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Abstract. We prove the linear independence of the L-functions, and of their derivatives of any
order, in a large class C defined axiomatically. Such a class contains in particular the Selberg
class as well as the Artin and the automorphic L-functions. Moreover, C is a multiplicative
group, and hence our result also proves the linear independence of the inverses of such L-
functions.
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1 Introduction

In a previous paper [4], we proved that the L-functions in the Selberg class S (see the
survey papers [3] and [5] for definitions and basic properties) are linearly independent
over C and, more generally, over the ring of the p-finite Dirichlet series (see [4] for
definition). Although it is expected that the class S contains all reasonable global
L-functions (see [3], [5]), this is far from being proved at present. As a consequence,
there are several examples of classical L-functions, such as the Artin L-functions,
which are not yet known to belong to S. It is therefore natural to ask for a more
general result, establishing the linear independence inside a suitably larger class of L-
functions, unconditionally containing both S and several classical examples of L-
functions.

In this paper we prove a general result on the linear independence of the derivatives
of any order of the L-functions, and of their inverses, in a large class C defined below.
Such a class does in fact contain the class S as well as several important L-functions,
in particular the Artin L-functions and the automorphic L-functions. We remark that
Nicolae [6] has recently obtained a weaker result of this type in the special case of
Artin L-functions. However, his result follows from the arguments in [4]. In fact, the
results in this paper are also based on the arguments in [4].

We define the class C of L-functions by the following axioms. A function F ðsÞ be-
longs to C if

i) F ðsÞ is an absolutely convergent Dirichlet series for s su‰ciently large, and has
meromorphic continuation to C as a function of finite order;



ii) FðsÞ satisfies a functional equation of type

gðsÞFðsÞ ¼ ogð1 � sÞFð1 � sÞ

where joj ¼ 1, f ðsÞ ¼ f ðsÞ and the g-factor gðsÞ has the form

gðsÞ ¼ Qs
Qr
j¼1

Gðljsþ mjÞ

with Q > 0, 00 lj A R and mj A C;
iii) for s su‰ciently large

FðsÞ ¼
Q
p

FpðsÞ

where

logFpðsÞ ¼
Py
m¼1

bðpmÞ
pms

with bðpmÞW pmy for some y <
1

2
:

It is easy to check that C contains the Selberg class S and also several well known
L-functions, such as the Artin L-functions and the GLðnÞ cuspidal automorphic L-
functions (see [2] and [7] for the latter case, ensuring that axioms i)–iii) are satisfied).
Moreover, while S is a multiplicative semigroup, our class C is a multiplicative
group thanks to condition lj 0 0 in axiom ii). Indeed, if F A C satisfies the functional
equation in ii), then FðsÞ�1 satisfies

~ggðsÞFðsÞ�1 ¼ 1

o
~ggð1 � sÞF ð1 � sÞ�1

with

~ggðsÞ ¼ 1

Q

� �sQr
j¼1

Gð�ljsþ lj þ mjÞ;

and it is easy to see that FðsÞ�1 satisfies axioms i) and iii) as well. Therefore, C con-
tains also the inverse of all the functions in S, of the Artin L-functions and of the
GLðnÞ cuspidal automorphic L-functions.

Denoting as usual by F ðkÞðsÞ the k-th derivative of the function FðsÞ we have

Theorem. Let F1ðsÞ; . . . ;FNðsÞ be distinct non-constant functions in C and K be a non-

negative integer. Then the functions
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F
ð0Þ
1 ðsÞ; . . . ;F ðKÞ

1 ðsÞ;F ð0Þ
2 ðsÞ; . . . ;F ðKÞ

2 ðsÞ; . . . ;F ð0Þ
N ðsÞ; . . . ;F ðKÞ

N ðsÞ

are linearly independent over C.

As a corollary of the Theorem we obtain for instance that the Artin L-functions,
their inverses and the derivatives of any order are linearly independent, and the same
applies to most L-functions. Moreover, the same arguments in the proof of the Theo-
rem can be used to prove a more general result, where linear independence is over the
ring of p-finite Dirichlet series, derivatives are replaced by suitable convolutions by
additive functions, and the axioms of the class C are suitably relaxed.

The proof of the Theorem is based on two lemmas. Given an arithmetical function
f ðnÞ and a non-negative integer k we write f ðkÞðnÞ ¼ ð�1Þkf ðnÞ logk n for its arith-
metic k-th derivative. Moreover, two multiplicative arithmetical functions f ðnÞ and
gðnÞ are called equivalent if f ðpmÞ ¼ gðpmÞ for all integers mb 1 and all but finitely
many primes p. Further, we denote by eðnÞ the identity function, defined by eð1Þ ¼ 1
and eðnÞ ¼ 0 for nb 2. Our first lemma deals with the linear independence of the
derivatives of non-equivalent multiplicative functions.

