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Thesis Summary

The purpose of this Thesis is to study some problems arising in the context of stochas-
tic analysis and stochastic optimal control, where some relevant variables take values
in the space of positive or probability measures.

Most of the work is dedicated to the introduction and study of some backward Kol-
mogorov equations on spaces of measures associated to filtering problems. Measure-
valued processes arise naturally in the context of stochastic filtering and one can for-
mulate two stochastic differential equations, called Zakai (Z) and Kushner-Stratonovich
(KS) equations, that are solved by a positive and a probability measure-valued process
respectively. A classical way to study these problems is to assume that the measure-
valued processes admit a density and then exploit stochastic calculus in Hilbert spaces.

The approach used in this Thesis differs from this since we do not assume the
existence of a density and we work directly in the context of measures. We formulate
two backward Kolmogorov equations, which are parabolic partial differential equa-
tions with a given final condition, one over a space of positive (in the Z case) and one
over a space of probability (in the KS case) measures. In the recent literature, PDEs
on spaces of probability measures have been a topic of great interest, thanks to the
connection with mean field games and McKean-Vlasov equations. Here we state a
new equation on a space of probability measures, obtained in a completely different
framework, and we introduce a PDE on a space of positive measures, which is one of
the first problems of this type. We study the existence and uniqueness of a solution
from two different points of view.

First, we focus on classical solutions. We prove that both the equations introduced
admit a unique classical solution, as long as the final condition is chosen regular
enough. To achieve this, we need some intermediate results of independent interest.
In particular, we prove It6 formulas for the composition of filtering processes and real-
valued functions defined on the space of measures. Moreover, we study the regularity
of the solution to the filtering equations with respect to the initial datum. Since we
are dealing with functions over spaces of measures, a key point is to discuss proper
notions of derivatives, especially in the case of positive measures.

After this, we investigate the case when the final condition is less regular. A first
remark is that the approach we used in the classical case strongly depends on the
regularity of the final condition. Thus, we need to change the notion of solution and
look for viscosity solutions. To this aim, we focus on the PDE associated to the KS
equation. In the literature, only a few results are available on viscosity solutions for
this kind of problem, and in particular, uniqueness is a very challenging issue. In this



case, we prove the existence and uniqueness of a viscosity solution and, in particular,
we provide a comparison theorem.

In the final part of this Thesis, we deal with a different problem, which arises
in the context of optimal stopping theory. We study a class of finite horizon time-
inconsistent optimal stopping problems (OSPs) of mean field type, which includes
those related to mean field diffusion processes and recursive utility functions. The
mean field interaction is due to the fact that we consider a terminal cost depending
not only on the stopped process but also on its law (which is different from the law
of the process evaluated at the stopping time).

Despite the time-inconsistency of the OSP, we show that it is optimal to stop when
the value-process hits the reward process for the first time, as is the case for the stan-
dard time-consistent OSP. We solve the problem by approximating the corresponding
value-process with a sequence of Snell envelopes of processes, for which a sequence of
optimal stopping times is constituted of hitting times of each of the reward processes
by the associated value-process. Then, under mild assumptions, we show that this
sequence of hitting times converges in probability to the hitting time for the mean
field OSP and that the limit is optimal.

The research for this Thesis resulted in the following works:

1. M. Martini, Kolmogorov equations on spaces of measures associated to nonlinear
filtering processes, Preprint: arXiv:2107.11865, 2021.

2. M. Martini, Kolmogorov equations on the space of probability measures as-
sociated to the nonlinear filtering equation: the viscosity approach, Preprint:
arXiv:2202.11072, 2022.

3. B. Djehiche, M. Martini, Mean Field Optimal Stopping: a limit approach, Preprint:
arXiv:2209.04174, 2022.

All of these preprints have been submitted to a journal.
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Riassunto della Tesi

Lo scopo di questa Tesi e di studiare alcuni problemi di analisi stocastica e controllo
ottimo stocastico, dove alcune variabili prendono valore in spazi di misure positive e
di probabilita.

La maggior parte del lavoro e dedicata all'introduzione e allo studio di alcune
equazioni di Kolmogorov retrograde su spazi di misure associate a problemi di fil-
traggio. I processi a valori in spazi di misure sorgono naturalmente nel contesto del
filtraggio stocastico, dove si possono formulare due equazioni differenziali stocastiche,
dette equazioni di Zakai (Z) e di Kushner-Stratonovich (KS), che vengono risolte
rispettivamente da un processo a valori nelle misure positive e da un provesso a val-
ori nelle probabilita. Un modo classico per studiare questi problemi ¢ assumere che i
processi ammettano una densita per poi sfruttare il calcolo stocastico su spazi Hilbert.

L’approccio utilizzato in questa tesi differisce da questo poiché non assumiamo
I'esistenza di una densita e lavoriamo direttamente nel contesto delle misure. For-
muliamo due equazioni di Kolmogorov retrograde, che sono equazioni alle derivate
parziali paraboliche con una data condizione finale, una su uno spazio di misure pos-
itive (nel caso Z) e una su uno spazio di misure di probabilita (nel caso KS). Nella
letteratura recente, le EDP su spazi di misure di probabilita sono state un argomento
di grande interesse, grazie alla connessione con i giochi a campo medio e le equazioni
di McKean-Vlasov. Qui presentiamo una nuova equazione su uno spazio di misure di
probabilita, ottenuta in un modo completamente diverso, e introduciamo una EDP su
uno spazio di misure positive, che ¢ uno dei primi problemi di questo tipo. Studiamo
I’esistenza e 'unicita di una soluzione da due diversi punti di vista.

Innanzitutto, ci concentriamo sulle soluzioni classiche. Dimostriamo che entrambe
le equazioni introdotte ammettono un’unica soluzione classica, purché la condizione
finale sia scelta sufficientemente regolare. Per raggiungere questo risultato, abbiamo
bisogno di alcuni risultati intermedi di interesse indipendente. In particolare, mostri-
amo delle formule di It6 per la composizione di processi di filtraggio e funzioni a valori
reali definite su spazi di misure. Inoltre, studiamo la regolarita della soluzione delle
equazioni di filtraggio rispetto al dato iniziale. Trattandosi di funzioni su spazi di mis-
ure, un punto chiave e discutere opportunamente le nozioni di derivate, specialmente
nel caso di misure positive.

Successivamente, esaminiamo il caso in cui la condizione finale ¢ meno regolare.
Una prima osservazione e che I'approccio usato nel caso classico dipende fortemente
dalla regolarita della condizione finale. Pertanto, dobbiamo cambiare la nozione di
soluzione e cercare soluzioni di viscosita. A questo scopo, ci concentriamo sulla EDP



associata all’equazione di KS. In letteratura sono disponibili solo pochi risultati sulle
soluzioni di viscosita per questi tipi di problema e, in particolare, I'unicita ¢ un prob-
lema molto difficile. In questo caso dimostriamo I’esistenza e 'unicita di una soluzione
di viscosita e, in particolare, forniamo un teorema del confronto.

Nella parte finale di questa Tesi, affrontiamo un problema diverso, proveniente
dalla teoria dell’arresto ottimale. Studiamo una classe di problemi di arresto ottimo
tempo-inconsistenti ad orizzonte finito di tipo campo medio, che include quelli rel-
ativi a processi di diffusione di tipo McKean-Vlasov e funzioni di utilita ricorsive.
L’interazione di tipo campo medio ¢ dovuta al fatto che consideriamo un costo ter-
minale dipendente non solo dal processo arrestato ma anche dalla sua legge (che &
diversa dalla legge del processo valutata al tempo di arresto).

Nonostante l'inconsistenza temporale del problema, dimostriamo che e ottimale
fermarsi quando il processo valore colpisce per la prima volta il reward, come nel
caso standard tempo consistente. Risolviamo il problema approssimando il processo
valore con una sequenza di inviluppi Snell. Una sequenza di tempi di arresto ottimali
e quindi data dai tempi di contatto di ciascuno dei processi valore con il rispettivo
reward. Quindi, sotto opportune ipotesi, mostriamo che questa sequenza di tempi
di contatto converge in probabilita al tempo di contatto per il problema di arresto
ottimo di tipo campo medio, e che il limite e ottimale.

L’attivita di ricerca per questa Tesi ha portato alla stesura dei seguenti lavori:

1. M. Martini, Kolmogorov equations on spaces of measures associated to nonlinear
filtering processes, Preprint: arXiv:2107.11865, 2021.

2. M. Martini, Kolmogorov equations on the space of probability measures as-

sociated to the monlinear filtering equation: the wiscosity approach, Preprint:
arXiv:2202.11072, 2022.

3. B. Djehiche, M. Martini, Mean Field Optimal Stopping: a limit approach, Preprint:
arXiv:2209.04174, 2022.

Questi lavori sono stati tutti inviati a delle riviste e sono in attesa di revisione.
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Introduction

The objective of this Thesis is to study some problems arising in the context of stochas-
tic analysis and stochastic optimal control, where the main difficulty is due to the fact
that some relevant variables take values in a space of positive or probability measures.

Most of the effort of this work is devoted to the introduction of a class of par-
tial differential equations of parabolic type, namely a class of backward Kolmogorov
equations. These equations are formulated backward in time and the datum is the
final condition. The deep connection between these types of equations and Marko-
vian stochastic processes is well known in the finite-dimensional case, and it has been
intensively investigated also in some infinite-dimensional cases, such as the Hilbertian
case.

The first novelty of this Thesis is the fact that the backward Kolmogorov equa-
tions we present are related to two measure-valued stochastic processes arising in
the context of nonlinear filtering. Thus, what we obtain are two partial differential
equations of parabolic type where the spatial domain is a set of positive or proba-
bility measures. More precisely, in the nonlinear filtering framework it is natural to
formulate two stochastic differential equations, namely the Zakai and the Kushner-
Stratonovich equation, that are solved (in a weak sense) by a positive measure-valued
and a probability measure-valued Markov process respectively. Thus, it is natural to
think about the backward Kolmogorov equations associated to these stochastic differ-
ential equations, which will be partial differential equations over a space of positive
and probability measures.

Once the two equations have been stated, we can look at their solutions in many
different ways. As a first attempt, we look for classical solutions. In particular, as long
as we take a smooth final condition, we can prove that there exists a unique classical
solution. The proofs rely on an explicit construction of the solutions, exploiting the
measure-valued solutions to the Zakai and Kushner-Stratonovich equations, as in the
classical finite-dimensional case. The particular structure of the spaces of measures
introduces some technical problems, especially from the differential calculus point of
view. Thus, we need to discuss and extend some notions of derivatives, as well as
we need to develop a tailor-made approximation technique for smooth real-valued
functions over these spaces.

A natural extension is to ask for a less regular final condition. A first remark is
that the approach we used to prove the existence and uniqueness of classical solutions
strongly depends on the regularity of the final condition and there is no hope to obtain
the same result with a lighter hypothesis. Thus, a natural way to proceed is to change
the notion of solution, and in our case to look for viscosity solutions. To this aim, we
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focus on one of the two partial differential equations, namely the one associated to
the Kushner-Stratonovich equation. In this case, we prove that there exists a unique
viscosity solution. As often happens in the case of viscosity solutions, the main ob-
stacle one has to face is uniqueness, and the so-called comparison principle provides a
sufficient condition to achieve it. We prove a version of this result for our equation on
the space of probability measures, by using an approximation technique that exploits
a family of equations that can be solved classically.

In the final part of this Thesis, we focus on a completely different problem, which
arises in the context of stochastic optimal control and more precisely which is re-
lated to the optimal stopping theory. This problem is connected to the previous ones
by the fact that in both cases the main issue is to introduce approximations tech-
niques to deal with the presence of a measure. We study a class of finite horizon
time-inconsistent optimal stopping problems of mean field type. In particular, the
mean-filed interaction is due to the fact that we consider a terminal cost depending
not only on the stopped process, but also on its law, and due to this the problem be-
comes time-inconsistent. We provide a characterization of an optimal stopping time
as a hitting time, and more precisely we show that it is optimal to stop when the
value process hits the reward process for the first time, as in the case of the standard
time-consistent optimal stopping problem.

The outline of the thesis is the following. In Chapter 1 we give a quick intro-
duction to the stochastic filtering framework, highlighting some fundamental results
and common notations we will use repeatedly in the following chapters. In particular,
the Zakai and the Kushner-Stratonovich equation are introduced here, as well as some
notions of solutions. In Chapter 2 we present and discuss different types of derivatives
on spaces of measures, that are necessary for studying partial differential equations
on spaces of measures. Moreover, we introduce some approximation techniques that
are used mainly in Chapter 3, and that allows us to approximate real-valued functions
over the space of positive and probability measures. Chapter 3 and 4 contains the
main results of the first part of the thesis, and they are devoted to the introduction and
solution of the backward Kolmogorov equations associated to the nonlinear filtering
equations. In particular, in Chapter 3 we prove two It6 formulas: one for the com-
position of a real-valued function with a solution to the Zakai equation, and one for
the composition of a real-valued function with a solution to the Kushner-Stratonovich
equation. Regarding Chapter 4, in the first part some regularity properties of the
Zakai equation’s solution are studied. In the second part, we write the backward
Kolmogorov equation associated to the Zakai equation, which is a partial differential
equation of parabolic type over a space of positive measures, and we prove that there
exists a unique classical solution. Finally, in the third part, we repeat the previous
steps for the Kushner-Stratonovich equation, thus we will end up studying a partial
differential equation over a space of probability measures. In Chapter 5 we focus
on the Kolmogorov equation associated to the Kushner-Stratonovich equation and,
under some structural assumption and with a less regular final condition, we prove
that there exists a unique viscosity solution. Finally, Chapter 6 is dedicated to the
optimal stopping problem of mean field type. To lighten the exposition, in the first
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part we introduce a simplified version of the problem we are interested in and we solve
it, providing a characterization of an optimal stopping time. Then we discuss how
to achieve the same result in a more general case. In the final part of this chapter,
we focus on the optimal stopping of mean field diffusions and we discuss the case of
optimal stopping of the variance.

The original results obtained in this Thesis are contained in Chapters 2, 3, 4, 5 and
6. In particular:

e The results in Chapters 2, 3 and 4 can be found in:
M. Martini, Kolmogorov equations on spaces of measures associated to nonlinear
filtering processes, Preprint: arXiv:2107.11865, 2021.

e The results in Chapters 5 can be found in:
M. Martini, Kolmogorov equations on the space of probability measures as-
sociated to the monlinear filtering equation: the wiscosity approach, Preprint:
arXiv:2202.11072, 2022.

e The results in Chapters 6 are obtained in collaboration with B. Djehiche and
can be found in:
B. Djehiche, M. Martini, Mean Field Optimal Stopping: a limit approach, Preprint:
arXiv: 2209.04174, 2022.

In the following sections, we give a more detailed introduction to each of the topics
presented in this work and we present briefly the main results obtained. Finally,
we collect some preliminary remarks and notations, as well as a list of the recurrent
symbols.

I.1 Kolmogorov equations on spaces of measures as-
sociated to nonlinear filtering processes: classical
solutions

The study of measure-valued stochastic processes is a classical topic that has attracted
enormous interest. For instance, there is a large literature related to the superpro-
cesses framework (see for instance [42]), but more recently it has been related to the
topic of mean field games and McKean-Vlasov equations (see [28, 79] or [31, 32]),
where probability measure-valued processes are used in problems with common noise
to describe the evolution of the conditional laws of some finite-dimensional stochas-
tic processes. Thanks to this recent interest, many new results are now available,
such as It6 formulas ([31, 32]) and tools for differential calculus on spaces of measures
([28, 31, 79]). Moreover, a topic of great interest is the partial differential equations on
spaces of probability measures associated to these problems, such as, for instance, the
so-called master equation in the context of mean field games (see for instance [30, 32)),
the backward Kolmogorov equation associated to McKean-Vlasov type equation (see
for instance [24]), or certain Hamilton-Jacobi equations ([63]).
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We give a contribution in this direction. Differently, from the previous contexts,
we aim to study partial differential equations on space of measures associated to
measure-valued processes arising in stochastic filtering problems. In particular, given
a measure-valued process, we first introduce the so-called backward Kolmogorov equa-
tion associated to it, which is a partial differential equation on a space of measures.
Then, we study the existence and uniqueness of its classical solutions.

Stochastic filtering has been intensively studied, see for instance [8, 104] and the
references therein for a systematic exposition of the topic. Two basic notions of the
theory are the so-called normalized and unnormalized filtering processes, which are
a probability measure-valued process and a positive measure-valued process respec-
tively, and are proved to be the solutions, in a sense that will be clarified later, to
stochastic differential equations, called the Kushner-Stratonovich and the Zakai equa-
tion respectively.

A classical way to deal with these equations (see, for instance, [87, 94] ) is to show
that the solutions admit a density with respect to the Lebesgue measure, which possi-
bly belongs to a suitable Hilbert space of functions. Thus, one can study the density
processes instead of the measure-valued processes and rely on tools of stochastic cal-
culus on Hilbert spaces to further explore their properties. The price to pay is the
introduction of unnecessary assumptions entailing that the filtering processes have a
density belonging to a suitably chosen Hilbert space of functions. In this work, we
avoid these conditions and rather follow the approach of [8, 16, 75, 80, 99], where the
filtering processes are studied as genuine measure-valued processes.

In the literature, some early attempts were made to relate the stochastic filter-
ing problem (and, actually, the optimal control problem with partial observation) to
a partial differential equation on the space of probability measures. In particular,
the papers [20, 59] carefully studied the corresponding Nisio non-linear semigroup
together with its infinitesimal generator. Notice that since at the time a suitable
differential calculus on the space of probability measures was still missing, such an
infinitesimal generator was only described on a particular set of functions (namely the
set of cylinder functions).

Now we present in an informal way the nonlinear filtering equations and then we
state our main results. Here we avoid some technical details, and the precise discussion
can be found in the next chapters of this Thesis.

In this framework, the Zakai equation reads as

d(pe, ) = (p, Ap) dt + (pr, hp + Byp) - dYs,

where the solution p = {p;,t € [0,T]} is a positive measure-valued process, A, B are
differential operators defined by the formulas

(o) = 3 f@0() + 5 3 (0 )y(@)0@) + (00 )y(@)dble). @€ R

d
Bup(x) =Y oul(x)o(z), zeRL k=1, 4,
=1
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and f,o,d,h are functions that have to satisfy some hypotheses we will formulate
later. The Kushner-Statonovitch equation reads as

d(Il;, ¢) = (M, Ap) dt + (I, hp + Byp) — (I, ) (I, b)) - A1,

where I = {II;, [0, 7]} is probability measure-valued. In the previous equations the
processes Y and [ are Brownian motions (with respect to appropriate probability
measures), and we will explain later in this thesis that they are the so-called observa-
tion and innovation processes in the context of nonlinear filtering. The equalities are
understood to hold for every 1) in a certain class of test functions, we used the nota-
tion (u,v) = [(x)u(dx). In the following we also denote with M (R?) and P(R?)
the spaces of positive and probability measures on R? respectively, and with MJ (R%)
and P (R?) the spaces of positive and probability measures with finite second moment.

Our main results in this context are two theorems on the existence and uniqueness
of classical solutions to the backward Kolmogorov equations, associated to the Za-
kai and the Kushner-Stratonovich equations, introduced here for the first time. The
solutions are functions u : [0,7] x MT(R?) — R or u : [0,7] x P(RY) — R respec-
tively, for which the final condition is a given datum. Despite the theory of backward
Kolmogorov equation in finite dimension being a classical and well-known topic (see
for instance the chapter by Krylov in [74] and references therein), we note that find-
ing solutions to Kolmogorov equations on infinite-dimensional spaces is a challenging
problem and it has been studied intensively, see for instance [74, 41], and the search for
classical solutions is often addressed, as in [58]. Most results are only concerned with
the Hilbert space case, namely when u : [0,7] x H — R, where H is a Hilbert space.
The extension to spaces of measure requires entirely different methods and in partic-
ular new tools from differential calculus, as we will explain later. We also notice that,
in addition to their intrinsic interest, understanding the backward Kolmogorov equa-
tions is a preliminary step for tackling the more complicated Hamilton-Jacobi-Bellman
equations, which are non-linear equations strongly connected with the stochastic op-
timal control problem.

Along all the discussion, we will need the following

Assumption 1. All the mappings f,o,a, h are taken Borel-measurable. Moreover we
assume:

a. the mappings f: R? — RY, o: R? — R4 gnd 5: R — R¥>? qare Lipschitz

continuous;
b. the mapping a = oo ' : R* — R¥>9 s uniformly elliptic, that is there exists
A > 0 such that szzl aij&i&; > NE|? for every x, & € RY;

c. the mappings f,o,a, h are bounded.

The uniform ellipticity in Assumption 1, b. is needed for a technical purpose in the
proof of Proposition 4.1.4. Indeed, we need the existence and uniqueness of a classical
solution for a Kolmogorov equation over R?, with differential operator A. If one can
obtain this result with different conditions, then a can be only non-degenerating, to
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have the Markov property for the solutions of the filtering equations. See Remark
1.3.12 for a detailed discussion.

The first result, given in Theorem 4.2.5, concerns the backward Kolmogorov equation
associated to the Zakai equation, that reads as

{asum, $)+ Lup 5) =0, () € MI(RY) x [0, 7], )

U,(/L,T) = q)(:u)a JAS M;(Rd%

where
Sulp) = (. D) )+ g tr {DuDyu()oo ™ })

1 1
5t {DaDyu()aa ' ) + 5 (1 ® p, dpu(p)h - h)

+{u@p, b6 8,Du(p)) + %(u ® p,tr {D2u(p)e ' }). (L.2)

In (1.2), ,u, (5314, D,u, Diu are notions of first and second-order derivatives on M+ (R%)
we will discuss later, whilst D, denotes the gradient on RY. In Theorem 4.2.5 we show
that if the terminal condition ® € CZ(Mj (R?)), which means that it admits all the
derivatives listed above, then there exists a unique classical solution to (I.1). The
theorem is the following:

Theorem 4.2.5. Let p®* be the solution to the Zakai equation starting at time s from
€ Mg (RY), let & € C2(MF (RY)) and let Assumption 1 holds. Then the function

u(p; s) = E[®(p7")]
is the unique classical solution to the backward Kolmogorov equation (1.1).

Analogously, in Theorem 4.3.3 we prove existence and uniqueness for classical
solutions to the backward Kolmogorov equation on Py (R%) associated to the Kushner-
Stratonovich equation, that is

(1.3)

{asu(w, s)+ LESu(r, s) =0, (m,s)€ PR x [0,T],
u(m,T) = ®(m), 7 € P(RY),

where
u(m)

= (m, [ - Dyu(m)) + %<7‘[’, tr{D, D u(n)oo'}) + %<7T, tr{D,Dyu(m)55"})

+ %(7? ® 7, 02u(m)h - h) + %<7T @, tr{D2u(r)as " }) + %<7T ® m, 02u(m))|[{m, h)[?
+{r@m, h-5 6:Dyu(r)) — (@7, 2u(m)h) - (7, h) — (7 @7,6 " 6,Dru(r)) - (m, 24)
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Theorem 4.3.3. Let I1*™ be the solution to the Kushner-Stratonovich equation start-
ing at time s from m € Py(RY), let & € C2(P2(R?Y)) and let Assumption 1 holds. Then
the function

u(m, s) = E[@(T1;")]
is the unique classical solution to the backward Kolmogorov equation (1.3).

We notice that in both cases, the solution is given by the usual probabilistic repre-
sentation formula.

In the study of (I.1) we have to face a specific difficulty: since we deal with
functions over M (R?) we can not rely on the various notions in differential calculus
that have been developed in the last years with reference to the space of probability
measures (see [5, 31, 63, 79] for different notions of derivative and a comparison
among them). For instance, the technique introduced by P.-L. Lions in [79] where the
problem is lifted on a space of random variables is no longer available. However, it
turns out that the notion of linear functional derivative, given in [31], can be extended
to our framework. More precisely, we say d,u: M™(R?) x R? — R is the derivative of
u: MT(R?) — R in linear functional sense if u and d,u have some regularity properties
and if for every u, u’ € M*(R?) it holds

o) =) = [ [ futen+ 0= o) ot = g da)

By iterating the definition, one can introduce a notion of second-order linear functional
derivative &2u: M*(R?) x R? x R — R. Once d,u has been introduced, one can set

D, u(p, x) = D,d,u(p, x), (u,z) € MH(R?) x R

If we restrict ourselves to the space of probability measures with finite second moment,
under certain hypotheses this last definition coincides with the notion of derivative
introduced by Lions, which we will call L-derivative. Moreover, we can define a
second-order L-derivative by Diu(u, x,y) = DIDJ5ZU(,M, x,y) € R4 Thus, we can
introduce the space CZ (M *(R?)) as the set of real-valued functions over M*(R?) which
are twice differentiable in linear functional and L sense, and with regular derivatives.
Most of the Ito6 formulas available in the literature involve only L-derivatives, whilst
in our case, both linear functional and L-derivatives are needed.

