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Abstract

In this paper, we prove new existence and multiplicity results for critical points of lower semicon-
tinuous functionals in Banach spaces, complementing the nonsmooth critical point theory set forth by
Szulkin and avoiding the need of the Palais—Smale condition. We apply our abstract results to get
entire solutions with finite energy to Born-Infeld type autonomous equations. More precisely, under
almost optimal conditions on the nonlinearity, we construct a positive solution and infinitely many
solutions both in the classes of radially symmetric functions and nonradiallly symmetric ones.
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Existence and nonexistence of solutions.
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1 Introduction and main abstract results

Let (X7 H ’ ‘

) be a Banach space and consider functionals of the type

I : X — (—o00,00], I(u) = ¥Y(u) — ®(u),
where we assume that ¥ and ® satisfy the following properties:
(¥1) ¥:X — [0,00] is lower semicontinuous and convex, and ¥(0) = 0;
(®1) @ € CHX,R).

We denote
DWVW)={ue X |¥(u) <oo}.

This kind of functionals arises, for instance, in some problems involving PDEs with contraints for admis-
sible functions. A typical example we are interested in is the following;:

/ 1-/1—[Duf? if||Dulles <1,

o0 otherwise,

U(u) = d(u) = /n F(u),

which comes from the prescribed mean curvature problem for space-like hypersurfaces in the Lorentz-
Minkowski space

n
L' =R x R" with metric —da? + Z d:n?.
j=1

In Lorentzian geometry, space-like hypersurfaces with prescribed mean curvature play a major role high-
lighted, for instance, in Marsden & Tipler [47]. A space-like hypersurface whose mean curvature is a

given function f : L1 — R is described, at least locally, by the graph xg = u(z1,...,,) of a solution
u: ) —Rto
Du
div| ——= | + f(z,u) =0 in QCR" 1
(1—mw> a0 0

Formally, (1) is the Euler-Lagrange equation of the action

rw= [1=Vi=IDa - [ Plaw,  Fes)= [ fand,

which is non-smooth where |Du| = 1 (in the terminology of [47], where the graph of w goes null).
Therefore, even assuming that critical points of I (in a non-smooth sense) exist, they may not correspond
to solutions to (1), a fact that makes the existence problem quite challenging.

Equation (1) also appears in the framework of the Born-Infeld theory for electromagnetism [18],
according to which the identity describes the interplay between an electrostatic potential u and the
charge density it generates, required, in this specific example, to be f(x,u). If f is independent of wu,
including the case of f a mere Radon measure, in recent years a few authors investigated the existence and
regularity properties of solutions to (1). The resulting picture is still fragmentary, and many interesting
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open problems are yet to be solved, see [15,17,22]. We stress that the Born-Infeld Lagrangian also
appears in other branches of theoretical physics. For more details we recommend the survey [65] and the
references therein.

In a pioneering paper, Bartnik & Simon [9] studied the Dirichlet problem for (1) in bounded domains
with boundary data ¢ € C(02) satisfying a very mild space-like condition, and proved a general existence
theorem when f € C(Q x R). A candidate solution is produced by minimizing I, in their setting a
consequence of the direct method. A core part of their work is to show that the minimizer u actually solves
(1) and enjoys nice regularity properties. Remarkably, this is achieved with no regularity requirement on
0. Uniqueness of solutions holds if f(x,s) is non-increasing in s (since I becomes strictly convex), but
may fail otherwise. Indeed, under suitable conditions on f, for ¢ = 0 Bereanu, Jebelean & Mawhin [10]
obtained a second solution of mountain pass type to (1). To reach the goal, they exploited a general
nonsmooth critical point theory developed by Szulkin [63]. Here the boundedness of €2 implies the uniform
boundedness in C(Q) of any admissible function u with ||Du|ls < 1 attaining the boundary value, an
essential fact to guarantee the validity of the Palais-Smale condition. Szulkin’s nonsmooth critical point
theory is quite versatile, and applies to various problems that do not allow for a treatment via the classical
theory by Ambrosetti and Rabinowitz [2].

Our starting point for the present work was the search for solutions to (1) in the autonomous case on
the entire R™:

. Du . "
div <m> + f(u)=0 in R" (BZy)
We focus on solutions u vanishing at infinity. The problem was already considered in the literature, see
below for more details. In this setting, as we shall see, Szulkin’s theory is not sufficient anymore. Seeking
for existence results tailored to (BZy) led us to complement Szulkin’s theory in its general framework.

Our goal is to prove two existence theorems for minimax critical points of I, valid under fairly general
conditions for ¥ and & that are suited to applications and might be somehow optimal. Differently from
[63], we only require a form of bounded Palais-Smale condition. To find bounded Palais-Smale sequences
(and then, critical points of I), our approach is based on the monotonicity trick due to Struwe [57],
Jeanjean & Toland [38,41], a tool widely used in the literature, see for instance [42]. We adapt the trick

to the family of functionals
I, : X >R, I(u) = A\ (u) — ®(u)

for A € RT. However, to make it effective for the applications we are considering, the adaptation is far
from trivial. See below for more explanations.
Following Szulkin [63], we set

Definition 1.1. Let X be a Banach space and Iy = ANV — &, with ¥, ® satisfying (V1), (1) and X € RT.

e An element u € X is called a critical point of I if

AP (v) = U(u)) — @ (u)(v—u) >0 forallv e X. (2)

o A sequence {uj}?; C X is called a Palais-Smale sequence for Iy at level c € R if

(i) In(uj) = c asj — oo,
(ii) there exists {e;}32; C RY with e; — 0 as j — oo such that

AT (v) = U(uy)) — ' (uy) (v —uj) > —¢jllv — | for allv e X. (3)

Remark 1.2. By choosing v € D(¥), notice that any critical point of Iy belongs to D(V¥). Also, it is
easy to see that if w € D(¥) is a critical point of I and ¥ is differentiable at w, then u is a classical
critical point of Iy that is, \¥’(u) — ®'(u) = 0. More generally, (2) can be rephrased as A\~1®'(u) € 0¥ (u),
where 0¥ (u) denotes the subdifferential of ¥ at w.
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To state our results, we need some further conditions on ¥ and &.
(U3) ¥(u) — oo as ||ul] — oco.
(W3) If{u;}32, C D(V) and u € D(¥) satisfy u; — u weakly in X and W(u;) — ¥(u), then [Ju;—ul — 0.
(®2) Any bounded sequence {u;}; in X has a weakly convergent subsequence {u, }; to v in X such that

lim inf @ (uy;) (v — uy,) > ®'(u)(v —u) for any ve X.

J—00

(IB) For any 0 <a <b< oo and c € R,
Ko = {u € X | for some X € [a,b],u is a critical point of Iy with I(u) < ¢}
is bounded in X.

Remark 1.3. Observe that (®2) is satisfied if X is reflexive and & : X — X* is compact; in this case,
the liminf can be replaced by a limit, and equality holds. Notice however that (®2) is a strictly weaker
condition: for instance, (®3) holds if X is a Hilbert space and ®(u) = —||u||>. This improvement will be
useful in our application to the Born-Infeld equation.

Remark 1.4. As we shall see in Proposition 4.1, properties (V3) and (®2) are assumed so that I satisfies
a bounded Palais-Smale condition in a strengthened form, namely including a dependence on .

Remark 1.5. We assume (IB) as a replacement for the boundedness of Palais-Smale sequences, a con-
dition which may fail for general I. For large classes of interesting functionals arising from nonlinear
elliptic problems, (IB) may be proved via Pohozaev type identities.

Our main achievements are the following minimax theorems. We first suppose that I has a uniform
mountain pass geometry for A close to 1:

there exist pg, ag,€ > 0 and ug € X such that
. (MP)
| 1‘1|af L_z(u) = ag >0, luoll > po, max {I14z(0), I14z(ug)} <0.
ull=po
For A € [1 — 2,1 + €], we define the mountain pass value

co(A) = inf sup I\(v(t)), where
7€lo0 ¢ef0,1] (4)

Lo ={y € C([0,1], X) [ 7(0) = 0, (1) = uo}.

We shall prove later that I'g # 0 and 0 < o < ¢p(\) < oo for each X € [1 — &, 1+ €], see Lemma 4.2. We
also note that, since ¥ > 0, ¢o(\) is nondecreasing in .

Theorem 1.6. Assume that (¥1), (¥2), (¥3), (1), (P2), (IB) and (MP) hold. Then I = I, admits a
critical point w € X with I(u) = co(1).

The second result concerns the multiplicity of critical points of I when I is even, so we assume

U(—u) =P(u), ®(—u)=>(u) foranyuec X. (E)

For k € N, we let D¥(r) be the closed disk in R¥ with center 0 and radius r. The disk D¥(1) is simply
denoted by DF. We assume that I has the following uniform symmetric mountain pass geometry:

there exist pg, ap,€ > 0 and an odd map g, € C(E)]D)k, X) for each k € N such that

. ) (SMP)
inf I_z(u) = ap >0, min || x(¢)]| > po. sup Ii4z(mo(¢)) <O.
llull=po ¢E€oDF ceODk
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For A€ [l1—-2,1+¢]and k=1,2,..., we define the minimax values

ck(A) = inf sup Ix(v(()), where
’YEFk Ce]D)k

I, = {7 € C(D*, X) | vis odd, v = 7oy, on 3Dk}-

Again, we shall prove that T'y # () and that g < ¢x()\) < 0o holds, see Lemma 4.2.

Theorem 1.7. Assume that (¥1), (V2), (V3), (1), (P2), (IB), (E) and (SMP) hold. Then, I = I
admits infinitely many critical points {uy}32, C X with I(uy) = cx(1) — 0o as k — oo.

The proofs of Theorems 1.6 and 1.7 will be given in Section 4. Both results crucially rely on the
monotonicity trick in Theorem 4.4 below, for which we do not need properties (¥3), (®2), (IB). Comments
on Theorems 1.6 and 1.7 and their proof, and comparison with the literature, can be found in Subsection
1.1.

In Section 2, we apply Theorems 1.6 and 1.7 to obtain nontrivial solutions to (BZy). Here, it is
worth pointing out that the equivalence between critical points of I and (weak) solutions of (BZy) is
not immediate, and requires a regularity result for critical points of I of independent interest. To keep
the paper at a reasonable length, we only consider Born-Infeld type equations (BZy), even though our
main abstract achievements may be used in other settings: as an example, we mention quasilinear elliptic
problems including (Euclidean) mean curvature type ones [28,42, 51], plastoelasticity problems [20, 23],
nonlinear obstacle problems [28], solutions to the Lorentz force equation [3,4], see also the references
therein.

1.1 Previous related works and novelties of our approach

Various critical point theories based on nonsmooth analysis (for which we refer to [25]) arose in the past
40 years: for locally Lipschitz functionals we quote [24], for lower semicontinuous functionals in Banach
spaces we stress the already mentioned [63], while for continuous functionals in metric spaces we highlight
the theory developed independently by Corvellec, Degiovanni & Marzocchi [26-28] and by Katriel [37]
(see also [43] for the Banach space setting). As described in [27, §4], functionals I = ¥ — ® satisfying
(1), (®1) fit within their framework. However, to get a critical point the authors need the Palais-Smale
condition, so Theorems 1.6 and 1.7 do not follow from these results.

Regarding the monotonicity trick for nonsmooth functionals, we mention the work by Squassina [62].
Especially, [62, Theorem 3.1] should be compared to our Theorem 4.4 and in this respect the discussion
in [62, p.161-163] is informative. However, the functionals I in [62] are assumed to be continuous on the
whole Banach space where they are defined, and this makes a difference with our results in obtaining a
deformation lemma and a bounded Palais-Smale sequence.

Next, we highlight the differences between our paper and [62,63] from the technical point of view. It is
known that the Palais-Smale condition plays a key role in obtaining existence and multiplicity of critical
points; see [2, section 2] and [54, section 9]. Since the condition is weakened in this paper, the assertions
in Theorem 1.7 are highly nontrivial. In fact, even though [62] considers higher minimax values, the
existence of infinitely many critical points is not obtained. In this respect, a new idea is necessary to
prove that the minimax values diverge. We next point out differences from [63]. First, for our purposes
we need to refine a deformation lemma in [63, Lemmas 2.1, 2.2 and Proposition 2.3]; see Lemma 3.1.
The second point regards Ekeland’s variational principle, exploited in [63] to ensure the existence of
Palais—Smale sequences: in our setting, to obtain bounded Palais-Smale sequences we need to consider
two different functionals I and Iy, a fact that seems to prevent the use of Ekeland’s principle. We thus
introduce a new iteration argument for deformations. This method is also useful to prove the divergence
of minimax values without the full Palais-Smale condition.
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We next describe the issues concerning a variational approach to (BZf). If we consider (1) in a
bounded domain €2, suitably choosing the function space X we may prove that the domain D (W) itself is
bounded in X for any nonlinearity f € C(Q x R), which leads to the Palais-Smale condition. However,
for (BZy), this is no longer true. The difficulty to obtain the boundedness of Palais-Smale sequences
already occurs in the study of the scalar field equation

Au+ f(u) =0 in R", (6)

where the nonlinearity f satisfies the so called Berestycki-Lions conditions (which are almost optimal for
the solvability of (6)). In [12-14] the existence of least energy solutions and minimax solutions to (6)
was proved by constrained minimization and minimax methods. The arguments there strongly depend
on the difference between the homogeneity in A of

/n|Du|2 and of /HF(U)=¢(U)

with respect to the scaling u(z) — u(Az), which is essential to normalize a Lagrange multiplier. This is
not applicable to problem (BZ ) since, under the natural scaling u(z) — A~ 'u(\z) keeping the restriction
|Du| < 1, ¥ and ® display almost the same homogeneity:

U(uy) =A"U(u) and  ®(uy) = A "d(N " 1uw).

For this reason, in our setting, the use of a constrained problem seems more difficult. By the same reason,
arguments based on the scaling developed in [33-35] are not straightforward to apply to the functional
corresponding to (BZy).

An approach to recover the existence theorems in [12—14] by means of unconstrained minimax methods
was due to Struwe in [56], see also [59, section 11 of chapter II]. However, to verify a variant of the Palais-
Smale condition, he still needed to introduce some constraint. It seems to us that even this method may
hardly apply to (BZ¢). From a different viewpoint, seeking to weaken the regularity of —u + f(u) in (6)
we mention [60] and [21]. There, solutions were constructed for nonlinearities of bounded variation and
locally integrable, respectively.

In [5,6,16,50], commented later on in more detail, radial solutions to (BZs) were obtained by either
employing the shooting method or approximations of the operators. However, for the above reasons,
nonsmooth critical point theories were never applied to (BZy) in the literature. To our knowledge, the
present work is the first attempt to do so.

Finally, we mention the work by Jeanjean & Lu [42] where they employed the monotonicity trick to
obtain infinitely many solutions to (6). To this end, in [42, Section 2], the monotonicity trick is proved
for higher minimax levels as in Theorem 1.7 and in [62]. However, as pointed out in [42, Remark 2.2], the
authors did not obtain the divergence of the minimax levels in an abstract setting, the property was later
shown in [42, Lemma 5.7] by using the specific structure of (6) and a comparison functional (the same
as in [33]). To the authors’ knowledge, Theorem 1.7 seems to be the first abstract result in the literature
(even for smooth functionals) to show the divergence of minimax values under general conditions not
including the Palais-Smale’s one.

2 Application to the Born-Infeld equation

We exploit Theorems 1.6 and 1.7 to investigate the existence of nontrivial solutions to

v <\/1_D|U7Du|2> + f(u) =0 in R", (BZy)
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in dimension n > 3. In principle, Theorems 1.6 and 1.7 could be applied to the case n = 2, too. However,
some technical details in the functional-analytic setting need a certain care, and for the sake of simplicity
the case n = 2 will be deferred to a future investigation.

Definition 2.1. Given a Radon measure p on R™, a function u € Lip(R™) is called a weak solution to

D
div <“>+p=0 in R"

V1 —|Dul?

if
1
Dul|<1 a.e., — ¢ LL (RY), 7
|Du| < — € e (®) (7)
and Du.D
L~ (o) for any n € Lip,(R") = Lip(R") N Co(R"), (8)
re /1 — |Dul

where (p,n) stands for the duality pairing.

The definition does not make any assumption at infinity on u. However, we will restrict ourselves to
solutions (with p = f(u)) satisfying

u(z) =0 as |z| — oo, 9)

and among them solutions lying in the energy space

=

o =cr@) ell= ([ 1por)”. (10)

Formally, they are critical points of the functional

I(u) E/n (1~ VI-IDuP ~F(w)  with F() :/Otf(s)ds. (11)

However, the behavior of the Lagrangian density on {|Du| = 1} prevents the differentiability of I and
calls for care. Nonetheless, in Propositions 2.13 and 2.10 below we prove that a critical point u of I
satisfying (9) is a weak solution of (BZy), and that u belongs to VV@?(R”) for each ¢ € [2,00) (hence, to
Cllo’f (R™) for each a € (0,1)) and is strictly spacelike, in the sense that |Du| < 1 on R". The regularity,
whose proof needs some subtle arguments, also holds under much more general growth conditions on u

at infinity. We expect it will be a handy tool for future works on Born-Infeld equations.

