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ABSTRACT
Recent observations show that planet formation is already underway in young systems, when the protostar is still embedded
into the molecular cloud and the accretion disc is massive. In such environments, the role of self gravity (SG) and gravitational
instability (GI) is crucial in determining the dynamical evolution of the disc. In this work, we study the dynamical role of drag
force in self-gravitating discs as a way to form planetesimals in early protoplanetary stages. We obtain the dispersion relation for
density-wave perturbations on a fluid composed of two phases (gas and dust) interacting through the common gravitation field
and the mutual drag force, and we find that the stability threshold is determined by three parameters: the local dust-to-gas density
ratio, the dust relative temperature and the relevant Stokes number. In a region of parameters space, where young protoplanetary
discs are likely to be found, the instability can be dust driven, occurring at small wavelengths. In this regime, the Jeans mass is
much smaller than the one predicted by the standard gravitational instability model. This mechanism can be a viable way to form
planetary cores in protostellar discs, since their predicted mass is about ∼ 10M⊕.
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1 INTRODUCTION

In young massive protoplanetary systems, the role of self-gravity is
dynamically important since the disc contribution to the gravitational
potential is non-negligible (Bertin & Lodato 1999) and the system
may develop gravitational instability (Cossins et al. 2009; Kratter &
Lodato 2016). An example is the systemElias 2-27 (Pérez et al. 2016;
Paneque-Carreño et al. 2021): the spectacular images of a prominent
spiral structure strongly indicate that instability processes are signif-
icant, and recently its mass has been computed in a dynamical way,
measuring the deviation from Keplerian rotation due to self gravity
(Veronesi et al. 2021). Such systems are characterized by the pres-
ence of a spiral pattern that can be either in a thermally saturated
state or in an unstable condition (Kratter & Lodato 2016). In the
first case, a stationary spiral transports angular momentum through
the disc, while in the second case it fragments, potentially leading
to the formation of low mass stellar companions or giant planets. In
addition, spiral structure also influences gas kinematics, resulting in
deviations from Keplerian rotation visible in observed velocity field
(Hall et al. 2020; Longarini et al. 2021; Terry et al. 2021). While
the gas behaviour in self-gravitating environments has been deeply
explored, the dust behaviour has not yet been completely understood.
Protoplanetary discs are thought to be the environments where

planets form, and they are made up of gas and dust. The two compo-
nents are aerodynamically coupled through a drag force, caused by
the difference in velocity between them. The strength of the coupling
is measured through a dimensionless parameter, the Stokes number,
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that is the ratio between the stopping time of dust particles and the
dynamical time. Solid particles with St << 1 are strongly coupled
to the gas, conversely the ones with St >> 1 are weakly coupled.
In the Epstein regime, it is true that St ∝ 𝑎/Σ𝑔, where 𝑎 is the dust
grain size and Σ𝑔 is the gas surface density. The main effect of the
aerodynamical coupling between gas and dust is the so-called “ra-
dial drift”: the gas has a sub-Keplerian azimuthal velocity, due to its
pressure gradient, and a radial velocity given by viscous effects. In
contrast, the dust velocity is almost Keplerian, being a pressureless
and inviscid fluid, at a first approximation. Thus, solid particles ex-
perience an azimuthal headwind, and the resulting drag force tends
to slow the dust down and lets it migrate toward the central object.
The maximum radial drift occurs for dust particles with St = 1: this
phenomenon has dramatic effects in the context of planet formation,
since its timescale is very short, of the order of ∼ 100 yr, preventing
dust growth.
Investigating dust dynamics in protostellar discs is essential to un-

derstand planet formation, since dust is the fundamental constituent
of planetary cores. The large number of substructures, such as rings
and gaps, in class II objects (∼ 1 − 5Myr) is often explained with
the presence of protoplanets embedded in the disc (Andrews et al.
2018; Huang et al. 2018). The mass of these objects can be inferred
in different ways, such as morphological imprints (Crida et al. 2006;
Lodato et al. 2019), kinematic signatures (Pinte et al. 2019; Bollati
et al. 2021) or hydrodynamicalmodelling (Toci et al. 2020b;Veronesi
et al. 2020). It turns out that many of class II systems are hosting
planets with several Jupiter masses, as in the case of PDS 70 (Keppler
et al. 2018, 2019; Toci et al. 2020a; Facchini et al. 2021), in which
there are two giant planets with masses larger than 5 Jupiter masses.
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2 Longarini et al.

This necessarily implies that planet formation is already underway in
young systems (class I objects), when the disc still interacts with the
envelope. An example is the system IRS 63 (Segura-Cox et al. 2020),
a young (∼ 0.5Myr) protoplanetary disc that shows four annular
structures carved by a system of protoplanets.
The classical theory of planet formation is the Core Accretion

model (Safronov 1969; Goldreich &Ward 1973) (hereafter CA), and
it is focused on dust dynamics. Four stages can be identified, accord-
ing to the grains’ size and Stokes number: the first one is called “dust
growth" (Drążkowska et al. 2014) as dust coagulates from micron-
size to centimetre-size through microphysical mechanisms. In this
stage, the Stokes number is below unity, and it increases according
to the dust grains’ size. The second stage is called “planetesimal for-
mation" and it has not yet been completely understood. As a matter
of fact, it is not clear how dust grows from centimetre to kilometre
size, forming the so-called planetesimals. Indeed, during this stage
the Stokes number is ∼ 1 and thus radial drift effect is maximum.
For this reason, the presence of a mechanism that stops radial drift is
fundamental for planet formation, otherwise dust growth would stop
(Weidenschilling 1977).
The third step is called “collisional growth": through scattering

and collisions, planetesimals reach planetary cores dimensions. Col-
lisions are fostered by a mechanism called “gravitational focusing",
thanks to which the geometrical cross-section increases because of
gravitational attraction. This effect promotes the growth of bigger
planetesimals and for this reason it is called “oligarchic growth"
(Kokubo & Ida 1998). The last stage is “core accretion", in which
planetary cores accrete gas forming their atmospheres and, under cer-
tain conditions, become gaseous giants (Stevenson 1982). Although
this model currently provides the most popular explanation for the
formation of planets, it has been shown that formation timescales
may be anywhere up to ∼ 10Myr, exceeding typical disc lifetimes
(Haisch et al. 2001), specifically in the case of giant planets in the
outer disc. For example, the formation of systems as HD100546
(Fedele et al. 2021) or CIDA 1 (Pinilla et al. 2021; Curone et al.
2022) is particularly challenging for CA theory.
An alternative to the CA model is the Gravitational Instability

scenario (Boss 1997): unstable regions of the disc may collapse into
gravitationally bound fragments, forming giant gaseous planets or,
more likely, low mass stellar companions (Kratter & Matzner 2006).
The mass of the fragment created by GI is the Jeans mass, and for
typical protoplanetary discs its value is between 1− 10MJ. However,
this is the initial mass of the object: indeed, the fragment would start
accretingmaterial belonging to the accretion disc, increasing its mass
and likely becoming a brown dwarf (Kratter et al. 2010).
As we have just pointed out, current models of planet formation

are not able to explain the formation of planetesimals, CA because
of radial drift and GI because of too large value of Jeans mass. A
potential path to solve this issue is the streaming instability (Youdin
& Goodman 2005; Youdin & Johansen 2007; Johansen & Youdin
2007), and it can be qualitatively described as follows. Since the
dust-to-gas ratio in the mid-plane is higher, the back-reaction from
dust particles onto the gas is stronger, and therefore the azimuthal
difference of speed is reduced, making the headwind on the particles
weaker. If a dust overdensity was present, it would perturb the sys-
tem, causing a stronger backreaction, and so a reduced radial drift. It
is clear that this is a runaway situation, as the initial dust overdensity
increases more and more due to the new material drifting inward
from outer orbits and stopping into the clump: the consequence is an
exponential growth of clumps, since growth rates are slower than dy-
namical but faster than radial drift timescales. The effect of streaming
instability is maximum for marginally coupled dust particles (St ∼ 1)