We point out that in the literature other notions of derivative for functionals
over sets of positive measures have been introduced. For instance, a derivative over
M*(R?) has been introduced in the framework of measure-valued processes related to
particle systems (see for instance [42] and [71]) and it has been intensively used in the
context of Fleming-Viot processes. It turns out that, under certain conditions, this
notion coincides with the one adopted in this paper (see [93]). Another example is
[2], where the authors give a definition of derivative for functionals over Poisson spaces.

As expected, to show the uniqueness property in (I.1) and (I.3) one needs to prove

a suitable Ito formula, in our case for the composition of a real-valued function and
a measure-valued process. In the recent literature, formulas of this kind have been
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proved when the process takes values in a space of probability measures, see for in-
stance [30, 32] and it is constructed as the time evolution of the one-dimensional law (in
certain situations the one-dimensional conditional law) of a given finite-dimensional
process. For our purposes, we need very different results. In Proposition 3.1.1 we
provide an It6 formula for the composition of a real-valued function over M*(R?) and
the M*(R%)-valued process solution to the Zakai equation.

Proposition 3.1.1. Let p = {p,t € [0,T]} be a solution to the Zakai equation
starting at ;1 € M (RY) and let u be in C}(M3 (RY)). Let also Assumption 1 holds.
Then the following Ito formula holds:

u(pr) :U(M)+/O (ps, Du(ps) - f)ds
+/O %(ps,tr {DxDHu(Ps)UUT}NSJF/O %<Pt>tr {D:Dyu(p)oc ' }) ds
i / (pes hu(py)) - Y, + / (0.5 Dyulp)) - AV,

t 1 t
+ /o 5(,03 ® pPs, 53u(ps)h -h)ds + /0 (ps @ ps, h - 5T5HDHu(ps)) ds

t

1

+ [ 5@ pnte {Diu(paa hds, te 0.1
0

Similarly, in Proposition 3.2.1 we prove an It formula related to the P(R?)-valued
process solution to the Kushner-Stratonovich equation.

Proposition 3.2.1. Let I1 = {II,t € [0, T|} be a solution to the Kushner-Stratonovich
equation starting from w € Po(RY) and let u € C%(Py(RY)). Moreover, let Assumption
1 be in force. Then for everyt € [0,T) it holds:

U(Ht) = u(?T) + /t<Hs, DMU(HS> ’ f> ds
tq " i1
—l—/o — (I, tr {DQDHU(Hs)UUTb ds +/0 §(Ht,tr {DzDu“(HS)55T}> ds
tq t
+/0 S (T @ T, 02u(TL)h - h) ds +/0 5L ® I, tr {Dju(IT,)a0 ' }) ds
i / LWL © Lo ) ds + / I, @ T, h - 076,D,u(11,) ds

t t
_ /O (I, T, 62u(TL)h) - (I, b} ds — /0 (T, @ Ty, 67 6,D,u(TL,) - (I, Y ds

+/t(Hs,h(5Hu(Hs)>- d[s+/t(Hs,aTDuu(Hs))- dIS—/t(HS,(SMu(HS»(HS,h)- dI,.

Both results are new, but the latter can be viewed as a generalization of the one
obtained in the context of mean field games with common noise ([32, Section 4.3]),
as explained with more detail in Remark 3.2.4. One major technical difference from
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existing cases is the fact that the Zakai and Kushner-Stratonovich equations are un-
derstood to hold in a weak form, namely for arbitrary choice of the occurring test
function. In our proof we first show the formula for a smaller class of functions with
good properties by exploiting the classical Ito formula, then we obtain the general
result by an approximation argument. In order to pass to the limit in the Ito6 formula
one needs the convergence of the approximating functions as well as their first and
second derivatives (linear functional and L-derivatives). The required constructions
have some interest in themselves and can be used again in similar contexts (see Re-
mark 3.2.5).

Concerning the existence of classical solutions to (I.1) and (I.3), the most difficult
part of the proof is the investigation of the regularity of the solutions to the Zakai and
the Kushner-Stratonovich equations with respect to the initial datum. The depen-
dence of the filtering processes on the initial condition has been the object of intense
study since it is related to the problem of assessing the effect of a misspecification
of the initial distribution of the signal process in the filtering problem. However,
the study of the differentiability properties of the solution with respect to the ini-
tial conditions seems to be addressed here for the first time. As this relates to the
differentiability of measure-valued processes with respect to a measure (the starting
point of the process itself) we need to introduce novel notions of differentiability for
mappings from M*(R?) (or P(R?)) to MT(RY)(or P(R?)). We point out that a similar
definition has been recently introduced and studied in [83].

These results lay the foundations for the study of partial differential equations
on spaces of measures associated to stochastic filtering problems. A natural prose-
cution will be to consider non-linear partial differential equations, in particular, the
Hamilton-Jacobi-Bellman equation arising from the optimal control problem with
partial observation problem will be investigated, see for instance the book [13] for a
systematic introduction to the problem or the recent paper [14] for a modern approach
in the density case, based on mean field techniques. This problem has been already
tackled for the Zakai equation in [9, 10] exploiting the randomization method and
BSDEs techniques, but in the more restrictive case where the function A is identically
equal to zero. A look at (I.1) shows that this assumption allows the authors to rely
only on L-derivatives and exploit previous results on the well-posedness of related
partial differential equations, an approach that is not possible in our situation.

1.2 Kolmogorov equations on the space of probability
measures associated to the nonlinear filtering equa-
tion: viscosity solutions

The theory of viscosity solutions is well-established in the finite-dimensional case (see
for instance [37]) and in the infinite-dimensional Hilbert case (see for instance [98, 57]).
Recently some developments have been obtained for more complicated spaces, where
it is not easy to provide a notion of derivative. Two examples are the space of contin-
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uous paths (see for instance [36] and references therein) and the space of probability
measures, to which the present work refers. In particular, in [12, 91, 92, 34, 10] the
existence of viscosity solutions to second-order equations on the space of probabil-
ity measures is addressed. On the other hand, uniqueness results are very hard to
achieve, and only few papers are available for second-order equations (27, 103, 35, 95]).
As said in the previous section, the study of partial differential equations on spaces
of probability measures is a topic of increasing research interest. For instance, in
[4, 24, 63, 12, 92, 29] and references therein one can find many results both for the
first and second-order case.

Our work gives a contribution in this direction. We study a class of backward
Kolmogorov equations on spaces of probability measures, arising in the context of
stochastic filtering. More precisely, we consider the backward Kolmogorov equation
associated to the Kushner-Stratonovich stochastic differential equation (see Section
4.3), which is a second-order linear partial differential equation of parabolic type on
the space of probability measures. Our goal is to continue the analysis started in
[81] (here presented mainly in Chapter 4 and outlined in the previous paragraph),
by discussing the case of a less regular final condition, namely just continuous and
bounded. In this case, the notion of classical solution turns out to be too strong, thus
a weaker notion is necessary. In particular, the notion of viscosity solution seems to
be the natural one for these kinds of problems. Thus, our efforts will be concentrated
on proving that there exists a unique viscosity solution.

In (I.4) the Kolmogorov operator associated to the Kushner-Stratonovich has been
introduced:

L5Su(r)

— (r, - Dou(n)) + %(m o {D,Dou(m)oo }) + %w, tr{D,Dru(m)o5 T })

+ %@T @, 62u(m)h - b + %@r @ te{D2u(m)o5 T }) + %@r &, 62u(m))|(m, h)?
+(r@7,h-6" 6, Dyu(r)) — (r@7, S2u(I)R) - (7, h) — (@7, 6,Dyu(r)) - (7, h),

where 0,1, 02u, D u, D?u are suitably defined derivatives of real-valued functions over
P(RY), as shortly explained above (see Section I.1 for an informal definition or Section
2.1 for the precise one). Given a final condition ®: Py(R?) — R, the backward
Kolmogorov equation reads as

{@u(w,t) + LESy(m, ) =0, (m,t) € Po(RY) x [0,T), (L5)

u(m,T) = &(m), 7 € Py(RY).

As reminded in Section I.1, in [81] it has been proved that if ® is twice continuously
differentiable (namely in C% (Po(R?))), then there exists a unique classical solution to
(I.5) given by

u(r,s) = E[0(I7)], (L6)
where II*7 is the solution to the Kushner-Stratonovich equation starting at time s
from 7 € Py(RY). We recall that this result holds under the following assumption.
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Assumption 1. All the mappings f,o,a,h are taken Borel-measurable. Moreover we
assume:

a. the mappings f: R* — R%, o: RY — R gnd 5: RY — R4 qgre Lipschitz
continuous;

b. the mapping a = oo ' : R* — R¥>9 s uniformly elliptic, that is there exists
A > 0 such that 2?,3:1 aij&i&; > NE|? for every x, & € RY;

c. the mappings f,o,a,h are bounded.

As said before, since we want to reduce the regularity of the final condition ®, we
need to weaken the notion of solution and consider the viscosity one. This change
introduces some extra difficulties and forces us to use a completely new approach. In
particular, in this case, the main obstacle is the so-called comparison principle, which
is a key step to prove the uniqueness property of a solution. To achieve this result, we
need to restrict ourselves to the compact case, by looking at (I.5) over P(K) C Po(R?),
with K C R? compact. Thus, we need to ask for the following invariance property.

Assumption 3. The probability measure-valued process I1 has trajectories confined
in the subset P(K), K C RY compact.

This is for instance the case when the filtering equation is associated to a signal
with trajectories confined on a compact subset or on a compact manifold like a torus.

In this context, we are able to give our existence and uniqueness result. In Propo-
sition 5.2.2, we show that under Assumption 1, the function u defined by (1.6) is
a viscosity solution to (I.5). Then, by adding Assumption 3, we can also prove a
uniqueness result via comparison principle.

Theorem 5.2.4. Let vy, vy: P(K) x [0,T] — R be respectively a viscosity subsolution
and supersolution of (5.1). Moreover, let Assumption 1 and Assumption 8 hold. Then,
v1(m,t) < wo(m,t) for every (m,t) € P(K) x [0,T].

Corollary 5.2.5. Let ® € C(P(K)) and let Assumption 1 and Assumption 3 hold.
Then
u(r,t) =E [@IF:)], (mt) € P(K) x [0,T],

is the unique viscosity solution to the backward Kolmogorov equation (5.1).

The technique used to prove the comparison principle is based on the fact that we
have a candidate solution (given by a probabilistic representation formula of the usual
type) that can be used to obtain partial comparison principles. A remarkable feature
of this approach is to avoid the lifting of the problem on a Hilbert space, which is a
procedure often used to solve these types of second-order problems. In that case, for
viscosity solutions, it is not yet clear what is the relation between the lifted problem
and the original one. We also point out that, differently from the classical solution
case, the techniques we used can not be immediately extended to the case of positive
measures with compact support, and so different ideas should be necessary to study
the Kolmogorov equation associated to the Zakai equation.
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1.3 Mean field optimal stopping: a limit approach

Optimal stopping problems (OSP) with cost depending on the mean of the stopped
process arise for instance when the goal is to minimize the variance. In the work by
Pedersen and Peskir [88, 89]), the problems of optimal variance stopping and opti-
mal mean-variance stopping have been investigated in the case where the underlying
process is for instance a Geometric Brownian motion, highlighting connections with
portfolio choice. Even though the OSP of the variance is time-inconsistent, which
means that the value process is not a supermartingale, they succeeded to solve the
problem. In particular, they derive a variational inequality for the value function with
an explicit stopping region. More recently, the interest in optimal stopping problems
with a more general mean field type interaction such as the dependence on the law
of the stopped process increased significantly, due mainly to the connection with the
theory of mean field games and mean field optimal control (see e.g. [31] for a sys-
tematic presentation of the topic). The first contribution in this direction is the work
by Bertucci [15] where an optimal stopping problem for a mean field game is studied
using mainly PDE techniques. Then, other results and extensions have been obtained
with different techniques in [33, 85, 23, 47] and in the recent papers [100, 48, 1].

A powerful tool to study optimal stopping problems is based on the Snell envelope
of processes (see [17, 53] and Appendix D in [68]). Given the general OSP

Yy = sup E[L,]
7€T0
where the reward (a.k.a. the barrier or obstacle) process L = {L;,t € [0,T]} is right
continuous with left limits (cadlag) and adapted to a filtration F = {J}};cjo,77 which
satisfies the usual conditions, the Snell envelope of the process L is defined by

Y; = esssupE L, | ]
T€Tt

where T; is set of F-stopping times with values in [t,7]. Under mild uniform in-

tegrability conditions on L, it turns out that Y is the smallest supermartingale that

dominates L, an important property which implies that, when L has only nonnegative

jumps, then Y is continuous and it is optimal to stop when Y hits L. More precisely,

this means that the hitting time

7, =inf{s >t Y=L} AT (L.7)

is optimal after t. In particular, 7% := 7 is optimal for Yj.

In the recent papers [44, 43|, this result could be successfully applied to a large
class of mean field OSPs whose value-process solves a mean field reflected BSDEs i.e.
it is a supermartingale. That class of OSPs includes the following recursive OSP (we
ignore the integral running cost term)

Yo = sup E [h(Y;,Py,

7€T0

szT)]l{7'<T} + fn{T:T}] ’

where the mean field coupling is in terms of the marginal law of Y evaluated at a
stopping time. We remark that it is not the law of the random variable Y,. Another
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example of a mean field OSP for which the supermartingale property is preserved is
considered in the recent work by Talbi, Touzi and Zhang [100] where the mean field
OSP for a mean field diffusion is studied in a weak (or relaxed) formulation, that
means in terms of the joint marginal law of the stopped underlying process X and
the survival process I associated with the stopping time. Moreover, the performance
function is a deterministic function of the marginal laws of (X, I'). They characterized
the value function by a dynamic programming equation on the Wasserstein space.

Going back to the OSP of the variance problem, it can be seen as an OSP where
the stopped obstacle is of the form L, = (X, — E[X,])%. In this case, the results in
[44, 43] do not apply, whilst the ones in [100] can solve the associated relaxed problem.
Nevertheless, Pedersen and Peskir [88, 89]) could solve the OSP of the variance of an
underlying Markov diffusion process by embedding it into an auxiliary standard OSP
whose value function solves a standard variational inequality.

We consider the following class of time-inconsistent mean field OSPs beyond the
mean-variance case. Let T' > 0 be a finite time horizon, W a Brownian motion defined
on a probability space (2, F,P) and F = {JF; },c0,7) the complete Brownian filtration.
On the filtered probability space (2, F,F,P) let X be a diffusion process of mean field

type:
t t
Xt:Xo—i—/ b(s,XS,]P’XS)ds—I—/ o(s, Xs, Px,)dWs,
0 0

where Px_ denotes the law of the random variable X. For a certain Fpr-measurable
final condition £ and a performance function h, we consider the following OSPs:

(OSPa) Optimal stopping of a mean field diffusion:

Yo = sup E [h(X:, Px ) Lery + Elgromy] (1.8)

7€T0
(OSPb) Optimal stopping of a recursive utility function defined on (Q, F, F,P):

Yo=supE [h(Y},]P)YT)]l{T([} + fﬂ{T:T}] . (1.9)

7€T0

Our goal is to show under certain conditions that an optimal stopping time for each
of the OSPs (1.8) and (I1.9) can be charaterized as a hitting time similar to 7* in (I.7).
A straightforward extension is to consider the combination of (I.8) and (I1.9) given by

Yo = sup E [0(X;, Px,,Y;, Py, ) Lrary + Elgrony] - (L.10)

T€To

To solve the above problems we use a limit approach which consists of introducing
a family of interacting Snell envelopes {Y*"}" | (see Section 6.1 for a precise definition
for (OSPb) and Section 6.3 for (OSPa)) as approximation of the value-process of the
mean field OSP. For example, we approximate the OSP (1.9) with the following family
of interacting OSPs:

Yo" =esssupE [A(Y" ,525Yg,n)ﬂ{T<T}+£ﬂ{T:T} ., i=1,2,....n.

7'676 ]:1
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These problems are time-consistent and it can be shown (see Corollary 6.1.2) that it
is optimal to stop at the hitting time 74 at which the value-process (which is now a
Snell envelope) (Y;"");>o hits the barrier (E[A(Y;"™", 3" 8,0n) | Fi)tepo.r)-

n Jj=1"Y;
In Theorem 6.2.6 we prove that the stopping time
" =inf{t >0, Y; = h(Y;,Py,)} AT (I.11)

is optimal for Y; given by (1.9), by showing that it is the limit in probability of 71 as
n — oo. Thus, in this time-inconsistent framework an optimal stopping is also given
by the usual hitting time. More precisely, under

Assumption 5. The coefficients h and {£'}i>1 satisfy

(i) for eachi > 1, & € L*(FL). Moreover, the £'’s are independent copies of &, with
=&
(i) h: @ x R x Py(R) — R

(ii-a) is Lipschitz with respect to (y, i), that is there exist two positive constants
Y1 and 7o such that

’h(c“')?ylmul) - h(%y%/h)‘ < ’Yl’yl - yQ‘ + VQWQ(MDMQ%

for any w € Q, any y1,y2 € R and any pq, us € Po(R).
(ii-b) h(-,0,00) € L*(P).

we obtain the following:

Theorem 6.2.6. Let Assumption 5 holds and assume that v, and 7o satisfy
16(7; +72) < 1. (1.12)
Then, the stopping time 7 defined by (1.11) is optimal for the OSP (1.9).

To derive this result, we need to investigate the convergence of {Yy™},>1 to Yy (Propo-
sition 6.2.3) and the convergence of the associated optimal stopping times (Lemma
6.2.8).

To have a more clear exposition, we prove our results in the simplified case of depen-
dence on the mean of the stopped process, and then in Subsection 6.2.3 we discuss
the general case. Moreover, in Section 6.3 we discuss how to apply the suggested
techniques to the problem (OSPa) associated to a mean field diffusion process and
in Section 6.3.1 we discuss the OSP of the variance problem for Markov diffusion
processes, we mentioned above.

Finally, we also point out that this class of OSPs should be studied using ran-
domization techniques. In particular, one can consider the OSP where the control is
chosen in a wider set, namely the set of randomized stopping times, which is compact
in the Baxter-Chacon topology (see [11]). Then, following many papers including
Edgar, Millet and Sucheston [52], Arenas [6] and El Karoui, Lepeltier and Millet [54],
one can show that there exists an optimal randomized stopping time for Y, without
any further characterization compared to the explicit optimal stopping time (I.11).
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Notation and preliminaries

We collect here some recurrent notations and facts we will use during all our discussion.
Let 2,y € R and let u: R? — R:

- |z|: euclidian norm of x and so its absolute value if d = 1;

- D u: gradient of u, seen as a column vector;

- x-y = 'y: scalar product in R%.

Let X be a topological space, let B(X) be its Borel sigma algebra and the and let
E C R We introduce the following spaces of functions:

- C(X): continuous real-valued functions over X;

- Cp(X): continuous and bounded real-valued functions over X;

- C.(X): continuous real-valued functions over X with compact support;
- C(X;RY), Cp(X;RY), C.(X;RY): as above but with Ré-valued functions;
- Bp(X): Borel measurable and bounded functions over X;

« ullso = supgex|u(z)], with u: X — RY, d > 1; if u depends on several argu-
ments, in ||u/|« the supremum is taken over all of them;

- C*(E), k € N: real-valued functions over R? which are k-times continuously
differentiable (k = 0 denotes the space of continuous functions); if E' is closed,
we say that a function is continuously differentiable over F if it has bounded
and uniformly continuous derivative over Int (E);

- CK(E), k € N: real-valued functions in C*¥(E) bounded and with bounded
derivatives up to order k;

- CK(E), k € N: real-valued functions over R? which are k-times continuously
differentiable and with compact support;

- C®(E),CP(E),CP(E): as above but with functions that have continuous deriva-
tives of any order;

- CH(E;RY), G (E;RY), CF(E; RY): as above but with R%-valued functions;
< Nuller = [lulloo + i [Dyull for any u € CH(RY);
- 1: is the function identically equal to 1, that is 1(z) = 1 for every z;

- 1 4: in the indicator function of the set A.
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Let E be a subset of R? with the Borel sigma algebra B(FE).

- M(FE): signed measures over F with finite total variation, that is |u|(F) < oo
with |pf == p* +p7;

- M*(FE): positive measures over F;
- P(E): probability measures over £

« M (E), p € [1,+00): positive measures with finite p-th moment, that is
5 (5) = {n 23 ®): [ loPuan) < oo}

« P,(E), p € [1,400): probability measures with finite p-th moment;
- (@) = () = [pY(x)pu(dz), for a measure 1 and an integrable function ;

- (B), B € B(FE): measure of B;

(1) = p(E).

All the previous definitions extends analogously when F is a complete separable metric
space endowed with its Borel sigma algebra.

We say that a sequence of positive or probability measures {p, },>1 converges weakly
to a measure p if p,(¢) — p(y) for any o € Cy(E). If E C R? we can notice that
the weak convergence is equivalent to check that pu,(v) — u(y) for any ¢ € C3(E).
Indeed, it can be shown that it is enough to verify the convergence for every function
which is bounded and uniformly continuous (see Remark 8.3.1 in [18]). Then, the
result follows since uniformly continuous functions can be uniformly approximated by
C2(E) functions.

It will be useful to introduce a distance over P,(E). We define the Wasserstein distance
of order p > 1 between p,v € P,(E) as

Wp(lu7 V)

= inf { (/ |z — y[Py(dz, dy)) " v € P,(E x E) with marginals , 1/}
ExXE
— inf {E 1X — Y7 : £(X) = p, &(Y) = u} .

The pair (P,(E), W,) is a complete and separable metric space (see for instance The-
orem 6.18 in [101]). Moreover, the convergence in W), implies the weak convergence,
whilst the converse is true if there is also the convergence of the moments up to order
p-th.

Let K C R” be compact. In this case P(K) = P,(K) for any p € [1,400) and the
convergence in W, is equivalent to the weak convergence. Moreover, P(K) is compact
in the weak topology.
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A detailed discussion on these topics can be found for instance in [5, Chapter 7], [101,
Chapter 6]. or from a more probabilistic point of view in [31, Chapter 5].

Let (2,F,P) be a complete probability space and 7" > 0 a finite time horizon. Let
F = {JFi}ico,r) be a complete and right-continuous filtration (namely it satisfies the
usual conditions). Let £ be a random variable.

- £(€),Pe: the law of ;
- PB: o-algebra on Q x [0, T] of Fy-progressively measurable sets;
- T is the set of F-stopping times 7 such that 7 € [t,T] almost surely;

- 82 real-valued 3-measurable cadlag processes Y such that

IY'[[52 := E[ sup |Yo|*] < oo;
u€(0,7)

- 82 is the space of §2-valued continuous processes. This space is complete and
separable.
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Chapter 1

Nonlinear filtering

This chapter is devoted to a quick introduction to the stochastic filtering topic and to
collect some fundamental definitions and results that will be useful in the other chap-
ters of this Thesis. All the statements presented here can be found in the literature
(detailed references are given in the latter) and so we will omit the proofs.

The aim of stochastic filtering is to estimate an evolving dynamical system, the
signal, customarily modelled by a stochastic process. In general, it will be denoted
by X = {X;,t > 0} where ¢ is the temporal parameter. The process can not be
measured directly, however a partial measurement of the process can be obtained.
This measurement is modelled by another stochastic process Y = {Y;,t > 0}, the
observation. The main goal is to find the so-called filter, which is the conditional
law of the signal process at time t given the information contained in the observation
process up to t.

The stochastic filtering problem was first studied in discrete time by Kolmogorov
in [69, 70] and Krein in [72, 73]. The problem in continuous time was discussed firstly
by Wiener in a context regarding optimal estimation of dynamical systems in the
presence of noise [102]. He solved the problem by using spectral theory of stationary
processes.

The next main result has been the formulation of the linear Gaussian filter in the
1960s, where the signal is described by a linear stochastic differential equation. The
pioneers in this field have been Kalman and Bucy. One of the first article on this topic
is [67], by Kalman, where the author presents a solution to the problem in the discrete
case with gaussian initial condition. Bucy obtained similar results independently (see
for instance [26]). This was a crucial result, both from a theoretical and applicative
point of view, making the linear filter used in many applied and engineering problems.
After that, a plethora of extensions have been produced, removing in certain case the
gaussian and the linear hypotheses. Initially many of the algorithms developed were
quite empirical and not based on a solid mathematical theory.

