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Kalman Filtering in Non-Gaussian Model
Errors: A New Perspectivea

ARMAN KHEIRATI ROONIZI

I T is well-known that the optimality of the Kalman filter relies on the Gaussian distribution of
the process and observation model errors, which in many situations is well justified [1, 2, 3].

However, its optimality is useless in applications that the distribution assumptions of the model
errors do not hold in practice. Even minor deviation from the assumed (or nominal) distribu-
tion may cause the Kalman filter’s performance to drastically degrade or to completely break
down. In particular, when dealing with perceptually important signals such as speech, images,
medical, campaign and ocean engineering, the measurements have confirmed the presence of
non-Gaussian impulsive (heavy tailed) or Laplace noises [4]. Therefore, the classical Kalman
filter which is derived under nominal Gaussian probability model is biased or even breaks down
in such situations. This article presents a simple modification approach to overcome this limi-
tation of the Kalman filter. We show that in the smoothing Wiener filter, the estimated state is
chosen to minimize the `2-norm of the variation of the system model error. The `2-norm, how-
ever, corresponds to Gaussian priors. It confirms the optimality of Wiener filter and Kalman
filter in linear Gaussian systems and explains why they suffer from the sensitivity to Laplase
or impulsive error statistics. To address this limitation, we propose a variation on smoothing
Wiener filter which substitutes a sum of absolute values (i.e., `1-norm) for the sum of squares
used in `2 smoothing Wiener filter to penalize variations in the system model error. The pro-
posed `1 smoothing Wiener filter is suitable for analyzing systems with impulsive or Laplace
model errors. The idea of `1 smoothing Wiener filter is then used to recast and correct the sys-
tem (or process) model equation. The modified model puts a Laplace or a sparse distribution on
the system model error to enforce the sparsity on the states of the system. Based on the fact that
the formulations of the optimum filter by Wiener and Kalman are equivalent in discrete time
steady state [5], the Kalman filter can be used to estimate the desired states using the modified
model.

aThis is the author’s version of the manuscript accepted for publication in IEEE Signal Processing Magazine, Vol-
ume 38 , Issue 2, March 2022. The paper can be found in its final format at: IEEE Signal Processing Magazine website
doi: 10.1109/MSP.2021.3134635
20xx IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in
any current or future media, including reprinting/republishing this material for advertising or promotional purposes,
creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of
this work in other works.

Introduction
This year Kalman filter celebrates 60 years old. The

Kalman filter, introduced by Rudolf E. Kálmán in his most
well-known contribution [6], is one of the most important
and famous data fusion algorithms [an optimal estimator in

the minimum mean-square error (MMSE) sense] for estimat-
ing the hidden state of a linear dynamical system [2]. It has
been widely applied in various fields such as aerospace engi-
neering, control systems, signal and image processing, wire-
less communication, and many more. One can do an Inter-
net search on the terms “state estimation + application” or
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“Kalman filter + application” and discover thousands of other
applications.

Before Kalman filter appearances, the Wiener filter in-
troduced by Nobert Wiener was probably the first theory in
merging the dynamic systems and optimal estimation in the
presence of noise [7]. It is a signal estimation algorithm that
produces an optimal estimate of a random signal using both
the autocorrelation and crosscorrelation of the measurement
signal with the original signal. The Wiener filter minimizes
the MSE between the estimated random process and the de-
sired process. The MSE criteria has long been regarded as
the dominant quantitative performance metric to optimizing
and assessing the Wiener filter and the Kalman filter design.
The MSE is simple, memoryless, parameter free and inex-
pensive to compute. Specially, in the context of optimization
and estimation theory it satisfies many important properties
such as convexity, symmetry, and differentiability [8]. That
is why the MSE is used to optimize a large variety of sig-
nal processing algorithms such as Wiener filter and Kalman
filter. MSE is defined by `2-norm which corresponds to Gaus-
sian priors, the reason that both Wiener and Kalman filters
are known as optimal estimators for linear systems subject to
Gaussian priors (i.e., all the latent and observed variables have
Gaussian distribution). However, in many real applications,
the MSE (or `2 regularization) exhibits weak performance
and has been widely criticized for serious shortcomings, es-
pecially when the latent or observed variables are distributed
by non-Gaussian distribution, for instance, when dealing with
signals such as finance and ocean engineering, speech and im-
ages where a sparse distribution is appropriate to represent
their statistics [4]. Impulse or sparse distribution also appears
in various machine learning areas such as independent com-
ponent analysis [9], mobile and wireless communication [10].
The classical Wiener and Kalman filters are derived under
Gaussian distribution assumptions and thus suffer from the
sensitivity to sparse or Laplace error statistics. The main pur-
pose of this article is to provide a modified structure to opti-
mize the Wiener filter and the Kalman filter to not lose their
optimality in applications where the system variables have
impulsive or Laplace distribution.

