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1. Introduction

Let D be a smooth domain on the unit sphere SV =1, with N > 3, and let ©p < R¥ be the cone spanned
by D, namely

Yp:={zecRY; 2 =s5q, g€ D, s€(0,+00)}. (1.1)
Let us consider the spherical sector Sp obtained by intersecting ¥.p with the unit ball By
Sp:={zeRY; z=sq, g€ D, s€(0,1)}. (1.2)

Then the relative boundary of Sp (i.e. the part of 9Sp which lies inside the cone) is just D, while the
remaining part of 9Sp will be denoted by I'y and it is:

I' :=0XpNaSp. (13)
In the spherical sector Sp we consider the following mixed boundary value problem:

—Au= f(u) in Sp

gu =0 on I'y (1.4)
u=20 on D

where f : R — R is a locally Lipschitz continuous function and v denotes the exterior unit normal vector.
We study positive weak solutions u of (1.4) which are functions in the Sobolev space H{(Sp UT'1) which
satisfy:

/ (V- Vo — fu)g)de = 0

Sp

for any test function ¢ € H}(Sp UT;). Here, H}(Sp UT') is defined as the completion of C(SpUT;) with
respect to the H! norm.

It is not difficult to see that, under suitable assumptions on the nonlinearity f, positive weak solutions
of (1.4) exist. They can be easily obtained by adapting standard variational methods to the case of the
spherical sector Sp. In particular by considering the subspace H&md(S p UT1) of the radial functions in
H}(Sp UT) we can obtain positive radial weak solutions of (1.4).

The question we address in the present paper is whether or not all positive solutions of (1.4) are radial.

It is well known that if Sp is the unit ball By, i.e. if D = S¥~1, then all positive classical solutions
of (1.4) are radial by the famous theorem of Gidas-Ni-Nirenberg [18]. This result was later extended to
solutions in VVIQOCN(BQ N C(By) in the paper [4] and to weak solutions in H3(B;) N L>(By) in [12].

The method for proving symmetry of solutions used in these papers is the famous moving planes method
which relies on different forms of maximum principles. It goes back to the classic paper of Serrin, [30], and
Alexandrov [2], where it was introduced to get the radial symmetry of constant mean curvature surfaces
and of domains admitting solutions of overdeterminated problems.

In the case of problem (1.4) the method of moving planes does not seem easily applicable due to the
fact that a sector Sp is not, in general, symmetric with respect to a suitable family of hyperplanes. A quite
involved modification of the moving planes method was used in [5] to get the radial symmetry of classical
C?2-solutions of (1.4) only in dimensions 2 and for spherical sectors with angle o € (0,7), see also [13] for
the case of the unbounded cone. An extension of that proof to higher dimensions does not seem possible.
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On the other side results analogous to Serrin and Alexandrov’s ones have been recently obtained in the
relative setting of cones, in all dimension N > 3 under the hypothesis that >p is a convex cone and for
positive nonlinearities [26] (see also [7] and [8]). The fact that the convexity of the cone implies symmetry
results has its origin in the first result of this kind obtained in [23] for the isoperimetric inequality (see also
[29,17,6] for different proofs and generalized versions).

In analogy with the result of [26] it is natural to expect that radial symmetry for the positive solution
of (1.4) should hold in any dimension N > 3 whenever the cone is convex. Recently this has been proved
in [16] but only when the nonlinearity f is nonnegative. The proof in [16] is based on integral identities as
the one in [22] and [21] and holds for equations involving more general operators.

Giving the fact that all these symmetry results require the convexity of the cone it is interesting to
understand what happens when the cone is not convex, in particular for what cones symmetry breaking
occurs.

In the case of constant mean curvature and of overdeterminated problems, symmetry breaking results
have been proved in [20] for cones spanned by domains D C SV~ for which the first nontrivial Neumann
eigenvalue A1 (D) of the Laplace-Beltrami operator —Ag~-1 on D is less than N — 1.

One of the main purposes of our paper is to analyze classes of nonlinearities and related classes of spherical
sectors Sp for which there exist nonradial positive weak solutions of (1.4). We will show that the break of
symmetry is related to a bound on the Neumann eigenvalue A;(D).

A similar result will be established also for a critical Neumann problem in the whole unbounded cone
¥p.

The strategy to get symmetry breaking is to study the Morse index of radial solutions of (1.4) (see
Definition 3.3) to show that their instability increases in dependence of the eigenvalue A;(D). This allows
to deduce that, for some nonlinearities, radial solutions cannot be least-energy solutions of (1.4), proving
so the existence of nonradial positive solutions. Since Sp is a radial domain, to compute the Morse index
of a radial solution @ of (1.4), we decompose the spectrum of the linearized operator Ly = —A — f'(4) as
the sum of radial eigenvalues of a singular one-dimensional operator and of Neumann eigenvalues of the
Laplace-Beltrami operator —Ag~-1 on D. In this way we get precise formulas for the Morse index of radial
solutions (Proposition 3.4) which are interesting in themselves. Then a crucial role to detect a possible
symmetry breaking is played by the first eigenvalue /A\{“d of the following singular eigenvalue problem in the
interval (0, 1):

{—w” - Xy - [l = —E¢ i (0,1) 15)
P(1) =0

where, with abuse of notation, @(r) = a(|z|).

As explained in Section 2 and Section 3 the number of the negative eigenvalues of (1.5) corresponds to
the radial Morse index of @, which we denote by m,q4(@), i.e. to the number of negative eigenvalues of the
linearized operator Ly in the space of radial functions Hy,.,4(Sp UT1) C Hg(Sp UTy).

Remark 1.1. It is important to stress that the eigenvalues of (1.5) do not depend on the domain D ¢ SVN—1!

which spans the cone but only on the nonlinearity f and on the radial solution # considered. Another way of

seeing this is by observing that a weak radial solution of (1.4) is indeed a radial solution of the corresponding

Dirichlet problem in the unit ball By, i.e. it satisfies:

{—Au = f(2) in By (1.6)
0 on 0B;.

Therefore the radial Morse index m™@4(7) is the same as the one of @ in the space HE(By).
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Our main result about the break of symmetry in the spherical sector Sp is the following.
Theorem 1.2. Let us assume that the nonlinearity f is such that:

1. there exists a unique positive bounded radial solution @ of (1.4),
2. there exists a weak positive solution u of (1.4) with Morse index one, in the space H(Sp UT).

Then if
either AJ% >0 or (D) < —A}% (1.7)

then the solution u is not radial. Here A\1(D) is the first nontrivial Neumann eigenvalue of —Agn-1 on D
and A% is the first eigenvalue of problem (1.5) corresponding to .

Assumptions 1) and 2) are satisfied by many types of nonlinearities, in particular by the Lane-Emden

nonlinearity f(s) = s, 1 < p < % (see Section 3). Actually, considering f(s) = sP and studying the
behavior of A{ad as p — % we obtain:

Theorem 1.3. Let Sp be a spherical sector spanned by a domain D C SN~ for which \;(D) < N —1. Then

1 N+2

there erists po € | 1, 5

(1.4) for f(u) =uP.

> such that for every p € (po, %) there exists a monradial positive solution of

Theorem 1.3 implies that a radial symmetry result as the one of Gidas-Ni-Nirenberg cannot hold in a
sector Sp for which A\;(D) < N — 1.

Tt is interesting to observe that the bound A;(D) < N — 1 implying the break of symmetry is the same as
the one for the constant mean curvature and the overdetermined problems obtained in [20]. Some examples
of domains D C SN¥~! for which A;(D) < N — 1 are described in [20].

