kc,(D,)). Recall that the line
bundle A corresponds to an element in C*$ as follows. Consider the natural isomorphisms
fi @ (A)c)g — (@*(A)c,)r, and choose local trivializations (a*(A)|c,)q; = C,
(@*(A)c,)r;, =C,Vi=1,..., g+ 1. Then f; is given by multiplication by an element /; € C*,
Vi =1,..., g+1, and we associate to A the element (A1, ..., hg41) modulo the diagonal action
of C*.

Notice that if o € H(wc ® A) and a*(0) = (01,02) € HY(Kc,(D1)) ® H (K¢, (D2)),
then we have

Resy (01) — hjRes;, (02) =0, Vi=1,...,g+1.

We claim that with our assumptions the line bundle A corresponds to the element [(Aq, ...,
he+)] € C*#11/C* where h; = 1,fori < [§1+ 1, h; = —1,fori = [§1+1,...,g — L,
hg = —1, hgy1 = 1, so A is of 2-torsion. In fact, consider the hyperplane x; = 0,
i =1,...,g—1in Ps72 and set 0;; = ¢}(x;) € HOp (g — 1)) = H(K¢, (D)),
0ip = ¢5(xi) € H'(Opi (g — 1)) = H(K¢,(D)). We have

(Gt —cij)

= dt, =1, 2.
ki (t —a; )t /

Notice that, with our assumptions, we have

Si1=68i2=n, i< [§]+1, 3i1=206i2=0, i> [%]—i—l,
ci1=c¢2=0, i< [E:I-i-l, (15)
dia;, drai drain [g]
i1 = — = — : ) i,2 = - ) Z ~ 11
Ci 1 A A Ci2 A 1 +

and for simplicity we shall choose d, = © = 1, so the only parameters are the a; ;’s. Hence,
for j = 1,2, we have Resy, (0i,1) = 8,1 — cij1/ai1 = i = 8;2 — ¢ip/ai» = Resy,(0;2) for
i <[54+ 1,50

o Resgy; (0i1) _
1

= =1, fori<[§]+l,
Resy, (0i,2) 2

C,
_ Resg(0i) g
" Resy(0ip) 92

Co—1,1
. Resqg(ag—l,l) =R

7 Resy,(0g—12) %
(81,1—ucy,1) 1
L Resg,,, (01,1) Reso( (=51, 1u) (_u)d“) i _
+1 = = = — = 1.
R @D e (S (1)) 2
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4. Quadrics

In this section we explicitly describe the ideal I5(C) = I (wc ® A) of the quadrics containing
the Prym-canonical binary curve C embedded in P¢~2 by wc ® A as in the previous section for
a general choice of the g; ;’s. Similarly as in Proposition 7 of [4], the ideal I;(C) is described
as the space of solutions of the linear system given in Proposition 4.3 which has maximal rank
2g — 2, so the curve is quadratically normal.

Observe that, since the curves C; and C; pass through the coordinate points, the equation of
a quadric Q C P22 containing Cy has the form

Z SijXiXj = 0. (16)

I<i<j<g—-1

In the next lemma we give a set of generators of 1;(Cy) of the above form.

Lemma 4.1. Set

OQuk= Y.  Ggtonkij Sij» n=0....g—1, k=12 (17)

I<i<j<g-—-1
with

qo,k:i,j = q0,k:i,j8i k8 k
G1.k:i,j = q1,k:i, i k8 .k — qo.k:i, j (i kCjk + Ci kS k) (18)
Grki,j = Grk:i,j0ik8jk — Gr—1,k:i,j (SikCjk + Cikbj k) + Gr_2 ki, jCikCjk, (r =2),

where

h
. h—
Qnkij =y afiai" (19)
m=0

and 8; i, ¢ k, ai k are as in (12).
Then the quadrics in I(Cy) (k = 1, 2) are the solutions of the linear system:

Oni(sij) =0, n=0,...,g—1 (20)
Proof. The quadrics of the form (16) containing Cy are the quadrics which satisfy the equations:

Bikt — cif) (St —Cjk)
(t—aix)t —ajr)

Py= ) M)

I<i<j<g-—1

g—1
sij =Y Pax(sipt" =0, (21)
n=0

k =1, 2, where the coefficients P, i (s;;) of the polynomial P (¢) are linear in the s;;’s. We will
show that the linear system P, ;(s;;) = 0 is equivalent to the system (20).

By expanding the product M (z, 1) one sees that the coefficients pj r.; j of sij in Pg_1_p
are

Pok:i,j = 8ik8jk, Plij = — Z i k0i k8 k — (BikCjk + Cikdjk) (22)
i1#,j
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h
Phki,j = (=1 E @iy k- Giy k| 8ikdjk
I<iy<ip<--<ip<g—1
alli, j

h
+(=D Z iy k- iy k| BikCjk + Cikdjk)
I<iy<ipg<-<ip_1=g—1
alli, j

+(=D" > ik +*  ig_gk | CikCiiks (23)

1<iy<ip<-<ip_p=<g—1
all#i, j

for2<h<g-—1.