Recently, the non-Gaussian robust Kalman filtering has
been attracting more and more attention. A generalized
maximum-likelihood Kalman filter (GMKF) has been derived
in [11] and extended in [12] with an application to power
grids. The key idea of the GMKF is to formulate a batch-
mode regression after performing the Kalman filter prediction

step. Then a prewhitening method is performed to the batch-
mode regression. Other main step is to apply the Schweppe-
type Huber generalized maximum-likelihood estimator [13]
to solve the regression via an iteratively reweighted least
squares (IRLS) algorithm. While most published algorithms
(see [14] and references therein) are advanced, in our method,
a simple modification change is applied to the system model
and then the standard Kalman filter is performed for a given
iterations. We neither modify the Kalman filter equations nor
employ other advanced methods, but we show that by a sim-
ple modification change to the system model, the standard
Kalman filter can be used to estimate the states of the system
even if the system model errors have non-Gaussian distribu-
tion.

Prerequisites
This lecture note requires basic knowledge of system the-

ory, state-space model, estimation theory and Kalman filter.

Notation
Lowercase letters are used to denote scalars, e.g., a; bold-

face lowercase letters for vectors, e.g., a; boldface uppercase
letters for matrices, e.g., A. The subscript k stands for dis-
crete time index while (·)T and (·)−1 denote the matrix trans-
pose and matrix inverse, respectively. Symbol E{} refers to
the expected value operation and ∗ denotes the convolution.
The `p-norm of a vector u is defined as ‖u‖p= (

∑
i|ui|p)

1
p .

Background
Model-based state estimation algorithms (e.g., Kalman

filter) assume that the state of a system at time k evolved
from the prior state at time k − 1 according to the equation
xk = Axk−1+wk−1, where xk is the state vector containing
the terms of interest for the system [e.g., target position (pk),
velocity (vk) and acceleration (ak)], A is the state transition
matrix of the process from the state at time k − 1 to the state
at time k and wk is the process noise vector with known co-
variance, Qk , E{wT

kwk}. Measurements of the system are
represented according to the equation yk =Hxk+ηk, where
yk is the vector of observations, H is the transformation ma-
trix which relates the state variables to the measurements and
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ηk is the vector containing the observation noise terms with
known covariance, Rk , E{vTk vk}. Adaptive Kalman filter
is known as the optimal state estimator when both process and
observation noises are white Gaussian process. It involves two
stages: prediction and measurement updates:

Prediction Update:{
x̂k|k−1 = Ax̂k−1|k−1

Pk|k−1 = APk−1|k−1A
T +Qk

(1)

Measurement update:


x̂k|k = x̂k|k−1 +Kk

[
yk −Hx̂k|k−1

]
Kk = Pk|k−1H

T
(
HPk|k−1H

T +Rk

)−1
Pk|k = Pk|k−1 −KkHPk|k−1

, (2)

where x̂k|k−1 , E{xk|yk−1, · · · ,y1} is the a pri-

ori estimate of the state vector xk in the k-th stage
using the observation y1 to yk−1, and x̂k|k ,

E{xk|yk, · · · ,y1} is the a posteriori estimate of the
state vector after using the k-th observation yk. The ma-
tricesPk|k−1 , E{(xk−x̂k|k−1)(xk−x̂k|k−1)

T } and
Pk|k , E{(xk−x̂k|k)(xk−x̂k|k)

T } are also defined as
the prior and posterior state covariance matrices, while
Kk is the Kalman gain.