In the 1960s, Kushner in [76, 77] and Stratonovich in [96, 97] formulated indepen-
dently a rigorous mathematical theory for nonlinear filtering that led to the so-called
nonlinear filtering equation, also known as Kushner-Stratonovich equation or Fujisaki-
Kallianpur-Kunita equation. Indeed Fujisaki, Kallianpur and Kunita obtained the
same equation in [62] by exploiting the innovation approach introduced by Kailath in
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[66]. In the same period, the equation for the unnormalized filter was introduced by
Duncan [49, 50], Mortensen [82] and Zakai [105] and consequently referred as Zakai
equation or Duncan-Mortensen-Zakai equation.

Since then, these equations have been intensively studied, see for instance [87, 94]
and references therein. In the recent literature, a systematic exposition of the topic
can be found for instance in the book by Bain and Crisan [8] on in the book by Xiong
[104]. We also highlight that the so-called stochastic optimal control with partial
observation problem is strongly related with the filtering framework, see for instance
the book by Bensoussan [13].

1.1 Formulation of the problem

Our intention here is to present the stochastic filtering problem for a diffusion type
signal process. The most general version of the stochastic filtering problem is exhaus-
tively addressed for instance in Chapter 3 of [8], and some comments can be found
later in Remark 1.1.1.

Let (Q,F,P) be a probability space, let 0 < T" < oo be a finite time horizon
and let F := {fft}te[o’;p] be a filtration that satisfies the usual conditions, that is F is
complete and right continuous. Let W = {W;,t € [0,T]} and B = {B;,t € [0,T]} be
two independent d-dimensional {JF; }-Brownian motions (we take them with the same
dimension for simplicity, but the generalization to the case with different dimensions
is straightforward). We introduce the signal process X = {X;,t € [0,7]} as the
d-dimensional solution to the stochastic differential equation

dX; = f(Xy)ds + o(Xy) AW, + 7(Xy) dB;,  Xo € LZ(Qaffro)» (1.1)

where the Borel measurable mappings f: R? — R? o: R? — R%*? and 5: RY — R¥x4
will be chosen later in order to have existence of a strong solutions, uniqueness (up to
indistinguishability), continuity and Markovianity of X. The idea behind stochastic
filtering is that we can not observe directly the signal, but we can only observe a
process Y = {Y;,t € [0,T]}, called observation process. The dynamic of Y is given by

t
Yt:/ h(X,)ds + B, (1.2)
0

where h: R? — R? is Borel measurable and such that P <fOT |h(Xs)|ds < oo> =1

in order to have the integral in (1.2) well defined. If we introduce the observation
filtration FY := {FY }eepo,r), where FY is the completion with respect to the P-null sets
of the o-algebra generated by Y up to the time ¢, we can say that the filtering problem
consists in finding the “best” approximation of the signal X given the information
contained in FY.

In this case, the notion of best approximation relates to the conditional expecta-
tion. More precisely, the aim becomes to find a P(R?)-valued process Il = {II;,t €
[0, 77}, called filter, such that

(I, ) = E [o(X0)|F7 ], (1.3)
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almost surely, for every ¢ € [0,7] and ¢ € By(R?). Due to the presence of the obser-
vation noise B in the signal equation (1.1), we will refer to this problem as stochastic
filtering with correlated noise, in contrast with the case where & is null, that is called
without correlated noise.

Now, let us state the assumptions on the coefficients necessary for our discussion.
They are not always necessary together (see Remark 1.2.1 and Remark 1.3.12), but
we group them to simplify the exposition.

Assumption 1. All the mappings f,o,a,h are taken Borel-measurable. Moreover we
assume:

a. the mappings f: R? — RY, o: R? — R4 gnd 5: R — R¥? qare Lipschitz
continuous;

b. the mapping a = oo ' : R® — R s uniformly elliptic, that is there exists
A > 0 such that szzl aij&i&; > NE|? for every x, & € RY;

c. the mappings f,o,a, h are bounded.

Under these conditions, the signal is a uniquely characterized Markov process and
moreover there exists a P(R?)-valued {JF} }-optional process which satisfies (1.3) (see
for instance [8, Theorem 2.1]).

Remark 1.1.1. At this level one can deal with more general signals. Let S be a
complete metric space and let us define the operator A: D(A) C By(S) — Byp(9),
with D(A) that denotes its domain. As reported for instance in [8, Section 3.1], the
filter can be defined for an S-valued signal which solves the martingale problem with
generator A.

1.2 The filtering equations

In the previous section, we introduced the filter IT = {II;, ¢ € [0, 7]} as the conditional
law of the signal X given the observation filtration Y. Despite its natural definition,
this object is not easy to use and study directly. A helpful result in this direction
is the fact that, under certain conditions, the filter satisfies a stochastic differential
equation. Since the filter is a P(R?)-valued process, the equation has to be formulated
in a suitable weak sense. This result has been obtained independently by Kushner
[76, 77], Stratonovich [96, 97] and then by Fujisaki, Kallianpur and Kunita [62], and
it is presented for instance in [8, Chapter 3| or [104, Chapter 5].

Before writing the equation solved by the filter, we need to set some notations.
Let us introduce two differential operators A and B with domain C2(R?) C By, (R?).
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In particular A, B: CE(RY) — By,(RY) are defined for every ¢ € C3(R%), x € R?, by

d

Av(a) =Y fil@)di(a) + % > {(00"), @0s0() + (507),, (@)D }

i,j=1

Byp(z) = Z&ik(as)&-w(as), k=1,...d.

(1.4)
We can notice that A is the infinitesimal generator associated to the signal process
X whilst B is a first-order differential operator which vanishes in the case of filtering
problem without correlated noise (that is @ = 0). Moreover, under Assumption 1, we

have that A, B: CZ(RY) — Cp,(RY).

Let Assumption 1 hold and let us introduce the process

t 1 t
zi-eo{- [n0e)-an - [neopas}. e
0 0
which can be proved to be a martingale. Thus, we can define a new probability by
dQlg, = Z; dP|s,.

A first key result is the so-called Kallianpur-Striebel formula (see for instance [8,
Proposition 3.16] or [104, Theorem 5.3]), that gives us a way to represent the filter in
terms on a M*(R?)-valued process p = {p;,t € [0,T]} called unnormalized filter. In
particular, it holds that for every ¢ € By,(R?) and fixed ¢ € [0, T, the filter IT can be
represented as

o (0, )
(W) = L. (15)

where p is a MT(R%)-valued process such that p(R%) > 0 for every t € [0,T] and
(pe, ) = E¥[Z 1 (X)|97 ).

Once the unnormalized filter is introduced, one can show that it satisfies the following
stochastic differential equation, called the Zakai equation (see, for instance, [104,
Theorem 5.5)):

(o0 0) = (m, ) + / (9o A) ds + / (po s + BY) - Y, (1.6)

for every 1 € C3(R?) and with 7 = £(X,). We can notice that the equation is linear
in p and written in weak sense, that is it must hold for every test function in C3(R?).
We highlight that, for every v, the process (p;, 1) is real-valued and so there is no need
to introduce a notion of stochastic integral for measure-valued processes. Moreover,
from Girsanov’s theorem it follows that the observation process Y, which drives the
stochastic integral in (1.6), is a Brownian motion under Q.
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Starting from (1.6), by using the Kallianpur-Striebel formula it can be shown that
the filter II satisfies the following stochastic differential equation, called Kushner-
Stratonovich equation (or Fujisaki-Kallianpur-Kunita equation):

) = (m.0) + | (1L, Av) ds + / (T b 4+ B — (I, o) (I ) - dL. (L7)

for every ¢ € C}(RY) and with 7 = £(Xy). The process I = {I;,t € [0,T]}, called
innovation process, is defined for every t € [0,T] by

t
L=, _/ (T1,, ) ds, (1.8)
0

and one can prove that it is a d-dimensional {F} }-Brownian motion under P (see, for
instance, [104, Lemma 5.6]). We also notice that, differently from the Zakai equation,
the Kushner-Stratonovich equation is nonlinear in II, due to the presence of the term

(I, ) (1L, h).

Remark 1.2.1. We presented the filtering equations for a diffusion type signal and
under Assumption 1, since our main results in the next chapters hold under these
hypotheses. However, the results stated above hold for more general signals and for
less restrictive conditions. For instance, we can consider a signal X which is the
solution of a martingale problem (see Remark 1.1.1), and we can formulate both the
Kushner-Stratonovich and the Zakai equations assuming that A is such that

g | [hocoras] <o B[ [ zinoora] <o

Q(/Otps|h|2ds<oo) = 1.

A detailed exposition of the most general framework can be found, for instance, in [8,
Chapters 2,3], and in the references therein.

and

1.3 Weak solutions to the filtering equations

In the previous sections we introduced the stochastic filtering problem and the related
stochastic differential equations. As it can be seen directly from (1.6) and (1.7), the
equations are strongly related to the structure of the filtering problem, since they are
driven by the observation process Y and the innovation process I respectively. The
purpose of this section is to present a framework to study directly the Zakai and the
Kushner-Stratonovich equations as equation for measure-valued processes, without
relying on the original filtering problem. To do so, we follow the ideas in the work
by Szpirglas [99] (and the extension to the correlated noise case obtained by Heunis
and Lucic in [80]), introducing proper notions of weak solution, pathwise uniqueness
and uniqueness in law. We present all the necessary definitions, mainly following the
exposition in [80].
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First, we introduce a notion of weak solution of the Kushner-Stratonovich equa-
tion, which mimics the classical notion of weak solution of a stochastic differential
equation.

Definition 1.3.1. The pair {(Q,F,{F:}iciom, P), (11, )} is a weak solution to the
Kushner-Stratonovich equation starting at m € P(R?) if

i (9, 7, {?t}tE[O,T},IP’) is a complete filtered probability space.
i. I ={I,,t€[0,T]} is an R?-valued {F,}-Brownian motion on (Q, F,P).

ii. I = {I,,t € [0,T]} is a P(RY)-valued continuous {F;}-adapted process such

that
P (/ ST ) ds < oo> _,
0 =1
and for every 1 € C3(RY) it holds

1,00) =m0+ [ (L Avyds-+ [ (floh+ B = (o)1) - di

(1.9)
for every t € [0,T], almost surely.

Analogously, we can define the Zakai equation’s weak solutions:

Definition 1.3.2. The pair {(Q, 7, {grt}te[o,T],@% (5, Y)Y is a weak solution to the
Zakai equation starting at u € M (R?) if:

i. (9, 7, {grt}te[oj], @) is a complete filtered probability space.
i. Y = {Y;,t € [0,T]} is an R¥-valued {F,}-Brownian motion on (€, F,Q).

iii. p = {p,t € [0,T]} is a M*(R?)-valued continuous {F,}-adapted process such

that
(/ Z Ps, |hitp + Bap|)? ds < oo) =1,

and for every 1 € C(RY) it holds

(5 d) = u(®) + /0 (s, AW ds + /0 (5o s + BY) - dY,, (1.10)

for every t € [0,T], almost surely.

Remark 1.3.3. Let (2, F, {F; }icp,m, P) be the probabilistic setup introduced in Section
1.1. If we consider the filter IT and the innovation process I defined by (1.8), we have
that {(2,F, {Ft}cpo,n, P), (I, I;)} is a weak solution to the Kushner-Stratonovich
equation. Analogously, if we take the unnormalized filter p and the probability Q
introduced in Section 1.2, we have that Y a Brownian motion under QQ and then
{0, T, {TF }icpm, Q) (pr, Y1)} is a weak solution to the Zakai equation.
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Remark 1.3.4. A useful result, proved in [80] (see Fact 3.2), is the fact that the trajec-
tories of weak solutions to the Zakai equation have total mass that does not touch zero
and with uniformly bounded moments. More precisely, if {(Q, F, {F; }cpo.1, Q), (5, Y)}
is a weak solution to the Zakai equation starting at p € MT(R?), then p;(RY) > 0
for every t € [0, 7], Q almost surely. Moreover for every o € (1,400) there exists a
positive constant y(«, p) such that

E® | sup |5(R)["
t€[0,T

< (o, p).

Remark 1.3.5. In [99] and [80], the Zakai equation is always taken with initial condition
in the space of probability measures. However, it is easy to consider the case in which
the initial condition is a positive measure, different from the null measure. Indeed one
can always reconduct the problem to the one starting from a probability by performing
a standardization, thanks to the linearity of the Zakai equation.

In the following lemma we show that if a weak solution to a filtering equation
starts from a measure with finite second moment, then its trajectories will take value
in a space of measures with finite second moment. This result will be useful in the
next chapters and we postpone its proof (see Section 1.3.1) to avoid technicalities in
this expository chapter on nonlinear filtering.

Lemma 1.3.6. Let {(Q, F, {f;"t}te[o,ﬂ, Q), (5,Y)} be a weak solution to the Zakai equa-
tion starting at € M3 (R?). Then p, € M3 (R?) for every t € [0,T), Q-almost
surely. Simialarly, if {(2, F,{Ft}iepo,n, P), (I, 1)} is a weak solution to the Kushner-
Stratonovich equation starting at T € Py(RY), then I, € Py(RY) for every t € 0,77,
P-almost surely.

Regarding the notion of uniqueness, we have the following two definitions, which
follow the classical Yamada-Watanabe formalism.

Definition 1.3.7. The Kushner-Stratonovich equation has the pathwise uniqueness
property if: given two weak solutions

{(Qa jj) {g:t}tE[O,T]vfp))) (ﬁ17 IN)}; {(Qa gja {ét}tG[O,T]y]fD)a (ﬁQa j)}a
of the equation starting at m € P(R?), it holds that

P (ﬁg — 2Vt e [o,T]) ~1.
In the same way we state the pathwise uniqueness property for the Zakai equation.

Definition 1.3.8. The Kushner-Stratonovich equation has the uniqueness in joint
law property if: given two weak solutions

{<Qa gjv {gjt}te[ovT]’ P)? (ﬁv [N>}7 {<Q> §r7 {‘r;rt}7ﬁb)7 (ﬁa j)}a

of the equation starting at m € P(R?), it holds that (11, 1) = {(II,, I,),t € [0,T]} and
(I1,1) = {(II;, I,),t € [0,T]} have the same finite-dimensional distributions, where we
endowed P(RY) with the Borel o-algebra induced by the weak convergence topology.

In the same way we define the uniqueness in joint law property for the Zakai equation.
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The main result in [80] is the following theorem regarding the uniqueness for the
two equations of nonlinear filtering:

Theorem 1.3.9 ([80]). Let Assumption 1 holds. Then:

1. the Zakai equation has the pathwise uniqueness and the uniqueness in joint law
properties;

1. the Kushner-Stratonovich equation has the uniqueness in joint law property.

Remark 1.3.10. In the case without correlated noise, studied in [99], it is possible to
prove pathwise uniqueness also for the weak solutions of the Kushner-Stratonovich
equation. Moreover, in [99] (Théoréeme V.6) it is shown how the classical Yamada-
Watanabe result also apply to this situation, namely pathwise uniqueness and ex-
istence of a weak solution implies existence of a strong solution. The technique is
not affected by the addition of a correlated noise, so at least for the Zakai equation
we also have existence of a strong solution. This allows us to fix a probability space
Q,7, {fﬂ}te[o 11, Q), equipped with a {F,}-Brownian motion Y, and to solve the Zakai
equation with respect to different initial conditions on the same probabilistic setup.

Remark 1.3.11. Since the uniqueness in law property holds, the Markov property
follows for both the weak solution of the Kushner-Stratonovich and the Zakai equation.

Remark 1.3.12. The fact that a := oo " must be uniformly elliptic ( Assumption 1 -
b.) is necessary only for the proof of Proposition 4.1.4 (in particular, it is required
to ensure the existence of a smooth solution to (4.7)). For all the previous results,
one can just assume a non-degeneracy condition on a, that is a(z) positive definite
for every x € R?. Moreover, the non-degeneracy of ¢ is required only for Theorem
1.3.9. Thus, if one assume the conclusions of Theorem 1.3.9 and the Markov property
for the solutions, as well as the existence of a smooth solution to (4.7), then all the
following results still hold without Assumption 1 - b.

We conclude this section by stating how to obtain a weak solution to the Kushner-
Stratonovich equation from a weak solution to the Zakai equation and viceversa. First,
let us assume that Assumption 1 holds and let {(Q, F, {TF: }ico.r, P), (IT, 1)} be a weak
solution to the Kushner-Stratonovich equation. Then, we can define two processes
Y ={Y,,t € [0,T]} and x == {x:,t € [0,T]} by

o t t o1t
Yt:It+/ (L., h) ds, Xt:exp{_/<ns,h>.dfs+§/ |(Hs,h>|2ds}, (1.11)
0 0 0

where it is easy to see that y in a P-martingale. Thus, if we introduce the probability
measure

dQ = xr dP
and .
p={p = n(RYx; ', t € 0,71},

Fihiepor), Q), (5, Y)} is a weak solution to the Zakai equation
). We remark that the presence of u(R?) in the definition of

we have that {(, F, {
starting at u € M;(R
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p is necessary to keep track that the initial condition y is not a probability measure
(see also Remark 1.3.5). On the other hand, if {(Q, F, {F; }icp1, Q), (p,Y)} is a weak
solution to the Zakai equation, we can set
2
ds} . (L.12)

7 / ' <ﬁsvh> ' <ﬁs>h> / e
]t — Yt — — d s t = — . in9 - —
| ot € p{/ ey g

Since ¢ is a martingale, we can introduce

(Ps, h)
ps(RY)

dP = &rdQ

and set 3 .
T = {11, = s/ s(R), ¢ € [0, TT}.

Thus, the couple {(Q,7F, {f}'"t}te[oﬂ ,P), (I1,1)} is a weak solution to the Kushner-
Stratonovich equation.

The proofs of these results in the context of weak solutions to the nonlinear filtering
equations can be found in [99] for the case without correlated noise. However, the
case with correlated noise has no extra difficulties. The technique used to prove these
relations is based on Girsanov’s theorem and on the classical [t6 formula, and it follows
the way to link the filter IT and the unnormalized filter p. A detailed discussion about
this change of probability method in the context of the filtering problem can be found
for instance in [8, Chapter 3] or in [104, Chapter 5.

1.3.1 Proof of Lemma 1.3.6

For simplicity, we provide a sketch of the proof for the Zakai equation in the one dimen-
sional case (d = 1). The general case with d > 1 and the case of Kushner-Stratonovich
equation are immediate extensions. In order to keep the notation lighter, we remove
the tildes in the notation for the weak solutions and we will denote the expectation
EQ with respect to Q just with E.

First, we show that if g € M{(R), then p; € M (R) for every t € [0,T], al-
most surely. Let us consider a smooth function ¢: R — R which is greater than
the mapping x — |z| in a neighbourhood of 0 and equal to « ~ |z| outside that
neighbourhood. In particular, ¢/ has bounded first and second-order derivatives. If
we show that (p;, 1) < oo for every t € [0,7], almost surely, then this first claim is
proved.

Let us consider an increasing family of smooth cut-off functions {ng } > Which
are equal to one in [~N, N] and equal to zero outside [~ N —1, N +1]. These functions
can be chosen to be bounded together with their first and second-order derivatives by
a constant C' > 0 independent of N. We set ¢V (z) = (z)¢p" (x) for every z € R,
thus it holds

D" ()
D2y (x)

N(2) + Dyp(x) o™ (2),
N(x) + 2D, (2)Dag™ (x) + D2y (2) " (2),

$(x)Dy
Y (z)D3

¢
¢

37



and moreover {¢N}ns1, {D,0" y>1 and {D2¢" } > converge pointwise to ), D 1)
and D24 respectively, where the first convergence takes place monotonically. We also
notice that for every N > 1, vV € CE(R).

Let us fix N > 1. Since p is a weak solution to the Zakai equation, it holds for
every t € (0,7

t

) = )+ [ oo asyas+ [ {pus (h+ BYWY) - dY.

By taking the square, the expectation and then by Ito isometry, we get
E [{ps, 9™)?]
<3 v o7 |

0

t t

E [{ps, AY™)?] ds+3/ E [{ps, (h + B)y™)?] ds.

0
Now, if we write explicitly the operators A, B and we use the boundedness of b, 0,7, h

jointly with the boundedness of D 1, D3¢, ¢V, D, ¢", D2¢" (recalling that the bound
for ¢V, D,¢", D2¢" does not depend on N), we obtain the inequality

E [(p, v"™)*] < M, (W, P + /OtE [(ps; )] +E [ps(R)?] dS) ;o (113)

where My = M;(b,0,5,h,T,C,1) is a positive constant independent of ¢t and N.
Thanks to the monotone convergence theorem, we can pass to the limit as N — 400
in (1.13) and get

E [{pi,9)?] < M <<u,¢>2+/0 E [{ps,¥)*] +E [ps(R)?] dS)-

Thus, in view of Remark 1.3.4 and by Gronwall’s lemma, there exists a positive
constant My = My (b, 0,5,h,T,C, 1, 1) such that for every ¢t € [0, 7] it holds that

E [{pr,)?] < Ma(u, 9)*. (1.14)

Since the bound (1.14) does not depend on ¢, we can proceed similarly to the previous
steps and by Burkholder inequality and monotone convergence we can also deduce
that there exists a positive constant Mz = M3(b,0,7,h,T,C, 1, ) such that

E [ sup <Pt,¢>2] S M3<N,¢>27 (115)

0<t<T
thus if 1 € MY (R) then supgc,<p(ps, ) < +oo almost surely and so p, € M{ (R) for
every t € [0, 7], almost surely.

To conclude, we need to prove that if u € Mj (R) then p, € M3 (R) for every
t € [0,T], almost surely. To this aim, we can proceed analogously to the above case
in which y € M{(R), choosing 1(z) = x? and noticing that its first and second-
order derivatives are linear and constant respectively. Then, we can still use the
approximation technique, combined with Remark 1.3.4 and (1.15) and so the lemma
is proved.
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Chapter 2

Properties of functions on spaces of
measures

The main aim of this chapter is to introduce some analytical tools that are necessary
to deal with functions over spaces of positive and probability measures. The first
question that we face is which notion of derivative fits our problem best. Then, we
provide a procedure that allows us to approximate “smooth” functions over the space
of positive measures with a special class of function, namely the cylindrical functions.

2.1 Derivatives on spaces of measures

Since our final goal is to discuss some Kolmogorov equations on suitable spaces of
measures, we need to introduce notions of derivatives for real-valued or measure-
valued functions over spaces of measures. Regarding the real-valued functions, we
take inspiration from the literature recently developed for real-valued functions over
the space of probability measures. We give a little extension of the notion of linear
functional derivative (or flat derivative) discussed for instance in [29, 30, 31]. Another
definition we need mimics the so-called L-derivative introduced in the context of mean
field games and discussed for instance in [28, 31]. Following [30], we define it as the
spatial gradient of the linear functional derivative. For probability measures, under
proper hypotheses, this definition coincides with the original one given by Lions in
[79] through the lifting on a Hilbert space. A discussion on the relations among these
definitions can be found in [31] in the case of probability measures or in [93] in a more
general case. The last definition we introduce is a notion of derivative of functions
from M*(R?) to M*(R?). This is a new definition, strongly inspired by the previous
ones.

Definition 2.1.1 (Linear functional derivative). A function u: M*(R?) — R is said
to have linear functional derivative if it is continuous, bounded and if there exists a
function

Su: MT(RY) x R 3 () = d,u(p, v) € R,
that is bounded, continuous for the product topology, M*(R?) equipped with the weak
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topology, and such that for all p and p' in M*(R?), it holds:

) =) = [ [ bt + 0= Opo = 21)

We call CH{M*(R?)) the class of functions from M*(R?) to R that are differentiable

in linear functional sense.

Remark 2.1.2. If u € CY(M*(R?)), we can introduce a notion of second-order deriva-
tive by asking that the mapping p — d,u(p, x) is differentiable in linear functional
sense for every = and that (u, z,y) — d~u(u, 2, y) is bounded and continuous. In gen-
eral one can define derivatives of order k € N and introduce the space C¥(M™*(R?)) of
functions that are k£ times differentiable in linear functional sense. Notice that every
time we differentiate, the derivative depends on a new spatial variable.

We introduce now the second notion of derivative, namely the L-derivative, for
real-valued functions over M*(R?). We follow the definition given in [30], since for
positive measure we cannot rely on the lifting procedure of [79].

Definition 2.1.3 (L-derivative). A function u is said to be L-differentiable if it is in
CY(M*(R?)) and if, for every p € MT(R?), the mapping R? 3 z + d,u(p, z) € R is
everywhere differentiable, with M (R?) x R 3 (u, x) — Dy u(p, x) € R continuous
and bounded. We set:

D,u(p, z) = Dyd,u(p, x) € RY, (2.2)

and we denote this class of functions with CL(M*(R?)).

Remark 2.1.4. If we consider functions over Py(RY) (see Remark 2.1.7), Definition
2.1.3 turns out to coincide with the definition of L-derivative introduced by Lions
in [79] and discussed for instance in [28, 31]. More relations with other notions of
derivative in the case of signed measures have been also investigated in [93].