To the best of our knowledge, so far the existence problem for (BZ;) was only considered when
restricted to radially symmetric functions. In [6], Azzollini studied positive solutions in the model case
f(t) = [t|P~2t, and showed that the problem

D
v — | + uP?u=0 in R, lim u(x) =0, (12)
/1 —|Dul? || —o0

- has a radially symmetric positive solution in D'2(R") and infinitely many positive solutions not in
DL2(R™) for p € (2*,00), where 2* = 21

- n—2’

- does not have radially symmetric positive solutions if p € (1,2%).
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On the other hand, for p € (2*,00) infinitely many radially symmetric solutions in D2(R"™) to (12)
were constructed by Bonheure, De Coster & Derlet in [16] using a constrained minimax argument. In the
same paper, the authors posed the existence problem for p = 2* as an interesting question, see [16, page
262].

Other nonlinearities have also been considered. A problem corresponding to the “positive mass case”
of (12), namely,

D
div | ——t | —u+t |u[P~?u = 0, lim w(z) =0 (13)
V1 —|Dul? |z|—00

was studied in [5] and it was shown that (13) admits a radially symmetric positive solution in H!(R™) for
each p € (1,00). Indeed, the solution therein was obtained by a shooting argument, for a class of locally
Lipschitz functions much larger than |u[P~2u. A general existence result for one nontrivial radial solution,
closely related to our main Theorem 2.2 below, was recently obtained by Mederski & Pomponio [50], and
will be commented in detail in Remark 2.3.

About the existence of solutions, we shall consider both radial and non-radial ones. To construct the
latter, we restrict to n and d € N satisfying

n >4, 2§d§g, and n—2d# 1. (14)

Write a point of R” as = (x1,29,73) € R? x R? x R"2¢ and consider the subspace of functions
u € DY2(R™) with the following symmetries:

u(Azy, Bxa, Cxs) = u(xy, 2, x3) for each A, B € O(d), C € O(n — 2d),
(15)
(o, 1, 23) = —u(z1, 22, T3).

Since Bartsch & Willem [8], the above subspace has been extensively used (we refer to [49] and references
therein). Notice that the only radial function therein is u = 0, whence nontrivial solutions to (BZ) with
the symmetries described in (15) must be non-radial. Given a mass parameter m > 0 and p € [2,2*], we
define

—I"ll ;1,2
DL = C®) ™5, (6l = |/IDIE + mlol2.

The exponent p will be related to m according to assumption (f1) below. If m = 0, then Déf}(R”) =
DL2(R™). In this case, we agree to set p = 2*. Likewise, by Sobolev’s embedding, for m > 0 and p = 2*
the space Drln’i,(R”) is DH2(R™) with an equivalent norm.

We are ready to state our main existence theorem:

Theorem 2.2. Assume that n > 3 and that f € C(R), m > 0 satisfy
(f1) either

f(s) f(s)

(flg)) m=0, —oco< lign_j(l)qf S22 < hr;lj(l)lp 7|s|2*_23 =0, or
) S .
(flmp) m>0, —oo< hgn_%lf = < hlgl_il)lp sfr2s — —m for some p € [2,27];

(f2) there exists to > 0 such that F(tg) = (;50 f(t)dt > 0.

Then, (BZs) admits a positive radial weak solution u € D&{i,(]R") with I(u) € (0,00), where I is defined
n (11). Moreover, if f is odd, then (BZy) admits



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

- infinitely many distinct radial weak solutions {uy}x C D&{i;(R"), possibly sign-changing, with I(uy) €
(0,00) and I(ug) — oo as k — oo;

- infinitely many distinct nonradial, sign-changing weak solutions {uy}r C D#%(R") satisfying (15)
with I(ug) € (0,00) and I(ug) — oo as k — oo, provided that n,d satisfy (14).

Finally, any weak solution v € Di{i(R”) to (BILy) satisfies v € Wflzog(]R”) for each q € [2,00), and
|Dvl|, <1 in R™.

Remark 2.3. One main novelty of Theorem 2.2 is the first construction of non-radial solutions to (BZy).
Even in the radial case, however, the result is not contained in the previous literature, and indeed,
under the only conditions (f1), (f2), to the best of our knowledge the existence of a radial solution in
DL2(R") was still unknown. The most general existence result we are aware of is [50, Theorem 1.1] by
Mederski & Pomponio, where the authors produce a nontrivial radial solution in dimension n > 3 for
odd nonlinearities f € C(R) satisfying (f2) and either

(i) assumption (fly ), for m > 0 and some p € [2,00), or

(ii) the following assumption:

—00 < liminf 1(s) < lim sup /(s) =0

f > 2*
S st = P Jsp T e

and, if 2* <~y <mn,

f(s)

n
) =0 for some g € < 7

n+v’

ngq
n—q

lim sup
5—00 |5

n> ,  where ¢* =

Notice that (ii) and (i) for p > 2* are stronger than (flp), while (i) with p € [2,2*] corresponds to (flyp).

Remark 2.4. By appropriately defining ¥, ® in Theorem 2.2 so that weak solutions u to (BZ¢) corre-
spond to critical points of I = ¥ — @, the symmetry group G of u is chosen to ensure (®2) once & is
restricted to the subspace of G-invariant functions, and to guarantee that the corresponding restriction
of I still has a uniform (symmetric) mountain pass geometry. The method should be flexible enough to
produce other types of nontrivial solutions.

Remark 2.5. In [64], Van Schaftingen described an abstract framework to find G-invariant minimax
critical points without restricting, a priori, the functional I to a G-invariant subspace Xq (see also [62]).
One advantage of the method is that the minimax values are taken among maps valued in X, not only in
X¢; hence, the approach in [64] may help to establish whether the positive, radially symmetric solution
produced in Theorem 2.2 is a ground state, namely, a minimizer for I among all nonzero solutions. The
semilinear case was studied in [40].

The following Pohozaev identity will be crucial to check (IB) for problem (BZy).

Proposition 2.6. For f € C(R), let u be a weak solution to (BLy) satisfying

Dul?
/ __1Duf + F(u) | < oo. (16)
" 1 —|Dul?

Then, u € VVli’q(R") for each q € [2,0), |Du| <1 on R™ and

[ A = [ (Vi pw) <o o
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As an application of Proposition 2.6, we rule out the existence of finite energy solutions for f not
supercritical. Hence, condition (f1) in Theorem 2.2 is necessary for the existence of a solution to (BZy).
On the other hand, condition (f2) is needed to show the mini-max structure (MP) or (SMP) of the energy
functional, and we believe that it is necessary as well. In this respect, it is well known that (f2) is a
necessary condition for the existence of a finite energy solution to (6).

Proposition 2.7. For n > 3 there exist no weak solutions u Z 0 to

Du
div | —— | + [ulP2u=0 in R, pe[2,2* 18
( 1_|Du|2> ul pe 2] (18)
satisfying
/ (|Dul? + |ufP) < cc. (19)
R
In particular, (18) for p = 2* does not admit any weak solution u € DV2(R™)\ {0}.

Remark 2.8. For p = 2*, we thus answer in the negative the question raised in [16, page 262] for solutions
in DL2(R™). We expect that there exist no positive weak solutions to (18) for p € (2,2*) without any
restriction, as shown in [31] for the semilinear case Au + |u[P~2u = 0. We also believe that the critical
case p = 2* does not admit any positive weak solutions to (18). As a related problem, studying the
behavior of mountain pass solutions to (18) as p \, 2* seems also a quite interesting issue.

2.1 Critical points of I and weak solutions to (BZy)

We first discuss the regularity properties of weak solutions in Definition 2.1. Given a Radon measure p
on R", define the action I, on a bounded domain 2 € R" as

12w = [ (1= VI=TDIP) = (p. i)
with (, ) the duality pairing and (p, 1) = (p, ). For ¢ € C(91), we consider the convex set

Vo) = {0 e Whe(Q) [ [DY[ <1, ¢ =¢ on IQ}.

Remark 2.9. If 99 is not regular enough to achieve ¥ = ¢ in the trace sense, the boundary condition
has to be intended as in [9]. However, by [22, Proposition 3.5] this definition suffices to guarantee that
functions u € Yy(€2) can be extended continuously to 9Q with boundary datum ¢.

We say that

- u minimizes I, on § with boundary value ¢ € C(09Q) if
Igz(u) < Igz(@/)) for each ¢ € Y4(Q);
- u is a local minimizer for I, if it minimizes Igz on each domain 2 € R" with respect to the boundary
value ¢ = uy,,.

The regularity result we need is encoded in the next proposition of independent interest, proved in
Appendix B.

Proposition 2.10. Let u € Lip(R") satisfy |Du| <1 a.e. on R™, and let p € LS (R™).

loc

10
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(i) Suppose that there exist ¢c; > 0 and a function h : R™ — (0,00) such that

h(z)

h(z) = oo as |x| — oo, lim —= =0,
el =00 | (20)
lu(z)| < 1+ |z| — h(z) on R™.
Then, the following are equivalent:
(a) u is a weak solution to
Du
V| ——=]+p=0 mnR" BL
( /71—‘Du]2> P (BZ,)

as stated in Definition 2.1.

(b) u is a local minimizer for I,,.

Furthermore, if any between (a) and (b) occurs then u € Wif(R”) for each q € [2,00), and |Du| < 1
on R™. Moreover, for each R,c > 0 and q > 2 there eist R = R(R, c1,h) and § = 5(R, c),
Cy = C(R, c,q) with the following properties: if

ol (B ,0)) < €
then
sup [Du| <1—-36,  |[ullwa(sr(0) < Co
Br(0)

(ii) Assume that p € L*°(R") and u € L*(R") is a weak solution to (BL,) with ||p|e + [|ullec < c.
Then, there exists 6 = 6(c) € (0,1) such that || Dufec <1 —0.

Remark 2.11. A growth requirement like (20) is necessary for the equivalence (a) < (b) to hold. To see
this, consider the example p = 0 and u an affine function with slope 1. Then, u satisfies (b) but clearly
does not satisfy (7) in the definition of weak solution, and (8) cannot be given a reasonable meaning.

Remark 2.12. Case (ii) in the above proposition improves on [15, Theorem 1.5].

We next specify the above proposition to our case of interest, the equivalence of critical points of
and solutions of (BZy).

Proposition 2.13. Assume that n > 3 and m > 0, that u € D},{i,(R"), and that the functional
n € CERY) = (f(u),n) = A fu)n (21)

extends to a continuous one on D,ln’ij(R"). Then, the following are equivalent:
(a) u is a weak solution to (BLy);
(b) w is a local minimizer for I, with p = f(u);

(¢) The following inequality holds for each ¢ € D},{i(R") with | D], < 1:

| (V=10 = VI=TD0P) = [ faw—w = 0. (22)

11
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Remark 2.14. Hereafter, we will often employ the following useful properties valid for ¢ € [0, 1]:
t2 >
531—\/1—7:292, 1= V1—-2=) bt with b, >0,
k=1

and the pointwise inequality

Du - (Du— Dy
/1 —|Dul|?

on the set of points {|Du| < 1} N {|Dy| < 1}, see [22, Remark 3.15].

) > T DU - /1= [DuP? (23)

Proof of Proposition 2.13. (a) < (b) Since n > 3, from the Sobolev embedding Drln’i(]R") — L?"(R"),
and from u € D&{?I)(R”), |Dul|, <1 we deduce that u(x) — 0 as |z| — oo. In particular, Proposition
2.10 ensures that (a) < (b) and that u € W24(R") with ||Duls < 1.

loc

(a) = (c) Given ¢ € Drln’ij(R”) with || Dy, <1 and a sequence €; — 0, we define

u(z) if [(z) —u(z)] <ej,
Yj(x) = max{u(z), Y(z)—e; }+min{u(z), Y(x)+e;}—u(z) = ¢ Y(z) +¢; if u(x) >P(x)+¢e5, (24)
@)z i u(z) < (o) <
Since both u and 1 vanish as |x| — oo, by construction v —1; has compact support for each j. Notice also
that |¢;(z)| < |u(z)| + [ (z) — u(z)| holds for any x € R"™. Thus, the dominated convergence theorem
shows that 1; — 1 strongly in D%{i,(R”) as j — oo (see [22, Lemma 3.7] for more details in the case

m = 0. The case m > 0 follows by minor modifications). Plugging v —v; € Lip.(R") in the definition of
weak solution to (BZy) and using (23) we get

e — Do Du-(Du—D(b‘): Dt —
L (Jr=1pup = vi=ouP) < | vixaT el RACICE )

Rearranging, we infer (22) for the test function ¢;. On the other hand, from the definition of v; and the
first in Remark 2.14 we observe that

|\/1= D2 = VT=[DuP| < 1= VT=DUP +1 - /1= DuP < Dy + | Duf®.

Whence, inequality (22) follows by letting j — oo and using the dominated convergence theorem together
with the assumed continuity of (21).

(c) = (b) Fix Q@ € R” and ¢ € ),(2). Up to replacing ¢ with 1; as in (24), we can assume that
supp(¢ — u) € Q. Extend ¢ to R™ by setting ¢ = u away from . Inequality (22) implies

/g(”‘ DuP? — V1= 1DuP) —/wa)(w—u) > 0.

Then, setting p = f(u) and rearranging we get Ig(u) < If}(d}), thus u satisfies (b). [

2.2 Proofs of Propositions 2.6 and 2.7

Proof of Propositions 2.6. By (16), |Du| € L*(R") and the interpolation inequality with |Du| < 1
implies ||Dull; < oo for each ¢ > 2. Hence, by the proof of Morrey’s embedding theorem (for instance,
see [19, Theorem 9.12]), for ¢ > n the C%1-n/¢ Hslder seminorm of u on R” is globally bounded,

12



thus |u(z)| = O (]a:|17%> as |z| — oo. Proposition 2.10 guarantees the stated regularity of u. Set for

convenience r(x) = |z|. We prove that for every R € (0, c0)

J {%‘”(l‘m%nﬂw}

_ (Du-Dr)* ¢
_RaBR{F(u)+m (1 V1—|D \2)}010,

where Br = Bgr(0). We consider the piecewise affine function

(25)

1 if t<R—¢/2,
()= 1—-eYt—R+¢e/2) if R—¢g/2<t<R+¢e/2,
0 if t> R+¢/2.

Because of the regularity of u, by density (8) also holds for W1 test functions with compact support, so
we can use 7. = 7.(r)rDr - Du in (8) with p = f(u) to obtain

Du - Dn.
—_— U .
D e f(u)ne
From div(rDr) = n we get

fw)ne = div (1. F(u)rDr) — r7i(r)F(u) — n7e(r)F (u),

hence . f(u)n. = — /n rri(r)F(u) — n/n 7e(r) F'(u).

Notice also that

Du-D "(r)(Du - Dr)? Dul?
U Te _ TTE(T>( U 7’) + TE(T)’ U,‘ + TE(T)TD’I” - D (1 — 1— ’D’LL|2> .
/1 —|Dul? /1= |Dul? /1 —|Dul?

Therefore, integrating by parts yields

Du - Dn.
Rn /1 — [Du|?

r7!(r)(Du - Dr)? ul?
:/{ BB TP frotr) )}(1_m)}

and we conclude

/1 —|Dul|?

B ! (1 (Du - Dr)? ~Du
= [ [HPD i

/nTE(r) [’DUP —n (1 _ m) +nF(u)

The coarea formula guarantees that

tHh(t)E/aBt

(Du - DT)2
P+ DD, W)] do € T ((0,09),

13
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thus, letting ¢ — 0 in (26) and using the definition of 7. and the fact Du € C'(R"), we obtain (25) for
any R. Moreover, by the triangle inequality and the observation that 1 — /1 — ¢2 < t?, see Remark 2.14,
we get

D 2
]h(t)\g/ [F(u)+| ul + |Dul?| do,
OB

V1 —|Dul?

hence from (16) and the coarea formula we infer that h € L'([1,00)). Therefore, there exists a sequence
{Ry} such that R, — oo and Riph(Ry) — 0 as k — oo. Observing that (16) and the first in Remark
2.14 guarantee the finiteness of the right-hand side of (17), letting R = Ry — oo in (25) we conclude the
desired identity. |

With the aid of the Pohozaev identity in Propositions 2.6, we can show Proposition 2.7.

Proof of Proposition 2.7. Let u be a weak solution to (18) verifying (19). From u € LP(R"™) and
| Dul|os < 1, we deduce that u vanishes at infinity, hence v € L®(R™). Since f(u(z)) = |u[f~*(z)u(z) €
L>(R™), Proposition 2.10 (ii) guarantees that ||Dul| < 1, and (19) implies

| Dul?