and for high dust-to-gas ratio. Observationally speaking, overdensity
formation via streaming instability appears to be consistent with re-
cent multi-wavelength ALMA observations in Lupus star forming
region (Scardoni et al. 2021; Tazzari et al. 2021a,b).
Nevertheless, a step forward can be made in GI planet formation

scenario. Indeed, it is possible to consider the role of a second com-
ponent, i.e. dust in protostellar case: gravitational instability of a two
fluid system has been investigated in the context of galactic dynamics
(Jog& Solomon 1984; Bertin &Romeo 1988), and it has been shown
that even a small amount of a second cold component can make the
systemmore unstable. As for protoplanetary discs, the coupled effect
of drag and GI has been numerically studied by Rice et al. (2004,
2006), who find that solid cores can form rapidly in the outer disc
from dust concentration in the spiral structure of a non-fragmenting
gravitationally unstable disc. Indeed, gas spiral arms are maxima of
pressure and minima of gravitational potential, hence dust particles
are efficiently concentrated inside them, enhancing their density and
collision rate and eventually accelerating planetesimals formation
through direct gravitational collapse. In this picture, an important
parameter is the dust velocity dispersion 𝑐𝑑 : in gravitationally un-
stable disks, Booth & Clarke (2016) found that 𝑐𝑑 increases with
Stokes number, and it is minimum for St ∼ 1, since the combined
effect of drag and gravitational force is maximum. This trend was
also confirmed by Baehr & Zhu (2021) through 3D shearing box
simulations.
In this paper, we provide an analytical framework to study the

gravitational stability of a dust and gas disc, including the effect
of drag force. By taking into account the dust, there is a region of
parameters space where the gravitational instability is driven by this
component. In this context, the role of drag force is crucial, making
the system transition from the one fluid to the two fluid limit. The
parameter that controls this transition is the Stokes number.
First of all, we recall one-component and two-component fluid

models for gravitational instability and we present the dispersion re-
lation including the drag force, studying the marginal stability curve
and discussing the parameters’ space 2. In section 3 we apply drag
gravitational instability to protostellar discs, and we discuss the im-
plications in terms of planet formation, presenting some limits and
comparing our results with previous works. Finally, in section 4 we
draw the conclusions of the work.

2 ONE AND TWO FLUIDS INSTABILITY

In this work, we study the gravitational instability of an axisymmetric
protoplanetary disc. We first consider a thin disc composed of a
single fluid, with surface density Σ and sound speed 𝑐, differentially
rotating with angular frequency Ω and epicyclic frequency ^. Under
the hypothesis of an axisymmetric disc, all of these quantities are a
function of radius 𝑟 . The dispersion relation for linear, tightly-wound
density waves is

(𝜔 − 𝑚Ω)2 = 𝑐2𝑘2 − 2𝜋𝐺Σ|𝑘 | + ^2, (1)

where 𝜔 is the perturbation frequency and 𝑚/𝑟 is the azimuthal
wavenumber of the perturbation, and they are constant over the radial
extent of the disc (Safronov 1960). The theory was first developed in
the context of galactic dynamics, and it is the foundation of the density
wave theory for spiral galaxies (Lin & Shu 1964; Toomre 1964).
More recently, an extensive characterization of GI in protoplanetary
system has been presented by Cossins et al. (2009). For axisymmetric
perturbations (𝑚 = 0), the instability threshold is determined by the
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Drag force and gravitational instability – I 3

Figure 1.Marginal stability curve of the one-component fluidmodel (red line)
and of the two-component fluid one (black lines) for b = 0.01 and different
values of 𝜖 . It can be seen that for 𝜖 <

√
b the “hot” peak is dominant, while

for 𝜖 >
√
b the “cold” peak at smaller wavelengths is higher.

parameter

𝑄 =
𝑐^

𝜋𝐺Σ
; (2)

when 𝑄 > 1, the system is stable at all wavelengths, if 𝑄 < 1 there
is an interval of unstable wavelengths and 𝑄 = 1 is the marginally
unstable case. The most unstable wave is characterized by having the
following wavenumber

𝑘𝐽 =
𝜋𝐺Σ

𝑐2
, (3)

or equivalently wavelength

_𝐽 =
2𝜋
𝑘𝐽

=
2𝑐2

𝐺Σ
. (4)

𝑘𝐽 and _𝐽 are respectively the most unstable wavenumber and wave-
length, often called Jeans wavenumber and wavelength. Finally, it is
possible to define the Jeans mass, that is the mass enclosed in a Jeans
wavelength (Kratter & Lodato 2016)

𝑀𝐽 = Σ_2𝐽 =
4𝑐4

𝐺2Σ
. (5)

For protoplanetary discs, the thin disc approximation requires the
approximate relation
𝑐

𝑣𝑘
=

𝐻

𝑟
, (6)

where 𝑣𝐾 =
√︁
𝐺𝑀★/𝑟 , 𝐻 can be obtained by the hydrostatic equi-

librium, and it is given by 𝐻 = 𝑐/Ω and 𝐻/𝑟 is the aspect ratio, that
is usually taken as 𝐻/𝑟 ' 0.1. By using this identity, the Jeans mass
can be written as

𝑀𝐽 = 4𝜋
(
𝐻

𝑟

)4
𝑀★

𝑀𝑑
𝑀★ = 10−2

(
𝐻/𝑟
0.1

)4 (
𝑀★/𝑀𝑑
10

)
𝑀★; (7)

this means that for a star mass of the order of the solar mass, the
typical Jeans mass in protoplanetary discs is of the order of 10𝑀jup,
where 𝑀jup is the Jupiter mass, too high to form a protoplanet.

The instability threshold can be studied by inspection of the
marginal stability curve, which is a plot of the squared stability
parameter 𝑄2 as a function of the dimensionless perturbation wave-
length, by imposing the marginal stability condition 𝜔 − 𝑚Ω = 0.
Above this curve, the system is stable, while below it is unstable, and
the maximum of the curve is the critical value of 𝑄. To draw the
marginal stability curve, we define dimensionless Doppler-shifted
perturbation frequency and wavelength

a =
𝜔 − 𝑚Ω

^
, _̂ =

^2

2𝜋𝐺Σ𝑘
; (8)

with these identities, the marginal stability curve is given by a = 0,
and it reads

𝑄2 = 4
(
_̂ − _̂2

)
. (9)

It is possible to move toward a more realistic description of proto-
planetary discs, which are composed of two main elements, gas and
dust. The gravitational stability for a multi-phase fluid is different.
The two components can be described as two different fluids with sur-
face density Σ𝑔, Σ𝑑 and sound speed 𝑐𝑔 and 𝑐𝑑 , where the subscript
𝑔 refers to the gas and 𝑑 to the dust. In the context of protoplanetary
discs, gas component is more abundant Σ𝑔 > Σ𝑑 and hotter 𝑐𝑔 > 𝑐𝑑 .
It is possible to define two parameters that measure these properties:
the first one is the local relative abundance of dust

𝜖 =
Σ𝑑

Σ𝑔
, (10)

often called dust-to-gas ratio; the second one is the local dust relative
temperature

b =

(
𝑐𝑑

𝑐𝑔

)2
. (11)

As already pointed out, for a typical protoplanetary disc both 𝜖 and b
are smaller than unity. Clearly, the one-component fluid model limit
is given by the condition 𝜖 → 0.
Kato (1972) first proposed that the presence of a second cold

component can trigger gravitational instability at small scales: Jog &
Solomon (1984) and Bertin & Romeo (1988) proposed a quantitative
analysis of this behaviour, by computing the dispersion relation and
the marginal stability curve. In this model, the two components are
coupled to each other only through the common gravitational field.
The dispersion relation for the two-component fluid model reads