Finally we also study the question of symmetry of positive solutions to the critical Laplace equation in
the unbounded cone Y. Namely we consider the problem:

—Au=uPs inXp

u>0 in Xp (18)
% =0 on 8ZD

where pg = —%f% =2 —-1.

If the cone is the whole RY i.e. D = SV~1 it is well known that all positive solutions of (1.8) are given
by the radial function

—2

U(x):aN<ﬁ) i . an=(N(N-2)"7, (1.9)

as well as by any rescaling or translation of it. These functions are usually called standard bubbles. They
are also the functions which, up to a constant, achieve the best Sobolev constant for the embedding of the
space DV2(RY) = {u € L?" (RN) : |[Vu| € L*(RN)} into L?" (RYN).

In the case of convex cones it has been proved in [24] that the standard bubbles are the only positive
solutions of (1.8). This result has been extended to critical equations for more general operators in [9]. Thus
the question is whether nonradial solutions of (1.8) exist in nonconvex cones.
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A first result in this direction has been obtained in [10] where the existence of a positive nonradial solution
of (1.8) is established under some conditions involving the local convexity of ¥ at a boundary point and
the measure of D [10, Corollary 3.5, Theorem 3.6].

Here we obtain a more precise characterization of a class of nonconvex cones for which (1.8) admits a
nonradial positive solution. Our result is the following:

Theorem 1.4. Let Xp be a cone spanned by a domain D C SN~ such that
DcS , and M(D)<N-1 (1.10)

where SXFI is the half-sphere. Then there exists a positive solution w of (1.8) which is nonradial and fast
decaying, i.e. w(z) = O(|z|>~N) as |x| = +o0.

Note again the similarity of the bound on A;(D) in (1.10), Theorem 1.3 and the results in [20].

The proof of Theorem 1.4 relies on a careful analysis of the Morse index of the standard bubble U to
show that it becomes more unstable as soon as A\;(D) crosses the value N — 1 (see Theorem 4.3). This, in
turn, allows to prove that the standard bubbles cannot be minimizers for the Sobolev quotient @)s;,, defined
in (4.2). On the other side, if D C S¥_, then a minimizer for @s;,, should exist by a result of [10, Theorem
3.3] so it gives a positive nonradial solution of (1.8).

The paper is organized as follows. In Section 2 we describe some preliminary results needed to study
the eigenvalues of the linearized operator Ly = —A — f/(@) at a radial solution @ of (1.4). In Section 3 we
study the Morse index of a radial solution of (1.4) by using a spectral decomposition. Then we consider
some classes of nonlinearities for which least energy positive solutions exist and prove Theorem 1.2. In the
same section we analyze the case of Lane-Emden nonlinearities f(u) = uP obtaining Theorem 1.3. Finally
in Section 4 we compute the Morse index of the standard bubble in the unbounded cone ¥ and prove
Theorem 1.4.

Acknowledgments

Research partially supported by Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).

2. Preliminary results

To compute the Morse index of a radial solution @ of (1.4) we need to analyze the spectrum of the
linearized operator at @ in the space H}(Sp UT;). Therefore in this section we consider a general linear
operator L, of the type —A — a and we study its eigenvalues.

Let a(z) be a radial function in L>°(Sp) and, for any v € H}(Sp UT), we consider the linear operator
Lo(v) : HY(Sp UT1) — R defined by

Lo(v)p = / (Vv - Vo —a(z)vy) dr, o€ Hy(SpuTy) (2.1)
Sp
and we let Q, : H}(Sp UT1) — R be the quadratic form associated to L, i.e.

Q.(v) == / (IVo]* = a(z)v?) da. (2.2)

Sp
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We recall that the first eigenvalue Ay of L, is defined by

A= min Q+(U>7 (2.3)
veHY(SpuT), 020 [¢ v (2)dx
and it is attained at a corresponding eigenfunction 11 € H}(Sp UT) satisfying
=AYy —a(z)yr = Aypr in Sp
91— on [
o net (2.4)
P =0 on D
1/}1 >0 in SD.
Then, iteratively for i > 2, we can define the eigenvalues A; by using their min-max characterization
A= min Qalv) min maani(v) (2.5)

vEHé(SgUI—HL fSD v2(z)dr WcHé(SDUFﬂﬂ?’gé‘g/, st v2(x)dz’

v#£0, dim W=1i
vl{1,. i1}

where the condition v L ¢; stands for the orthogonality in L?(Sp) and v; is a function that attains A;
for j =1,...,i — 1. Again the infimum in (2.5) is attained at a function ¢; € H}(Sp UT'1) which is a weak
solution to (2.4), with A; in place of A;.

Before introducing a singular eigenvalue problem associated to L, it is useful to give a Hardy inequality
in a sector. This inequality is probably well-known, but we couldn’t find a reference in the literature and
we give a proof for the sake of completeness.

Proposition 2.1 (Hardy inequality). Let N > 3 and let Sp be given by (1.2). For any v € H3(Sp UTy), it
holds

(N —2)? v?
SD SD

Proof. A classical way to prove Hardy type inequalities is to use superharmonic functions. Indeed, if we
assume that there exists G : Sp — R and & > 0 such that

—-AG >0 1inSp
0,G=0 on I'q
GZk in SD

then an integration by parts implies that

Oé—/AGapdxz/VG-Vapdx
SD SD

for any ¢ € CL1(SpUTy) with ¢ > 0. Given v € H}(Sp UT), by density we can choose ¢ = % and we have

. 2
0< /2@@0&‘—/1} VG dr.

G2
Sp Sp
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Let > 0, Young inequality yields

2 2
[ :VEE, 5/ VO g 4 /|W| dr,

Sp

that is

2
6(1—6)/v2|VG€| dr < /|VU|2dx. (2.7)

SD SD

Now we notice that, if 2 — N < o < 0 then we can take G = |z|*. Indeed
~AG=a2-N-a)|lz|]*?>0 for 2-N<a<0

and we also have that 9,G =0 onI'; and G > 1 in Sp. Thus from (2.7) we obtain

51— )02 [ dn < /|W| da.

| Jaf?

Since

(N -2

2
_ >
ol —=da” >

and it is achieved for « =2 — N and § = 3, then we obtain (2.6). O

Now we introduce the following singular eigenvalue problem which will be crucial to prove our main
results:

~

—AYp —a(z)) = %1/} in Sp
=0 on I'y (2.8)
on D.

)]
<

v

RS
I
o

We notice that problem (2.8) is well defined in Hg(Sp UT;) thanks to Hardy inequality (2.6), and hence
by a weak solution to (2.8) we mean ¢) € H}(Sp UT}) such that

/V@-Vgﬁdm— /avfxpdm-A |¢(|p2d
D SD SD

for every ¢ € H}(Sp UTy).
We start by defining the singular eigenvalues, as follows. Let

A . Qa(v)

= f , 2.9
1 ueHé(Sl;luFl),v;éOst |lz| 202 (z)dx (2.9)

where Q, is given by (2.2). Here we stress that the infimum is taken in H(Sp UT;) so that the Hardy
inequality assures that the denominator on the right-hand side of (2.9) is finite. Further properties related
0 (2.9) are described in the following proposition.
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Proposition 2.2. Let Ay be given by (2.9), and assume that A1 < 0. Then Ay is attained at a function
Y1 € HY(SpUTY) which is a positive weak solution to (2.8). Moreover, if a € C%P(Sp) for some 0 < 3 < 1,
then ¢, € CZQO’Z(S’D \{0}) for some 0 < v <1 and v is a classical solution to (2.8) in Sp\ {0} for A = A;.

