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Abstract

Soap films at equilibrium are modeled, rather than as surfaces, as regions of small
total volume through the introduction of a capillarity problem with a homotopic
spanning condition. This point of view introduces a length scale in the classical
Plateau’s problem, which is in turn recovered in the vanishing volume limit.
This approximation of area minimizing hypersurfaces leads to an energy based
selection principle for Plateau’s problem, points at physical features of soap films
that are unaccessible by simply looking at minimal surfaces, and opens several
challenging questions. © 2021 Wiley Periodicals LLC.
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0 Explanatory Note

The present paper amends and replaces “Plateau’s Problem as a Singular Limit
of Capillarity Problems” by the same authors, which was published online in Comm.
Pure Appl. Math. in 2020 with DOI'10.1002/cpa.21951} see [39]]. The revision does
not contain any major changes with respect to the previous version: in particular,
all main results stated in [39]] remain valid. The amendment is, nonetheless, neces-
sary due to the presence of a technical error in the proof of [39, lemma 2.5] (con-
struction of cup competitors). The present paper features a revised version of that
lemma; see Lemma [2.5] below, with a correct proof. While the main changes only
pertain to the actual construction of cup competitors, a few other minor changes
were needed in the rest of the paper at places where cup competitors (and other
competitors derived from them, such as exterior cup competitors and slab competi-
tors) are used. This justifies the publication of a revised version of the entire paper
in place of a corrigendum. For the interested reader, further comments on the tech-
nical complications in the construction of cup competitors that led to the mistake
in [39]] and the need for this revision can be found in Remark [2.6|and Figure [2.1](a,
b).

1 Introduction

1.1 Overview

The theory of minimal surfaces with prescribed boundary data provides the basic
model for soap films hanging from a wire frame: given an (n — 1)-dimensional
surface ' € R”*! without boundary, one seeks n-dimensional surfaces M such
that

(1.1 Hy =0, oM =T,

where Hjy is the mean curvature of M (and n = 2 in the physical case). A limita-
tion of (I.T)) as a physical model is that, in general, (I.T)) may be nonuniquely solv-
able, including unstable (and thus, not related to observable soap films) solutions.
Area minimization can be used to construct stable (and thus, physical) solutions,
providing a strong motivation for the study of Plateau’s problem; see [9]. Here
we are concerned with a more elementary physical limitation of (I.I]), namely, the
absence of a length scale: if M solves for T, then tM solves for tT, no
matter how large f > O is.

Following [44], we introduce a length scale in the modeling of soap films by
thinking of them as regions £ C R"*! with small volume |E| = &. At equilib-
rium, the isotropic pressure at a point y interior to the liquid but immediately close
to its boundary JF is

(1.2) p(¥) = po + o Hyg (¥) - vE(Y)

where pg is the atmospheric pressure, o is the surface tension, vg the outer unit
normal to £, and Hyg the mean curvature vector of dF; at the same time, for any
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FIGURE 1.1. Minimizers of the capillarity problem in the unusual con-
tainer 2 consisting of the complement of a §-neighborhood /5(I") of a
curve I' (depicted in light gray). The shape of E is drastically differ-
ent depending on whether or not a homotopic spanning condition is pre-
scribed: (a) without a C-spanning condition, we observe tiny droplets sit-
ting near points of maximal mean curvature of d€2; (b) with a C-spanning
condition, small rounds droplets will not be admissible, and a different
region of the energy landscape is explored; minimizers are now expected
to stretch out and look like soap films.

Is(T)

two points y, z inside the film we have

(1.3) p(y) —p) =pg(z—y) - ent1

where p is the density of the fluid, g is the gravity of Earth, and e, +1 is the vertical
direction. In the absence of gravity, (I.2) and (I.3) imply that Hg = Hyp -vg is
constant along dF. A heuristic analysis shows that if dF is representable locally
by the two graphs {x £ (h(x)/2)vpr(x) : x € M} defined by a positive function
h over an ideal midsurface M, then Hjys should be small, but nonzero (even in the
absence of gravity); see [44, sec. 2]. As it is well-known, one cannot prescribe
nonvanishing mean curvature with arbitrarily large boundary data; see, e.g., [21}
29]. Hence this point of view can potentially capture physical features of soap
films that are not accessible by modeling them as minimal surfaces.

The goal of this paper is starting the analysis of the variational problem playing
for (I.2) and (T.3)) the role that Plateau’s problem plays for (I.I)). The new aspect
is not in the energy minimized, but in the boundary conditions under which the
minimization occurs. Indeed, the equivalence between the constancy of Hg and
the balance equations (I.2) and (I.3)) leads us to work in the classical framework
of Gauss’ capillarity model for liquid droplets in a container. Given an open set
Q C R"*! (the container), the surface tension energyﬂ of a droplet occupying the
open region £ C €2 is given by

oH™ (N IE)

where ‘H" denotes n-dimensional Hausdorff measure (surface area if n = 2, length
if n = 1). In the case of soap films hanging from a wire frame I', we choose the

! For simplicity, we are setting to zero the adhesion coefficient with the container; see, e.g., [26].
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FIGURE 1.2. The variational problem (T.3]) with T" given by two parallel
circles centered on the same axis at a mutual distance smaller than their
common radius. Different choices of C lead to different minimizers S in
£: (a) if C is generated by the loops y; and y,, then S is the area minimiz-
ing catenoid; (b) if we add to C the homotopy class of y3, then S is the
singular area minimizing catenoid, consisting of two catenoidal necks,
meeting at equal angles along a circle of Y -points bounding a “float-
ing” disk. Such singular catenoid cannot be approximated in energy by

smooth surfaces: hence the choice of casting £ in a class of nonsmooth
surfaces.

complement of the “solid wire” I5(I") as our container 2; i.e., we set
Q=R""\ Ig(I)

where I denotes the closed §-neighborhood of a set. The minimization of H" (2N
dF) among open sets £ C 2 with |E| = ¢ leads indeed to finding minimizers
whose boundaries have constant mean curvature. However, these boundaries will
not resemble soap films at all, but will rather consist of small “droplets” sitting
at points of maximal curvature for I5(I"); see Figure and [4,[22,/43]] for more
information.

To observe soap films rather than droplets, we must require that dF stretches
out to span I5(I"). To this end, we exploit a beautiful idea introduced by Harrison
and Pugh in [32] as slightly generalized in [13[]. The idea is fixing a spanning
class, i.e., a homotopically closecﬂ family C of smooth embeddings of S! into
Q = R*T1\ I5(I), and to sayEI that a relatively closed set S C Q is C-spanning
Ig(D) if

(1.4) SNy #a VyeCl.

Given a choice of C, we have a corresponding version of Plateau’s problem

(1.5) £ =inf {’H” (S) : S is relatively closed in €2, and S is C-spanning / (F)}
as illustrated in Figure The variational problem 1/ (¢) studied here is thus a

2 By this we mean that if yg, y1 are smooth embeddings of S! into Q, yo € C, and there exists a
continuous map f : [0,1] x S! — Q with f(t,-) = y; fort =0, 1, then y; € C.

3 Notice that, in stating condition (T.4), the symbol y denotes the subset YS! ¢ Q. We are
following here the same convention set in [[13].



PLATEAU’S PROBLEM AS A SINGULAR LIMIT OF CAPILLARITY PROBLEMS 5

reformulation of £ as a capillarity problem with a homotopic spanning condition,
namely:

Y(e) =inf {H"(QNOE): E C Q,|E| =& QNJE is C — spanning/s(I")}

for ¢ > (0. We now give informal statements of our main results (e.g., we make no
mention of singular sets or comment on reduced versus topological boundaries);
see Section[L.2] for the formal ones.

Existence of generalized minimizers and Euler-Lagrange equations (Theorem
[I.4]and Theorem [1.6)

There always exists a generalized minimizer (K, E) for y(¢): that is, there
exists a set K C €2, relatively closed in €2 and C-spanning /5(1"), and there exists
anopen set £ C Q with Q N JdE C K and | E| = &, such that

V(e) = F(K,E) =2H"(K \ 0E) + H"(Q N JE).

Moreover, (K, E) minimizes F with respect to all its diffeomorphic images: in
particular, 2 N dE has constant mean curvature A € R and K \ dF has zero mean
curvature.

Convergence to the Plateau’s problem (Theorem [1.9)

We always have ¥/(¢) — 2£ when ¢ — 07, and if (K;, E;) are generalized
minimizers for ¥ (g;) with &; — 07, then, up to extracting subsequences, we can
find a minimizer S for £ with

2/ go—i—/ (p—>2/g0 VgoeCco(Q)
K/ \OE, 9E; S

J

as j — oo; in other words, generalized minimizers in ¥ (g;) with &; — 0t
converge as Radon measures to minimizers in the Harrison-Pugh formulation of
Plateau’s problem.

