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1. INTRODUCTION

Let
By () := (Z) 2k (1—z)"k

denote the k,n Bernstein’s polynomial, and let

n k s
M, s(z) == f—x’ By ()
be its absolute moment of order s > 0. Lorentz [2] p. 15, Eq. (9)] described an easy argument proving
that M, (v) < Asn~3/2 for a suitable constant A, uniformly for z € [0,1]. This argument does not
provide an explicit value for the constant A,. Adell, Bustamante and Quesada [I, Thm. 1] proved an
explicit inequality for moments, namely that

S
sup My,(x) <20(5+1) n/2
z€[0,1] 2
for every n € N and all s > 0. This is a strong improvement on previous result, but the authors note
that the constant is not optimal in its dependence on s.
Recently, Jim Xiang [5, Thm. 5] gave an asymptotic expansion in powers of n~1, which starts as

(1) M, (z) = (M)S” 1 (3-51

ﬁF
In this paper we prove that the sup in x of the leading term of the expansion is sufficient to bound
the moment when its order is an even integer, under a mild restriction for the minimum value of n which
is allowed for each choice of s. This fact is not transparent from the asymptotic expansion, whose lower
orders are expressed as certain suitable integrals giving the constants multiplying the terms n=*/2=7 for
j=1,...,[s/2] plus a tail which is only estimated as O(n=5"1/2).
In detail, our result states the following.

) + lower order terms.
n

Theorem. Letr € N, ¢, := (742,;)! and ¢, = CT@. Let w :=1.05308. .. be a certain absolute constant
which is defined in next section. Pick anyn € [0,3/4) and assume that n > 260-w"/(1—4n/3), then
1 c
2 sup Mn,Qr ) < 7(07“_77i>'
(2) S (@) < = -
On the other hands, assume that n > r2, then
1 c
3 sup M, or(x) > —(cr—i).
(3) S (@) > = -
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Note that the constant ¢, matches the value of the main constant appearing in for s = 2r, once the
factor x(1—x) appearing there is estimated with 1/4.

The upper and lower bounds are essentially optimal, at least in the common validity range for n, apart
the fact that n in is restricted to [0,3/4). However, the theorem has some room for improvement
as regards the range of allowed values for n. For example, we strongly believe that the case n = 0
in holds actually also when n < 260-w", i.e., without any restriction for n in terms of ». We have
two main arguments supporting this idea: first, a variation of our proof already reaches the conclusion
with n = 0 under the weaker assumption n > (r%f)l/ 3. Secondly, a different and direct argument we
have tested with every r < 22 proves the claim with n = 0 without any restriction for n. For n > 0
the computations show that the range of n has to be restricted in some way in order to have a valid
inequality, but probably also in this case the assumption n > 260-w”/(1—4n/3) is more stringent than
what is necessary. Also the range n > 2 for should be improved, but it is already very close to its
best which is n > r(r—1)/3, being the claim trivial when n < r(r—1)/3. We pospone a deeper discussion
about these possible improvements to the end of the next section.

Our proof of the theorem is based essentially on Faa di Bruno’s formula to decompose the moment as
sum of certain terms which we estimate with some care but using essentially only elementary ideas. This
is a considerable simplification with respect to the deep tools which are needed to prove the asymptotic
formula , but this is made possible by the circumstance that M, ¢ is actually a polynomial both in x
and 1/n when s is an even integer. In particular, there is no simple way to adapt these arguments to get
the analogous result for the non-even moments, in spite of our believe that at least the case n = 0 of
should be true for every positive s when formulated as

1 s+1
n/? sup M, s(x §2_s/2—1"(—) Vn.
c€f0,1] (@) VT 2

However, explicit, thought non-optimal, bounds for n®/ 2M,, s can still be obtained also for not even
integer values of s by exploiting its convex dependence on the order s. The resulting upper bound is a
suitable convex combination of n!%/2] My, 2|5/2) and nls/2] M, 215721, that we can bound with our theorem.
For example, with this procedure we get the following result.

Corollary. Let s € (0,+00), s & 2N, and n > 260-w'*/21. Then

< [s/2]—5/2 s/2—[5/2] ) —s/2.