As an example of the application of Kalman filter/smoother,
we consider a simple target tracking problem in which a truck
moves along a straight line with a constant-acceleration (CA).
In this case, the process model is defined by

xk =

1 Ts
T 2
s

2

0 1 Ts

0 0 1

xk−1 +


T 2
s

2

Ts

1

wk, (3)

where Ts is the sampling period, xk = [pk, vk, ak]
T

contains the position, velocity and acceleration. We assume
that while the truck moves with a constant acceleration, the
driver sometimes applies a sudden braking input or sudden
accelerating input to the system which results instantaneous
changes in the acceleration values. In this case, a discrete
event phenomenon is observed in the presence of constant-
acceleration signal which is modelled as process noise, i.e.,
wk = [T 2

s /2, Ts, 1]
Twk. We further assume that the truck is

equipped with a GPS unit that can provide an estimate of the
target states (position, velocity and acceleration) according to

the model yk = xk + ηk, where yk = [y1,k, y2,k, y3,k]
T

is the vector of position, velocity and acceleration measure-
ments and ηk = [η1,k, η2,k, η3,k]

T is the vector of obser-
vation noises. The observation noise, ηk, is a white Gaus-
sian process. The objective is to estimate the target states
(position, velocity and acceleration) from the observation yk.
The Kalman filter/smoother is then used to estimate the tar-
get states. The true states and the noisy states are shown via
red solid line and gray dots in Figures 1(a)-1(c). The estimated
target states provided by Kalman smoother are shown via blue
dashed line in Figures 1(a)-1(c).

Problem
We find that the estimated acceleration in Figure 1(c) does

not have sharp discontinuities. The reason is that the Kalman
filter/smoother is derived under nominal Gaussian probability
model (i.e., all latent and observed variables are assumed to
have Gaussian distribution). In other word, the process noise
in (3) is assumed to be a white Gaussian noise by Kalman
filter. As an illustration, the distribution of the actual acceler-
ation process model error is plotted via blue color in Figure 2.
The distribution of the nominal acceleration process model er-
ror with different values of Q (the covariance of the process
noise, wk) is plotted via yellow color. It is seen that the nom-
inal model error cannot adequately capture the actual model
error even for large values of Q. A Gaussian distribution does
not fit the actual process model error, but a (sparse) fat tail
distribution can provide a better model to describe model er-
ror than the normal distribution. Therefore, the optimality of
Kalman filter which relies on the Gaussian distribution of the
process and observation noises, is not justified in such situa-
tions.

In this article, we analyze the above issue from a differ-
ent perspective. To that end, we develop a joint perspective on
Wiener filtering and Kalman filtering. Note that the formula-
tions of the optimum filter by Wiener and Kalman are equiv-
alent in steady state [5]. On the other hand, the smoothing
Wiener filter can be viewed as an optimization problem with
a `2-norm smoothing constraint on the variation of process
(system) model, as will become clear following the deriva-
tion outlined below in the “`2 smoothing Wiener filter” sec-
tion. `2-norm corresponds to Gaussian priors and is sensitive
to the large values. Therefore, it exhibits weak performance
in analyzing the sparse data such as the target acceleration
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Figure 1: Parts (a), (b) and (c) show the results of adaptive Kalman smoother-based target state estimation.
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(b) Q = 0.5
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Figure 2: The histogram of the acceleration model error.