Set

wi=1  ye=CED" Y @k aik. (24)

I<ij<ip<--<ip<g—1
all£i, j
Then we have (cf. [4] (12))
h
1" > iy k- ik = Y VIAGh—Lkii.] (25)
1<iy<ip<-<ip<g—1 =0

all#i, j

forh=0,...,g—1.
So, by (25), formula (23) becomes

h—2
Phki,j = Z Y1k (Gh—1k;i,j0ik8 .k — qh—1—1k;i,j (8i kCjk + Ci,kj,k)
1=0
+qn—2-1ki,jCi.kCj.k) + Yi—1.k(q1,k:i,j0i.k8 .k — q0.ksi, j (i kCjk + CikSjk))
h
+ VnkSikdjx = Z YikGh—1.k;i,j - (26)
=0
So, we have
g—1—n
Pok =Y YmkQnimk 27)
m=0

and one immediately checks that the linear systems P, x(s;;) = 0 and (20) are equivalent. ~ []

Proposition 4.2. Let g > 6. For a general choice of ajr, k = 1,2, i = 1,..., g — 1 and with
conditions (15) on c; k, i k, the linear system (20) has maximal rank g.

Proof. Consider the matrix
M(ayk, .- ag—1.k) = (Gn.k;i, j)o<h<g—1.1<i<j<g—1

of size g x (371)2&. We will show that the minor B, determined by the columns with indexes
i, ))=(01,2),....,(,g = 1),(2,[§]+1), (g —2,¢ — 1) is non zero.
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Notice that

Gox:1.j = 12, Gt = gt

Ghkctj = Woankj,  J < [%] +1, h>2

Go.x:1,j =0, Grk1,j = —HCjk,

dhk:1,j = —ICjkGh—1 ki js J = [g] +1, h>2 (28)
do.k:2.[5]+1 = 90kig—2.6-1 =0, él,k;z,[§]+l = TR S 41k

q1,kg—2,9-1 =0,

k2 [§]+1 = HC[E+1adn-102 5]+ =2

6}h,k;g—Z,g—l =qh—2,k;g—2,g—1Cg—2,kCg—1,k>» h>2.

So, dividing the first [§] columns by w?, the column indexed by (2, [51+ 1) by —uc[g]ﬂyk,the

last column by ¢ rcg—1,x and all the other columns indexed by (1, j) with [%] +1<j<g—1
by —picj k, we see that By is a non zero multiple of the determinant & of the following matrix:

1 . 1 0 .. 0 0 0
q1k12 - dik1[E) 1 . 1 1 0
Q2k12 - G2k 91k1 05141 -+ 9lLkilg—1 q1.k:2,[51+1 1
B2 - 434s1,[5] D1, [51+1 -~ 92kilg-1 42,k;2,[51+1 q1.k:g—2.g—1 .(29)
Qg—1.k;1.2 - Gg—1k;1,[8] Dg—2.k:1[51+1 - dg—2.kilg—1 Dg—2k:2,[§1+1 9g—3.kig-2,8-1

One can inductively compute the determinant d up to sign,

g—1 [51] g3
d=V(asg ....ag 10 || @rx—aw) []asx-[]ajx (30)
r=1 s=3 j:1
r#2,[§1+1
where V(a3 k, ..., ag_1) is the Vandermonde determinant in the variables az g, ..., ag_1 . To

do this one can perform column and row operations.?

So we reduce to a (g—3) x (g —3) matrix whose columns except the last one are the columns of
the Vandermonde matrix in the variables a3 ¢, . . ., A& k> A& 142,k - -+ Gg—L k- Hence repeating

recursively standard row and columns operations,> we obtain formula (30). [

2 Substitute column (2, [5£]) with (2, [£1) — (1, [£]) then divide it by ap 4 — aj x: substitute any row by itself minus
ay x times the preceding row; substitute each column from (1, 3) to (1, [%]) by itself minus the first column, eliminate
the first row and column and divide the column (1,7) (j =3, ..., [%]) by a; x — a3 j; substitute each row by itself minus
ALk times the preceding row, eliminate the first row and the (1, [%] + 1)-column and divide the column (1, j) with

51+,

j= [%] +2,...,8—1byaji — a[%Hl.k; substitute any row by itself minus a; j times the preceding row, eliminate
the first row and the (2, [%] + 1)-column and divide the column (1, j) with j =3, ..., [%] bya; ; — ULy ke
S+

3 Substitute each column except the first one and the last one by itself minus the first column, substitute the last one
by itself minus the first column multiplied by the first coefficient of the last column, eliminate the first row and column
and divide all the columns except the last one by a x — a3 j and repeat.
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In the following proposition we give an explicit description of the ideal I5(C) of quadrics
containing C = C1 U C; and we prove that C is quadratically normal.

Proposition 4.3. Let g > 6. For a general choice of ajx, k = 1,2,i = 1,...,g — 1 and with
conditions (15) on c; k, i k, the linear system

Qo,1(5ij) = -+ = Qg1,1(85ij) = Q1,2(5ij) = -+ = Qg-22(si;) =0, (3D

has maximal rank 2g — 2.