/ —
<
B 1= Duf? 31— | Duf?, R

Thus, we apply Proposition 2.6 with f(u) = |u/P~2u to deduce that

D 2 1
/ L= . (1_m-|uyp) < oo (27)
n /1 — |Dul? R™ p

For € > 0, we plug the compactly supported test function n = (. (u) with (.(t) = (t — &)y — (t+¢)_ in
the weak definition of (18) to obtain

2
T e
{lul>e} {lul>¢} /1 —|Dul

Letting ¢ — 0, using the dominated convergence theorem, the identity |[Du| = 0 a.e. on {u = 0}, and
substituting in (27) we thus get

0 /n{p—i-n | Dul? n<1_m>}.

P 1 — |Dul? B

|Dul? < co.

Since p < 2* and

p+n n t
; m_”(l_m)22< 1_t—2(1—\/1—t)>>0 for t € (0,1),

we conclude that |Du| = 0, thus v = 0, a contradiction. |

2.3 Proof of Theorem 2.2

For convenience, having fixed p; > max{n,p}, we define a subspace Y ,(R") of D&{?I,(]R") by

p1’

n\ — 7og il lvm, _
Vup(R™) = C2RY) ™ ol|y,, = \/mH’UHfﬂr IDvl3 + [[1Do]}

where we agree that p = 2* if m = 0. Notice that, by Sobolev’s embedding, Vi ,(R™) < Y 2+ (R").

14
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Lemma 2.15. Let n > 3. Then Y p(R") is a reflexive Banach space and satisfies
1) VupR") = WHP(R™),

(ii)) Ymp(R™) = Co(R"™) = { ue C(R™) | lim u(x)=0 } . (28)

|z]—o0

Proof. The norm ||-[|5, is uniformly convex by the uniform convexity of L9-spaces and [19, Exercise
3.29], thus Y p(R"™) is reflexive. If m = 0, then (i) and (ii) have been shown in [22, Proposition 3.3] (the
norm used there is equivalent to |- ||y, ,. ), hence (ii) for m > 0 is a consequence of Vi ,(R™) = Vo 2+ (R").
On the other hand, interpolation gives

0 1-6
Dl < |DulgDull < fuly,,. =

thus (i) holds for m > 0 as well. [

In view of the above Lemma, it will be convenient to use Ym p(R™) instead of D&{?D(R”). Notice
however the following properties: for any constant ¢ > 0,

(a) for u with ||Dul| <¢, ue D&;i,(]R") = U € Ynp(R"), and

2
P1

DI,Q;
P (29)
(b) if {u;} C YupR™), 1 € Yup(R™) and || Duj|| < ¢, [|Dullo, < c, then

luj — ullyy, =0 <= |luj —ullp12 = 0.

m,p

1—2
[ullpye < llullyw, <llullpye +c #rlu]
m,p m,p

We define ®, ¥ : Yy, ,(R") — (—00, 00] as follows:

m|ulP )
00 if || Dul|, > 1, (30)

o(u)= [ Glu),  with Gs) = F(s) + %w’.

Because of the first in Remark 2.14 and (a) in (29), the domain of ¥ is
D) ={u € Ynp[R") [ ¥(u) <00} ={u€YupR")|[|Dull, <1} (31)

Remark 2.16. By combining (28), the reflexivity of Vu ,(R™) and the fact that functions in D(¥) are
equi-Lipschitz, the following holds: from every bounded sequence {u}3°, C D(¥) we can extract a
subsequence (still labelled the same) such that uj — u weakly in Yy ,(R™) and locally uniformly in R”.

Define also
I)\ : ym,p(]Rn) — (—O0,00], I)\(U) = )‘\Ij(u) - q)(u)

We first check the conditions for W.
Lemma 2.17. ¥ : YV, ,(R") — [0, 00] satisfies (V1), (¥2), (V3).
Proof. Observe first that if {u;}; C D(¥), v € D(¥) and

mfjul, < lminfm|u;l],, |Dul|2r < liminf ||Duj|lor for every k > 1, (32)
J—00 j—00
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then by the second in Remark 2.14 the following chain of inequalities holds:

o0 o0
. m 2 M . 12k
wm-yww;}ﬁym:%wm+;@@géymr (%)

m o0
< liminf | —[|u;||? + b/ Du; %! | = liminf U (u,;). 34
_%m[%mm ;;kw|]r minf W(u;).  (34)

We prove (Uy). Since ¢t — 1 — /1 —#? is convex for t € (0,1), ¥ is convex on YVmp,(R™). To check that ¥
is lower-semicontinuous, let u; — u in Y pp(R™). The claim is obvious if || Duj||s > 1 for all large j. On
the other hand, if || Duy, || < 1 for a subsequence j; — oo, then ||Duj, |, — [[Dully, for all k> 1. Using
also m||u;, ||, — ml|ull,, we can apply (33) to deduce that ¥(u) < liminf; o ¥(u;,).

For property (W2), if || Dull,, < 1, then [[Dul|] < | Dul|3 for each ¢ > 2. Hence, the first in Remark
2.14 and the definition of ¥ yield

4

2 2 2 2 2 2 1
ully,,, = wllull; + [ Dull; + [[Dull,, < Cpm(¥(w))? + ||Dull; + || Dul|5*
2 2

< Cpm(W(w))? + by "W (u) + (b ' W(u)) 1.

Thus, (¥3) holds.

To show (¥3), assume that {u;}; C D(¥) and v € D(¥) satisfy u; — uwin Yu p(R™) and ¥(u;) — ¥(u)
as j — o0o. The weak convergence and u;,u € D(V) yields Du; — Du in L*(R™R™) as j — oo for
each fixed k& > 1, hence both of the inequalities in (32) hold. From the uniform convexity of L?-spaces, it
suffices to prove that m|[u{|, — m|[ul|, and that [[Du;|y, — [[Dully, for each k € N. By contradiction,
if one of these fails, then up to passing to a subsequence one of the inequalities in (32) is strict. As a
consequence, one of the two inequalities in (33) is strict as well (recall: here we use the fact by > 0 for
each k), whence we would conclude from (33) that

U(u) < liminf ¥(u;) = ¥(u),

j—o0
a contradiction. [ |

Lemma 2.18. Ifn >3 and f € C(R) satisfies

6l mm{pzw if m =0,

lim sup
s—0

|sp=1 pe[2,2*] if m>0,
then ® : Y p(R™) = R satisfies (P1).

Proof. By Lemma 2.15, Vi »(R") <= Co(R"). From (35), it is standard to see that ® € C1(Vy ,(R"), R).
|

Next, we check that critical points for I are weak solutions to (BZ¢). In the positive mass case, this
is not entirely trivial due to the asymmetric role of ¥ and @ in the definition of a critical point. We have

Proposition 2.19. Let ®, ¥ be as in (30), and assume (35). Then, for each A € RT the following are
equivalent:

-ue€ D&{i(R”) is critical for Iy = AV — ®;
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-u€ Dg{i(R”) is a weak solution to

dw(vT?&mP)+m%;AMM4u+x4ﬂw:o, (36)

in particular, u € T/Vlig(R”) for g € [2,00), and ||Dul| < 1.

To prove the result, we need the following general lemma.

Lemma 2.20. Let X be a normed space, u € X and ¥, & satisfy (U4), (®q), respectively. Then, the
following are equivalent:

(i) w is a critical point for ¥ — ®;

(ii) for some (07: equivalently, evez’y) convez, C1 functional T : X — R, u is a critical point for Up— &
with Vp =V +T and Pr =+ T.

Proof. (i) = (ii) for each T
Since T is convex, T'(v) — T(u) — T'(u)(v — u) > 0. By combining this inequality with the definition
of u being a critical point for ¥ — & we deduce

Ur(v) — Up(u) — Bh(u) (v —u) >0 for all v € X,

thus u is critical for Wy — &
(ii) for some T' = (i).
Assume that there exists a convex functional T' € C*(X,R) for which

(U(w) + T(w)) — ((u) + T(uw)) — (' (v) + T'(u)) (w —u) >0  forallwe X.

Fix v € X and write w = (1 — t)u + tv, t € (0,1]. Since U is convex and T is of class C?,

U(w) — U(u) < t(T(v) — T(u)), T(w) — T(u) = tT"(u)(v — u) + o(t),

which yields ) ) )
tH(W(v) = U(u)) + tT"(w) (v — u) + o(t) — t(P'(u) + T"(w)) (v — u) > 0.

Dividing by ¢ and letting ¢ — 0 we conclude

U (v) — U(u) — &' (u)(v —u) >0,
as claimed. |

Proof of Proposition 2.19. Applying Lemma 2.20 with

T = SNl W0 =3 [ (1= VIZTDaE), b= [ (P ")

2p

we deduce that u is critical for Iy if and only if it is critical for U — ®. In this respect, notice that ®, ®
and T are of class C! by Lemma 2.18. Proposition 2.13 then ensures that critical points of U — d coincide
with weak solutions to (36), and enjoy the claimed regularity properties. |

We next prove that under our assumptions I satisfies (IB).

Lemma 2.21. Assume that f € C(R) satisfies (f1). Then, Iy : Y p(R™) = R satisfies (IB).
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Proof. Without loss of generality, we can assume ¢ > 0 in the definition of IC[Ca o By Proposition 2.19,

critical points u € Kf, ; for Iy are weak solutions to (36). Moreover, u € I/Vig (R™) for ¢ € [2,00), and
|Dulloc < 1. The latter, together with u € Yy »,(R™) and (f1), imply

D 2
/ _ D" Fmlulf + |F(u)| ] < oo,
n \ y/1—|Dul?

thus by combining the Pohozaev identity (17) and I)(u) < ¢ we deduce

/n%:n/n (1_\/1—|Du|2)—Z/Rn{m(;;”m\up(u)}
:gl,\(u)g c <

(37)

Therefore, K, C D(¥) is bounded in D12(R"), hence in Yy 2+ (R") and in C(R™) because of (28) and

(29). This settles the case m = 0. Assume m > 0, and fix § such that
J()s+ sl < =Tlsl”if 5] < 6.

This is possible by the definition of m. Choose a constant x so that ||ul|ox + ||u]|ec < k for each u € Kio -
Then, there exists a constant C' = C’(4, k) such that

f(s)s+ %|s|p < —%|s|p+0/|8|2* for each |s| < k.

Using this with Iy(u) < ¢ and ¥(u) > 0, we get

cZIA(u)Z—/

m m C .
F —lulP b > )P = =l
[ {Fs gt = Py - S

Therefore, IC[Ca’b} is bounded in D,}{?I,(R") and, by (29), in Y p(R"). [

Property (®2) does not hold in Yy ,(R™) because of the translation invariance of ®, and forces us
to restrict W, ® to suitable closed subspaces X — Yy ,(R"™) where (®3) is restored. Notice that any
of (¥1),(¥2), (¥3),(Py1) is inherited by ¥, ® when restricted to any closed subspace X. Assume that a
topological group G acts continuously by isometries on Y ,(R™) with an action - : G x X — X, and
define the subspace of G-invariant functions

YVaupR"eg={u € VupR") |g-u=uforallge G}. (38)

Example 2.22. Let G be a closed subgroup of the isometry group Iso(R™) of R™, and consider the
natural action induced on Yy ,(R") by defining (g - u)(z) = u(g~!(x)). The action is continuous and, for
each g € G, u — ¢ - u is an isometry of Vn ,(R™).

In the present paper we shall focus for simplicity on the next two examples:

Example 2.23. Choosing in Example 2.22 the orthogonal group O(n) < Iso(R") acting in the standard
way by matrix multiplication on R"™, we obtain the subspace of radially symmetric functions with respect
to the origin.
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Example 2.24. For n and d € N satisfying
n> 4, 2§d§g, and n—2d#1, (39)

write a point of R" as & = (x1, 29, 23) € R? x R? x R"~2¢, Consider the subgroup
H =0(d) x O(d) x O(n —2d) < O(n)

sitting in O(n) as block-diagonal matrices, and the action induced by that of Example 2.23 on Yy ,(R™).
Consider also the discrete subgroup (7) generated by the involution 7 € Iso(R"), 7(z1, z2, x3) = (z2, 21, T3),
and its action on Yn ,(R™) given by

(Tou)(z) = —u(r(z)).
Then, 7 induces an action on YV p(R™) g, and (Vmp(R™) i) r) is the subspace of H-invariant functions

which are odd with respect to 7. To our knowledge, the idea of considering such symmetries to produce
non-radial solutions was first introduced in [8].

Following [66, §1.5], we describe a sufficient condition on a group G < Iso(R"), acting on Yy ,(R") as
in Example 2.22, so that ® restricted to Vm,(R")q satisfies (®2). Let m(y, r, G) be the maximal number
of disjoint balls of radius r centered at points in the G-orbit of y, namely:

m(y,r,G)Esup{KGN

there exist ¢1,...,gs € G such that }
B(giy,m) N B(gjy,r) =0 if i # 5.

The following property is proved in [46, Théoreme III.4] (see also [66, §1.5]). We include the argument
for the sake of completeness.

Proposition 2.25. Let {u;}72, C Ymp(R")gND(¥) be bounded in Y ,(R™), and assume that for some
r >0,
lim m(y,r,G) = oc. (40)

ly|—o0

Then, there exists u € Ymp(R")c such that, up to a subsequence, |luy — ul|, — 0 holds for any q € (p, 00).

Remark 2.26. A direct check shows that both of the groups O(n) in Example 2.23 and H in Example
2.24 satisfy (40).

To prove Theorem 2.25, we need the following lemma:

Lemma 2.27. Let r > 0 and {u;}32, C D(V) be a bounded sequence in Ymp(R™). If

lim sup/ lug|? =0,
k=00 yern JB(y,r)

then ug — 0 strongly in LY(R™) for any q € (p,00).

Proof. First, by (28) we know that {uy}x is bounded in L>°(R"™). Hence, replacing balls with cubes, our
assumption implies that for each ¢ € [p, 00)

lim sup / lug|? =0, where Q = [0, 1]". (41)
koo yern Jy+Q
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Moreover, in view of the L bound and the interpolation inequality, it suffices to show that [ul|, — 0
for some ¢ € (p, p*). By Sobolev’s embedding W'P(Q) — Li(Q), we compute

1-2 p

g q

g =3 [ pult < (sup [ (/ mw)
=3 o sw > o

yeL™ yeL™
1-2
q
sa)wg/ wd?) S el
(yeZ" y+Q yezn WhrlytQ)

1-2

q
— G wq/ hael?) Tl
(yGZ" y+Q whr(R?)

Because of (28) (i) and our assumptions, |[uk ||y 15 (gny is bounded, so the conclusion follows from (41). W

Proof of Theorem 2.25. Let {ur}2; C Yup(R")g N D(V) be bounded in YVnp(R™). By Remark
2.16, we can assume that up — u weakly in Vn,(R") and locally uniformly in R"™. The local uniform
convergence guarantees that u € Y p(R")e and that ||Dul|,, < 1, whence u € D(¥) by (31). Setting
v = ug — u, the claim follows from Lemma 2.27 once we show that

lim sup/ lvg|P — 0. (42)
k=00 yeRrn JB(y,r)

In fact, for y € R”, choose g1, ..., gm(yra) € G so that {B(g;y,r)}: are pairwise disjoint. By (28) (i), in
our assumptions ||vg||,, < C for some constant C. On the other hand,

2wz [ e
i=1

Let ¢ > 0 be arbitrary. It follows from (40) that there exists R, > 0 such that

vwzmmn@/ P

9iY,T) B(y,r)

sup/ lu|P < e for all |y| > Re.
k>1JB(y,r)

From v — 0 locally uniformly in R",

lim sup / lugP =0,
k=00 |y|<R. JB(y.r)
which implies

lim sup sup / log|P <e.
k—oo yeR™ J B(y,r)
Thus, (42) holds by the arbitrariness of . |

Proposition 2.28. Let G < Iso(R") act on Ymp(R™) as in Example 2.22, and assume that

lim m(y,r,G) = oo for some r > 0.
[y|—o0

Then, ® : Yup(R™")g — R satisfies ($2).
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Proof. Assumption (f1) and Lemma 2.18 guarantee that ® € C1 (Y ,(R™),R). Let
{ur}iZi C Ymp(R")g N D(P)

be a bounded sequence. By Lemma 2.15 and Remark 2.16, up to a subsequence, we may assume that
up — u weakly in Yy »(R™) and locally uniformly in R", and that ||ug||- < ¢o for some cg > 0. We shall
prove that

lim inf &' (ug) (v — ug) > @' (u)(v — u). (43)

k—o0

Define m
g(s) = f(s) + 5!8!17_2&

For any fixed € > 0, choose R > 0 so that HUHLP(R"\BR) < €. Since uj, — u uniformly in Bg, it holds
@) = #)(0) = [ ot~ gl =or)+ [ lglom) gl
"\BRr

as k — 0o. On the other hand, by (f1) there exists a constant C such that |g(s)| < C|s[P~! for |s| < co,

hence
/ l9(ug) — g(u)]o
R™\Bg

n

< (lgCull_g, + 9@l _. ) 10l ogam s
p—1 p—1
< G (lhunlly™ + lly™) 10l zoem

p—1
< 035 (Supk‘ Huk”ylmp)

Therefore, letting first & — oo and then ¢ — 0, we deduce that ®'(uy)(v) — ®'(u)(v) as k — oco. Write
g(s)s = g+(s) — g—(s) where g1 (s) = max {0,+g(s)s }. Then, (43) follows provided that

timint [ @ (o) < G(w)) = [ @)~ Gaw),
We will prove that
lim [ G (u) = / Gi(w),  liminf / G (ug) > / 7 (u). (44)
k—o0 Rn Rn k—o00 n n
The second claim follows by Fatou’s lemma. As for the first, fix ¢ > p and € > 0. By (fly), there exists
Ce,q,co > 0 such that
g+ (u) < elugl’ + Cogeolunl®,  g4-(u) < eful” + Ce g eolul’.