in the above example. That is why the estimated accelera-
tion by Kalman smoother does not accurately follow the true
acceleration signal. The remainder of this article describes a
novel modification approach to overcome this limitation of
the Kalman filter. We show that in the smoothing Wiener fil-
ter, the estimated state is chosen to minimize the `2-norm of
the variation of the system model error subject to the `2-norm
of the data fidelity. Then we propose a variation on smooth-
ing Wiener filter which substitutes a sum of absolute values
(i.e., `1-norm) for the sum of squares used in `2 smoothing
Wiener filter to penalize variations in the system model error.
`1-norm corresponds to Laplacian priors. Therefore, the pro-
posed `1 smoothing Wiener filter is suitable for analyzing the
sparsely distributed data. The idea of `1 smoothing Wiener
filter is then used to recast and correct the system (process)

model equation. The modified system model puts a Laplace
distribution on the system model error to enforce the sparsity
on the states of the system. Finally, using the fact that the for-
mulations of the optimum filter by Wiener and Kalman are
equivalent in steady state, the Kalman filter can be used to es-
timate the sparse states from the modified state space model.

Wiener filter
In this section, we derive a KF model for `2 trend filter-

ing and `1 trend filtering, respectively. First, we derive a dy-
namic model in state-space form to represent each approach
and combine it with the Kalman filtering framework to esti-
mate the desired signal.
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Smoothing Wiener filter

The aim of filter design is to find a filter such that when we
apply the measurements to its input, it produces the MMSE
estimate of the state of interest, xk:

x̂k = Ψk ∗ yk ≈ xk (4)

where Ψk is the filter impulse response and x̂k is an estimate
of the original state. To this aim, we define the error signal
ek , xk − x̂k and carry out the following minimization:

min
Ψ[·]

(
M = E{eTk ek}

)
. (5)

If xk and ηk are uncorrelated, the linear system minimiz-
ing the MSE (the optimum smoothing Wiener filter) satis-
fies [7, 15, 16, 17]

(6)
Ψ(z) = Sxy(z)S

−1
yy (z)

= Sxx(z)H
T
[
HSxx(z)H

T + Sηη(z)
]−1

,

where Sxx(z) and Sηη(z) are the power spectral density
(PSD) of xk and ηk, respectively. (6) can also be expressed
as

Ψ(z) =
[
HTS−1ηη (z)H + S−1xx(z)

]−1
HTS−1ηη (z) (7)

According to the process model, the PSD of the hidden state
and the PSD of the process noise are related as S−1xx(z) =

ΘT (z−1)S−1ww(z)Θ(z), where Sww(z) is the PSD ofwk and
Θ(z) = I − z−1A. Therefore, (7) is expressed as

Ψ(z) =
[
HTS−1ηη (z)H + ΘT (z−1)

S−1ww(z)Θ(z)
]−1

HTS−1ηη (z)

(8)
In the following, the output response of smoothing Wiener
filter is computed using an optimization problem with a `2
smoothing constraint on the variation of process (system)
model.

`2 smoothing Wiener filter

In this section, we show that in the smoothing Wiener fil-
ter, the estimated state is chosen to minimize the `2-norm of
the process (or system) model error. To this purpose, we rep-
resent the output of (8) in the transform domain as X̂(z) =

Ψ(z)Y (z). According to (8), it can be written as[
HTS−1ηη (z)H + ΘT (z−1)

S−1ww(z)Θ(z)

]
X̂(z) =HTS−1ηη (z)Y (z)

(9)
(9) can be expressed as

ΘT (z−1)S−1ww(z)Θ(z)X̂(z)

+HTS−1ηη (z)HX̂(z)−HTS−1ηη (z)Y (z) = 0
(10)

Taking the integral of (10) with respect toX(z), we obtain

1

2
[Θ(z)X̂(z)]

T
S−1ww(z)[Θ(z)X̂(z)]

+
1

2

[
HX̂(z)− Y (z)

]T
S−1ηη (z)

[
HX̂(z)− Y (z)

]
= κ

(11)
where κ stands for a constant function with respect toX . It is
straightforward to show that the inverse z-transform of (11),
which is the the output response of the smoothing Wiener fil-
ter, is the solution of an optimization problem with smoothing
constraint defined by the following loss function

`2,k =
1

2
(yk −Hxk)

T
R−1k (yk −Hxk)

+
1

2
(Θk ∗ xk)

T
Q−1k (Θk ∗ xk) ,

(12)
where Θk is the inverse z-transform of Θ(z) = I − z−1A,
i.e., Θk = δk − Aδk−1, Θk ∗ xk = xk − Axk−1 and Rk

and Qk were defined in Section . The first term in (12) de-
scribes a weighted `2-norm of the observation model error
while the second term describes a weighted `2-norm of the
process model error. In the following section, we propose a
variation on the optimization problem to design the smooth-
ing Wiener filter which can be used to overcome the problem
discussed in previous section.