Regarding the second-order L-derivative, again in view of [30], we give the following
definition:

Definition 2.1.5. A function u: MT(R?) — R is said to be in C}(M*(R?)) if the
following conditions hold:

i. w is in CE2(MT(R?));

i. the mapping R* 3 x — d,u(u, ) € R is everywhere twice differentiable, with
continuous and bounded derivatives on M*(R?) x R4,

iii. the mapping RY x RY > (x,y) — 6iu(,u, x,y) is twice differentiable, with continu-
ous and bounded derivatives on MT(R?) x R? x RZ.

We define the second-order L-derivative of u € CZ (M (R?)) as follows:
2 o T 52 dxd
D,LL“(M? €, y) T Dl‘Dy 6;;”(:“’7 xvy) € R . ’
where D) = [8,,,...,0y,] is the gradient (with respect to y) operator, seen as a row.
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Remark 2.1.6. In order to define the second-order L-derivative Diu, it is enough to
ask for less regularity of the mappings = — d,u(p, z) and (z,y) — S u(p,z,y) (for
instance = +— J,u(p, x) can be one time continuously differentiable). However, for
our scopes, it is necessary to require further regularity of these mappings and so we
included it in the definition to keep the exposition clearer.

Remark 2.1.7. If we consider u: P(R?) — R, then we ask that the condition (2.1) in
Definition 2.1.1 holds for every ju, i/ € P(R?). In this case we will denote by C!(P(R?))
the space of all the functions differentiable in this sense. Of course, we can proceed in

the same way for the derivatives of higher-order or for the L-derivatives. Moreover,
this also works for subsets like M} (R?) and P,(R?), p € [1,400).

Remark 2.1.8. If we consider functions defined over the space of probability measures
P(RY), we have that the linear functional derivative is defined up to an additive
constant (see for instance [31, Remark 5.46]). A way to guarantee uniqueness (see for
instance [30, Section 2.2.1]) is to adopt the convention

Su(p, z)p(dzr) =0, pe PRY. (2.3)

R4

Remark 2.1.9. We can also give the definitions of linear functional and L-derivative in
the case of measures with compact support M*(K), K C R? compact with sufficiently
regular boundary. In this case the additional variable generated by the differentiation
belongs to K and the spatial differentiability required for the L-derivative has to be
meant only in the proper direction at the boundary of K.

Remark 2.1.10. Let (B, ||-||z) be a Banach space and let us consider u: M*(R?) — B.
Then, all the previous definitions can be trivially extended to this framework. We
will use the notations C¥(M*(R%); B), CL(M*(RY); B) and C?(M*(R?);B). In this
case 0,u: MT(R?) x R? — B and D,u: M"(R?) x RY — B?, and the same holds for
higher-order derivatives.

We conclude this first part of the section by presenting an example of computations
of linear functional and L-derivatives.

Ezample 2.1.11. Let g: R* — R be in CZ(R") and let {1}, C Cp(RY). We define

w: MERY) 2 pp= g ({1, ¢1), -+, (1, ¥n)) € R.

Then u € C?2(M*(R?)) and it holds:
5#“(:“’7 LC) = Zakg (</JJ7 ¢1>7 T <:U’7 wn>) wk(x)7
k=1

Spu(p, ) = Y 00kg (1), - (1 n)) Vi (@)t (1)

k=1
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Moreover, if {1;}, C C3(R%), then u is in C? (M*(R?)) and it holds:

uu s T Z akg ) <,u7 %)) wak(x)a
k=1

These functions, which we call cylindrical, play a key role in the proof of the Ito
formula in Section ??7. We will discuss in Section 2.2 some approximation properties
of this class.

The last definition we give concerns the differentiability for functions from M™* (R%)
to M*(R?). The idea is to ask for a relation similar to (2.1) for the measure-valued
function tested against regular functions.

Definition 2.1.12 (Linear functional derivative for measure-valued functions). We
say that a function m: MT(RY) — M*(R?) is differentiable in linear functional sense
if there exists a mapping

oum: MT(RY) x RY 3 (p, ) v §m(p, ©) € MT(RY),

bounded in total variation, continuous for the product topology, M*(R?) equipped with
the weak topology, and such that for all u and i’ in M+ (R?), it holds:

(o) =m0y = [ G 0+ (1= ) o) = () e, 24

for every ¢ € CL(RY). We call CHMH(R?)) the class of functions from MT(RY) to
MJFN(Rd) that are differentiable in linear functional sense and, analogously, we denote
by C*(MH(RY)) the space of functions that are k times differentiable.

Remark 2.1.13. The joint continuity required in Definition 2.1.12 implies that, for
every fixed p € MT(R?), the mapping x — d,m(u,x) is measurable and so d,u is a
transition kernel.

Remark 2.1.14. Tt easy to see that if m: M*(R?) — M*(R?) is in CY(M*(R?)) then
the mapping 1 — (m(u), ) is in C'(M*(R?)) for every ¢ € Cy(R?). In particular,
By 2,6 = 8,((m(), 1)) (1,7 for every p € Cy(RY), p € MH(RY) and €
R?. The converse is also true if we assume that the regularity of the mapping u
(m(p), ) is uniform with respect to .

Ezample 2.1.15. Let us consider p € Cp,(R% [0, +00)), and let us define m,,: M (R?) —
M*(R?) as

(mo(p), ) = (pp, ) = Rd¢($)ﬂ<$)ﬂ<dx)a ¥ € Cp(RY).

From Definition 2.1.12 it holds that &,m(u, ) = p(2)d,, where 8, is the Dirac measure
in x € R%. Moreover, for any pu € M*(Rd) z,y € RY, we have 52 (1, 2,9) = 0.
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Ezample 2.1.16. Let us consider f € C,(R%R?) and let us define the mapping
m: M (R?) — M+ (R?) as the push-forward measure through f, namely

MFE(RY) 2 pp= m(p) = fup € MT(RY).

We recall that for every 1 € Cp(R?) it holds

| owsentan) = [ os)ntas).

Thus, we have d,m(u, z) = 0f(z), Where 0y is the Dirac measure centered in f(x),
r € RY

2.1.1 Some properties

We list here some properties which will be required in the next sections and that help
us to understand how these derivatives can be combined. A first property we need
concerns the symmetry of the second-order derivatives.

Proposition 2.1.17. Let u: M*(R?) — R be of class CZ(M*(R%)). The following
facts hold:

1. the second-order linear functional derivative is symmetric in the spatial argu-
ments, that is 5Zu(,u, T,y) = 5iu(u,y, x) for every x,y € R? and p € M*(R?);

it. Do (67u(p, z,y)) = 0y (Dpu(-,z)) (1,y);

Proof. The proof follows the one of [30, Lemma 2.2.4], without relevant modifications
in the argument. O]

Remark 2.1.18. Thanks to Proposition 2.1.17, we can characterize the second-order L-
derivative as the L-derivative of the mapping p — D,u(u, z), for every fixed z € R?
as we do for the linear functional case. We also notice that the first property in
Proposition 2.1.17 holds more generally when u € C?(M*(R?)).

Remark 2.1.19. If we consider functions over P(R?), the Schwarz-type identity 4. in
Proposition 2.1.17 is not true, but it holds with an additional correction term (see
[30, Lemma 2.2.4]). In particular, it holds that

Soulp, ,y) = 6,0 (1, y, ©) + Suu(p, ) — duu(p, y), pe PR, z,yeR

We can notice that the correction terms disappear if we integrate with respect to
& .
The next proposition shows how to compute the linear functional derivative of the

composition of a function from R to R and a function from M*(R?) to R, by a chain
rule similar to the classical one.
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Proposition 2.1.20. Let h € CL(R) and g € C*(M*(R?)). Then the composition
MFH(RY) 3 pp = h(g(p)) € R
is in CH{M™T(R?)) and the following chain rule holds:
5, h(0()) (o) = H(g(),0(n,7), @ € RE o € MH(RY),
Proof. For every p, i/ € M*(R?) we have

bla) = Halu) = [ Gotatu))dt = [ 1 (o)) Fratin) .

where p; =ty + (1 — t)p. If we show that

aat (11¢) /%g pe, @) (o' — p](d),

then we are done. For h fixed, since g € C'(M*(R?)) we can compute the increment
1 1! , ,

o (9Gten) = g(u)) = o | - Oug(rhit! = Thpe o, )hlp” = p](de) dr.

Then by taking h — 0 we get 2g(p) = [pa 6,9(pe, @) {1 — p](dz), where we used the

dominated convergence theorem and the joint continuity and boundedness of 6,9. [

Remark 2.1.21. An easy generalization holds for h(g;(p), ..., gn(t)), where n € N,
h € CL(R™) and {g;}1., € C*(MT(R?)). Then h € C}(M*(R?)) and it holds:

5uh(91(')7-'-agn Zah gl 7gn(u))5ugl(u7x)v x 6Rd7ﬂ'€M+(Rd)'
Another natural result we would like to have is the chain rule for the composition

between functions from M*(R?) to R and from M*(R?) to M*(R9).

Proposition 2.1.22. Let m € CYMT(RY)) and let g € CYMT(RY)). Then the
composition mapping M+ (R?) 3 pu— g(m(u)) € R is in C*(MT(RY)) and it holds:

8pg(m(-)) () = (dum(p, ), 8,9() (m(n))).
Mo;;eover, if m e C23(M*T(RY) and g € C](M*(R?Y)), then g(m(-)) € C2(M*(RY))
wit
Srg(m(-)) (s 2, y) = (Opmlp, 2,), 6,9() () +(0um (i, )@8,m 1, y), 079(-) (1)),
Proof. For every p, i/ € M*(R?) we have

olmly!)) = glm(p)) = [ Satmio)at,

where p; =ty + (1 — t)p. Then, by the regularity of g and m follows that

0 -

Sym(u)) = [ (umln,a). 6,00 im0 = (e, (25)
and so the thesis. In the same way, one can deduce the result for the second-order
derivative. O
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Finally, we state a proposition regarding the differentiation of products. We omit
the proof since it is analogue to the two above.

Proposition 2.1.23. Let f,g € C*(M*(R?)). Then the product map

MR 3 e f(u)g(p) € R

is in CH(M™*(R?)) and the following product rule holds:

(0ufa)(p, ) = f(1)0ug(pe, ) + g(p)d, f (11, ).

Moreover, if m € CYMT(RY) and if 1: R? x MT(R?) — R is bounded, of class
CLM*(RY)) in the measure argument and continuous in the spatial argument, then
the mapping

> MERY) = h(p) = (m(u), (- 1)) € R
is in CH{M™T(R?)) and it holds

5uh(ﬂ7 ZL’) - <Sﬂm</“’t7x)7w(7u)> + <m(p“)75/i¢(7lu’vx)>

2.1.2 The P(K) case

Let K C R? be compact and let us consider the space P(K), which is compact with
respect to the weak topology (see for instance [101]). In this section we consider
mappings from P(K) to R. For this particular case, we will rewrite the definitions
presented in Section 2.1, together with some remarks. In particular, the purpose of
this section is to fix the notation in view of the discussion in Chapter 5, where we will
consider only measures in P(K).

Definition 2.1.24. We say that a function u: P(K) — R has linear functional deriva-
tive if there exists a map

dyu: P(K) x K — R,
which is jointly continuous and such that for every p,v € P(K) it holds

u(p) —u(v) = /0 /K du(0p + (1 —0)v,z)[p — v](dz) do. (2.6)

We denote by C1(P(K)) the space of functions that are differentiable in linear func-
tional sense.

We recall that in this case the linear functional derivative is defined up to an
additive constant. Following Remark 2.1.8, we choose the version such that, for every

€ P(K),
| Buut (o) =0,
K
Remark 2.1.25. As in Remark 2.1.2, by iterating Definition 2.1.24 (keeping the extra

spatial variable in d,u fixed), one can introduce the space C*(P(K)) and analogously
the space CK(P(K)), k € N.
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Definition 2.1.26. We say that a function u is in Ci(P(K)) if:
i. u€ CHP(K));

ii. for every p € P(K), the maps K 5 x — du(p,x) and K x K 3 (z,y) —

5iu(u,:ﬁ,y) are twice continuously differentiable, with jointly continuous deriva-
tiwes over P(K) x K and P(K) x K x K.

We define the first and second-order L-derivatives as
D, u(p, ) := Do, u(p, v) € RY, D2u(p, ,y) = DxD;(ﬁu(u,x,y) € R4,
for every p € P(K) and z,y € K.

Remark 2.1.27. Differently from the definitions in Section 2.1, in this case the bound-
edness of the derivatives is guaranteed by the joint continuity, since we are considering
functions over compact sets.

2.2 Approximation of real-valued functions over the
space of positive measures

Here we discuss how to approximate real-valued functions over M*(R?) with a class
of simpler functions, which allows easier and explicit computations. Our technique
is based on a construction which is well known for function over space of probability
measures, in particular on Py(R?) endowed with the Wasserstein metric. Given u €
P, (R?), we can introduce its empirical approximation

1 n
n = — 0x,, > 1, 2.7
2 n; X, nNZ (2.7)

where {X;}7 ; are independent identically distributed (i.i.d.) random variables with
law p (over an arbitrary probability space (2, F,P)). It can be shown, see for instance
[31, Section 5.1.2], that Wa(u, it,,) — 0 almost surely and in L*(Q) as n — +oo. If
u: Po(R?) — R, we can introduce its empirical projection u™(u) = wu(u,) and if
u is bounded and continuous with respect to Wy one can conclude that, for every
pe P (Rd)v

E[u"(0)] = E [u(pn)] = (0", u (% 25-i>> —u(p), n—+oo,  (2.8)

where we used the notation

(", u (% Zfii)) = /Rdnu (%Z&;) p(dzy) ... p(day).

We can set ¢™(p) = (™, u (37, 6.,)) and thus the family {¢"},>; approximates
pointwise u.
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The goal of our approximation technique is to find a class of functions with good
properties that allows us to approximate functions over positive measures together
with their derivatives, when they exist.

The first step in our procedure is to adapt the previous argument to a space of finite
positive measures. Let us introduce, for £ > 1,

ML R = { o€ MERY: R € |11 |

In the end, we will be able to approximate a function u: M;k(Rd) — R, where
k > 1 is fixed, in a way that allow us to approximate also its derivatives, when
u € C} (M5, (R?)). We can define, for every p € M3, (R?),

u(p) = u (@ié}g) , n>1, (2.9)

where {X;}7 are i.i.d. random variables with law s/u(R?). If we fix u € M3, (R%)

and we ask the mapping P>(R%) 3 7 — u (u(R%)7) € R to be bounded and continuous
in W, then we can conclude, as for (2.8), that

) Bl (o — ey (PR noY
8" (1) = E 0 (1)] = e (7" (Tza>> o (R s ) = ulo)
(2.10)
as n — +00.

Remark 2.2.1. Notice that if u: M; +(R?) — R is continuous with respect to the weak

topology, then the mapping Po(R?) 3 7 + u (M(Rd)w) € R is continuous in Wy for
every fixed pu € M3, (R?). Indeed if Wy(m, ') — 0, then (u(R%)7,¢) — (W(RY)7', )
for every ¢ € Cp(R?) and then one conclude thanks to the continuity of u.

Remark 2.2.2. 1t is easy to show that the mapping

RY) &
RE*" ) o My, T = LE@,
S (21, ., Tp) = W21, .., Ty) u( s 1)

is in CZ(R™") if u € CZ(M*T(R?)). Indeed, let h > 0 and k € {1,...,n}, then

1

7 @™ (1, ..y +hy oo ) — WX, Ty T
_ (R /1 Optt (m;’“h, T+ h) — Opu (mgfh,a:k) a9
nJo h ’

with my}, = “(%ﬁ) (Z;;k O, + 004, 4 + (1 — 9)5%). If we let h — 0, we obtain

n

R4 RY) &
Okt (1, ..., Tp) = il )D“u (,u(n ) Z‘;zmxk) ,
i=1
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which is continuous and bounded thanks to the regularity of D,u. We can proceed
analogously for the second order derivatives. Moreover, if we consider £ > 1 and
u € C} (M3, (R?)), then the mapping

1 2 —
R s | = k| 3 (21, .., n, TSNP EESTl ) N
X[k’} (21 T, 2) > (1 T, 2) u(n 2 )

is in CZ(R™™ x [%, k] ). Indeed, let h be an admissible increment, then

1
—a™(xy, ..., xp, 2+ h) — 0" (21, ..., 20, 2)]

h
d . d d d
1 / z+0h 1 z
:—E 0,1 E O,y @ d9—>—§ d,u —E Onss i |
=1 /o ’ < - k) C— ' <n i=1 k)

as h — 0, which is continuous and bounded thanks to the regularity of §,,u. As before,
we can proceed analogously for the second order derivatives.

The set M; +(R?) is not compact with respect to the weak topology and in the
further computations this will give rise to some problems. So, we want to restrict to
the case in which the measures are in a compact subset of M;k(Rd). Let us introduce
the family of compact rectangles { Ky = [~ N, N]?} y>; C R% Then, for every N > 1,
we define

Hy ={ne M;k(Rd): suppp C Ky},

which is compact in the weak topology. Given u € M; (R?), we denote with p™ i the

measure such that d’zl—]:“ = p", with p"V positive and smooth cut-off function equal to

1 in Ky and identically zero outside Ky.;. We notice that p™p is always in 3 ;.
Thus, for every N > 1 we set

W (u) = ulpVp), e My, (RY). (2.11)

In the following lemma, we show how we can approximate a function u: M; L(RY) = R
Wlth {ﬁN}Nzl.

Lemma 2.2.3. Let k > 1, let u be in C} (M3, (R?)) and let the sequence {0} n>
be defined by (2.11). Then, for every p € M3 (R?), ™ (u) — u(p) as N — +oo
and {0,0" }nz1, {050 bz, {DutY b1, {DRa™ bvz1, {DaDytt™ b1, {Dadia by
pointwise converge to the respective derivatives of u. Moreover, || ||oo < ||t]loo, and
there exists C > 0 independent of u, N,k such that

16,8l < [l ull o™ || < llojull,
D™ || < CUDuull + 1duull),  10:Dui™ || < CIDyull + lduull + [DaDyul)),
IDad ™| < C(logull + [Dadjull),  [DRa"] < C(l|dgull + [Dodjull + [IDrul),

where the norms are meant as |||, that is the supremum norm over all the arguments
of the function.
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Proof. First, we notice that pNu — p weakly as N — 4o00. Indeed, for every ¢ €
Cp(R?), we have

et = [ oM@ [ plontas)

as n — +o0o, thanks to dominated convergence. Thus, since u is continuous with

respect to the weak topology, we have that for every € M3, (R?), @ (1) — u(p) as

N — +o00. Moreover, it is immediate that ||4"||o < ||t]|co-

Regarding the linear functional derivatives, from Proposition 2.1.22 with m(u) = p™pu

and g(u) = u(p), it follows that for every p € M3 (R?) and z,y € R?
0,0" () = pN ()8, u(p™ p, ) — Suulp, ), as N — +00,
2N _ NN AN(NS2, (N 2
Ot () = p (x)p™ (y)opu(p™ p, x,y) = dpulp, z,y),  as N — +oo,

thanks to the continuity of ,u and 62u and the fact that p"(z) — 1 as N — o0,
for every € R%. As before, the estimates on the norms easily follows.

To conclude, it remains to show the convergence of the derivatives in space of J,u
and 02u. For instance, we have that, for every € MJ,(R?) and z € R?

D, (1, z) = D6, 0" (1, )
= D,p" (2)0,u(p" p, v) + p™ (2)Du(p™ i, ) — Dyu(p, ), N — +oo0.

Indeed, the first summand tends to 0 since supp D,.p" C [N, N+1] and §,u is bounded,
whilst the second one tends to D,u(u, z) thanks to the continuity of D,u and the fact
that p™(x) — 1 as N — +oo, for every z € R% In a similar way, we get

D, D" (u, x) =D2p" (2)8,u(p™ p, )
+2D,p™ (2)Du(p™ i1, ) + p" (2)DeDu(p™N p, 1),

D0 (p, x,y) =p™ (y)Dep™ (2) 5 u(p™ i, 2, y) + ™ () p™ (2)Dadu(p™ p, 2, ),

D2 a™ (i, 2, y) =Dap™ (2)Dyp™ (y) " Sou(p™ i, x, y)
+ pN (y)Dap™ (2)Dy 02wl p" p, 2z, y)
+ pN (2)Dabru(p™ p, 2, y)Dyp™ (y)
+ o ()N (@) Dhu(p" 1, z, y),

and then we can prove the convergence of the remaining derivatives as before.

Regarding the estimates on the norm, it follows that

D™ (| < CUDyull + [|8,ul), 10:D, @™ || < C(IDyull + [|8ull + [|:Duul]),
0:65a™| < C(llggull + 19:05ull), DA™ < Cllopull + 1005wl + [IDull),
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where C' = max {1,2[0,p™ ||, [|02p"1], 0.0~ (9,p™) T[]} and all the norms are meant
as ||‘][s- Notice that C' can be chosen independent of N, k and u, thanks to the
particular structure of p'. O

Thanks to Lemma 2.2.3, we can approximate functions in C¢ (M3, (R?)) with functions
in C? (H%). Since we need more regular approximants, our goal now is to show that
if u e C?(HY), with k> 1 and N > 1 fixed, then its derivatives can be approximated
by the corresponding derivatives of the sequence {¢"},>; introduced in (2.10), namely

0"(10) = B (0] = s (7" (@ Zm) ) e stk

Lemma 2.2.4. Let u be in C}(HY), for k > 1 and N > 1 fived, and let {¢"},>1
be defined by (2.10). Then, for every p € H%, ¢o"(n) — u(p) as n — +oo and
{5u¢n}n217 {53¢n}n21; {Du¢n}n21; {Di¢"}nz17 {DxDu¢n}n217 {Dx53¢n}n21 converge
pointwise to the respective derivatives of u. Moreover, ||¢" || < ||t]lco and the same
holds for the deriwatives, up to a multiplicative constant independent of u, N and k.

Remark 2.2.5. Thanks to Lemma 2.2.4, we can approximate functions in C%(H?%,)
with functions ¢": H% — R of the form

xXn

n H d
§Z5 (:U’) - <W7¢n('v e '7'7M(R ))>7

where ¢, € C3(Kx x [+, k]) is symmetric in the first n arguments and Ky = [-N, N]%.

Proof. First, u: H% — R is absolutely continuous with respect to the weak topology
and so it is also for the mapping Pa(Ky) 2 7 — u(u(R?)7), with u € HE,. Moreover,
since we are considering measures over a compact subset of R, the absolute conti-
nuity of this last mapping also holds in W,. The same consideration is true also for
d,u, Dyu and D,Dyu (resp. 02u, Dy0%u and D2u) when restricted to H5 x Ky (resp.
Hr x Ky x Ky).

We already showed the convergence of ¢™(u) to u(u) for every u € H%. Let us
discuss the convergence of the linear functional derivatives of ¢™. First, we notice

that ¢"(u) = f()g(p) with

1 “n RY) .
g(u)::W, f() = (u w(mn);di)% € Hy.

From Proposition 2.1.20 it follows that 6,,g(p, ) =
2.1.23 combined with 2.1.22 we get

—W, whilst from Proposition

(Sﬂf(:uvx)
= n(p " u (M(Rd) > M<Rd)5$>> i i(ux", Outt (M Xn:5 'J’) ).

n - n
=1
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Thus, from Proposition 2.1.23, we have that for (u,z) € H% x Ky,

n

n an [ BRY)
—WW ;u< " 25-¢>>
1 RY) &
() ’5““<M(n)zé'i"j)>’

which can be written by using the random variables {X;}" , as

(505
8, (“(Rd) iéxi,xjﬂ L (2.12)

Regarding the first two terms of (2.12), since w is differentiable in linear functional
sense, we get that their difference is equal to

)iaxiw%maﬁu—e) (Rd)ax >d0],

/15”u <u( ‘

which tends to 6,u(u, x)— (ﬁ, d,u(p, -)), thanks to dominated convergence and the
regularity of the linear functional derivative. On the other hand, the last therm in
(2.12) converges to (ﬁ, d,u(pe, -)) (which coincides, for instance, with E [6,u(u, X1)]).