Proof. Since we want to prove the statement for generic a; ;, it suffices to show it for the
following choice of @; j, j =1,2,i=1,...,g —1:

aigj=1i-a, i=1,...,8—1;
(32)
aip =1, arp=r+1, r=1,...,g—-1,

where a # 1 is a non zero constant. Consider the matrix Z := Z(a;, ;) of size (2g — 2) x (ggl)
obtained by concatenating vertically M(ay1,...,ag1,1) = (Gn,1:i,j)0<h<g—1,1<i<j<g—1-
N(ai12,...,a5-12) = (Gn2i,j)1<h<g—2,1<i<j<g—1. Let us set k = [%] and consider the
submatrix Z; of Z formed by the columns of Z indexed by (1, 2),...,(1,g—1), 2, k+1), (g—
2,g—1),2,3),...,2,k), 2,k+2),....,2,g— 1), (k, k+ 1), (k, g — 1). We will prove that
Z1 has maximal rank 2g — 2. Note that the submatrix given by the first g rows and columns is
the matrix (29) of Proposition 4.2 which is proved to be non singular. So doing operations on the
columns we can assume that Z; is a matrix whose submatrix given by the last g — 2 columns
ad the first g rows is zero. Hence we just need to prove that the submatrix A given by the last
g — 2 rows and columns has maximal rank. If we denote by v; the column indexed by (1, i),
i =1,...,g — 1, by w; the column indexed by (2,i),i = 1,...,g — 1, by w the column
indexed by (k, k 4 1), by ¢ the column indexed by (k, g — 1), the operations that we do on the
columns of Z; are the following:

-fori =3, ..., k, substitute the column w; with the vector w; + l.l_;évl- + ﬁvl.
-fori =k+2,...,g— 1, substitute the column w; with the vector
. k-ci ci,1(k—1) i—1
wi + Cr+1,1—=2) Vk+1 — Cr+1,1G—=2) Wit1 — 73 Vi
- substitute the column w with the vector
(k=1)-Cry1. Chg1.1(k—1) 2(1—k)?
w 4 Sy — SRy — (2 = Do — 2w,
- substitute the column ¢ with the vector
(k—1)-cg—11 cg—1,1(k=1) 2(k—1)cg—1,1 2(1—k)cq_1,1

R e S R v = U e o ey A R = e U R AU E

To prove that the matrix A is of maximal rank g — 2, we argue as follows. First of all one can
easily check (with the same procedure as in Proposition 4.2) that the submatrix C of Z; formed
by the columns indexed by (1, 2), (1,4), ..., (1, g—1), (2, k+ 1) and by the last g — 2 rows has
rank g — 2. Denote by (A1, ..., A;_2) the coordinates of the vector given by the column of Z;
indexed by (1, 3) and the last g — 2 rows, with respect to the basis of C4~2 given by the columns
of C. Then the coordinates of the columns of A with respect to the basis given by the columns
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of C are given by the following matrix which we will show to have maximal rank:

A 1 ! ! ! 0 0 B
1 12 3 k—2 o] 1
A 2 0 0 0 0 0 0
1
A3 0 3 0 0 0 0 0
0 0 0 0
i ,

Ae— 0 e 0 0 — —

k=2 T —2 ar —pi
Ak—1 0 0 0 Hik+2 - MHig—1 @3 B3

Ak 0 0 0 M2 k42 - 0 0 0
0 ) ) ) .

. . . ... . . 0 . 0
Ag—3 0 0 0 0 0 w21 0 Ba
Ag—2 0 0 O . U3 k+2 =+ M3g-1 o4 Ps

where, for j =k +2,...,¢g—1,
1 < ij,l (k + I)ijz) 1
M1,j = - s M2,j = T—=x>
N N Ck+1,2 )
k—1 Cjl Cj2 ) k—2
MS,. = . - + ) o3 = ——,
’ (] - 2) ( Ckt1,1  Ck41.2 2
k—1)4 - k2) 1 —3kcg_12 2k —1)cg_1.1
w=——— fP3= =+ 5 :
2k(k +1) g—k—1\ 2cry12 Ck+1,1
p 1 p 1 3k(k — Dcg_12  2(k — D?ce_1 1
4 = > 5 = - .
g—k—1 g—k—1\ 2(k+ Dcry12 kckt1,1

Subtracting from each of the last two columns a suitable multiple of the (k — 2)’s column, we
can assume that «; = B = 0, hence the submatrix formed by the last g — k columns and the first
k — 2 rows is zero. The determinant of the submatrix given by the first (k — 2) rows and columns
is ﬁ(zgf Xi — 1), and the determinant of the submatrix given by the last g — k rows and
columns is a non zero multiple of

Mgl o3 P —(k =Dk =2 —k—2)

det | p2g-1 0 Ba| = ;
U3g—1 4 Ps 2k(k+ D7k +2)(g —3)(g—k—1)

£0

So it remains to show that Zf‘:—lz Ai # 1. To do this, it suffices to show that the matrix
obtained by adding the row (1, ..., 1) to the submatrix of Z; formed by the columns indexed by
(1,2),(1,3),...,(1,g—1), (2, k+ 1) and the last g — 2 rows has rank g — 1. This can be easily
seen with a procedure similar to the one used in Proposition 4.2. [

5. Surjectivity

In this section we will prove by induction on the genus the surjectivity of w4 for a general
Prym-canonical binary curve (C, A) of genus >20.
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5.1. The second Gaussian map

Let us first of all analyze in detail the map w4 of (10) when C = C1 U C» is a Prym-canonical
binary curve embedded in P2 by wc ® A, where A € Pic?(C) is non trivial of order 2.
Since wc|c; = K¢; (D;) where D; is the divisor of nodes in C;, we have

HY(S* () ®wi®) =T & (@ HO(C;, K?f(sz))) :
i=1,2
where T is the torsion of S 2((2&), which is supported at the nodes (see Lemma 2 of [4]). In fact
we have an exact sequence

0— T — S22 — Fc — 0,

where F¢ is a non-locally free, rank 1, torsion free sheaf on C.