Example 1.1 (Volume and thickness in the noncollapsed case). Let I" consists of
two points at distance r in the plane, or of an (17 — 1)-sphere of radius r in R?*1,
For ¢ small enough, ¥ (&) should admit a unique generalized minimizer (K, £),
consisting of two almost flat spherical caps meeting orthogonally along the torus
I5(T) (so that K = 0E and collapsing does not occur); see Figure [1.3[a). In
general, we expect that when all the minimizers S in £ are smooth, then generalized
minimizers in W (g) are not collapsed, and, for small &, K = 0F is a two-sided
approximation of S, with Hg = ¥'(¢) — 0 and

(1.6) U(e) =20+ Ce? +o(e?) ase — 0t

for a positive C. This insight is consistent with the idea (see [44]) that almost
minimal surfaces arise in studying soap films with a thickness. In particular, vol-
ume and thickness will be directly related in terms of the geometry of I'. Sending
g — 0% with T fixed or, equivalently, considering ¢T" for large ¢ at ¢ fixed, will
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(a) (b) I5()
E K\ JE
| — ) E
I5(I)

FIGURE 1.3. (a) If T consists of two points, then the minimizer is not
collapsed, and is bounded by two very flat circular arcs; (b) when I" con-
sists of the vertexes of an equilateral triangle, the generalized minimizer
is indeed collapsed. The three segments defining K \ dF are depicted in
bold, and E is a negatively curved curvilinear triangle nested around the
singular point of the unique minimizer of £.

make the thickness decrease until it reaches a threshold below which we do not ex-
pect soap films to be stable. A critical thickness can definitely be identified with the
characteristic length scale of the molecules of surfactant, below which the model
stops making sense. But depending on temperatures, actual soap films with even
larger thicknesses should burst out due to the increased probability of fluctuations
towards unstable configurations.

Example 1.2 (Volume and thickness in the collapsed case). At small volumes, and
in the presence of singularities in the minimizers of £, collapsing is energetically
convenient, and allows v/ (&) to approximate 2£ from below. If I' C R? consists
of the three vertexes of an equilateral triangle, for small § the unique minimizer
of £ consists of a Y -configuration. For small &, we expect generalized minimizers
(K, E) of y(&) to be collapsed; see Figure[I.3(b): there, E is a curvilinear triangle
made up of three circular arcs whose length is O(4/¢), and whose (negative) curva-
ture is O(1/+/¢). The thickness of an actual soap film in this configuration should
thus be considerably larger near the singularity than along the collapsed region,
and the volume and the thickness of the film are somehow independent geometric
quantities. This suggests, in the presence of singularities, the need for introducing
a second length scale in the model. A possibility is replacing the sharp interface
energy H" (2 N 0E) with a diffused interface energy, like the Allen-Cahn energy

1
en<u)=n/ |Vu|2+—/ W), 7> 0.
Q nJQ

for a double-well potential with {W = 0} = {—1, 1}. We expect {u > 0} to (ap-
proximately) coincide with the union of a curvilinear triangle of area ¢ with three
stripes having the collapsed segments as their midsections, and of width n|log n|;
cf. with [19].
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FIGURE 1.4. (a) and (b): A four-points configuration I" with a choice
of C such that £ admits two minimizers, one with and one without sin-
gularities; (c) and (d): a six-points configuration I" with a choice of C
such that £ admits many minimizers, possibly with a variable number of
singularities; here we have depicted two of them, including the one with
four singular points that is selected by the ¥ (¢) problems.

Example 1.3 (Capillarity as a selection principle for Plateau’s problem). The fol-
lowing statement holds (as a heuristic principle): Generalized minimizers of V()
converge to those minimizers of Plateau’s problem (1.5)) with larger singular set,
and when no singular minimizers are present, they select those whose second fun-
damental form has maximal L?-norm. Since the second part of this selection prin-
ciple is justified by standard second variation arguments, we illustrate the first part
only. In Figure[I.4] T is either given by four or by six points that are suitably spaced
so that £ has different minimizers. As ¢ — 07, ¥(¢) selects those £-minimizers
with singularities over the ones without singularities; and when more minimizers
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with singularities are present, it selects the ones with the largest number of sin-
gularities. Indeed, the approximation of a smooth minimizer in £ will require an
energy cost larger than 2£. At the same time, each time a singularity is present,
minimizers of ¥ (&) can save length in the approximation, thus paying less than 2¢
in energy, and the more the singularities, the bigger the gain. To check this claim,
pick N singularities, and denote by &; the volume placed near the i singularity
and by r; the radius of the three circular arcs enclosing ¢;. Each wetted singularity

has area clriz, while the total relaxed energy of the approximating configuration is
F=2L—cy ZzN=1 r;. Minimizing under the constraint & = ¢ ZzN=1 riz, we must

take r; = /&/Nc1, thus finding

€ Nmax

Y(e) =20 —cy

C1

if Nmax is the maximal number of singularities available among minimizers of £.
This example suggests that (in every dimension) in the presence of singular mini-
mizers of £, one should have

1.7) V'(e) - —o00 ase — 0T,

This is of course markedly different from what we expect to be the situation when £
has only smooth minimizers; see (I.6). We finally notice that a selection principle
for the capillarity model (without homotopic spanning conditions) via its Allen-
Cahn approximation has been recently obtained by Leoni and Murray; see [40,41]].
1.2 Statements of the results

We now give a more technical introduction to our paper, with precise statements,
more bibliographical references, and comments on the proofs.

Plateau’s problem with homotopic spanning
We fix a compact set W C R"T! (the “wire frame”) and denote the region
accessible by the soap film as

QZRn+1\W

The typical case we have in mind is W = [5(I"), as discussed in Section but
this is not necessary. We fix a spanning class C, that is, a nonempty family of
smooth embeddings of S! into Q which is closed by homotopy in Q. We assume
that W and C are such that the Plateau’s problem defined by C

(1.8) ¢ =inf{H"(S): S €S}
is such that £ < oo Here, for the sake of brevity, we have introduced

S ={S C Q: S isrelatively closed in 2 and S is C-spanning W'}.

4 The condition £ < co clearly implies that no y € C is homotopic to a constant map.
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As proved in [[1332], if £ < oo, then there exists a compact, H” -rectifiable set .S
such that H"(S) = £; see also [[10,/12,/15}|18L123,/24,2831,[33-35] for related exis-
tence results. In addition, S minimizes " with respect to Lipschitz perturbations
of the identity localized in €2, so that: (i) S is a classical minimal surface outside
of an H"-negligible, relatively closed set in 2 by [1]; (ii) if » = 1, S consists of
finitely many segments, possibly meeting in three equal angles at singular Y -points
in Q; (iii) if n = 2, § satisfies Plateau’s laws by [48]: namely, S is locally diffeo-
morphic either to a plane or to a cone ¥ = T'! x R, or to a cone T2, where T"
is the cone over the origin defined by the (n — 1)-dimensional faces of a regular
tetrahedron in R” 1. The validity of Plateau’s laws in this context makes (T.8)
more suitable when one is motivated by physical considerations: indeed, minimiz-
ers of the codimension one Plateau’s problem in the class of rectifiable currents
are necessarily smooth if n < 6. Although smoothness is desirable for geometric
applications, it creates an a priori limitation when studying actual soap films; see
also [[10L[13}32].

The capillarity problem and the relaxed energy

Next, we give a precise formulation of the capillarity problem 1 (¢) at volume
& > 0, which is defined as

(1.9) y(e) =inf{H"(QNOIE): E €&, |E| = &, Q N JE is C-spanning W }.
Here we have introduced the family of sets
(1.10) E ={E C Q: E isan open set and dF is H"-rectifiable}.

If E € &, then dE is H"-finite and covered by countably many Lipschitz images
of R” into R”*!. Thus, E is of finite perimeter in Q by a classical result of
Federer, and its (distributional) perimeter P(E; U) in an open set U C 2 is equal
to H" (U Nd* E), where 0* E is the reduced boundary of E (notice that, in general,
P(E;U) < H™(U N 0E)). The relaxed energy F is defined by on every pair
(K, E) in the family K given by

K ={(K.E):E C Qisopenwith Q Ncl(d*E) = QNIE C K
K € S and K is H"-rectifiable in Q}.

By the requirement K € S, K is C-spanning W, while Q N dF, which is always
a subset of K, may not be C-spanning W; we expect this when collapsing occurs;

see Figure[I.3]

Assumptions on 2

We make two main geometric assumptions on W and C. First, in constructing a
system of volume-fixing variations for a given minimizing sequence of ¥ (&) (see
Step 2 of the proof of Theorem[I.4]in Section[3)) we shall assume that

(1.11) 319 > 0 such that, for every T < 79, R?T1 \ I, (W) is connected.
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This is compatible with the idea that, in the physical case n = 2, W represents a
“solid wire”. Second, to verify the finiteness of ¥ (¢) (see Step 1 in the proof of
Theorem [I.4)), we require that

(1.12)  3dno > 0 and a minimizer S in £ s.t. y \ I, (S) # & forevery y € C.

This is clearly a generic situation, which (thanks to the convex hull property of
stationary varifolds) is implied, for example, by the much more stringent condition
that y \ Z # @ for every y € C where Z is the closed convex hull of W. Finally,
we shall also assume that “92 = dW is smooth”: by this we mean that locally
near each x € 9€2, Q can be described as the epigraph of a smooth function of
n-variables.

Existence of minimizers and Euler-Lagrange equations
Our first main result is the existence of generalized minimizers of ¥ (¢).