Indeed,
BN pRY)
7j=1 =1
< E;E M( - ;axi,xj ~—E Zaﬂu(u,xj)
25 u(p, X

then the first term tends to zero thanks to the uniform continuity of d,u and the
second one tends to zero due to the law of large numbers. From (2.12) it also follows
that [[0,0" |« < 3||0,ul/e. Similarly we are able to show the pointwise convergence

n dy n—1 d

00" (11, )

—E

u (M(Ed) nz_l(sxi + %Rd)&a

J=1

E

—E

—E [5uU(M7X1)]‘

E [dpu(p, X1l
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of 67¢™ and the estimate for [|0%¢" |-

Now we study the convergence of the L-derivatives of ¢", by differentiating (2.12)
with respect to x. The second and the third term do not depend on x, whilst for the
first one we can compute the increment:

/1 Suu (mf @ + hey) — 6,u (mf,, ) d@]
0

where h € R, k € {1,...,d}, e is the k-th vector of the canonical basis of R? and

Rd n—1
i = p1(R?) (Z Ox, 4 005sne, + (1 — 9)51,> .
=1

n

Then we can pass to the limit as h — 0 and thanks to the uniform continuity and the

differentiability of J,u we get
n—1
p(R) p(R)
Dx5uu ( n Z; 6X1 + n 5wa x ’

which tends to D, u(u, x) as n — +o00 and from which we can also deduce || D,,,u¢" || oo <
|Dyulloo. Again, with similar computations one can show the pointwise convergence
and the norms estimates for {D,0%¢" }n>1, {DaDy¢" b1, {DLO" Faz1.

Dugbn(:uv T) = Dx(s/lgbn(:uv z)=E

]

A further approximation can be achieved by substituting ¢ in Remark 2.2.5 with
a certain family of symmetric polynomials. The obtained function has a more regular
structure and is easier to study. We call functions of this type cylindrical and they
represent the last step in our approximation.

Definition 2.2.6 (Cylindrical functions). We say that u : M (R?) — R is a cylin-
drical function of order k € N if there existn € N, g € C{;(R”) and {ip;}7, C C]’;(Rd)
such that

U(M) :9(<M7¢1>,,<M,wn>), VM€M+<Rd)

We denote with Cp(M*(R?)) the set of cylindrical functions of order k.

In order to study the convergence in the next Lemma, we consider the following norm:
let N>1,k>1and let u € C}(H%), then

[ullez ooy = sup (Ju(p)] + 0,u(p, )] +105u(p, ©,y)| + [Dadrulp, z,y)]
HEHL S
z,yeEK N

+ Dyl )] + DDy, 2)] + (D2l ), (213)
where we recall that Ky = [N, N]%.

Lemma 2.2.7. Let N > 1 and k > 1 be fized. Let f: H% — R be defined, for r € N,

as f(p) = (%,gp(,...,,p(l@ﬂ))% where o € C} (K& x [£,k]) is symmetric in
the first r arguments. Then, there exists a sequence {f"}n>1 C Co(MT(RY)) such that

1f = f*llcz gy — 0 as n — +o0.
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Proof. Since K} [ ,k} C R¥+1 is compact, we can find a family of symmetrical
polynomials {gpn}nzl which approximates ¢ in C? norm (we can choose a symmetric
version of Bernstein approximants, see for instance [25, Section 3.2]). More precisely,

£(n)

(2071("[17"'7377’7 Zh Hg’h]('x])a
j=1

where ¢(n) € N, g;;: Ky — R and h;: [%,k’} — R are monomials, for every i =

1,...,¢(n)and j =1,...,r. Let us introduce f"(u) = <m, On(sy ooy p(RY)), for
every n > 1. This sequence is in Co(M*(R?)), indeed, for every n > 1,

fn(u) = gn(<:u7 gl,l>a SRR <:ua g@(n),T‘)y M(Rd))a

where ¢" is defined over R“"™ x R as

£(n)

gn(£1,17 ce 7€f(n),'r7 Z CG(Z H £Z',j7
J=1

where we denoted by e(i) the exponents in the monomials h;. This function g¢"
symmetric, twice continuously differentiable but not bounded. However, we can con-
sider the product with a smooth symmetric (in the first r variables) cut-off function,

equal to 1 in the rectangle [~R — 1, R + 1] x [+, k], where

R = maX{|<Ma gl,l>|> R ‘(/L? gé(n),r>|}a

and vanishing smoothly outside. This function, that we denote again with ¢" for
simplicity, is symmetric and in CZ(R™ x R). We can notice that at this point we
needed the fact that u(RY) > 1/k, which was included in the definition of H%;, and
not only p(R%) > 0. Indeed, we need ¢ € C} (K% x [+,k]) in order to introduce the
sequence {yn}n>1 and consequently { f™ }nZl :

Let us study the convergence of {f"},>1 in norm ||-||cegexy. First, it holds that
sup,esee | f"(n) — f(1)] — 0 as n — o0, thanks to the uniform convergence of
{¢"}n>1 and the bound on p(RY). Regarding the first-order linear functional deriva-
tive, we have that for every u € 3% and x € Ky,

. B Mx(r—l) ,uxr .
6ﬂf (,u7$) - T<W> @n('l, I PR M(Rd)» + <Wa 8290 ('7 BRI 7#(Rd))>
uxr .
i o iR (214)

Due to dominated convergence, expression (2.14) converges as n — +oo to the same
one with ¢ instead of ¢", which is 6, f. Analogously, 52f”(u,x y) = 6, f"(p, x,y) as
n — +oo for every pu € f}Ck and x,y € K. Moreover, since ¢, and its derivatives up
to order two converge uniformly to ¢ and its derivatives, we have that

sup [0, f" (i, @) = duf (11, ) = 0, sup |0 f" (s 2, y) = 0 f (1,2, 9)| = 0,
ueﬁfN ueﬁf
zEK N zyGKN
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as n — +o00. To conclude the discussion on the convergence, we are able to bring the
spatial derivative inside the integral in the first row of (2.14) and so for every u € H%;
and v € R?

X (r—1)

D,ufn<lu’7 JI) = T(W? Dxﬂpn('l; I s RRL :U’(Rd)»

MX(rfl) p
— 7’<—, DIESD('M ceey =1, T, N(R ))) =D f(,u,a:),
p(RA)" g
as n — +00. As before, the convergence takes place also uniformly since the first-
order derivative of ¢, converges uniformly to the one of ¢. In the same way we can

show the uniform convergence over H5 x Ky (or Hf x Ky x Ky) of {D2f"},>1,
{DeDpf" bnz1, D20 f " }nz1 to D2 f, DD, f, D07 f respectively. O

Remark 2.2.8. We can notice that both the results of Lemma 2.2.4 and Lemma 2.2.7
work for functions over Py (Ky), and the approximants remain well defined over
Py (Ky). Regarding Lemma 2.2.3, we can not simply cut the measure support, since
the mass must be kept normalized. In this case, we can approximate u € Po(R?) with
the family of probabilities obtained by concentrating all the mass outside the compact
Ky in the origin, namely {\Ypu + AYdo}n>1, where A and A\ are smooth positive
cut-off functions, AY = 0 in Ky,1, AY =0in K$ and A\ + A\Y = 1. This sequence
converges weakly to u € Py(R?) and the approximation properties in Lemma 2.2.3
still hold for {a™} y>1 == {u(Ap+ A o) fs1.

Remark 2.2.9. From the proofs of Lemma 2.2.3, we can see that if we ask for u €
C?(M3,(RY)), then the approximation for u and its first- and second-order linear
functional derivatives still holds. The same applies also for Lemma 2.2.4.

Remark 2.2.10. At the beginning of this section we used the fact that a function u on
M*(R?) can be regarded as a function defined on R, x P(R?) through the formula

v\, ) =u(Ar), A>0, T PR,
and conversely
u(p) =v Rd,L>, e MT(RY).
(1) (u( ) RD ) (RY)

Probably this fact could be used to deduce some of the results we proved for functions
over MT(R?) (see for instance Section 2.1.1) directly from earlier results for functions
over P(RY). However, we decided to give the proofs directly in the context of M*(IR%)
since in this case the computations are more straightforward and since this is the
natural framework to study the Zakai equation.
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Chapter 3

It6 formulas for filtering processes

In this chapter, we present two Ito formulas concerning the solutions of the filter-
ing equations. In the recent literature, formulas for the composition of a probability
measure-valued process and a real-valued function have been recently obtained, espe-
cially in a context related to mean field games and McKean-Vlasov equations (see for
instance [24, 31, 32]). In all these cases, the considered measure-valued process is the
law of a stochastic process, and this feature is usually exploited in the proofs. Here
we follow a different approach, based on the fact that the measure-valued processes
we are considering satisfy an explicit stochastic differential equation (namely the Za-
kai or the Kushner-Stratonovich equation). To take advantage of this, we first prove
the result for the family of cylindrical functions, introduced in the previous chapter.
Then, we obtain a general result by approximation.

We first focus on the Zakai equation, since the fact that it describes the evolution
of a positive measure-valued process represents a major novelty. Then, we present
analog results for the Kushner-Stratonovich equation, and we discuss briefly some
similarities and links with the problem of mean filed games with common noise.

The results contained in this section hold under more general conditions than
Assumption 1. In particular, it will be only necessary to assume:

Assumption 2. All the mappings f,o,d,h are taken Borel-measurable and bounded.

We also recall that the operators A, B, introduced in Section 1.2, are defined for
every 1 € C3(RY), z € R4, by

Av(a) =Y fil@)d(a) + % > {(o0"), @) + (657),, ()00 (@) }

By(z) = Z&ik(x)(?ﬂ/}(:c), k=1,...d.
- (3.1)
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3.1 Ito formula for the Zakai equation

In this section, we consider a complete filtered probability space (€2, F, {F;}icpm, Q)
endowed with a {J;}-Brownian motion Y, and a solution to the Zakai equation p on
that probabilistic setup. In particular

t

(P ) = i) + / (9o At) ds + / (oo ho + BY) - dYa, € CARY,  (3.2)

where the coefficients are related to the filtering problem (1.1)-(1.2) and the operators
A and B are defined by (5.3). Finally, we will consider only initial conditions p in
MI (R?), so p is a M3 (RY)-valued process.

The aim of this section is to identify an Ito formula for the composition of a reg-
ular function and a process that solves (3.2). This is a key step for our final purpose,
that is to write and study the backward Kolmogorov equation associated to the Zakai
equation.

Before stating the main result of this section, we need to introduce a notation for

the integral with respect to the product measure p ® p, with p € MT(RY). Let
f,g € CL(R?), h € C,(R? x R?). We adopt the following notations:

e Every time p(dz) ® u(dy) integrates a product of functions over RY, it is meant
that the first one is integrated with respect to u(dz) and the second one with
respect to p(dy), that is

(1@, fg) = / / F(@)g()p dz)u( dy).

In particular, (u @ p, f f) = [ [ f(2)f(y)pu(dz)u(dy);

e Every time pu(dr) ® u(dy) integrates a product of functions over R? and a
function over R? x R?, it is meant that the first one is integrated with respect
to pu(dx), the second one with respect to p(dy) and the third with respect to
both, that is

(1@ p, fgh) :=//f(ﬂ?)g(y)h(:v,y)u(dx)u(dy)-

The extension to vector-valued and matrix-valued functions is straightforward.

Proposition 3.1.1. Let p = {p,t € [0,T]} be a solution to the Zakai equation
starting at ;1 € M (RY) and let u be in C}(MF (RY)). Let also Assumption 2 holds.
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Then the following Ito formula holds:

u(pr) = u(s) + / (9o Dyt(p) - f) ds

1 tq L
+ 5 ps,tr{D D,u(ps)oo } ds—l—/o §<pt,tr {DxDuu(ps)aa })ds
+ ps,hé u(ps)) dYs+/ (ps, 7" Dyu(py)) - Y, (3.3)
t 1 0

t
360 pusBulp 1) ds + [ (o, puh-oT8,Dyulp)) ds
0

l\J

(ps @ ps, tr {Diu(ps)ﬁﬁT}) ds, te€[0,7],

[\:)I)—l

almost surely in €.

Proof. The proof in divided into five steps: the idea is to show the formula for cylin-
drical function over a compact subset of M7 (R?), which is a direct consequence of the
classical It6 formula, and then achieve the result by approximation and localization.
In particular, for the first four steps we assume that, for a fixed k > 1, p, € M3, (R?)
for every t € [0,T], that is p,(R?) € [1, k] for every t € [0,T], almost surely. In the
last step we get rid of this condition by a localization argument.

First step. We prove the formula for u € Cy(M*(R?)). More precisely, u(u) =
g((ybn), o s n)), n > 1, g € CE(R™), {4}, C C2(RY). Without loss of gener-
ality, we discuss the case n = 1, that is u(u) = g({u,v)). The result with n > 1 is
obtained with the same procedure. By the classical It6 formula and (3.2), we get that

du (Pt) = dg((pt, >)
9 ({pe; ) (pe, Ab) At + g'({ps, ) (e, W) + By) - Y,

S0 (P ) o, i+ B) - oo, + By e
= /(o)) Do - ) dt + /(9o ) tr { Do })

+ 59/ Gpe ) (ot {D20a0 ™ 1) e+ (g )i, b +5 D) - Y,

1
+ 59" (o1, ) (o1, D + & D) - (py, hp + 5 D)) dt

+

Then, recalling Example 2.1.11, we get that

du(p:)
1 1
= (pi, Dyu(pe) - f) dt + §<pt, tr {DzDuu(pt)aoTH dt + §<pt, tr {DxDuu(pt)ﬁﬁT}> dt
1
+{p, houu(py)) - AYi + (pi, 0" Dyulpy)) - dYs + 5 {or @ pi, dulpe)h - ) dt

2

1
+ {pt @ pr, h - 6T6#Duu(,0t)> dt + ={p; @ py, tr {Diu(pt)ﬁﬁT}> dt, (3.4)

5
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for every t € [0, 7], almost surely in 2.

Second step. Let usfix N > 1 and k > 1. Now we show the formula for functions of the
form u(p) = (dayr o(s - ,W(RY)), with € My, r €N, ¢ € C3(Ky x [1,k])
and ¢ symmetrical in the first r arguments. Thanks to Lemma 2.2.7, there exists
{u"},>1 C Co(M*(RY)) such that [ju — u"||¢2(9¢r) — 0 as n — +00, where the norm
has been introduced in (2.13). Thus, thanks to the first step, we get the formula (3.4)

with «™ in place of .

We study now the convergence of the terms in the expression we obtained. Since
u™ converges to u for every u € H% we have that u”(p;) — u(p;) and u™(p) — u(p)
almost surely in €2, as n — 4o00.

For the integrals in time, we can proceed by dominated convergence thanks to
the convergence in ||-||cz ga norm of {u"},>; and the boundedness of the coefficients
b,o,7,h. Here we discuss the convergence of f; %(Ps ® ps, tr {Diu"(ps)ﬁﬁT}) ds, but
the other terms can be studied analogously. Thanks to Lemma 2.2.7, we have

}tr {Diu”(ps)ﬁﬁT} —tr {Diu(ps)(?&T}‘ < 3|]0||§O||Diu||oo, (3.5)
so by dominated convergence
[(ps @ ps, tr { D2u"(ps)oa " } — tr { D2u(ps)aa’ })| — 0,
as n — +00. Moreover, we have that for every ¢ € [0, T]

(2 ® postr { D2 (0)55 ™} — tr { D2u(p)ao ™ })| < 3k]lol12 [DZull € L((0, 1)),

since p;(R%) € [%, k:] Thus, again by dominated convergence we can conclude that

for any ¢ € [0, 7]

‘1 __ 1 [ __
/ §(p5 ® ps, tr {DZu”(pS)craT}> ds — 5/ (ps ® ps, tr {Diu(ps)aaT}> ds| — 0,
0 0

almost surely in €2, as n — +oo.

For the stochastic integrals, we prove the convergence in L?*(). Since the tech-
nique is the same for both the terms, let us focus on f(f ps (ho,u™(ps)) - dYs. By Ito
isometry, we have that for any ¢ € [0, 7] it holds

E ( / (o B (02) — (pu B, u(p0)} ) - dYS)Q

—8 | [ 108,00} = (o (o) 5] 0.

where the convergence is obtained thanks to the uniform convergence over H%, x Ky
of {6,u"},>1 and the boundedness of h, combined with the dominated convergence
argument we used for the deterministic integral.

Every convergence we proved implies the convergence in probability, so the relation

o8



(3.3) holds almost everywhere in €2, for every ¢ € [0, 7. Since both the right hand side
and the left hand side of (3.3) are continuous , the relation holds for every ¢ € [0, 7]
almost everywhere in 2.

Third step. Let u be in C?(H%). Then by Lemma 2.2.4, there exists a sequence
{¢" }m>1 which converges pointwise to u, and the same holds for the derivatives needed
in the Ito formula. Moreover, as we pointed out in Remark 2.2.5,

n B Mxn
¢ (:u) - <W?¢n(" .- '7":U<Rd))>a

with ¢, € C3(K% x [%,k}),n > 1. Thus, by step two, (3.3) holds for every ¢". To
conclude, we can pass to the limit with the same argument we used in step two, ex-
ploiting the bounds on the norms given by Lemma 2.2.4, the boundedness of b, 0, 7, h,

the fact that p;(R?) € [%, k‘] for every t € [0,7] and the dominated convergence the-

orerml.

Fourth step. Let u be in C} (M3, (R?)). Thanks to Lemma 2.2.3, we can conclude
that (3.3) holds also for this class of functions, by the same argument we use in the
previous steps.

Fifth step. Let us introduce the sequence of random times 7: 2 — [0, +0o0],
e={t>0:p(RY) € [1/k, Kk}, k>1.

First, {7 }x>1 are stopping times since they are exit time from a Borel set and more-
over, thanks to Remark 1.3.4, 7, — +o0, P almost surely as k — +o00. Then, we can
consider the stopped process pf = pia,, for which, thanks to te previous steps, (3.3)
holds. Indeed it still satisfies the Zakai equation (3.2) and pf(RY) € [1/k, k], for every
t € [0,T] and k > 1. To conclude, we can let & — +oo in the Itd formula for pf,
recovering (3.3) for p; and u € CZ (M3 (R?)), thanks to the continuity in time of all
the terms involved in the equation.

]

Remark 3.1.2. We can rewrite the formula (3.3) in the following way

du(py) = (pi, Adyu(pr)) At + (py, (h + B)ouulpr)) - dYy

v %m @ pr, (h+ B) - (h+ B)8%u(p,)) dt, (3.6)

where

(Pt ® pr, (h+ B) - (h + B)éiu(pt»

- / / (h(x) + 0" (@)Ds) - (h(y) + 5T (4)D,)62ulpr, 2, y)pe( dx)n( dy).

Corollary 3.1.3. Assume that Assumption 2 holds, let p = {p;,t € [0,T]} be a
solution to the Zakai equation and let u: [0,T] x Mg (R?) — R be in C}(MI(RY))
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for the measure argument, in C'([0,T]) for the time argument and let u and all its
derivatives be bounded in all their arguments. Then it holds

u(t, ps) = u(0, p)
—l—/o 8Su(s,ps)ds+/0 <pS,A6Mu(s,ps))ds—|—/O (ps, (h+ B)o,u(s, ps)) - dYs

t3 [0 4 B G B 05, 0TI, @)

almost surely.

Proof. The proof is basically the same of Proposition 3.1.1, with a standard modifi-
cation in order to deal with the time dependence. O]

3.2 Ito formula for Kushner-Stratonovich equation
Let us consider a weak solution {(€2, I, {J; }sc,, P), (I, I) } to the Kushner-Stratonovich

equation starting at m € Po(R?). In particular, for every ¢ € [0, 7] and ¢ € CE(RY) it
holds

() = (m,6) + / (I, Av) ds + / (I, hp + Bi) — (I, @) (I, 1Y) - dI,. (3.8)

As for the Zakai equation, is interesting to study the It6 formula for the composi-
tion of the process IT with a function u € C?(Py(R?)).

Proposition 3.2.1. Let {(Q, T, {F: }icjo.11, P), Iz, It) } be a weak solution to the Kushner-
Stratonovich equation starting from m € Po(R?) and let u € CZ(Po(R?)). Moreover,
let Assumption 2 be in force. Then for every t € [0,T)] it holds:

u(IT) = u(m) —l—/o (I, Dyu(Ily) - f) ds

t 1 t 1
+ / ~(IL,, tr {D,Du(Il,)oc " }) ds + / §(Ht,tr{DxD#u(Hs)66T}>ds
0 0

t t
+/0 —<HS®HS,5§u(HS)h-h>ds+/O %(HS®Hs,tr{Diu(Hs)oaT}>ds
t t
b [ UL, T Su)) ds+ [ (1,10 076,D,u(11) ds
t t
—/ (I, ® 11, 62u(IL,)R) - (I1,, ) ds—/ (I, ® M,,5"6,D,u(IlL,)) - (I, h) ds
0 0

+/t(HS,h5Hu(HS)>- dIS+/t(HS,5TDuu(HS))- d]s—/t(HS,éuu(Hs»(Hs,h)- dI,,
(3.9)

almost surely.
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Proof. The proof use the same approximation technique used in Proposition 3.1.1
proof. One has only to notice that the localization of the mass in the proof of Propo-
sition 3.1.1 can be avoided, since II;(R?) = 1 for every ¢ € [0, T], and the steps from
one to four have to be done keeping in mind Remark 2.2.8. [

Remark 3.2.2. We can rewrite (3.9) as

du(Il,) = (I, AS,u(IL,)) dt + (1L, (h — (I, k) + B)3,u(IL,)) - dI,
+ %(nt @1, (h— (T, hY + B) - (h — (IL;, h) + B)32u(IL,)) dt. (3.10)

Remark 3.2.3. As for Corollary 3.1.3, an It6 formula for u depending also on time
easily follows from Proposition 3.2.1.

Remark 3.2.4. In the literature, in particular in the mean field games context, some
[t6 formulas have been proved for the composition of Py(R?)-valued processes and
real-valued functions over P»(R%). A remarkable result can be found [32, Section 4.3],
in which the P5(R%)-valued process is the law of a diffusion process of the form

dXt = f(Xt) dS —|— O'(Xt) th + 5-(Xt) dBt,

conditioned to B, where B and W are two independent Brownian motions. The main
difference with our technique is that we have an explicit equation for the measure-
valued process and we use it to deduce the It6 formula, whilst in the approach of [32]
the result is obtained combining the classical Ito formula, the empirical projection of
the function u and the equation for the process X. In particular, a key tool in that
approach are some formulas that relate the partial derivatives of the empirical projec-
tion u(n™' Y7 d,,) with the L-derivatives of u. We can also notice that, heuristically,
if we set h equal to zero in the filtering problem, the Kushner-Stratonovich equation
describe the law of X given the filtration generated by B up to a certain time. In
this case, we can see that (3.9) coincides with the formula in [32] (see also Remark
3.2.5). Moreover, our technique also allows to deal with M (R¢)-valued processes, as
we did in Section 3.1, thanks to the fact that it is based directly on the equation for
the measure-valued process and not on the fact that the measure-valued process has
to be a conditional law of a finite-dimensional process.

Remark 3.2.5. Our method can be used to obtain It6 formulas in other contexts, pro-
vided that a stochastic differential equation for a measure-valued process is available.

A first example is the filtering equations for a signal which is a pure-jump Markov
process. In this case, the Zakai and the Kushner-Stratonovich equations have the same
form as the ones considered above, with the only difference being that the signal’s
generator A is an integral operator. Under suitable assumptions on the signal, one
can obtain It formulas that read as (3.6) and (3.10), where A is the integral generator
mentioned above.

Another example, which is not related to stochastic filtering, is the SPDE asso-
ciated to a McKean-Vlasov equation with a common noise B (see [64]). This SPDE
is solved by a probability measure-valued process v = {v;,t € [0,T]}, which is the
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conditional law of the McKean-Vlasov process given the common noise. The equation
reads as the Kushner-Stratonovich equation (3.8) where h has been taken equal to
zero and with the coefficients f, o, depending also on the measure. More precisely,

d(vg, )y = (v, A(v)) dt + (v, B(v)v) dBy. (3.11)

Thus, under proper assumptions (for instance f, o, bounded and Lipschitz both on
the space and the measure argument), one can obtain an It6 formula for (3.11). The
formula will read as (3.10), with h equal to zero and with A(1;) instead of A.
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Chapter 4

Classical solutions

In this chapter, we present most of the main results of this thesis, which are devoted
to the introduction of the backward Kolmogorov equations associated to the filtering
equations, and then to study the existence and uniqueness of their classical solutions.
First, we focus on the Zakai equation, since its linearity makes some results easy to
achieve. We investigate some regularity properties of its measure-valued solution.
After this preliminary step, we write the backward Kolmogorov equation associated
to the Zakai equation, which is a partial differential equation of parabolic type on
a space of positive measures, and we prove the existence and uniqueness of classical
solutions. In the last part of this chapter, we present analog results for the Kushner-
Stratonovich equation, and in particular, we will study the existence and uniqueness
of classical solution to a partial differential equation of parabolic type over a space of
probability measures.

In the following sections we will ask repeatedly that Assuption 1 holds. We re-state
them below.

Assumption 1. All the mappings f,o,a,h are taken Borel-measurable. Moreover we
assume:

a. the mappings f: R? — RY, o: R? — R4 gnd 6: R — R¥>? are Lipschitz
continuous;

b. the mapping a = oo ' : R® — R s uniformly elliptic, that is there exists
A > 0 such that szzl aij&i&; > NE|? for every x, & € RY;

c. the mappings f,o,0,h are bounded.