Because of Proposition 2.25, we can assume that limy_c [|ug — ul[, = 0, up to subsequence. Therefore,
we can fix R large enough so that

Cs,q,cO/ (lup]? + [u|?) <e  forall k € N.
R™\Bg

o)
loc

[ Gt =g <o+ [ Getw) - g

"\Br

< Ok(1)+5/

R™\Bp

Since uy, — u in LS (R™), we compute

(laxl? + [ul?) + Cergen /R (gl + u])

Br
< ou(1) +<Cs (lurll,, + lully,,) +
< ox(1) + Cye.

By letting k — oo and then € — 0 we obtain the first in (44), concluding the proof. |
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Remark 2.29. By modifying the above argument, in the case m = 0 and if

f(s)=o (|5|2**1) as s — 0,

one can actually show that
' . Vy(RMg N D(T) — (o(R™)"

is compact, a stronger property than (®s2).
We are ready to prove our main existence result.

Proof of Theorem 2.2. First of all, by using Proposition 2.13 and Lemma 2.15 we deduce that any weak
solution u € Ymp(R™) to (BZy) satisfies u € Wli’cq(R”) for each ¢ € [2,00) and ||Dul|s < 1. Referring to
Examples 2.23 and 2.24, we set for notational convenience

Xm,l = ym,p(Rn)O(n)a Xm,2 = (ym,p(Rn)H><T>- (45)
In view of (29), to prove the result we shall construct:
e a positive solution u € Xy 1 with I(u) € (0, 00);

e when f is odd, for each j € {1,2}, infinitely many distinct solutions {uy}r C Xn ; with I(ug) €
(0,00) and I(u) — oo as k — oo (provided n,d verify (14) when j = 2).

Define ¥, ® as in (30), and let
L=V —® : Yy, (R") > R.

In our stated assumptions, Lemmas 2.17 and 2.18 ensure the validity of (1), (¥2), (¥3), (®1) on Ym p(R").
In particular, from (®1) and the inclusion Yy ,(R"™) — D%{i,(R”), we can apply Proposition 2.19 and (a)
in (29) to deduce that u € Y p,(R") is a weak solution to (BZy) if and only if

U(v) — ¥(u) — & (u)(v—u) >0 for each v € D(V).

By the definition of ¥, the above inequality also holds when || Duv||,, > 1 and thus weak solutions to
(BZy¢) correspond to critical points of I = Iy in the sense of Szulkin.

The groups G = O(n), H, respectively, in Examples 2.23 and 2.24, are compact and act continuously
on Ymp(R™), and (7) acts continuously by isometries on Vi ,(R"™)c. Moreover, Yy ,(R") is reflexive, thus
50 i8 Ymp(R™)g. Therefore, by the principle of nonsmooth symmetric criticality proved in [44, Theorem
3.16] (see Proposition A.1 in Appendix A for another proof which does not require reflexivity) a function
u € Xp,j is a critical point of Iy : Y p(R™) — R if and only if it is critical for the restriction of I to
Xu,j, namely, if and only if

MU (v) = U(u)) — @' (u)(v—u) >0 for any v € X ;.

Moreover, by Proposition 2.28 and Remark 2.26, ® enjoys (®3) provided that we restrict its domain
to either X1 or to0 Y p(R™) g in Example 2.24. In the second case (®2) is therefore inherited by the
restriction of ® to Xy 2. Lemma 2.21 guarantees that (IB) holds for Iy : Xy ; — R. In summary,
(1), (P2), (¥3) and (Pq), (P2), (IB) are satisfied. To apply Theorem 1.6 (respectively, Theorem 1.7 if f
is odd), it is therefore sufficient to check the uniform mountain pass condition (MP) (respectively, (SMP))
for, say, A € [1/2,2].

In our assumptions, I(0) = 0 for each A\. Set pg > 0 and consider u with [jully, , = po. By (28),
there exists a constant C' > 0 such that ||ul|cc < Cpo. Hence, because of (f1), for each € > 0 there exists
po such that the following inequality holds:

m
F(u) + 2*\“|p <elulP  for any u € Yn(R") with ully, = po.
p m,
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Moreover, by using Remark 2.14,
m 1 9
U(u) > @IIUIIZ + 5 [1Dull3.

We therefore have the following chain of inequalities for each A > 1/2:
1
)2 5900~ [ (Fa+ 2la)
m 1 9 m
> (5 —e )l + g12ul > (=) kg + el

where in the last line Sobolev’s inequality was used. In both cases m = 0 (p = 2*) and m > 0, by choosing
€ > 0 small enough and pg accordingly there exists Cy > 0 such that

I\(u

1
2 2
2+ SIDul,

I(u) > CQHUH%LQ for each u € Y p(R™) with [[ully, = po.

m,p

Hence, by (29), there exists ag > 0 such that Ix(u) = ag on {u | [[ully, ~=po} for each A > 1/2.

(i) Property (MP).
In the radial case, we choose a radially symmetric function ug € CZ°(R™) such that

(2) to for |z| < L,
Uplxr) =
‘ 0 for L+ 3ty < |z|

and || Dugl|,, < 1/2, where tg is the value in (f2). For sufficiently large L > 0, a direct computation
gives I5(ug) < 0, so (MP) holds.

(ii) Property (SMP).
In the radial setting, by [13, Theorem 10], for each k € N there exist Ry, M}, independent of ¢ € ODF

and odd maps
T, € C (0D, HL 4(R™))

valued in the set H! (R™) of radial functions in H'(R") and satisfying

supp (14(0) € BO.RW), [Dm(Olle <M [ Flm(0) 21 forany € 0D (46)

Define 7o . by
T
Wr(Q@) =m(0) (7)  forL>1. (47)
Notice that for sufficiently large L, || Dyox(¢)||,, < Mi/L < 1. Thus, by using (29) and (28),

loe <

7, (ODF) is bounded in Yy ,»(R™), hence in C(R™). From the first in (46) and the dominated con-
vergence theorem, one readily sees that vp, € C(9DF, Xin 1), and by Remark 2.14

(1= V=) -1 [ Fm(o)

<1 [zL;WB(o,Rk)r—l] <0,

I(10x(0)) < 2L /

B(0,Ry)

which implies (SMP). Likewise, in dimension n > 4 and for each 2 < d < n/2, in the argument
of [39, Lemma 4.3] the authors produced, for each k € N, an odd map 7, € C (9D, (H1 (R”)H)m)

such that (46) holds for suitable My, Ry, independent of . Defining again 7 as in (47), the same
computation as above yields m; € C(ODF, X 2) and supeegpr 12(70,6(¢)) < 0, as required.
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By applying Theorem 1.6 (resp. Theorem 1.7 if f is odd), we get all of our conclusions apart from the
claim that a positive solution in Xy, 1 can be found. To see this, we consider the problem with continuous

nonlinearity

. f(s) if s >0,

fs) = L

—m|s|Ps it s <0.
Then, f satisfies (flm,p) and (f2) since so does f, and therefore there exists a solution u € X1 to
Du .
div| —m— | + f(u) =0 in R"
(2 + 7o

Moreover, by Proposition 2.10 and Lemma 2.15, u € C*(R") and || Du||oc < 1. Assume that {u < 0} # 0.
As in the proof of Theorem 2.2, we may use u_(z) = max { —u(x),0} € YV p(R"™) to deduce

/ 7]Du|2 +m/ lulP =0
{u<0} \ /1 — |Dul? {u<0} ’

a contradiction. Therefore, © > 0 and thus u solves (BZ¢). The positivity of u follows from the weak
Harnack inequality (see [32, Theorem 8.18]) and the fact that u > 0 satisfies

f(u(z))

1

0 = —div(aDu) — f(u(z)) < —div(aDu) + < )_u(m), a(x)

1~ [Du(z)[*

This concludes the proof. |

3 Deformation lemmas

The aim of this section is to prove general deformation lemmas in order to establish the monotonicity
method pioneered in [38,41,57,58] for the family {Ix},. The results below relate to [63, Proposition
2.3]. Although our conclusions are slightly weaker, differently from [63] we do not require a priori the
validity of the Palais-Smale condition (in this respect, see also [1, Theorem 3.1]). Let us recall that a chief
difficulty in proving a deformation lemma for lower semicontinuous functionals is that the closure of a
relatively compact subset contained in a strip 1, !([a, b)) may not lie in the same strip. This problem does
not occur for continuous functionals as those treated in [27, Theorems 2.14 and 2.15] and [26, Theorem
2.3], and makes the construction of an energy decreasing flow which produces a bounded Palais-Smale
sequence a challenging task. Notice that in Lemmas 3.1 and 3.5 below, we allow Iy to increase along the
flow in some regions, albeit in a controlled way.
We introduce some notation: for each A > 0, we denote by Ky the set of all critical points of Iy:

Kx={u € X | uis a critical point of I)}.

Also, for a subset C' C X, the symbol C stands for the closure of C' in X. We shall prove two results, the
second one by assuming that U, ® are even.

3.1 The Deformation Lemma

Lemma 3.1. Suppose that (V1) and (®1) hold. Fiz A € RT and let A C X be a closed and bounded set.
For c € R and o > 0, define
Acze =AN{c—30 <Iy<c+30}.
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Assume that there exists 09 > 0 such that for each u € Ac 3, we may find v =v(u) € X \ {u} with
A(P(v) —¥(u) — D' (u) (v—u) < =5|v—ul. (48)
Thﬂl for every set K C Ac 3, which is relatively compact in X there exist small neighborhoods W and 1%
of K with o o
KcWcWcw,
so >0 and n € C([0,00) x X, X) such that
(i) lIn(s,w) — w|| < s for (s,w) € [0,00) x X and n(s,w)=w for s € [0,00) if w & W;
(i) In(n(s,w)) < In(w) + dos for all (s,w) € [0, s0] x X;
(iii) In(n(s,w)) < In(w) — 28ps for all (s,w) € [0, so] x W with I \(w) > c—o.

Remark 3.2. Since I, is only assumed to be lower semicontinuous, the set A. 3, may not be closed and
its closure may possibly contain points in {I\ < ¢ —30}. Consequently, (48) may fail at points of K \ K,
a major obstacle to construct an energy decreasing deformation flow. This marks one of differences with
the deformation in [63, Proposition 2.3], where it is assumed that the set K in Lemma 3.1 is compact.

Remark 3.3. Observe that Lemma 3.1 holds for a fixed A € RT, and it seems difficult to control the
deformation for Iy locally uniformly in A. As a consequence, in the proof of Theorems 1.6 and 1.7
Ekeland’s variational principle is hardly applicable, and we have to devise a different strategy based on
an iteration method.

Proof of Lemma 3.1. The following argument is adapted from the proof of [63, Lemma 2.2 and
Proposition 2.3]. Let K C A3, be relatively compact. Without loss of generality, we may suppose

dp <o <1. (49)
From the lower semicontinuity of I it follows that
IN(u) < c+30 for each u € A 3,. (50)

In particular, since K C A, 3., the estimate in (50) holds on K.

We divide our arguments into several steps. In Step 1, we identify the building blocks to construct
a pseudogradient vector field in a neighborhood of K, namely, for each v € K we find v = v(u) € X
and a small radius » = r(u) such that, loosely speaking, for w € B(u,r) the vector v — w acts as a
pseudogradient vector: the value of I does not increase too much with respect to I)(w) in direction
v —w, and decreases at least at a fixed rate whenever I(w) > ¢ —20. Notice that the choice v(u) in (48)
is admissible (and works well) only if u € A 3,. However, as A3, is not closed, this is not always the
case and the analysis for points u € F\Aqgg is more involved.

Step 1: The following hold:

(a) Supposeu € KN Ae3, and let v =v(u) € X \ {u} be as in (48). Then there exists r = r(u) > 0 such
that B(u,r) C Ac3s + B(0,1), v & B(u,r) and

A(T(v) —¥(w)) — '(w)(v—w) < —=38||v—w| forallwe Bu,r).

(b) Suppose u € (K \ Acss) N Ky and set v = u. Then there exists r = r(u) > 0 such that B(u,r) C

Acse + B(0,1) and
AT (v) —T(w)) — &'(w)(v—w) < %OHU —wl|| for any w € B(u,r).

In addition, if w € B(u,r) satisfies Iy(w) > ¢ — 20, then

A(Y(v) —¥(w)) — & (w)(v—w) < =35||v—w].
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(c) For each u € K \ (Acss UK)), there exist v = v(u) € X \ {u} and r = r(u) > 0 such that
B(u,r) C Acss + B(0,1), v € B(u,r) and

%

A¥(0) = ¥(w)) = P (w)(v —w) < 5

IA

|lv —w| for any w € B(u,r).
In addition, if w € B(u,r) satisfies Iy(w) > ¢ — 20, then

A(T(0) = ¥(w)) = @ (w)(v — w) < =3dolv — w].

Proof. To prove (a), let u € K N A.3, and v be as in (48). By the lower semicontinuity of ¥ and the

fact that v # u, there exists r = r(u) > 0 such that B(u,r) C A3, + B(0,1), v € B(u,r) and for all
w € B(u,r)
A (¥ (v) — ¥(w)) — &' (w)(v—w) < —4|lv — w].

Hence, (a) holds.
To prove (b) and (c), recall K C A, 3, and (50):

I\(u) < c+30 forany ue K.
Therefore, if u € K \ Ac 35, then the closedness of A and the fact K C A yield u € A and
I\(u) < ¢ — 30. (51)
We prove (b). Let u € (F\Aqgg) N Ky and put v =u. By u € Ky,
A(U(w) —¥(v)) — &' (v)(w—v) >0 forany we X.

Thus,

A (v) = ¥(w)) = ' (w)(v = w) < ((w) = '(v))(w - v)

<
< 19 (w) = @'(v) |« [lw — v

By the continuity of @', if r = r(u) > 0 is sufficiently small, then for any w € B(u,r) C Ac3, + B(0,1)
do
A¥(0) = ¥(w)) = &' (w)(v —w) < Fllw = o]

Hence, the first inequality in (b) holds.
When w € B(u,r) satisfies I\(w) > ¢ — 20, by recalling (51) and writing Iy(u) = ¢ — 30 — a,, with
some a,, > 0, it follows that

o+ ay < Iz(w) — I\(u)

= A(T(w) — T(w) + (2(u) — 2(w)) (52)

1
= A (U(w) — ¥(u)) + & (w)(u—w) + /0 {0 (w+6(u—w)) — @' (w)} (u—w)db.

From the continuity of ® at u, shrinking r = r(u) if necessary, we obtain
o < A(V(w)—¥(u)) + ' (w)(u—w) for every w € B(u,r) with I(w) > ¢ — 20
or equivalently,

A(P(u) = ¥(w)) — &' (w)(u—w) < —o for every w € B(u,r) with I(w) > ¢ — 20.
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Recalling that we have chosen v = u, up to further shrinking » = r(u) > 0 if necessary we infer
A(T(v) —¥(w)) — & (w)(v—w) < —0 < =38|lv—w| forany we B(u,r) with I(w) > ¢ — 20,

which completes the proof of (b).
For (c), by u € K we may find v = v(u) € X \ {u} and b, > 0 such that

A(Y(v) —U(u)) — ' (u)(v —u) = —2b, <O0.
We claim that v can be chosen arbitrarily close to w. In fact, consider
ve=tv+ (1 —t)u te(0,1).
From the convexity of ¥, it follows that
U(vy) <tW(v) + (1 —t)¥(u)

and
MW (vg) = U (u) — @' (u)(vr — u) < t{A(T(v) — U(u)) — D'(u)(v —u)} = —2b,t < 0. (53)

For each t € (0,1), there exists 7, > 0 such that B(u,r:) C Ac3s + B(0,1), v+ & B(u,r) and
)

A(P(v) — U(w)) — & (w) (v — w) < —byt < EOHvt —wl|| for every w € B(u,rt).