Solution

We propose the following variation on smoothing Wiener
filter, in which the estimated state is chosen as the minimizer
of

`1,k =
1

2
(yk −Hxk)

T
R−1k (yk −Hxk)

+ (Θk ∗ xk)
T
Q−1k sgn (Θk ∗ xk) ,

(13)
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Figure 3: Results of the Kalman smoother-based state estimation of the modified model (20) after 5 iterations (m = 5).

where sgn is the sign (or signum) function:

sgn(x) :=


−1 if x < 0

0 if x = 0

1 if x > 0

(14)

For matrices, the sign function is defined element wise. (13)
employs a sum of absolute values (i.e., `1-norm) to penal-
ize variations in the process model error. So, we call it
`1 smoothing Wiener filter. The problem is that the sec-
ond regularization term is non-differentiable which makes
it a difficult minimization problem with no explicit solu-
tion. One way to deal with is to replace it with a sequence
of simpler ones. This procedure is known as majorization-
minimization (MM) method [18]. Using MM approach,
(13) is converted to a simpler one. To this purpose, the
MM approach proposes the following majorizer for the
(Θk ∗ xk)

T
Q−1k sgn (Θk ∗ xk) [18]:

(
Θk ∗ xk

)T
Q−1k sgn (Θk ∗ xk)

≤ 1

2
(Θk ∗ xk)

T
C−1k,mQ

−1
k (Θk ∗ xk) +

1

2
Ck,m,

(15)

where Ck,m =
(
Θk ∗ x̂(m)

k

)T
sgn

(
Θk ∗ x̂(m)

k

)
and x̂(m)

k

denotes the estimated state after m iterations with an initial
condition. For instance, one can initialize it using x̂(0)

k =

(HTH)−1HTyk which is obtained by minimizing the trace
of observation error (i.e., eo = y −Hx) covariance matrix.
Note that Ck,m is considered as a constant value with respect
to xk. Therefore, in order to solve (13), one can solve the fol-

lowing iterative optimization problem:

`1,k =
1

2
(yk −Hxk)

T
R−1k (yk −Hxk)

+
1

2
(Θk ∗ xk)

T
(QkCk,m)−1 (Θk ∗ xk) +

1

2
Ck,m.

(16)

The second regularization term is now differentiable. By set-
ting the derivative of (16) with respect to xk to zero (inspired
by [19, Lemma 2]), and after some simplification, we find the
following solution for the filter impulse response:

Ψ`1(z) =

[
HTS−1ηη (z)H + ΘT (z−1)

[
Sww(z)Cm(z)

]−1
Θ(z)

]−1
HTS−1ηη (z)

(17)
Comparing (17) with (8), they differ with the term
Sww(z)Cm(z) which is simply Sww(z) in equation (8).
Therefore, we conclude that in `1 smoothing Wiener filter, the
process noise is no longer a pure white Gaussian process but
it is a weighted function of it. In other word, in `1 smoothing
Wiener filter, the state-space model is converted to{

xk = Axk−1 +Ck,mwk

yk =Hxk + ηk
, (18)

where Ck,m is the absolute value of the model error (x̂k −
Ax̂k−1) after each iteration. Based on the above discussion,
in order to estimate the sparse state of a dynamical system
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described by {
xk = Axk−1 +wk

yk =Hxk + ηk
, (19)

the paper suggests to estimate the state of a dynamical system
described by (18), instead. Against the Kalman filter imple-
mentation of (19) that we run Kalman only one time over all
k, we must run Kalman for (18) over all k, for a given iteration
m; and then this has to run multiple times form = 1, 2, 3, · · ·.
We call the proposed method `1 Kalman filter/smoother as it
is based on the `1-norm method. It is summarized in Algo-
rithm 1.