To prove the surjectivity of u4 we will show the surjectivity of the components of ;4 on both
non torsion and torsion parts of H 0(SZ(Qé) ® w?z).

Consider first the non torsion component v = v; @ v, where

ve : L(C) — HO(Cy, KE*2Dy) = HO(P', Op1(2g — 6)), k=1,2.

k

Recall that the curves C;, I = 1, 2 are the images of the maps ¢; defined in (12), ¢; : Pl —
Pe2 1=1,2
(it —ciy)
@t —aip)

Assume Q € I>(C) is of the form (16) where s;; are solutions of (20). Then using the local
expression given in (11), we have

0(0) = Z M,f(t) ((Si,tkl — Ci,k) <8j,kt — Cj,k> s,-j(dt)4, k=1.2. (33)

I<i<j<g—1 ik P—ajk

G1(t,u) = (fri(t), ..., fg—1.1(1)), fia @) = M (@)

As an element of HO(P!, Op1(2g —6)), v, (Q) can be identified with the polynomial of degree
2¢g —6int,
(cik — ixaix) (Cjk — 8jkajk)
(t — aip)? (t—ajp)?

Rety= > M®

I<i<j<g—1

Sij- (34)

To study the torsion component, we consider as in [4] the restriction T of @ 4 to ker (v), which
lands in the torsion part 7 of H O(S2(.Q(1;) ® a)?z). Then using Lemma 2 of [4] one sees that the
composition of 7 with the projection on the torsion part Tp, at the nodes Py, ..., Pg_1, Pg is as
follows: a quadric Q € ker(v) as in (16) is mapped to

dxdy Y " sij fi1an1) f] o (an2) + 2xdxdy " sij £ @ni) 5 (an.2)

i#]j i#]
+2ydxdy Y sij fly (an) f] o (@n), (39)
i#]
where h = 1,...,¢,s;; = sj; and x, y are local coordinates around Pj, such that C; is given

locally by x = 0 and C2 by y = 0 and since Py is the image of [0, 1], we set ag 1 = ag2 = 0.



E. Colombo, P. Frediani / Advances in Mathematics 239 (2013) 47-71 63

The description of the torsion at the point P, is similar:

dxdy Zsij (i1ai,1 — ci,1)(8j2aj2 —¢j2)

i#]
+2xdxdy Z sijai1(8i1ai,1 — ¢i1)(8j2aj2 — ¢j2)
i#j
+2ydxdy Z sijaj2(8i1ai1 —ci1)(6j2aj2 —cj2), (36)
pe

where s;; = s;; and x, y are local coordinates around P, such that Cy is given locally by x = 0
and Co by y = 0.

5.2. Proof of surjectivity

Let C C P82 be a Prym-canonical binary curve embedded by wc ® A, with A®? = O,
as in (15) and set k = [%]. Denote by C the partial normalization of C at the node P, where
P =P ifg =2k P = Py if g =2k + 1 and by p;1, p> the preimages of P in C. Observe
that for a general choice of the g; ;’s, the projection 7 from P sends the curve C to the Prym-
canonical model of C in P$~3 given by the line bundle K ¢ ®A" where A’ corresponds to the point
(h’,...,h;_l, 1) € C*¢/C*, with h} = 1fori < [g—;l],h; =—1fori = [g—gl]—i—l,...,g— 1,
as in Section 2. In fact if g = 2k, we have k — 1 = [%] = k" and (C, A)) is as in (12), (15)
withalf’j =ajfori <k, j= l,2,alf’j =ajq1,jfori >k'+1,j=121fg=2k+1we
have [g—;l] =k,s0(C,A)is parametrized by alf’j =a;jfori <k, j=12, alf’j = aj4,j for
i>k+1,j=1,2

Consider the following commutative diagrams with horizontal exact sequences

00— @i=12HY(C, K?f(Zﬁ;)) — @12 H(C;, K?j.“(ZDi)) — ®i=1202p, (37)

J 1

0 L(C) L(C)
0 T T Tp (38)
0 ker(¥) ker(v)

where D; is the divisor of nodes of C on C; and D~l~ = D; + p; and v, T and v, T are the maps
defined in the previous section for C and C. Hence, if ¥ and x (T and tp, resp.) are surjective,
then v (7, resp.) is also surjective.

Theorem 5.1. If (C = C; U Cy, wc ® A) is a Prym-canonical general binary curve of genus
g > 20, then |14 is surjective for C.

Proof. The case g = 20 is done by a direct computation with Maple (see Appendix A.1). We
then proceed by induction on g: the commutativity of the diagrams (37), (38) shows that it is
enough to prove the surjectivity of x and tp, where P = P, for g = 2k and P = Pyy for
g = 2k + 1, as above. Recall that the map v is v; @ v, where vy and v, are defined in (33), so we
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can write x = x1 @ x2, where yx; is the composition of v; with the restriction to 02, [ =1, 2.
We want to compute x (Q), where Q € I(C). Notice that if Q € I(C) is of the form (16),
with the s;;’s satisfying (31), then x;(Q) is the pair (R;(a,;), R(ar;)) (Where r = k for g even
and r = k + 1 for g odd) corresponding to the evaluation of the polynomial R;(¢) (I = 1,2) of
(34) and of its derivative at P. Recall that R;(¢) is linear in the s;;’s and denote by Rll.’ j(t) the
coefficient of s;; in R;(?).