We also recall that the operators A, B: CZ(R?) — Cy,(R?), introduced in Section 1.2,
are defined for every ¢ € C%(R?), z € R?, by

Av(a) =Y fil@)d(a) + % > {(o0"), @) + (657),, ()00 (@) }

4,j=1

By(z) = Z&ik(x)(?ﬂ/}(:c), k=1,...d.
- (4.1)
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4.1 Regularity with respect to the initial condition for
the Zakai equation

In this section we investigate the differentiability of a solution to the Zakai equation
with respect to the initial condition. We will consider a complete filtered probability
space (£, F,{Fi}icr), Q) endowed with a {J;}-Brownian motion Y, and a solution
to the Zakai equation p®" on that probabilistic setup (see also Remark 1.3.10). We
use the superscript s, to highlight the initial value g € M3 (R?) and the initial time
s € [0,T]. In particular

(") = () +/ (p3*, AY) dT*/ (p2".hp+ By) - dY, ¥ € C(RY), (4.2)

where the coefficients are related to the filtering problem (1.1)-(1.2) and the operators
A and B are defined by (4.1). We will also assume that Assumption 1 holds, so from
Theorem 1.3.9 we have the pathwise uniqueness property. Finally, we will consider
only initial conditions p in M7 (R9), so p is a MJ (R?)-valued process.

By computing formally the linear functional derivative of the equation (4.2), for
every € R? we get the following equation, defined over (Q, F, {F: }iepo.1), Q,Y), for
an M(R?)-valued process Z°(z) = {Z:(z),t € [s,T]}:

@), = o) + [ (230, A dr 4 [(22), By v av @4

We can look for solutions to (4.3) that are in My (R?) for every fixed z € R? and since
it is a Zakai equation with initial condition in P5(R?) and with the same coefficients
of (4.2), we have that there exists a unique Mj (R?)-valued solutions Z;(x) for every
x.

Remark 4.1.1. The solution of (4.3) will play the role of linear functional derivative
of the mapping M7 (RY) > pu s p;*, t € [s,T], see also Remark 4.1.5. We can notice
that Z°(x) does not depend on p, as expected since the Zakai equation is linear.
Before presenting the main results regarding the properties of the process Z*(x)
introduced above, we provide an explicit estimate for the mass of a solution of the
Zakai equation. We report the proof for completeness, even if the result is well known

(see for instance Fact 3.2 in [80]).

Lemma 4.1.2. Let p*>* be a solution of the Zakai equation (4.2) and let Assumption
1 be satisfied. Then it holds

S5 2
E [\(pt ", 1>ﬂ < 2(p, 1)2e2T A
where 1 is the function equal to 1 for every x € R and p € M;(Rd),
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Proof. Since p* solves (4.2), we can write the Zakai equation for ) = 1 and then take
the expected value. Thus, for every ¢ € [0, 7], we get

t

E {165, 1] < 2001 + 20002 [ E [l 1]

and the thesis follows by Gronwall’s lemma. n

Proposition 4.1.3. Let s € [0,T). Let p>* be the solution of (4.2) starting at
p € Mg (RY) and let Z*(x), x € RY, be the solution of (4.3). Then

i. for every m,m’ € M3 (R?) it holds

/

1

i) = o) = [ [ (2@ o) b~ m) (d) a6, vee[s.T)
0 JRd

almost surely;

i. for every t € [s,T] and x € R, there exists a constant C = C(T,h) > 0 such
that
B [(Z: (), 1] < O(T, h),

Proof. In this proof we hide the dependence on s in p** and Z°(x). Let us define, for
every t € [s,T| and every m, m’ € MJ (R?), the mapping

20 CHRY 50 (20 ) = [ (Za), bl = (o)
It is casy to check that Z™™ € M(R?) and then we can define the measure-valued
process A™™ = {AT .= pm' _ pmo_ gmm’ oy (g T} Recalling that p™ and
p™ solve (4.2) and Z(zx) solves (4.3), by linearity we obtain that, for every m,m’ €
My (RY), A™™ solves a Zakai equation with null initial condition and same coefficients
as (4.2). Then, it holds that A™™ is the process equal to the null measure for every
t € [s,T]. Thus, since Z;(x) does not depend on p, we can say that for every t € [s, T

Gty = o) = [ [ (e o) o —m) () do.

almost surely. Regarding i, it follows directly from Lemma 4.1.2 O

We also need to study the differentiability of the mapping R? > x — E [(Z(x), )] €
R, for every fixed 1 € C}(R?) and t € [s,T].

Proposition 4.1.4. Let Z*(x) be the solution of the equation (4.3) and let Assump-
tion 1 holds. Then, for every ¢ € CZ(R?) and t € [s,T], the mapping R? > z
E[(Z; (x),v)] € R is twice continuously differentiable, with bounded derivatives.

Before proving Proposition 4.1.4, let us introduce some auxiliary tools. Let us
denote by I°(x) the intensity measure associated to Z°(x), that is the measure such
that E [(Z7(z), )] = (I} (x),v). From (4.3) we have that

E[(Z7 (), ¥)] = <5x,¢>+/ E[(Z:(x), AY)] dr, t€[s,T], ¢e€CiRY), (44)
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and so I*(x) solves the following Fokker-Planck equation:

(I3 (), ) = (62, 0) + / (I(x), Apydr, te[sT), ¢eCRY).  (45)

Following the argument used for instance to prove Proposition 6.1.2 in [19] or Lemma
4.8 in [8], from (4.5) one can deduce that for every ¢ € Cp*(R? x [s,#]) it holds that

t
(I2(@) o) = (e 0) + [ (T30, 0.+ M) dr (46)
Indeed, for i = 0,1,...,n — 1 we have (we set s = 0 for simplicity)
(i+1)t/n
<](i+1)t/n($>7 @zt/n) - <]zt/n(m)7 @zt/n) + // <IT(:E)7 A@zt/n) dT,
it/n

and from Fubini’s theorem it holds

(i+1)t/n
<[(i+1)t/n(x)7 P+t /n — %‘t/n> = / <I(i+1)t/n(1’), a#PT> dr.

it/n

Then, it follows that

<](i+1)t/n(x>v 90(1'+1)t/n> = (f(i+1)t/n(95)7 Plit+1)t/n — %’t/n> + (f(i+1)t/n($): %’t/n>

(i+1)t/n (i+1)t/n
— (Tupn(), 0i0/m) + / e, 0rry ar / (I, (2), Agin) dr.
it/n

it/n
Summing over the intervals [it/n, (i + 1)t/n] from i = 0 to n — 1 we obtain

t

t
<]t(x)790t> - <5:L‘a900> + / <I([ns/t]+1)t/n($>7a7'§07'> dr + / <IT(x)aA§0[ns/t]t/n> dT,
0 0
and (4.6) follows by taking the limit as n tends to infinity and using dominated con-
vergence theorem.
Starting from (4.6), we can prove Proposition 4.1.4. The argument exploits the regu-
larity of the solution of a suitable auxiliary backward partial differential equation.

Proof of Proposition 4.1.4. Let us fix t € [s,T], v € C3(R?) and let us introduce the
backward equation

(4.7)

Ov(y, 7) + Av(y, 7) =0, (y,7) € R? x [s,1],
v(y>t) = ¢(y)> Y € Re.

Thanks to Assumption 1 (see for instance Theorem 4.6 in [60] and more precisely the
discussion after Theorem 5.1, page 147), we have that there exists a unique classical
solution v € C2' (R x [s,1]) to (4.7). Then, if we choose v as a test function in (4.6),
we obtain

(I}(x),v) = (0, 05) + / (I3(z), (0r + A)v,) dT = v(z) 5), (4.8)
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where the last equality follows from the fact that v solves (4.7). Thus, recalling that
v(x,t) = 1(x) and the definition of I*(x), we obtain that

E[(Z;(z), )] = ([}(2),9) = v(z,5), xeR,

and so the mapping R? 3 x — E[(Z3(z),¢)] is in C2(R?) thanks to the regularity of
v. [

Remark 4.1.5. In Proposition 4.1.3, we showed that for ¢ € [s,T] and v € C%(R?)
fixed, the mapping u — (p;*,¥) € L}(Q) is in CYM3(RY); L1(Q2)), with derivative
given by (Z7(x), ) and independent of u. Note that this does not imply that, almost
surely, ZF is the linear functional derivative of u +— p;*, since the continuity of
x +— (Z7(x),1) holds only under expectation.

With the same procedure used in Proposition 4.1.3 we can find a process, that
we denote with U*(x,y), z,y € R? which is symmetrical with respect to x and y
and which satisfies properties analogue to ¢, i, in Proposition 4.1.3 where p** is
substituted with Z*(x) and Z°(x) with U®(x,y). Moreover, it turns out that U*(x,y)
coincides with the null measure for every ¢ € [s,T] and z,y € R%.

To conclude, we summarize in a proposition all the properties we showed in this
section and which will be useful in the following discussions.

Proposition 4.1.6. Let s € [0,T), let (Q,F,{F:}ej011,Q,Y) be fized and let As-
sumption 1 holds. If p®* is the solution of the Zakai equation (4.2), then, for every
Y € C3(RY) and t € [s,T], the mapping u + {p*, ) is in C2(M3 (RY); LY(Q)).
Moreover, the mapping p — E [(p*, )] is in CE(M5 (R?)).

4.2 The backward Kolmogorov equation associated to
the Zakai equation

In this section we write and study the backward Kolmogorov equation associated
to the Zakai equation, that is a parabolic partial differential equation on a space
of positive measures. Let us denote with £ the infinitesimal generator of the Zakai
process, namely the operator £: CZ(MJ (R?)) — C, (M5 (R?)) defined by

Sulp) = (1, Abyu(u)) + 540 1, (h -+ B) - (h+ BYu(10),

where A and B are defined by (4.1) and h: R? — R? is Borel measurable and bounded.
The backward Kolmogorov equation we want to study is:

{@u(,u, )+ Lu(,s) =0 (1, s) € MF(RY) x [0,T), (9)

u(p, T) = ®(p) € My (R?),

where ® is in CZ (M7 (R)). Our aim is to study existence and uniqueness of classical
solutions, in the sense given by the following definition:
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Definition 4.2.1. We say that u: M3 (R?) x [0,T] — R is a classical solution to
the backward Kolmogorov equation associated to the Zakai equation if it is of class
C2 (M3 (R%)) in the measure argument and CL([0,T]) in the time argument (where in
t =0 andt =T the derivatives are understood in unilateral sense), if it is bounded and
all its derivatives are bounded in all their arguments and if it satisfies the backward
equation (4.9).

4.2.1 Existence and uniqueness of a classical solution

In order to show existence and uniqueness, we follow the classical approach to these
kind of problems. First, we assume that a solution exists and we prove a represen-
tation formula which guarantees the uniqueness. In the following, when we refer to
a solution p** to the Zakai equation, it is understood as the solution defined over
a fixed complete filtered probability space (2, F, {F;}ieo.11, Q) endowed with a {J;}-
Brownian motion Y (see Remark 1.3.10), which solves the equation starting from
p € MF(RY) at s € [0,7).

Proposition 4.2.2. Let u = u(u, s) be a classical solution to (4.9) and let p>* be a
solution to the Zakai equation (4.2). Then the following representation formula holds

u(p,s) = B2 (53], (1,5) € M (RY) x [0,7], (4.10)
and so the solution u is uniquely characterized.

Proof. Let us consider the composition u(p3,T), where p3'' is the solution to (4.2)
starting at time s with value p. Then, by the It6 formula (3.7) we get

T
(g T) = u(pis) = [ {0l )+ Lulppr )} dr + / Gu(pst,7) - dY;,

where Gu(p,t) = (u, hd,u(p,t) + ' Dyu(p,t)). First, we notice that since u is a
solution of (4.9), the time integral is zero, and by taking the expectation we get

E [0 ()] — uly, 5 E@U Gup:,7) }

The right hand side is equal to zero since the stochastic integral in the expected value
is a martingale. Then the thesis follows, since for every (u,s) € M3 (R?) x [0, 7],

EC [® (p7")] = u(p, s).
0

In order to prove the existence of a solution, we will show that a function u defined
by (4.10) is regular enough and satisfies (4.9). To this aim, we need some auxiliary
results on the differentiability of u with respect to the measure argument that we
collect in the following proposition:

Proposition 4.2.3. Let u(yu,s) = E2[®(p3")], where p3'* is the solution to the Zakai
equation starting at time s from u € M3 (RY) and ® € C3(M3 (R?)). Then, for every
s € 10,T], u is in CE(M5 (R)).
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Proof. Let us first deal with the differentiability in linear functional sense. Proceeding
as in Proposition 2.1.22, by a simple chain rule argument we conclude that w(u, s)
is in C?2(M3 (RY)), thanks to the fact ® € C? (M3 (R?)) combined with Proposition
4.1.6. In particular we get the following formulas:

Suu(p, x, s) = B2 [(Z5.(x), 6,2 (p7"))]
Sou(p, .y, s) = E® [(Z5(x) ® Z; (y), 0. (p7"))] ,

where 0,P(p7", ) means 0,P(u, ) evaluated in p7*, and Z* is the process introduced
in (4.3).

Regarding the differentiability of the first-order linear functional derivative with
respect the additional space variable, we have that the mapping « — d,u(p, z, s) is
twice continuously differentiable with bounded derivatives thanks to Proposition 4.1.6
and to the fact that 6,®(p3") € CE(R?) for u fixed. In a similar way we can show that
the mapping (z,y) — 6 u(y, z,y) is twice continuously differentiable with bounded
derivatives. Indeed, if we take a symmetrical function 1 € CZ(R? x R?), we can obtain
a version of Proposition 4.1.6 for the mapping (z,y) — EQ [(Z5(x) @ Z:(y), )], by
combining the technique used in the proof of Proposition 4.1.6 and the ideas in the
proof of Theorem 4.26 in [8]. O

Now that the object Lu is well defined, we need to investigate its regularity with
respect to the time.

Lemma 4.2.4. Let u be defined by (4.10). Then, for every p € MJ (R?), the mappings
[0, 7] 3 s+ Lu(u,s) and [s, T]x[0,T] 3 (1,0) = Lu(p>H, o) € L*(Q) are continuous.

Proof. Let us fix t € [s,T]. Then, by classical estimates on (4.2), it follows that for
every 1 € C}(R?) the mapping [0,T] > s — (p;*, 1) € L*(€) is continuous. Thus,
combining this with the expression for the derivatives of v in Proposition 4.2.3 and the
boundedness of ¢ with its derivatives, we get that [0,7] > s — Lu(u, s) is continuous.
Regarding [s,T] x [0,T] 5 (1,0) — Lu(p>*,0), again we can conclude recalling that
P € C? (M7 (R?)) combined with Proposition 4.2.3 and the continuity of p**. O

Finally we can show the main result, that is the existence of a solution to (4.9)
via representation formula:

Theorem 4.2.5. Let u(p,s) = EQ[®(p3")], where p3" is the solution to the Zakai
equation starting at time s from pu € M3 (RY), ® € C}(MJ (RY)) and let Assumption
1 holds. Then it is the unique classical solution to the backward Kolmogorov equation

(4.9).

Proof. Let us fix h small and positive. We want to show that

1
h—0 h

If this is true, the mapping g: s — ¢(s) = u(pu, s) has right derivative in [0,7"). More-
over, by Lemma 4.2.4 the right-hand term in (4.11) is continuous, so g € C!([0,T))
and by a standard argument it can be shown that it is continuously differentiable in
[0, T7.
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Let us show (4.11). First, thanks to the Markov property of the process p®* it holds
that u(u,s) = EQ [u (pi’f:h, s+ h)} Then, we can proceed by applying It6 formula
and taking the expectation:

u(lu7 5+ h) o u(lu7 S)
s+h
=E® [u(p, s+ h) —u(pt,, s+ h)] = —E? {/ Lu(pit, s+ h)dr| .

To conclude, it remains to show that

1 s+h
lim 7 EC [/ Lu(pit, s+ h) dT:| = Lu(p,s),

h—0

but this follows from Lemma 4.2.4 and mean-value theorem. OJ

Remark 4.2.6. All the previous results can be extended to the time inhomogeneous
case, that is when the coefficients b, o, depend also on time, by assuming that As-
sumption 1 holds with uniform in time constants.

4.3 The backward Kolmogorov equation associated to
the Kushner-Stratonovich equation

Our goal in this last section is to prove existence and uniqueness for the backward Kol-
mogorov equation associated to the Kushner-Stratonovich equation. We will proceed
by exploiting the relation with the Zakai equation, pointed out at the end of Section
1.3. Let wus fix (0,3, {F:}icpo,r, Q,Y) and let p>™ be a solution to (4.2) starting at
7 € Po(R?). Let us define the couple

. (™. h) . " {pzm, h) 1 ("] (pzm, 1) |
=Y [ i 6 ‘eXp{/s e 5 | dT}’
(4.12)
and set
AP = £1dQ, T = " (RY). (4.13)

As remarked in Section 1.3, under Assumption 1 {(Q,F, {F;}ico,r7, P7), (157, 17)} is
the unique in law weak solution to the Kushner-Stratonovich equation starting at
7 € Po(RY). In particular, for every ¢ € [s,T] and ¢ € CZ(R?) it holds

(7, 0) = (o) + [ (07 Aw) dr [ (07, o+ B) = (07, ) (137 1) 2™
) ) (4.14)

4.3.1 The backward Kolmogorov equation

As we did for the Zakai equation, we want to discuss the existence and uniqueness of
classical solutions to the backward Kolmogorov equation associated to the Kushner-
Stratonovich equation (5.2). Such partial differential equation reads as

{asu(w, s) + LESu(m,s) =0 (m,5) € Po(RY) x [0, T,

u(m, T) = ®(7) 7 € Pa(RY), (4.15)
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where ® € C2(Py(R?)) and the operator LX5: C? (Py(R%)) — Cp(P2(R?)) is defined
by

L5%u(r) = (m, Ad,u(m)) + %<7T ® 7, (h+ B —(r.h) (h+ B —(r h))du(r)),

where A and B are defined by (4.1) and h is Borel measurable and bounded.

Definition 4.3.1. We say that u: Po(R?) x [0, T] — R is a classical solution to (4.15)
if it of class CZ(P2(RY)) in the measure argument and C1([0,T]) (where int =0 and
t =T the derivatives are understood in unilateral sense) in the time argument, if it is
bounded and all its derivatives are bounded in all their arguments, and if it satisfies
the backward equation (4.15).

As we did for the Kolmogorov equation associated to the Zakai equation, we want
to show existence and uniqueness via a representation formula. Let p>™ be a solution
to the Zakai equation defined over (Q2,F,{JF;}icp1, Q,Y). Following (4.12)-(4.13),
the couple {(2, F, {F: }eepo,m, P7), (II>7, I7)} solves weakly the Kushner-Stratonovich
equation. We can notice that the probability space (2,F,Q) is fixed for every 7 €
Py(R9), but since I™ and £ depend on p*™, the probability space (2, F,P™) depends
on the initial point € Po(R?). Our claim is that

u(m, s) =B [@(T17)] = E? [@(p5" /p7" (RY))&7]

is the unique weak solution to (4.15). In order to study its regularity, we rely on
the relations (4.13) and the regularity results obtained in Section 4.1 for the Zakai
context.

Proposition 4.3.2. Let u(r,s) == EF" [®(I13")] = EQ [®(I137)EF] be defined as above

and let Assumption 1 holds. Then for every s € [0,T] the mapping u(-, s) € CZ(Po(R?)).
Moreover, the mappings [0,T] > s +— LESu(m,s) and [s,T] x [0,T] 3> (1,0) —

LESy(T15™ o) € L2(Q,P™) are continuous.

Proof. First, since dp*™(R?) = p>™(R)(II;™, h) - dY;, the process 1/p>™(R?) has
uniformly in time bounded Q moments of any order p € [1,+00). Then, let us
compute the linear functional derivative of u for a fixed s € [0,T):

Sru(m, z, s) = E? [gm (@ (%)) (m,2)+ @ (p;f)(—%éd)) 6r&p(, x)]
s i)
e {p%ffwﬁp%g?w)’m’ (i @i 01)
o (LY [ (@ - Ythze ) - av]

p?”?RdQ ‘
e (g i (@1 - Sz ) ar]
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where we computed & (7, x) thanks to stochastic and deterministic Fubini’s theo-
rem. Continuity and boundedness are guaranteed by the regularity and boundedness
of the processes involved under the Q-expectation. In the same way one can show the
second-order differentiability in linear functional sense of u. Regarding the differen-
tiability in space, again we can bring the derivative in space inside the expectation
and exploit the regularity results in Proposition 4.1.6. To conclude, the continuity of
the mappings s — LX5u(r, s) and (1,0) — LESu(T157, o) € L*(Q,P7) follows as in
Lemma 4.2.4. O

Finally, we can state the existence and uniqueness result for the Kolmogorov equa-
tion associated to the Kushner-Stratonovich equation (5.2):

Theorem 4.3.3. Let Assumption 1 holds and let {(2, F,{F;}icpom, P7), (157, I7)}
be the weak solution to the Kushner-Stratonovich equation obtained through (4.12)-
(4.13). There exists a unique classical solution to the backward Kolmogorov equation
(4.15) starting at ® € CE(R?), given by

u(m,s) = EF" [(ILM)], (1, s) € Po(RY) x [0, ).

Proof. The proof follows exactly the one we did in Section 4.2.1 for the backward Kol-
mogorov equation associated to the Zakai equation, exploiting the regularity results
in Proposition 4.3.2 and the Markov property for the existence, and the [to formula
in Proposition 3.2.1 for the uniqueness. O
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Chapter 5

Viscosity solutions in the
Kushner-Stratonovich case

In this chapter, we continue the analysis of the backward Kolmorogorov equations
introduced in Chapter 4, by trying to reduce the regularity assumptions given on
the final condition. Despite the small effort put into the formulation of this new
problem, it turns out that the approach must be completely different from the one
adopted before. First, we have to change the notion of solution. Indeed, if we con-
sider the candidate solution given by the usual representation formula, there is no
hope to obtain the regularity required by the notion of classical solution from a non-
smooth final condition. Thus, we decide to look for viscosity solutions, since they are
widely and successfully used to deal with the nonlinear version of Kolmogorov equa-
tions, namely the Hamilton-Jacobi-Bellman equations. However, even if this notion
of solution allows us to obtain some results, we are forced to add some assumptions.
In particular, we will focus on the Kolmogorov equation associated to the Kushner-
Stratonovich equation, and we will consider the partial differential equation over a
space of probability measures with compact support. We point out that, differently
from the previous chapter, the techniques we used here can not be immediately ex-
tended to the case of positive measures with compact support, and so different ideas
should be necessary to study the Zakai equation case.

5.1 Statement of the problem

In this section we state the problem we are interested in and we collect the necessary
assumptions. Let K be a compact subset of R and let P(K) be the space of prob-
ability measures over K. Our aim is to study the following backward Kolmogorov
equation with final condition ® € C(P(K)):

{—ﬁtu(w, t) — LESy(r,t) =0, (mt) € P(K) % [0,T), 51)

u(m, T) = ®(m), m € P(K).

This equation has been introduced in Section 4.3 and it is associated to the Kushner-
Stratonovich equation (see Section 1.2 and Section 1.3 for the details)

ATy, ) = (M, Av) dt + (T, b + Bup) — (I, ) (I, b)) - I, o € CH(K). (5.2)
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In particular, the differential operator £5%: C#(P(K)) — C(P(K)) is given by
1
L5Pu(m) = (7, Adyu(m)) + S (@, (h+ B — (m, h)) - (h + B — {m, h))du(m)),
where the operators A, B: C3(R?) — C,(R?), introduced in Section 1.2, are defined
for every 1 € C3(RY), x € RY, by
d

d
Ap(z) = Z fi(z)0(z) + % Z {(UUT)U () 031 () + (55T)Z~j (@@‘jlﬂ@} :

i,7=1

d
By (z) = Z&ik(:p)ﬁiw(m), k=1,...d

(5.3)

LKS

Thus, the operator can be written in a more explicit way:

£55u(n) = (r, Abyu(m) + 3 (m @7, (h+ B~ (x,)) - (h+ B — {m, h))5Zu(m)
= (m, f - Dyu(n)) + %(m tr{D,Dyu(m)oo’}) + %(m tr{D, D u(r)55 " })
b s(m@m Bulmh- )+ 3 r o m tr{D2u(r)aa" ) + & r © 7, (x| (r, )
+(m@m b5 6. Dyu(r)) — (x @, 62u(m)h) - (m, h) — (r @ 7,57 6, Dou(m)) - (m, h).

We recall that the mappings b, h: R — R¢ 0,5: R? — R?*? are related to the filter-
ing problem for a diffusion type signal introduced in Section 1.1.

As in Chapter 4, it will be necessary to assume the following hypotheses.

