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We wish to describe a potential energy surface by using a basis set of permutationally invariant polynomials
(PIPs) whose coefficients will be determined by numerical regression so as to smoothly fit a data set of
electronic energies as well as, perhaps, gradients. The polynomials will be powers of transformed internuclear
distances, usually either Morse variables, exp(—r; ;/A), where A is a constant range hyperparameter, or
reciprocals of the distances, 1/r; ;. The question we address is how to create the most efficient basis set,
including a) which polynomials to keep or discard, b) how many polynomials will be needed, ¢) how to make
sure the polynomials reproduce correctly the zero interaction at large distance, d) how to ensure special
symmetries, and e) how to calculate gradients efficiently. This article discusses how these questions can be
answered by using a set of programs to choose and manipulate the polynomials as well as to write efficient
Fortran programs for calculation of energies and gradients. A user-friendly interface for access to monomial
symmetrization approach (MSA) results is also described. The software for these programs is now publicly

available.

I. INTRODUCTION

One goal of electronic structure calculations is to deter-
mine how the energy of a system of atoms changes with
geometry. A list of energies and geometries is sometimes
useful, but what theoretical chemists need most is a func-
tion, one that is fast to evaluate, reproduces precisely and
smoothly the available electronic structure data, and ca-
pable of being used in classical and quantum molecular
dynamics. How this function is derived from the data has
received modern, innovative attention but is also based
on old roots. Many recent perspectives and reviews have
shown how new machine learning techniques, for exam-
ples, Gaussian processes and neural networks, can pro-
vide an answer.!” Older methods, which use machine
learning to fit a basis set to the data using coeflicients
determined by numerical regression, are still improving
and currently remain the fastest performers for molecules
up to about 15 or more atoms,® and for clusters of iden-
tical small molecules up to many hundreds of atoms, via
a many-body expansion.
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Two major challenges need to be solved for extension of
these methods to even larger systems. The first challenge,
which affects both newer and more established methods,
is the need for larger and larger data sets. The num-
ber of high-accuracy energies and gradients required as
a function of geometry becomes larger as the geometric
description requires an increasing number of interatomic
parameters. One recent advance, “A-machine learning",
allows the use of fast, lower-level electronic structure cal-
culations, e.g., Density Functional Theory (DFT), for
the major fraction of the data set and then augment-
ing these with far fewer high-level calculations, e.g., at
the CCSD(T) level, and using a correction fit to the
difference.? Another advance is the use of “transfer learn-
ing”, in which knowledge gained from solving one problem
is used to solve a different but related problem.'® The sec-
ond challenge is that the basis set, typically a polynomial
expansion, can become so large as to be unwieldy. It is
this second challenge that we address here. Are there
effective methods for achieving high accuracy and speed
but using smaller, more efficient, large-molecule basis?

Setting aside the well-described development of permu-
tational invariant polynomials (PIPs) themselves,® 1119
recently reviewed,?° we briefly discuss the most recent
work on new methods for using PIPs. We will limit our
review here to using PIPs for determining global poten-
tial energy surfaces; local fitting will be considered in
the Discussion section. The field has been supported
since roughly 2005 by a library of PIPs for roughly 60
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molecule types up to 10 atoms.!! This library has been
distributed to a number of research groups who specif-
ically requested PIP PES based on the PIPs in this li-
brary. There are some limitations of this library and
we mention those when we discuss the new PIP software
and the capability to also create a library of PIPs. That
libary of PIPs was followed soon after by monomial sym-
metrization approach (MSA) software that determines
PIPs given the permutational symmetry and the desired
order.21:22 First, we digress briefly to establish the no-
tation for basis, because this notation is the input for
the MSA software. We will describe in a later section a
user-friendly interface for generating MSA basis set out-
put and for fitting a potential energy surface to electronic
structure data.

The permutational symmetry notation for a molecule
is determined by enumerating which like atoms of the
molecule permute with one another. A simple example
might be acetic acid, CH;COOH. The full symmetry des-
ignation would be 422, where the 4 refers to permutation
of the identical hydrogens, one 2 refers to the permuta-
tion of the two carbons, and the other 2 refers to that of
the two oxygens. In many cases, one might want to use
a reduced symmetry, especially if the energy range of the
potential will be low enough so that some permutations
can be assumed not to happen. For example, it is unlikely
at low energies either that the two carbons will exchange
with one another or that the two oxygens will. The re-
duced symmetry for this situation would be designated
41111. It is also unlikely at low enough energies that
the acidic hydrogen will exchange with the hydrogens on
the CHj group, in which case the symmetry would be
designated 311111. Reduced symmetries have the ad-
vantage of being usually faster to calculate, even though
they have more polynomial terms, whereas full symme-
tries have fewer polynomials but are often slower because
of the larger number of monomials that are symmetrized.
In any case, the MSA software will use the user-selected
symmetry designation, along with the desired maximum
order of the polynomials, to provide polynomials that are
permutationally invariant to the designated exchanges.
The user-selected polynomial order is the maximum sum
of the polynomial exponents; the number of polynomials
increases very strongly with the order. The description
of an MSA basis set is usually denoted by joining the per-
mutational symmetry designation and the order with an
underscore; e.g., The 311111 symmetry with maximum
order 4 would be designated 311111 4.

Substantial new work using PIPs has appeared in the
past several years. Paesani and co-workers have used
PIPs in the the MB-pol potential'”?3 and many-body
potentials of solvated molecules, e.g., CO,/H,0.2* Gyéri
and Czako have introduced a “ROBOSURFER” program,
which uses PIPs, that automates the selection of new ge-
ometries, performs ab initio computations, and improves
the PES iteratively. They applied it using PIPs to the re-
action of CH3Br + F~.25 Moberg et al. have described a
method for using dictionary learning with a “greedy” se-

lection to reduce the size of bases without appreciable loss
of accuracy, and they have also shown that parallelization
can automatically generate PIPs for complex systems
with multiple reactive channels using software they call
“PIPPy".26:2" The Schaefer group has introduced PES-
Learn, a package of software for automated generation of
machine learning models for PESs.?® Koner and Meuwly
have reported a permutationally invariant method repro-
ducing kernel-based PES for polyatomic molecules up to
10 atoms.?? That method uses an “n-body" representa-
tion of the potential, which appears to be similar, at least
qualitatively to the “n-mode”3%3!, Truhlar and his group
have studied several PESs using PIPs, including N+N,,
N-+0,, and N, +N,.32735 For many of these latter sur-
faces, as well as in the work of Moberg et al., a method
is described for removing “disconnected” terms in the ba-
sis. It accomplishes what we call purification and com-
paction, as will be discussed below.26:27:36