𝜔4 − 𝜔2 (𝛼𝑔 + 𝛼𝑑) + (𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑) = 0, (12)

with𝛼𝑖 = ^2+𝑐2
𝑖
𝑘2−2𝜋𝐺Σ𝑖 |𝑘 | and 𝛽𝑖 = 2𝜋𝐺Σ𝑖 |𝑘 |. and themarginal

stability curve is given by

𝑄2𝑔 = 2_̂
b

[
(𝜖 + b) − _̂(1 + b)+√︃

_̂2 (1 − b)2 − 2_̂(1 − b) (𝜖 − b) + (𝜖 + b)2
]
,

(13)

where the parameter𝑄𝑔 is defined as in Eq. 2 but in terms of only the
properties Σ𝑔 and 𝑐𝑔 of the gas component. A comparison between
the marginal stability curve of the one-component fluid model and
the two-component one is shown in figure 1. The profile of 𝑄𝑔 may
exhibit two peaks, one arising from instability in the gas compo-
nent, at intermediate wavelengths, and one at smaller wavelengths,
dominated by the cold component. This second peak emerges when
the dust is sufficiently abundant and cold: Bertin & Romeo (1988)
found that there is a transition from gas to dust driven instability
when 𝜖 >

√
b. In the two-component fluid model, the Jeans length

is defined as the wavelength at which 𝑄2𝑔 has its maximum, so when
instability is dust driven, the Jeans length is smaller compared to the

MNRAS 000, 1–14 (2021)



4 Longarini et al.

gas driven case. As in the previous case, the theory was first devel-
oped in the context of spiral galaxies, where the two fluids are stars
and gas. In the galactic context, stars are the hotter andmore abundant
component, in turn the gas is the secondary colder component.
In protoplanetary discs, gas and dust are aerodynamically coupled

through a drag force: its role is essential in determining the dynamical
evolution of the system, and so far it has been neglected.
In the following subsection, we present our results concerning the

role of the drag force between gas and dust in the gravitational stabil-
ity of density waves in a protplanetary disc. We obtain the dispersion
relation for a two-component fluid model, including aerodynamical
coupling: firstly, we neglect the dust backreaction, then we consider it
and we evaluate its effect. The details of the calculations can be found
in appendix A. Then, we obtain the marginal stability curve, and we
compare it with that of the one-component and two-component fluid
models considered earlier in this section.

2.1 Gravitational and aerodynamical coupling between gas and
dust

In this analysis, we consider a gas and dust disc, where the two
components are coupled through both gravitational and drag force.
The gravitational interaction is described by the Poisson equation,
that for this system is

∇2Φ = 4𝜋𝐺𝛿(𝑧) (Σ𝑔 + Σ𝑑), (14)

where Φ is the total gravitational potential, Σ𝑔,Σ𝑑 are the surface
densities of gas and dust respectively and 𝛿(𝑧) is the Dirac Delta
function. Equation (14) is telling us that both gas and dust contribute
to the total gravitational potential. As for the aerodynamical coupling,
it appears in the Euler equations

𝜕𝑡v𝑔 + (v𝑔 · ∇)v𝑔 = −∇(Φ + ℎ𝑔) +
1
Σ𝑔

F𝑑 , (15)

𝜕𝑡v𝑑 + (v𝑑 · ∇)v𝑑 = −∇(Φ + ℎ𝑑) −
1
Σ𝑑

F𝑑 , (16)

where v𝑔, v𝑑 are gas and dust velocity vectors, ℎ𝑔, ℎ𝑑 are gas and
dust enthalpies1 and F𝑑 is the drag force per unit surface, defined as

F𝑑 =
Σ𝑑

𝑡𝑠
(v𝑑 − v𝑔), (17)

where 𝑡𝑠 is the stopping time of dust particles, i.e. the time in which
drag modifies the relative velocity significantly. By these definitions,
it is evident that the effect of the drag onto the gas component is
smaller than the dust one of a factor 𝜖 = Σ𝑑/Σ𝑔, the so-called “dust
to gas ratio”, that is considered to be 𝜖 ∼ 0.01 from ISM abundances
(Draine 2003). Because of the small value of 𝜖 , we firstly neglect the
effect of the backreaction (i.e. we neglect the last term in Eq. 15):
this allows us to deal with simpler algebra; then, we add it, and we
evaluate its effect.

2.2 Instability without backreaction

Here, we record the dispersion relation 𝐷nbr (𝜔, 𝑘) without taking
into account the backreaction. To do so, we perform a first order
perturbation analysis of the fluid equations ( for an outline of the

1 The enthalpy is related to the sound speed: dℎ = 𝑐2dΣ/Σ.

derivation, see Appendix A). We find a fifth order equation with
complex coefficients, that reads

𝐷nbr (𝜔, 𝑘) = −𝑖𝜔5 + 2𝜔4𝑡𝑠 + 𝑖𝜔3
(
𝛼𝑔 + 𝛼𝑑 + 1

𝑡2𝑠

)
+

− 𝜔2𝑡𝑠
(
2𝛼𝑔 + 𝛼𝑑 − 𝛽𝑑 − ^2

)
+

−𝑖𝜔
[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 + 1

𝑡2𝑠
(𝛼𝑔 − 𝛽𝑑)

]
+

+ 1𝑡𝑠
[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 − ^2 (𝛼𝑔 − 𝛽𝑑)

]
= 0,

(18)

where 𝛼𝑖 = ^2 + 𝑐2
𝑖
𝑘2 − 2𝜋𝐺Σ𝑖 |𝑘 | and 𝛽𝑖 = 2𝜋𝐺Σ𝑖 |𝑘 |, in which

the subscript 𝑖 takes on the values g or d to denote which species the
various quantities refer to. The dispersion relation can be divided into
two parts, one that contains the drag coupling and one “drag-free”,
that corresponds to the two-component fluid model one

𝐷nbr (𝜔, 𝑘) = −𝑖𝜔𝐷2f (𝜔, 𝑘) +
1
𝑡𝑠
𝐷drag (𝜔, 𝑘), (19)

with 𝐷2f given by the left-hand-side of Eq. (12) and

𝐷drag (𝜔, 𝑘) = 2𝜔4 + 𝑖𝜔3

𝑡𝑠
− 𝜔2 (2𝛼𝑔 + 𝛼𝑑 − 𝛽𝑑 − ^2)+

− 𝑖𝜔𝑡𝑠 (𝛼𝑔 − 𝛽𝑑) +
[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 − ^2 (𝛼𝑔 − 𝛽𝑑)

]
.

(20)

One should note that in the limit of weak aerodynamical coupling,
𝑡𝑠 >> ^−1, where ^−1 ' Ω−1 is the dynamical time of the system,
the dispersion relation reduces to the two-component fluid model
one.
In order to compare this result with one and two-component fluid

model, we compute the marginal stability curve. In this case, there
are three parameters that determine the instability: 𝜖 and b, defined
as before, and the Stokes number St = 𝑡𝑠^, that measures the strength
of the aerodynamical coupling. Since the dispersion relation has
complex coefficients, the instability threshold is given by Im(𝜔) = 0.
We first study the high drag limit St = 𝑡𝑠^ << 1: in this case,

Eq. 20 is dominated by the two imaginary terms and we neglect the
others, so we can get analytically the marginal stability curve. As for
the general case, we obtain numerically the marginal stability curve
by imposing the imaginary part of the roots of Eq. (18) to be zero,
and we find that it is well reproduced by the high drag approximation;
this is also true when we take into account the backreaction.
In the high drag regime, the dispersion relation has the following

form

𝜔4−𝜔2
(
𝛼𝑔 + 𝛼𝑑 + 1

𝑡2𝑠

)
+
[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 + 1

𝑡2𝑠
(𝛼𝑔 − 𝛽𝑑)

]
= 0. (21)

To write the marginal stability curve, we set 𝜔 = 0 in Eq. 21, we
write it in a dimensionless form, and we solve for 𝑄2𝑔, obtaining

𝑄2𝑔 = 2_̂
b

{
(𝜖 + b) − _̂(1 + b + St−2)+

+
√︃[

_̂(1 + b + St−2) − (𝜖 + b)
]2 +

−4b
[
_̂2

(
1 + St−2

)
− _̂

(
1 + 𝜖 + (1 + 𝜖)St−2

)]}
.