THEOREM 1.4 (Existence of generalized minimizers). Let £ < oo, dW be smooth
and let (I.11) and (I.12) hold. If {E;}; is a minimizing sequence for v (), then
there exists a pair (K, E) € IC with |E| = & such that, up to possibly extracting
subsequences, and up to possible modifications of each Ej outside a large ball con-
taining W (with both operations resulting in defining a new minimizing sequence
for Y (e), still denoted by {E;};), we have that

Ej - E in LX)
(1.13) *
H'L(QNOIE;) — 6H" LK as Radon measures in Q
as j — oo, where 8 : K — R is an upper-semicontinuous function with
(1.14) 0 =2H"aeon K\I*E, 6 =10onQNI*E.
Moreover, y(¢) = F(K, E) and, for a suitable constant C,
Y(e) <20 + Ce™/ D),

Remark 1.5. Whenever (K, E) € K is such that |E| = ¢, F(K, E) = {(g), and
there exists a minimizing sequence {E;}; for ¥ (¢) that converges to (K, E) as in
(T.13), we say that (K, E) is a generalized minimizer of ¥ (¢). We say that (K, E)
is collapsed if K \ dE # @. If (K, E) is not collapsed, then E is a (standard)
minimizer of ¥ (¢).

Next, we derive the Euler-Lagrange equations for a generalized minimizer and
apply Allard’s theorem.

THEOREM 1.6 (Euler-Lagrange equation for generalized minimizers). Let £ < oo,
oW be smooth, and let (I.11)) and (I.12) hold. If (K, E) is a generalized minimizer
of v (e)and [ : Q — Q is a diffeomorphism such that | f(E)| = |E|, then

(1.15) F(K,E) < F(f(K), f(E)).

In particular,



PLATEAU’S PROBLEM AS A SINGULAR LIMIT OF CAPILLARITY PROBLEMS 11

(1) there exists A € R such that

(1.16) A X -vgdH" =/ divE X dH" +2/ divE X dH"
I*E I*E K\*E
for every X € CHR"TLR" ) with X - vg = 0 on 3R, where divk
denotes the tangential divergence along K;

(ii) there exists ¥ C K, closed and with empty interior in K, such that K \ X
is a smooth hypersurface, K \ (X U 0F) is a smooth embedded minimal
hypersurface, H* (X \0E) = 0, QN (dE\30* E) C X has empty interior in
K, and Q N 0* E is a smooth embedded hypersurface with constant scalar
(w.r.t. vE ) mean curvature A.

Remark 1.7. Although we do not pursue this point here, we mention that we would
expect (K, E) to be a proper minimizer of F among pairs (K’, E’) € K with
|E’| = & (and not just when K’ = f(K) for a diffeomorphism f, as proved in
(T15)). To show this we would need to approximate in energy a generic (K’, E’)
by competitors {Fj}; for ¥ (¢). The natural ansatz for this approximation would
be taking F; = Uy, (K’ U E’)\ I, (K' N E’) for n; — 07, where U, denotes the
open n-neighborhood of a set. The convergence of this approximation is delicate,
and can be made to work by elaborating on the ideas contained in [2,/49]] at least
for (K’, E’) in certain subclasses of K.

Remark 1.8. Theorem points at two interesting free boundary problems. The
first problem concerns the size and properties of JE \ 0* E, which is the transition
region between constant and zero mean curvature; similar free boundary problems
(on graphs rather than on unconstrained surfaces) have been considered, e.g., in
[6-8]]. The second problem concerns the wetted region d$2 N dE, which could
either be H"-negligible or not; recall Figure in the former case, 02 N JF
should be (n — 1)-dimensional, while in the latter case d2 N dFE should be a set
of finite perimeter inside d€2, and Young’s law v - vg = 0 should hold at generic
boundary points of d2 N JE relative to d€2; see, for example, [16}/17]].

1.3 Convergence towards Plateau’s problem
The next theorem establishes the nature of Plateau’s problem £ as the singular
limit of the capillarity problems () as ¢ — 0.

THEOREM 1.9 (Plateau’s problem as a singular limit of capillarity problems). If
£ < oo, AW is smooth, and (I.11)) and (1.12) hold, then r is lower-semicontinuous
on (0, 00) and
(1.17) lim ¥(e) = 24.

s—>0t

In addition, if {(Ky, Ep)}p is a sequence of generalized minimizers of ¥ (&y,) for
ep, — 07 ash — oo, then there exists a minimizer S in { such that, up to extracting
subsequences and as h — 00,

(1.18) H' L (QNI*E)) + 2H" L (Kp \ 3*Ep) — 2H" LS
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B (x)

FIGURE 1.5. (a) The cup competitor of a set S in B,(x) relative to
an H"-maximal connected component A of dB,(x) \ S; (b) the cone
competitor of S in B(x).

as Radon measures in .

Remark 1.10. The behavior of ¥ (¢) —2£ as ¢ — 0 is expected to depend heavily
on whether minimizers of £ have or do not have singularities, as noticed in (1.6) and
(T77). In particular, we expect ¥'(¢) — 0T only in special situations: when this
happens, we have a vanishing mean curvature approximation of Plateau’s problem
that is related to Rellich’s conjecture; see, e.g., [].

Remark 1.11. The Hausdorff convergence of Kj to S is not immediate (nor is the
convergence in the varifolds sense). Given (I.18), Hausdorff convergence would
follow from an area lower bound on K. In turn, this could be deduced (thanks to
area monotonicity) from a uniform Z?-bound, for some p > n, on the mean cur-

vature vectors H v, of the integer varifolds V}, supported on K, with multiplicity
2 on Kj \ 0* Ej,, and multiplicity 1 on 0* Ej,. Notice however that, by (I.16)), if A,
is the Lagrange multiplier of (K, Ej), then IjIVh = ApVE, lyp=E,, so that, even
when n = 1, the only uniform L7 -bound that can hold is the one with p = 1; see
Example[I.2]

Proofs

We approach Theorem with the method introduced in [13]] to solve (1.8,
which is now briefly summarized. The idea in [[13] is to consider a minimizing
sequence {S;}; for £, which (up to extracting sub*sequences) immediately leads
to a sequence of Radon measures p; = H" L §; — u as Radon measures in 2,
with §' = spt u C-spanning W . By comparing §; with its cup competitors SJ’- (see
Figure [1.5[a)), and then letting j — o0, it is shown that u(B,(x)) > 6y(n)r™ for
every x € sptu; by comparing S; with its cone competitors S J’., and then letting
j — o0, it is proved that " (B, (x)) is increasing in r. By Preiss’ theorem
[11,46] it follows that & = 8 H" L S and that S is H"-rectifiable. Finally, spherical
isoperimetry and a geometric argument imply that & > 1 H"-a.e. on §, which in
turn suffices to conclude that .S is a minimizer in £ since, by lower semicontinuity,
H"(S) < n(R2) < liminf; u;(2) = £, and because S is in the competition class
of £.
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Adapting this approach to a minimizing sequence {£;}; for ¥ (¢) requires the
introduction of new ideas. First, cup and cone competitors for {£;}; have to be
defined as boundaries, a feature that requires taking into consideration two kinds
of cup competitors, and that also leads to other difficulties. Second, local vari-
ations need to be compensated by volume-fixing variations, which must be uni-
form along the elements of tlle minimizing sequence. At this stage, we can prove
that u; = H* L (R NOIE;) — pu = 0 H" L K for an H"-rectifiable set K that is C-
spanning W. The same argument as in [[13|] shows that # > 1, and the lower bound
6 > 2 H"-a.e.on K \ 0* E requires a further elaboration which takes into account
that we are considering the convergence of boundaries. We cannot conclude that
F(K, E) = yr(e) just by lower semicontinuity because clearly (K, £) is not in the
competition class of ¥ (¢). We thus improve lower semicontinuity by some non-
concentration estimates: at infinity, at the boundary, and by folding against K. The
latter are the most interesting ones, and they require a careful comparison argument
based on the introduction of a third kind of competitors, called slab competitors.
The construction of the various competitors is discussed in Section [2] while the
proof of Theorem [I.4]is contained in Section [3] Slab competitors are also used in
the delicate proof of (I.15]), whose starting point are some ideas originating in [[14],
as further developed in [[13]] when addressing the formulation of Plateau’s problem
for David’s sliding minimizers; see Section[d Finally, in Section [5|we prove The-
orem the main difficulty, explained there in more detail, is that, at vanishing
volume, we have no nontrivial local limit sets to be used for constructing uniform
volume-fixing variations.

Structure of generalized minimizers

Theorem [I.4] Theorem [I.6] and Theorem [I.9]lay the foundations to study the
properties of generalized minimizers of ¥ (¢). The most intriguing questions are
concerned with the relations between the properties of minimizers in Plateau’s
problem £, like the presence or the absence of singularities, and the properties
of minimizers in v (¢) at small &: collapsing versus noncollapsing and the sign of
A, limiting behavior of A as ¢ — 0T, dimensionality of the wetted part of the wire,
etc. This is of course a very large set of problems, which will require further in-
vestigations. In the companion paper [37]], we start this kind of study by proving
that collapsed minimizers have nonpositive Lagrange multipliers, deduce from this
property that they satisfy the convex hull property, and lay the ground for the forth-
coming paper [38]], where we further investigate the regularity of the collapsed set
K\ 0*E.

2 Cone, cup, and slab competitors, nucleation, and collapsing

Section[2.1|contains the notation and terminology used in the paper. Section[2.2]
collects some basic properties of C-spanning sets. Sections and [2.5] deal
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with cup, slab, and cone competitors. Section [2.6] contains the nucleation lemma
for volume-fixing variations, and Section concerns density lower bounds for
collapsing sequences of sets of finite perimeter.