To conclude these introductary remarks, it is reason-
able to ask “why PIPS"? — that is, why do we recommend
PIPs for PESs of molecules and for components of many-
body expansions. First, we note that roughly fifty PIP
PESs have already been developed and reviewed.? As of
2018, these for molecules with up to 10 atoms. As of 2022,
PIP PESs have been reported for 15 atom molecules and
for the 12-atom 4-body water interaction potential. So
this is an indication that the approach can be used for
many gas-phase molecules of potential interest. But an-
other aspect of PIPs that recommends the approach is
the efficiency of the method. Since the representation is
simple and linear in the parameters it seems clear im-
mediately that the evaluation of the PES would be fast.
Recall that the generic expression for the potential V in
terms of PIPs is given by

Vir) = ani(r), (1)
=1

where ¢; are linear coefficients, p; are PIPs, n, is the
total number of polynomials for a given maximum poly-
nomial order, and 7 are transformed internuclear dis-
tances, usually either Morse variables, exp(—ry,m/A), or
inverse distances, 1/7y, m, where r,, ,,, is the internuclear
distance between atoms n and m. This simple expres-
sion has been used to fit energies of small molecules for
many years where the polynomials were just monomials.
There were two serious limitations though with that ap-
proach. First, the number of monomials grows highly
non-linearly with the number of degrees of freedom, and
also the expression is not manifestly invariant with re-
spect to permutations of like atoms. PIPs obviously solve
the second problem and also greatly mitigate the steep
increase in the number of terms while keeping the “linear-
ity" of the fitting approach and the evaluation of the sum.
In fact the speed of evaluation of the PIPs representation
was recently demonstrated for ethanol, where it greatly
outperformed various Neural Network and Kernel Ridge
methods.3”
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We now present a brief review of recently developed
methods used by our group to make best use of the poly-
nomials available with a several goals in mind. These are
achieved by being able to selectively eliminate (or add)
PIPs to the basis. This capability is especially important
for application of PIP fits for molecules with more than
10 atoms. These methods are the focus of Mathematica3®
software described in detail below and made available in
the Supplemental Material. The Theory and Program-
ming section provides the theoretical background for each
method and serves as a guide to the software. Examples
are presented in the Results section and discussed sub-
sequently. An overview of the molecular systems that
have been studied in our group using these methods is
provided in Table I. We start with an overview of four
techniques that either select, from all the polynomials
provided by the MSA software, those that are most im-
portant for specific cases or that provide simplification
and efficient generation of gradients. Section II then pro-
vides a deeper description of the theory and programming
of these techniques.

Fragmentation and Elimination of Duplicate
Polynomials: Based loosely on ideas from groups try-
ing to calculate the energies of large molecules based on
fragmentation methods,?' %3 a fragmented PIP approach
has been developed to simplify and prioritize PIP bases
for large molecules. In this approach the total PIP ba-
sis is given by the union of PIP bases for fragments of
the molecule. The method was tested for two H;O " and
CH, and applied to the 12-atom molecule, N-methyl ac-
etamide (NMA).%3:54 The idea of using fragmentation for
prioritizing the basis is to divide the molecule into (usu-
ally) overlapping fragments, each having its own permu-
tational symmetry and total polynomial order. The frag-
ments are chosen based on large internuclear distances
(and thus small Morse variables) of non-common atoms
in different fragments. For NMA these are the two sets of
H atoms on each distant methyl rotors for which the cor-
responding Morse variables are small. However, as shown
in ref. 43 those small interactions can be accounted for
in a separate fragment involving just those nine Morse
variables. Considering the whole molecule in the case
of NMA, there were 66 internuclear distances to con-
sider, with 8040 PIPs at third order. For a 2-fragment
case, there were 57 internuclear distances to consider,
with 6056 PIPs. For the 2-fragment basis set, the eval-
uation of the fitting basis was 20 times faster than for
the basis from the full molecule, with RMS fitting er-
rors of energies and gradients that were only about 20%
larger. Fragmentation was also recently used in a study
of tunneling splittings in acetylacetone.*® In that case
both a full symmetry basis for the entire molecule and a
basis for four overlapping fragments of 9, 11, 11, and 8
atoms was considered. The full basis has 52 626 monomi-
als and 6207 polynomials, whereas the fragmented basis
had 3609 monomials and 24 030 polynomials. The frag-
mented basis was both twice as fast to evaluate as the full
symmetry /full molecule basis and also produced RMS er-

rors for the potential and gradients that were better by
about a factor of two. In the first of these two examples,
the bases were determined in distinct steps that required
a hands-on approach. In the second case, the software
described below was used both to automate the process
and to make more efficient use of the polynomials.

Adding or Pruning: One can easily imagine either
adding polynomials to a smaller basis or “pruning” poly-
nomials from a larger one so as to get a reasonable com-
promise between basis accuracy and speed. The idea is
similar to that in fragmentation: we want to keep the
polynomials that have large values (these have small dis-
tances) and discard those that have small values (these
have long distances). Instead of using fragmentation to
decide which ones should be kept or discarded, we use the
data set itself, the set of energies and, perhaps, gradients
to which the polynomial expansion will be fit. Details
will be provided in the Methods section.

Pruning or adding polynomials to form new bases, has
been employed recently in several studies, In glycine,*446
we reported six fits to an extensive data set containing
70099 geometries spanning an energy range up to more
than 60000 cm~! above the global minimum. The fits
were to the full molecule, to a 2-fragment version and to
a 3-fragment version, each constructed for both third or
fourth order. The number of polynomials ranged from
1022 to 46654. As expected, the fourth order fits were
the most accurate, whereas the third order fit with two
fragments was the fastest. The RMS errors for the energy
were between 7.5 and 132 cm ™!, and the mean absolute
errors for the vibrational frequencies of the global min-
imum structure were between 7.2 and 31.2 cm~!. The
PESs determined with these bases were suitable for dif-
fusion Monte Carlo (DMC) calculations of the wavefunc-
tions for several conformers as well as their zero-point
energies (ZPEs). Results for several fourth-order fits
that were pruned to provide smaller basis sets or which
had polynomials added to form larger ones were also
obtained.*

For tropolone,*” we investigated bases for the full
molecule using total polynomial order of three for a
two-fragment and a four-fragment version. Pruning and
adding of polynomials produced further bases, as de-
scribed in some detail, but these pruned or augmented
bases were not used in the final analysis of tunneling
splitting. Although the fragmented fits had weighted
RMS errors that were not so different from the full fit,
what we were most interested in was the hydrogen ex-
change between the two oxygens. There are four low-
energy stationary points on the surface, and the fit to
the full molecule gave better values for these, particu-
larly for the global minimum and the transition state to
hydrogen transfer.

7

For ethanol,® pruning was used to obtain a data set
of 8895 polynomials that was somewhat smaller than the
order-four 321111 set with 14 752 polynomials.

Purification/Compaction/Grouping: In many
applications to non-covalent systems, we used the well-
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TABLE I. Potential energy surfaces with bases that used the methods described in the text.