Proof. We follow the proof of [3, Proposition 3.1]. Let v, € H}(SpUT) be a minimizing sequence for (2.9),

/vid:c =1.

Sp

and assume that it is such that

By definition
/(\Vun|2 —av?)de = f, / 2| 202 dx (2.10)
SD SD

with Bn ¢ Al as n — oo. We first notice that

/|an|2d9c < llal. (2.11)
Sp

Indeed, since A; < 0, we can assume that 3, < 0 and from (2.10) and (2.11) we get
/|an|2dx < /avidm < lellso -
SD SD

Hence, up to a subsequence, v,, — © weakly in Hi(Sp UT1) and strongly in L?(Sp), and in particular

lim [ avide = /a172d:1c.

n—oo
Sp Sp

Moreover from (2.6) and (2.11) we have

4

[ el ke < el
-

Sp

Now we check that v minimizes the quotient in (2.9), namely we prove that

/ (w2 - az)2>dx - Ay / |z|~20% (z)dz < 0.
Sp

D

Indeed, since v, — v a.e. in Sp, Fatou’s Lemma yields
/ (Vz‘zz - a62>d3: — Ay / |z|~20%de < linnl)igf </(|an|2 - Bn|x|zvfb)dm> - /aﬂQdm
Sp Sp Sp Sp

and (2.10) implies

/ <|V17|2 — aﬁz) dr — Ay / 2| ~20%(2)dx < lirginf / av2dr — /(w?dx =0,
Sp

Sp Sp Sp
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where the last inequality follows from the strong convergence v,, — v in L?(Sp).

Now, since & minimizes the right-hand side of (2.9), we have that @ is a weak solution to (2.8) for A = A,
and then the assertion of the proposition follows by taking 1; = v. The regularity properties of 1, follow
from standard elliptic estimates in [19]. O

Arguing as in Section 3 of [3] we have that Proposition 2.2 implies that if A1 < 0 then we can start
an iterative procedure and define the subsequent singular eigenvalues As, As, ... at least until they remain
negative. Indeed, when A; is negative and it is attained at a function ¢, € H&(S p UTY), we can define

Ay = inf Q‘IQ( v) .
vEHE(SpUTY),0£0,0 L1, fSD |z|~20v?(x)dz
Iteratively if f\j < 0 and it is attained at a function d;j, j=1,...,1—1, we can define
A= inf Qa(v) (2.12)

vEHR(SpUT) 20,0 L{th1,.othi1} g, |71 720% () da”

We also notice that if ¢, is a function in HZ(Sp UT;) for which A; is attained then it satisfies (2.8) for
A=A,

We will say that A;<0isa singular eigenvalue and the corresponding nontrivial function ;i satisfying
(2.8) will be called singular eigenfunction.

Now we prove that the numbers AZ defined iteratively by (2.12) are indeed achieved, whenever they are
negative.

Proposition 2.3. Let A; be given by (2.12) for some i € N and assume that A; < 0. Then there exists a
Jfunction U; € HY(SpUTy) such that (2.12) is attained at 1/)1, which is a weak solution to (2.8) with ezgem}alue
Ai. Moreover, if a € CO#(Sp) for some 0 < < 1, then ¢); € CZQO’Z(SD \ {0}) for some 0 <y < 1 and v; is
a classical solution to (2.8) in Sp \ {0}.

Proof. The proof is analogous to the one of Proposition 2.2, and for this reason we only give a sketch of
the proof enlightening the main differences. Let v, be a minimizing sequence for (2.12) such that

/vidw =1
Sp

and with v, L ;, for any n € N and j = 1,...,4 — 1. Hence, v,, converges to a function v weakly in
H}(Sp UTy), strongly in L?(Sp) and pointwise a.e. in Sp.
From Hardy inequality (2.6) and since A; < 0, we have that

which implies that there exists a subsequence of v, that we denote vy, , such that
0= lim / 2| 2vp, jde = / 2|20y dx
k—o00
SD SD

for j =1,...,i— 1, meaning that © L {¢1,...,4;_1}. Then as before it follows that A, is attained and © = ;i
is a weak solution to (2.8) corresponding to A;. The rest of the proof is completely analogous to the one of
Proposition 2.2 and for this reason is omitted. O
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Up to now we have introduced two different families of eigenvalues A; and Ai, where the last ones are in
some sense easier to be studied as we are going to see in the next sections. The crucial point here is that
the number of negative eigenvalues A; coincides with the number of negative eigenvalues A;.

Proposition 2.4. Let k, and ko be defined as:

ke :=#{i e N: A; <0}
and

ko :=#{i e N: A; <0},
respectively. Then we have that k, = k.

Proof. Let ¢) € H}(Sp UT) be an eigenfunction for problem (2.8) corresponding to a singular negative
eigenvalue A, i.e.

—A@—az/;: ﬁz[} in Sp

2 =0 on I'y (2.13)
1& = on D

with A < 0. Multiplying by 1/3 and integrating by parts we get

/(|V1/AJ|2 —ap?)dz = A w—Qda: <0

|[?
Sp Sp

which means that any eigenfunction of (2.8) corresponding to a negative eigenvalue makes negative the
quadratic form @,. Hence

ko < kg (2.14)

and denote by W the k,-dimensional space spanned by the eigenfunction of L, corresponding to the negative
eigenvalue A;. By definition we get

A ma. Qa ('U)

A; < <0
C T vewwro [ |z| 720t (z)de

since any v € W satisfies Q4(v) < 0. This shows that (2.14) is not possible. O

Thanks to the geometry of Sp and since the function a is radial we can use separation of variable to
study the singular eigenvalue problem (2.8). Let H ,,,(Sp UT1) be the subspace of Hj(Sp UT1) given by
radial functions and we define

A i Qa(v)
At = inf : H oa(SpUT 2.15
1 n {st |z|~202(z)dx v E o,md( D 1) 0, ( )
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and, for ¢ > 2,

Arad ._ : Qﬂ(v) . 1
A = mf{st FERImr. v € Hy,q(SpUT1) and v L 1y, ...,1/11'—1}. (2.16)

As for the numbers JAXi, previously defined we can prove the following result.

Proposition 2.5. Let Af“d be defined by (2.18) and assume that ]\;ad < 0. Then there exist radial functions
Yrod e Hy"(Sp UTy) which achieve (2.18). Moreover, using polar coordinates, Y7 are weak solutions of

Ta - Ta / Ta A:“ad ra
{—wi ty Nodyrad (gt = Ayred forr € (0,1) o
$(1) =0
where a(r) = a(x) with r = |x|and’ denotes the derivative with respect to r.
Note that the eigenvalue problem (2.17) can be written as the following Sturm Liouville problem
_(r»N=1(rad\/\/ _ .N—1 rad _ N73A7jad rad
(¥ gy = aed = NSt 1)
Y1) =0

where ¢ e H}™*(Sp UT).

Regarding the angular component on D, we denote by Agn-1 the Neumann Laplace-Beltrami operator on

SN—1 and consider the Neumann eigenvalues of —Ag~y-1 on the domain D. It is well-known that (—Ag~-1)7!

is compact and selfadjoint in L?(D) and admits a sequence of eigenvalues

0:/\1<)\2<.../\j<... (219)

and corresponding eigenfunctions Y; () € L?(D) (where 6 is the system of coordinates on D induced by the
spherical coordinates in RY) which form a Hilbert basis for L?(D) and such that

—ASN_le(H) = )\jY}(Q) 0eD (2.20)
and

/ VoY;(0) - VoYi(0)do(0) =0 fori#j,
Sp

where we denote by Vg the gradient with respect to 6 € D.
Since a is a radial function, the singular eigenvalue A; can be decomposed as follows.

