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Abstract. In this paper we deal with the product of two or three Cauchy differences equaled to
zero. We show that in the case of two Cauchy differences, the condition of absolute continuity
and differentiability of the two functions involved implies that one of them must be linear,
i.e., we have a trivial solution. In the case of the product of three Cauchy differences the
situation changes drastically: there exists non trivial C∞ solutions, while in the case of real
analytic functions we obtain that at least one of the functions involved must be linear. Some
open problems are then presented.
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1. Introduction

We start by considering the following relation

f(x + y) − f(x) − f(y) = F(x, y), (1.1)

where f : R → R and we assume that f is absolutely continuous and has
derivative at each point.

Following [2], the first step consists in giving a suitable representation of
both f and F. Differentiating (1.1) with respect to x we obtain

f ′(x + y) − f ′(x) =
∂F(x, y)

∂x
(1.2)

and, setting x = 0,

f ′(y) = f ′(0) +
∂F(x, y)

∂x
|x=0. (1.3)
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Setting f ′(0) = c, c + ∂F(x,y)
∂x |x=0 =: φ(y) and substituting in (1.2) we obtain

f ′(x + y) − f ′(x) =
∂F(x, y)

∂x
= φ(x + y) − φ(x) (1.4)

and the following representation of F:

F(x, y) =
∫ x

0

[φ(t + y) − φ(t)]dt + k, φ(0) = 0. (1.5)

Thus, we conclude that if f and F satisfy (1.1), then there exists a contin-
uous function φ such that (1.5) holds and

f(x + y) − f(x) − f(y) =
∫ x

0

[φ(t + y) − φ(t)]dt + k. (1.6)

This simple result will be useful for solving the problem presented in the
next section.

2. Alternative equation in two unknown functions

In 1978 Marek Kuczma [1] proposed to investigate the following Cauchy alter-
native functional equation in two unknown functions:

[f(x + y) − f(x) − f(y)][g(x + y) − g(x) − g(y)] = 0; (2.1)

obviously there are the so–called trivial solutions, that is when one of the
two functions is additive in the domain of our problem. Here we intend to
deal with equation (2.1) where f, g : R → R and f, g ∈ C1. Equation (2.1)
has been extensively studied by L. Paganoni and the present author [3–5]
in a more general setting and under weaker regularity conditions and in [4]
(Theorem 4)it has been proved that if the pair (f, g) of continuous functions
is a solution of (2.1) then one of them is additive, in other words there are
no non–trivial continuous solutions of (2.1). This result was obtained through
a long procedure and here we will show that the requirement that the two
functions are absolutely continuous and differentiable at each point makes the
solution of (2.1) rather simple.

From (1.6) in the previous section we have the following:

f(x + y) − f(x) − f(y) = F(x, y) =
∫ x

0
[φ(t + y) − φ(t)]dt + k1,

g(x + y) − g(x) − g(y) = G(x, y) =
∫ x

0
[γ(t + y) − γ(t)]dt + k2,

where φ, γ : R → R are two continuous functions, φ(0) = γ(0) = 0 and k1, k2
arbitrary constants; moreover, we have f(0) = −k1 and g(0) = −k2 and,
setting in (2.1) x = y = 0 we have f(0)g(0) = k1k2 = 0.

Equation (2.1) can be written as

F(x, y) · G(x, y) = 0 (2.2)
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and after differentiating with respect to x we have

G(x, y)[φ(x + y) − φ(x)] + F(x, y)[γ(x + y) − γ(x)] = 0 (2.3)

and, with x = 0, k2φ(y) + k1γ(y) = 0. Since we have k1k2 = 0, if k2 �= 0, then
k1 = 0 and φ(y) = 0 for all y ∈ R; and by (2) this implies f(x + y) − f(x) −
f(y) = 0, i.e., f(x) = ax, x ∈ R, for some constant a. Obviously, if k1 �= 0 and
k2 = 0, we have g(x) = bx.

Now, we assume k1 = k2 = 0. Denoting Φy(t) := φ(t + y) − φ(t) and
Γy(t) := γ(t + y) − γ(t), equation (2.2) becomes∫ x

0

Φy(t)dt ·
∫ x

0

Γy(t)dt = 0, x, y ∈ R. (2.4)

Theorem 2.1. If (2.4) holds for every x, y ∈ R, then Φy(x) · Γy(x) = 0 for all
x, y ∈ R.