Molecular System Method Year(s) References
Ar-HOCO Purification 2015 39
CH;,—H,0 Purification 2015 40
H,(H,0) Purification 2015 41
H,(H,0), Purification 2015 41
CO,@(H50)4 Purification 2017 42
N-methyl acetamide Fragmentation 2019-2021 9,43,44
CHy, Derivatives 2019 45
Glycine Fragmentation, Pruning 2020 44,46
Tropolone Fragmentation, Pruning 2020 47
Acetylacetone Fragmentation 2021 48,49
H,0, 3-body, 4-body Purification 2021 50
CH3;CH,OH Pruning, Reverse Derivatives 2022 8

known many-body expansion where we focus on each in-
trinsic n-body interaction. The “particles" may be iden-
tical, in which case we would refer to each as a monomer,
or they may be different, in which case we would refer to
each as a fragment. The many-body expansion equation
in terms of the n-body contributions is for N monomers

N N
=1

1>]

N

i>j>k

N
> V(i k) 4

i>i>k>l

A simple example is the interaction of Ar with the
HOCO radical, studied previously.?® In this case, the first
term in the expansion, Zfil Vis(7), would correspond
to the sum of the potential energies of the Ar and the
HOCO, whereas the second term would be due purely to
the intrinsic interaction of the Ar and HOCO. (If there
is a second Ar atom, the third term would describe the
intrinic 3-b Ar-Ar-HOCO interaction.) The polynomial
basis for this system was at first taken as 2111 5, with
1632 polynomials. Note, however, that for the 2-body
interaction potential, the potential energy must go to
zero if the Ar and HOCO are far away from one an-
other. Most of the polynomials in the 2111 5 basis do
have this property; however, some do not. Those poly-
nomials contain only Morse variables that depend on the
internal fragments variables, which do not go to zero in
the separated fragment limit. This was noted in the 2009
review by Braams and Bowman.!! The non-separablity is
however small numerically, provided that sufficient data
is contained in the dataset. The non-separabilty and a
simple solution to eliminate it was reported by Truhlar
and co-workers.36 Clearly, these polynomials should be
eliminated so as to ensure the correct zero interaction
at large distance and that indeed was the solution sug-

gested. The process of identifying these polynomials is
what we call “purification” of the basis set. The principle
is simple: one takes a random geometry and compares
the values of each polynomial for this geometry to those
for a geometry in which the components, here Ar and
HOCO, are removed from one another by a large dis-
tance. If the polynomial value goes to zero, then it is
kept. If it does not, it is identified for later removal. In
the case of the Ar-HOCO system, of the original 1632
polynomials, 1376 (84 percent) had the correct zero in-
teraction at large distance. The process of eliminating
the ones with the wrong behavior is what we call “com-
paction”; it involves renaming the polynomials with the
wrong behavior, seeing which of the monomials and re-
named polynomials are required to calculate the values
of those polynomials with the correct zero limit, discard-
ing the rest, and renumbering all remaining monomials,
renamed polynomials, and regular polynomials. Other
examples of the use of purification in our group may be
found elsewhere;39:40:42:50,55 in some of these the purifi-
cation has been done “by hand”, whereas in others the
software to be described in the Methods section was used.

In examples where there are identical molecules, there
is one other issue that must be confronted. Consider a
cluster of three water molecules. One might consider the
full symmetry 63, but as discussed above many of the
permutations are unfeasible, and this fact and compu-
tational efficiency lead us to consider 222111 symmetry,
for which the hydrogens on each water permute, but no
atoms permute between water molecules. In addition, we
wish to describe the invariance of the potential with per-
mutation of intact water molecules. For three waters,
there are six such permutations. Unfortunately, while
MSA software provides results for any permutation of
individual atoms, it does not provide results for the per-
mutations of whole molecules. There are two ways to
correct this issue. Omne is to replicate the energies for
all relevant permutations. In the case of the three wa-
ter molecules, this is a factor of 6 and this enlarges the
ultimate datasize by this factor. A better method is to
identify those groups of polynomials that have permu-
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tational symmetry with respect to the water exchange
and to then form “superpolynomials” that are the sum
of the polynomial members of each group. The method
for identifying such groups will be described below. It
has been used successfully for the the 3- and 4-body po-
tentials for water,?® results for which will be presented
below.

Analytical Gradients: The orginal PIPs software,
namely the large library of primary and secondary
invariants!! and the MSA software,?? did not have an-
alytical gradients. And so gradients were obtained using
finite-difference methods, which have a minimum time
cost for the complete set of gradients about equal to
6Nt., where N is the total number of atoms and ¢, is
the time for calculating the energy. Recently, a fairly
straight-forward method for analytical derivatives was in-
troduced and used for CH,.124> While better than the
finite-difference method in accuracy and speed, it still re-
quires the calculation of 3N derivatives to obtain all the
gradients, at a time cost of approximately 3Nt.. This
cost can be decreased substantially at the price of in-
creased storage by using a “fast-forward” technique de-
scribed elsewhere.® This same reference also shows, how-
ever, that it is possible to use a reverse, or backwards,
derivative approach®:7 that, for molecules up to at least
15 atoms, scales in time as 3 to 4 times t., independent
of the size of the molecule. Details of this method and
the software that has been developed to calculate reverse
gradients for PIPs will be discussed and illustrated below.

Il. THE THEORY AND PROGRAMMING OF THESE
METHODS

A. Fragmentation and Elimination of Duplicate Polynomials

Recall that the monomials?? used to make up the poly-
nomial basis have the form of Eq. (3):

Tyt e, 1=N(N—-1)/2, (3)

where the 7; are transformed internuclear distances, typ-
ically Morse variables, n; are exponents, and N is the to-
tal number of atoms. For large molecules, because many
internuclear distances are large, the corresponding Morse
variables will be nearly zero, so that the monomials in-
cluding them will also be small and the basis functions
containing the monomials can be discarded. Fragmen-
tation of the basis set is a method for prioritizing which
polynomials are most important. The molecule is divided
into overlapping fragments, each having its own permu-
tational symmetry and order, and chosen so that long
internuclear distances, where interactions are small, are
neglected. In the first examples, the total basis was sim-
ply generated from the union of those for the individual
fragments and the assembly was performed by hand. We
have now developed automated methods that easily pro-
vide bases for any number and type of fragments and,
additionally, delete any duplicate polynomials caused by

the desired overlap between the fragments.** Most impor-
tantly, the fragmentation method provides a path for ex-
tending the PIP approach for PES fitting to much larger
molecules than were hitherto possible.