Thus, the first inequality in (c) holds.
Let w € B(u,r) satisfy I\(w) > ¢ — 20. Writing I\(u) = ¢ — 30 — a,, with a, > 0, in a similar way
to obtain (52), we have
o+ ay <A (V(w) —¥(u)) — ' (u)(w—u) + o ||w — ul]).

By shrinking r; > 0 if necessary, we get

o < A(Y(w)—¥(u)) — & (u)(w—u) forall we B(u,r;) with I(w) > ¢ — 20. (54)

Hence, (53) and (54) imply

AT (vr) = (w)) — ' (w)(vr — w)
= MU (vy) — ¥(u) + ¥(u) — V(w)} — &' (w)(vy — w) + & (u)(w — u) — D' (u)(w — u)
<A (U(vr) = ¥(u) — @' (w)(ve —w) = ' (u)(w —u) — 0
< &' (u)(vy —u) — D' (w) (v —w) — ' (u)(w—u) —0o
= (®'(u) — ' (w)) (v —w) — o
< @' (u) = @' (w)|[+[lve —w]| — o

o
|9/ (u) — @/ (a)]. o= wl.
oy — w]|
Since t € (0, 1) is arbitrary and we may take a smaller ry, for sufficiently small ¢ and 7, we get
A(U(vy) — U(w)) — & (w) (v — w) < —=3||vy — w|| for each w € B(u,r;) with Iy(w) > ¢ — 20

and (c) holds. [
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To proceed, since K is compact and ® € C(X, X*), there exists r; > 0 such that
— )
sup{ H@’(v) — @’(u)H* ‘ ue K, |lv—ul <r } < ZO' (55)

Step 2: Construction of 7.

Proof. For each u € K, we have v = v(u) and B(u,r) as in Step 1. Since r = r(u) can be taken small,
we may suppose

r(u) < %1 that is,  |lu—w| < %1 for all w € B(u,r(u)),

with 7 as in (55). Using the compactness of K, from K C |J
finitely many distinct points g, ..., u; € K so that

weie B(u,7(u)) we infer the existence of

k k
K c |JB(u,Ry),  dist(K,w) < % for all w € | B(us, Ry),
i=1 i=1

where we write R; = r(u;). We also use the symbol v; = v(u;). Since the w;’s are finite, we may find
ro € (0,71) such that

B(u;,2rg) C B(ui, R;) for 1 <i<k,
B(u;,2ro) N B(uj,2r) =0 for each 4,5 € {1,...,k} with i # j.
Put
Vi = B(u;, R;) \ U B(uj,r9) fori=1,...,k,
GE{L ek}, j#i
and define

k
=1

From the definition of V; and the choice of 79 € (0,71), we observe that

B(u;,2rg) C Vi (1<i<k), dist(K,w)< % for any w € W,
ke o (56)
K=KU UB(ui,ro)CW, 0 < dist (K, 8W).
i=1
Notice that the last property in (56) follows from
—_— k — —~—
dist (K aw) >0,  dist (U Blus, 10), 8W> > 0.
i=1
Moreover, by the very definition of V/,
B(u;,ro)NV; =0  foreachi,je{l,...,k} with i # j. (57)

For € > 0, write
Vie={z e Vi | dist(z, V") > e} fori=1,... k.
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From (56), there exists {p > 0 such that

k
B(ui,ro) C Vi,3CO for 1 <i <k, IN{ C U ‘/;’340 = Wi.

=1
We also set
k k N
Wo=|JVizey Ws=|JVig, Wa=W.
=1 =1
Then,
W; Cc Wy and  dist (W, X\ Wj1) >0 (1 <5 <3).
Define

‘/OEX\WM ‘/O,COEX\WZ-
It is easily seen that
k
X=(X\Wo)UWs = Vig, dist(Vog, X\ Vo) = dist (Wr, X \ W2) > 0.
i=0
Furthermore, from KC W1y, it follows that
VbﬂB(ui,’Fo):w (1 Slﬁk) (58)
For i =0,...,k, pick p; € C(X,R) so that

0<p; onVig, suppp; CV;, dist (supppi, X \ Vi) >0

and set 5 (w)
pilw
pi(w) = =
Z?:o pj(w)
Then for each i =0,1,... k,
k
pi € C(X,[0,1]), Zpi =1 on X, suppp; CV; dist(suppp;, X \ Vi) > 0. (59)
i=0

In particular, p; = 0 on X \ Wy for every i =1,... k.
To define 7(s, w), we consider the decomposition {1,...,k} = J; U Jo, where

Ji={ilu ey}, Jo={1,....k}\ Ji. (60)
By the definition of v; and by Step 1,
v = Uy if i€ Jq, v; €V, if ¢ € Js. (61)
For any i € Ji, we define 7, € C([0,00) x X, X) by

”_“)H] if0< s < [lv; —wl,

pi(w) [w +s o —w

ni(s,w) =
pi(w)v; if s > ||v; — w||.
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On the other hand, for 7 € J, we put

vy —w

) = i) [+ s )

By (61), v; € V; D supp p;, so setting n;(s,w) = 0 for w = v; yields a continuous map 7; € C([0,00) x
X, X). Finally, for i = 0, define

no(s,w) = po(w)w € C([0,00) x X, X).

Using these n;’s, we define (s, w) by

k

n(s,w) = Zm(s,w) € C([0,00) x X, X)
i=0

and set i

W = W1 = U %,3{0'
Remark that W is an open set satisfying K ¢ W C W C W. Then, we shall prove that n, W and 1%
satisfy (i)—(iil) in Lemma 3.1. |
Step 3: 7 satisfies (i)—(iii).

Proof. We first prove (i). Notice that for each (s,w) € [0,00) x X and i € Jo U {0},

17 (s, w) = pi(w)w]| < pi(w)s.

When i € Jy, if p;(w) > 0 and 0 < s < ||v; — w||, then

17i(s, w) = pi(w)w] < pi(w)s.

On the other hand, if i € Ji, p;j(w) > 0 and s > ||v; — w||, then

i (s, w) = pi(w)w]| < pi(w)l[vi — w|| < pi(w)s.

Combining these estimates, we observe that for every (s,w) € [0,00) x X,

MM)W<ZM8w w<2m =5

Thus, the first assertion in (i) holds.

Regarding the second assertion in (i), from the definition of W and (59), it follows that if w ¢ W,
then p;(w) = 0 for every j = 1,...,k and po(w) = 1. Therefore, n(s,w) = po(w)w = w holds for any
(s,w) € [0,00) x (X \ W), as claimed.

It remains to prove (ii) and (iii). Without loss of generality, we may assume w € W. We split the
proof into two cases:

First case: assume that

w E U (ui, 7o),

i€J1
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where Jj is as in (60). Choose an index ig € J; for which w € B(uj,,r0). In this case, by B(ui,,70) C
Vio.3¢o» (57), (58) and (59), we remark that pj(w) = 0 for any j € {0,...,k} with j # 49, hence

pio(w) =1, n(s,w) = 1o (s, w). (62)

Also, u;, € Ky and v;, = u;, by (61).

If w = v;,,, then by definition we have 7;, (s, w) = w for any s > 0. Also, we claim that I)(w) < ¢— 30,
which directly implies (ii) and there is nothing to prove for (iii). Indeed, otherwise, by combining (50),
w = v;; € KxN K and the closedness of A, from K C A we would deduce w € AN{c—30c < I, <
¢+ 30} = A¢ 30, which violates (48).

Assume therefore that w € B(u,,7r0)\{ui, }. From Step 1 and the definition of 7;,, if 0 < s < ||lw—v;, ||,

then
s

n(s,w) = ni,(s,w) = (1 — 7,) w+ Tiyvi, Where 73, = 74, (s, w) = To = ol <1
io

and by the convexity of W,

I)\(n(sv w)) < )‘(1 - Tio)q/(w) + )‘Tio\I/(Uio) - (I)(nio(‘g?w))
= In(w) + ®(w) + 7ig A(¥(vig) — ¥ (w)) = (13 (5, w))-

Notice that by v;, = ui, € Ky N K, Tio, < 1 and rg < r1, on the segment
0,120 — wp=w+ (1—0)7,(vi, —w),

it holds
llweg — vig|| = {1 — (1 = O)Tip } |lw — v || <10 <71 for any 0 € [0, 1].

From (55), we get

1 1
B() = Bl (s,0) = [ 5 (w0) 0 = —ri (v, =) [ @' (wp) o

< =73 ® (W) (viy — w) + 274, ||viy — w|| max H@'(wg) — (I)(Uio)H'

0€[0,1]
/ do
< =iy @' (W) (vi, — w) + ETiOHUio — w||
)
= —7;,®'(w) (vyy — w) + Eos.

This implies that for all w € B(u;,,70) \ {ui,} (i0 € J1) and s € [0, ||v;, — w]|],
In(n(s,w)) < In(w) + 7y M (vig) — U(w)} — @'(w)(vig — w)] + 5. (63)

Recalling 7, < 1 and Step 1 (b), we observe that for every w € B(u;,,70) \ {ui,} C Vi, and s €
[0, [lvip = wll];

0 ]
Ly(n(s, w)) < In(w) + 7ig 5 l|vig — wl| + s = In(w) + dos. (64)
Finally, if s > ||v;, — w||, then n(s,w) = n;,(s,w) and the definition of n;, yield
Ix(n(s,w)) = Ix(n([[viy — wl|,w)) < Ix(w) + dollviy — w]| < Ix(w) + dos.

In conclusion, (ii) is verified for all (s,w) € [0,00) x B(uj,,ro) with ig € Jj.
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To check (iii), let w € B(ui,,70) \ {ui, } satisfy I\(w) > ¢ —o. For any s € [0, ||vi, — w||], and taking

into account the definition of 7, Step 1 (b) and (63) imply
I(n(s,w)) < In(w) — 73,300 ||vi, — w|| + 52—03 < Ih(w) — 2dgs.
On the other hand, when ||v;, — w|| < s, it follows from I)(v;,) < ¢ — 30 that
I(n(s,w)) = I1,(viy) < ¢ — 30 < I\(w) — 20.
Since dg < o holds due to (49), if ||v;, — w|| < s < 1, then
I(n(s,w)) < In(w) — 2Jps.
Hence, for every (s,w) € [0,1] x B(u;,,70) with ig € J; and I\(w) > ¢ — o,
I(n(s,w)) < Ix(w) — 2Jps.

Thus, (iii) holds on [0, 1] x ;e 5, B(ui,7), too.

Second case: assume that

we W\ U (ui,m0).
i€J1

By the definition of 7;, for any s € [0,79/2] (so that s < ||w — v;|| for each ¢ € J;) we have

n(s,w w—i—sij =w + sz, x_Zp] ]v ”, |lz]| < 1.
j

wH

Moreover, it follows from (59) and the second in (61) that
dist (v;,supp pj) > 0 for every j € Js.

Also, since v; = u; for all j € J;, we may choose s1 € (0,79/2) so that

k
SZHPJ(M) <1 forevery s € [0,51] and w € W \ U B(ui, o).

J=1 UJ B wH i€Jy
The inequality can be rewritten as
ZTj(s,w) <1, 7i(s,w)= SM for each 1 <j <k,
j J

so that
k k
n(s,w) = 1—2@- w—i—Zijj.
j=1 j=1

From the convexity of ¥, we infer

k k
D(n(s,w) <A 1= 75 | T(w) + > 7%(v)) | — @ (n(s,w))
. pt
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We shall estimate the term ®(w) — ®(n(s,w)). Since w € W, dist(w, K) < r1/2 holds due to (56). The
compactness of K implies that there exists 1, € K such that

1
o= yll < 2.

Therefore, if 0 < s < s and 0 € [0,1], then by s1 < ro/2 < r1/2,
r
|lw+ (1 —0)sz — yu| 351+8<7“1.

By (65) and (55), for every s € [0, s1] we have
1

O(w) — (n(s,w)) = ; %@(w + (1 —0)sx)db

1
= —d'(w)sx —1—/0 (@' (w+ (1 - 0)sz) — @' (w)) (—sz)do
1
= —d'(w)sx +/0 (@' (w+ (1 - 0)sz) — ®'(yw)) (—sz)do
! / /
—i—/o (P’ (yw) — @' (w)) (—sz)do

k
do
< —®'(w)sz + 55=~ Z}Tj@’(w)(vj —w) 4+ 5.
=
Plugging into (66), for s € [0, s1] we get

k

L(n(s,w)) < In(w) + Y75 {A (U (v)) = U(w)) = &' (w)(v; —w)} + Ts. (67)

j=1
Notice that if 7; > 0 for some j = 1,...,k, then w € V; and thus Step 1 gives

k k
8 ) 4 )
L(n(s,w)) < In(w) + Y g oy = wll + s = Ia(w) + ) pi(w)gs + s < In(w) + dos.
=1 =1
This concludes the proof of (ii) whenever (s, w) € [0, s1] X (W\ Uies B(ui,m)).
To check the validity of (iii), assume that

wEW\U (i, m0), I(w) > c—o.
i€y

Since W = Wy and VonW = 0, (59) yields po(w) = 0. Thus, from (67) and Step 1 it follows Z?Zl pj(w) =
1 and

k
L(n(s,w)) < In(w) + Y 75(=360]lv; — wll) + =

j=1
= —3502;)] S+—S<I,\( ) — 2805
for each s € [0, s1], and (iii) holds. We have thus shown properties (ii) and (iii) in all cases. |

From Step 3, by choosing sy = min{sy, 1}, all the conclusions in Lemma 3.1 hold and we complete
the proof. |
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3.2 Symmetric Deformation Lemma
Throughout this subsection we assume condition (E), which is defined as
U(—u) =V(u), P(—u)=>(u) forany ue X.
For a subset A C X, we say that A is symmetric if —A = A holds, where —A ={z € X | —z € A}.

Remark 3.4. Under (E) and (®,), it is easily seen that ®'(0) = 0. Moreover, if ¥ satisfies (¥;), then
by W(u) > 0= ¥(0) for every u € X, we infer that 0 is a critical point of TI.

To establish multiplicity results for even functionals, we need to construct an odd deformation which
is the counterpart of Lemma 3.1.

Lemma 3.5 (Symmetric Deformation Lemma). Assume that (V1), (®1) and (E) hold. Fiz A € Rt and
let A C X be a bounded, closed and symmetric set and for ¢ € R and o > 0, define

Acze =AN{c—30 <Iy<c+30}.
Suppose that there exists 6o > 0 such that for each u € A.3, we may find v =v(u) € X \ {u} with
A(¥(v) — ¥(u)) — @' (u)(v —u) < —5dp[v — ul. (68)

Then for every relatively compact and symmetric set K C A3, there exist symmetric neighborhoods W
and W of K with -
KcWcWcWw,

so >0 and n € C([0,00) x X, X) such that

(i) In(s,w) —w| < s and n(s,—w) = —n(s,w) for all (s,w) € [0,00) x X, and n(s,w) = w for all

s€0,00) ifweg W;
(i) In(n(s,w)) < In(w) + dos for all (s,w) € [0, s0] x X;
(iii) In(n(s,w)) < Ix(w) — 20ps for all (s,w) € [0, so] x W with I\(u) > ¢ —o.

Proof. We follow the same scheme as in the proof of Lemma 3.1, just pointing out the differences needed
to get the oddness of the deformation flow.

By (E), notice that A3, is symmetric, namely v € A3, yields —u € A.3,. Therefore, for every
u € Ac3e, (68) and (E) imply

AT (=v) = U(—u)) = ' (—u)(—v = (—u)) < =5do|| — v = (—u)|.

For each u € A3, by defining v(u) = {v(u) — v(—u)}/2, we see from (E), (68) and the convexity of ¥
that

AW (5(0)) — W () — @' (u) (Tu) — ) < 3 MW (o(w)) — P(u)} — ¥ (u)(o(u) —w)
+ 5 PEO(-0) — ()} — ¥ () (o) — (~u))]
5 (=500]lo(u) — ul) + 5 (~58]lo(~u) — (~u)])

Remark that v(u) # u since the second-last inequality is strict. Thus, we may assume that v is odd with
respect to u € X.
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For Step 1 in the proof of Lemma 3.1, we remark that K and K\ are symmetric. Therefore, in (a)
and (b), we can take v(u) and r(u) so that v(—u) = —v(u) and r(—u) = r(u), and prove Step 1 (a) and
(b). For Step 1 (c), if v € X \ {u} satisfies

A(U(v) —U(u)) — ' (u)(v —u) = —2b, <0,

then (E) gives
A(¥(—v) = ¥(—u)) — ' (—u) (—v — (—u)) = —2b, < 0.