Proof. Let us suppose that the statement is false, then there exist x0, y0 ∈ R

such that Φy0(x0) �= 0 and Γy0(x0) �= 0. The continuity of Φy0(x) and Γy0(x)
in x0 implies the existence of a positive δ such that Φy0(x) �= 0 and Γy0(x) �= 0
for |x − x0| < δ. But if ∫ x0

0

Φy0(t)dt �= 0 (2.5)

then ∫ x

0

Φy0(t)dt �= 0, |x − x0| < δ, (2.6)

and, by (2.4), this implies∫ x

0

Γy0(t)dt = 0, |x − x0| < δ (2.7)

and from this we have that Γy0(x) = 0 for |x − x0| < δ: a contradiction. �
So, from Theorem 2.1 we have

[φ(x + y) − φ(x)][γ(x + y) − γ(x)] = 0, x, y ∈ R (2.8)

and, setting x = 0, φ(y) · γ(y) = 0, y ∈ R. Thus, developing (2.8) and consid-
ering the last equality, we obtain

φ(x + y)γ(x) + γ(x + y)φ(x) = 0, x, y ∈ R. (2.9)

If φ(x0) �= 0 for some x0, then γ(x0) = 0 and from (2.9) we have γ(x0 +y) = 0
for all y ∈ R, hence γ ≡ 0 and g(x) = bx.

Summarizing we have the following

Theorem 2.2. A pair (f, g) of continuously differentiable functions is a solution
of (2.1) if and only if at least one of the functions is linear.

Thus, we can say that equation (2.1) has only trivial C1 solutions, i.e., at
least one of the factors must be identically zero.
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3. Alternative equation in three unknown functions

Consider now the following alternative Cauchy equation in three unknown
functions

[f(x + y) − f(x) − f(y)][g(x + y) − g(x) − g(y)][h(x + y) − h(x) − h(y)] = 0.(3.1)

In this case we have a completely different situation, i.e., there exist C∞ func-
tions solving (3.1) and neither of them is additive on the whole R. An example
is constructed as follows. Define the following three functions:

f0(x) = exp
{

− 1
x−1 + 1

x−2

}
+ x, 1 < x < 2,

g0(x) = exp
{

− 1
x−4

}
, x > 4,

h0(x) = exp
{

− 1
x + 1

x−1

}
+ x, 0 < x < 1,

then we construct these other functions:

f(x) =

⎧⎨
⎩

x, |x| ≤ 1, |x| ≥ 2,
f0(x), 1 < x < 2,

−f0(−x), −2 < x < −1.

g(x) =

⎧⎨
⎩

−g0(−x), x < −4,
0, −4 ≤ x ≤ 4,

g0(x), x > 4.

h(x) =

⎧⎪⎪⎨
⎪⎪⎩

x, |x| ≥ 1,
h0(x), 0 < x < 1,

0, x = 0,
−h0(−x), −1 < x < 0.

The three functions f, g and h are C∞ on R and a simple (and tedious)
check shows that the triple (f, g, h) is a solution of (3.1).

Things change completely if we increase the regularity of the functions. We
assume that the triple (f, g, h) is a solution of equation (3.1), with all functions
in C(R) and at least one of them, say f , real analytic (i.e., it is a real function
which is the restriction of an analytic function to the real line ). We intend
to prove that if neither g nor h is additive, then f is additive, in other words,
equation (3.1) has only trivial solutions.

Theorem 3.1. Assume that the triple (f, g, h) is a solution of equation (3.1)
with g and h continuous and not linear, and f real analytic, than f is linear,
i.e., equation (3.1) has only trivial solutions.

Proof. Since neither g nor h is additive, Theorem 2.2 in Sect. 2 implies that
G(x0, y0) · H(x0, y0) �= 0 for some pair (x0, y0) ∈ R

2 and, thanks to the conti-
nuity of g and h, there exists a square Q = (x0 − δ, x0 + δ) × (y0 − δ, y0 + δ)
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such that G(x, y) · H(x, y) �= 0 for all (x, y) ∈ Q. Hence in Q we must have
F(x, y) = 0. We write the expansions of f with center in x0, y0 and x0 + y0,
valid for |x − x0| < μ and |y − y0| < μ, for a certain positive μ:

f(x + y) = f(x0 + y0) +
∞∑

k=1

ak(x − x0 + y − y0)k;

f(x) = f(x0) +
∞∑

k=1

a′
k(x − x0)k; f(y) = f(y0) +

∞∑
k=1

a′′
k(y − y0)k.(3.2)