(22)

It is important to note that for St→ ∞, Eq. (22) reduces to (13) since
drag force is negligible. On the contrary, when St → 0, the system
behaves as a single-component fluidwithΣ = Σ𝑔+Σ𝑑 Figure 2 shows
marginal stability curves for different values of 𝜖 , b and St compared
to the one and two-component fluid models. The role of the drag
force is to connect with continuity the one and two fluid instability.
We define 𝑄21f, 𝑄

2
2f and 𝑄

2
D as the marginal stability curve of the

one-component fluid model2, of the two-component fluid model and

2 In the one-component fluid model, the surface density is given by Σ =

Σ𝑔 + Σ𝑑

MNRAS 000, 1–14 (2021)



Drag force and gravitational instability – I 5

of the drag model; once we fix 𝜖 and b, the following condition is
always respected

𝑄21f ≤ 𝑄2D (St) ≤ 𝑄22f. (23)

As we have already pointed out, Bertin & Romeo (1988) found
that the transition from gas to dust driven instability happens when
𝜖 >

√
b: when we take into account the drag force, this relation

changes. Indeed, when St → 0, gas and dust are strongly coupled,
and they can be considered as one fluid: in this case, physically
speaking, we expect that the velocity dispersion is the same (b = 1),
and thus the instability is gas driven. This is just an approximation: in
general, the thermal velocity of small dust particles is set byBrownian
motions. Modelling this phenomenon is not the purpose of this work,
hence we make the approximation that for St→ 0 , 𝑐𝑑 = 𝑐𝑔. Under
a mathematical point of view, even though St→ 0, if 𝜖 ≠ 0, there is
always a value of b under which the instability becomes dust driven.
Conversely, when St → ∞, the system tends to the two-component
fluid model, where the drag interaction is not taken into account,
and thus the transition condition is the same of Bertin & Romeo
(1988). Now, we want to generalize the transition condition taking
into account the role of the drag force: we argue that the value of 𝜖
at which the transition from gas to dust driven instability occurs can
be written as

𝜖tr = 𝑓 (St)
√︁
b, (24)

where 𝑓 is a function for the Stokes number. This function must
respect two conditions

lim
St→∞

𝑓 (St) = 1, lim
St→0

𝑓 (St) = ∞, (25)

in order to recover one and two fluid limits. For simplicity, we hy-
pothesize that 𝑓 has the following form

𝑓 (St) = 1 + 𝑎St𝑏 , (26)

andwe found that the two best fit coefficients are 𝑎 = 0.72, 𝑏 = −1.36.
Figure 3 shows the transition curves for different values of the Stokes
number in the (b, 𝜖) diagram: for a chosen St, in the region above the
curve the instability is dust-driven, while below is gas-driven.

2.3 Instability with backreaction

Now we follow the same path as before, but taking into account the
backreaction. We start from the same hypotheses of section 2.2, and
we get the dispersion relation 𝐷br (𝜔, 𝑘) (an outline of the derivation
is given in Appendix A)

−𝑖𝜔5 + 2𝜔4𝑡𝑠 (1 + 𝜖) + 𝑖𝜔3
[
𝛼𝑔 + 𝛼𝑑 + 1

𝑡2𝑠
(1 + 2𝜖 + 𝜖2)

]
+

− 𝜔2𝑡𝑠
[
(2𝛼𝑔 + 𝛼𝑑 − ^2) (1 + 𝜖) − 𝛽𝑑

]
+

−𝑖𝜔
[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 + 1

𝑡2𝑠
(𝛼𝑔 − 𝛽𝑑+

+𝜖 (𝛼𝑔 + 𝛼𝑑 − 𝛽𝑔 − 𝛽𝑑) + 𝜖2 (𝛼𝑑 − 𝛽𝑔))
]
+

+ 1𝑡𝑠
[
(𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑) (1 + 𝜖) − ^2

(
𝛼𝑔 − 𝛽𝑑 − 𝜖 (𝛼𝑑 − 𝛽𝑔)

) ]
= 0.
(27)

As before, we write the dispersion relation in the high drag regime,
given by the condition St = 𝑡𝑠^ << 1

𝜔4 − 𝜔2
[
𝛼𝑔 + 𝛼𝑑 + 1

𝑡2𝑠
(1 + 2𝜖 + 𝜖2)

]
+

[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑+

+ 1
𝑡2𝑠
(𝛼𝑔 − 𝛽𝑑 + 𝜖 (𝛼𝑔 + 𝛼𝑑 − 𝛽𝑔 − 𝛽𝑑) + 𝜖2 (𝛼𝑑 − 𝛽𝑔))

]
.

(28)

We obtain the marginal stability curve by setting 𝜔 = 0 in the last
equation

𝑄2𝑔 = 2_̂
b

{
(𝜖 + b) − _̂(1 + b + St−2 + 𝑓1)+

+
√︃[

_̂(1 + b + St−2 + 𝑓1) − (𝜖 + b)
]2 +

−4b
[
_̂2

(
1 + St−2 + 𝑓2

)
− _̂

(
1 + 𝜖 + (1 + 𝜖)St−2 + 𝑓3

)]}
,

(29)

where

𝑓1 (𝜖, St) =
𝜖

St2
(1 + b + 𝜖b), (30)

𝑓2 (𝜖, St) =
𝜖

St2
(2 + 𝜖), (31)

𝑓3 (𝜖, St) =
𝜖

St2
[2(1 + 𝜖) + 𝜖 (𝜖 + 1)], (32)

are three correction factors.
Physically speaking, the backreaction is the effect of the drag

force onto the gas component: hence we expect to see differences
at intermediate wavelengths, where the instability is gas-driven. The
left panel of figure 4 shows a comparison between the marginal
stability curve with and without the backreaction: as expected, the
height of the gaseous peak is different. In particular,whenwe take into
account the backreaction, the system is more unstable i.e. the gaseous
peak is higher. This is in agreement with what found in secular
GI: backreaction makes the secular GI operational at intermediate
wavelengths (Takahashi & Inutsuka 2014). In addition, the effect of
the backreaction is stronger when the dust-to-gas ratio is bigger and
the Stokes number is smaller: in order to measure the effects of the
backreaction, we define a new quantity

Δ = Max
[���𝑄2br −𝑄2nbr

���] , (33)

shown in right panel of figure 4. It can be clearly seen that the effect
of the backreaction is small, even for extreme cases (high dust-to-gas
ratio and lowStokes number): fromnowon,wewill use the dispersion
relation without backreaction, for computational convenience.

3 APPLICATION TO PROTOSTELLAR DISCS

In the previous section we showed that the instability threshold is
determined by three parameters, 𝜖 = Σ𝑑/Σ𝑔, b = (𝑐𝑑/𝑐𝑔)2 and
St = 𝑡𝑠^. Here, we aim at understanding instability conditions in
protostellar discs: to do so, we need to choose realistic values of
these parameters.
Firstly, the value of 𝜖 in protostellar discs is usually chosen 𝜖 ∼

0.01. However, the gas disc is usually larger than the dust one, because
of the radial drift: for this reason, locally, 𝜖 can reach higher values.
Secondly, the value of b is more complex to determine: indeed,

dust particles stirring in protoplanetary discs is due to gravitational,
aerodynamical and turbulent effects. In this work, we neglect turbu-
lent phenomena since their magnitude is smaller in these systems.
A simple relation between the two parameters, taking into account
only the role of drag force, can be easily found Youdin & Lithwick
(2007), and it reads

b =
𝛼𝑆𝑆

1 + St , (34)

where 𝛼𝑆𝑆 is the 𝛼−viscosity (Shakura et al. 1978). The relative
temperature is of course related to the viscosity of the disc: indeed,
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6 Longarini et al.

Figure 2. Examples of marginal stability curves for different values of 𝜖 , b and St. The blue line is the two-component fluid model without drag force, the red
line is one-component fluid model and the black lines represents the two-component fluid model with drag force, without taking into account the backreaction;
the solid line corresponds to St = 1 and the dashed line St = 0.5.

the threshold below which dust particles behave the same as gas ones
is given by St < 𝛼𝑆𝑆 .