Assumption 1. All the mappings f,o,a, h are taken Borel-measurable. Moreover we
assume:

a. the mappings f: R? — RY, o: R? — R4 gnd 6: R — R¥>? qre Lipschitz
continuous;

b. the mapping a = oo ' : R® — R4 s uniformly elliptic, that is there exists
A > 0 such that szzl aij&i&; > NE|? for every x, & € RY;

c. the mappings f,o,0,h are bounded.

Moreover, we will ask for an invariance property. This is a technical assumption
necessary in the proof of Theorem 5.2.4 (see also Remark 5.2.6).

Assumption 3. The probability measure-valued process 11 has trajectories confined
in the subset P(K), K C RY compact.

For instance, this is the case when II is the filter associated to a signal process
X = {X;,t € [0,T]} with trajectories confined in a compact subset K C R? Some
conditions on b, 0,5 that guarantee this property are stated in Remark 5.1.1.
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Remark 5.1.1. Let G be a subset of RY. The invariance of a stochastic process with re-
spect to G has been intensively studied and many criteria that guarantee this property
are available in the literature. For instance, following [61, Section 12.2], let G C R? be
closed and with C? connected boundary dG. Let v be the outward normal to G and
let us define p(z) := inf,cq|r — y| the distance from z € R? to G. If the conditions

d d d
1
Z a;viv; =0, Zfﬂ/i + 3 Z aijafjp >0 on JG,
ni=t i=1 ij=1

hold, where a = oo " +66 ", then G is invariant for X. Other conditions can be found
in [7, 39, 40] and in the references therein.

Remark 5.1.2. All the following results do not change when K is a compact manifold
as long as we consider the appropriate differential operators (see for instance [51, 84]).
An example is when the signal process lives on the d-dimensional torus T¢.

Remark 5.1.3. The results obtained in Section 4.3, namely the [to6 formula in Propo-
sition 3.2.1 and Theorem 4.3.3, hold without any modification in this compact frame-
work. We have only to take in account the remarks about the derivatives given in
Section 2.1.2.

5.1.1 Some analytical results

Here we introduce some analytical tools that will be useful in the discussion below,
and in particular for the proof of the comparison principle (Theorem 5.2.4). For the
entire chapter, we will deal with probability measures in P(K), where K is a compact
subset of R Since K is compact, we have that the set P(K) coincides with the set
of probability measures with finite moment of any order. Moreover, the compactness
of K is inherited by P(K), which is also compact in the weak topology.

Let us consider a family {& }ren of functions dense in C°(K), with sup, ¢ i |&k(2)| =:
|€k]lo < 1, and let us assume that the function identically equal to 1 belongs to this
family. Let us introduce a sequence {qx}ren C [1,+00) that we will make explicit
later in this section. We define dy: P(K) x P(K) — [0,400) as

da(p, v) == <Z ﬁ(ﬂ — §k>2> : (5.4)

k=1

It is easy to show that ds is a distance over P(K) and, since K compact, one can also
prove that it is complete (see [21, Theorem 2.4.1]). Moreover, dy metricize the weak
convergence ([21, Theorem 2.1.1]).

An important property we need to study is the differentiability of the distance dg
introduced in (5.4). For what follows, we need to choose

g, = max {1, | Da&illoo, [IDZ8k oo, IDatills} . % € N.
Let p19 € P(K) be fixed and let p,,: P(K) — [0,4+00) be defined as

puo (1) = da(pio, 1)*,  p € P(K). (5.5)
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Lemma 5.1.4. Let g € P(K) be fized. Then, the mapping p,, is in C3(P(K)) with
derivatives uniformly bounded with respect to .

Proof. First, let us fix & € N and show that the mapping u — (i — pio, & )* =: gr(p),
where &, is in the family appearing in (5.4), is in C} (P(K)). By standard computations
we get

5ugk(/~b7x) = 2<//J - ,U/07§k>€k(x)7 RS T(K),CL’ €K,
gkt 2, y) = 26k (2)Ek(y), pePK)ryck,

with [|6,9x[lcc < 4 and |57 gx]lsc < 2 for every k € N. Moreover, we have that

(5.6)

Dygr(p, ©) = 2(p — po, &) Dai(x),  p € P(K),x € K,
D.Dyugi(p, ) = 2(pu — puo, &)D3k(2),  pe P(K),x € K,
D2 g (1, ,y) = 2D (2)D,) &k (y), pePK)zyekK,
0, Dpgr(p, v, y) = 2D2&k ()6 (y), p€PK)zyeEK,
with
IDugklloo < 4IDeékllos  IID2Dygilloe <4ID2ER] oo,
ID2gllce < 2002812, [16uDugilloe <2[Daillco-

To conclude, by dominated convergence we can bring the derivative inside the series
and get

+oo
1
5#@“0(“7 .Z') = Z %@LQ!C(/% 1’), JAS ?(K)a VS K,
k=1

which is also jointly continuous. Moreover, recalling the definition of {gx }ren, we have

“+oo

1
10100 lloc < Y ||5u9k||oo <4
2

We can proceed in the same way for the other derivatives and the bounds follow
easily. O]

Remark 5.1.5. Let £%9 be the differential operator introduced in Section 5.2. Under
Assumption 1, we have that from Lemma 5.1.4 follows that there exists a constant
(independent of f9) €' > 0 such that [|[L%%p,,llee = SUP,ep)| (L5 ) (1) < C.
Indeed

1
1€ prolloe < N Aduttlloc + SI(h+ B = (1, 7)) " (h + B = (g1, h))dgul|
< 4lIbll + 2]l |l + 3lI5115 + 4Rl + 4lhllcllFlle = C. (5.7)

To conclude this auxiliary section, we provide a class of polynomials on the space of
probability measures that can be used to approximate functions in C(P(K)), which is
the set of continuous real-valued functions over P(K’). This kind of approximation has
been discussed for instance in [38] and allows us to approximate continuous functions
over P(K) with functions in C%(P(K)).
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Definition 5.1.6. We define the set of polynomials over P(K):

Z(P(K))
= {¢: P(K) = R of the form ¢() = g({11.4n), - . (1, a)), for some n > 1},
with g: R — R and 1;: R* — R polynomials, i = 1,...,n.

Remark 5.1.7. Tt holds that Z(P(K)) C C?(P(K)). Indeed, every ¢ € Z(P(K)) is a
cylindrical function, which means that it is of the form discussed in Example 2.1.11.

One can prove (see for instance [38, Section 2.3|) that the family & (P(K)) is an
algebra in P(K) that separates the points and which contains the constants. Thus,
by Stone-Weiestrass theorem one can conclude that it is dense in C(P(K)):

Proposition 5.1.8. The family 2 (P(K)) is dense in C(P(K)) with respect to the
supremum norm over P(K).

5.2 Viscosity solutions to the backward Kolmogorov
equation

In this section we continue the study of the backward Kolmogorov equation (5.1) asso-
ciated to the Kushner-Stratonovich equation (5.2). We proved in Section 4.3, Theorem
4.3.3, that under Assumption 1 there exists a unique classical solution to (5.1) when
the final condition is chosen smooth enough (namely C%(P(K))). In particular, the
solution is given by the usual formula

u(m,t) =E° [@(IIF")], (m.t) € P(K) x [0,T7, (5.8)

where { (2, F, {F; }eepo,r, P), (II7°, 1)} is the weak solution to the Kushner-Stratonovich
equation obtained starting from a solution to the Zakai equation, as explained in Sec-
tion 4.3.

Here we investigate the well-posedness of (5.1) when the final condition has lower
regularity, namely ® € C(P(K)). In this case classical solutions may not exist, and
a natural way to face the problem is to consider a generalized notion of solution. In
particular we will focus on the notion of viscosity solution:

Definition 5.2.1. A upper semicontinuous (resp. lower semicontinuous) function
u: P(K)x[0,T] = R is a viscosity subsolution (resp. supersolution) to equation (5.1)
if:
i. u(m,T) < (resp. >) ®(m), for every m € P(K);
ii. for every (m,t) € P(K) x [0,T) and any ¢ € Cp*(P(K) x [0,T]) such that u — ¢
has a global mazimum (resp. minimum) at (m,t) with value 0, then (5.1) holds
for ¢ with the inequality sign < (resp. >) instead of the equality.

We say that u is a viscosity solution if it is both a viscosity subsolution and a viscosity
supersolution.

In the definition above, we denoted by C>'(P(K) x [0,T]) the space of continu-
ous functions u: P(K) x [0,T] — R of class C?(P(K)) with respect to the measure
argument and in C'([0,7]) with respect to the time argument.
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5.2.1 Existence of viscosity solutions

Let us introduce a function u by the usual probabilistic representation formula (5.8),
where @ € C(P(K)) is the final condition of (5.1) and {(2, F, {F: }ejo,rp, P), (1T™%, 1)}
is the solution to the Kushner-Stratonovich equation introduced in Section 4.3. To
have a lighter notation, in what follows we will write E instead of EF.

Proposition 5.2.2. Let & € C(P(K)), let Assumption 1 holds and let II™° be defined
as above and such that is satisfies Assumption 3. Then the function

u(m,t) :=FE [@(HF)} ,  (mt) e P(K) x [0,T],
is a viscosity solution to the backward Kolmogorov equation (5.1).

Proof. We only prove that u is a subsolution, since proving that it is a supersolution is
analogue. First, thanks to the continuity of ® and II™* we notice that u is continuous

and bounded. Moreover u(m,T) = E [@(H?T)} = &(r) for every m € P(K).

Now, let us fix (7,t) € P(K) x [0,T) and let us consider ¢ € C'(P(K) x [0,T7])
such that o(m,t) = u(m, t) and p(v,s) > u(v, s) for every (v,s) € P(K) x [0,T). For
h > 0 it holds that

@(H:fh, t+h)— U(H:th’ t+h)
h

Moreover, by taking the expectation combined with It6 formula and Markov property
of II™* (as in the proof of Theorem 4.2.5), we obtain

1 t+h FLh) — +
0< K [/ LRSIt 1 4 hydr| 4 PR = el )
t

0<

h )
where u disappeared thanks to the fact that
E [w(Il[Y, t 4+ h)] = u(m,t) = o(m, t). (5.9)

Finally, thanks to the regularity of ¢ and its derivatives, we can pass to the limit as
h — 0 and obtain
0 < L5 (m,t) + Oip(m, t).

]

Remark 5.2.3. This existence result is still valid even if we drop Assumption 3 and
we look at the equation over Py(IRY).

5.2.2 Comparison theorem and uniqueness

Here we state and prove a comparison principle for viscosity solutions to (5.1), which
is a crucial tool to prove the uniqueness. The technique for the proof is inspired by
the one used for Theorem II.1 in [78], and by its recent refinement used in [35]. In
particular, we use the solution u introduced by the representation formula (5.8) as a
reference to obtain partial comparison results.
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Theorem 5.2.4. Let vy, vy: P(K) x [0,T] = R be respectively a viscosity subsolution
and supersolution of (5.1). Moreover, let Assumption 1 and Assumption 3 hold. Then,
vy (m,t) < wg(m,t) for every (m,t) € P(K) x [0,T].

Proof. We want to prove that v; < u < vy, where u is given by (5.8). The proof is
divided into five steps and we show only that v; < u. Indeed we can prove u < vy by
noticing that vy is a subsolution of (5.1) with final condition —® and by taking —u
instead of u.

By contradiction, let us assume that there exists (7o, %) € P(K) x [0,T] such that
V1 (71'0, to) — 'LL(7T0, to) > 0. (510)

First, we notice that ¢y < 7', indeed vy (7, T) < ®(7w) = u(n,T) for every m € P(K),
thanks to the subsolution property of v.

Step 1. Let {®,},>1 C Ci(P(K)) be the sequence that converges uniformly to
® € C(P(K)) given by Proposition 5.1.8. For every n > 1, setting

up(m,t) == E [®,(IF")], (m,t) € P(K) x [0,T],

we can say from Theorem 4.3.3 that w, is the unique classical solution to equation
(5.1) with final condition ®,,. Since {®,},>1 converges uniformly to ®, the sequence
is bounded by a positive constant M = M(®). Then, dominated convergence allows
us to conclude that

lim u,(m,t) =u(r,t), (m,t)€ P(K)x][0,T]. (5.11)

n—+oo

Step 2. Let us introduce
vy (7, t) == e v (1), dn(m,t) = e u, (), (mt) € P(K) x [0,T), (5.12)

and
O(n) :=eld(n), P,(7):=e" T, (1), 7€ PK).

Then, it is easy to see that u,, is a classical solution of the equation

- (5.13)

{—atv(ﬂ,t) — LESy(m,t) = —u(m,t), (mt) € P(K) x [0,T),
v(m, T) = &, (), T e P(K),

and, analogously, that v; is a viscosity subsolution of

{—aw(ﬂ,t) — LESy(m,t) = —o(m,t), (m,t) € P(K) x [0,T),
v(m, T) = &(n), € P(K).

Step 8. For every A > 0, let us define the mapping ¥, : P(K) x [0,7] — R as
Uy (7,t) i= v1(7,t) — U (7, 1) — Mt — to)* — Ada(mo, )% (5.14)
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Since v7 is upper semicontinuous over a compact space, and u, is continuous and
bounded uniformly in n, there exists (my,ty\) € P(K) x [0, 7] global maximum for .
Moreover, from (5.14) it follows that

U1 (o, to) — Un(mo,t0) = WUa(mo,to) < W(ma,tx) < U1(ma, t2) — Un(ma, tn),  (5.15)
and so
Atx —t0)? + Mda (7o, m2)% < (01(ma, t2) — (7, tr)) — (01(70, to) — Un (70, t0)) . (5.16)
Thanks to (5.10) and (5.11), for n large enough we have that
(01(mo, to) — tn(mo,to)) > O.

Combining this with the fact that v; is bounded from above and w, is bounded
uniformly in n, from (5.16) we obtain that there exists a constant M > 0 such that

| M M
|t)\—t0| S T, dg(ﬂ'o,ﬂ')\) S T (517)

Step 4. Now we show that ¢y, < T. By contradiction, let ¢ty = 7. From (5.15),
v1 (7o, to) — Un (7o, to) = 01(mo, to) — Un(mo, o) < V1(ma, T') — Un(mr, T),

and then
v1 (70, to) — Un (7o, to) < e 0 (B(my) — @, () . (5.18)

Letting n — oo, since ®,, — & uniformly (see Proposition 5.1.8) and wu,(m,tg) —
u(mo, to), we obtain
Ul(ﬂ-(]? tO) - U(’]To, tO) < 07

which contradicts (5.10).

Step 5. Let us define P(K) x [0,T] 3 (m,t) — pa(m,t) := At — t0)* + Ada (o, 7)? and
let us notice that py € Cp'(P(K) x [0,T]) thanks to Lemma 5.1.4. We want to use
U, + @y as test function for the viscosity subsolution property of vy. First, u,, + @) is
in CM(P(K) x [0,T]) since @y, px € CH(P(K) x [0,T]). Moreover, from Step 3 we
have that v; — (@, + ¢,) has a maximum in (my,%,) and from Step 4 it holds that
th<T.

Thus, we can actually use @, + ¢, as a test function in (7, t\) and, by the viscosity
subsolution property of o1, obtain

1 (ma, £2) < Bi(tn + @) (T, t2) + L5 (U + @2) (1, £2).
Since 1, is a classical solution of (5.13), this entails
Uy (7, ta) = Un(mr, 2) < Beoa(ma, £2) + L5 oa(ma, ).

Now we can use the estimates (5.17) and the bound in Remark 5.1.5 to obtain, for a
positive constant C' > 0,

D1 (ma, tx) — U (T, ta) < 2X(Ex — to) + AM(Lpry) (mr) < 2VAM + AC,
where p,, is defined as in (5.5). Finally, by (5.15) and (5.12), it follows that
’1)1(7'('0, to) — un(ﬂ'o,to) = ’Z_)1<7T0, to) — ﬂn(ﬂ'o,to) < 2V AM + )\C(ﬂ'g), (519)

which contradicts (5.10) if we let A — 0 and n — oo. O
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Corollary 5.2.5. Let & € C(P(K)) and let Assumption 1 and Assumption 3 hold.
Then
u(r,t) =E [®(:N)], (mt) € P(K) x [0,T],

is the unique viscosity solution to the backward Kolmogorov equation (5.1).

Proof. Let u be the solution to (5.1) defined by (5.8) and let v be another viscosity
solution. Since in particular u is a subsolution and v is a supersolution, Theorem
5.2.4 tells us that © < v. Changing the role of v and v we obtain that v < u and so
the two solutions coincide. O

Remark 5.2.6. The technical Assumption 3 and in particular the necessity of consider-
ing the equation (5.1) over P(K) is due to a property of the distance dy. In particular,
given S C R? and defined dy over P(S) as in (5.4), it holds that do is complete if and
only if S is compact (see [21, Theorem 2.4.1]). This fact prevent us to reproduce the
argument presented in [36, 35] to extend our results to P(R?). Indeed that approach
is based on a smooth variational principle (see for instance [22, Theorem 2.5.2]) which
requires a complete metric on the space.
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Chapter 6

Mean Field Optimal Stopping: a
limit approach

In this last chapter, we present a problem that is completely different from the one
presented before, even if in both cases the main difficulty is due to the fact that some
relevant variables take values in a space space of measures. We study a class of finite
horizon time-inconsistent optimal stopping problems of mean field type, adapted to
the Brownian filtration, including those related to mean field diffusion processes and
recursive utility functions. In particular, the mean field interaction is due to the fact
that we consider a terminal cost depending not only on the stopped process but also
on its law. We highlight the fact that this differs from the case where the law of
the process is evaluated at the stopping time, and, due to this, the problem becomes
time-inconsistent.

Optimal stopping problems (OSPs) with mean field interaction arise for instance
when the goal is to minimize the variance or, more generally, when the cost depends
also on the mean of the stopped process. In the work by Pedersen and Peskir [88, 89]),
the problems of optimal variance stopping and optimal mean-variance stopping have
been investigated in the case where the underlying process is for instance a Geometric
Brownian motion, highlighting connections with portfolio choice. Even though the
OSP of the variance is time-inconsistent, which means that the value process is not a
supermartingale, they succeeded to solve the problem and they derived a variational
inequality for the value function with an explicit stopping region. More recently, the
interest in optimal stopping problems with a more general mean field type interaction
such as the dependence on the law of the stopped process increased significantly, due
mainly to the connection with the theory of mean field games and mean field optimal
control (see for instance [31] for a systematic presentation of the topic). The first
contribution in this direction is the work by Bertucci [15], where an optimal stopping
problem for a mean field game is studied using mainly PDE techniques. Then, other
results and extensions have been obtained with different techniques in [33, 85, 23, 47]
and in the recent papers [100, 48, 1].

Our goal in this chapter is to provide a characterization of an optimal stopping
time as a hitting time, and more precisely we show that it is optimal to stop when the
value-process hits the reward process for the first time, as in the case for the standard
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time-consistent optimal stopping problem. We solve the problem by approximating
the corresponding value-process with a sequence of Snell envelope of processes, for
which a sequence of optimal stopping times is constituted of hitting times of each of
the reward processes by the associated value-process.

Throughout this chapter, we only consider the one-dimensional Brownian motion
and diffusion processes. The generalization to the multidimensional case is straight-
forward.

6.1 Optimal stopping of a recursive utility function

Let (2,F,P) be a complete probability space and T" > 0 a finite time horizon. Let
W = {W;,t € [0,T]} be a standard one-dimensional Brownian motion. We denote
by F = {Ji}iejo,r the (completed) natural filtration of the Brownian motion W, with
Fo = {0,Q}. In particular, F is continuous, that is for each ¢t > 0 it holds F,- = F;.
We denote by T; the set of F-stopping times 7 such that 7 € [¢,T] almost surely.

Let us introduce the recursive value-process

Y; = esssupE [h(YT7E[YT]):ﬂ'{T<T} + L=y | ?t] ) (6.1)

TET:
where h is a sufficiently smooth cost (see Assumption 4 below) and & € L*(Fr).
The (simplified) finite horizon optimal stopping problem (OSP) of mean field type

associated to (6.1) reads as:
Y, = sup E [n(Y;, EY;) L irary + Elfrry] - (6.2)

T€Jo

The OSP (6.2) is time-inconsistent, that is the associated value-process is no longer a

supermartingale, due to the presence of expected value (law) of the stopped random
variable Y.

Recursive utilities have been introduced in [45, 46] and they have been employed in
various frameworks, such as economic, mathematical finance, and insurance (see, for
instance, [55, 56] and the references therein for the classical theory and some relevant
examples and applications, or [44] for a more recent discussion concerning a mean
field model that can be related to life insurance problems).

We would like to investigate whether the value-process Y is well-defined, that is
whether there exists a unique solution to (6.1) and whether there exists a optimal
stopping time 7* to the OSP (6.2):

7 = argmaxE [h(Y;, E[Y,])) L irery + Elory] - (6.3)

TE€TY

We suggest to solve this problem by using a limit approach based on approximating
E[Y] by its empirical mean %Z?Zl Y™ for some suitable sample YY", i =1,2,...,n

of ’interacting’ value-processes which solve a system of standard OSPs.
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To this end we set W' = W and let {W*};>; be independent Brownian motions
and denote by G" := {G}' }+cjo,r the completion of the filtration generated by {W*} ;.
Thus, for each 1 < i < n, the filtration generated by W* is a sub-filtration of G", and
we denote by F* := {F} },c(0,r] its completion. Let T}* (resp. T;) be the set of G™ (resp.
%) stopping times with values in [t, T.

Consider the following family of finite horizon stopping problems.
Y, =esssupE [A(Y", — ZYTJ Wirery + Moy | T, i=1,2,...,n, (6.4)
’T'E(.T% n j=1
and
V) =esssupE [h(Y EY)rery + €Ty | F], 021, (6.5)
TETE

where h and {¢'};>; satisfies the following conditions.
Assumption 4. The coefficients h and {£'}i>1 satisfy the following conditions:
(i) For each i > 1, &' € L*(F%). Moreover, the £'’s are independent copies of &,
with &' = &;

(ii) the function h: Q x R xR — R

(ii-a) is Lipschitz continuous with respect to (y,z): there exist two positive con-
stants v, and o such that

W, Y1,21) — W, Y2,22)| = 71|Y1 — Y2 Y2171 — %2,
A ) — h( )<l | + 7l |

for any w € Q and any y1,ys, 21, 22 € R.
(ii-b) h(-,0,0) € L*(P).

6.1.1 Existence and uniqueness of the value-processes

In this section we show the well-posedness of the systems (6.5) and (6.4), since in
both cases the performance function depends also on the value-process.

Theorem 6.1.1. Suppose that Assumption 4 is in force. Assume further that v, and
Yo satisfy

1
ﬁ+ﬁ<5 (6.6)

Then there exists a unique solution in 82 to each of the systems (6.4) and (6.5).

The proof of Theorem (6.1.1) is based on the fixed point argument used in the
proof of Theorem 2.1 in [43]. We omit to reproduce it here.
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Corollary 6.1.2. For each i =1,...n, the F'-stopping time
Fim — inf{t >0, V" = E[h(Y;", = ZYJ” ' } AT (6.7)

is optimal for Y.

Proof. Since each of the processes Y™ is in 8%, by Assumption 4 (ii) and Doob’s in-
equality, it follows that the obstacle process X" := E[h(Y"", 1 377 i1 Y7 | 3”] is also
in 8% and thus is cadlag. Moreover, since for each t € [0, T7, both h(Y; ", L oD i LY
and F¢ are continuous, the optional and predictable projections of h(Y"", % 2?21 Ym)
with respect to F! coincide. This implies that the obstacle process X*" is almost
surely continuous. Therefore, for instance by Theorem D.19 in Appendix D in [68]
or Proposition 1.1.8 in [90] (see also [17] and [53] for a more general set up), for each
i=1,2,...,n, the stopping time 7" given by (6.7) is optimal for Yom O

6.2 Convergence results

The main aim of this section is to characterize an optimal stopping time for the time
inconsistent problem (6.2). The idea is to exploit the time consistency of the system
of interacting optimal stopping problems

V9" = sup E [ (Y™, — ZY]’ Mpery +Ep=ry |, i=1,2,...,n,

’T'E(I(Z) j 1

to obtain an explicit sequence of optimal stopping times, and then to show that this
sequence converges to an optimal stopping time for the OSP (6.2).

6.2.1 Convergence of the particle system

This subsection is concerned with the convergence of the process Y*", solution of the
particle system (6.4), to the solution Y* of the mean field system (6.5).

Definition 6.2.1 (Exchangeable r.v.). The random variables X', X2 ... X" are said
to be exchangeable if the law of the random vector (X', X? ..., X™) is the same as
that of the random vector (X°M X°@) XM for every permutation o of the set
{1,2,...,n}. We write

XL X2 XY = g(xoW xo@ o xom)y,

In the following proposition, we show that the exchangeability property of the
final conditions {£'};>1, entailed by Assumption 4 (i), transfers to the solutions of the
systems (6.4) and (6.5).