Hence, following the proof of Step 1 (c¢), we can see that the claim in (c¢) holds with v(—u) = —v(u) and

r(—u) = r(u).
Since K is symmetric and compact, we notice that there are ui,...,u; € K such that by setting
ug+1 = 0 when 0 € K,

k

U ABui, r(wi)) U B(—us, r(us))} if 0 ¢ K,

Kc!l=!

k
B(ugs1,7(0)) U U {B(us, r(u;)) U B(—u,m(u;))} if 0 € K.
i=1

Write u_j = —u; for 1 <j <k+1and R; = r(u;) for 1 <|i| <k+ 1, and when 0 ¢ K define

Vi=B(ui,R)\ |J Bluj,ro) for1<li] <k
1<|j|<k, j#i

and when 0 € K,

Vi=B(ui,R)\  |J  Blujr) for 1<[i| <k, Vig1=B0,Rec)\ |J Bluj,mo).
1<|5]<k+1, j#i 1<ljI<k

In any case, we have

Vij==V; for1<j<k, —Vig1="Ver1, — U Vi = U Vi

1<[i|<k 1<[i|<k

Arguing as in the proof of Step 2 of Lemma 3.1, we may find (pi)i1<ij<x (resp. (pi)i<jij<r and pry1)
such that 0 < p; on V¢, suppp; C Vi, p—j(u) = pj(—u) for 1 < j < k, ppy1(—u) = pr4a(u) and
po(—u) = po(u). From this family of functions, we construct the partition of unity (p;)i<jij<x (resp.

(pi)i<jij<k and pgy1) as before.
To define n(s,u), consider

J={i|1<|i| <k, u; € Ly} (resp. {i|1<|i|<kori=k+1, u; € Ky}),
JQE{—k‘,...,—l,l,...,k‘}\Jl.

We remark that £+ 1 € J; if 0 € K and see from the properties of V; that for 1 < j < k, j € J; if
and only if —j € J;. Defining n;(s,u) and 7(s,u) as in Step 2, we see that n_;(s,u) = —n;(s, —u) for

1 <75 <k, ngt1(s,—u) = —mg1(s,u) and no(s, —u) = —no(s, u), hence n(s, —u) = —n(s, u).
The rest of the argument is unchanged compared to the proof of Lemma 3.1. |
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4 Proof of Theorem 1.6 and Theorem 1.7

In the proof of of Theorems 1.6 and 1.7 we assumed (IB), that is, the boundedness of the set of critical
points K, for each [a,b] C (0,00) and ¢ € R. As a matter of fact, under the further validity of
(Uy), (¥3), (P1) and (P2) a stronger property holds: ICf(l’b] is compact. More precisely, we prove the next

Proposition 4.1. Suppose that (1), (¥3), (P1), (P2) hold. Assume that there exist ¢ € R and sequences
{e;},{)\;j} € (0,00) and {u;} C X with

gj — 0, Aj = A€ (0,00), uj —u weakly in X as j — 0o
and
N(T(0) = U(uy)) — ' (u;) (v —uj) > —¢jllv — | for each v € X.
Then,
lim |luj —u|| =0, w s critical for Iy, I\(u) = lim I(u;) € R. (69)
J—00 J—00

In particular, in the stated assumptions,

- for each X € (0,00) and ¢ € R, I satisfies the bounded Palais-Smale condition at level ¢, namely
any bounded Palais-Smale sequence for Iy at level ¢ has a strongly convergent subsequence in X ;

- property (IB) implies that the set ICf&b] is compact for each [a,b] C (0,00) and c € R.
Proof. We first claim that v € D(V¥) and u is a critical point of Iy. Remark that the sequence {u;}
is bounded in X due to the weak convergence. Hence, up to passing to a subsequence, we can assume
that {u;} itself satisfies the conclusion in (®2). Having fixed v € D(¥) and ¢ € (0, \), we select jo large
enough so that A\; > X\ — ¢ for j > jo. Since ¥ > 0, if j > jo, then we get
AjU() = (A= &)W (uy) — @ (uj) (v — uz) = Aj(T(v) = ¥(u;)) — ' (uy)(v = uy)

—&jllv —ujll = —Ce;

AVARAYS

for some constant C. Taking a limsup as j — oo and using (V) and (®2), we infer
AU (v) — (A —e)¥(u) — &' (u)(v—u) >0  for every v € X.

Hence, ¥(u) < oo, and letting ¢ — 0 we deduce that w is critical for I,.
Next, taking the limsup as j — oo in the inequality

AjO(u) — @ (uy)(u —uj) > gjllu —ug| + A (uy)

and using (®2) we get limsup,_,, ¥(u;) < ¥(u). Since ¥ is weakly lower-semicontinuous, it follows that
lim; o0 W(u;) = ¥(u) and thus, by (¥3), lim; o [|u; —ul| = 0. Hence, by (1), Ix(u) = lim; o Iy, (uj),
which completes the proof of (69).

To check the bounded Palais-Smale condition, it is enough to extract from a bounded Palais-Smale
sequence {u;} at level ¢ a weakly convergent subsequence u; — u by using (®2). Applying the above, u;
converges strongly to u, as claimed.

Similarly, if (IB) holds, then pick any bounded sequence {u;} C K, - Because of (®2), we can extract
a weakly convergent subsequence and, up to further subsequences, we can assume that A; — A € [a, }]
and u; — u weakly in X as j — oo. The above guarantees that u; — u strongly in X and that u € Kfa,b]'
Hence, K[Ca,b} is compact. |

To proceed, we collect some basic properties of cx(A),k = 0,1,2..., defined in (4) and (5). We first
show
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Lemma 4.2. If (MP), (1) and (®1) hold, then Ty # ) and 0 < ap < ¢o(N) < 0o for each A € [1—¢,1+42].
Similarly, Ty, # 0 and ap < ¢ (\) < oo hold for every k > 1 and X € [1 —€,1 + &] under (SMP), (¥y)
and (P1).

Proof. For I'y and cy(\), consider a path o (t) = tug (¢t € [0, 1]) where ug appears in (MP). It is easily
seen that v € I'g, and (V1) and [14z(up) < 0 yield ug € D(V¥) and

0 < W(y(t)) < tW(ug) + (1 —t)T(0) = t¥(ug) < oo.

From I11z(ug) < 0 and (®1) we infer that supg<;<; Ix(7(t)) < 0o and co(A) < oo for every A € [1—-£, 1+2].
The assertion ag < cp(A) follows from the fact v([0, 1]) N 9B(0, pg) and (MP).
For T, and ¢ (), consider a map 75, € C(D¥, X) defined by

C> if 0 1
i = k(i) wo<i<e
0 if ¢ = 0.

Clearly 7, € I'j, holds. Moreover, (¥1), (®;) and (SMP) imply

sup W(T(C)) < sup \C\\P(m,k<<)> < sup W(mou(0))

CEDk CeDk 1q CeaDk

=(1+2)7" sup {Li4z(mok(C)) + P(mok(¢))}
¢eoDk

< (1487 sup ®(mox(C)) < 0.
(eoDk

Hence, cx(A) < oo holds for all A € [1 — 2,1+ g]. Furthermore, ag < ¢x(A) follows from the fact
9B(0, po) Ny(DF) # O for each v € T, [ |

Proposition 4.3. For each k =0,1..., the function A\ — ci(X) is nondecreasing on [1 —,1+E|, hence
differentiable at almost all X € [1 —€,1 4 E|. Moreover, ¢, is continuous from the right in [l — 2,14 €);
thus, ci is upper semicontinuous.

Proof. The monotonicity of ¢ follows from W > 0. For the right continuity of ¢, fix A € [1—2,1+%) and
e € (0,00) arbitrarily. Choose 7 € Iy, so that sup.epr Ix(7:(¢)) < cx(A) +e. Since supeepr ¥(7:(C)) < o0
due to maxgcpr [®(7:(¢))] < oo and supeepr In(7:(¢)) < cx(A) + €, it follows that 0 < (
I(72(¢)) < ¢ for every ¢ € DF if u — X > 0 is sufficiently small. Then,

c(u) < sup I, (76(C)) < sup In(7:(¢)) + & < cx(A) + 2¢
¢ebk ¢ehk

if w — X > 0 is sufficiently small. This implies that ¢ is right continuous. |
Here is our main result on the existence of bounded Palais-Smale sequences.

Theorem 4.4. Suppose that (V1), (V2), (®1) and either (MP), or (E) and (SMP), hold. Assume also
that at A € (1 —€,1+¢), ¢ (\) exists (with k = 0, under assumption (MP)). Then there exists a
Palais-Smale sequence {u;}32, for I\ such that Ix(u;) — ck(A) and {u;}32, is bounded in X.

Proof. For a fixed k € {0,1,...}, assume that ¢} (\) exists at some A € (1 —&,1+&). We put

My = ). (N) + 3.
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From now on, we just assume k > 1 since the case k = 0 can be handled in the same manner. From (¥3),
there exists Ry > 0 such that
{’LL eX | \I/(u) < 6M0} - B(O,Ro) (70)

and we set
A=B(0,Ro+1), A,z =AN{ck(N) =30 < I\ < cp(N) +30}. (71)

To complete the proof of Theorem 4.4, it suffices to show that A, (y) 3, contains a Palais-Smale sequence
of I for every o € (0,1). For this purpose, we argue by contradiction and suppose that there is no
Palais-Smale sequence in A, (1) 3, for some o € (0,1). Since A, (x) 3, shrinks as o decreases, without
loss of generality we may assume that

do < ap = inf Iz (u) < cp(N). (72)

llull=po

Since A, (1),3- does not contain any Palais-Smale sequence of Iy, we may find y € (0,0) such that for
each u € A, (1) 3, there exists v =v(u) € X \ {u} such that

A(¥(v) —¥(u) — @ (u)(v —u) < —5dplv — ul.

To derive a contradiction, we shall find a suitable relatively compact set K C A, (y) 3, and exploit
Lemmas 3.1 and 3.5. Since ¢ ()) exists, there exists hy > 0 such that

aA+h) < X))+ ((N) + 1) h=cr(\) + (Mo — 2)h
< cx(N) + Moh for any h € (0, hy).

In addition, we may also suppose
5Moyh1 < §p < 0. (74)

For h € (0, h1), consider the following subclass FQ of T'y,

Iy = {7 €Ty ’ sup Inpn (7(€) < er(A) + Moh} :
¢eh
Notice that (73) implies I'} # () for each h € (0,h1). For each h € (0,h1) and v € T'%, if ¢ € D* satisfies

I\(v(€)) = k() — 5Moh,

then from v € T'? we deduce

V() = L(v(Q) _ er(N) + Moh — (cx(A) = 5Moh)
h - h

By the choice of Ry in (70), this means that for any h € (0, h1) and v € T'}, the set

Ky ={7(Q) | I\N(7(C)) = cx(A) — 5Moh}

B(y(()) = Dt _ 6.

satisfies
K., Cc B(0, Ry) C A.

Furthermore, since K., C v(D¥), K, is relatively compact in X and (74) yields K, C Aci(\),30- Moreover,
since we are considering the case k > 1 (thus, we are assuming (E) and (SMP)), K is symmetric.
Next, we choose any h € (0,h;) and 71 € '}, and write

Cr=nD"), K=K, ={n(Q) | IL(n()>cr(X) —5Moh} C B(0,Ro) N As(n).0-

By Lemma 3.5, there exist 7 > 0, € C([0,7] x X, X) and open (symmetric) sets W, W in X such that
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(a) KiCc W CW CW;

(b) [In(s,w)—wl| < s, n(s,—w) = —n(s,w) for every (s,w) € [0,7] x X and n(s,w) = w for all s € [0, 7]

ifwegW;
(c) In(n(s,w)) < Ix(w)+ dps for each (s,w) € [0,7] x X;
(d) In(n(s,w)) < Iy(w) — 26ps for any (s,w) € [0,7] x W with Iy(w) > ¢x(\) — 0.

We briefly explain the issues to overcome and the strategy. First, flowing v, by 1 may not lead to a
map in I'y, as 7 may not preserve the boundary condition on dD¥. For this reason, we have to modify the
map 2 = 1(71,71) in a neighborhood of D* to get an element 45 € I'y, (perhaps, not in I‘Z) satisfying

sup In(72(€)) < ck(A) + Moh — 25p7;  for some 71 > 7 > 0.
CeDk

A second issue is that the time interval 71 might be too small to obtain the following contradiction:

sup Ix(72(¢)) < ck(N).
Cehk

To remedy, we first choose 71 close to the maximal time for which a deformation with properties (a)—(d)
exists (for fixed K1, dp). Next, we proceed inductively to construct Cauchy sequences of maps {v;} C I'
and of almost maximal times {7;} C (0, 00) with the property

j
sup Ix(7;(€)) < (X)) + Moh — 269 Zn-
¢ebk im1

We shall prove that the relatively compact sets

i=1

K;= { 75(¢)

1((0) = () = 5Moh + 80 37 }

of points at which I o ; takes higher values are all contained in A, (1) 34, and that their union Ko, =
U;?il K; C A, ()30 is relatively compact, too. By choosing a deformation 7., in Lemma 3.5 with
K = K, we are then able to reach our desired contradiction. Here is the point where 7; being “almost
maximal” plays a role.

Step 1: construction of v2, and its properties.

For the given relatively compact symmetric set K1, we may consider
D, = {(U,T,I/V,W) ‘ n, W, W satisfy (a)—(d) for s € [0,7‘]} .

We define

T, = sup 7€ (0,00] and T)= min{
(W777WW)€D1

2M ~
0h7 Tl} .
do

Remark that Dy # (), and that (74) with h € (0, hq) gives T} < 2Myh/dy < 2/5. We choose (11, 11, W1, Wl) €
Dy so that

3
ZTl <7-1 <T1

and define ¥, € C(D*, X) by
¥2(€) == mi(71,71(C)).
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Since J2 may not coincide with 7o on dDF, in order to obtain a map in Ty we define, for 6 € (0,1/4),
the dilation

Ly : DF(1-0)=DF Ly = 1E79.
Notice that 0
Lo(¢) — ¢| = ——.
gefﬁ?ﬁe)‘ 0(Q) —¢l=1—4

When k = 0, we consider Lg : [#,1—6] — [0, 1]. By the uniform continuity of v, we may find 6; € (0,1/4)
such that

o [ (€) = (Lo (@)l + | max  In(Q) =m(¢/IED] < 5 (75)

Then we define y2(¢) by

m (7-1?71([/01 (C))) if |C’ <1-06,

Y2(C) = _
m <711 |C|, 71<C>> ifl—0, <|C] <1
01 [q

It is easily seen that v, € I'y and

[72(¢) = (O <

1 (71,71 (Lo, (€))) — 1 (Lo, () + ([ (Lo, (€)) — 11 (O] if [(| <101,

‘”1 <711;1|<| 7<|§|>> '”(cw)”

Therefore, property (b) and (75) yield

<|<|> ’”(OH 1= <<l

3
max [|71(¢) = 72(Q)l < 5. (76)
¢eD

It follows from property (c), (SMP), (72) and (74) that if ¢ € D* \ D¥(1 — 6;), then
In(v2(€)) < o1 < 0o < 0 < ¢ck(N) — 30 < k(X)) — BMyh. (77)

Similarly, when ¢ € D*(1—61)\ (y10Lg,) " (K1), we have I\ (v1(Lg, (€))) < cx(A) —5Mph by the definition
of K1, and
IN(12(€)) < In(1(Lg, (€))) + dom1 < cx(A) + dom1 — 5Moh. (78)

On the other hand, if ¢ € (10 Lg,) ' (K1), then v1(Lg, (¢)) € K1, and property (d) with the fact y; € T}
implies
IN(72() < In(m (Lo, (€))) — 20071 < ex(A) + Moh — 25071
By the properties 371 /4 < 11 < T1 < 2Myh/dg, we see that
507’1 - 5M0h S Moh - 2507‘1
and
Ck(/\) < sup I,\(’}’Q(C)) < Ck()\) + Moh — 26¢7. (79)

CeDk

Step 2: construction of the sequence {7;}32,
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Next, put
Oy =72(D), Kz ={(¢) | \(12(¢)) = cx(A) + dom1 — 5Moh} .