Thirdly, the Stokes number of dust particles is essentially deter-
mined by the gas surface density and the dust particles’ size. There
are two main regimes of drag coupling, according to the value of the

so-called Knudsen number

Kn =
9_𝑔
4𝑠

, (35)

where _𝑔 is the gas mean free path and 𝑠 is the dust particles’ size.
Epstein regime occurs when Kn> 1, whereas Stokes regime when
Kn< 1. Although typical protoplanetary discs are well described
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Figure 3.Transition curves for different Stokes number in the ( b , 𝜖 ) diagram
obtained by Eq. (26). For a chosen Stokes number, in the region above the
transition curve the instability is dust-driven, while below is gas-driven. The
St→ ∞ case recovers the well known result 𝜖 =

√
b .

by the Epstein regime, self-gravitating systems are between the two
regimes (Rice et al. 2006). It means that, for the same particles’ size,
the Stokes number tends to be higher in self gravitating discs3.

3.1 Small dust particles

Small dust particles are strongly coupled to the gas (St → 0), thus
they can be considered as a single fluid with a unique sound speed.
The condition b = 1 means that 𝑐𝑑 = 𝑐𝑔, thus drag force has no
effects because of the basic state we choose: indeed, 𝑢𝑑0 = 𝑢𝑔0,
and if the dispersion velocities are the same, the response of the
two fluids to the perturbations is equal (𝑢𝑔1 = 𝑢𝑑1), and drag force
does not act since it depends on the difference of speed. Actually,
the basic velocity of gas and dust is different because of the gas
pressure gradient, that is the cause of the radial drift: this issue will
be discussed in the following paragraphs.
Hence, in this regime, the stability threshold is determined only by

𝜖 and we recover the one fluid limit with Σtot = Σ𝑔 +Σ𝑑 = Σ𝑔 (1+ 𝜖),
as also shown in the context of secular GI (Takahashi & Inutsuka
2014). In this case, the cold component has a destabilizing role,
since it increases the surface density of a factor 1+ 𝜖 . Figure 5 shows
the situation described so far: the left panel illustrates the marginal
stability curve for different values of the dust-to-gas ratio, and the
right panel shows the maximum of the curve as a function of 𝜖 . This
value represents the critical Toomre parameter, and it increases for
higher dust concentration.

3.2 Large dust particles

Large dust particles are less coupled, and in general their sound speed
is different from the gas one. As we have shown the Stokes number
and b are linked through Eq. (34), so we can study the instability

3 This is particularly true in the inner part of the disc, where the Knudsen
number is lower since the gas density increases.

threshold as a function of the Stokes number alone, for different
values of dust-to-gas ratio and 𝛼−viscosity.
Figure 6 shows how the maximum of the marginal stability curve

(i.e. the squared critical Toomre parameter) changes as a function of
the Stokes number for different values of 𝜖 and 𝛼𝑆𝑆 . For low Stokes
number (St < 𝛼𝑆𝑆), b → 1 and, we recover the previous case: the
instability threshold is determined by the parameter 𝜖 . Increasing the
Stokes number, the maximum of 𝑄2𝑔 remains essentially constant
until St ∼ 1 and then it starts rising: this happens because for St > 1
the relation between b and St is decreasing. When St ∈ [10, 1000],
depending on 𝜖 and 𝛼𝑆𝑆 , the curve rises exponentially: this happens
because there is a transition from gas-driven instability (gaseous
peak) to dust-driven instability (dusty peak). Additionally, the lower
the 𝛼−viscosity is, the sooner the transition between gas to dust
driven GI happens. In general, for a disc in gravito-turbulent regime,
the value of 𝛼𝑆𝑆 can be relatively high 𝛼𝑆𝑆 ∼ 0.05 − 0.1 (Krat-
ter & Lodato 2016), being GI an effective way to transfer angular
momentum.
It is possible to find an approximate relation between the critical

Stokes number for which the instability is driven by the dust and 𝜖
parameter, that reads

Stcrit ' 𝜖−2𝛼𝑆𝑆 , (36)

where the last relation is obtained through a fit. Hence, systems with
smaller dust-to-gas ratio and higher 𝛼−viscosity show the transition
at higher Stokes number, being more stable.

3.3 Planetesimal formation through gravitational instability

Now that we have obtained a general relation between b and St,
we can study the Jeans length and Jeans mass of the perturbation.
The left panel of figure 7 shows the Jeans length of our model
_
drag
𝐽
normalized to the one-component fluid model one _1fJ , and,

as expected, for St > 𝜖−2 the value of _dragJ decreases because the
instability becomes dust-driven. The right panel of figure 7 shows
the Jeans mass of our model 𝑀dragJ normalized to the one fluid one
𝑀1fJ . As for the Jeans wavelength, 𝑀

drag
J decreases when St > 𝜖−2,

reaching values of ∼ 10−3.
The classical framework4 of gravitational instability (for a review

seeKratter&Lodato (2016)) can not explain the formation of planets,
since the value of the Jeans mass is too high.
Within ourmodel, it is possible to obtain Earth-like bodies through

gravitational instability when it is dust-driven: as a matter of fact, the
right panel of figure 7 shows that 𝑀dragJ ∼ 10−2/−3𝑀1fJ , leading to a
clump mass of the order of several Earth masses.
A mechanism that may allow the formation of Earth-like bodies

as a consequence of Gravitational Instability (GI) was proposed by
Rice et al. (2006). Concentration of solid particles in spiral arms,
together with vertical settling, can lead to gravitational collapse in
the solid component. Our findings are in agreement with the work
Rice et al. (2006), however, higher resolution is needed in order to
properly assess the mass of the fragments. In addition, it is known
that gas spiral arms act as dust traps, since they are pressure maxima
(Shi et al. 2016). Solid particles collect inside them (Dipierro et al.
2015), reaching dust concentration that can be of the order of unity.
Conversely, the interaction between gas spiral arms and dust particles
can excite them, imparting random motions that reduce the peak

4 With “classical framework” we refer to the case of a gas-only disc, with
Jeans length computed from one-component fluid model.
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8 Longarini et al.

Figure 4. The effect of the backreaction onto the marginal stability curve. Left panel: marginal stability curve with and without backreaction, for 𝜖 = 0.1,
b = 0.05 and St = 0.5. The effect of the backreaction is maximum in correspondence to the gaseous peak. Right panel: the quantity Δ that quantifies the effect
of the backreaction as a function of dust-to-gas ratio, for different values of Stokes number and for b = 0.05.

Figure 5. Stability for small dust particles. Left panel: marginal stability curve in the high drag regime with b = 1 and St→ 0. The parameter that controls the
stability is 𝜖 . Right panel: maximum of 𝑄2𝑔 as a function of the dust-to-gas ratio with b = 1 and St → 0. For increasing dust-to-gas ratio, the system is more
unstable.

density and potential for collapse (Riols et al. 2020). Walmswell
et al. (2013) found that large dust particles experience gravitational
scattering by the spiral arms, while Booth&Clarke (2016) related the
level of excitation of solid particles with the aerodynamical coupling
and the cooling factor. Marginally coupled solid particles are less
excited by spiral arms, while, in rapidly cooled discs, the level of
dust excitation is higher. Baehr & Zhu (2021) confirmed that trend
through 3D shearing box simulations.

A possible scenario in which dust driven GI can be promoted is
during stellar flybys (Cuello et al. 2022). Indeed, a flyby can rip away
the external part of a protostellar disc that, because of radial drift, is
low in dust (Cuello et al. 2019). Hence, after the interaction with the
perturber, the dust to gas ratio in the inner part is significantly higher,
fostering dust driven GI and, possibly, formation of planetesimals.