The two main goals of the software for fragmentation
are to automate the process and to delete any duplicate
polynomials that may be produced by combining frag-
ments that have common Morse variables. Two strate-
gies for deleting duplicate polynomials were successful, a
pairwise method and a sequential method. In order to de-
termine which values of the Morse variables, 7, the mono-
mials, m, and the polynomials, p, are duplicates, we use
the following method in both approaches: a) assign a 16-
digit number between 0.1 and 1.0 to each Morse variable;
b) calculate all monomials and polynomials; and ¢) mul-
tiply the values by 10® and compare the integer parts to
identify duplicates. The probability of incorrectly iden-
tifying a duplicate with this method is no larger than
about 0.01

In the sequential method we take the output of the
MSA software for each individual fragment and convert it
to Mathematica format. The (7,m,p) are taken as given
for the first fragment, whereas for each additional frag-
ment the following steps are taken: the numberings of the
new fragments are augmented by the maximum values of
those for the previous fragment, the new (7,m,p) are
compared with those of previous fragments and marked
for deletion, and the lists are joined. After all fragments
are added, the surviving (7,m,p) are then consistently
and consecutively renumbered, and the Fortran version
of the program, similar in format to the output of the
MSA program, is written. The pairwise method uses the
same first step as the sequential method, and then the
second fragment is added, augmenting the numberings
of the (7,m,p). The pair of fragments is tested for com-
mon (7,m,p), which are marked for deletion. The next
fragment is then added, with its (7,m,p) compared in
a pairwise fashion with each of the previous fragments,
marking duplicates for deletion. Once all fragments have
been added, the deletions are made and renumbering of
the surviving (7,m,p) is performed. The two methods
give identical results and are about equally efficient.

A note is in order to alert the reader that the require-
ments of symmetry and those of fragmentation might oc-
casionally be at odds with one another. For example,
in our study of tropolone,*” we found that it was unde-
sirable to put two of the distant atoms, the hydrogens
on carbons adjacent to the oxygenated carbons, in dif-
ferent fragments, even though doing so would correctly
eliminate polynomials based on the long internuclear dis-
tance between them. However, putting them in different
fragments would mean that they could not permute sym-
metrically, and this would destroy the symmetry of the
hydrogen transfer barrier that we wanted to study. More
details, with diagrams can be found in Ref. 47.

The Mathematica program that automates and ac-
complishes fragmentation and the removal of dupli-
cates is part of the DeleteDuplicatesVXX.x.wl pack-
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age, where XX.x denotes the version number. The in-
puts are placed in a “template” supplied with the soft-
ware, and the function DeleteDuplicatesAndProvideD-
erivativesIfDesired|| is executed. Further details are pro-
vided in ref. 44 as well as in the Supporting Information
for that reference.

B. Polynomial Pruning or Adding

The MSA software is generated from just two inputs,
the permutational symmetry of the molecule, using the
notation given above, and the total order desired; i.e.,
the maximum sum of the polynomial powers of the trans-
formed internuclear distances. The permutational sym-
metry need not be the complete symmetry of the system,
but should include the relevant exchange possibilities at
the maximum energy of the data set. For the given per-
mutational symmetry, the total number of PIPs will be
determined by the maximum polynomial order. In gen-
eral and up to a limit, the more polynomials, the more
accurate will be the fit, but the longer will be the time
for calculating the energy and/or gradients. The limit
is determined by the need to have far fewer coeflicients
than one has energy/gradient constraints so as to avoid
“overfitting”, in which all the points are well-fit but the
region between them has strong oscillations in energy. In
many cases, one would like to have a number of polyno-
mials/coefficients that is somewhere in between the num-
bers arrived at for two different choices of order. In such
cases, we “prune”’ the number of polynomials provided
by the larger order to the number desired for a reason-
able compromise between accuracy and speed, or we add
polynomials to the basis for the smaller order by consid-
ering multiples of the existing basis functions. We use
the following method to decide which of the polynomials
should be kept.

A decision on which polynomials are most important
may be made by examining the data set. This is a logi-
cal choice, because the PES fit will be made to the data
set. The first step is to evaluate the maximum values
of the each transformed internuclear distance compared
to the range of values found among the geometries of
the data set. Recall that the transformed internuclear
distances are usually Morse or reciprocal values. Thus,
long distances have small transformed values (and are
less important) than short distances, which have trans-
formed values nearer to unity (for the Morse transfor-
mation). Taking the maximal values of the transformed
internuclear distances, we then evaluate all the polyno-
mials available from the MSA output. For pruning, we
start with a larger order and then eliminate those poly-
nomials with the smaller values until we arrive at the
desired number of final polynomials. The method works
both for regular polynomials generated by the MSA soft-
ware and for “superpolynomials” generated as described
in the next section. For adding, we generate new polyno-
mials by multiplying together those of the smaller basis,

and we keep those that have the largest values until the
desired number is reached.

The Mathematica program that adds or prunes polyno-
mials is part of the PolynomialPruningAddingVXX.x.wl
package, where XX.x is the current version number. The
programs for adding or pruning are PolynomialAdding]]|
and PolynomialPruning]|, respectively. Inputs to these
programs are in templates that are part of the Mathe-
matica software.

C. Purification/Compaction/Grouping

Consider a group of identical particles whose potential
energy surface we wish to describe using a many-body
expansion (MBE, see Eq. (2)) . This potential energy
surface will be determined by using a basis of permuta-
tionally invariant polynomials (PIPs). We will determine
the coeflicients in the expansion by numerical regression
so as to fit a dataset of electronic energies and, perhaps,
gradients for different geometries as smoothly as possible.
The PIPs used as the basis will be products or sums of
monomials (see Eq. (3)) where the transformed internu-
clear distances are either Morse (exp(—r; j/))) or recip-
rocal variables. However, there are two potential issues
for application to the MBE problem. First, not all of the
PIPs generated by the MSA software will have the cor-
rect zero interaction at large distance in the many-body
expansion. Second, the MSA software is not designed to
consider the exchange of identical groups of atoms, so we
need to ensure this type of permutational symmetry by
another method.

We first examine the limiting behavior. We use “purifi-
cation” to refer to the process of identifying and setting
aside permutationally invariant polynomials (PIPs) that
do not have the correct zero interaction when individual
monomers or groups of monomers are removed from the
others to a great distance. The fits we seek are to the n-
body contributions to the potential energy. When any of
the group members are separated by large distances, thus
eliminating the n-body nature of the interaction, this n-
body contribution must go to zero. We ensure the cor-
rect limits for all polynomials by the following method:
We take an arbitrary geometry, then remove n-mers from
one another to large distances, and finally calculate the
values of the PIPs to see whether they go to zero. For
example, for water clusters, in the case of the 4-body in-
teractions, we remove each of the 4 water monomers from
the other three and each of the six pairs of water dimers
from one another. In the case of the 3-body interactions,
we remove each water monomer from the remaining pair.
In the case of the 2-body interactions, we move the two
monomers to a large distance from one another. In our
calculations, the distances are augmented by 100 A, and
we accept the polynomial as having the correct behavior
if its Morse value is below 1076,

However, polynomials that do not have the correct zero
interaction at large distance cannot immediately be re-
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moved from consideration, since there may be other poly-
nomials that, for example, are composed of products be-
tween one with an incorrect limit and one with a correct
limit. Instead, we rename the ones with an incorrect
limit. When the process of evaluating the polynomials is
finished, we then look at the definitions of all those with
the correct limits and determine which of the monomi-
als and which of the renamed polynomials with incorrect
limits are required to calculate them. We then remove
those that are not required and renumber those that re-
main, keeping the order of calculation so that no partial
calculation that contributes to any polynomial needs to
be performed twice. We call this step in the process “com-
paction”. The result is a set of polynomials that all have
the correct zero interaction at large distance and that
can be calculated efficiently. Note that the purification
procedures described above can only guarantee that the
interaction is zero at large distance, but the fit may not
have the correct limiting behavior, as it may approach
zero too rapidly or slowly. The long-range behavior of
the PES will be discussed in detail in Section IV.