2.1 Notation and terminology

We denote by |A| and H*(A) the Lebesgue and the s-dimensional Hausdorff
measures of 4 C R"*! by I,,(A) and Uy (A) the closed and open n-neighborhoods
of A, and by B,(x) the open ball of center at x and radius r. We work in the
framework of [3,142,47]. Givenk € N, 1 < k < n, a Borel set M C R"*!
is countably H¥-rectifiable if it is covered by countably many Lipschitz images
of R¥: it is (locally) H¥-rectifiable if, in addition, M is (locally) H¥-finite. If
M is locally H¥ -rectifiable, then for H¥-a.e. x € M there exists a unique k-plane
TxM such that, asr — 0, 1K (M —x)/r ok Tx M as Radon measures in
R™+1: T\ M is called the approximate tangent plane to M at x. Given a Lipschitz
map f : R*T1 — R**1 we denote by JM f its tangential Jacobian along M , so
that if f is smooth and f(x) = x +7 X(x) +o(z)inClast — 0T, then JM f =
1+ divM X + o(t) where divM X is the tangential divergence of X along M;
moreover, M has distributional mean curvature vector H € LIIOC(U (HE L M) in
U open, if

/ divM X dH* =/ X-HdHF VX eCPWU:R"™;
M M

see [47, secs. 8 and 9]. A Borel set E C R"*! has finite perimeter if there exists

an R"T!.valued Radon measure on R”*!, denoted by g, such that (g, X) =
[ div X whenever X € C}(R"T!;R"*1) and P(E;R"t!) = |ug|R"T!) <
oo. The set of points x € R”T1 such that

wE (Br(x))

|LE [(Br(x))
is denoted by 0*E and called the reduced boundary 0*E of E. Then ug =
vEH" LO*E, 0*E is H"-rectifiable in R* ™!, and Ty 0*E = vg(x)* for every
x € 3*E. The set ED of points of density t € [0,1] of E is given by those
x € R* 1 with |E N B, (x)|/|Br(x)| = t asr — 07, and (see, e.g., [42, theorem
16.2]),

.1) (*E, E@_ EMY s a partition of R”T! modulo H”.

Federer’s criterion [25, 4.5.11] states that if the essential boundary 3°E = R"+1\
(E@ U EM) is #"-finite, then E is of finite perimeter in R” 1. If E is open, then
d°FE C JE: hence, if E € £ and H"(d2) < oo, then FE is of finite perimeter.

—vgx)eS* asr— 0t

2.2 Some preliminary results

In the following, W is a compact set, C a spanning class for W, and Q =
Rrt1 \ w.
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LEMMA 2.1. If {K;}; are*relatively closed sets in Q@ such that each K; is C-
spanning W and H" . K;j — | as Radon measures in S0, then K = Q N spt u is
C-spanning W,

PROOF. See [13} step 2, proof of theorem 4]. U

LEMMA 2.2. Let K be relatively closed in Q and let B,(x) € Q. Then K is
C-spanning W if and only if, whenever y € C is such that y N K \ By(x) = &,
then there exists a connected component of v N cl(By(x)) that is diffeomorphic

to an interval, and whose endpoints belong to distinct connected components of
cl(Byr(x)) \ K, as well as to distinct components of 0B, (x) \ K.

PROOF. This is [13} lemma 10]. O

LEMMA 2.3. If K is C-spanning W, Br(x) € @, and f : R"tl — R+l j5 4
bi-Lipschitz map with { f # id} € By(x) and f(B;(x)) C By(x), then f(K) is
C-spanning W.

PROOF. By f(K) \ By(x) = K\ By(x), if f(K) is not C-spanning W, then
there exists y € C with y N K \ B,(x) = @ such that y N f(K) = &. Hence,
the curve 7 := f ! o y is a continuous embedding of S! in Q, homotopic to y
in Q, and such that y N K = &. Since ¥ and W are compact and K is closed, ¥
has positive distance from K U W, and by smoothing out ¥ we define a smooth
embedding 7 of S! into R, disjoint from K, and homotopic to 7 (and therefore to
y) in €2, a contradiction. O

LEMMA 2.4. If 02 is smooth, then there exists ro > O with the following property.
Ifx €0, Q C Q, f:cl(Q) = cl(Q) = f(cl(Q)) is a homeomorphism with
FOR) = 09, {f # i} € Bry(x), and f(Bry(x) Nel(Q) = Bry(x) N el(@),
and if K is C-spanning W, then K' = f(K N Q%) is relatively closed in Q and is
C-spanning W, where Q* = f~1(Q).

PROOF.

Step 1. We show that, for K relatively closed in & and B, (x) as in the state-
ment, K is C-spanning W if and only if, whenever y € C is such that y N K \
B, (x) = @, then there exists a connected component of y N cl(By,(x)), diffeo-
morphic to an interval, and whose endpoints belong to distinct connected compo-
nents of & N cl(By,(x)) \ K.

We only prove the “only if” part. First of all, we notice that y cannot be con-
tained in N By, (x), because ro can be chosen small enough to ensure that
Q2 N Byy(x) is simply connected, and because £ < oo implies that no element
of C is homotopic to a constant. Arguing as in [13} step two, proof of lemma
10], we can assume that y and 0B, (x) intersect transversally, so that there exist
finitely many disjoint /; = [a;,b;] C S! such that y N cl(By,(x)) = U; y(1;)
with y 0 8By, (x) = Updy(@). y(b)} and y N Byo(x) = U; y((ai,b7)). As-
sume by contradiction that for each i there exists a connected component A; of
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Q2 N cl(Br,(x)) \ K such that y(a;),y(b;) € A;. If ro is small enough, then
cl(2N By, (x)) is diffeomorphic to cl1(B1(0)N{x; > 0}) through a diffeomorphism
mapping B, (x) N 02 into By (0) N {x; = 0}. Using this fact and the connected-
ness of each A;, we define smooth embeddings t; : [; — A; with 7;(a;) = y(a;),
7;(bi) = y(bi), and t; homotopic in N By, (x) to the restriction of y to /;.
Moreover, this can be done with 7;(/;) N 7;(/;) = &. The new embedding ¥ of
S! obtained by replacing y with 7; on I; is thus homotopic to y in € and such that
y N K = &, a contradiction.

Step 2. Since K N Q* is relatively closed in Q*, K’ = f(K N Q*) is relatively
closedin 2 = f(Q*). Should K’ not be C-spanning W, given that K"\ By, (x) =
K\ By,(x), we could find y € C withy N K\ By,(x) = @ andy N K’ = &. By
Step 1, there would be a connected component o of y N cl(By, (x)), diffeomorphic
to an interval, and such that: (i) the endpoints p and g of o (which lie on 3B, (x))
belong to distinct connected components of € N cl(By,(x)) \ K; and (ii) p and
¢ belong to the same connected component of Q N cl(B,(x)) \ K’. Since f is
a homeomorphism, f(p) = p, and f(g) = ¢, by (i) we would find that p and g
belong to distinct connected components of

f (Q N cl(Bry(x)) \ K) =Q'Nn cl(Bry(x)) \ f(K),

while, by (ii), there would be an arc connecting p and ¢ in Q N cl(By,(x)) \ K’,
where

Q N el(Bry () \ K’ = @ Nel(Bry (1)) \ (K N Q%)
= QN el(Bry (1) \ f(K) C Q' Nel(Bry()) \ f(K)

and hence p and ¢ would belong to a same component of ' N cl(By,(x)) \ f(K).
O

2.3 Cup competitors

Given £ € &, B,(x) € 2 and a connected component A4 of dB,(x) \ dE, cup
competitors are used to compare H" (B, (x) N dE) with H"(dB,(x) \ A). The
construction is more involved than in the case of Plateau’s problem considered
in [13]] as we need to construct cup competitors as boundaries, and we have to
argue differently depending on whether AN E = G or A C E.

LEMMA 2.5 (Cup competitors). Let E € & be such that 2 N JE is C-spanning W,
let x € Q, 0 < r < dist(x, d2), and let A be a connected component of 9B, (x) \
0E. Assume that OE N OB, (x) is H"-rectifiable. Then, for every n € (0,r/2)
there exists a set F = Fy € £ so that Q N 0F is C-spanning W, and

(22)  9F \ cl(B,(x)) = IE \ cl(Br(x)),

(2.3) 1in01+ H"((3B(x) N OF) A (8B,(x) \ A)) =0,
7’—)
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(a)

b)) E r (x) F Y
\ )
\

FIGURE 2.1. Cup competitors when: (a) AN E = G and § = &;
(b)yANE =@ and S # T; (c) A C E. Picture (b) really pertains to the
case n > 2, in which the component A in the picture is not necessarily
disconnected by the presence of S. In the situation of picture (b) the
set F' defined by may fail to intersect a test curve y which was
intersecting with €2 N dE only at points in S.