3.4 Comparison with previous works

In protoplanetary discs literature, the interplay between drag force
and gravitational instability has been studied in the context of “Sec-
ular gravitational instability" (Youdin 2011; Takahashi & Inutsuka
2014; Tominaga et al. 2020), hereafter SGI. The general formulation
of SGI is presented in Youdin (2011). In this model, dust particles are
subject to turbulent diffusion (Eq. 11a of Youdin (2011)), dust self
gravity, drag force, and they are characterized by random velocities.
The gas background is stable, and the role of its self gravity is neg-
ligible (i.e. 𝑄𝑔 → ∞). The results are that there is a low frequency
mode instability, that corresponds to a secular time instability, re-
sponsible for the creation of dust overdensities in a gravitationally
stable gas disc (𝑄𝑔 >> 1). More refined models have been presented
in the following years (Takahashi & Inutsuka 2014; Tominaga et al.
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1

Figure 6. Marginal stability curve for large dust particles, where we assumed the relation between b and St to be equation (34), for different values of dust to gas
ratio (left panel, 𝛼𝑆𝑆 = 0.1) and the 𝛼−viscosity (right panel, 𝜖 = 0.1). The curve start rising for St > 1, and it has an exponential growth when St & 𝜖 −2𝛼𝑆𝑆 .

Figure 7. Jeans length (left panel) and Jeans mass (right panel) normalized to the LS one as a function of the Stokes number, for varying dust to gas ratio and
𝛼𝑆𝑆 = 0.1. For typical protoplanetary disc parameters, the Jeans mass `J ∼ 1𝑀 𝑗 , meaning that dust-triggered instability could potentially lead to fragments of
several Earth masses.

2020), however the crucial difference between SGI and the model we
propose here is that drag force is essential for SGI to arise, while in
our model the instability already exists in the limit of St → ∞ (Jog
& Solomon 1984; Bertin & Romeo 1988). Moreover, our model in-
vestigates the gravitational stability of a two fluid system, and we are
interested in understanding how the presence of dust destabilizes the
system. In this work, the two components have different sound speed
and are coupled through gravitational and drag force, without turbu-
lent diffusion. The origin of gas and dust sound speed is different: as
for the gas, it is generated by collision of particles (thermal origin),
while for the dust, it is caused by stirring processes. In addition, the
instability described in our model happens on a dynamical timescale,
not in a secular one as for SGI. We decided not to include diffusive
terms due to gas turbulence since, in the hydrodynamic equations
(see appendix A) the gas is considered as an inviscid fluid. As we
have mentioned in section 3.1, the instability threshold in the limit of

St → 0 obtained within our model is in good agreement with what
secular GI predicts, when diffusion is negligible.

3.5 The role of the asymmetric drift

As we have pointed out in paragraph 3.1, in this analysis we are not
considering the difference of velocity in the basic state between gas
and dust due to the pressure gradient. In the context of protostellar
discs, this is particularly important since it is the main cause of the
radial drift of solid particles.
Bertin & Cava (2006) obtained the dispersion relation for a self-

gravitating disc made of two components in relative motion, without
any coupling between them. In a rotating self-gravitating axisymmet-
ric fluid disc at equilibrium, the radial gravitational force is balanced
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by rotation, with a contribution from the pressure gradient

Ω2 =
1
𝑟Σ

d𝑃
d𝑟

+ 1
𝑟

dΦ
d𝑟

, (37)

where 𝑃 is the pressure. Since the pressure is connected to the sound
speed, two fluids with different temperature have different angular
frequency (Ω𝑔 ≠ Ω𝑑 in protostellar case). For cool fluids (small 𝑐),
the pressure gradient is negligible, and this is the case of dust in
protostellar discs, whereas it is important for hotter fluids, i.e. the
gas. Bertin & Cava (2006) showed that there are two new parameters
that determine the stability of the system, that are

𝛿 =
Ω𝑑

Ω𝑔
, (38)

[ = 𝑚(𝛿 − 1) (Ω𝑔/^𝑔). (39)

In the case of axisymmetric disturbances, [ = 0 and so the only
important parameter is 𝛿. Since the hot component moves slower
than the cool one because of the pressure gradient, usually 𝛿 > 1. It
is possible to show that in this regime the instability conditions are
the same as the two fluid component model (Jog & Solomon 1984),
with an appropriate rescaling5 of 𝜖 and b.
In turn, for 𝑚 ≠ 0 a two-component disk in which the presence

of asymmetric drift is recognized explicitly, taken to be marginally
stable with respect to m = 0 perturbations, may be unstable even for
small values of [. This fact is particularly interesting in protostellar
discs: indeed, the number of spiral arms generated by gravitational
instability 𝑚 is inversely proportional to the disc-to-star mass ratio 𝑞
(Cossins et al. 2009), and thus we expect to find𝑚 >> 1 for relatively
light discs.
In protoplanetary discs, we are able to exactly determine the asym-

metric drift, and thus the value of 𝛿 and [. To do so, we neglect the
dust pressure gradient, and we consider the two components to be
coupled through the drag force. It is possible to show (Armitage
2013) that, in absence of gas radial motion, the azimuthal velocities
are

𝑢𝑔0 = 𝑢𝑘 (1 − 𝛾)1/2 , (40)

𝑢𝑑0 =
St2

1 + St2

[
𝑢𝑘 − 𝑢𝑔0

(
1 − 1 + St

2

St2

)]
, (41)

where 𝑢𝑘 =
√︁
𝐺𝑀★/𝑟 , and 𝛾 is proportional to the disc temperature,

and it is a positive quantity. Hence, the strength of the asymmetric
drift is connected to the Stokes number: when gas and dust are
strongly coupled (St << 1), they move with the same velocity, and
thus the asymmetric drift is zero (𝛿 = 1, [ = 0), conversely when
they are uncoupled (St >> 1), the asymmetric drift is maximum.
Hence, the value of 𝛿 in protostellar discs is simply

𝛿 =
𝑢𝑑0
𝑢𝑔0

. (42)

Figure 8 shows 𝛿 and [ parameters for a protoplanetary disc as a
function of the Stokes number. Even if we take extreme values of

5 𝜖 → 𝜖 /𝛿2 and b → b/𝛿2. Formally, for axisymmetric perturbations,
the required rescaling indicates that a two-component model in which the
presence of asymmetric drift is recognized explicitly is more stable than
a model without such drift and with the same values of surface densities,
temperatures, and rotation curve (because the corresponding value of the
effective Q which determines marginal stability is lower for the model with
the drift).

𝛿 = 1.05 and [ = 0.25 and we use the dispersion relation without
drag6 obtained by Bertin & Cava (2006), the marginal stability curve
does not change significantly. Thus, even though the asymmetric drift
is crucial in protoplanetary disc evolution, since it causes the radial
drift, in terms of gravitational instability it can be neglected, at a
linear level.

3.6 Non-linear evolution

If we consider a perturbed disc, the value of 𝜖 and b significantly
changes because of the spiral density wave. As for the gas-to-dust
ratio, it increases inside the spirals for two reasons: firstly, because
the perturbation is a minimum of gravitational potential and secondly
since it is a gas pressure maximum, and thus the dust experiences
trapping. In addition, as pointed out by Rice et al. (2004), dust growth
is accelerated insideGI spirals, since its density is enhanced (the dust-
to-gas ratio 𝜖 can reach values of the order of unity) and because of
the effect of gravitational focusing. As for b, Booth & Clarke (2016)
computed the dust dispersion velocity for gravito-turbulent discs7 as
a function of the Stokes number, and they found that the gravitational
potential perturbation is effective only for St & 1, and in this regime
b ∝ St1/2. The minimum b is reached for St ∼ 1, because dust
particles are forced to stay into the spiral arms by both the effect of
the gravitational potential and drag force. There, the dust to gas ratio
is of the order of unity, and the median dispersion velocity of dust
particles is 𝑐𝑑 ' 10−1𝑐𝑔.
One can think to locally apply our linear theorywith the parameters

of the perturbed disc, using 𝜖 = 1, b = 0.01 and St = 1. In this regime,
the instability is dust driven and the most unstable wavelength is
_̂ ' 0.2 where the critical value of 𝑄g,cr ' 6; the Jeans mass is
between 2 and 3 order of magnitude lower than the one fluid one,
that corresponds approximately to 𝑀𝐽 ∼ 10𝑀⊕ .
However, we should be cautious with these results, since we are

using a linear theory to describe the non-linear evolution of the
system. To properly investigate the non-linear evolution of the system,
numerical simulations of gas and dust discs are needed.