We now turn to the issue of permutational symmetry
for exchange of the identical monomers. As mentioned
previously, this exchange is not taken into account by the
MSA software. Thus, the polynomials that we create by
purification will not, in general, have permutational sym-
metry with respect to exchange of identical monomers. In
fact, when renamed polynomials (with the wrong limiting
behavior) are deleted, it is easy to produce polynomials
that do not have permutational symmetry of identical
monomers, even if the original basis did have it. As men-
tioned above, one method for dealing with this symmetry
is to augment the dataset by adding all relevant permu-
tations of the Cartesian coordinates and assigning them
the same energy. If there are n monomers, this requires
a set of n! geometries for each energy. A better method
is to identify those groups of polynomials that have per-
mutational symmetry with respect to monomer exchange
and to then form “superpolynomials” that are the sum of
the polynomial members of each group. Each group will
have n!, not necessarily unique, members whose sum is
independent of the monomer permutations and which can
then receive a single coefficient in the energy or gradient
determination. This identification of coefficients follows
directly from the numerical solution of the least-square
equation, and this has been verified in the replication
procedure.

We identify the permutationally invariant groups of
polynomials by taking a single set of n! permutation-
ally related geometries and calculating the value of each
polynomial. Taken together, the groups of polynomials
for each permutation will have the same group of values,
but the the values of individual polynomials will vary
from permutation to permutation. For each permutation,
one can form pairs of the polynomial identities and their
values, and then sort the pairs by their values. Look-
ing at all pairs that have the same value component in
all permutations gives the identities of the polynomials,

some of which may be repeated, that make up a permu-
tationally invariant group. In general, there will be as
many groups as there were original polynomials. These
groups, each with n! (not necessarily unique) polynomial
contributions, are then summed to form “superpolyno-
mials” having permutational symmetry with respect to
exchange of identical molecules.

The Mathematica programs for accomplish-
ing these goals are found in the Polynomial-
PruningAddingVXX.x.wl package, where XX.x is
the current version number. The programs for adding
or pruning are PolynomialAdding|[] and Polynomial-
Pruning]|, respectively. Inputs to these programs are in
templates provided with the software.

D. Analytical Gradients

It is often very desirable to have analytical gradients
of the potential so that forces between atoms can be cal-
culated, either for use in the fitting process or, for ex-
ample, in molecular dynamics simulations. There are
several methods for accomplishing this goal, as outlined
in the Introduction and described in detail elsewhere.®
Here, we focus on the reverse (or backward) derivative
technique.?%->7

The method is perhaps easiest to understand by work-
ing through a very simple example, the case of a homonu-
clear diatomic molecule, presented previously® and here
in Section S-I of the Supplementary Material. Of course,
this example has only one internuclear distance and
four polynomials (counting p(0)). The situation gets
much more complicated for larger molecules. Taking the
22221111 4 basis for the water 4-body interaction as an
example, more than 150 lines of Fortran code are required
to define some reverse derivatives, even when the num-
ber of superpolynomials is pruned to 1000. Fortunately,
there is a recursion relationship in the equations that
makes the programming manageable.

As seen in the diatom example, the forward differen-
tiation uses a series of steps to define the differentials of
the internuclear distances, monomials, and polynomials,
in the order 7, m, and p. The derivative of the po-
tential is then given by dV = ¢ - dp. Let the number
of the step in this forward direction be designated by 1.
We define the adjoint, a(i), of a particular step in the
reverse direction as the derivative of V' with respect to
the “conjugate” variable defined in step 7 of the forward
calculation, where the conjugate variable is, for exam-
ple, a 7, m or p variable. Consider a general case in
which we have s steps in the forward direction defining
the variables z;, ¢ = 1...s. These variables are conju-
gate to the adjoints a;, ¢ = 1...s, where a; = dV/dz;.
At any particular step j, the potential calculated in the
forward direction depends on the variables z;...z;, and
the adjoint a; depends on the variables z;...zs, so that
a; = dV (zj, ..., zs)/dz;j. We start with the differential for
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dV (zj, ..., zs) expressed as a sum of partial derivatives:

AV (zj, . 2) = Y W dz;. (4)

Applying this equation to the definition of a; we have

aj:

dV(zj, ..., zs) 7283 oV dz;
de - 6,22 de

i=j
LV & OV dx
- 8,2]‘ 82’1 de

i=j+1
ov + u a dZZ

8zj =11 ! de

Thus, each adjoint can be seen to be the sum of the
partial derivative of V' with respect to the conjugate vari-
able to the adjoint plus the sum of all previous adjoints
times the derivatives of their conjugate variables with re-
spect to the conjugate variable of the current adjoint. At
first, it may seem that we have pulled of a slight of hand
in going to the last line in Eq. 5 from the one before it
because a; is defined as a total derivative rather than a
partial one. However, when defined, a; was a total deriva-
tive, but at this point we have added more variables, so it
is correct to identify it here as a partial derivative. Note
also that the first term in the last line of Eq. 5 is non-zero
only if V' depends directly on z;. Because dV' = c-p, this
term will exist only if z; is a p polynomial, in which case
g—; will be equal to the corresponding coefficient ¢. The
key Mathematica function that calculates the adjoints is
provided in the Supplementary Material to ref. 8.

The Mathematica program for appending the reverse
derivatives and for calculating the gradients is located in
the FastDerivativesVXX.x.wl package, where XX .x is the
current version number. Inputs to these programs are in
a template provided with the software.

E. Program Details

More details concerning the software programs are con-
tained in Section S-I of the Supplementary Material, in-
cluding a) the diatomic example, b) a description of the
MSA interface, ¢) answers to the question “Why Mathe-
matica?’; and d) a description of the Mathematica pro-
grams. A flowchart for the Mathematica Programs is
shown in Figure 1.

Il. RESULTS

A. Fragmentation: N-methyl acetamide (NMA) and
Acetyacetone (AcAc)

The examples provided with the Mathematica software
cover the fragmentation of N-methyl acetamine to either

TABLE II. Fragmentation Results for N-methyl acetamide
(NMA) and acetylacetone (AcAc). All RMS energies are in
cm™ ! and gradients are in cm ™! bohr~*. RMSE and RMSG
are the root-mean-squared errors for the energies and gradi-
ents, respectively. The Time is for evaluating the energy or
gradients for 5000 geometries.