(24) limsupH"(QNIF) < H"(QNIE \ B (x)) + 2H"(0B,(x) \ A).
n—0t

Moreover,
1) f AN E = &, then
(2.5)  limsup H"(Br(x) N OF) < H"(3B,(x) \ (A U (E N 3B,)));

n—>07"
(i) If A C E, then
(2.6) limsup #" (B, (x) N OF) < H"(E N 0B, (x) \ A).
n—0t

Remark 2.6. Before proceeding with the proof of the lemma, let us first provide
some additional details on the construction of the competitors ' = Fj, which, as
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anticipated, is different depending on whether A N £ = @ or A C E. In what
follows, given Y C dB,(x), we set

Ny(Y)={y—tvp () :yeY.ren} O0<n<r

Case AN E = @. In this case, we define
2.7) Y = 0B, (x) \ (cl(E N 3B, (x)) Ucl(4)).
and then we further distinguish two scenarios, depending on whether the set
(2.8) S =0dE Ncl(A)\ [cl{E N 3B,(x)) Ucl(Y)]
is empty or not. When S = & the cup competitor defined by £ and A is given by
(2.9) F = (E \ cl(B,(x))) U Ny(Y);

see Figure [2.1}(a) and Step 1 of the proof. When S # & (see Figure 2.11(b)), if
we define F as in (2.9), then Q N dF may fail to be C-spanning W; we thus need
to modify (2.9)), and to this end, denoting by dg the distance function from S and
by Uy(S) = 0B, (x) N{ds(y) < ny, we set

(2.10) F = (E\cl(Br(x))) U Ny(Z), Z =Y U(Un(S)\ cl(E NIB,(x))):
see, again, Figure 2.1}(b). This situation, discussed in detail in Step 2 of the proof,
is made more delicate since we can prove that the sets defined in (2.10) are well-
behaved in the limit as n — O™ only along a suitable sequence n; | 0T. For this
reason, we will actually define F, as in only when n = ng, and then extend
the definition by setting F;) = Fy, for all n € (nx41,nx) (so that, for the sake of
homogenity, can be stated as an n — 07 -limit in all three cases).

Case AN E = &. Finally, when A C E the cup competitor defined by £ and
A is given by
(2.11) F =(EUB/(x))\cl(Ny(Y)). Y =(ENdB,(x))\cl(A):
see Figure[2.1}(c). We treat this case in Step 3 of the proof.

PROOF.

Step 1. We assume that A N £ = @ and, after defining Y as in (2.7) and $ as
in (2.8)), we suppose first that

2.12) S=g.

We then define F by (2.9). For the sake of brevity we set B, = B,(x). We claim
that (2.2) holds, and that we have

(2.13) B, N3F = B, NN, (Y),
(2.14) Y C 39F N 3B,
(2.15) E N3B, C 0F N 0B,

(2.16) 9B, \ cl(4) C OF N 3B,,
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2.17) dE NoB, C oF N 4B,

(2.18) A, E N 0B, Y are open and disjoint in B, ,
(2.19) dF NdB, C dB, \ A,

(2.20) 0B, \cl(E) C AUY,

2.21) c(Y)\ Y C 9B, NJE,

(2.22) cl(4A)\ A C 0B, NJE,

(2.23) cl(ENadB)\ (ENJB,;) = 3B, NIE.

Indeed, (2.2) and (2.13)) follow from F N B, = Np(Y) N B, and F \ cl(B,) =
E\ cl(By). To prove (2.14): Y C cl(N,(Y)) gives Y C cl(F),and F N 3B, = @
implies Y N F = &. To prove (2.13): ENAdB, C cl(E\cl(B,)), sothat ENIB, C
cl(F), while F N dB, = @& gives (E N dB,) N F = @. (2.18) is obvious, and
(2.16) follows from (2.14) and (2.13). is then an immediate consequence of
2.14), 2.13), (2.16), and the condition in (2.12). To prove (2.19): A is open in
0B, \0E and AN E = @, thus A N cl(£) = &; moreover, A Ncl(Y) = & by

(2.18)), hence

dF N B, C cl(F) N B, C cl(E) U (cl(Ny(Y)) N 3B,0) = cl(E) U cl(Y),

and we deduce (2.19). To prove (2.20): if y € 9B, \ cl(E), then y belongs to
one of the open connected components of dB, \ JE, so it is either y € A, or
y € 8B, \ cl(4) C Y. To prove (2.21): by we have A N cl(Y) = @, so that
by

(Y)\ Y C 3B, \ (AUY) C 3B, Ncl(E),

and we conclude by (E N dB,) N cl(Y) = & (again, thanks to (2.18)). Finally,
(2.22) and the inclusion “C” in (2.23)) are obvious, while the other inclusion in
(2.23)) follows from (2.12). Having proved the claim, we complete the proof. By
definition, /' C Q is open. We show that Q N dF is C-spanning W. Given y € C,
if yNAE\cl(B,) # &, then y NIF # @ by (2.2)); if instead y NIE \ cl(B;) = @,
then necessarily y NdE Ncl(B,) # &. Now, if yNIENIB, # Gthen yNIF # &
by (2.17); otherwise we actually have y N £ \ B, = &, and thus, by Lemma[2.2]
y intersects two distinct connect components of dB; \ dE, and at least one of them
is contained in F N dB,: indeed, 0F N dB, contains B, \ cl(A4) by (2.16), where
cl(A) is disjoint from all the connected components of 9B, \ dE that are different
from A.

Now, we prove (2.3)), (2.4), and (2.5). First notice that (2.16), (2.19), (2.22), and
H" (0B, N IE) = 0 imply that

(2.24) dF N 3B, = 3B, \ A modulo H",
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which in turn implies (2.3]). Next, we claim that

H'(QNIF) <H'(QNIE\ B,) + H"(E N0By)
(2.25) + (2+ C)n)H" (3B, \ (A U (E N 9By)))

+ C(n)ynH" ' (0E N 3B,).

To prove the claim, first by H"(dE N 9B,) = 0, (2.2), and (2.19), we have
H'(QNOF) =H"(QNOIE\ By) + H"(cl(B,) N IF)

<H"(QNOIE\ By) + H" (0B, \ A) + H" (B, N IF).
If g(y.1) = y —tvp,(y), then by

B, NIF = B, NONy(Y) = g(Y,n) U g((cl(Y)\ ¥) x [0, 7]),

so that (2.21)), the H”_l—rectiﬁability of dE N dB;, and the area formula give us
27 H" (B, NIF) < (1 4+ C(n)n) H*(Y) + C(n) nH""L(3E N 3B,).
By H"(0E N 0B;) = 0, (2.22)), and (2.23) we have
(2.28) H"(Y) =H"(0B, \ (AU (E N3B,))).
so that (2.26), (2.27), and imply (2.23). Letting n — 0T in (2.23)) we find

(2.4), and doing the same in ([2.27) and (2.28)), we deduce (2.3).

Step 2. In the case A N E = &, we now allow for the set S defined in (2.8) to
be nonempty. In this case, if F is defined as in (2.9) then the inclusion [2.17) is
not true in general, and 2 N dF may fail to be C-spanning W. We then modify
the construction as detailed in Remark [2.6] defining F as in (2.10). We notice that
F C Q is open, and that (2.2)) holds true, since once again F \cl(B,) = E\cl(B;).
Moreover, we have

(2.26)

(2.29) B, NOF = B, N ANy (Z),

(2.30) Z C dF N OBy,

(2.31) ENadB, C dF NaB,,

(2.32) B, \ cl(4) C oF N 0By,

(2.33) dE NdB, C dF N 0B,

(2.34) A, E N 3B, Y are open and disjoint in 0B, ,

(2.35) OF N 0B, C [0B, \ A]U [dB, N {ds < n}],
(2.36) 0B, \cl(E) C AUY,

(2.37) cY)\Y C dB, NOE,

(2.38) cl(A)\ A C dB, N JE,

(239)  cl(EN3By)\ (EN3B,) C 3B, N IE.

The proofs of (2.29), (2.30), (2.31), and (2.32) are identical to the proofs of the
corresponding statements in Step 1 with Z replacing Y'; (2.33) then follows from
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(2.30), 2.31), and 2.32), since S C Uy, (S) \ cl(E N3dB;) C Z; (2.34) is obvious.
To prove (2.33): asin Step 1, ANcl(E) = @ and A Ncl(Y) = & by (2.34), and
dF N 3B, C cl(F) N 3B, C cl(E) U (cl(Ny(Z)) N 8B;)

C cl(E) Ucl(Y) U cl(Uy(S)).

so that follows from the fact that cl(Uy(S)) C 0B, N {ds < n}. Next, we
notice that (2.36), (2.37), (2.38), and (2.39)) are shown analogously to Step 1 (with
the identity in (2.23)) which becomes an inclusion in (2.39) due to S possibly being
not empty). With the above at our disposal, we proceed now to verify the claims
of the lemma. First, the proof that Q N dF is C-spanning W follows verbatim the

argument from Step 1. Next, (2.32), (2.33)), (2.38), and H"(0E N dB;) = 0 imply
that

(2400 H'((OF N3B,) A (3B, \ A)) < H"(3B, N {ds < n}).
In particular, since H*~1(S) < oo, it holds that
(2.41) 1im+ H"((OF N dB;) A (0B, \ A)) =0,

n—0

that is, (2.3)). Next, we proceed with estimating H" (2 N dF). We first notice that,
by 2.2) and H"(0E N dB,) = 0,

H'(QNIF) =H'(QNOIE\ By) + H"(cl(B,) N F)
<H"(QNOIE\ By) + H"(OF N 9dB,) + H" (B, N IF).

Setting, as in Step 1, g(y,1) = vy — t vg, (y), we then have from (2.29) that

(2.43) B, NOF = B, NINy(Z) =g(Z,n) U g((cl(Z) \ Z) x [0, n]).