Proposition 2.6. Let A; and Aj be given by (2.12) and (2.19), respectively. If A; <0 for some i € N then
there exist k > 1 and j > 0 such that

Ai = At 4\ (2.21)

Viceversa, let us assume that there exist k > 1 such that A’,;ad < —=Aj for some j = 0, then A, given by
(2.21) is a negative singular eigenvalue for (2.8).
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Proof. Let A < 0 and let ¢ € H}(SpUT) be an eigenfunction associated to A, i.e. ¢ is a solution to (2.13).
Since {Y;} are an orthonormal base on L?(D), we can write

By(r) = / (r,0)Y;(6)do(0) (2.22)
D

We first notice that, since 1[) € H}(Sp UTy), from Parseval identity and Hardy inequality we have that

1 0 1
2"y [z <y [ < . (2.23)
=079 =07

Since v # 0, there exists j > 0 such that z/A)j (r) £ 0 and we can write

1

1 1 |
0/7‘ Vi'd =// N=L)'Y;(0)¢' drdo (6 ZO//TN—lilz’(}/j(@)cp) drdo ()

0

for every ¢ € H§(SpUT). We recall that Vip = (¢/,72Vg)); since 9 is a solution to (2.8) and a is radial,
we have

0/ ; = _O/ZTN_?’VN@ -Vo(Y;(0)p)drdo(0)

1

1
+ / / N )Y, (0)pdrdo (0) + 0/ / N=3Y;(0)pdrdo(0) .

0D
From (2.22), (2.20) and by using integration by parts, we obtain

1

1
[t == [0 [ Vo) Ve @)io)
0 0 D
1 1
+ /erla(r)iﬁjcpdr + /A\/er‘D’zﬁjtpdr
0 0

1 1 1
=—) /TN_31/3jgodr + /TN_la(r)ﬂjgodr + /A\/TN_?’z/AJjgodr
0 0
1 1

:/TN ! wjgodr—i-(A A )/TN_?’iﬁjgpdr.

0 0

Hence we have proved that v, is a weak solution to



150 G. Ciraolo et al. / J. Math. Pures Appl. 187 (2024) 138-170

{_(T”‘l(lﬁj)')’ — " laty = PNTEAT);  for € (0,1) (2.24)

1 € Hy" (D)

ie. ’(ZJJ‘ is an eigenfunction of (2.8) corresponding to the eigenvalue (f\ — ).

Since A — Aj <0, from (2.24) and [3, Proposition 3.10] we have that A— Aj is a radial singular eigenvalue
for L, given by (2.1).

The reverse implication holds as well, namely if /A\zad + A; < 0 for some radial singular eigenvalue Azad
with associated eigenfunction zﬁ,ﬁ“d € Hé’rad(SD UT';) and for some Aj, then the function

W = g1 (r)Y;(6)

is such that ¥ € H}(Sp UT4). Moreover ¥ weakly solves (2.8) corresponding to A= /A\zad +A; < 0. Indeed
for any ¢ € H}(Sp UT'1) we have

/V\I/ Vgodx—/\lllgo'—l— —=Vy¥ - Vopdr =
Sp

1

1
= / / PN (Y o dr + / rN=3ypeddr / VoY - Vopdo(0)
0 D

0

and from (2.24) and (2.20) it follows

1
Tad
/ VU - Vodr = / / N1 ) dr
Sp 0

1 «
N-3,,rad Azad + Aj
+ [ Yy | Y(0)edo(0) = [ aVe + T‘I’g@ dz,
0 D

Sp

and then ¥ weakly solves (2.8) corresponding to A = f&zad + A; < 0, which completes the proof. 0O

Remark 2.7. The results of this section, obtained for negative eigenvalues, also hold for positive eigenvalues
which are smaller than (N — 2)2/4 (see [3]). Since we are interested in negative eigenvalues to study the
Morse index of solutions we have preferred to avoid further technicalities.

3. Application to semilinear elliptic problems

In this section we study the semilinear elliptic problem (1.4) to the aim of proving the symmetry breaking
result in Theorems 1.3 and 1.4. We start by showing that weak solutions of (1.4) are bounded.

The following theorem is a classical result on interior boundedness of solutions to elliptic PDEs, which
was proved by Serrin in [30]. This result can be extended up to the boundary, whenever the boundary fulfills
some suitable regularity. We will need this result at some points in the paper, and in particular it is needed
to show boundedness of solutions in a neighborhood of the vertex. Since we were not able to find a reference
for this case, we prefer to give a sketch of the proof below.
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Proposition 3.1. Let u € Hi(Sp UT) be a weak solution of

—Au = g(z,u) in Sp

d,u=0 onT
u=0 on D
u>0 n Sp
where g : Sp X R = R is such that
l9(z,w)| < cr(@)|ul + c2(2), (3.1)

with c1,co € L%(SD), for some € > 0 small enough. Then u is bounded in Sp and we have

[ull Lo (sp) < Clllullzzsp) + ezl (sp)} (3:2)

with C = C(N,e, M), where M = HCI”LZ‘L(S .
S
In particular, if u € Hi(Sp UT) is a weak solution of

—Au = f(u) inSp

O,u=0 onT

(3.3)
u=20 on D
u >0 n Sp

with | f(s)| < c|s|P + b(z), p < 22, b(z) € L7, N >3 then u is bounded in Sp.

Proof. As already mentioned, this proof strictly follows the lines of [30, Theorem 1]. Here, we just want to
emphasize that, thanks to the Neumann boundary on I, all the argument can be easily adapted.

We notice that the boundedness of the solution at interior points follows directly from [30, Theorem 1].
Boundedness at points on 9Sp \ {O} can be obtained by applying standard reflection methods and again
using [30, Theorem 1]. For this reason in the following we prove the assertion only in a neighborhood of the
vertex O.

In order to lighten the notation, we set

lullp,r = llull Lo (= pnBa)

for p € [1, 00].
Let 0 < R < 1/4 and set

U= u+ ez 00 2R

For fixed numbers ¢ > 1 and [ > ||c2||c0.2r, We define F(u) € C1(R)

F(@) ud for ||lc2]|co2r < U <
u) =
qi=tu—(g—1)19  forl < u,

and

G(a) = F(@)F'(a@) — qlle2]|* 5

o0
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Notice that

o ¢ (2 - 1)(F')? u<l—|calloc2r
(F")? u>1—|le2lco2r -

Let n € C°(Bar(0)) be such that n > 0, and let
¢ =n*G(a).
We notice that we have
Vo =2nVnG +n*G'Vi  at points where {i # | — ||ca||oo2R}
and then, by using |G| < F'F’, one has

Vo - Vi~ ¢lg| = n*G'|Val® + 2nGVn - Vi — 1°Glg|
> n?(F")?|Val> — 2nFF'|Vn||[Va| = (Je| + Dun® FF

Let
v:=F(u).
Since uF’ = qF then we can write
Vo Va —olg| = 0*|Vol?* — 20| Vn|[Vo| — g(ler] + 1) (v)*. (3.4)

In the set where u = we have V¢ = 2nVnG and Viu = 0, a.e. so that (3.4) holds also on this set a.e. We
may integrate (3.4) over ¥p N Byg and get

1792 5 < 2 / ol Val|Vol dz + g / (lea] + 1) (50)? d. (3.5)