To prove the surjectivity of x we have to show that the matrix Y of size (2g + 2) x (g ;1)
obtained by concatenating vertically the matrix Z in the proof of Proposition 4.3, and the matrix

of size 4 x (ggl ) whose rows are the evaluations in P of R} (Rilj)/, Rl-zj, (Rizj)/ is of maximal

i,j°
rank.
By formula (34) we have:
R (1) = (ciy — aigdi)(eji—ajsin - [] ¢ —ar)? (39)
réi, j
Therefore, if i,j # n, Rf’j(an,l) = 0 and (Rl{j)/(a,,,l) = 0. So it remains to

compute R} (ax1), Ry ;(ax) and (R ) (ax1), (R ;) (ax.p), for g = 2k, and R\, (ax+1,),
Rll{+1’j(ak+1’]) and (RfykJrl)/(ak-‘rl,l)’ (R,l{H’j)’(ak_s_l,l), for g = 2k+ 1. If g = 2k and we denote
by Dy = l_[r;ék(aksl — ar,l)z, we have

Di1 - aijag,
(ar; — aip)?

2Dy - a;jag 1
(Rl ) (@) = —————=. 3" :
(ki —ai)™ T @k —arp)

Dy - cjiak,

R (ary) =
s
' (a1 — aj1)?

R j(ary) = —

2Dy 1 - cjak, 1
(R ) (ax ) = ————L—=. —.
' (ks —aj)® 5 @ —ar))

If g = 2k 4 1, and we denote by Dy, == l—[r#kﬂ (ak+1,1 — ar’[)2 we have

Dy1,1 - aiiCk+1.1
(ars1,0 —ai)* '

2Dg41,1 - GidCk+10 1
(arprr —ain)® L (@ —ar))

D11+ cjicr+1,

Rl -(a ) =
k+1 k+1,1
+hy (ar+1,0 — aj1)?

l
Ri,k+1(ak+1,l) = -

(R} 1) (k1) = —

2Dgt 1,0 - €jiCk+1, 1
(a1, — aj1)? vt @i —arp)

(R;l(+1,j)/(ak+1,z) =

To show that the matrix ¥ has maximal rank 2g + 2 we will show that the minor det N
is non zero, where N is determined by the columns indexed by (1,i), (2, j), with 2 <
i <g—-1,3<j<g-1(®kk+1,k,g—1),(g—2,¢g—1) and we choose the
columns (3,k), (4,k),(k +1,g —2),(k + 1,g — 1), in the case g = 2k, and the columns
B.k),d k+1),(k+1,g—-2),(k+1,g — 1), in the case g = 2k + 1. Notice that the square
submatrix of N given by the first 2g — 2 rows and columns is the submatrix Z; of Z introduced in
Proposition 4.3, which is shown to be non singular for a general choice of the a; ;’s. The columns
of the submatrix G of N given by its last four columns and its first 2g — 2 rows are clearly also
columns of Z hence linearly dependent on the columns of Z;. Therefore we perform operations
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on the last four columns of N to bring G to the zero matrix. So it suffices to prove that the
submatrix A of order 4, given by the last 4 rows and columns is non singular for general a; ;. To
do this we choose the set of the g; ;’s as in (32), we compute with Maple the determinant of A
and we see that as a function of k it does not vanish for any integer £k > 10 (see Appendix A.2).
This proves that y is surjective.

It remains to show that 7p is surjective. Recall that ker(v) is defined in I(C) by the vanishing
of the polynomials R;(¢), [ = 1, 2. By the description of the torsion at the point P given in (35),

we need to show the rank maximality of the matrix X of size (2g 4+ 5) x (g ;1> obtained by

concatenating vertically the above matrix Y and the matrix of size 3 x (g ;1) whose rows are,
for g = 2k (hence P = Py)

(T)ij = fi1(ak, ) f]o(ak2) + £y (@) fia(ax ),

(12)ij = fi1 (k) f]o(ak2) + f (@) fi 2 (ak ),

(T3)ij = fi1(ak,) 1 olak2) + £y a) fi (ak,2)
and for g = 2k + 1, hence P = Py,

(T)ij = fi1 @1, [} 2(ak+1,2) + fi 1 (@1, f1 2 (ak+1,2),
(1)ij = fi1 @1, [ o arr1,2) + fi (@1, f1 o (ak41,2),
(T3)ij = fi1 (1,0 [} 2 (akr1,2) + i1 (@1,0) {2 (ar41,2)

We claim that the minor det M of the submatrix M of X determined by the 2g + 5 columns,
indexed as the columns of N plus 5,k + 1),(k,g — 4),(k+ 1,g —3) if g = 2k, and
S, k+1),k+1,g—4),(k+1,g —3)if g = 2k + 1 is non zero. This will conclude the
proof that tp is surjective, hence the proof of the theorem.