Algorithm 1 `1 Kalman filter
Require: y1:T ,Q1:T ,R1:T

for m = 1, 2, 3, · · · do
for k = 1 : T do

Λk = x̂k −Ax̂k−1

Ck = ΛT
k sgn (Λk)

x̂k|k−1 = Ax̂k−1|k−1

Pk|k−1 = APk−1|k−1A
T +CT

k QkCk

x̂k|k = x̂k|k−1 +Kk

[
yk −Hx̂k|k−1

]
Kk = Pk|k−1H

T
(
HPk|k−1H

T +Rk

)−1
Pk|k = Pk|k−1 −KkHPk|k−1

x̂k = x̂k|k

end for
end for
return x̂k|k for k = 1 : T

The classical Kalman filter/smoother is called `2 Kalman fil-
ter/smoother as it is based on the `2-norm method. Note that
if we set Ck,m in (18) to identity matrix, then (19) and (18)
are equivalent which means the conventional `2 Kalman fil-
ter/smoother is a special case of the proposed `1 Kalman fil-
ter/smoother. The proposed technique is used to estimate the
target states of the previous example. To this purpose, we
changed the system model (3) to

xk =

1 Ts
T 2
s

2

0 1 Ts

0 0 1

xk−1 +Ck,mwk, (20)

where Ck,m = ΛT
k,m sgn(Λk,m),

Λk,m = x̂
(m)
k −

1 Ts
T 2
s

2

0 1 Ts

0 0 1

 x̂(m)
k−1, x̂

(0)
k =

1

3
yk.

(21)
Λk,m is the system model error after each iteration and Ck,m

defines its absolute value. Figure 3 illustrates the result of the
Kalman smoother for tracking the target states in the previ-
ous example using the state space model (20) after 5 itera-
tions (m = 5). The solid red curve and dots gray in Figures
3(a)-3(c) denote the theoretical state and its noisy data, re-
spectively, which are the same as those in Figure 1. The es-
timated acceleration by Kalman smoother using the modified
model (20) is plotted in Figure 3(c) with the blue dashed line.
The estimated acceleration has sharp discontinuities which
demonstrates that the proposed model, which is based on the
`1 regularization and is less sensitive to large changes, is more
accurate than the traditional Kalman filter/smoother model.
Note that we did not modify the Kalman filter equations, but
we showed that by a simple modification to system model,
Kalman filter can be used to optimally estimate the states of
the system even if the the latent or observed states have non-
Gaussian (e.g., impulsive, Laplacian) distribution.

Examples
The modified structure can find various applications in

state estimation in non-Gaussian error statistics. As proof of
concept, we focus on three specific examples.

Detection of a sine wave with known
frequency in Impulsive/Laplace noise

In the following example, we seek to estimate a sine wave
of known frequency [xk = α cos(2πfk + φ), where α, f
and φ are amplitude, frequency and phase, respectively] in the
presence of impulsive or Laplace noise. The dynamical model
of the system can be represented as

xk+1 =

[
2 cos(2πf) −1

1 0

]
xk +

[
1

0

]
wk

yk = [1 0]xk + ηk

, (22)

where xk = [xk xk−1]
T and ηk is assumed to be an im-

pulsive or a Laplace noise. Note that the dynamical model

Page 8



0 50 100 150 200 250 300 350 400 450 500

-3

-2

-1

0

1

2

3

4 True signal Noisy signal

(a) True and noisy sine wave

0 50 100 150 200 250 300 350 400 450 500

-3

-2

-1

0

1

2

3

4

5

(b) The impulsive noise

0 100 200 300 400 500
-1.5

-1

-0.5

0

0.5

1

1.5

(c) Kalman filter

0 100 200 300 400 500
-1.5

-1

-0.5

0

0.5

1

1.5

(d) Kalman smoother

0 5 10 15 20 25 30

0

0.05

0.1

0.15

0.2

(e) Mean and standard deviation values of RMSE for different SNRs

Figure 4: Sine wave with known frequency detection in Laplace noise using Kalman filter and smoother. a) true and noisy signal
b) the result obtained by `2 and `1 Kalman filter c) the result obtained by `2 and `1 Kalman smoother d) the mean and standard
deviation values of RMSE obtained by `2 and `1 Kalman smoother for different SNRs.