YpNBagr YpNBar

We apply Holder inequality on the r.h.s. and we get

/ 0|Vl Vol de < [oVnlla2rlnVollz.zn (3.6)
YXpNBagr

/ (lea] + 1) ()2 d = / (lea] + 1)) (v~ da

YXpNBagr YXpNBagr

< llexl + Ul wye—o.2rlnvl5 201057 5

Then, since ¢; € L%(SD) and Sp is bounded, we have:
|||01| + 1HN/(276),2R < C<Ma N7 6)7

which implies

/ (lex] + 1) (v)* dz < Cllnolls 2r LI V0 l15355 + [1V0]125% (3.7)

YpNBagr
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and from (3.5)-(3.7) we get

(3.8)
We divide by [[vV7]|3 55 and call
z=[nVl22r/vVnll22r &= lInvl22r/[vVil22r;
hence (3.8) can be written as
22 < 22 + qOE° + qOE 2.
Lemma 2 in [30] yields
2 < C2+(Cge)? + (Cag) V] < O (1 +¢),
ie.
O/ )- (3.9)
By using Sobolev inequality (see [1]) we obtain
loll2- 21 < Ca*“(ln0)l2.2m + IV0]|2,27)- (3.10)

Equations (3.9) and (3.10) permit to start a Moser iteration and get the assertion. Indeed, let h,h’ € R be
such that h < b’ < 2R. We choose 7 such that n = 1 in By, 0 < 1 < 1 in By, 7 identically zero outside By,
and such that |Vn| < 2(h — 1/)~1. By using 7 in (3.9) and (3.10) yields

IVellon < C/“(h = 1) o]l (3.11)
e < C (= 1) o]l (3.12)

[[v
Let I — oo in (3.12). Since v — u?, Lebesgue’s monotone convergence theorem yields

2w < Cq¥(h— W)~ a2, (3.13)

[a

ie.

[ll2- g0 < [Cq®(h = B') 14| 20,1 (3.14)
Now we call

t:=2"/2 py:=2tY v=0,1,2,..
and h, = R(1427"), h,, = h,41 whence (3.14) becomes

Nllp, i1, < CEO>/TV |allp, n,

Iteration yields

_ S/t (2/0(3 v/tY)
lallpysan,,, SC= " (2t) = ltll2,2r < C|ltll2,2r,
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since both series appearing in the last display are convergent. Letting v — oo and observing that ||@]|eo,r <
lim ||@|p, ., we find

[tlloo,r < Cllt]l2,2r,
and from
u=u+|c2llc,2r
we obtain

lulloo,r < C{llull2,2r + [lc2]loo,2r}-

This proves (3.2) and the first part of the theorem.
In order to prove the latter part of the assertion, we notice that if u is a solution to (3.3) then u satisfies

—Au=c(z)(1+u),

with

with ¢(x) satisfying

le(@)] < 1 (u(@)] < clulP~ fu] + |b(z)].

Since u € W12 then u € L?" and if we consider e < 22 (p, — p) it holds

N
p—-1)—<2"
2—¢€

namely clu[P~! € L= Since b(x) € L= then we can apply the first part of the theorem and conclude. 0O
Remark 3.2. Theorem 3.1 still holds when g(x,u) < ¢(1 + |u?) with 1 < p < pg. The critical case p = pg
requires a modification of the proof which can be found in [27, Appendix D].

The extension to a convex cone can be found in [9, Lemma 2.1]. We mention that the convexity of the
cone is not needed in the proof.

Since the nonlinearity f in (1.4) is locally Lipschitz continuous, and if we have that the solution u is

bounded, then we have that the function a(z) = f’(u(x)) belongs to L*(Sp) and we can apply the results
of Section 2 to the linearized operator at u:

L,(v) := —Av — f'(u)v, v€ Hy(SpuTy) (3.15)

defined as in (2.1).
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3.1. Morse index of radial solutions

To define the Morse index of a solution u to (1.4) we consider the quadratic form associated to Ly:

Qu(v) == / <w2 - f’(u)v2>dx7 veE HY(SpuTy) (3.16)

Sp

Definition 3.3. Let u € H}(Sp UT'1) be a solution of (1.4). We say that:

i) w is stable (or u has zero Morse index) if Q,(w) > 0 for any w € C}(Sp UT);
ii) u has Morse index equal to the integer m(u) > 1 if m(u) is the maximal dimension of a subspace of
CL(Sp UT;) where the quadratic form @, is negative definite;
iii) u has infinite Morse index if, for any integer k > 1, there exists a k-dimensional subspace of C}(SpUT';)
where @, is negative definite.

Since L, is a linear compact operator, the maximal dimension of a subspace of Hi(Sp UT) in which
Q. is negative defined is equivalent to the number of negative eigenvalues of L, in H}(Sp UT), counted
with their multiplicity.

From Proposition 2.4 it follows that the number of negative eigenvalue, counted with their multiplicity,
is equal to the number of negative singular eigenvalues AZ of the associated singular problem. Hence, if
@€ Hy™(SpUTy) is a solution to (1.4), then we have

m(i) = #{i > 1|A; < 0}.
We remember that Proposition 2.6 yields
Ai = A};ad + )\j,
for some k > 1,5 > 0, so that
m(a) = #{j >0,k > 1|A;% + \; < 0}. (3.17)
For a radial solution @ of (1.4), we denote by m"%¢(i) the Morse index of @ in the space Hj 0a(SpUTY), fe.
m"(%) is the number of the negative eigenvalues of L., to which there corresponds a radial eigenfunction.
To show the break of symmetry results it is important to understand how Morse index of & changes
passing from the space Hé’md(Sp UT) to the space H(Sp UT;). Next theorem provides precise formulas

to get m(a), depending on the eigenvalues A; of the Laplace Beltrami operator —Ag~-1 on D.

Proposition 3.4. Let @ be a bounded weak radial solution of (1.4) and Azad the singular eigenvalue defined
in (2.15) and (2.16) for the linearized operator Ly, i.e. considering a(x) = f'(a(x)). Then

i) if m"4 (i) = 0 then m(a) = 0,
i) if mm (@) = 1 then

m(a) = #{j > 1: A, < —A7%} + 1. (3.18)

More generally it holds
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d
m(a) =Y k-#{j >1: -Apd < < A} +d.
k=1

Proof.

i) The proof is an immediate consequence of Proposition 2.6. Indeed, since A; > 0 for any j > 0, then
Azad > 0 for any k£ > 1 and we have

A=At 40> 0

for any i > 1, which implies that the Morse index of @ is zero.
ii) Since 4 is a solution with m"®?(@) = 1 we have

A <0 and AT >0 Vi 2.
Since A\g = 0 then we have
m(@) =#{i>1: A <0} =#{>0: 0 < —A7} = #{j>1: ) < A" 41>1,

which is (3.18).
iii) We notice that

m(@) = #{i>1: A <0} = #{k > 1,5 2 0: ); < —A}*))

d
=Y #{i=0: 0 < Ay
k=1

Since Ag = 0 we have

d d
S #2000 < —Ap =S #2100 < AP 44,
k=1 k=1

and from A\g < A < Ay < -+, we obtain

d
#2100 <A +d=> k-#{j > 1: —Aj <\ < —Ap*} + 4,
k=1 k=1

M=

which ends the proof. O
In the following proposition we give an estimate of the first singular radial eigenvalue ]\qad.
Proposition 3.5. If @ is a bounded positive radial weak solution of (1.4), then
Ajed > (N —1).