Since F(x0, y0) = 0, from (3.2), setting for brevity x−x0 = t and y−y0 = v,
we have

∞∑
k=1

[
ak(t + v)k − a′

ktk − a′′
kvk

]
= 0. (3.3)

We proceed by nullifying the coefficients of the previous power series; those
of first degree are a1 − a′

1 and a1 − a′′
1 and by equalling them to 0 we get

a1 = a′
1 = a′′

1 . Going to the second degree we obtain

a2 − a′
2 = 0, a2 − a′′

2 = 0, 2a2 = 0, (3.4)

so a2 = a′
2 = a′′

2 = 0. Suppose an = a′
n = a′′

n = 0, then (3.3) becomes
∞∑

k=n+1

[
ak(t + v)k − a′

ktk − a′′
kvk

]
= 0 (3.5)

and by nullifying the coefficients of terms of degree n + 1 we get

an+1 − a′
n+1 = 0, an+1 − a′′

n+1 = 0, an+1 = 0, (3.6)

so an+1 = a′
n+1 = a′′

n+1 = 0 and by induction we conclude that ak = a′
k = a′′

k =
0 for all integers k and f(x) = f(x0) + a1(x − x0). Because of the analyticity
of f we have that it is affine on the whole R, i.e., f(x) = α + βx. Since

0 = f(x0 + y0) − f(x0) − f(y0) = α + βx0 + βy0 − α − βx0 − α − βy0 = −α,(3.7)

we obtain that f is linear. �

4. Further results and open problems

In this section we present some other results, namely some conditions giving
only trivial solutions of equation (3.1) and we prove by giving examples that
without them there exist non trivial solutions.

We start by using the simple result given in Sect. 1 and used in Sect. 2 for
solving (2.1). Assume that the three functions f, g, h are absolutely continuous
and differentiable. We have

F(x, y)G(x, y)H(x, y) = 0, x, y ∈ R, (4.1)
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where

F(x, y) =
∫ x

0
[φ(t + y) − φ(t)]dt + k1 =

∫ x

0
Φy(t)dt + k1, φ(0) = 0,

G(x, y) =
∫ x

0
[γ(t + y) − γ(t)]dt + k2 =

∫ x

0
Γy(t)dt + k2, γ(0) = 0,

H(x, y) =
∫ x

0
[ψ(t + y) − ψ(t)]dt + k3 =

∫ x

0
Ψy(t)dt + k3, ψ(0) = 0. (4.2)

By differentiating equation (4.1) with respect to x, we obtain

[φ(x + y) − φ(x)]G(x, y)H(x, y) + F(x, y)[γ(x + y) − γ(x)]H(x, y)
+F(x, y)G(x, y)[ψ(x + y) − ψ(x)] = 0 (4.3)

and setting x = 0 we have

φ(y)k2k3 + γ(y)k1k3 + ψ(y)k1k2 = 0, (4.4)

where k1 = −f(0), k2 = −g(0) and k3 = −h(0). By setting x = y = 0 in
equation (4.1), we have f(0)g(0)h(0) = −k1k2k3 = 0.

If one of the numbers k1, k2, k3, say k1, is zero and k2k3 �= 0, then from
equation (4.4) we have φ(y) = 0 for all y ∈ R and this implies F(x, y) = 0 for
all x, y ∈ R, hence f(x) is linear. If also k2k3 = 0, equation (4.4) is identically
satisfied.

We differentiate equation (4.3) again with respect to x to obtain

[φ′(x+y)−φ′(x)]G(x, y)H(x, y)+[φ(x+y) − φ(x)][γ(x+y) − γ(x)]H(x, y)+

[φ(x + y) − φ(x)]G(x, y)[ψ(x + y) − ψ(x)]+

[φ(x+y)−φ(x)][γ(x+y)−γ(x)]H(x, y)+F(x, y)[γ′(x+y)−γ′(x)]H(x, y)+

F(x, y)[γ(x + y)−γ(x)][ψ(x + y)−ψ(x)]+

[φ(x + y)−φ(x)]G(x, y)[ψ(x + y)−ψ(x)]+

F(x, y)[γ(x + y)−γ(x)][ψ(x + y)−ψ(x)]+

F(x, y)G(x, y) [ψ′(x + y)−ψ′(x)]= 0.