As above the square submatrix of M given by the first 2g — 2 rows and columns is the
submatrix Z; of Z introduced in Proposition 4.3, which is non singular for a general choice
of the a; ;’s. The columns of the submatrix H of M given by its last seven columns and its first
2g — 2 rows are clearly also columns of Z hence linearly dependent on the columns of Z;.
Therefore we perform operations on the last seven columns of M to bring H to the zero matrix.
So it suffices to prove that the submatrix B of order 7, given by the last 7 rows and columns is
non singular for general g; ;. To this purpose we choose the set of the a; ;’s as in (32), we compute
again with Maple the determinant of B and we see that for any integer k > 10 it does not vanish
(see Appendix A.2). This proves that tp is surjective, hence by induction w4 is surjective. [

6. The class

In the previous section we have proved by semicontinuity that the second Gaussian map
ua  H(C) — HO(SQ(Qé) ® K?z) has maximal rank for the general pair [C, A] in Rog.
Notice that for g = 20, dim(l(C)) = dim(H°(S*(2}) ® K&?)) = 133. Consider the locus
D ={[C, Al € Roo | rk(a) < 133}.\_Ve haveiroved that D # Rao, hence, if it is not empty, it
is an effective divisor in Rop. Let w : R, — M, be the finite map which extends the forgetful
map R, — M, (see [11] Section 1). The partial compactification 7~€g of R introduced in [11]
Section 1 is the inverse image 7 ~!(M,), where M, := M, U Ag and Ay is the locus of one-
nodal irreducible curves. Denote by f : X — Rg the universal family and by P € Pic(X) the
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cprresponding Prym bundle as in [11] 1.1. Assume g = 20, then if D is the closure of D in 7@20,
D is the degeneracy locus of the map

iiDh— fulloy @ P)P2 @ S22)) = fu0f @ PP @ IF?),
of (9). Denote by F; := fx (w?i ® P, Using Grothendieck—Riemann—Roch and Proposition
1.6 of [11] one computes as in Proposition 1.7 of [11]

id 2_ D (121 — 8) — 8¢ — 2854™) 4+ A — ﬁsg“’”,

4
where A is the pullback of the Hodge class A € Mg and 86, 86’ , and 8" are the boundary classes
defined in [11] Section 1. So we have

c1(Fi) =

ram

c1(Fi) =1 — 04 . c(F) =130 — 8, — 85 — 3854,

c1(S2(F1) =20 - ¢1(Fi) = 200 — 585",
therefore
c1(Ty) = c1(S*F) — c1(Fa) = Th + 8 + 8; — 285"
Notice that by Grothendieck—Riemann—Roch we have
c1(fx (@ @ P2 @ I57))
= fx [(1 + 1 @ PP

15 o4 e ci(wp)  cilwp)? +1[2]
+ 3et@f @ PO 20z - [1- =5 + 3 2
= T34 — 8(8) + 8])) — 17850,

since fy(c1(wy)-P) =0, fi(c (P)?) = —8,“" /2, by Proposition 1.6 of [11] and by Mumford’s
formula, fi(c (a)f)z) = 120+ fo([Z]) and fi[Z] = 8, + 85 + 28, ([11], 1.1). So, finally we
have
c1(D) = 1 (fu(@$* @ PP R IEY) - rk(To) — c1(To) - rk(fulw?* @ PP @ T57))
= 133(66) — 9(8) + 8]) — 1585“™),

and ¢1(D) = 877_8)», hence D is an effe_ctive divisor in Ry, D is an effective divisor in 7@20 and
if we denote by D the closure of D in R, we have computed

c1(D) = 133(66A — 9(8) + 87) — 1585™™ — - - ). (40)
In fact, since the partial compactification 7~2g - ﬁg has the property that 7 ! (M ¢ UAp) — 7~2g

has codimension >2, the expression (40) computes the coefficients of A, &), 86’ s 86‘"” in ¢ (Z_)).

Remark 6.1. e Using Prop_osition 1.9 of [11] one can find lower bounds on some of the other
boundary coefficients of D.
e Pushing forward D, one gets

c1(m (D)) = 133(66(2*° — HA — 33 - 28 —9)5) — - - ),

hence its slope is >8 + m.



E. Colombo, P. Frediani / Advances in Mathematics 239 (2013) 47-71 67

Appendix. Maple scripts for computations
A.l. Surjectivity for g = 20

We list here the Maple script we run. We will explain it afterwards: for this purpose, we added
line numbers.

al[1]:=[25,35,54,47,67,97,73,81,22,33,76,27,38,44,58,69,63,80,99] :
af2]:=[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20] :
listsij:=[seq(seq(s[i,jl,j=i+1..19),i=1..19)]:
t[1]:=[0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,1,1,1,1]:

5 Al:=mul(al1][i],i=1..19):

A2:=mul(al2] [i],i=1..19):

d2:=1:

dl:= -d2*A1/A2:
delta:=[1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0]:

10 c[1]:=[seq(t[1] [i]*a[1] [i]*d1/A1,i=1..19)]:
c[2]:=[seq(t[1][i]*a[2] [i]*d2/A2,i=1..19)]:
Z:=Matrix([seq([seq(seq((deltal[i]l*deltal[j])*add
(al1][il"m*a[1]1[j1~ (h-m) ,m=0..h)-