S = oo e oLy )"

z€[0,1]

IN
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2. PROOF OF THE THEOREM

The polynomial G, (n;z) := > 1_,(k—nz)* By, ,(z) shows the symmetry G, (n; 1—z) = G,(n;z), hence
its maximum in [0, 1] is already in [0, 1/2] and the point x = 1/2 is an extremal point for G,.. Computations
indicate that this is the point where the polynomial attains its maximum as soon as n is large enough
with respect to 7, and that n > r? suffices for this. It would be useful to have a proof for this claim,
because it would simplify the general argument. Lacking this point, our proof needs a detour. Firstly we
note that

S o) D) = [0 (3] = [ (o3 ()bt

= {83 <e_my(:cey+1—x)")}y:0 = {8;’” (g(m,y)”)]yzo

where
g(z,y) = 2e =W (1—z)e V.
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The derivative may be computed via Faa di Bruno’s formula, yielding the equality

n

Gr(nyx) = Z(k—nx)erk,n(x)

k=0

Z plar+aztas+) (g(z () (8yg(x,0))al(az?g(%o))“(aig(x’o)>a3 R

— (2r)!
(2r) arlaslag! - - 1 2! 3!

ay,a2,...220
a1+2a2+3az+---=2r

where h(w) := w™ and h(¥) denotes its k derivative. Induction on k shows that
k _ k k
0,9(,0) = x(1—2)"+(—x)"(1-x) Yk > 0.
In particular g(z,0) =1 and dyg(x,0) = 0 for every z, hence no contribution comes in previous formula
from terms with a; # 0. Moreover, the polynomial z(1—z) factors 359(;3, 0) when k£ > 1, and in order to

simplify the computations it is useful to introduce z := 1—2x (so that z ranges in [0, 1] when x ranges in
[0,1/2]). In this way we get

0kg(51-2),0) = sy (=) (1)) = 1 (1-2) By(2)

where Py (2) := g5 [(24+1)* "' —(2—1)*7!]. In particular P3(2) = 1, P3(z) = z, P4(z) = (1+32%)/4. This
formula makes evident the symmetry Py(—z) = (—1)¥Py.(2) and that Py (z) € [0, 1] when z € [0,1]. These
computations show that

(4) Gy (msw) = (2! be(=)nyg
(=1

where
1—22\¢ 1 Py(z)\ o2 f P3(z)\as
bz) = () (&) (&)
(5) () 1 ) RPN G ]
az,...ZO
2a2+3az+---=2r
as+agz+---=~£

and nyy is the falling Pochhammer symbol (i.e., nyj := 1, nyy = Hﬁ;(l)(n—j) when ¢ > 1). Note that the

condition 2as+3as+- - = 2r forces the inequality as+as+- -+ < r. Thus, only terms with ¢ < r appear
in . We estimate separately b,., b,._1 and by with £ < r—2.
The sum as+asz+--- equals r only for a; =r and a3 = a4 = --- = 0. Hence
(1-22)r
(6) br(2) = s S Vz € [0,1].
The sum producing b,_; contains only terms coming from solutions of 2as+3az+: -+ = 2r with as+az+

- = r—1. This happens only when (as,as,as) is (r—3,2,0) or (r—2,0,1), and every other a; is zero.

Hence
e = () [ ()G o) (i)

C(1=2H)rtira 14322
Q = —3)s 57 J

9° T6(r—2)
The following lemma gives a bound for this quantity.

Lemma 1. Letr > 3. Then

(8) byr(z) < 220

(r—2)187
Proof. According to , we have to prove that

Vz € [0,1].

R.(2?) := %(1722)’“*1 [22(8r—7)+3] <0.25  Vz€[0,1].