By (76),
. 3
dlStH (01,02) S 57’1,

where disty stands for the Hausdorff distance between C7 and Cy defined by

disty (A, B) = max {sup dist(z, B), supdist(A, y)} .
zeA yeB
Moreover, from (77) and (78) we infer that
7 (K2) C (10 Lg,) ™' (K1) € DF(1 = 61).
Hence, if ¢ € 75 *(K2), then property (b) yields
172(€) = 71 (Lo, (O = [Im1 (71,71 (Lo, (€))) — 71(Loy (O] < 71,
and the fact v1(Lg, (¢)) € K1 C B(0, Ry) gives

Ky C B(0, Rg+ 1) -

Combining (79) with 71 < T1 < 2/5, we observe that Ky C A, ()30 is relatively compact. Thus, Lemma

3.5 ensures the existence of a deformation (n, 7, Wa, Wa) satisfying (a)—(d) with K5 replacing K;. Then,
we consider

Dy = {(77,7, W, W) ’ (n, 7, W, W) satisfies (a)—(d) for s € [0, 7] and K3 instead of Kl}

10

11

12

13

14

15

and define

2Muyh ~
T = sup T, ngmin{ 60 —Tl,Tg}.
(an’W’W)EDQ 0

Select (12, T2, WQ,WQ) € Dy and 02 € (0,1/4) so that

3
ZT2<7-2<T2

and
s 2(0) = n2(Ley () + | max _ Ihe(Q) = 22(¢/cDll < 5
Define 3 € I'y, by
n2 (72, 72(Le, (C))) if [(| <1 -6y,
13(¢) = _
2 <7'21 K‘>72<C>> if1—0, <|C] <1
02 Iq

Arguing as before, we may prove

e () = (Ol < 7,

and
< ck()\) + Moh — 250(7'1 + 7'2) if ¢ € (’72 © LGQ)_l(K2)7
In(73(¢)) {

< ck(A) 4+ 0o(11 + 12) — 5Mph  otherwise.
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Since 11 + 12 < 2Myh/dy, we see that
(50(7'1 + TQ) — 5M0h < Mgh — 260(7’1 + ’7'2),
Ck()\) S supCGDk I)\ (73({)) S Ck()\) + Moh — 250(7‘1 + 7’2).

By putting
Cs=3(D%), K3 ={1(0) | I(13(Q) > cx(\) + do(m1 + 72) — 5Moh},

we see from the same argument as before that
: 3 _ _
distrr (C2,C3) < gm0 73 Y(K3) C (720 Lg,) ™ (K2) € DF(1 = 6y),

K3CB(O,R0+T1—|—T2).

Thus, K3 C A, ()30 is relatively compact. We may therefore repeat the same procedure inductively to

obtain {Kj}ﬁlv {Tj}?il - (07 OO), (njaTj7Wj7 W]) € Djv {'9]};11 - (Oa 1/4)a {LQJ'}?.;D {’Yj};il C I’y such
that
37—
Gy = (DF),  distr(Cjo1,Cy) < =,

j—1 Jj—1
K, = {»mo | V() = en() = 5Moh + 6oZn} cB (0, Ro + Z) :

i=1 i=1

oMep I 5 (80)
T; = Sup Ty szmin{ 50 —ZTi,Tj}, ZTj<7‘j<Tj,
(n,7,WW)€ED; 0 i=1
J J
Moh 2
I < cx(A) + Moh — 26 i i <o <o
sup A541(0)) < en(X) + Mo OZZ;T ;T 55 < 3
where
nj (75,75 (Le, ())) if ¢ <1-6;, 3
.
A T T A N ma [45(¢) 25 (Oll < 5.
) (Tj 7 ij(ICI)) if1-0; <[¢| <1,
J

Step 3: a compactness argument, and conclusion.

Consider

S ={KCX|K=#0, Kiscompact}.

It is known that (., disty) is a complete metric space (we refer e.g. to [36, Theorem 10.1.6]). Since
Y2, mi < oo due to (80), we have

L 4
. . 3
distr (Cj, Cjre) < Z;dlstH(Cm—h Cjti) < ; o TiH- T
thus {C;}52, is a Cauchy sequence in (%, disty). Hence there exists Cx € -7 such that
distg(Cj,Cx) — 0 as j — oo.

Consider

Koo

[e.e]
U &;.
j=1
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We next claim that K., is relatively compact. Indeed, let {up}g":1 C K4 be a sequence and choose
{ ]’,3}]?,‘321 satisfying u, € K;,. Without loss of generality, we may assume j, — oo as p — oco. By recalling
that K; C Cj, disty(Cj, Cx) — 0 and Ci is compact, limy, o0 [|up — wpl| = 0 for some {wy}p2 C Coo
From the compactness of Uy, up to a subsequence w, — ws € Cs as p — 00, Whence u, — ws as
p — oo. This proves that K, is relatively Compact

Since K; C Ag,(1)30 for every j > 1, Koo C A, )30 holds and Lemma 3.5 can be apphed to obtain

Too > 0, 1o € C([O Too] x X, X) and open sets WOO, VVOO such that Koo C Wae C Wag C Wao and (a)—(d)
hold with K, instead of K;. Since Zi:l T; < 00, there are two alternatives:

= 2Moh 2
A i = =5
DDWEE S

- 2Moh
B i
® Y n<,

In case (A), choose a large j such that Myh/dy < ZLI 7;. Then

J
Ck()\) S su% IA('yj_H(C)) S Ck()\) + Moh — 250 ZTi < Ck()\) — Moh,
ceb® i=1

which is a contradiction. In case (B), it follows from the definition of Tj and the fact K; C Ky that
T; > Too. Since 3.2, 7 < 2 Oh , it follows that

1 o]
| 2Moh . 2Moh
T; =m { —g T, }>m1n{ 5 —E Ti, Too ¢ > 0.

0

Since 7; > %Tj, this contradicts the fact that > 2, 7, < % < 00. Thus, in either case, we get a contradiction
and A, ()30 contains a Palais-Smale sequence. This completes the proof of Theorem 4.4. |

We are ready to prove Theorem 1.6 and part of Theorem 1.7, as a direct consequence of the next

Theorem 4.5. Assume that (V1), (¥3), (V3), (P1), (P2) and (IB) hold. Then, cy(1) is a critical value
of I = Iy if (MP) holds, and {c,(1)}?2, are critical values of I if (E) and (SMP) hold.

Proof. We only prove that {c;(1)}32, are critical values of I, the other case being analogous. For k > 1,
cx(A) is nondecreasing with respect to A € (1 —&,1 + &|. Thus, there exists a sequence {\;}; C (1,1 +€)
such that lim;_, \; = 1 and ¢} (\;) exists for each [ = 1,2,.... By Theorem 4.4, there exists a bounded
Palais-Smale sequence {u;;}; for Iy, with lim;_, Iy, (us;) = cx(A;). Then, from Proposition 4.1, up to
a subsequence wu; ; converges strongly to some u; in X as j — oo, and u; is a critical point of I, with
I, (u;) = cx(N). By Proposition 4.3 and A\, > 1, we have c;(\;) — cx(1) as | — oo. Furthermore, by

using (IB), {w} C IC[CI’“ 11:7)“ is bounded in X. Therefore, applying again Proposition 4.1, we conclude

that u; — u strongly in X, for some u which is critical for I and satisfies I(u) = ¢x(1). This completes

the proof. |
The proof of Theorem 1.7 will be completed if we prove the following divergence property of ¢ = cx(1).

Theorem 4.6. Assume that (¥1), (V2), (V3), (®1), (P2), (IB), (E) and (SMP) hold. Then,

lim ¢x(1) = oo.
k—o00
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Proof. To prove Theorem 4.6, we combine the arguments in [54, Chapter 9] (cf. [33]) and [63] with the
iteration scheme as in the proof of Theorem 4.4. To this end, we introduce

Ern = {E CR" | E is closed, symmetric and 0 € E},
E={F C X | F is closed, symmetric and 0 ¢ F'},
G(F) = Krasnoselski’s genus of E.

For k> 1 and X € [1 — &y, 1], we set
Akz{'y(]])”\2> |n>k vyeT,, T €&, ZNID" =0, g(z)gn—k},

di(\) = Blél/{k sgg I,.

By G(0) = 0, v(D¥) € A holds for all 4 € I'y. Moreover, since Apy1 C Ax and ¥ > 0, for every k > 1
and A\, A\, A9 € [1 — €1, 1],

dk(/\) < Ck()\), dk(/\) < dk+1()\) and dk(/\l) < dk(Ag) if Al < /\2.

Therefore, it is enough to prove
dp(1) = 00 as k — oo. (81)
Following [54] and [63] (see also [33]), we prove the next result.

Lemma 4.7. The following properties hold:
(i) if C € Agys and Z € &€ satisfies G(Z) < s and 11|z > 0, then C\ Z € Ag;
(ii) for every k € N and C € Ay, it holds C N OB(0, py) # 0, hence

0<ap= inf Iz (u) <di(1—21) <dg(\) foreach X\ e[l —z,1].

l[ull=po

Proof. (i) Write C = (D" \ X) € Apis where n > k+s, v € I, ENID” = 0, ¥ € Ern and
G(X) <n—(k+s). Let Z € € satisty G(Z) < s and I1|z > 0. Remark that 7~ (Z) € Egn. We claim
that

C\Z =~ (D" \BUA1(2)). (82)

Notice that
C\Z D C\Zo>yD"\¥)\Z

= 7 (@"\X)\77(2)) =y (D"\ (ZU~7(2))).
Hence, it holds that C'\ Z D (D" \ (X U~y~1(Z))). On the other hand, since y~1(Z) is closed, we have

D\ S\ 7} (2) c D'\ (B U1 (2)),

which implies

C\Z =7 (D"\Z\y (7)) 7 (DN BUY(2)).

From the compactness of D" \ (X U~~1(Z)), it follows that C'\ Z C (D" \ (X U~~1(Z))). Thus, (82)
holds.
The fact Iz > 0> Ii|x, ,opn) gives D" N (S U~~1(Z)) = 0. By (82) and the estimate

G(2UrH(2) <G(X)+G(v(2) <G(X)+G(2) <n—k,
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we conclude C'\ Z € Ay.
(ii) Write C =~(D"\ X) € Ag, where n > k, vy €T, XNID" = ) and G(X) < n — k. Set

U={¢emtD" | v(¢) € B(0,p0)}

It is easily seen that 0 € U , —U=0Uand U C R"is open. Denote by U the connected component of U
containing 0. Since U is a symmetric neighborhood of 0, G(OU) = n holds. Since ||v(¢)|| = ||m0.n ()|l > po
for each ¢ € OD™, we see that

v(0U) € 0B(0, po)- (83)

Define W = {¢ € D" | v(¢) € 90B(0,p9)} € Ern. Thanks to (83), we see that OU C W and n =
G(OU) < G(W). On the other hand, letting € small enough so that D™(e) N W = (), by the properties of
Krasnoselki’s genus, G(W) < G(D"\D"(¢)) = G(0D") = n. Summarizing,

G(W) = n, g(y(m)) zg(m) >G(W)—G(X)>k > 0.

In particular, (W \ £) # 0. Since v(W \ £) € C N 9B(0, py), we have () = C N IB(0, po). [ ]

To prove (81), we argue by contradiction and suppose that {dy(1)}; is bounded. From the mono-
tonicity of di(A) in k and A, it follows that

doo(N) = klggo dr(N) € [ap,00) for every A € [1 — &y, 1].

Notice that A — doo(A) is nondecreasing on [1 — &, 1].

Claim 1: There exists Xo € [1 -1, 1— %1] such that

dgo(xo) exists and dgo(xo) < 38w,  where vy = doo(1) — doo(1 —E1) € [0,00).

Proof. Since d is nondecreasing, we obtain

/1 A\ (\)d\ < doo(1) — doo(1 — F1) = 1p.
1

—&

Write
Jo={Ne[l—71,1] | dio(N) exists and d (\) < 38 v} .

When vy > 0, since 0 < d._()\) a.e. in [1 —Z1,1] and

uoz/ Ao dA > 35 w0 [ — 20, 1]\ Jol
[1—21,1]\Jo

we obtain the following estimation

2
|J0| > g?l. (84)
Since (84) also holds when vy = 0, Claim 1 directly follows. [
Choose hy € (0,21/2) so that for any h € [0, h],
doo (Mo + h) < dso(No) + (dgo(Xo) + 1) h < deo(Xo) + (327 + 1) b (85)

From Proposition 4.1 and I(0) = 0, the set

a0

2 < I, < (1) + 1)

Ko = {u e X ‘ u is a critical point of IXO’
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is compact and symmetric with 0 € Ky, hence Ky € €. Let
Se0 =G (Kp) €N.

Since Ky is compact and IXO is lower semicontinuous, we may find 7o, € (0,1) so that

ap
Ko+ B(0,3r) €&, s =G (Ko + B0,3)) . % < Ileo 5w < Do ssomey:  (56)

According to (Us), for each M > 0 there exists R(M) > 0 so that
{ue X | ¥(u) <M} C B(0,R(M)).
In what follows, we shall write

Oree =Ko+ B(0,70), O3y =Ko+ B(0,3r0), Mo =51"'vo+1,
A=B(0, R(12Mp) + 3r00) \ O AEAH{%glxogdm(l)nLl}.

Too?

Notice that A C X is bounded, closed and symmetric. Furthermore, from Proposition 4.1 and the
definition of O, , there is no Palais-Smale sequence in A. Therefore, there exists dy € (0,1) such that
for every u € A we may find v = v(u) € X \ {u} such that

Xo (W(v) = W (u)) — &' (u) (v - u) < =58v - ul|. (87)

We next choose hy > 0 so that

5 1
0<hi <hy< %1, 12(50_1M0h1 < min {roo, %, 3} =0 (88)
and then, we can find ks € N such that
doo(No + h1) — dr(ho + h1) < b1, dos(ho) —de(Ro) < hy  for k> keo. (89)

Claim 2: For every Xo <A < A < Xo + h1 and koo < k1, ko,
di,(A2) — diy (M) < 3hy M.
Proof. By (85), (88) and (89) with the monotonicity of di(A) on k and A,

diy(A2) — diey (A1) < diey (Mo + h1) — diy, (Mo) < doo(Ro + 1) — i (M)
< doo(Mo + 1) — doo(Ro) + h1 < (357 w0 +1) by +
<3hi1My;.

Recalling (87), we shall apply Lemma 3.5 with

. [&7)) 1 ~ ~
0 = min {roo, 5 3} , Adkw(xo),Ba =AnN {dkoo (M) — 30 < IXO <, (No) + 30} C A

Therefore, for every relatively compact symmetric set K C A, we may construct an odd defor-

koo (X0)730—,
mation satisfying (i)—(iii) in Lemma 3.5. To find suitable sets K, in what follows we put

MEXO+h1.
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For the given integers ks in (89) and s in (86), choose C' € Ay__ 1., so that
sgp I < dpoysne (1) + h1.
Consequently, Claim 2, (88) and the inequalities dp < 1, roc < 1, My > 1 guarantee that
sup I, < dy... (Vo) + (3Mo + 1)hy < dg. (Mo) + 4Mohy < di,(No) + 0. (90)
Moreover, if u € C satisfies
di, (M) — 0 < di,(No) — 8Mohy < I (u),

then (90) yields

L(u) — Iy (u)  die Qo) + 4Mohy = (di, (Ro) — 8Moh
U (u) = ) = 5, () < ( ) = 12Mj. (91)
1= Ao ha
From (91) it follows that
Cm{goz@@@@—SMwu}c{uexwwaog1MQ}cBmJamM@) (92)
Set
Co =C \ 037"00-
We infer from (86), (90), (92) and Lemma 4.7 that
Co€e A, Ko=Con {dkoo (Xo) — 8Mphy < [XD} C Adkw (Ro),30°

Furthermore,
dX (Co, OToo) Z 2’1“00.

Since Cy € A, we can write Cp as
CO:’YO (Dn\zo) ’ nZkoo» Yo Erna EOEana EomaDn:(Dv g(EO) Sn_koo

Then K| is rewritten as

Ko = {0(Q) | ¢ € D"\ S, I5, (790(0)) = di. (o) — 8Mohn }
From now on, we will repeatedly use the following inequality:
—8Mphy + 00T < 4Mohy — 28T for all T € [0,45,* Mohy). (93)

Since K is relatively compact and symmetric, we may apply Lemma 3.5 and find sop > 0, n € C(]0, so] x
X, X) and symmetric open sets W, W such that

(a) KopcWCWcCW.
(b) [In(s,w) —wl|| < s and n(s, —w) = —n(s,w) for every (s,w) € [0, s¢] x X.

(c) Iz, (n(s,w)) < I3 (w) + dos for every (s,w) € [0, so] x X.

(d) Iz, (n(s,w)) < I5 (w) — 2005 for every (s,w) € [0, s] x W with I3 (w) > dj, (Xo) — 0.
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As in the proof of Theorem 4.4, we consider a family of deformations of Kj:
Dy = {(n,T, W, W) ‘ n, VV,W satisfy (a)—(d) for s € [O,T]}

and set

Ty = sup T >S5y, 1p= min{
(n,m,W,W)€Dg

Choose (19, 10, Wo, Wo) € Dy so that

M ~
3 Ohl, To}.
do

3
ETO <t <Tp < 3(50_1M()h1 < Tﬁ,

S

where the last inequality comes from (88). Since for small §y > 0 the dilation map

Lgo : Dn(l — (90) — ]D)n, LQO(C) = 1 ge
— bo
satisfies -
e 0(C) = 0(Lay (@) + | max_ (€)= 0(¢/ DI < 5
we define
1o (10,70 (L6, (€))) if ¢ <1 — 6o,
71(¢) = _
10 (Tolm, Yo (C>> ifl—0y<|C| <1
to q

Then, v € I',. Since 6y > 0 is small and Ly, is an odd homeomorphism,
S1 =Ly (Z0) € Erny, S1NID" =0, G(%1) < n— koo,

and moreover

3
max [11.(€) = (Ol < 570-

Define
C1=m (]D” \ 21) € Ap.