(4.5)

Setting x = 0, we obtain

[φ′(y) − φ′(0)] k1k2 − φ(y)γ(y)k3 − φ(y)ψ(y)k1−
φ(y)γ(y)k3 + [γ′(y) − γ′(0)] k1k3 − γ(y)ψ(y)k1−
φ(y)ψ(y)k2 − γ(y)ψ(y)k1 + [ψ′(y) − ψ′(0)] k1k2 = 0.

(4.6)

Assume now that k1 = k2 = 0, then we have

φ(y)γ(y)k3 = 0, (4.7)

so, if k3 �= 0, φ(x)γ(x) = 0 for all x ∈ R. Under these conditions, our original
equation can be written as

∫ x

0

Φy(t)dt ·
∫ x

0

Γy(t)dt ·
[ ∫ x

0

Ψy(t)dt + k3

]
= 0. (4.8)
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Since the last factor for x = 0 is equal to k3, it cannot be always zero; if it is
different from zero everywhere, then we come back to the alternative equation
in two unknown functions studied in Sect. 2 and we conclude that either f or
g is linear. Otherwise, let

O =
{

(x, y) ∈ R
2 :

∫ x

0

Ψy(t)dt + k3 = H(x, y) �= 0
}

; (4.9)

clearly O is an open set, it contains all points of the forms (x, 0) and (0, y)
and is symmetric with respect to the line y = x. Thus, in O we must have∫ x

0

Φy(t)dt ·
∫ x

0

Γy(t)dt = 0. (4.10)

By repeating the proof of Theorem 2.1, from equation (4.10) we obtain that

Φy(x) · Γy(x) = [φ(x + y) − φ(x)][γ(x + y) − γ(x)] = 0, (x, y) ∈ O.(4.11)

By multiplying and using equation (4.7) we arrive at the following system:{
φ(x)γ(x) = 0, x ∈ R

φ(x + y)γ(x) + φ(x)γ(x + y) = 0, (x, y) ∈ O.
(4.12)

Theorem 4.1. Suppose that x = 0 is an accumulation point of the set where
γ is different from 0, then F(x, y) = 0 for all x, y ∈ R, i.e., the function f is
linear.

Proof. Take x0 ∈ R and consider the point (0, x0) ∈ O; since O is open, there
exists δ > 0 such that the open square Qδ(0, x0) = (−δ, δ) × (x0 − δ, x0 + δ) is
contained in O. By the hypotheses we can choose x1 with (0, x1) ∈ Qδ(0, x0),
γ(x1) �= 0 and x0 ∈ (x1 + x0 − δ, x1 + x0 + δ). From the system (4.12) we
obtain

φ(x1) = 0, φ(x1 + y) = 0, y ∈ (x0 − δ, x0 + δ) (4.13)

thus φ(x0) = 0 and this implies φ ≡ 0, so we are done. �

The following example shows that without the condition stated in the pre-
vious proposition there exist non trivial solutions of equation (4.1) with C∞

functions and k3 �= 0 (Note that the example presented in the previous section
has k1 = k2 = k3 = 0). Let h be the following function

h(x) =
{

x, |x| ≥ 1,
h0(x), −1 < x < 1

where h0(0) = −k3 �= 0 and such that h ∈ C∞. The open set O is contained in
the union of the three strips R× (−1, 1), (−1, 1)×R and that bounded by the
lines y = 1−x and y = −1−x. Now, we must exhibit two C∞ functions φ and γ
satisfying the system (4.12) and not identically zero. Take φ(x) = 0 for x ≤ 5,
φ(x) > 0 for x > 5, γ(x) = 0 for x ≤ 2 and x ≥ 3 and γ(x) �= 0 for 2 < x < 3
and such that both functions are in C∞. Obviously the first equation of system
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(4.12) is satisfied. The second equation is satisfied for x ≤ 2 and for 3 ≤ x ≤ 5
since both φ and γ have value zero. If 2 < x < 3 then φ(x) = 0 and γ(x) > 0,
hence by the second equation of the system we must have φ(x + y) = 0 for
(x, y) ∈ O: this is true since x + y < 4. If x > 5 then γ(x) = 0 and φ(x) �= 0,
hence we must have γ(x + y) = 0 for (x, y) ∈ O: this is true since either
−1 < x + y < 1 or x + y > 4. The next step consists in proving that F(x, y)
and G(x, y) are not identically zero and the triple f, g, h is a solution of the
equation (4.1). We begin with F(x, y): take x ≤ 5 and y = 1, then

F(x, 1) =
∫ x

0

[φ(t + 1) − φ(t)]dt =
∫ x

0

φ(t + 1)dt =
∫ x

4

φ(t + 1)dt �= 0.