Function R, is positive in [0, 1), equal to 1/6 for z = 0 and to zero for 22 = 1. Its derivative (with respect
1

to z2) is 15(11r—10) > 0 at 0, hence the maximum for R, is attained at the unique zero in (0,1) of the

ot ‘s moint is 22 . _dr—4 : : 2y _ 4 5r—4 yr—1 1
derivative. This point is z; := 7=, and the maximum is R,.(2;) = 5(1—gz—=;)" ' (1-5;). When
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r = 3 we use directly this formula to prove that R3(22) < 0.25. Assume 7 > 4. Since 17875“5:‘717" < 178—57"

for every r > 1 and (1-1/y)¥ < e~! for every y > 1, we have (1-25=%) 1 < (1-2 )" ! < 6*5/8/(1—857),
so that

1—L
R.(2%) < é675/87%.
9 1-2
T
The constant appearing to the right is smaller than 0.25 as soon as r > 4. g
We now need a bound for by for all remaining £ =1,...,7—2. In we set ag from equality as+as+

as+--- = L. Recalling that P(z) = 1, we get

be(z) = (1_8zz>e Z (é—ag—a4—'1' Naglag! - (QP;('Z))GS <2PZ!(Z))Q4 o

as,...>0
az+ag+---<L
asz+2a4+3as5+---=2r—2¢

The inequality ﬁ < % holds for every number 0 < A < £, so that by can be bounded as

b < (22)2 5 i OIS CI

ag,...2>
aztas+--<L
az+2a4+3as+--=2r—24

In this formula only a; with j < 2r—2/42 may contribute; the right hand side may be estimated with

2r—2¢

(1722)£l Z Z pastaat-tazr_2042 (2P3(Z))a3 (2P2r—2€+2(z))a27"2é+2

8 ! as!--- agrfgprg! 3! (2T—2Z+2)!

w=1 ag,...,a2;—20+2>0
az+--+az2r—2042=w

B (1—22)5 127220 (2ZP3(2) 2€P2T,24+2(z))w
RN A A A (2r—20+2)1 /7’
because every set of as, ..., ao,—2¢42 With az+2a4+3as+- - - = 2r—2¢ satisfies also the equality ag+-- -+

a9r—20+2 = w for some w < 2r—2¢; for the second step we have used the multinomial formula. Each

Pi(z) equals 2 [(z4+1)*7'—(2—1)*7!] and is in [0, 1], hence we can extend the inner sum to all P;’s. In

(hlS Wa‘y we gel lhe bound
k. 2 2
k=3
r—2¢0

(5 E S ()5

w=

1*22>€l 2r—2¢ (28)“1
!

be(z) < ( -

£ w
w=1

where g(y) := %(eyflfyfyz/Q) for y € C (the singularity at 0 is removed by analyticity: ¢g(0) = 0). Let

h(z) == g(zgl)—g('zgl). Polynomials Pj(z) have nonnegative coefficients and g is a power series with
nonnegative coefficients, hence h does the same. Thus, 0 < h(0) < h(z) < h(1) =g(1) =e—5/2=10.21...
for z € [0,1]. In particular, h(z) is always positive and quite small. Thus, extending the range of w to
all integers we get the bound

Y eZéh(z)

e < ()

which should be quite close to the true value. In particular we get that

Wt

(9) be(z) < Rl Ve=1,...,7r—2, vz € [0, 1],

where w = sup,¢ (o 1)(1—27) exp(2h(2)) = 1.053088. ... Note that the bound in (9) is proved for every
¢ < r, in particular also for £ = r and £ = r—1, but in these cases it is weaker than what we have in @
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and , as effect of the extra exponential factor w’.
We plug @7 and @ into , getting the bound

1 , [] npr— 1] il

(10)

and we conclude the proof of (2)) showing that this quantity is bounded by - —(1— nr(r D) when 5 < 3/4.
For this purpose we use a couple of lemmas involving Pochhammer symbols.

Lemma 2. Let £ >0 and n > 1, then
1/ 1 [0\?
< 4[1—7 — }
e = n<2>+2n2 (2>

1/0\ 302—130+5 (¢
L - A :
g =" [1 n<2>+ 1502 <2>}

Proof. Both claims are evident for £ = 0,1. Assume ¢ > 2, and write

Let £ >0 and n > (2, then

-1 1
0oy o (S
i=0 7=0

Let 51 := Zﬁ;éj = (}) and sy := Zﬁ;é 5% = (£) %52, Since log(1—w) < —w for every w € [0,1) and
exp(—w) < 1—w+w?/2 when w > 0, we deduce that

n
% < exp (7571) < 1,8714,7
n n n

which is the first claim. For the second one we note that log(1—w) > —w—w? for every w € [0,0.68...],
and that exp(—w) > 1—w+2w?/5 when w € [0,1/2]. Thus, assuming that n > ¢? we get that