Property NMA N=12 AcAc N=15
Fit Order 3 3 3 3 3 3
Frags full 2 3 5] full 4
Morse vars 66 57 45 57| 105 105
Polys 8040| 5240| 1806| 1936 | 6207 | 24030
RMSE 26.8| 34| 149 93| 49 22
RMSG 54.7| 67| 172| 142 29 16
Time/s energy 0.298|0.110{0.037{0.041| 0.95| 0.43
Time/s gradients||10.72| 3.97|1.346|1.482|80.91| 26.61

2 or 3 fragments and the fragmentation of acetylacetone
to 3 or 4 fragments. Table II shows some results for full
(unfragmented), and 2-, 3-, and 5-fragment NMA as well
as full (unfragmented) and 4-fragment AcAc.*4954 The
time listed in the Table is for performing 5000 energy cal-
culations or 5000 x 3N gradient component calculations
on an i7 (2.7 GHz) processor. From the NMA example,
we see that increasing the fragments from the full (un-
fragmented) case to 2, 3, or 5 fragments decreases sub-
stantially the number of polynomials and also the times
for calculation, but at some cost to the accuracy; the
cost is fairly minor for 2 fragments. For the AcAc case,
using 4 fragments in place of the full (unfragmented)
molecule actually increases the number of polynomials,
but both decreases the time and increases the accuracy.
This is because the full molecule used also the full symme-
try (62222111), for which the polynomials become much
more complicated to calculate. Note as well, that for
all gradients the “normal” derivative method was used.
These could be sped up substantially by using the re-
verse derivative method (See Reverse Derivatives subsec-
tion below).

B. Purification/Compaction/Grouping: 2-, 3-, and 4-Body
Interaction Potentials for Water Clusters

The n-body bases for water clusters form an interest-
ing of examples and tests of the purification, compaction,
and grouping steps. Table III indicates the effect of the
three steps on the number of monomials and polynomi-
als for 2-, 3-, and 4-body potentials for water clusters,
as well as the starting symmetry, order, and numbers.
The letter m indicates the number of monomials, p indi-
cates the number of polynomials with coefficients, and g
indicates the number of other polynomials which, while
needed for the calculation, are not assigned coeflicients
(i.e., they are needed only in order to calculate the p
polynomials). We start with the number of m, p, ¢ given
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FIG. 1. Flow Diagram to Create PIPs Using MSA and Mathematica Programs

by the MSA software for the indicated symmetry and
order. The purification step examines the polynomials
and decides which ones do not have the correct zero in-
teraction at large distance. These polynomials, now re-
named ¢, might still needed to calculate the p polynomi-
als. The compaction step determines which monomials
and ¢ polynomials actually are necessary and drops the

rest. The grouping step decides which of the p polynomi-
als are in permutationally invariant groups with respect
to monomer exchange, makes new superpolynomials by
summing those polynomials in each group, and moves
the polynomials which were summed to the ¢ column.
The final number of polynomials are very efficient at fit-
ting the data base, and the data base does not need to
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be replicated for permutations — the monomer permuta-
tional symmetry is built into the basis set. Determina-
tion of all three of the water-cluster bases are examples in
the TemplatesVXX.x.nb notebook. These bases are nei-
ther the most accurate nor the fastest that we found, but
they serve as good examples and are calculated rapidly.
We have also fit these bases to the appropriate CCSD(T)
data sets. Figure 2 shows the results, where the time is
that for Mathematica to evaluate the basis set; the For-
tran code that is produced is orders of magnitude faster.

TABLE III. Number of monomials and polynomials as a func-
tion of Purification, Compaction, and Grouping for 2-, 3-, and
4-body water clusters starting with indicated symmetries and
orders. Letter m indicates monomials, p indicates polynomi-
als with coefficients, and q indicates polynomials needed for
final calculation but not assigned coefficients.

Step \ number [ m P q
2-body 2211 5
Start 194 4616 0
Purify 194 4406 210
Compact 194 4406 102
Grouped 194 2347 4508
3-body 222111 4
Start 2732 18979 0
Purify 2732 13,229 5750
Compact 2573 13,229 983
Grouped 2573 2292 14212
4-body 22221111 3
Start 2910 10736 0
Purify 2910 1648 9088
Compact 930 1648 279
Grouped 830 872 1927
40 - - - -
« 2=body
L] -
30 + J=body

rmse (em™ )
Fa
(]

ey
o

D i i i i
0.0 0.2 0.4 0.5 0.8 1.0

Time for basis evaluation (s)

FIG. 2. Root mean squared error and time for Mathematica
to evaluate the basis for fits to the 2-, 3-, and 4-body data
sets shown in Table III.
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C. Pruning and Adding: Glycine, Water Clusters

The introductory remarks mentioned that we pruned
and added polynomials to fragmented bases for glycine
(N=10). Figure 3 shows the results as a function of
the number of polynomials, including the rmse values
for energies and gradients and the time for evaluation of
3000 energies or 3000 x (3N = 30) gradients (using for-
ward differentiation). The starting point was the 4th-
order glycine basis with 9337 polynomials. The data
set to which the basis was fit had 3100 energies and
3100 x 30 = 93000 gradient components. Bases to the
right of 9337 on the abscissa were produced by addition,
whereas those to the left were produced by pruning.

It is interesting to note that the addition of ca. 700-
1700 polynomials actually improves the rmse for both en-
ergies and gradients substantially, more than one might
expect from the trend of values for lower numbers of poly-
nomials. The reason for this is that the added polyno-
mials can sometimes be more important than the origi-
nal ones, even though they are generally of higher order.
The method could probably be improved even further by
swapping out the old polynomials with smaller polyno-
mial values for the new ones that have large polynomial
values, and then adding from either group until the de-
sired number is attained.

The water 4-body data sets, including the 3rd-order
one described in the previous section along with a 4th-
order one, provide another good example of how one can
prune polynomials so as to get any desired trade-off be-
tween accuracy and speed. The 4th-order data set has
2342 polynomials that are permutationally invariant to
water exchange. The 3rd-order data set has 87. By prun-
ing the 4th-order set to 1000, 500, 200, 100, 30, and 15
polynomials and the 3rd order data set to 70, we were
able to span a large range of rmse values and times. Fig-
ure 4 shows a large fraction of the results. (The full,
4th-order result with an rmse of 0.7 cm™! and a time of
4 s, is off-scale to the right and not shown). The rmse
for the energy is plotted in red against the left axis as a
function of the number of superpolynomials, whereas the
time in seconds for Mathematica to evaluate the basis is
plotted in blue against the right axis, also as a function of
the number of superpolynomials. The trade-off between
speed and accuracy is readily apparent. Fortunately, one
has many options to choose from.