3.7 Drag force in the context of galactic dynamics

A natural comparison can be made in the context of galactic dynam-
ics. In disc galaxies, drag force is connected to the phenomenon of
dynamical friction (Chandrasekhar 1943). Ostriker (1999) evaluated
this effect on a star travelling at a velocity 𝑣★ through a uniform
gaseous medium with sound speed 𝑐𝑔: gaseous drag is generally
more efficient whenM★ = 𝑣★/𝑐𝑔 > 1, meaning that the star motion
is supersonic. This is a particularly interesting case, since gas sound
speed in the Milky Way is 𝑐𝑔 ' 10 km/s (Fux 1999) and the typical
star velocity is 𝑣★ ' 30 km/s. Although drag force in galactic envi-
ronments is less relevant than in protostellar ones, it would be worth
to evaluate its impact on global spiral modes.

6 By what we have shown in this work, if we do not take into account
drag interaction, the system will always be more unstable compared to the
drag case. Hence, by evaluating the instability threshold with Bertin & Cava
(2006), we give an upper limit to the instability boundary.
7 In this work, the authors considered a marginally unstable disc with a
constant cooling rate 𝛽cool = Ω𝑡cool.
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Figure 8. 𝛿 and [ parameters for a protostellar disc. Left panel: ratio between dust and gas azimuthal velocity in the steady state, i.e. 𝛿, for different values of
𝛾, i.e. pressure gradient, as a function of the Stokes number. For St→ 0, the dust velocity is equal to the gas one, since the two components are strongly coupled.
Conversely, for St→ ∞, dust velocity is higher than the gaseous one, and it tends to the Keplerian speed 𝑢𝑘 and the asymmetric drift is maximum. Right panel:
[ parameter as a function for the Stokes number for different values of the azimuthal wavenumber 𝑚, for 𝛾 = 0.1 and Ω𝑔/^𝑔 = 1.

4 CONCLUSIONS

In thiswork,we study the dynamical role of drag force in gravitational
instability, and we propose a path to form planetesimals in early
protoplanetary stages. The problem of the classical Gravitational
Instability scenario of planet formation (Boss 1997) is that the Jeans
mass is too large to form a planet, conversely it is an effective way to
form low mass stellar companions.
The classical GI consider the system composed of one fluid, how-

ever, protoplanetary discs are made up of two components, gas and
dust.Whenwe consider the dynamical role of the second component,
GI outcome can significantly change. Indeed, the instability thresh-
old is always higher, and the presence of the second cold can trigger
instability at very short wavelengths, reducing of several order of
magnitudes the Jeans length and mass.
Nevertheless, a step forward can be made: indeed, gas and dust

in protoplanetary discs are aerodynamically coupled, and the role
of drag force is crucial in determining their dynamical evolution.
Whenwe take into account the coupling between the two components
(section 2), gravitational instability threshold is determined by three
parameters, that are the relative concentration of the two fluids 𝜖 ,
the relative temperature b and the Stokes number, that measures the
strength of the aerodynamical coupling. The effect of drag force
in terms of gravitational instability is to connect one-component
fluid model and two-component fluid model: in particular, if drag
coupling is strong, the system behaves as a one fluid, conversely,
if the two components are poorly coupled, the system behaves as
two-component fluid.
We then applied this model to investigate gravitational instability

in protoplanetary discs (section 3). We first hypothesize that dust
velocity dispersion is completely determined by stirring processes,
so that it can be written as a function of the Stokes number. Within
this hypothesis, we found that instability is dust driven when St >
𝜖−2: hence, the Jeans mass is 3-4 order of magnitude smaller; thus,
dust driven gravitational instability can be a viable way to form
planetesimals in massive protostellar systems.
In addition, we studied the role of the asymmetric drift, that in

protostellar discs is significant: we quantified its effect, and we stated
that it does not impact on the value of the most unstable wavelength,
but only on the critical𝑄𝑔. Then, we discussed the non-linear evolu-
tion of the system, showing that GI spirals significantly modify the
value of the stability parameters. We made a comparison between
our model and numerical simulations of Rice et al. (2006); Booth &
Clarke (2016) and we found good agreement. However, we should
pay attention to this because our theory describes the linear behaviour
of the system.
To conclude, we briefly discussed a possible application of this

work in the context of galactic dynamics.
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APPENDIX A: DISPERSION RELATION

In this appendix we present the calculations to obtain the dispersion relations for axisymmetric perturbations, with and without taking into
account the backreaction.
We consider an infinitesimally thin disc composed of two fluids (gas and dust, henceforth with the subscripts 𝑔 and 𝑑). The two components

interact through gravitational and drag force. We call Σ𝑖 the surface density, 𝑣𝑖 the radial velocity, 𝑢𝑖 the azimuthal velocity, ℎ𝑖 the enthalpy.
In a two-dimensional polar system of coordinates (𝑟, 𝜙), the fluid equations are

𝜕𝑡Σ𝑔 + 𝑟−1𝜕𝑟
(
Σ𝑔𝑟𝑣𝑔

)
+ 1
𝑟
𝜕𝜙 (Σ𝑔𝑢𝑔) = 0, (A1)

𝜕𝑡𝑣𝑔 + 𝑣𝑔𝜕𝑟 𝑣𝑔 −
𝑢2𝑔
𝑟

+
𝑢𝑔

𝑟
𝜕𝜙𝑣𝑔 = −𝜕𝑟

(
Φ + ℎ𝑔

)
+ Σ𝑑

Σ𝑔𝑡𝑠

(
𝑣𝑑 − 𝑣𝑔

)
, (A2)

𝜕𝑡𝑢𝑔 + 𝑣𝑔𝜕𝑟𝑢𝑔 −
𝑢𝑔𝑣𝑔

𝑟
+
𝑢𝑔

𝑟
𝜕𝜙𝑢𝑔 = −1

𝑟
𝜕𝜙

(
Φ + ℎ𝑔

)
+ Σ𝑑

Σ𝑔𝑡𝑠

(
𝑢𝑑 − 𝑢𝑔

)
, (A3)

𝑑ℎ𝑔 = 𝑐2𝑔
𝑑Σ𝑔

Σ𝑔
, (A4)

𝜕𝑡Σ𝑑 + 𝑟−1𝜕𝑟 (Σ𝑑𝑟𝑣𝑑) +
1
𝑟
𝜕𝜙 (Σ𝑑𝑢𝑑) = 0, (A5)

𝜕𝑡𝑣𝑑 + 𝑣𝑑𝜕𝑟 𝑣𝑑 −
𝑢2
𝑑

𝑟
+ 𝑢𝑑

𝑟
𝜕𝜙𝑣𝑑 = −𝜕𝑟 (Φ + ℎ𝑑) −

1
𝑡𝑠

(
𝑣𝑑 − 𝑣𝑔

)
, (A6)

𝜕𝑡𝑢𝑑 + 𝑣𝑔𝜕𝑟𝑢𝑑 − 𝑢𝑑𝑣𝑑

𝑟
+ 𝑢𝑑

𝑟
𝜕𝜙𝑢𝑑 = −1

𝑟
𝜕𝜙 (Φ + ℎ𝑑) −

1
𝑡𝑠

(
𝑢𝑑 − 𝑢𝑔

)
, (A7)

𝑑ℎ𝑑 = 𝑐2
𝑑

𝑑Σ𝑑

Σ𝑑
, (A8)

∇2Φ = 4𝜋𝐺𝛿(𝑧) (Σ𝑔 + Σ𝑑). (A9)

The basic state we consider is characterized by uniform surface densities Σ𝑔0,Σ𝑑0, azimuthal velocity 𝑢𝑔0 = 𝑢𝑑0 = 𝑟Ω, zero radial velocity
𝑣𝑔0 = 𝑣𝑑0 = 0 and constant dispersion velocities 𝑐𝑔, 𝑐𝑑 .
We now perform a first order perturbation analysis of the previous equations: we consider a perturbation to the basic equilibrium state