(2.42)

By the area formula, we can easily estimate

H"(g(Z, )

< (L + CmmH"(Z)

<1+ Cmn(H"(Y)+ H" (3B, N{ds < n}))

< (1+ Cmn)(H" @By \ (AU (E N 3B;))) + H" (0B, N{ds < n})).
On the other hand, it holds that
(2.45) (Z)\ Z C [el(¥)\ (V)] U [el(D)\ U],

where U = Up(S) \ cl(E N dB,). Since cl(U) C cl(Uy(S)) \ (E N 3B,), €39)
implies that

(2.46) (U)\ U c (3B, N{ds = n}) U (8B, N IE),
and thus yields
H"(g(((Z)\ Z) x [0,7]))
< Cm)n(H" ' (0B, NIE) + H" 1(3B, N {ds = n})).

(2.44)

(2.47)
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By applying the coarea formula to dg, it holds for every 0 < o < r/2 that
g
Q4 [ W@B, 0ids = n)dn = W@B, 0 1ds <o) < .
0

and thus there exists a decreasing sequence {172, with limg_, o 7% = 0 such
that 9B, N {ds = ng} is H"!-rectifiable and

(2.49) lim 7 H"L@B, N{ds = nx}) = 0.
k—o0

If Fy, is the sequence of cup competitors defined by (2.10) in correspondence with
the choice n = g, we then have from (2.43)), (2.45)), (2.37)), and (2.46) that QN 3F

is H"-rectifiable, and from (2.42), (2.41), (2.44), (2.47), and ([2.49)) that
(2.50) limsup H" (B, N 3Fy) < H" (3B, \ (AU (E N 3B,))),

k—o00

(2.51)  limsupH"(Q NoF) < H"(QNIE\ By) +2H" (0B, \ A).

k—o00

Defining F;, = Fy, for all n € (ng41, nx) then allows us to conclude both (2.4)

and (2.5).
Step 3. We now assume that A C E, and define F by (2.T1), that is,

(2.52) F = (EUB)\cl(Ny(Y)), Y =(ENJIB)\cl(A).
We claim that (2.2)) holds, as well as

(2.53) Y C 0F N 0By,

(2.54) 0B, \ E C 0F N 0B,

(2.55) B, \ cl(4) C 3F N aB;,

(2.56) B NOF C Br N ANy (Y),

(2.57) A, 0By \ cI(E),Y are open and disjoint in 4B,
(2.58) dF N B, C 0B, \ A,

(2.59) cl(A)\ A C 9B, N JE,

(2.60) cl(Y)\Y C 9B, NOE.

First, F \ cl(B;) = E \ cl(B,) implies (2.2)). To prove (2.53)): since E is open we
have E N dB, C cl(E \ cl(B,)) = cl(F \ cl(B,)) (by (2.52)), thus ¥ C cl(F);
we conclude as Y N F = @. As F N dB, C E N dB,, to prove (2.54) we just
need to show that B, \ £ C cl(F): since cl(U) \ cl(V) C cl{U \ cl(V)) for every
U,V CR"™ 1 by 3B, Ncl(Ny(Y)) C cl(E):

3B, \ cl(E) C cl(By) \ cl(Ny(Y)) C cl(By \ cl(Ny(Y)) C cl(F).
(Br NOE) \ cl(Ny(Y)) C cl(E) \ cl(Ny(Y)) C cl(E \ cl(Ny(Y))) C cl(F),
3By NIE N cl(Ny(Y)) C dE Ncl(Y) C dF,
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where the last inclusion follows by (2.53). Next, (2.53) follows by (2.33), (2.54),

and
0B\ cl(4) = [(ENdBy) \ cl(A)] U [0B, \ (E Ucl(A)] C Y U(@B, \ E).

To prove (2.36): setting V¢ = R*T1\ V by B, N F = B, N cl(Ny(Y)) we find
B, NOF = B, N d[cl(Ny(Y))€], where, as a general fact on open set U C R F1,
we have

Acl(U)] = cl(cl(U)) \ cl(U)€ = cl(U) Nel(cl(U)€), cl(cl(U)°) Cc U€,

and thus d[cl(U)€] C dU. Next, (2.57) is obvious, and implies A N cl(Y) = &
where cl(Y) = cl(Ny(Y)) N 0B,, sothat A N 0B, C E N 3B, \ cl(Ny(Y)) =
F N 0B;, and follows. To prove (2.59), just notice that A C E and A is a
connected component of 3B, \ dE. To prove (2.60): trivially, cl(Y)\ Y C cl(Y) C
B, N cl(E), while by definition of ¥ andbycl(Y) N A = @

EN(E(Y)\Y) = (cl(Y) N (EN3B))\ Y =cl(Y) N (E N8B, Ncl(4)
= (EN3B,) Necl(Y)NIA C E N (cl(A)\ 4) = 2,

thanks to (2.59). We have completed the claim. Next, by (2.53), (2.58), (2.59),
and by H" (0B, N dE) = 0, we deduce (2.24) and thus (2.3), while N JF is

C-spanning W thanks to (2.2)), Lemma[2.2] (2.53), and (2.54). Finally,
H'(QNOF) < H"(IE\ Br) + H" (3B, \ E)
(2.61) +(24 Cn)n) H*(E N 3B, \ A) + C(n) nH" ' (OE N 0B,).
Indeed, by H"(dE N dB,) = 0, 2.2), and (2.58),
H'(QNOF) <H'(OE \ By) + H"(IF Ncl(B;))

< H"(OE \ By) + H" (3B, \ A) + H" (B, N IF)

<H"(IE \ Br) + H"(dBr \ E)

+ H"((ENdBy)\ A) + H" (B, NOF);

by @2.56), 2.60), the 1"~ !-rectifiability of dE N B, and the area formula
H"(Br NOF) < H"(Br NNy (Y))

< (1+Cm)nH"(Y) + C(n)nH" "' (BE N B,).
while (2.59) and H" (0B, N IE) = 0 give

H'(Y) =H"((EN3By) \ cl(4)) = H"((E N9B,) \ A).

We thus deduce (Z.61)). As n — 0% in (2.6]) and in (2.63)) we get (2.4) and (2.6).
Il

(2.62)

(2.63)

In the following lemma we introduce the notion of exterior cup competitor. We
set

Mp(Y)={y +tvp(y):y €Yt €O} n>0,
whenever B is an open ball and Y C dB.
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MUy (5))

\S

FIGURE 2.2. An exterior cup competitor. Notice that, for S to be
nonempty and nondisconnecting A, it must be n > 2.

LEMMA 2.7 (Exterior cup competitor). Let E € £ be such that Q@ N JE is C-span-
ning W, let R > 0 be such that W € Bg(0) and 0E N IBR(0) is H"~-rectifiable,
and let A be a connected component of 0Bg(0) \ 0FE such that AN E = &. For
every n € (0, 1) there exists a set F = Fy € £ such that Q N OF is C-spanning W
and
(2.64) limsup H"(Q NIF) < H"*(Q N Br(0) NIE) + 2H"(3BR(0) \ A).
n—>0+
PROOF. The proof consists of a minor modification of Step 1 and Step 2 in the

proof of Lemma Precisely, the exterior cup competitor defined by £ and A4 is
given by
(2.65) F = (E N Br(0)) U My(Z),
where

Z =Y U (Up(S) \ cI(E N 3BR(0))),

Y = 3Bg(0) \ (cI(E N 3Bg(0)) U cl(4)),

Up(S) = 0BR(0) N {ds < n},

S = 3E Ncl(A)\ (cI(E NIBR(0)) Ucl(Y));
see Figure[2.2] If y € C is such that y N 9E N cl(Bg(0)) = &, then an adaptation
of Step 1 in the proof of Lemma[2.4]shows that there exists a connected component
of y \ Br(0) which is diffeomorphic to an interval, and whose endpoints belong
to distinct connected components of (R”*1\ Bg(0)) \ dE. Using this fact, and
since dF N Br(0) = dE N Br(0), we just need to show that dBr(0) N dF con-
tains dBR(0) N dE as well as dBR(0) \ cl(A4) in order to show that N JF is
C-spanning W . This is done by repeating with minor variations the considerations

contained in step two of the proof of Lemma[2.5] The proof of (2.64) is obtained
in a similar way, and the details are omitted. U
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2.4 Slab competitors

Bi-Lipschitz deformations of cup competitors can be used to generate new com-
petitors thanks to Lemma [2.3] We will crucially use this remark to replace balls
with “slabs” (see Figures[3.2] [3.3] and [3.4)) and obtain sharp area concentration es-
timates in step five of the proof of Theorem (1.4} as well as in the proof of Theorem
see, e.g., [@7). Given t € (0,1), x e R*T1, r > 0,and v € S", we set

S0 = {y € B0 : |y —0) v < Tr,
and we claim the existence of a bi-Lipschitz map ® : R”+! — R"*1 with
{© #id} € Bar(x). ®(B2r(x)) = By, (x),.
(95, (x)) = 3B (x) Vre(0.r),

and such that Lip ® and Lip ®~! depend only on n and 7. Indeed, assuming
without loss of generality that x = 0, there is a convex, degree-1 positively homo-
geneous function ¢ : R* ™! — [0, co) such that §2:(0) = {p <t} foreveryt > 0.
Taking 7, : [0, 00) — [0, o0) smooth, decreasing, and such that n = 1 on [0, 47 /3]
and n = 0 on [57/3, 00), we set
@00 = 1) T x4 1= e v

Noticing that @ is a smooth interpolation between linear maps on each half-line
{tx : t > 0}, and observing that the slopes of these linear maps change in a
Lipschitz way with respect to the angular variable, one sees that ® has the required
properties.