Ny ( S1 82) S1 S92 <81 So )2
M 5 >SS 25 %2
nt =P T ) = n n2+5 n+n2 ’

since the assumption n > £2 assures that L +n2 < % To conclude it is sufficient to remark that the right
hand side is larger than 1—32- +2315 2552 and that 2 % 5sy = (ﬁ) M. O
Lemma 3. Let r > 21 and n > r2. Then
Zr: n[g]we < n"w”
8¢yl — 8ryl

The range for r cannot be extended: the claim is false when r < 20. The proof will make clear that
the claim holds under the weaker assumption n > cr for a certain ¢ independent on r when r is large
enough, but we will apply this inequality for n > w”, so that the range n > r? suffices for this purpose
and allows us to have a result which excludes only a few values for 7.

Proof. The claim is proved differently when r < 32 and when r > 33. Actually, the strategy we apply for
small r is general, but it needs the computation of the coefficients of a certain polynomial depending on
r, so that it can be used only for given r. In fact, let

L—rpl

Q- ( —n—an]< ) ik

We have to prove that this polynomial is positive when n > r2. For this it is sufficient to prove that
the leading coefficient is positive and that the absolute value of each complex root is lower than 2.

Each polynomial @, has degree r—1 and its leading coefficient is (})—5C, which is positive when r > 17.

Let Q-(n) = Z;;é djn’ be the standard presentation of this polynomlal, and let n, denote any of its
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complex roots with maximum modulus. Then, isolating the leading term in @, (72,.) = 0 and dividing by
|d,—1||7-|"~2 we deduce that

l\')

Suppose that |f2,.| > 72, then we have the double inequality

] 41
r<‘ | Z| |7’2(T2J)

Thus, we can prove that |n,.| > 2 is impossible by checking that >"

r—2 |dj]
=0 [d,_1]
than 2. Table I collects all computations, and proves the inequality for r = 21, ..., 32.

ﬁ is actually smaller

TABLE 1. Data for 21 < r < 32.

ro? Sty || P S m ey
21 441 348.617 27 729 232.430
22 484 302.935 28 784 236.604
23 529 273.033 29 841 242.388
24 576 252.996 30 900 249.554
25 625 239.595 31 961 257.935
26 676 230.922 32 1024 267.409

Assume 7 > 33 and n > r? Lemmashows that when n > (3) and £ < r we get

ma <ot i (g (§) ] < - (2))

“ongwt = nfwt [1_i I/ }_n’wT_TZl nfwt {%_1}
yoet 8L T & 2] an\2/1  8rrl yot 8¢yl 132 '

Hence

A

The contribution of terms ¢ > 31 is negative (because wf—32 is positive here), therefore the inequality
is proved as soon as the total contribution of terms for £ = 1,...,30 and the one for £ = r—1 (which is
another one, since r > 33) is negative, i.e., as soon as

30 £, L rflwrfl

; Tééc;! [1_%} = 871—1(r—1)! {W(g;)_l}'

The term appearing to the left hand side is smaller than 5-10761-1n3% when n > 900 (use the assumption

to get n® < n30/900%°~¢  and then compute the constant), and M 1 > 5/100 (because r > 33,
again). Hence it is sufficient to prove that

10759(8/w) "t (r—1)! < n" 3%
This is true when n > r2 and r > 33. O

We use Lemma [2] to deduce that

T r—1 r—2 4
SR Y S L " " -

rigr r—2)I8 = 8T A(r—2)l8T | A(r—2)8" (Hé?n)’
and Lemma [3] to deduce that

T—Z2nmwe _ nr2,r 2
et el ()T
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at least when r > 23 and n > r2. With these bounds for the terms in , the claim will be proved as
soon as

’I’L?'—Q (T—i_ﬁ)—’_ nT'—QLU'r'—Q < n7'—1 _ﬂ n”'—l
4(r—2)187 8n/ 8 =2(r—2)! = 4(r—2)18" 3 (r—2)!8"’
ie.,
4 4
b 1256w 2 < n(l——n).
&n 3

When 7 is in [0,3/4) this inequality holds as soon as n > 260-w”/(1—4n/3) for every r, but it has been
deduced under the assumption that r > 23 (and that n > r2, but this is always true when n > 260-w").
Thus, this argument proves under the extra assumption that r > 23.