Lemma 1. Let f1ðnÞ; . . . ; fNðnÞ be multiplicative functions such that eðnÞ; f1ðnÞ; . . . ;
fNðnÞ are pairwise non-equivalent, and let K be a non-negative integer. Then the func-

tions

f
ð0Þ

1 ðnÞ; . . . ; f ðKÞ
1 ðnÞ; f ð0Þ2 ðnÞ; . . . ; f ðKÞ

2 ðnÞ; . . . ; f ð0ÞN ðnÞ; . . . ; f ðKÞ
N ðnÞ

are linearly independent over C.

Our second lemma proves the multiplicity one property for the class C.

Lemma 2. Let F ;G A C satisfy FpðsÞ ¼ GpðsÞ for all but finitely many primes p. Then
F ðsÞ ¼ GðsÞ.

We remark that the bound bðpmÞW pmy for some y < 1
2 in axiom iii) is crucial

for Lemma 2. In fact, Lemma 2 does not hold if condition y < 1
2 is relaxed, as

the following example shows. Let PðsÞ ¼ ð1 � 2a�sÞð1 � 2b�sÞ with a; b A R and
aþ b ¼ 1, and hence bð2mÞX 2maxða;bÞm in this case. Clearly, PðsÞ satisfies 2sPðsÞ ¼
21�sPð1 � sÞ, therefore PðsÞFðsÞ belongs to C for any F A C. Thus Lemma 2 does not
hold for C if condition y < 1

2 is relaxed.

Since Lemma 2 shows that the coe‰cients of functions in C are pairwise non-
equivalent multiplicative functions, the Theorem follows at once from Lemma 1.

Acknowledgments. We wish to thank Zeév Rudnick for supplying the required infor-
mation about automorphic L-functions. This research was partially supported by a
MIUR grant Cofin2002, by the Foundation for Polish Science and by KBN grant 1
PO3A 008 26.
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2 Proofs

In the proof of Lemma 1 we may clearly assume that K b 1, otherwise the result fol-
lows from Theorem 2 in [4]. We remark here that there are two misprints in the proof
of Theorem 2 of [4]: on page 30, line �8, change ‘‘for j ¼ 2; . . . ;N’’ to ‘‘for some
j A f2; . . . ;Ng’’, and on page 31, line 4, change ‘‘and the ~ccjðnÞ are non-identically
vanishing’’ to ‘‘and some ~ccjðnÞ is non-identically vanishing’’.

We prove Lemma 1 by contradiction. Assume that there exists an identically van-
ishing non-trivial linear combination of derivatives of arithmetical functions satisfy-
ing the properties in Lemma 1. That is, suppose there exist f1ðnÞ; . . . ; fNðnÞ as in
Lemma 1, an integer Kb 1 and complex numbers cjk not all zero such that for every
nb 1

PN
j¼1

PK
k¼0

cjk f
ðkÞ
j ðnÞ ¼

PN
j¼1

PK
k¼0

ð�1Þkcjk fjðnÞ logk n ¼ 0:ð1Þ

We assume that K is minimal over all such linear combinations and, with such a K ,
also that

n ¼ jf j : cjK 0 0gj

is minimal.

Suppose that nb 2, assume without loss of generality that c1K ; c2K 0 0, and let
q0 > 1 be such that f1ðq0Þ0 f2ðq0Þ. For every n coprime with q0 we have

PN
j¼1

PK
k¼0

cjk f
ðkÞ
j ðq0nÞ ¼

PN
j¼1

PK
k¼0

Pk
l¼0

ð�1Þk k

l

� �
cjk fjðq0Þ logk�l q0 fjðnÞ log l n ¼ 0:ð2Þ

Multiplying (1) by f1ðq0Þ and then subtracting from (2) we get

PN
j¼1

PK
k¼0

ð�1Þk~ccjk ~ffjðnÞ logk n ¼ 0;ð3Þ

where ~ccjk are suitable complex numbers with ~ccjK ¼ cjKð fjðq0Þ � f1ðq0ÞÞ and

~ffjðnÞ ¼
fjðnÞ if ðn; q0Þ ¼ 1

0 otherwise.

�

Since the functions ~ffjðnÞ satisfy the properties required by Lemma 1, the fact that (3)
holds with ~cc1K ¼ 0 contradicts the minimality of n.