LEMMA 2.8 (Slab competitors). Let E € & be such that Q N JE is C-spanning W,
and let By, (x) € 2, v € §", v € (0, 1) with3S 7, (x)NIE H"Lrectifiable. Let A
be an open connected component of 3S;,.(x) \ OE. Then for every n € (0,r/2),
there exists F' € & such that Q N dF is C-spanning W,

(2.66) F\cl(S;,(x)) = E\cl(S;,(x)),

(2.67) lim H"((OF N 3S..(x)) A(dS.(x)\ 4)) =0,
n—0 ’ ’
and such that if AN E = &, then
(2.68) limsup H" (S . (x) N dF) < C(n, t)H"(8S,,(x) \ (AU E));
77%0—1_ b b
while, if A C E, then
(2.69) limsupH" (S}, (x) NOF) < C(n.t) H"(E N IS, (x)\ A).
n—0t ' ’

PROOF. Let us set for brevity Sy = S7,(x) and B, = By(x). By Lemma
®(E) € £ and Q N JD(E) is C-spanning W . Since @ is an homeomorphism
between 35, and dB,, ®(A) is an open connected component of 3B, \ IP(E).
Depending on whether A N E = & or A C E, and thus, respectively, depending
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on whether ®(A4) N ®(E) = @ or ®(4) N P(E) # &, we consider the cup
competitor G defined by ®(F) and ®(A4), so that

G = (P(E)\ cl(By)) U Np(Z), Z =Y U (Uy(S)\ cl(P(E) N 3B;)),
where
Y = 9B, \ (cl(®(E) N 9B,) Ucl(@(A))), Uy(S) =3B, N{ds < 7},
with
S = 00(E) Ncl(®(A)) \ [cl(P(E) N IB,) Ucl(Y)],
if AN E = @, see (2.10), and
G = (P(E)U B;) \ cl(Ny(Y)), Y = (P(E)N3IB;)\ cl(P(A)).

if A C E, see (2.1). Finally, we set F = ®~!(G). Since G € £ and QN JG is C-
spanning W, by Lemma[2.3|we find that F' € £ and that € N dF is C-spanning W.
By construction G \ cI(B;) = ®(E) \ cl(B;), so that (2.66) follows by

F\cl(S;) = @7 1(G \ cl(By)) = @ H(P(E) \ cl(B,)) = E \ cl(Sy).

By @2.3), H"((0B, N dG) A (3B, \ ®(A4))) — 0as n — 0, which gives
by the area formula. Finally, (2.68) and (2.69) are deduced by the area formula,

(2.5) and (2.6). O

2.5 Cone competitors

As is customary in the analysis of area minimization problems, we want to com-
pare H"(B,(x) N dF) with H"(B,(x) N oF), where F is the cone spanned by
E N 0B, (x) over x,

(270) F = (E\c(B(x))U{(1—0)x +ty 1y € ENIB(x)t € (0,1]}.

Following the terminology of [13], given K € S, the cone competitor K’ of K in
B (x) is similarly defined as

K'=(K\B,(x)) U{(1—1)x +1y:y e KNiB.(x)r €0, 1]}

and is indeed C-spanning W (since K was). However, for some values of r, F N
B, (x) may be strictly smaller than the cone competitor K’ defined by the choice
K = QN JE in B (x), and thus it may fail to be C-spanning; see Figure 2.3] By
Sard’s lemma, if £ has smooth boundary in €2, this issue can be avoided as, for a.e.
r, dE, and 9B, intersect transversally, and thus 3£ N 9B, (x) is the boundary of
E N 0B, (x) relative to dB,(x); but working with smooth boundary leads to other
difficulties when constructing cup competitors. We thus approximate F (as defined
in (2.70)) in energy by means of diffeomorphic images of E.

LEMMA 2.9 (Cone competitors). Let £ € £ be such that Q NJE is C-spanning W,
and let B = Br(x) € Q be such that E N dB,(x) is H"-rectifiable, 0E N 0By (x)
is H"-rectifiable, and r is a Lebesgue point of the maps t — H"(E N 0B;(x))
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@

FIGURE 2.3. In this picture, the cone competitor F defined by E N 9B,
as in may fail to be C-spanning W. Notice that the dashed lines
are part of the cone competitor K’ defined by K = Q N dE in B,(x),
which is indeed strictly larger than 2 N JF.

and t — H* Y(OE N 3B;(x)). Then for each n € (0,r/2) there exists F € £ such
that FAE C By(x), Q N dF is C-spanning W, and

@271)  limsupH"(Q N dF) < H"(OE \ By (x)) + - H"Y(3E N 8B, (x)),
n—0t n

2.72) liminf|F| > |E \ By (x)| + —— H"(E N 8B, (x)).
n—0t n+1

PROOF. Let x = 0,7 = 1, B, = B,(0), and define a bi-Lipschitz map f; by
f2(0) = 0and fr(x) = uy(|x|)x if x # 0, where X = x/|x| and u, : R —
[0, 00) is given by

max{0, nt} fort < 1—mn,
@73)  uy() = 00—+ 81—l =) fort € [1—n,1],
t fort > 1.

so that u,(t) < ¢ fort > 0. Clearly, { f, # id} C By and f,(B1) C Bi. The
open set I = f,(E)is such that Q N dF = f,(Q N IE), so that Q N IF is H"-
rectifiable and, by Lemma[2.3] C-spanning W. Thanks to the area formula,
will follow by showing

1
(2.74) lim sup/ JOE f dH" < —H"Y(DE N dBy).

Trivially, the integral over B1_, N dE is bounded by C(n)n™* H" (2 N dE). The
integral over By \ Bj_ is treated as in [13, step two, theorem 7]; by the coarea
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formula,
/ JOE fo dH"
(B1\B1—p)NIE
1 oFE
J
(2.75) = / dt / Ik — dN"!
1-n B, NOEN{lvpRl<1} /1 — (Vg - X)?
+ / TOE f dH"
(B1\B1—p)NIEN{|jvg-X|=1}

where vg (x) € Tx(JE) NS" at H"-a.e. x € JE. By

219 V=11 (0 -2 )r e
if vg(x)-X| = 1, then JaEf77 = (up(|x])/|x])™ < 1. Since
(2.77) lim H"(0E N (B1 \ Bi1—p)) =0,

n—0+

the second term on the right-hand side of (2.73)) converges to 0 as n — 0. As for
the first term, by (2.76), we have, as explained later on,

n—1
@19 0 =11 s DR e (1)
X
for H"-a.e. x € JE. The term corresponding to 1 in (2.78)) converges to O as
n — 07 by (2.77). At the same time,

lim sup

1 n—1
/ (H" Y QE N 3B, —H" ' (IE N 831))u;7(u—") dt‘ =0
r’—>0+ 1-7 t

since f = 1 is a Lebesgue point of ¢ > H"~1(3B; N JE), and since u%(z) <1/n
and (uy(¢)/t) < 1fort > 0. Finally,

/1 u%(u_n)”‘ldtf L () —up(1 )"
1—n 4 (1—77)” n

1 L-rtd-n" 1
= —_— —
(1—mr! n n
as n — 0%, thus completing the proof of (Z.7T). The proof of (2.72) follows an
analogous argument. The goal is to show that

1
(2.79) lim inf / Tfydx > —— H"(E N 3By),
n—0t JENB,; n—+1

and by the coarea formula and it is immediate to see that

/ andxz/l u;?(t)(u”(t))nH”(EﬂaBt)dt.
ENB, 1

- t
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The estimate in then readily follows using that ¢ = 1 is a Lebesgue point for
the map ¢ — H"(E N dB;), together with

1 n n+1 n+1
! 11— 1-— 1
/ u%(t)(u”()) dt > A Gl ) — asn — 0t.
1—7 t n+1 n+1

We finally explain how to deduce from 2.76). For x € 9*E, let {r; }7_,
be an orthonormal basis of 7 d* E such that {; ?;11 C xT. In this way, we can
take

X -vE(X)ve(x)

Ty = =
V1—(&-vg(x)?
and therefore compute by that

VaEfn(x)[Ti] = un (1<) ; Yi=1,...,n—1,

%]
VO Syl =y (1)1 = (& vg)? % - u"ﬂ)f') (fEWE%

where we have set for brevity vg in place of vg (x). Therefore

n 2
JEf)? = |\ VP fy(0)[x]
i=1
2n (s, ~ 2
— (uﬂ(|x|)) (5C\'VE)2 Tl/\"'/\fn—l/\(vE ()i UE)X)‘
x| V1= (x-vg)?
wp(lx) )2 . 2
+("|T) w, (1x)2(1— (R - vE)?) |11 Ave ATut AR
wp(Jx)) )27 .
<1+ (’]T) u (xD?(1— G- ve)?).
from which (2.78)) follows thanks to /1 +a < 1 + /a fora > 0. O

2.6 Nucleation lemma
The following nucleation lemma can be found, with slightly different state-
ments, in [[1, VI(13)] or in [42] lemma 29.10].