(deltaljl*c[1] [i]l+deltalil*c[1] [j]1)*add

(al11[il m*a[1] [j]~ (h-1-m) ,m=0..h-1)+

(c[11 [il*c[11[j1)*add(al1] [i] "m*a[1] [j1~ (h-2-m) ,m=0..h-2),
j=i+1..19),i=1..19)],

h=0..19), seq([seq(seq((deltal[il*deltalj])*add

(al2] [11"m*a[2] [j1~ (h-m) ,m=0..h)-

(deltaljl*c[2] [i]+deltalil*c[2] [j])*add

(al2] [i] "m*a[2] [j]1~(h-1-m) ,m=0..h-1)+

(c[2] [1]1*c[2]1 [j1)*add(a[2] [i] "m*a[2] [j]~ (h-2-m) ,m=0..h-2),
j=i+1..19),i=1..19)],

h=0..19)]1):
19 Zref:=Gausselim(Z,’r0’) mod 131:
r0;
38
M[1] := mul(t-af1][i]l, i =1 .. 19):

M[2] := mul(t-al[2][il, i =1 .. 19):

for i from 1 to 19 do phil[l, i]

:= diff (M[1]*(deltal[il*t-c[1]1[i])/(t-al1]1[i]), t):
25 phil[2, i] := diff (M[2]*(deltali]

*xt-c[2]1 [1]1)/(t-al[2][i]), t) end do:

R[1] := add(add(s[i, jl*phiil[1, il*phii[l, jl,

=i+l .. 19), i =1 .. 19):

R[2] := add(add(s[i, jl*phi1l[2, il*phi1l2, j],

jo=i+l .. 19), i =1 .. 19):

Egskernu := [seq(seq(primpart(coeff(R[k], t, n)),

n=0..30,k=1..2)]:

K:= Gausselim(linalg[stackmatrix] (Zref,



68

32

39

45

52

63
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linalg[genmatrix] (Eqskernu,listsij)),’r1’)
mod 131):
rl;

108
for i from 1 to 19 do phi2[1,i]
;= diff(phi1l1,i],t): phi2[2,i] := diff(phil[2,i],t):
phile0[1,i]l:= eval(phii[1,il, t = 0): phi2e0[1,i]
:= eval(phi2[1,i], t = 0):
phile0[2,i] := eval(phil[2,i], t = 0): phi2e0[2,1i]
:= eval(phi2[2,i], t = 0):
for h to 19 do phile[1, i, hl:= eval(phil[1,il, t = al[1][h]):
phi2e[1, i, h]l:= eval(phi2[1,i], t = al[1]l[h]):
phile[2, i, h]l:= eval(phil[2,i], t = a[2][h]):
phi2e[2, i, h] := eval(phi2[2,i], t = a[2][h]) end do end do:
for h from 1 to 19 do
tors[h,1]:= add(add(s[i,jl*(phile[1,i,h]l*phile[2, j, hl+
phite[1,j,h]*phile[2,1,h]), j = i+l .. 19), i =1 .. 19):
tors[h,2] := add(add(s[i,jl*(phi2e[1,i,h]*phile[2, j, h]l+
phi2e[1,j,h]l*phile[2,i,h]), j = i+l .. 19), i =1 .. 19):
tors[h,3]:= add(add(s[i,jl*(phile[1,i,h]l*phi2e[2, j, hl+
phile[1,j,h]*phi2e[2,i,h]), j = i+1 .. 19), i = 1 .. 19) end do:
tors[20,1]:= add(add(s[i jl*(phileO[1,i]l*phile0[2, j]
+phile0[1, jl*phileO[2, il),
jo=di+t .. 19), i =1 .. 19):
tors[20,2] := add(add(s[i,jl*(phi2eO[1,i]*phile0[2, j]
+phi2e0[1, jl*phileO[2, il),
=i+l .. 19), i =1 .. 19):
tors[20,3]:= add(add(s[i,j]*(phile0[1,i]*phi2e0[2, j]
+phile0[1, jl*phi2e0[2, il),
jo=di+l .. 19), i =1 .. 19):
tors[21,1]:= add(add(s[i,jl*((deltalil*al[1] [i]-c[1] [i])=*
(deltaljl*al2] [j1-c[2][j1)+
(deltaljl=*al1] [j1-c[11[jl)*(deltalil*al[2] [i]-c[2][i])),
j=1..19,i=1..19):
tors[21,2] := add(add(s[i, jl*((deltalil*al1][i]l-c[1][i]l)*al1] [i]*
(deltaljl*al2] [j1-c[2][j1)+
(deltaljl=*al1l1[j1-c[1][jl)*(deltalil*a[2] [i]1-c[2] [i])*
al11[j1), j=1 .. 19, i=1 .. 19:
tors[21,3]:= add(add(s[i, jl*((deltalil=*al1][il-c[1][il)*al[2][j]*
(deltaljl*al2] [j1-c[2]1[j1)+
(deltaljl*al1]1[j1-c[1][jl)*(deltalil*a[2] [i]1-c[2] [i])*
al2][il), j=1 .. 19, i=1 .. 19):
Egskertau:= [seq(seq(primpart(tors[h,1]), 1 =1 .. 3), h =1 .. 21)]:
Gausselim(linalg[stackmatrix] (K, linalg[genmatrix]
(Egskertau, listsij)),’r2’)
mod 131):
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r2;
171
r2-ri;
63