For the range r < 22 we need a different approach, still based upon the formula for G,(n;x), but
needing the assistance of a software for some computations. In Appendix we describe the main parts
of this computation, while a full description and the PARI-gp [4] code realizing the computation are
available to the interested reader in [3].

The lower-bound has a simpler proof. In fact, we notice that
nr]
n?”

n" sup Mpor =n"" sup Gr(n,z) >n""Gr(n,1/2) > (2r)! [bT(O)
z€[0,1] z€0,1]

because in (@) all b;’s are positive. By () and (7)) we get the values b,(0) = - and b,_1(0) = %,

r!8"
and from the second inequality in Lemma [2 we conclude that for n > 72 and 7 > 5 (so that Z[::}] >

1-%(2")
(@), 17\ 3P =13r45 P\, (2)1/6 (11 (r-1
r M, 5 > 1—— — YT )
" 121[101,)1] = r!8’“[ ale)t 15n2 2 }+(T*2)!8r {” n?\ 2 }
,r(r=11)
To20n2

which is larger than cr—% as soon as r > 11. Once again, the proof of the claim for the remaining range
r < 10 is described in Appendix in its general ideas and in [3] in detail.

Np_
b1 (0) 1 ”]7

nr

c
=c¢——L+c
n

The assumption n > 260-w” we have made for is not natural and actually can be relaxed consider-
ably, at least for the case n = 0. For example, with some extra work we can compute the exact formulas
for the coefficients b,_o and b,_3 and deduce the bounds

2 .04

(11) br—a(z) < ij and b,_3(2) < (TE%
These bounds improve exponentially with respect to what we got in @ for the same by’s. Plugging these
new bounds in the general formula and retaining the general bound @D only for coefficients by with
¢ < r—4 we produce an estimation which is similar to , but that allows to prove under the weaker
hypothesis n > (r2w”)!/3. Bounds suggest that probably by is smaller than W when ¢ > r/2.
If true, this fact implies that n > r¢ for some constant ¢ suffices for . However, while it is possible to
prove it also for b,._4, b,_5 and in some other case, it is not clear how to produce these improvements for
all £ > r/2.

As announced in the previous section, we repeat here that the explicit computations for r < 22 in [3]
show also that for these r the case n = 0 of Inequality holds for every n, i.e. without the restriction
n > 260-w”. We believe that this fact should be true for every r: if true, its proof probably needs a
different approach.

Vz € [0,1].

3. APPENDIX

Here we describe the procedure we used in [3] to prove the claims of the theorem also in the remaining
range, i.e. r < 22 for and r < 10 for .
Firstly, we compute explicitly the polynomial G, (n;z). This is done using the formula in (4], since its
definition as Y. _,(k—nz)?" By ,(z) is not suitable for this purpose. The polynomial is in Q[n,z] and
PARI-gp [4] computes with full precision for this class of polynomials, so that the code produces the
correct answer without approximations. The computations show that G,.(n;z) has degree r in n and
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depends on x via (1—22)2: its degree as a polynomial in (1—2z)2 is r again, at least for r < 22 (but
this fact is actually provable for every r). To simplify the following steps we change (1—2x)? with y and
we call A,.(n,y) the resulting polynomial. In terms of A,, the first claim we have to prove states that
Ay (n,y) < e,n"—neln”=1 for every y € [0, 1], for every n € [0,3/4) and for every n > 260-w"/(1—4n/3)
and r < 22. We actually prove a stronger result, namely that A, (n,y) < crnr—%n“l for every y € [0, 1]
for every n > 260-w” and r < 22.
A close analysis of these polynomials show that A, can be written as
T
Ar(n7y) = Z(l_y)kpr,k(y)nka
k=1
where P, x(y) is a polynomial in y with degree r—k, and that

r—k
Pr,k(y) = (71)T7k Zcr,k,j(fy)j
j=0

with ¢, ; > 0 for every r, k,j (we believe that this fact is true for every r, but we have not a general
proof. However, its truth for » < 22 is proved by inspection of the polynomial that we have computed
before). Moreover, we see that ¢, o = ¢, and that ¢, ,—1 9 = .