(4.14)

For G(x, y) we take 1 < x ≤ 2 and y = 1, then

G(x, 1) =
∫ x

0

[γ(t + 1) − γ(t)]dt =
∫ x

0

γ(t + 1)dt =
∫ x

1

γ(t + 1)dt �= 0.

(4.15)

To prove that the triple f, g, h is a solution of (4.1) we must prove that for each
point (x, y) ∈ O either F(x, y) or G(x, y) is zero. Given the symmetry with
respect to the line y = x it is enough to consider the two strips (−1, 1) × R

and that bounded by the lines y = 1 − x and y = −1 − x with x ≥ 0.
Let −1 < x < 1 and x + y ≤ 5, then

F(x, y) =
∫ x

0

[φ(t + y) − φ(t)]dt =
∫ x

0

φ(t + y)dt = 0; (4.16)

let now −1 < x < 1 and x + y ≥ 3, then

G(x, y) =
∫ x

0

[γ(t + y) − γ(t)]dt =
∫ x

0

γ(t + y)dt = 0 (4.17)

and the first strip is covered. Now we go to the second strip; take (x, y) with
1 ≤ x ≤ 5 and −1 < x + y < 1, then

F(x, y) =
∫ x

0

[φ(t + y) − φ(t)]dt =
∫ x

0

φ(t + y)dt = 0. (4.18)

Take now x > 5 and −1 < x + y < 1, then y < −4, so

G(x, y) =
∫ x

0

[γ(t + y) − γ(t)]dt =
∫ x

0

γ(t + y)dt

=
∫ 5

0

γ(t + y)dt +
∫ x

5

γ(t + y)dt = 0. (4.19)

Now, we suppose that k1 = k2 = k3 = 0; in this case our equation becomes∫ x

0

Φy(t)dt ·
∫ x

0

Γy(t)dt ·
∫ x

0

Ψy(t)dt = 0. (4.20)
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We prove the following analogue of Theorem 2.1.

Theorem 4.2. Equation (4.20) implies that Φy(x) · Γy(x) · Ψy(x) = 0 for all
x, y ∈ R

Proof. Suppose there exist x0 and y0 such that Φy0(x0) ·Γy0(x0) ·Ψy0(x0) �= 0,
then by continuity there exists δ > 0 such that Φy0(x) · Γy0(x) · Ψy0(x) �= 0 for
|x−x0| < δ. If

∫ x0

0
Φy0(t)dt �= 0, then for 0 < |x−x0| < δ it is

∫ x

0
Φy0(t)dt �= 0,

so by equation (4.20) we have∫ x

0

Γy0(t)dt ·
∫ x

0

Ψy0(t)dt = 0, 0 < |x − x0| < δ (4.21)

and, by continuity,∫ x

0

Γy0(t)dt ·
∫ x

0

Ψy0(t)dt = 0, |x − x0| < δ. (4.22)

If
∫ x0

0
Γy0(t)dt = 0, then we have

∫ x

0
Γy0(t)dt �= 0 for 0 < |x − x0| < δ, conse-

quently
∫ x

0
Ψy0(t)dt = 0 for 0 < |x−x0| < δ and, by continuity,

∫ x0

0
Ψy0(t)dt =

0: a contradiction since Ψy0(x) �= 0 for |x − x0| < δ. �

Setting x = 0 in Φy(x) · Γy(x) · Ψy(x) = 0, we get

φ(y)γ(y)ψ(y) = 0, y ∈ R. (4.23)

Thus, we obtain the following system⎧⎪⎨
⎪⎩

φ(x)γ(x)ψ(x) = 0, x ∈ R

φ(z)γ(z)ψ(x) + φ(z)γ(x)ψ(z) − φ(z)γ(x)ψ(x) + φ(x)γ(z)ψ(z)−
φ(x)γ(z)ψ(x) − φ(x)γ(x)ψ(z) = 0, (x, y) ∈ R

2.

(4.24)

The previous calculations show that a first step on a possible road towards
the construction of all C∞ solutions of equation (3.1) consists in solving the
systems (4.12) and (4.24) which are consequences of the original one.
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