𝑋0 + 𝑋1 (𝑟, 𝜙, 𝑡) that have spatial and temporal dependence like 𝑋1 ∝ exp[𝑖(𝑘𝑟 − 𝜔𝑡 + 𝑚𝜙)]. We focus our attention on axisymmetric
perturbations (𝑚 = 0): we substitute the perturbed quantities into the fluid equations, and we discard any term that is quadratic in them: the six
first order perturbed equations are

−𝑖(𝜔 − 𝑚Ω)Σ𝑔1 + 𝑖𝑘Σ𝑔0𝑣𝑔1 = 0, (A10)

−𝑖(𝜔 − 𝑚Ω)𝑣𝑔1 − 2Ω𝑢𝑔1 −
Σ𝑑0
Σ𝑔0

1
𝑡𝑠
(𝑣𝑑1 − 𝑣𝑔1) = −𝜕𝑟

(
Φ1 + ℎ𝑔1

)
, (A11)

−𝑖(𝜔 − 𝑚Ω)𝑢𝑔1 − 2𝐵𝑣𝑔1 −
Σ𝑑0
Σ𝑔0

1
𝑡𝑠
(𝑢𝑑1 − 𝑢𝑔1) = 0, (A12)

−𝑖(𝜔 − 𝑚Ω)Σ𝑑1 + 𝑖𝑘Σ𝑑0𝑣𝑑1 = 0, (A13)

−𝑖(𝜔 − 𝑚Ω)𝑣𝑑1 − 2Ω𝑢𝑑1 +
1
𝑡𝑠

(
𝑣𝑑1 − 𝑣𝑔1

)
= −𝜕𝑟 (Φ1 + ℎ𝑑1) , (A14)

−𝑖(𝜔 − 𝑚Ω)𝑢𝑑1 − 2𝐵𝑣𝑑1 +
1
𝑡𝑠

(
𝑢𝑑1 − 𝑢𝑔1

)
= 0, (A15)
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where 𝐵(𝑟) = − 12
d(Ω𝑟 )
d𝑟 +Ω is the Oort parameter and 4𝐵Ω2 = −^2. Once we know the form of the density perturbation, it is possible to solve

the Poisson equation and get the potential perturbation: it is possible to show that

Φ1 = −2𝜋𝐺|𝑘 |
(
Σ𝑔1 + Σ𝑑1

)
, (A16)

and the enthalpy can be written as

ℎ𝑖,1 = 𝑐2𝑖
Σ𝑖,1
Σ𝑖,0

. (A17)

Hence, it is possible to write the r.h.s of Euler equations as a function of the perturbed densities

−𝜕𝑟 (Φ1 + ℎ𝑖,1) = 𝑖𝑘Σ𝑖,1

(
2𝜋𝐺
|𝑘 | −

𝑐2
𝑖

Σ𝑖,0

)
+ 𝑖𝑘
2𝜋𝐺
|𝑘 | Σ 𝑗 ,1, 𝑖 ≠ 𝑗 . (A18)

Now, we’ll consider the case of axisymmetric perturbations (𝑚 = 0).

A0.1 Without backreaction

Here, we do not take into account the backreaction, so the drag terms appear only in dust equations. In this case, we can write the matrix of
coefficients of x = (Σ𝑔1, 𝑣𝑔1, 𝑢𝑔1,Σ𝑑1, 𝑣𝑑1, 𝑢𝑑1) that is

𝐴 =

©«

−𝑖𝜔 𝑖Σ𝑔0𝑘 0 0 0 0

−𝑖𝑘
(
2𝜋𝐺
|𝑘 | − 𝑐2𝑔

Σ𝑔0

)
−𝑖𝜔 −2Ω2 −𝑖𝑘 2𝜋𝐺|𝑘 | 0 0

0 −2𝐵 −𝑖𝜔 0 0 0
0 0 0 −𝑖𝜔 𝑖Σ𝑑0𝑘 0

−𝑖𝑘 2𝜋𝐺|𝑘 | − 1𝑡𝑠 0 −𝑖𝑘
(
2𝜋𝐺
|𝑘 | − 𝑐2

𝑑

Σ𝑑0

)
1
𝑡𝑠

− 𝑖𝜔 −2Ω2

0 0 − 1𝑡𝑠 0 −2𝐵 1
𝑡𝑠

− 𝑖𝜔

ª®®®®®®®®®®®¬
, (A19)

such that 𝐴x = 0. In order to compute the dispersion relation, we impose that the determinant of 𝐴 is zero: for simplicity, we express the
relationship as a function of 𝑦 = −𝑖𝜔. To be consistent with (Bertin & Romeo 1988), we define

𝛼𝑖 = ^2 − _𝑖 = ^2 + 𝑐2𝑖 𝑘
2 − 2𝜋𝐺Σ𝑖0 |𝑘 |, (A20)

and

𝛽𝑖 = 2𝜋𝐺Σ𝑖0 |𝑘 |, (A21)

and we get

𝑦5 + 2𝑡−1𝑠 𝑦4 + 𝑦3 (𝛼𝑔 + 𝛼𝑑 + 𝑡−2𝑠 ) + 𝑡−1𝑠 𝑦2 (2𝛼𝑔 + 𝛼𝑑 − ^2 − 𝛽𝑑) + 𝑦[𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 + 𝑡−2𝑠 (𝛼𝑔 − 𝛽𝑑)] + 𝑡−1𝑠 [𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 − ^2 (𝛼𝑔 − 𝛽𝑑)] = 0.
(A22)

A0.2 With backreaction

Starting from the same basic state as before, now we consider the backreaction, i.e. the effect of the drag force onto the gas component. In this
case, the coefficients’ matrix is

𝐴B =

©«

−𝑖𝜔 𝑖Σ𝑔0𝑘 0 0 0 0

−𝑖𝑘
(
2𝜋𝐺
|𝑘 | − 𝑐2𝑔

Σ𝑔0

)
𝜖 1𝑡𝑠 − 𝑖𝜔 −2Ω2 −𝑖𝑘 2𝜋𝐺|𝑘 | −𝜖 1𝑡𝑠 0

0 −2𝐵 𝜖 1𝑡𝑠 − 𝑖𝜔 0 0 −𝜖 1𝑡𝑠
0 0 0 −𝑖𝜔 𝑖Σ𝑑0𝑘 0

−𝑖𝑘 2𝜋𝐺|𝑘 | − 1𝑡𝑠 0 −𝑖𝑘
(
2𝜋𝐺
|𝑘 | − 𝑐2

𝑑

Σ𝑑0

)
1
𝑡𝑠

− 𝑖𝜔 −2Ω2

0 0 − 1𝑡𝑠 0 −2𝐵 1
𝑡𝑠

− 𝑖𝜔

ª®®®®®®®®®®®®¬
, (A23)

where 𝜖 = Σ𝑑0/Σ𝑔0. As before, by imposing that the determinant of 𝐴𝐵 is zero, we obtain

𝑦5 + 2𝑡−1𝑠 𝑦4 (1 + 𝜖) + 𝑦3
[
𝛼𝑔 + 𝛼𝑑 + 𝑡−2𝑠 (1 + 2𝜖 + 𝜖2)

]
+ 𝑦2𝑡−1𝑠

[
(2𝛼𝑔 + 𝛼𝑑 − 1) (1 + 𝜖) − 𝛽𝑑 − 𝜖 𝛽𝑔

]
+

+𝑦
[
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑 + 𝑡−2𝑠

(
𝛼𝑔 − 𝛽𝑑 + 𝜖 (𝛼𝑔 + 𝛼𝑑 − 𝛽𝑔 − 𝛽𝑑) + 𝜖2 (𝛼𝑑 − 𝛽𝑔)

)]
+

+𝑡−1𝑠
[ (
𝛼𝑔𝛼𝑑 − 𝛽𝑔𝛽𝑑

)
(1 + 𝜖) −

(
𝛼𝑔 − 𝛽𝑑

)
− 𝜖

(
𝛼𝑑 − 𝛽𝑔

) ]
= 0.

(A24)

This paper has been typeset from a TEX/LATEX file prepared by the author.
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