Proof. Let @ € Hy"**(SpUT) be a radial solution to (1.4), with an abuse of notation we write @(r) = a(|x|)
and define n(r) := 04/ (r). Notice that n(r) < 0 for r > 0. Since
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N -1
—i =il = f(@)
r
then it follows that 7 satisfies
N -1 N -1 .
-+ ——n- n = f'(a)n,
r r
ie. n(r) <0 for r € (0,1) and
{(r"‘ln’)’ + L (@) = r=3(N — 1)n  for r € (0,1)
7n(0) =0.
Let v be an eigenfunction associated to the eigenvalue ]\qad for the following problem
(r"=(v)") 4+ r" L f (@) = —r"3AT9y  for r € (0,1)
v(0)=v(1)=0
v>0
Assume that AT%¢ < —(N —1). If A7%d = —(N — 1), then 5 and v are two solutions of the same Sturm-

Liouville problem and they are linearly independent, because n(1) # 0 = v(1). As a consequence of the
Sturm separation theorem [31], the zeros of 7 and v must alternate. But this leads to a contradiction, since
1 should be zero at a point 7 € (0, 1), which contradicts n < 0. If A79¢ < —(N —1), then by the Sturm-Picone
comparison theorem [28], 7 must have a zero between any two consecutive zeroes of v. This leads again to
the same contradiction as before. O

3.2. Solutions of Morse index one and proof of Theorem 1.2

Before proving Theorem 1.2 which concerns solutions of Morse index one let us consider a class of

nonlinearities for which such solution exists. We assume that f = f(s) satisfies the following conditions:

(F1) f(s):R — R belongs to C*(R);
(F2) there exists a; € L¥+2(Sp) and az > 0 such that

for 1 <p < pg, ps =

If(s)| < ar(x) +azls|P VseR

2N > 3;

(F3) f(s) =o(|s]) as s = 0;
(F4) 3a > 2,7 > 0 such that for |s| > r

0 < aF(s) < sf(s)

where F' is the primitive of f;

(F5)

—(s)>7‘8 Vs € R\ {0}.
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We denote by Jgs,, the functional
1 1 x
Jsp [u] = 3 / |Vu|*dr — > / |ul?* dz, we Hy(SpUTy)
SD SD

and define the associated Nehari manifold N as follows

N = {v € Hy(SpuTy): (J'(v),v) :S{ |Vo|?da —S{ fvdz = 0}.

We have the following result [11, Proposition 3.5].

Proposition 3.6. Let f satisfy (F1) — (F5). Then N is a C'-Hilbert manifold of codimension one and:

(i) there exists 1 > 0 such that B, NN = 0;
(i) any critical point of Jinr is a critical point of J on Hé’md(SD uTy);
(iii) for any u € Hy™*(Sp UTy)\ {0} there exists t(u) > 0 such that t(u)u € N

Using the properties of the Nehari manifold and Proposition 3.1, we also get (we refer to [11, Theorem
3.7]):

Theorem 3.7. Let f satisfy (F1)-(F5) with a1 € Lo for e > 0 small enough in (F2) and assume that
1
Ef(s)s —F(s)2c VseR

for some constant c € R. Then there exists u € H} (Sp UT'1) which is a nontrivial classical positive solution
in (1.4) with Morse index equal to one.

Remark 3.8. An example of a function f that satisfies the assumptions of Theorem 3.7 is given by
flu)=uP 1<p<ps.

Remark 3.9. We can obtain the same result by applying a mountain pass argument ([11], Theorem 3.4).

Remark 3.10. It is clear that the same argument can be applied to

Nrad := {v € Hy™(SpuUTy) : (J'(v),v) = / |Vo|2d — /f(x,v)vd:n = O},
Sp

D

and then we obtain a solution @ € Hy"**(SpUT), obtained by minimization on N,qq, such that m”(@) =
1.

We conclude by proving Theorem 1.2.

Proof of Theorem 1.2. Let @ be the unique radial solution of (1.4) and let A{ad be the singular eigenvalue
related to the linear operator Lj.

If A9 > 0 then m"*(@) = 0, i.e. @ is stable in the space Hy™*(D UTy). Then by i) of Proposition 3.4
the Morse index m(@) in Hj (D UTy) is also zero and hence @ cannot coincide with @ which, therefore, is
nonradial.
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If A7ed < 0 and A (D) < —A7%9, then by ii) of Proposition 3.4 we deduce that m(@) > 2 so that @ # @
and this implies the assertion, since @ is the only radial solution of (1.4). O

Remark 3.11. By Remark 3.10 we know that a radial solution @ for which A{“d < 0 exists, under conditions
(F1)—(F5). On the other side uniqueness of the positive radial solution holds for several type of nonlinearities
(see [25]). In particular if f(u) = v 1 < p < pg, then there exists a unique positive radial solution @ for
which m™4 (i) = 1.

3.8. Lane Emden
Here we consider the Lane-Emden problem:

—Au=u? inSp

ou

2L =0 r

ov ont (3.19)
u=20 on D

u>0 in Sp

with1<p<ps,p5:%N>3.

By Remarks 3.8, 3.10 and 3.11, we have that (3.19) admits a unique positive radial solution with Morse
index one in the space Hé’rad(SD UT'1) which is also bounded thanks to Proposition 3.1. We denote it by
i, to emphasize the dependence on the exponent p.

If \;(D) > N — 1, from Proposition 3.5 and ii) of Proposition 3.4 we get that m(i,) = m"*(a,) = 1.
Indeed

m(dy) =#{j>1: 0 < AP} +1<{i>1: N <N-1}+1=1.

Thinking about the proof of Theorem 1.2 this sems to indicate that there is no breaking of symmetry
whenever A\ (D) > N — 1.

To prove instead that breaking of symmetry occurs whenever A1(D) < N — 1, we need a refined estimate
on the eigenvalue A7% related to the linearized operator Lz, . To stress the dependence on p we denote by
A774(p) the singular radial eigenvalue.

We have

Theorem 3.12. Let u € Hé’rad(SD UT1) be a radial solution to (3.19) and AT (p) be the first radial singular
etgenvalue and ¥y an associated eigenfunction, i.e.

Ay —purty = S in Sp )\ {0}

G =0 on Ty (3.20)
Y1 =0 on D.
Then it holds
lim A7%(p) = —(N —1). (3.21)
pP—ps

Before proving Theorem 3.12, we introduce a limit eigenvalue problem (see also [14, Section 5.1]). Let
DY2(RY) be the space defined as

DY2RN) = {u e L (RY) : |Vu| € L*(RV)}
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and let Difd (RY) be its subspace given by radial function. We define

Jr~ <|Vv|2 —psUps_lvz)dm

A= veD,},fj(r]lRfN),v#o Jr~ ﬁdm ’ (822)
where
N(N-2) \ =
v (F -+ )
Theorem 3.13. Let A* be given by (3.22). Then A* = —(N — 1) and it is achieved by the function
1) = = (3.23)

which is a solution of

in RN \ {0}, where V = pgUPs~1.

Proof. This theorem was proved in [15, Theorem 5.1] (see also [14, Section 5.1]) and for this reason the
proof is omitted. O

Proof of Theorem 3.12. Let p € (1,ps) be fixed and let w, the radial solution to (3.19). Let ¢, be the
eigenfunction associated to the first eigenvalue A7%¢(p), namely

{¢g — M=l plu, [Pl = ATed(p) %, 7 e (0,1)
¢p(0) = ¢P(1) = 07

and we assume that ¢, is normalized such that

le| -y
Y1l z2()
Let

My = [Jup(@)[| Lo (By) < 00

and, by setting R, = M, > , we rescale as follows

p—1
Br, = M,* B,

and

7 1 |z|
Pp() = -D(N-2) ¢p< p_—l)’ T € Bg, .
M 4 M, ?
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‘We have
—Agy = Vp(2)dp = A1(p) . 1n B,
dp =0 on OBg, (3.24)
(vgp(o) = 07

where

L )\
T
V() ::p<M Up <Mp1>> )
P 2
p

(RY) as p — ps.
Now we show (3.21). We first notice that, from Proposition 3.5, we have that

andRp—>ooande—>VinCO

loc

Ai(p) > ~(N = 1)
for any 1 < p < pg, which implies

lim inf A7%(p) > —(N —1). (3.25)

P—Ps

Now we show the reverse inequality in (3.25). More precisely, we show that for any € > 0 there exists p.
such that for any p. < p < ps we have

AP (p) < —(N=1) +e

Let € > 0 be fixed. From Theorem 3.13 we know that A* = —(IN — 1) and it is achieved by 7, which is given
by (3.23), i.e.