As in the proofs of Theorem 4.4, it follows from (93) and (90) that

dkoo (Xo) < sup IXO < dkoo (Xo) =+ 4M0h1 — 2(507’0;
Ch

this implies that

70 < 2(50_1M0h1 < %

We next claim
diStH(C(],Cl) < T0-

Let C1 3 u; = 71(¢), where ¢ e D* \ 3. If 1 — 6y < |¢| < 1, then by
7 (¢/I¢]) =70 (¢/I¢]) = mon (¢/1C]) € Co N Ch,
the choice of 6y gives [|u1 — vo(¢/|¢))|| < 70. When [¢] < 1 — 6y, we find

Loy (¢) € D™\ Xo,  v0(Lgy(€)) € Co,  [Jur —v0(Lgy (O)) < 70-

Thus, dx(Co,u1) < 79 and since u; € C1 is arbitrary, maxy,ec, dx(Co, u1) < 79.
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On the other hand, let Cy 3 ug = 10(¢) where ¢ € D"\ ¥y. From the property

L' (¢) € D*(1—6p) \ X,
it follows that

1 (L1(©)) €1 Juo =3 (Leer (]| = I0(€) =m0 (70, 30 (O < 0.

Hence, dx (ug, C1) < 19 and maxyec, dx (ug, C1) < 79, which yields (94).
Furthermore, (94) and dx(Co, O,_ ) > 2r« imply the inequality

dx(cl, Oroo) > 2rs0 — T0.
We next consider the set

K, = {yl(g) | ¢eDr\ %y, I, (m(¢) > dy,.. (Mo) — 8Mohy +5070}-

Remark that K is symmetric and relatively compact. Moreover, by combining (c¢) with (ii) in Lemma
4.7 and with dp € (0,1), for 1 — 0y < |¢| < 1 we have

I5, (1(Q) < Iz, (0(¢/[¢])) + doto < doTo
< ag — 8Mphy + dg1g < dkoo (Xo) — 8Mohy + dgTo.
Hence, we obtain

7 (K1) € (0 0 La,) ' (Ko), max ____[|m1(¢) — (Lo, (O)I| < 7o.
CED”(I—Qo)ﬂD"\Zl

Since Ky C B(0, R(12Mj)) holds due to (92),

K C B(O,R(IQM()) + T()), dx (Kl,Oroo) > 2ra0 — 70, K, C Adkw(xo)ﬁa'

By Lemma 3.5, there exist s; > 0, an odd map n € C([0, s1] x X, X) and symmetric open sets W, W of
K satisfying (a)—(d) with K instead of K. Thus, define

Dy = {(n,T, W, W)

n, W, W satisfy (a)—(d) for s € [O,T]}

and S
le sup T > 81, lemin{ 50 1—7'0, Tl}
(n,T,W,W)G'Dl 0
Select (n1, 11, Wi, Wl) € D; and 0 < 61 < 1 such that
3 Mohy Too
=T T < — = —
1 1< <Ii <3 50 T < 1 70
and n
_ L _ < —,
e [1(0) = (Lo (O + | max () = m(¢/IKDI <
where ¢
Ly, (¢) = :D"(1—6,) — D"
1-—64
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1 Define ~» by
m (11,7 (Le, (€))) if [¢] <10,

In 2 72(0) = 1-¢| '
m (5l @) <<

> From G(X1) < n — ke it follows that
S =Ly (51) € &rn, B2NOD" =0, G(X2) <n— koo

3 Writing
Cy = Y2 (]D)" \ 22> € Akoo,

4 We may prove N N
dkoo ()\()) < sup IXO < dkoo(/\o) + 4Myhq — 2(50(7’0 + 7'1),
Co

5 which yields
2M0h1 Too
< —.
do 6

6 Furthermore, by an argument analogous to the one we just employed for Cy and Cy, we see that

70+ 711 <

disty(C1,C2) <11, dx(C2,0,.) > 2rec — (10 + 71) -
7 We next define
Ky = {72(0 | CeDn\ By, I (12(¢) > dr.. (Mo) — 8Mohy + So(ro + 71)}
s and notice that Ky is symmetric, relatively compact, 75 '(K2) C (1 © Lg,) " (K1) and

dX(KQ,OrOO) > 2o —T0 —T1, Ko CB(O,R(12M0)+T0—|—T1), K C'Adkoo(xo),ficf'

s Inductively, we obtain {(n;, 73, W, W;)}320, {C5}220, {55150, {715}, {K;}320 and a sequence {D;}2,
1 of deformations of K; such that

J
Cj = 'yj(]D” \ Ej) S Akoo’ Q(Ej) <n-— kom dkoo()\o) < Sélp IXO < dkoo(AO) + 4M0h1 — 2(50 ZTg,
J

=0
: - ! 2Moh1  Too
dists (Cj, Cj1) < 75, dx(Cj,0n) > 2000 =Y 70, > 70 < 50 6
(=0 (=0
3Mphy % 3
T; = sup T, szmin{Tj 501—277}, 1Tj§7'j<Tj,
(n,7,W,W)€D; £=0
7j—1
K= { %(¢) | ¢ €D\, I, (3(€)) = diy (No) — 8Mohy + 60 > _ 70 } ’
(=0

7j—1
K;,CB (0, R(12My) + ) n) .

=0

1 In particular,

K; C Adkm(xo),?)a for each j > 0.
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Recalling that (., disty) is a complete metric space and the above properties, we see that {C; };-”;0 is a
Cauchy sequence in (.7, distg). Therefore, there exists C € . such that disty(C}, Cx) — 0 as j — oo.
As before, a set defined by

oo
=0

is relatively compact and Lemma 3.5 with K = K, guarantees the existence of deformation (70, Too, Woo, Woo)

of Koo; then (Moo, Too, Woe, Woo) € D; for each j large enough. Thus,

3 3Moh1 3 Moyh
Tj > Zmin {Too, 52 L. gw} > Zmin {Too, (?01} for large enough 7,

which contradicts -
r
<l
=0

Hence, we complete the proof. |
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A The principle of symmetric criticality

The principle of nonsmooth symmetric criticality due to Kobayashi & Otani [44] considers a vast range
of linear actions of a topological groups G on a Banach space X. In this appendix, we provide a simpler
proof of the principle in a setting which applies to our main theorems. Compared to [44, Theorem 3.16],
notice that Proposition A.1 does not require X to be reflexive.

Let X be a Banach space and G a compact topological group acting on X linearly. Assume that the
map G X X 3 (g,u) — g -u € X is continuous, and consider the closed subspace

Xeg={ueX|g-u=uforallge G}.
We consider two functionals ¥ and ¢ satisfying
(i) U: X — (—o0,00] is convex and lower semicontinuous with D(W) # (.
(ii) ® € CY(X,R).
(iii) ¥ and ® are G-invariant, that is ¥(g-u) = ¥(u) and ®(g-u) = ®(u) for every g € G and u € X.
Finally, set I(u) = ¥(u) — ®(u) : X — (—o0, 00].

Proposition A.1. Assume u € X¢ is a critical point of I|x, : Xg — (—00,00]. Then w is a critical
point of I : X — (—o0, c0].
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Proof. Let u € X¢ be a critical point of I|x,. Then
U(v) — W(u) — @' (u)(v—u) >0 for each v € X¢. (95)

Fix any w € X and let ;1 be a normalized Haar measure on G (u(G) = 1). Since (g,u) — g - u is
continuous and G is compact, we set (cf. Rudin [55, Theorems 3.20 and 3.27, and Definition 3.26))

wz/g-wdu, (96)
G

that is, w is the unique element satisfying
:/A(g‘w)du for every A € X*.
G

We first show w € Xg. To this end, let h € G and write Ty, : X > u — h-u € X. For each A € X*, it
follows from A o Tj, € X™* and the left invariance of p that

A1) = (Ao T)0) = [ (AoTh) (g-w)du
:/A(hg~w)du:/A(g~w)du:A(1I1).
G G

Since A € X* is arbitrary, h - @ = w holds for each h € G.

We now prove that u is a critical point of I : X — (—o0,00]. For w € X, consider w in (96).
From [55, Theorem 3.27], @ belongs to the closure of the convex hull of the orbit G - w. Therefore, we
can take convex combinations

L;

L;
EZ k(Gjk-w), ¢jr >0, ch’kzl
k=1

k=1
such that ||w; — @[ — 0. Since ® € C*(X, R) satisfies ®(g - u) = ®(u) for every g € G, it follows that
&' (g-u)(g-v) =0 (u)v for any g € G and v € X.

By the convexity and the lower semicontinuity of ¥, we infer from (95) and w, v € Xg (hence, g; 1 -u = u)
that

0 < U(w) — ¥(u) — ' (u)(w — u) <liminf U(w;) — U(u) — lim &' (u)(w; — u)

j—o0 j—0o0

< hjrglolgf [‘I’(w]’) = W(u) - (I)/(u)(wj - u)]
L

< lim inf Z cj, k; W(gjh - w) — U(u) — @' (u)(gjr - w— u)]

Lj
= hjrglorolf Z ik [P(w) — U(u) — D' (gjk - w)(gjk - w) + ' (w)u)]
k=1

Lj
= lbniégf Z ik [Y(w) — ¥lu) — ' (u)(w — u)]

= ¥(w) —:I/(u) — &' (u)(w — u).

This means that w is a critical point of I : X — (—o00, 00| and the proof is completed. |
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B Regularity for the Born-Infeld solution

In this section, we prove Proposition 2.10.
Proof. We first address the equivalence in item (i).
(a) = (b).
Assume that u is a weak solution to (BZ,) (in the sense of Remark 2.9 if 0 is not smooth). Fix a

domain € R™ and a function ¥ € Y, (Q). Then, u — 1 € WH*°(Q) and has zero boundary value. By
a zero extension of u — 1 outside of 2, we see that u — ¢ € Lip.(R™). We then test v — v to (BZ,) to

deduce Du- (D D)
u- (Du —
/ /1 |DuP _/Qp(“_w

Here, due to the second in (7), the set of points where u is differentiable and |Du| < 1 has full measure
in Q. Inequality (23) holds therein; thus we see that

/Jl—\DW—ﬂ—!DuP s/pw—w,
Q Q

which implies IQ( ) < Ig(w)
(b) = (a) and u € I/Vlo’q(R”) for each ¢ € [2,00), |Du| <1 on R™.
For a local minimizer u of I,, we define a Lorentzian distance £ : R" — R from 0 by
U(z) = V]a? = (u(z) — u(0))2.

Since |Du| < 1, we have £ > 0 on R™ and moreover, in view of (20), the Lorentzian balls

Lrp={zeR"|{(z) <R}

are relatively compact in R™. Note that L contains the Euclidean ball Br(0), which for convenience we
denote by Bg. Fix R > 0, define Q = Ly and let {p;} be a sequence of smooth functions converging to
p in L*(Q). Taking ¢; € (0,1) with lim;_, t; = 1, we consider the solution u; € V() to

Du.
div | =p; on §,
\/1—‘Du]'|2

uj =t;ju on IS

Since t;ju is spacelike on 02, more precisely |tju(y) — tju(z)| < |y — x| for each z,y € 0 with  # y,
by [9] there exists a solution u;, which is smooth and |[Du;| < 1 on 2. We claim that u; — u strongly in
C(9Q) and in W14(Q) for each ¢q € [1,00). This can be shown by adapting an argument in [22, Proposition
3.11] in the following way. First, since {t;u} is relatively compact in C'(0€2), by [22, Proposition 3.5] {u;}
is relatively compact in C(Q). In particular, since |Du;| < 1 for each 7, {u;} is bounded in W14(Q) for
any ¢ € [1,00]. Then there exists v € }, () such that u; — v, up to a subsequence, in C(£2) and weakly
in W14(Q) for any g € (1,00). To show that v = u, notice that from the second in Remark 2.14 we get

/Q<1_ W) ZkaDvH%Q < ZbkhmmeDujHQkQ

< lim lim mf Z b || Du; H% Q (97)

n—oo ]

< liminf/ (1 —y/1- |Duj|2> .
J—00 QO
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Moreover, since u; — v in C(Q) and p; — p in L*(2), it holds [, pju; — [, pv as j — oo. Thus we get

I,?(v) < liminf Ig_ (uj).

Jj—00
On the other hand, u; € Y, (€2) minimizes I, ; thus Ig (uj) < Ig, (tju). A simple computation gives
Q Q
I, (tju) = I, (u),

and therefore I é) (v) < Igz (u). Since the reverse inequality holds by our assumption on v and the minimizer
for I, is unique, we conclude that v = u in €2, as claimed. The argument to prove the strong convergence
u; — u in Wh4(Q) for ¢ € [1,00) then follows verbatim that in [22, Proposition 3.11], see the second half
of p.32 therein.

Next, we prove the regularity of w on Br. Because of (20) and a direct comparison between the
Euclidean and Lorentzian distances, there exists R depending on R, c1, h such that

QO =Ly € By, (98)
Indeed, in our assumption, |u(0)| < ¢; — h(0) and
[u(z) — u(0)] < e + [u(O)] + 2] — h(z) < & + [l — h(z),
where ¢ = 2¢; — h(0). If z € Ly, then by expanding
|z|? < 16R* 4 (u(z) — u(0))? < 16R* + (¢1 + |=| — h(z))?

and rearranging we get
2z|(h(x) — &) < 16R* + (&1 — h(x))?

from which the bound |z| < R follows and recalling our growth assumptions on h. By a simple argument

by contradiction, we deduce from u; — w in C'(£2) that for all sufficiently large j,

Lgﬁz{er

Pi(x) = \/|x2\ — (uj(z) — u;(0))* < 3R } € .

We apply [9, Lemma 2.1] and the reasoning in the proof of Theorem 4.1 therein, to deduce that there
exists a constant § > 0 depending on the L® bounds for u; and p; on Lgﬁ%, which are thus uniformly
bounded in terms of

N

R, ¢, h and ||p||L°O(BE)a

such that
|Duj| <1—0 on L.

Remark also that {u;} is bounded in W22(Lsg). Since Bap C L%, we get local uniform estimates for
|Duj| and for the L? norm of |D?u;| on Bag. Thus, for any n € Lip.(B2r), by letting j — oo in

Duj - Dn
T = P,
" \/ 1-— \Duj\ "
the dominated convergence theorem implies that (8) holds.

Finally, for any ¢ € [2,00) we show the existence of Cy = Cy(R, c, q) such that ||uly2.4(p,) < Cy To
this goal, we first argue as in [22, Step 5 in Section 5.2] to obtain Du € C*®(Bg(0)) for some ag € (0,1).
Next, from u € I/Vlif (R™) and writing

ij Diju(x)Dju(x
agj(x) = < =+ iulz) Djul 3,)/2 € C(R"),
1= [Du@[* (1= |Du()?)
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we infer that u is a strong solution to

n

- Z aij(:c)Diju(w) = p(x) in R™.
3,j=1

Since [|p|| poo(Byr) < HPHLOO(BR) < ¢, elliptic regularity yields the desired W?29 estimate in Bpg, see for
instance [32, Chapter 9]. This completes the proof of (i).

(ii) Suppose u € L®(R") and p € L>®(R") satisfy ||p]lco + [|ullec < c¢. By (i), v € C*R") and

|Du(z)| < 1 in R™. We prove the assertion by contradiction and suppose that there exist {p;}i, {ui}: €
L*>°(R™), with u; a solution with source p;, and points {z;}; C R™ such that

[Pilloc + [[uillo <'¢, |Du(zi)] =1 as i — oc.

Define
ui(x) = ui(x + x4), pi(z) = pi(x + x;).

Then, 1; is a (strong) solution with source p; on R", hence a local minimizer of I,. Since 4; is 1-Lipschitz,
we may also assume that 4; — s in Cloc(R™), and @ is also 1-Lipschitz with ||i|leo < ¢. The inequality
|pill + |12l < c and [9, Theorem 3.2] imply that u; has no light segments in the following quantitative
sense: for each r > 0, there exists R = R(r) > 0 such that for every i > 1,

Lfiz{xeR"

() =\l ~ (wle) ~ w0 <7 | € B

According to the monotonicity formula in [9, Lemma 2.1], we may find o € (0,1/n) and C = C(n) > 0
such that

Cexp (r’c® +1)(1 - |Di;(0)])2 > 7‘”/

a+1
B (1 - |Dﬂl’2> + T2n/ ’D2ﬂi|2.
L L

From |Dw;(0)] — 1 and the fact that r > 0 can be arbitrary, it follows that |Dis| = 1 and D%t = 0

a.e. in R™. Thus, U (x) = a-x + b for some a € R, b € R with |a| = 1, however, this contradicts
%o || o < ¢ and concludes the proof. [
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