In lines 1-2, we define the a; ;’s which will be used. We chose them randomly. In line 3, we
collect the unknowns {s; j}1.<i<;<g in the list 1istsij: there are (£3') of them. In line 4,56

we define t[1] which is the vector P, asin Lemma 3.1, A; = Hi:l 194ari,i =1,2.Inline 7,8

we defined, = 1,d| = —%, as in (15). In line 9 we define the vector § whose components
are §; 1 = 8;2, as in (15). In lines 10,11 we collect the c; 1, ¢;2i = 1,...,19 asin (15), and we
call them c[1][1], c[2][1]. These data give the curve C and the line bundle A as in Lemma 3.1.
In lines 13-19, we define the matrix Z associated to the linear system (31), whose solutions
give us the quadrics in I (C), cf. Proposition 4.3. In line 20, Maple computes the rank r0 of Z
via Gaussian elimination, by calculating modulo 131 to speed up computations. The resulting
matrix is called Zref. As expected by Proposition 4.3, Maple finds r0 = 38 = 2g — 2 and it
prints it in line 21. In lines 22, 23 we define M[j] as [[;_; 19t —a; ), j = 1,2. In lines 24,
25 we define phil[j, i] as the i-th component of %(qu (t, 1)), j = 1,2, where ¢; is defined
in (12). In lines 26, 27 we define R[k] as the polynomial R (t) of (34), k = 1, 2. In line 28,
we collect in EqsKerNu the list of equations which determine ker(v), cf. the definition of v in
(33). In lines 29-31, Maple computes the rank r1 of the linear system EqsKerNu N ker(Zref),
again via Gaussian elimination modulo 131, and the resulting matrix is called K. Maple finds that
r1 = 108 and it prints it in line 31. Since rank(v) = r1 —r0 =70 = 2h0((’)P1 (2g — 6)), for
g = 20, we have shown that v has maximal rank. In line 32, we define the second derivative phi2
of the ¢; (¢, 1)’s of (12). In lines 33-34 we define the evaluations phile0, phi2e0, of the first
and the second derivatives of the ¢;(z, 1)’s at = 0, i.e. at the point P9 and in lines 35-38 we
define their evaluations at the points P;,i = 1, ..., 19. Using them, in lines 39-51 we compute
the torsion at P;,i = 1, ..., 20, cf. (35), and, in lines 52—62, the torsion at the point P»1, cf. (36).
In lines 63 we collect in EgqsKerTau the equations which determine ker(t) and Maple computes
the rank r2 of EqsKerTauNker(K), via Gaussian elimination modulo 131 as before. Maple finds
that r2 = 171, therefore the rank of T is r2 —r1 = 171 — 108 = 63 = 3(g + 1) = dim(T),
(g = 20), hence also T has maximal rank. So we have shown that w4 is surjective for g = 20.

A.2. Results of computations in Theorem 5.1

Here we give the formulas of the determinants of the matrices A and B in the proof of
Theorem 5.1. The Maple files of these computations are available under request to the authors.

If g = 2k, det A = —4(4k3 F14k* 153 +k2—Tk+1)

her
o where

p1 =Kk — 43k + D)2k — Dk — D (K* — 4)(2k> — 9k>
+ 12k — 4)(k — 3)>((2k — DH*.

det(B) = 30 (k — 5)(k* — 9k3 + 16k + 3k — 8) - p2 - p3/(q1 - q2), where

pr = 16k° — 14k8 — 87k7 + 121k® + 75k> — 138k* — 52k + 54k> + 18k — 12,
p3=6k> —k* — 12k —4k*> + 12k — 4
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g1 = Kk =33k — 4k +4)(=3k + k> +2)2k — D)(k — 1)}
x a(k —4)" (k> — 9%k> + 12k — 4)

g = (k> — 4)(2k* — Tk + 6)((2k)1H®

and one can check all the functions appearing in these expressions do not have any integral
zero k > 10.
If g =2k +1,detA = % - (k — 4) p5 where

pa = (—2+Kk)*2k — DK%k — 3)3(k — DOk + 2)(k + 1)((2 + 2k)1?),

ps = (1168k" +2216k'3 — 22360k'2 — 41218k " + 17145k'0 4 47730k°
+46525k8 + 38736k — 70488k® — 58080k + 35288k*
+ 14726k — 6093k> + 66k — 465).

det(B) = %52 (k —5) - ps - p7/ps. where

ps = (270336 + 1257472k + 25884500k* — 5217504k>
— 15573704k> — 6492143k"7 + 68438542k
—28031103k® — 108784825k” — 49730235k® — 30298961%°
+ 50987804k 0 + 197670424k + 60883960k '
— 162484142k "3 — 9462204k'8 — 79976k "° + 945456k>°
+45632k>" — 44288k%% — 1216k + 768k>*
— 92612465k + 54292657k + 44402735k'©),

P71 =244k — k> + Qk + DItk + D)(k* —2k3 — k> + 12k + 4),
ps = ak®(k — 4> (k — (K> — 4k* + 5k — 2)3(2k* — Tk + 3) (k> — 3k + 2)°
x (k+ 13k — 3)° (k +2)(2k — 3)(4k* — 1)((2k + D))

and again one can check all these functions do not have any integral zero k > 10.
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