Therefore n ¼ 1 and (1) takes the form
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cf1ðnÞ logK nþ
PN
j¼1

PK�1

k¼0

ð�1Þkcjk fjðnÞ logk n ¼ 0ð4Þ

with some c0 0. Let now q1 > 1 be such that f1ðq1Þ0 0. Arguing as before, using q1

in place of q0, from (4) we obtain

PN
j¼1

PK�1

k¼0

ð�1Þkc�jk f �
j ðnÞ logk n ¼ 0;ð5Þ

where c�jk are suitable complex numbers with c�1K�1 ¼ cK f1ðq1Þ log q1 and the func-
tions f �

j ðnÞ are defined analogously to the ~ffjðnÞ’s, with q0 replaced by q1. Since
c�1K�1 0 0, equation (5) contradicts the minimality of K , and Lemma 1 follows. r

In order to prove Lemma 2 we write the functional equation of F A C in the form

g�ðsÞF ðsÞ ¼ og�ð1 � sÞFð1 � sÞ;

where the modified g-factor g�ðsÞ is defined by

g�ðsÞ ¼
Q

lj>0 Gðljsþ mjÞQ
lj<0 Gðljð1 � sÞ þ mjÞ

(as usual, an empty product equals 1). Let

hðsÞ ¼ FðsÞ
GðsÞ ¼

Q
p AP0

FpðsÞ
GpðsÞ

and HðsÞ ¼ g�F ðsÞ
g�GðsÞ

hðsÞ;

where P0 is a finite set of primes and g�F ðsÞ; g�GðsÞ are modified g-factors of F ðsÞ and
GðsÞ, respectively. By iii), every p-th Euler factor FpðsÞ and GpðsÞ is holomorphic and
non-vanishing for sb 1

2 , hence hðsÞ is holomorphic and non-vanishing for sb 1
2

as well. Moreover, by the properties of the G function, the quotient g�F ðsÞ=g�GðsÞ is
meromorphic with finitely many zeros and poles for sb 1

2 , and hence the same
property holds for HðsÞ as well. Therefore HðsÞ is meromorphic over C with finitely
many zeros and poles by ii), and hence by i) there exists a rational function RðsÞ such
that RðsÞHðsÞ is an entire non-vanishing function of order at most 1. Thus by Hada-
mard’s theory we get

hðsÞ ¼ easþb g�GðsÞ
RðsÞg�F ðsÞ

ð6Þ

for some a; b A C.

Now we use the following classical result of Bohr [1]: if f ðtÞ is an almost periodic
function satisfying j f ðtÞjb k > 0, then arg f ðtÞ ¼ ltþ fðtÞ with l A R and fðtÞ al-
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most periodic. Let s be su‰ciently large. Then hðsÞ is an absolutely convergent Di-
richlet series

hðsþ itÞ ¼
Py
n¼1

cðnÞ
nsþit

with cð1Þ ¼ 1 and cðnÞW nA for some constant A. Therefore hðsÞ is almost periodic in
t and satisfies the hypothesis of Bohr’s theorem. Applying Stirling’s formula to the
right hand side of (6) with a su‰ciently large fixed s ¼ s0 we obtain

hðs0 þ itÞ ¼ ceattbeigt log teidt 1 þO
1

t

� �� �
t ! þy

with c A C and a; b; g; d A R. By almost periodicity we have that a ¼ b ¼ 0 and by
Bohr’s theorem we deduce that g ¼ 0 as well, hence

e�idthðs0 þ itÞ ¼ cþ oð1Þ t ! þy:ð7Þ

By almost periodicity, the right hand side of (7) must be constant, thus for s ¼ s0 þ it

we have

hðsÞ ¼ edsþe

for some d; e A C. By analytic continuation and by the uniqueness principle for gen-
eralized Dirichlet series we deduce that d ¼ 0, and hence hðsÞ ¼ 1 since cð1Þ ¼ 1. r

We remark that, once (6) is established, there is a more direct proof of Lemma 2 in
the case where the Euler factors of functions in C are of polynomial type, that is

FpðsÞ ¼
Qk
j¼1

1 � eiyjðpÞ

ps

� ��1

yjðpÞ A C:

This is the case, for instance, of automorphic L-functions. In fact, in this case the
zeros and poles of hðsÞ consist of finitely many ‘‘vertical progressions’’ i

yjðpÞ
log p þ i 2p

log pZ.
The zeros and poles of the RHS of (6) consist of finitely many zeros and poles of
RðsÞ�1 as well as finitely many ‘‘horizontal semi-progressions’’, caused by the poles of
the G function. Therefore, (6) implies that each side is identically one, and Lemma 2
follows. We wish to thank the referee for this remark.
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