(22) no longer depends on the amplitude and phase. We gen-
erated 2500 synthetic sine waves with different frequencies
and contaminated them with impulsive and Laplace noise.
To this purpose, we produced signals varying the power of
ηk in (22). The signal-to-noise ratio (SNR) was modulated
from 0 to 30 dB. The Kalman filter and smoother were then
used to estimate the desired signal xk. An example of a sine
wave estimation in impulsive noise provided by Kalman fil-
ter and smoother using (22) is illustrated in figure 4. Fig-
ure 4(a) shows the sine wave and its noisy measurements
contaminated by impulsive noise. The noise is plotted in Fig-
ure 4(b). The estimated signals obtained by classical Kalman
filter and smoother are illustrated via red color in Figure 4(c)
and 4(d), respectively. Again, we see that the classical Kalman
filter and smoother (i.e., `2 Kalman filter/smoother) suffer

from the sensitivity to impulsive error statistics. In order to
improve the estimation, we employed the modified Kalman
filter and smoother (i.e., `1 Kalman filter and smoother) to
estimate the desired signal. The results of sine wave detec-
tion provided by Kalman filter and smoother using the mod-
ified model are shown in Figure 4(c) and 4(d) via black
dashed curves. The modified model improves the Kalman fil-
ter and smoother’s performance for signal detection in impul-
sive noise. Finally, we employed Kalman filter and smoother
to estimate all generated signals with and without modified
model. The mean and standard deviation values of root mean
squares error (RMSE) for signal reconstruction obtained by
`2 and `1 Kalman smoother as a function of SNR is shown
in Figure 4(e). The results confirm that the modified struc-
ture can be used to optimize the Kalman filter and smoother
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Figure 5: ECG powerline noise cancellation using Kalman filter and smoother. a) true and noisy ECG signal b) distribution of
the ECG signal c) the result obtained by `2 and `1 Kalman filter e) the result obtained by `2 and `1 Kalman smoother.

to not lose their optimality in applications that the system er-
rors have impulsive or Laplace distribution. As a real appli-
cation, (22) can be used to model the powerline noise and to
track and remove it form bioelectrical signals, e.g., electrocar-
diogram (ECG) signal. As an illustration, a real ECG signal
contaminated by powerline noise is plotted in Figure 5(a). To
remove the powerline, we first estimate it using Kalman fil-
ter/smoother and then subtract it from the observation signal.
The denoised ECG provided by `2 and `1 Kalman filter and
smoother are plotted in Figure 5(c) and 5(d), respectively.

Piecewise-polynomial signal detection in
Laplace noise

In this example, we consider the problem of detecting a
piecewise-constant signal xk in additive Laplace noise. The
dynamical model of the system can be represented as{

xk = xk−1 + wk

yk = xk + ηk
, (23)

wherewk and ηk are non-Gaussian impulsive noises. The pro-
posed technique was employed to detect piecewise-constant
signal in Laplace noise. An example of piecewise-constant
signal estimation in Laplace noise using Kalman filter and

smoother is illustrated in figure 6. Note that both process
and observation errors have non-Gaussian distribution. We
repeated the same experiments as done in the previous sec-
tion for piecewise-constant signal detection in Laplace noise.
The results of comparison between these two approaches are
summarized in Figure 6(e) which show that the proposed
technique improves the Kalman filter performance in non-
Gaussian impulsive/Laplace model errors. The extension of
the proposed approach to piecewise-polynomial signals (e.g.,
piecewise-linear, piecewise-quadratic and etc.) contaminated
with Laplace noise is straightforward.