The following steps depend on a parameter y, with a different value for each » = 1,...,22: any value in
(0,1) for y, is admissible, but certain values produce better conclusions. With a try and error procedure
we have selected a convenient value for y, for each r < 22.
STEP 1: we prove that there exists an integer N , such that
3¢
Ar(n,y) < crn’“fjrnrf1 for every y € [y,, 1], when n > Ny,

and we find an explicit value for Ny ;.

In fact, for y € [y,, 1] one has

r—1 r—1

Ar(ny) = (1=y)"e,n™+) (=) " Prs(y)n® < (=) en"+Y | (1=9) Prge(®) 1y, 17",
k=1 k=1

. .- 3¢
where ||- denotes the sup norm in [y,, 1]. Thus, it is lower than ¢,n"—=zn"~1 as soon as
[yr,1] ) ) 4

30; . r—1
~(1=(1=g))ern"+=Fn LY A=) Pk @)y, " < 0
k=1

and for N, we take the least integer which is larger than the greatest real root of this polynomial. This
proves the existence of N; , for every r, but the formula produces an explicit value for N; , only when r is
fixed, because in this case we can compute each ||(1=y)* Py (y) |y, 1] exactly from its explicit description.
STEP 2: we prove that there exists Ny, such that

OyAr(n,y) <0 for every y € [0,y,], when n > Ny,

and we find an explicit value for Ny ,.
In fact, for y € [0, y,] one has

0y As(n.y) = —r(1—y) e + 3 [(1—9)* Pos (v
k=1

r—1
< —r(1=y) e+ 1(1=9) P @) ll10,5,17"
k=1

and for Ny, we take the least integer which is larger than the greatest real root of this polynomial. As
for Step 1, this proves the existence of N, for every r, but it produces an explicit value for Ny, only
when r is fixed.
STEP 3: we prove that there exists N3, such that
3c!
A, (n,0) < crnr—fnrfl for every n > Ns
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and we find an explicit value for Ns .
In fact, we see that

Ar(n,0) =3 Pi(0)nF =3 (—1)Fey g on
k=1 k=1

r—2

= Cr,'r,Onr_n (Cr,rfl,On_Cr,r72,0>_nr_4 (Cr,r73,0n_cr,r74,0)_' v

3cp r—1

so that it is < ¢,n"— =N as soon as

Crp_ Crp_
n> Ny, = max{4L2»0, G40 }
Crr—1,0 Cr,r—3,0
because ¢, 0 = ¢r, ¢rr—1,0 = ¢, and all coefficients ¢, ; are positive.
Steps 1, 2 and 3 prove that
T 364‘ r—1
sup Gr(n;z) < en’——In Vz € [0,1]
z€[0,1] 4
when r < 22 and n > N, := max{N, 1, Ny 2, N, 3}. In all cases N, < 260-w”, hence the upper bound of
the theorem is now proved also for r < 22, with n > 260-w".
As a final bonus, we show that when r < 22 one has
sup G,(n;z) < ¢n”
z€[0,1]
also when n < N, by proving that for every choice of n in the given range the resulting polynomial (in
x) is bounded by ¢,.n". This procedure is possible since we have a finite (and relatively small) set of r’s
and n’s to test. This proves that, at least when r < 22, the case n = 0 of the upper bound holds without
the restriction to n > 260-w".
For the lower bound we act in similar way, since sup,cg 1) Gr(n; ) > Gr(n;1/2) = A, (n,0). Thus, we
can test by checking that
Ap(n,0)—c,n"+cn" ™" = n"" (¢ p_2,0n—Crr_3,0)+n" > (Crr_a0n—Crr_50)— -
is positive. For this it is sufficient to have
n > max { C'r‘,r—?;,O7 Cr,r—5,0 L }’
Crr—2,0 Crr—4,0

and the explicit computation shows that this maximum is lower than r? when r < 10.
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