Jr~ (IWI2 - psUpS‘1n2>dx

7(N - 1) = 2
Sz~ rde
Let
n(lz|) 2| € [0, Rp)
M(x) = n(Rp) +n'(Ry) (|| — Rp) [vaRp)
0 [va OO)?
with
R24+ N(N —2)

R, = —n(R,)/n'(Ry) = R ,
P 77( P)/n( P) p(N—l)R%—N(N—Q)
where by an abuse of notation we write n(R,,) for n(x) evaluated at = with |x| = R,. Observe that, since 7
is definitively radially monotone decreasing and convex, then there exists py such that i < n for p > po.
Since 7] € H&,md(BRp), then
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and hence

where we set

Ny = / (V@) - V(2)i(x)?)dz, Ny = / (V@) — Vp(a))i(x)?de, D = /

BRT—' BRP

Since 7 < n for p > pg we have
0
D= / e Ty (3.26)

for p > pg. In order to estimate N7, we write

M= [ (9i(a)? = Via)it))is - \/B (V@) =V (@)i(a))do
= [ (0@ -Vt + [ (Vi@P - Vizi?)s.
Br, BRP\BRp

Since R, — +00 as p — pg and 7 € H'(RY), we have that for any e > 0 there exists p; such that

/ (V@) - V(@)n(a)?)dz < / (V@) — V(@)n(x))de + e

for any p > p1. Moreover we have that

[ (Vi@ - V@i?)ds)

Bg,\Br,

< / V()P + |V o / i(x)*dz < (|0 (By)* + |Vlloon(Bp)*)| Br, \ Br, |,

BRp\BRP BRP\BRZD
and hence there exists ps < pg such that
[ (VI@P - V@ie?d] <
Br,\Br,
for any p € [p2,ps). Thus we obtain that
Ni< [ (90(e)? = Vim(e))do +
RN

for any p > max(po, p1,p2). Since the integral on the right hand side of the above inequality is negative,
from (3.26) we have
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< Jrn (V@) = V(@)n(z)*)dz

te=—(N-1)+e (3.27)
Jr %dw

Ny

Now we consider Ny. Let

be fixed. We have

< [ |o-nejrees [ voree

BR,pﬁ{l"ng} BRPH{|7;|>R}
=I+1
From
A2 ~2
s [ - velPt e < w2 (s v - ve) s
|| Br(0) |z

B,n{jz|<R} Byn{jz|<R}

since R is fixed and V, = V in C (RY) as p — pg, it follows that

loc

I<e 0" (x)
||

Bpn{lz|<R}

for p close to pg.
Now we give a bound on II. Since the function |z| — V(z)|x|? is decreasing for

|z| > N(N — 2), our choice of R yields

N2(N +2)(N —2)

e (V@) < VR)F < B2 <e,
x|>
and then
~ 2 A2
|II| = V(x)\x|2n(x> dr < sup (V(x)|m|2) n (x)dx
2 2
|| {|z|>R} ||
Bpn{|z|>R} Bpn{|z|>R}
o
<e / 1 <x)dx
|z|?
B,n{|z|>R}

Hence we have proved that

52 2
|No| <€ / nl (é) dr + ¢ / 17| (lz)dxze,
x x
Bpn{lz|<R} Bpn{|z|>R}

i.e.
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N.
\D2| <e.
which, together (3.27), implies
Ar(p) < —(N — 1) +e. (3.28)

The assertion follows from (3.28) and (3.25). O
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. If \;(D) < N — 1, by Theorem 3.13 we have that there exists py € (1,ps) such that
for every p € (po,ps):

N —1> —A7"(p) > A (D). (3.29)

Then by i) of Proposition 3.4 we have that m(a,) > 2 for any p € (po, ps).
On the other side by Theorem 3.7 and Remark 3.8 we know that a solution @, with m(u,) = 1 shall
exist. By the uniqueness of the radial solution we get that u, is not radial Vp € (po,ps). O

Remark 3.14. More generally it holds that if \;(D) < N — 1 for some j > 1 then there exists py € (1, ps)
such that for every p € (po,ps), m(t,) = j+ 1.

4. The critical Neumann problem in the cone

In this section we prove a symmetry breaking result for the critical Laplace equation in a cone. As before,
we denote by £¥p € RN, N > 3, the cone spanned by a domain D C SN¥~! and consider the problem

—Au=uPs inXp

% =0 on 0% p (4.1)
u >0 inXp,
where we recall that pg = % = 2* — 1. We mention that ¥p can be written in polar coordinates (r,0) as

ED = (O7+OO) X Da
and in cartesian coordinates as
Yp=RFxC,

where C € RN7F is a cone centered at © € RN~* which does not contain straight lines, with k €
{0,1,...,N}.

Let us define the space

DY2(2p) ={ue L? :|Vu| € L*(Ep)}

and the Sobolev quotient

2
O, () = Iz [Vl we DY2(Sp), u#0. (4.2)

2
ia
(fED lu Q*dac>
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The following result has been proved in [10].
Theorem 4.1. If ¥ p has a point of convexity [10, Def. 2.6] then the infimum:

= inf 4.
Svp = pdnf o Quy(u) (43)

is achieved. In particular, if D C Sf‘l then Xp has a point of convezity, so that (4.3) is achieved.

From now on we consider cones satisfying the hypothesis of Theorem 4.1 and observe that, since Sy, is
achieved, the classical Sobolev inequality holds in DV2(Xp):

lull L2 5y < (S20) 211Vl 25 (4.4)

and (Sx, )~ /2 is the best constant for (4.4).
Then in D2(Xp) we define the norm

JulFyrs s,y = [ IValdo,

3p

which makes it a Hilbert space.
Next we consider the functional

1 1 .
Js, = 3 / |Vu|>dx — o / lul? dz, ue€ D" (Zp)
ZD z:D
together with the associated Nehari manifold
N(Zp) = {u € DV (Zp) :u #0, / |Vu|*dz = / |u|2*dx}.
ED ED

Note that for u € DV2(Xp) \ {0} there exists t,, > 0 such that ¢, u € N'(u). Then

vz

1
ot = 7 |@so )] (45)
and it is easy to check that
Cro= i sy = L5, (4.6)
= in = — . .
XD UEN):D ¥p v N ¥p v

We observe that any solution of (4.1) belongs to N, , which is a Hilbert manifold of codimension 1. In
particular we know that the radial function

N—2

) C weSp (4.7)

1

o= (1

is a solution of (4.1) with
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as well as any its rescaling and admissible translation. We will refer to U as a standard bubble. Indeed, one
can see that

)\ N;2
Unwy = an | oD
Ao TN ()\2 +lz - $0|2>

for A > 0 and 2o € R¥ x {0}, is a solution of (4.1).
More generally, if ¥ is a convex cone, it has been proved in [24] (see also [9]) that the standard bubbles

are the only solutions of (4.1), up to scaling and admissible translation and we have

HN_l(D>
Csp =I5, (U) = WCRN =

HN1(D) SN/2
NHN _1(SN —1) ’
where S is the best Sobolev constant in D1:2(R”Y). We also mention that, in the radial setting, the standard
bubbles U restricted to the cone are the only radial minimizers of Jy,, and, actually, the only radial solutions
of (4.1).