Proposition 6.2.2 (Exchangeability property). Let Assumption 4 hold. Then the
processes {Y""} | solution of the system (6.4) are exchangeable. Moreover, the pro-
cesses {Y'};>1 solution of the system (6.5) are independent and equally distributed
and hence exchangeable.
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Proof. First let us focus on {Y*"}"_,. For any permutation o of the set {1,2,...,n},
we have for any ¢ € [0, 7]

_ Y]vn — _ YU(])
n 2= 2N
7j=1 7j=1
and thanks to the uniqueness result in Theorem 6.1.1 we have
(Y Yy Yy = (Yo ye@n L yetdmy g

so the processes {Y*"}" | are exchangeable. Regarding the processes {Y'};>1, from
(6.5) we may write Y}’ = ¢(&, (Wi)o<s<) for some Borel measurable function ¢. But,
the pairs (W7, £%) are independent and equally distributed. Therefore, the Y*’s are
independent and equally distributed and thus exchangeable. O]

Proposition 6.2.3. Assume that v, and vo satisfy

’)’1 + ”72 (6-8)

16°

Then, under Assumption 4 we have

sup [V — V|’

t€[0,T]

lim sup E

n—oo 1<i<n

Proof. For any t < T, we have

V"™ — Y}| = |esssup E

TG‘Tti

hy", - Zw grery + Mo T}I?‘]

] 1

—esssupE [h(Y, E[Y)Lirery + L gory | F7)

TGT%

E

< esssup
TETE

h(ys", - Zw Mgrery + Mo T}ISW]

] 1

—E WY, E[Y; ) rery + E N frmry | F]

<esssupE | |h(Y", = ZYM — h(Y,E[Y]) |3.~;]
TETE
<esssupE (’yﬂYf’" — Y| +72’ﬁ ZYTj’n - EW;H) | 5
TE‘J” A: -
<E |7 sup [V — Y|+ SUP|—ZYML E[Y;]|] 9,
5€[0,T] sef0,1] T 7 i

E |G3" + 72 sup \—ZY] Y]!I”fi] , (6.9)

sefo, ) 1
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where in passage to the fifth inequality we used Lemma 6.2.4, which is stated below.

Moreover,
n

G i=m sup [V =Y+ 23 sup [vjr - YY)
s€[0,T) n =1 s€lo.T]

By Doob’s inequality, we have

2
<4E (G + 7, sup |—Zw Ys]|>

sefo, ) 1

B | sup ¥ VP2

t€[0,T]

Therefore,

E | sup V"~ VP
te[0,7)
< 8BE[A] + 16E |7 sup [YP" = V[P + 23" sup Y77 = Y/P|, (6.10)
s€[0,T] n =1 s€l0.T]
where, since the Y*’s are identically distributed, we have
I ,
A, = sup |— ) Y- = sup |— Y —E[YI))%. 6.11
Semln Z se[O,T]|n ;( YYD (6.11)

In view of the exchangeability of the processes {Y*"}"_; and {Y"};>; (see Proposition
6.2.2), we have

1 — : ,
~> sup [V Y
N5 seloT)

E

sup [Y;"" = Y|
te[0,T]

Thus, from (6.10) we obtain

E | sup [Y;"" — V{|?

te[0,7

sup [V)" — Y[
s€[0,7T

<16(7i+13)E + 3293 E[A,),

where, by (6.8), 16(7 +13) < 1. So

sup E

1<i<n

sup [Y;"" — Y|’
te[0,7

< 32(1 —16(77 +13)) 'E[A,).

Finally, since the processes {Y7},>; are i.id. C([0,T]; R)-valued random variables
with finite second moments (since they are in §?), by the strong law of large num-
bers for Banach-valued random variables (see Theorem 4.1.1 in [86]) and dominated
convergence we have

lim E[A,] =0, (6.12)

n—oo

which yields the desired result. O]
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Lemma 6.2.4. Let X be an F-adapted continuous process. Then

(a) sup X; = esssup X, a.s.
te[0,T TE€T

(b) Assume X € 82. Then
inf E[X,] = inf E[X,]. (6.13)
7€T0 t€[0,T]
Proof. (a) Since X is (right)-continuous and adapted, it holds that

sup Xy = sup X; a.s. ,
te[0,7) t€[0,71NQ

where Q denotes the set of rational numbers. Therefore, sup X; is a random vari-

t€[0,T]
able. By the uniqueness of the essential supremum, we have sup X; = esssup X;
te[0,T) t€[0,T]
almost surely. Furthermore, for every 7 € Ty, X, < sup X, almost surely. Hence,
te[0,7)

esssup X, < sup X; a.s. . The reverse inequality follows from the fact that each
7€T0 t€[0,T]
t €[0,7]is in Ty and so X; < esssup X, a.s. .
T€To

(b) Since X € 82, both inf E[X;] and inf E[X,] are lower bounded. Further-

t€[0,T T€To

more, for every 7 € Ty, the stopped process (X, a¢)o<i<r is also in 82

For each t € [0, T, we have
E[X, ] > inf E[X,]> inf E[X,], (6.14)

T 0<u<rtAt v€e[0,T]
and by dominated convergence we obtain

ELX,] = imE[X,0] > inf B[X,)

ve[0,T)

7€T0 v€E[0,T

Thus, inf E[X,] > inf E[X,].

To prove the reverse inequality, we note that every ¢ € [0,T] is in Ty. Therefore,
E[X;] > inf; E[X;], which implies that i?f ]IE[XU] > inf E[X,]. O
T7€T0 ve0,T

T€TY

Remark 6.2.5.

e The condition X € 8% is needed to enable the application of the dominated
convergence theorem to show that for any 7 € Ty, E[X,] = tlanl E[X,a¢]. Tt can
_)

be relaxed depending on the problem at hand.
e Equation (6.13) is proved here only for the class of bounded stopping times.
In general, it does not hold for the class of stopping times which contains a.s.

finite stopping times but are not bounded, such as the first hitting time 7, of the
standard Brownian motion B to a point b < 0. Indeed, ir;%E[BT] < E[B,] =
TZ

b < 0 but inf E[B,] = 0.
t>0
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6.2.2 Convergence of the optimal stopping times

In Section 6.2.1 we proved that Y™ converges to Y* as n goes to infinity in the 82
norm. This entails the convergence of the values of the OSPs Y;" to Y{, as n — oo,
for every ¢ > 1. Furthermore, by Corollary 6.1.2, for each ¢+ = 1,...,n, the stopping
time 74" given by (6.7) is optimal for the OSP Y;", that is

7" = argmax E | h(Y", — ZY] Mirery + Elp—ry (6.15)

TGTZ’) ] 1

For every ¢ > 1, let us introduce the stopping time
=inf{t >0, Y/ = h(Y,E[Y/]} AT. (6.16)

Due to the time-inconsistency of the problem (6.5), it is not immediate to conclude
that 7% is optimal, i.e. that it coincides with the optimal stopping 7¢* defined by

i = arg max [ [h(Yj,E[YTi])ﬂ{T<T} + fiﬂ{T:T}} . (6.17)

770

The main result of this section is to show that (6.17) actually holds. In particular,
since W' =W and &' = ¢, we have Y! =Y ie. Y!is the value-process Y given by
(6.1) and 71* is the associated optimal stopping time given by (6.3) i.e. 7% := 71*.

Theorem 6.2.6. Let Assumption 4 hold and assume that v, and 7y, satisfy (6.8).
Then for any i > 1 the stopping time 7 defined by (6.16) is optimal for the OSP
(6.17).

To prove this statement, we rely on the next Proposition 6.2.8 about the conver-
gence of optimal stopping times and its Corollary 6.2.9. We also need the following

Lemma 6.2.7. Let us set, for every t € [0,T],

an Zyjn

Zim = vin Zi=Yi-nE[]).  (618)

Then, we have

lim sup E | sup |Z/" — Z!|? (6.19)
N0 1<i<n te[0,7)

Proof. By Assumption 4 (ii), for every 1 <14 < n, we have

sup |Z," = Zi] < sup [V = V| + sup [E[A(Y;", = ZY” ] — MY E[Y]])]

te[0,T te[0,T te[0,T

S S

in i 1 n i i
< (14m) sup V)" = Y| 45 sup B[ sup |~ v/~ E[V]||F].
t€[0,T] telo,7]  sefo, 7] T =1
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Using Doob’s inequality, we obtain

n

1 . . .
sup |- 3" v —E V]| |7

>2

E sup E
te[0,T]

selo, 7] T =1
2
<4E sup |[— Y Y —E[Y]
(tE[OT‘ Z )
- 2 2
<8E [ =) sup Y/ —Y{/|| | +8E Sup|— v/ —
(n ;te[O,T] ! ! tefo, 1] T Z

<8 [ sup [V — Y/ [*| + SE[A,],

te(0,7)

where the first term of the last inequality follows from the Cauchy-Schwarz inequality
and the exchangeability of the processes {Y*"}"  and {Y"};>; (by Proposition 6.2.2)
and A, is given by (6.11).

Therefore, we have

sup B | sup |Z" — Zi|?
1<i<n t€[0,T
<2((1+m)*+87) sup E | sup [V — Yi[*| + 1693E[A,].
1<i<n | t€[0,T]
Thus, thanks to Proposition 6.2.3 and (6.12), it holds that
lim sup E | sup |Z/" — Z!)*| =0, (6.20)
N0 1<i<n te[0,T]
[

Proposition 6.2.8. For everyi > 1, let {7""},>; be the sequence of optimal stopping
times defined by (6.7) and let 7° be defined by (6.16). Let Assumption 4 and (6.8)
hold. Then, for every e > 0,

lim sup P (|7"" — 7| >¢) =0. (6.21)

n—oo 1<i<n

In particular, for every fivzed i > 1, 74" converges to 7° in probability, as n goes to
mfinity.

Proof. Recall the notation
Zim =Y —E | WY, — ZYJ" |Fil, Zi=Y!-h(YLE[Y]), te[0,T]
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We notice that, for every t € [0,T], Z™ > 0 a.s. and that 75" = inf{t > 0, Z;" =
0} AT. The same holds for Z* and 7.

For any € > 0, we have
P (7" =7 >€) =P (7" =7 > ¢) + P (7' = 7" > ¢) . (6.22)
We first show that P (7" — 7 > ¢) — 0 as n — oo. The event
{7 — 7" > €}

means that Z%" attains 0 at a time which is larger than the time 7% at which Z¢ attains
the same level 0 with at least ¢ > 0. In other words,

P (7" — 71> ¢) =P ( inf 7" >0,7% = 0) : (6.23)

0<t<ii+te
Given ¢ > 0, let us consider the stopping time
o' =inf{t > 7', Z" <S5} AT.

We have  inf  Z™ > 4. So the following events coincide:
F<t<(Fite) Aaim

{ inf Z" > 5} = { inf Z" > o} .
FI<t<(Fi4e)Aah™ FI<E< (Tl e) A

Furthermore, inf Z/" < inf Z™ and so it follows that

FI<t<Fi4e FI<t<(Fi4e) Aot

IP’( Cinf  Z" >0, Z;;:o> gp( o inf Z" >4, Z;g:o).
FI<t<fite FI<E< (Fide) Aohn
We have

sup P (7“"” — 7> (—:) = sup P ( inf Zf’" >0, Zh = O>

1<i<n 1<i<n 0<t<7i+te

Fite)Aohn

< sup ]P’( ‘ (inf VAN AE O)
Fi<t<

< sup IP( _ (inf Zy"t — 7L > 5)
Fi<t<

Fite)Aghmn

< sup P ( sup |Z1" — Zi| > 5) :

1<i<n t€[0,T)

which entails that sup P (75" — 7" > ¢) — 0 as n — 00, in view of (6.20).
1<i<n

Let us now consider the second term on the right hand side of (6.22). Similarly
to the previous step, given p > 0, let us consider the stopping time

" =inf{t > 7" ZI < p} AT.
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We have inf Z™ > . This in turn yields

Fon <t (T +e) Ao

inf Zl>ps = inf Zi>0;p.
Fon <t (T +e) Ao Fon <t (T 4e) Aok

Since, inf Z/ < inf Z!, we have

’f‘i*"StS’f‘i*"—FE f—i,n§t<(7‘—i,n+e)/\a’i,n

IP’( inf  Z! >0, Zf;??nzo)gp( inf 7> p, Z;L_()).
FLN<g<FHN e T FEn gL (FH14€) A ™

Therefore,

sup P (7' —7"" >¢€) < sup P inf  Zi>p, Z2 =0
1<i<n 1<i<n FEN g (FH™He) Aab™
< sup P inf VAR Zﬂ"n > p
P A . T
1<i<n FEn <t (TH7+e) Aot ™

< sup P ( sup |Z;" — Zi| > p) .

1<i<n te[0,T]

which entails that sup P (7! — 74" > €) — 0 as n — 00, in view again of (6.20).
1<i<n

Corollary 6.2.9. We have, for everyi > 1,

lim E[Y..] = E[Y]. (6.24)

n—oo

Moreover, up to a subsequence, it holds that

hm E }/‘:17}“ Z Y:]’n ]1{7:1.’"<T} _|_ gi]]_{,;.i,n:T}

n—oo

=E [h(Y., EYi]) Lgicry + & giory] . (6.25)
Proof. We derive (6.24) by contradiction. Assume that 7" converges in probability
to 7% with |E[Y/ ] —E[YZ]| >
74 which converges to 7 a.s. Since the continuous process Y is in 82, by dominated
convergence, we arrive at a contradiction.

To derive (6.25), we note that since the process Y is continuous and 74" 7% are
F'-stopping times, it holds that the sequence (Y%7, 77) converges in probability to
(Y?,7%). Therefore, in view of [3], Corollary 16.23, (75" Y”L) converges in distribu-
tion to (7%,YZ). For each i > 1, let {7"™ };>; be a subsequence of the sequence of
stopping times {%‘ }n>1, which converges a.s. to 7°. We claim that for every i > 1,

e yime Ly Y} as k — oco. Indeed, noting that (Y*,7%), ¢ = 1,2,... are i.i.d.,

F3mp
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£ || v -

1 &
2,m J
<E nk;(YTM’;— ) +n—kZE Y20 = Y]
1 & .
+E ||—> (V] —E[Y7)
T =
We have
E ii(wng; Y7 giiﬂz sup |Y/™ — Y/ || =0, k— oo,
M T T eI el

by the Cesaro Mean Lemma. Moreover, in view of the dominated convergence theo-
rem, for every j > 1, E HY -Y |] — 0 as k — oco. Thus, again by the Cesaro

H e Y]H—>Oask—>oo
Since (Y',7%), i = 1,2,..., are ii.d., the random variables Y};, i = 1,2,... are
i.i.d. By the strong law of large numbers and dominated convergence we have

1 & |

J, nk
Mean Lemma, we have - E
nE

E — 0, k— oo.

L5 —EYY))

n
k]l

Therefore, as k — oo, h(Y;" nlk > i1 Y M gsim <y +E 1 zimy _y converges almost

Z"k’ T
surely to h(Y., E[YA]) Uzicry + gz The claim (6.25) follows by dominated
convergence. O

Proof of Theorem 6.2.6. Let {7}~ be a subsequence of the sequence of stopping
times {7""},>1, which converges a.s. to 7. In view of (6.25) and the optimality of
{74} 51, we have

Y= fim o™ = B 1A Z Y Mgmry + € gimny
=K [h(YZZ, E[}/Zi])]l{qci<T} + fi]l{;_i:T}} .

]

6.2.3 Extension to the general mean field case

The aim of this section is to extend the results we proved in Sections 6.1.1 and 6.2
to the more general case where the performance function depends on the law of the
stopped process and not only on its mean. More precisely, we want to solve the OSP

Yy =sup E [h(YT,PYT)ﬂ{T([} + §H{T:T}} , (6.26)

T7€T0
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where P; denotes the law of the random variable ¢ under IP. To this end, as in Section
6.1, we introduce two families of value-processes:

. 1 <& . . _
Y,"" = esssupE [h(Y"", - Z Oysm) Lrery +§ M=y | Ty |, i=1,2,...,n,
j=1

TETE
(6.27)
where ¢, is the Dirac measure centered at x € R, and
V) =esssupE [h(Y), Py ) ey + Loy | F], i=1,2,.... (6.28)

TG‘T%

Since now h is also a function of probability measures, we have to modify Assumption
4(ii) but keep 4(i).

Assumption 5. The coefficients h and {£'}i>1 satisfy

(i) for eachi > 1, & € L*(FL). Moreover, the £'’s are independent copies of &, with
gh=¢;

(1)) h: QxR x Py(R) - R

(ii-a) is Lipschitz with respect to (y, 1), that is there exist two positive constants
Y1 and o such that

|h(w,y1,,u1) - h’<w7y27,u2)‘ < 71’3/1 - yz\ + 72W2(M1,M2)7

for any w € Q, any y1,y2 € R and any pq, us € Po(R).
(ii-b) h(-,0,00) € L*(P).

With Assumption 5 instead of 4, we can recover Theorem 6.1.1, Corollary 6.1.2 and
Theorem 6.2.6, as well as all the intermediate results, for this more general framework
by using the following inequalities satisfied by the 2-Wasserstein distance:

1. Given two random variables X,Y € L?(P),
Wi(Px,Py) <E[X — Y7,
and in particular Wy (Px, dg) < E[\XP]%;

2. for any x,y € R",

1< 1< I~ 5
i=1 i=1 i=1
In particular, W3 (£ 37 | 0,4, 00) < >0 2|2

This inequality allows to show that the process t — h(Y;"", 1 =1 5Ytj,n) is continuous
a.s., a condition needed to derive a similar result as Corollary 6.1.2.

For the convergence results we also need the following law of large numbers (see
for instance Lemma 4.1 in [43] for a proof):
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Lemma 6.2.10. Let Y, Y2 ... Y™ be solutions to the system (6.28) (notice that they
are independent and equally distributed with common probability law Q). Then,

W: (%chz)] ~0,
=1

where Wg 1s the Wasserstein metric on the space of probability measure on the space
C([0, T];R) endowed with the supremum norm.

lim E

n—oo

6.3 Optimal stopping of mean field SDEs

Let us consider the following mean field extension of the standard optimal stopping
problem of one-dimensional a diffusion process X. Find a stopping time 7* such that

7 = argmaxE [o(X;, Px )l rery + ELprony] (6.29)

T7€T)

where X is a diffusion process of mean field type
t t
X; = Xo +/ b(s,Xs,]P’Xs)ds—l—/ o(s, X, Px,)dW,, t€]0,T], (6.30)
0 0

where Xy is square-integrable and independent of W. Here, {JF;}icp1) is the P-
completion of o(Xo, W, s < t).
The OSP associated with the MF-SDE (6.30) is

Yy =esssupE [h(XT,IP’XT)]l{KT} + SH{T:T}] ) (6.31)

T€TD

The particle system to use to solve this OSP is simply the i.i.d. processes {X"};>1
which solve

t t
X;’:X3+/ b(s,Xi,]P’Xg)ds—l—/ o(s, XL, Pyi)dW!, t€0,T], (6.32)
0 0

and vector (X" ... X™") of n weakly interacting diffusions defined by

t
X;7”:Xg+/ (s, X", = Z(SXM ds+/ (s, X", = Zaxm dw?, te 0,7,
0

(6.33)
where (X3, W) = (Xo, W), which implies that X' = X, and (X}, W) are indepen-
dent and equally distributed.

To the system (6.32) we associate the OSP

Yy = esssupE [h(X], Pxi )l rery + ENgr=ry], 21, (6.34)

TE‘J’é
and the associated family of optimal stopping times

=inf {t >0, ¥;"" = h(X],Px:)} AT (6.35)
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Moreover, to the system (6.33) we associate the family of OSPs

Yy" =esssupE

TE‘Té

N : :
hX" > Sy hirery +§’]1{T:T}] , i=1,2,...,n, (6.36)

J=1

and the associated family of optimal stopping times
, , N _
Fom — inf {t >0, V" =ER(X;", =) )] 3“;]} AT. (6.37)
ni

Provided that b and o satisfy conditions which yield (see for instance Theorem 3
in [65]):
Assumption 6.
(1) Each of the X*’s and X""’s is in 82,

(2) lim sup E

n—)OO]_SiSn

sup [ X} — XZ'P] =0, i>1,
t€[0,T7]

based on the above results, we obtain the following

Theorem 6.3.1. Under Assumptions 5 and 6, the hitting time
" =inf{s > 0; Y = h(X,Px )} AT

satisfies
T = arg max £ [h(XT, IEDXT)]l{T<T} + fﬂ{T:T}} .

T7€T0

6.3.1 Optimal stopping of the variance of a mean field diffu-
sion

For h(w,z,p) := (x — [gayp(dy))? and £ > 0, we obtain an OSP of the variance:

Yo = sup E [(X, — E[X,])* Ljpery + €Ly - (6.38)

T7€T0

Since h is not Lipschitz continuous we cannot directly apply the above results to claim
that the hitting time

™ =inf{s > 0; Y, = (X, - E[X,])*)} AT (6.39)
satisfies
7 =argmax E [(X, —E[X,))’ Lipery + Elpomy] - (6.40)
T7€To

We note that when X is one of the Markov processes considered in [88], the
stopping region defined by 7* is the same as the one given in Theorems 3.2, 4.1 and
5.1 in [88].
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Below, we provide a proof that the hitting time 7* defined by (6.39) satisfies (6.40).
To this end, using the notation above, we need to show similar results as Proposition
6.2.8 and Corollary 6.2.9 which follow provided that

sup |2, — 7|
te[0,7

sup [V, — Y|
te[0,7)

lim E

n—oo

=0, lim E

n—oo

~0, (6.41)

where Z" and Z! are defined as in (6.18) and

(XEn — — ZX” |F:|, Yy =esssupE [(X, — E[X,])?|F] .

TET:

17n j—
Y, =esssupE
TET}E

(6.42)
In view of the proofs of Propositions 6.2.3 and 6.2.8, the limits (6.41) hold provided
that

sup [E[(XM" — 3" X" 5]~ (X, - E[Xm] -0 (6.43)

t€[0,T]

lim E

n—oo

=1

Let us show (6.43). We have

sup [E[(X," ~ —ZX]" | ) — (Xe — E[X.])?]

t€[0,T)] =1

= sup !E[((XI"——ZX” (Xt—E[Xt]))((th’"—%ZXf’")Jr(Xt—E[Xt]))!?t]I

t€[0,T)
n n

< sup E[ sup |<X;’“—% S ) = (X B (00— S X+ (X, BLX) | )

te[0,T] s€[0,T] =1 =1

3
< sup |E| sup |[(X}"—— ZXJ" — (X, —E[X,))P| 7
te[0,T] s€[0,T7]
1
1~ :
sup [ E | sup |(X31’”——ZX?")%—(XS—E[XS])ﬂ?t ;
te[0,T] s€[0,7] o=

where in the last inequality we used the Cauchy-Schwarz inequality for the conditional
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expectation. Then, again by Doob’s inequalities, we obtain

E

sup [E[(CX!" — 7 Xp")2 7] - (X, - E[Xt})2|]

t€[0,T]
<4 (E

(E

Jj=1

sup |(XF" — L S7 X" (X, - E[Xt})IQD

te[0,T

=1

1
2

sup (X! = DX+ (- E[Xt])FD

te[0,T]

gc(E

where in the last inequality we have used the fact that the term

(SIS

t€[0,T]

sup (X7 =~ 37 X¢") = (X, - E[XWD ,

sup (31" = = 57X + (X, - E[Xt])|2]

te[0,7)

E

=1

is bounded by a constant C' which only depends on the 8?-norm of X, due to As-
sumption 6 (ii) and the exchangeability of the sequence {X7"}"_,. Furthermore, we
have

E | sup [(X," = =) X{") — (X, —E[X)))|”
t€[0,T] n =1
1 o~
<2E | sup [X;" — X;*| +2E | sup ‘_thj’n ~E[X))]”
t€[0,7) tefo, 7] T =
1 <& . .
<2E | sup |X}" = X,[| +4E | sup |- Y (X]" - X])?
te[0,T] tefo, 7] T =1

+4E

sup |- 3 (x7 —E[Xtm?] .

tefjo,7] T =

Again, by Assumption 6 (ii) and the exchangeability of the process {X?" — X7}7

the first two terms in the last inequality go 0 as n goes to infinity. Now, since the
processes {X7};>; are i.i.d. C([0,T7]; R)-valued random variables with finite second
moments (since they are in 82), by the strong law of large numbers for Banach-valued
r.v. (see Theorem 4.1.1 in [86]) and dominated convergence, it holds that

n 2

> (X7 — EIX)

lim E | sup = 0.

This finishes the proof of (6.43).
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