Detection of a sine wave with known
frequency in additive Cauchy noise

In this section, we consider the problem of estimating a
sine wave corrupted by an additive Cauchy noise. Cauchy
noise which frequently appears in engineering applications is
particularly interesting as it does not have finite moments of
order greater than or equal to one. It is is a kind of impul-
sive non-Gaussian noise which its distribution looks similar
to a normal distribution, but it has much heavier tails. In Fig-
ure 7, we give an example of sine wave detection in Cauchy
noise using `2 and `1 Kalman filter and smoother. In this ex-
ample, the parameters of the sine wave are chosen as α = 1,
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Figure 6: Piecewise-constant signal detection in Laplace noise using Kalman filter and smoother. a) true and noisy constant
signal b) distribution and PDF of the noise c) the result obtained by `2 and `1 Kalman filter d) the result obtained by `2 and `1
Kalman smoother e) the mean and standard deviation values of RMSE obtained by `2 and `1 Kalman smoother for different
SNRs.

f = 0.02 and φ = 0. The Cauchy noise was generated from
the Cauchy distribution, r = κ1 + κ2 tanπ(rand − 0.5),
where κ1 is the statistical median and κ2 is the half width
at the half maximum density level. In this example, we set
κ1 = 0.6 and κ2 = 0.05. The estimated sine waves using
`2 and `1 Kalman filter/smoother for this specific example
are shown in Figure 7(c) and 7(d). We also repeated the ex-
periment for different sine waves with different frequencies
and phases. To this purpose, we generated different Cauchy
noises with different values of 0.001 ≤ κ2 ≤ 0.05 and com-
pared `2 and `1 Kalman filter/smoother. We also computed
the cross-correlation between the original and estimated sine
wave. The mean values of RMSE and cross-correlation ob-
tained by these two methods are reported in Figure 7(e) and

7(f), respectively. In the best case of signal reconstruction, the
cross-correlation should be close to 1. The results show that
`1 Kalman smoother outperforms `2 Kalman smoother.

Summary
The classical Kalman filter is known as an optimal esti-

mator for linear systems subject to Gaussian error statistics
and thus suffer from the sensitivity to sparse or Laplace error
statistics. In this article, we proposed a simple modification
approach to system model that can be used to overcome this
limitation of the Kalman filter. We showed that the smooth-
ing Wiener filter can be viewed as a constrained optimization
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Figure 7: Sine wave detection in Cauchy noise using Kalman filter and smoother. a) true and noisy signal b) the Cauchy noise
c) the result obtained by `2 and `1 Kalman filter d) the result obtained by `2 and `1 Kalman smoother. e) the mean values of
RMSE and cross-correlation between the original and estimated signal obtained by `2 and `1 Kalman smoother for different
values of κ2.

problem that minimizes the `2-norm of the system model er-
ror subject to the `2-norm of the data fidelity. Then a vari-
ation on smoothing Wiener filter was proposed that substi-
tutes a sum of absolute values (i.e., `1-norm) for the sum of
squares used in `2 smoothing Wiener filter to penalize varia-
tions in the model error. The idea of `1 smoothing Wiener fil-
ter was then used to correct the dynamic model. The Kalman
filter/smoother can be used to estimate the states using the
modified dynamic model. Note that we did not modify the
Kalman filter equations, but we have shown that by recast-
ing the state space model, the Kalman filter can be used to
estimate the states of the system even if the process or obser-
vation errors have non-Gaussian (e.g., impulsive/Laplacian)
distribution.

Although the proposed `1 Wiener filter or Kalman filter is
suitable for systems with Laplace or sparse distribution, there
are some improvements that can be done in the future. The ex-
tension of the proposed method to `p Wiener filter or Kalman
filter can be considered as one of the future works. Specially,
for the lower value of p, i.e., 0 < p < 1, the proposed ap-
proach can be used for estimating the states of a system with
very impulsive model error.
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