The goal of this section is to prove Theorem 1.4, i.e. to give a condition on D such that the standard
bubbles are not the minimizers of Js, on Ny, , which implies the existence of a non-radial least energy
solution of (4.1). This will be proven by showing that the Morse index of a bubble is strictly greater than
one. Indeed, if a function v € D?(¥p) is a minimizer of Jx., on Ny, then, since Ny, is a Hilbert manifold
of codimension 1, we have that m(v) < 1 and actually m(v) is exactly one for the equation (4.1)(see
Remark 4.4). Therefore, if we prove that m(U) > 2 for some cone X p, then U cannot be a minimizer of
Jx, on Ny, and symmetry breaking occurs.

Now recall the definition of Morse index of a solution v of (4.1), which is a critical point of the functional
Jx,. Since we are considering unbounded domains, some minor changes are needed with respect to the
previous sections. We also notice that positive solutions in D*?(Xp) are boundd as already mentioned in
Remark 3.2.

Let Q,(-) be the quadratic form corresponding to the linearization of the equation (4.1) at a solution v

Qulw) = / VolPde - ps / oPslp2de Wi € CL(Ep)
b Yp

and notice that @), it the quadratic form corresponding to the second derivative of the functional Jy, in
'D1’2(2D).

Definition 4.2. Let v € DM?(Xp)be a solution of (4.1). We say that:

(i) v is stable (or has zero Morse index) if Q, (1) > 0 for any ¥ € C1(Zp);
(ii) v has Morse index equal to the integer m(v) > 1 if m(v) is the maximal dimension of a subspace of
C}(Xp) where the quadratic form @, is negative semidefinite;
(iii) v has infinite Morse index if, for any integer k > 1, there exists a k-dimensional subspace of C}(Xp)
where @, is negative definite.

As in Section 3 we denote by A;(D), j € N, the j-nontrivial eigenvalue of the Laplace-Beltrami operator
—Agn~-1 on the domain D with zero Neumann boundary condition. We prove the following result:

Theorem 4.3. Let U be given by (4.7), which is a solution to (4.1). We have

mU) =#{j > 1\;(D) < N -1} +1, (4.8)
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where m(U) is the Morse index of U. Therefore it holds

(i) if (D) < N —1 then m(U) > 2;
(i) if (D) =2 N — 1 then m(U) = 1.

Though quite obvious it is important to remark that the same result holds if instead of U we consider any
rescaling of it. This can be verified by analyzing how the quadratic form changes for the rescaled bubbles.
Hence, if a cone satisfies (i) in Theorem 4.3 then the standard bubble U cannot achieve the infimum Cfy
and then it cannot be a least-energy solution of (4.1).

We delay the proof of Theorem 4.3 and show how to deduce Theorem 1.4 from Theorem 4.3.

Proof of Theorem 1.4. From Theorem 4.3 we first deduce that the bubbles cannot minimize Cs;,, whenever
Ai(D) < N — 1. Moreover, since D C Sf‘l then Theorem 4.1 yields that Csx,, is achieved. Since the only
radial solutions of (4.1) are the bubbles, we get the existence of a nonradial solution w of (4.1) which is
actually a least energy solution. Moreover, by using Kelvin transform and regularity results (see [9]), we
also deduce that w is fast decaying. O

Remark 4.4. To prove that the quadratic form @)y becomes negative for two independent directions let us
first observe that it is negative on the space spanned by U itself. Indeed, since pg = 2* —1, from the equation

(4.1) we get:
/|VU|2da:= /U2 dz
ED ED
and then
Qu() = [ (0% = pst?)d <0
Xp
since pg > 1.

Let Difd(RN) and Difd(ED) be, respectively, the subspaces of DV2(RY) and D?(Xp) given by radial
functions. We observe that, since N > 3, Hardy inequality in Proposition 2.1 yields that if v € D2(RY)
and w € DY2(Xp) then o € L?(RY) and o € L?(Xp). Hence, as observed in Section 3, the eigenvalue
A* given by (3.22) is well defined and Theorem 3.13 holds. We conclude by proving Theorem 4.3.

Proof of Theorem 4.3. We start by proving (4.8). This will be done in two steps.
Step 1. We prove that

m(U) > #{ > 1A < N -1} +1.

Suppose that #{j > 1|\; < N — 1} = k, we want to prove that m(U) > k + 1. From Remark 4.4, we
know that Qu(U) < 0, which implies m(U) > 1. Now we want to find 1)1, ...,%; non radial and linearly
independent, such that Qu(v;) < 0,fori =1, ..., k. Let i € {1, ..., k} be fixed and assume that A\;(D) < N—1.
Let ¢; be an eigenfunction of —Agn-1 associated to A;(D). Hence ¢; is a solution of the Neumann problem

88“” = on 0D.
174

{—Agn—upi = )\z(D)QOz inD
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Now we consider the function
T
Yi(x) = n(|z|)pi Bl x€lp,

where 7 is defined in (3.23) and notice that we have (for r = |z|)

n—1 n
—Ay; = (=" - " m)$i — g Bsno1ps =

_ A* (D
= [psUlpS 'n+ 277] @i + (2 )77501‘ =
T T

_ A* 4+ X\(D
= ps|UPs " + T()wi

in Xp. Hence

—Ay; — ps|UPs 1 = (A + /\I(D))%'

By multiplying by 1);, integrating by parts and using Neumann condition for n and ¢;, we get that

Qu(yi) <0.

It is clear that 1; is not radial and 1y, ..., ¥y are linearly independent because 1, .., ¢ are linearly inde-
pendent.

Step 2 We prove that
mU) <#{j = 1N <N -1} +1.
If m(U) = k there exist o1, ..., o € C}(Xp), linearly independent, s.t.
Qu (i, i) <0
for any i =1, ..., k. We consider a ball Br centered at the origin and of radius R such that

supp{¢1,..., ok} C Bg.

Hence, for any i = 1, ..., k, we have

Qulp) = / Vi[2de — ps / U]Ps R = / Vil2de — ps / U]Ps g2

b >p XpNBgr XpNBgr

Let ue g € Hé ’Md(E p) be a radial solution of the subcritical problem

—Au=uPs™¢ in Xp N Bgr

u=0 on Xp NIBR
d,u=0 on 90X N By
u>0 inXpNBg,

and consider the associated quadratic form
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Qa () = / Vel2de — (ps — ¢) / e P P,

YpNBgr YXpNBRr

Let M, be the maximum of @ g (which is known to be attained at the origin)
M, =t r(0) = ||te,r||Le — 00 fore—0

and we define

-1
If we call Bg, = M:TB(O, R) we have that 4. satisfies

—Ad. =uP< in Bp,
e =0 on 0Bpg,
O, =0 on 0Bpg,
Ue >0 in Bp,
.(0)=1.

By a standard compactness argument [14, Section 5.1] we have that
e - U fore—0 inC? (RY) (4.9)

where U is the standard bubble with U(0) = 1.
Pe—1

If € is small enough we have that M. = >R Hence, for any fixed i = 1, ..., k, from (4.9) we have that

Qa. (1) = / Voil2dz — (ps — €) / iP5~ G2z — Qu(pi) <0,

supp(¢:) supp(p:)

as € — 0. It follows that m(a.) > k; since i) of Proposition 3.4 and Theorem 3.12 imply
m(ae) =#{j = 1|\, <N -1} +1
we conclude the proof of Step 2. O
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