D. Reverse Derivatives: Water 3-body and Ethanol

The examples given in the accompanying Mathematica
software cover the addition of the reverse derivatives for
gradient calculations for both ethanol®®°” and for the wa-
ter 3-body interaction, both nine-atom systems. The re-
verse method may be compared to others by normalizing
the time to calculate the 3N gradients by the time to cal-
culate the energy. Figure 5 compares the reverse method
with three other methods, the 2-point finite difference
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method, the “normal” forward derivative method, and a
“fast forward” derivative method. The “normal” method
simply takes the differential of each step in the calculation
of the energy and then uses the equation dV = ¢ - dp to
calculate the gradients. The time for this method can be
estimated as about 3N times that for the energy because
the forward direction must be computed once for each
derivative with respect to a Cartesian coordinate; it ac-
tually scales a bit worse than that, about 3.7/, as shown
in the figure. The 2-point finite difference method should
scale as about 6N because two calculations of the energy
are needed for each gradient component; the figure shows
that it actually scales as about 5.8 N. The “fast forward”
method has been described in detail;® it scales between
the “normal” method and the reverse method at about
1.7N. The reverse method scales as about 3.6 times the
time for the energy and is independent of N, at least in
the range shown. The molecules used for these calcula-
tions are the water 2-body interaction (6 atoms), ethanol
(9 atoms), the water 4-body interaction (12 atoms), and
tropolone (15 atoms).

100

— 58N « 2-pt. finite difference
sob — 37N « normal
— 17N « fast (fwd)

- reverse
60

40F

201

Time for Gradients / Time for Potential

0 5 10 15 20
Number of Atoms, N

FIG. 5. The time for calculating 3N gradients relative to
the time for calculating the energy for various methods as
a function of the number of atoms N. (Reproduced from
Houston et al., J. Chem. Phys. 156, 044120 (2022), with the
permission of AIP Publishing.)

IV. DISCUSSION

We now list and discuss some of the common themes
that run through the methods presented above.

1. The potential depends most on local atoms and data
points.

Although he did not originate the phrase, the Ameri-
can politician and former Speaker of the U. S. House of
Representatives, Tip O’Neill, was closely associated with
saying, “All politics is local.” We might paraphrase him
by saying, “All potentials are local.” They are local in
two senses of the word.

One theme that emerges from the methods used above
is that the potential depends most on the atoms pairs
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that are closest to one another; this is no surprise be-
cause all atomic interactions fall off at long distances.
Fragmentation works by recognizing this aspect of the
potential and preferentially neglecting internuclear dis-
tances that are long and also neglecting the polynomials
that have small values because they depend on these dis-
tances. The methods of polynomial addition and pruning
are also based on this idea — if internuclear distances are
never close among all the geometries in the data set, then
the polynomials that depend on them will be small and
can be discarded, at least relative to those polynomials
that have larger values. So the potential is local in the
sense that it depends on which atoms are local.

It is local in a different sense as well. While the fit it-
self might be global, the fitted potential near any point is
most influenced by the potentials at points closest to it,
as opposed to those far away. For most of this article we
have assumed that the goal is to produce a global poten-
tial energy surface. A global surface is one in which the
addition of another geometry with energy and/or gradi-
ents is treated mathematically in the calculation of the
surface in a way that is not specific to the location of
addition.%® For a local surface, by contrast, the math-
ematical influence of an additional geometry typically
varies with location, with nearby points structured by
the mathematical fitting to have more influence on the
fitting of the new point than distant ones. There are
many advantages to having a global surface: its evalu-
ation is computationally efficient, it is easy to improve
it with additional points, it is relatively easy to include
analytic gradients, and once a global surface is found,
the hard work (except for evaluating it at an arbitrary
point) is over; it needs to be done only once. On the
other hand, there are disadvantages. A global surface is
less accurate for specific locations than a local fit; it takes
far more parameters and basis functions to accomplish a
fit; the fitting program must deal with much larger ma-
trices, because of the needs for both a larger data set
and a larger basis set; and, at least without including
weighting, global fits to very high energy points have a
disproportionate influence on the fits to points at low en-
ergy. Nor is the scaling very favorable:2” in the absence
of reduction methods such as permutation invariance and
those described herein, the cost scales approximately as
the total number of terms, Ny = (d+o0)!/d!/o!, where d is
the number of internuclear distances, N(N — 1)/2, with
N the number of atoms, and o is the maximum polyno-
mial order. This results is an initial exponential rise in V;
with N. Two questions thus arise. As N becomes large,
is a global surface affordable? And, given that several
of our methods for reducing the complexity are based on
neglecting polynomials that depend on large distances,
might not a local potential approach be as good or bet-
ter? A thoughtful article is an excellent starting place
for the discussion.

Bender and colleagues® have developed a local po-
tential method with a long descriptive name: statisti-
cally localized, permutationally invariant, local interpo-
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lating moving least squares method for fitting the many-
body problem (or SL-PI-L-IMLS-MP). It is heavily based
on previous work by Dawes and colleagues,’! 63 by Guo
et al.%%, by Ischtwan and Collins,®® and by Maisuradze
et al.%6:67 Incorporation of gradients for moving least
squares methods has been considered by Tokmakov et
al.%% Much of the fundamental insight for the moving
least squares methods is from previous work in the field
of mathematics.%?70

A Dbrief description of the method is as follows. For each
point in the data set, a weighted local fit of that point and
points in the neighboring vicinity is performed in a “con-
struction step”. The weighting, with weights w, defines
the local neighborhood. In the “evaluation step”, when
the potential at a new point is desired, the new poten-
tial is calculated as a weighted average, with potentially
different weights w, of the local potentials previously cal-
culated in the construction step. The weights are chosen
such that they go rapidly to zero at a radius, R, describ-
ing a hypersphere around any chosen point; this ensures
that only a small number of local fits need to be consid-
ered for any calculation of the potential. The radius R is
chosen to vary as a function of the local density of data
points.

The paper by Bender et al. then applies this method
to the construction of a six-dimensional potential for No-
N, interactions. The fit has high fidelity, typically less
than a few tenths of a percent error, which is quite good
considering that the number of polynomials for the local
fits is just 83. The data set contained 13 148 geometries.
Less than 5% of the 13148 available fits were typically
used in any potential evaluation. The implementation of
the method brings out two complications, neither insur-
mountable. First, there is a strong reason to use PIPs as
the basis set, but the method requires that the weights, as
well as the polynomials, have permutational symmetry.
Second, the method makes it more complicated to calcu-
late analytic gradients because they involve derivatives of
the weight functions as well as of the polynomials. What
seems lacking at this stage is an application to a much
larger molecular system. Whether or not the method of
Bender et al.% is the best direction in which to move for
large molecules, it does appear that more thought will
need to be given to local fitting methods.

2. There is a close connection between the basis and
the data set; ignoring it leads to inefficiencies.

The connection is two-way. The data set must be dense
enough and broad enough to be fit smoothly and accu-
rately by the basis set; importantly, the data set must
provide substantially more constraints than coefficients
needed in the basis so as to avoid overfitting. On the
other hand, the polynomials used in the basis should be
prioritized by examining the data set. If certain internu-
clear distances are always large in the data set, it makes
sense to omit those polynomials which depend strongly
on them and which consequently have small values. Fi-
nally, both the data set and the basis should be chosen
with an eye to the chemical problem being addressed.
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In the case of large molecules, many data sets are too
small and span too narrow an energy range. We have ar-
gued elsewhere that for general use, especially for quan-
tum calculations, the data set should have energies at
least 1.5 times as large as the anticipated harmonic zero-
point energy.?” In addition, the density of points should
be increased around all stationary points. Because it is
unlikely that these points can be specified before a pre-
liminary PES has been calculated, it is clear that creating
a good PES is an iterative process, often calling for new
data or a different basis as it is developed.

Finally, as we attempt to calculate PESs for larger and
larger molecules, the sizes of both the data set and the
basis must increase if we wish to maintain chemical ac-
curacy. On the other hand, it may be that the chemical
process of interest, for example, an isomerization, con-
former change, or hydrogen transfer, depends mostly on
a fairly local barrier. Even if one wanted a global PES,
it might not be necessary to maintain the same accuracy
in other parts of the surface as one might need near the
barrier.

3. Usefulness of gradients.

A third theme that runs through the methods de-
scribed above is the usefulness of gradients, particularly if
they can be calculated at small cost. Analytical gradients
are very useful in fitting the PES when electronic struc-
ture calculations can produce ab initio values because
they reduce the number of data set geometries needed
by increasing the number of constraints for each point.
They are certainly valuable if the goal of the PES is to
allow classical or quantum molecular dynamics calcula-
tions. Furthermore, they allow for rapid location on the
surface of stationary points, which are often of the high-
est chemical interest.

One question is how gradients may be useful in deter-
mining the fit, beyond providing the further constraints
just mentioned. Tokmakov et al. have considered their
use in moving least-squares methods for local fitting of
potential energy surfaces.%® As might be expected, their
inclusion reduces the number of data set points required,
often by as much as 40%. Formulae for incorporating
weighted fitting of energies and gradients are provided.
Another direction to investigate might be whether using
local analytical gradients might improve the accuracy of
the calculation of the potential at an arbitrary geometry,
even in a global fit.

We additionally note that a combination of reverse an-
alytical gradients with finite difference numerical meth-
ods can provide the Hessian for any point on the surface
by using two calls to the gradient as a function of one
variable for symmetrically displaced values of the second
variable. The finite difference between the two results
gives a full row of the Hessian at a cost of less than 8
times the cost of an energy calculation. When repeated
for all of the second variables, the full Hessian costs less
than 24N times the cost of an energy calculation, whereas
a fully numerical finite difference method would require
(2x3N)? = 36 N? times the cost of an energy calculation.
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Thus the speed-up factor gained by using the reverse gra-
dient method is about 1.5 N. The program supplied in
the Supplementary Material automatically adds a Hes-
sian subroutine based on this algorithm to the Fortran
output whenever the reverse derivative gradients are re-
quested.

4. Long-range behavior

As discussed in detail above, purification enforces rig-
orous separability of fragments in the asymptotic region.
This is necessary but perhaps not a sufficient condition
to describe the long-range behavior of any ML PES. The
details of the long-range behavior need to be consid-
ered and ideally incorporated precisely into the PES. The
long-range behavior of two molecules is formally known
from the multipole expansion, e.g., dipole-dipole, dipole-
quadrupole, etc. So, it would seem advantageous to make
use of these analytical interactions in a global PES. For
example, this could be done using a switching function
that switches to the analytical long-range interactions at
some suitable separation distance. Of course for this to
be practical, the dipole moment, polarizability, etc. of
the separated fragments must be known, and known as
a function of the internal coordinates of each fragment.
One example from our group where this was done is the
water dimer PES.”! In this case an accurate, ab initio
dipole moment surface for the flexible water monomer
was available” and used to describe the dipole-dipole in-
teraction in the long range via a switching function. In
general though, monomer properties such as dipole and
polarizability are not known and not computationally
easy to obtain. Therefore, we don’t follow the analyt-
ical approach; instead we perform a separate, precise fit
to CCSD(T) energies in the long range and then switch
to this fit. The fit in the long-range uses a larger Morse
range parameter, e.g., 6-8 bohr,”> " and the RMS fitting
error is typcially less than 0.1 cm™?!.

A final editorial comment on this is that the long-range
behavior of general MLPs has not received as much at-
tention in the literature as it should.

V. CONCLUSIONS

The results presented above as well as those discussed
above from the literature show several ways to make PIP
bases more efficient.

Fragmentation has already been applied to molecules
with 15 atoms, and shows promise for extending the num-
ber of atoms further. The related methods of adding
or pruning polynomials so as to keep the most impor-
tant ones also holds similar promise, as does the “greedy”
method of Moberg and colleagues.?”

The method we call purification, which is equivalent to
deletion of unconnected terms,?6-3% appear to be have the
same purpose, namely to remove spurious interfragment
coupling in the separated fragment limit.

Reverse derivatives®55-57 make calculation of gradients
much faster, particularly for molecular dynamics calcu-
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lations and the calculation of Hessians.

Common themes from this article suggest paths for fu-
ture research. These include expanding the fragmented
basis approach to describe larger molecules and asymp-
totic dissociation, further optimization of the A-ML pro-
cess especially for larger molecules for which standard
CCSD(T) calculations become infeasible, exploration of
local fitting techniques for more sizeable molecules, more
extensive use of fast (reverse) gradients and Hessians, and
better fitting of the long-range potential behavior.

VI. AUTHOR’S CONTRIBUTIONS

The Mathematica software was written by PLH with
development support from RC and CQ. The MSA inter-
face was written by JKL and CQ. AN, CQ, RC, PLH,
QY, and JMB applied these techniques to develop PESs
for the molecules listed in Table I. JMB designed and
led the research. All authors contributed to writing the
manuscript.

VIl. ACKNOWLEDGEMENTS

JMB thanks the ARO, DURIP grant (W911NF-14-1-
0471), for funding a computer cluster where most of the
calculations were performed and current financial sup-
port from NASA (80NSSC20K0360). QY thanks Profes-
sor Sharon Hammes-Schiffer and National Science Foun-
dation (Grant No. CHE-1954348) for support. RC
thanks Universita degli Studi di Milano ("PSR, Azione
A Linea 2 - Fondi Giovani Ricercatori") for support.

VIill. DATA AVAILABILITY

Databases of electronic energies and gradi-
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IX. SUPPLEMENTARY MATERIAL

The SM contains a section with descriptions of the pro-
grams. Also provided are compressed folders containing
1) the MSA GUI interface for generating MSA PIP out-
put and using it to fit electronic structure results, and 2)
the Mathematica Notebooks and functions, with exam-
ples, for the techniques described above.
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