LEMMA 2.10. Let £(n) be the constant of Besicovitch’s covering theorem in R" 1,
IfT is closed, A = R*™T\ T,0 < |E| < o0, P(E; A) < 00, T > 0, and

L IENI(T)] &)
(’_mm% P(E; A) ’n+1}>0’

then there exists x € EW \ I.(T) such that

o n+1 il
|Eth(x>|z(2§(n)) e,
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PROOF. By contradiction one assumes that

o
28(n)

Setting @ = £(n)/o so that > n + 1, we claim that (2.80) implies the existence,
for each x € EMW \ I.(T), of 7, € (0, 7) such that

n+1
(2.80) |E N B:(x)| < ( ) " vx e EON 1.(T).

2.81) P(E: B, (x)) > % |E N By (x)].

In turn, contradicts (2.80): indeed, by applying Besicovitch’s theorem to
{cl(Be, (x)) : x € EW\ [.(T)} we find an at most countable subset / of E(1 \
1(T) such that {cl(B¢, (x))}xes is disjoint and

E\I(D)] < £ 3 1E 0 Be, 0] < 0057 P(E: B, (1)

xel xel

< SOTPED — op(5: 4) < |\ 1(T)),

a contradiction. We show that (2.80) implies (2.81)): indeed, if (2.80) holds but
(2.81)) fails, then there exists x € EM \ I.(T) such that, setting m(r) = |E N
By (x)| forr > 0,

T n+1
(2.82) m>0 on(0.00). m(r)< (_) ,
20

and (¢/t)m(r) = P(E; By (x)) forevery r € (0, 7). Adding up H"(dB,(x) N E),
which equals m’(r) for a.e. r > 0 by the coarea formula, we obtain

(2.83) m/'(r) + %m(r) > P(E N Br(x)) > m(r)" "+ forae.r € (0,7).

where in the last inequality we have used that P(F) > |F|[*/®+D whenever 0 <
|F| < o0; see, e.g., [42, prop. 12.35]. Since m > 0 on (0, o0) we find

Lm(r) < (1/2)m(r)"/ +D - m(r) < (t/20)"*!
Vr € (0,1) Vr € (0,1)

- n+1
if m(r) < (—) ,
20

where the last condition holds by (2.82). Thus (2.83) gives
m'(r) > (1/2)m@)" @Y forae.r € (0,7);

thus m(t) > (t/2(n + 1))" ™' > (tr/2a)* ! asa > n + 1, a contradiction. [
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2.7 Isoperimetry, lower bounds, and collapsing

Given an L'-converging sequence of sets of finite perimeter { £ 7 };, the bound-
ary of the L!-limit set £ will be (in general) strictly included in K = spt i, where
W is the weak-star limit of the Radon measures defined by the boundaries of the
E;’s. In the next lemma we show that, under some mild bounds on p and Ej;, if
is absolutely continuous with respect to H" L K, then the Radon-Nikodym density
8 of p is everywhere larger than 1, and is actually larger than 2 at a.e. point of
K \ 0* E (that is, a cancellation can happen only when boundaries are collapsing).

LEMMA 2.11 (Collapsing lemma). Let K be a relatively compact and H"-recti-
fiable set in Q, let E C Q be a set of finite perimeter with Q N 0*E C K, and let
{Ej}; C & suchthat Ej — E in LIIOC(Q), and [L; X I as Radon measures in 2,
where i = H" L (QNOIE;) and p = 8 H" L K for a Borel function 6. If Q' C Q
and ry > 0 are such that for every x € K N Q' and a.e. r < ry with B,(x) € Q'
we have

(2.84) W(Br(x)) > c(myr”,
(2.85) li_m inf H" (B, (x) N OE;) < C(n) li_m inf H" (0B, (x) \ A} i)

where AO denotes an H"-maximal connected component of dBy(x) \ dE;, then
6(x) > 1for7—[” -a.e. x € KNQ/, and 6(x) > 2 for H"-a.e. x € (K \I*E)N Q.

The bound 6 > 1 follows by arguing exactly as in [[13} proof of theorem 2, step
three], and has nothing to do with the fact that the measures p; are defined by
boundaries; the latter information is in turn crucial in obtaining the bound 6 > 2
and requires a new argument. For the sake of clarity, we also give the details of the
6 > 1 bound, which in turn is based on spherical isoperimetry.

LEMMA 2.12 (Spherical isoperimetry). Let ¥ C R"*1 denote a spherical ca‘zﬂ in
the n-dimensional unit sphere S", possibly with ¥ = S". If K is a compact set
in R+ and {A" }heo I8 the family of the open connected components of ¥ \ K,
ordered so to have H" (A") = H"(A"T1), then

(2.86) H'(Z\ AO) < C(n)’H”_l(Z N K)n/(n—l).

Moreover, if ¥ = S*, 0, = H*(S"), and H*~US" N K) < oo, then each Al isa
set of finite perimeter in S™ and for every v > 0 there exists 0 > 0 such that

(2.87) min{H" (A%), H*(A')} = H* (A1) > %ﬂ .
implies
(2.88) min{H" "1 (3*4%), H" 1 (0*AY)} > 0,1 — 1.

Here 3* A" denotes the reduced boundary of A" in S".

SThatis, £ = S" N H where H is an open half-space of R"*1,
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PROOF. This is [13, lemma 9]. However, (2.88) is stated in a weaker form
in [13] lemma 9], so we give the details. Arguing by contradiction, we can find
T > 0 and {K;}; such that, fora = 0,1, ’H”_I(B*A}’.‘) < op—1 — 7 for every j,
but H" (A;’.‘) — op/2as j — oc. Since 6, = H"(S") and A}’ N Ajl. = @&, we find
that, foraw = 0,1, AY — A% in L'(S") where A° N A' = @and A° U A" is H"-
equivalent to S”. Therefore H"~1(3*A%) = H"~1(9*A') < 0,,_1 — T, where we
have used lower semicontinuity of the perimeter functional. Since inf H”~!(3* A)

with H"(A) = 05,/2 is equal to 6,,—1, we have reached a contradiction. O
PROOF OF LEMMA 2.111

Step 1. We fix x € KN Q' such that H" _ (K —x)/r Soyny TxK asr — 07,
Setting v(x)+ = T K for v(x) € S”, by the lower density estimate (2.84) we eas-
ily find that for every o > 0 there exists rog = ro(0, x) € (0, min{ry, dist(x, 9Q")})
such that [(y — x) - v(x)| < or forevery y € K N B,(x) and every r < rg. In
particular,

lim H*(OE; N{y € B (x):|(y —x)-v(x)| > or}) =0 forevery r < ro,
j—o0

and thus by the coarea formula (see [ 13} eq. (2.13)])
(2.89) lim H"N(ZF, NIE;) =0 forae.r <rg

Jj—oo

where we have set
2:0 ={y € 0By (x) : (y —x) -v(x) > or},
E;,o ={y€dB,(x): (y —x) -v(x) < —or}.

Let Aj ; bean ‘H-maximal connected component of E;fg \ 0E;, and define simi-
larly A, ;. Equations (2.89) and (2.86) imply that, for a.c. r < ro,

. + +
(2.90) jlggo H' (A7) = H'(Z5,)-
Now let {Ai’, j }pe denote the open connected components of 3B (x) \ dE;, or-
dered by decreasing H"-measure. We claim that

(291) if (2.90) holds, then either A: jor AZ j is not contained in A(r), It

;ncileed, if for some r we have A:f ;Y Ar_, ; C A(r), It then by (2.85) and (2.90) we
n
B(By (x)) < liminf 1, (B (x))
(2.92) e
' < C(n)liminf H" (3B, \ A(r)j) < C(n)r"o,
Jj—o0 ’
a contradiction to (2.84) if o < o¢(n) for a suitable oy (n). By (2.91) and (2.90),

(2.93)  min{H" (A(r),j), H"? (A}])} > (07" - C(n)a) r" forae.r <rg.
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By Lemma [2.12)and (2.93)), given v > 0, if o is small enough in terms of » and t,
then

(2.94) min {7—[”_1(8*149 ~),H"_1(8*A; = (Op—1—0)r"" 1 forae.r <ro

where 0% A% . > ; is the reduced boundary of A“ as a subset of B, (x). Since A
a connected component of 9B, (x) \ dE;, we have

(2.95) (On1 — )" < HPTH(%AD ;) < H'TH(OB,(x) N IE)).

Now if f;j(r) = pj(Br(x)) and f(r) = p(Br(x)), then by the coarea formula
we easily find that f; — f a.e. with liminf; o f (r) < f'(r) < Df, where Df
denotes the distributional derivative of f. Hence, lettlng j —>oocand T — 0% in
([2.95), we obtain Df > op—1 "1 dr on (0,rp). As wy, = noy—1, we conclude
that 6(x) > 1. We stress once more that so far we have just followed the argument
of [[13| proof of theorem 2, step three].

Step 2. We use the boundary structure to show that 6 > 2 H"-a.e. on Q' N (K \
d*E). Since {E@ EM 9*E} is an H"-a.e. partition of R**!, we can assume
that x € (E@ U EM)y N K N Q. We consider first the case x € E©®. Given
o > 0, up to decreasing rop,

ro
(2.96) or(’)’Jrl > lim |E;j N Byy(x)| = lim / H"(E; N 3B (x))dr.
J—>0 J—>0 0

Let us consider the measurable set I; C (0, rp),

I ={re(0.r0) : A); UA] ; C8Br(x)\ cl(E))}.
We claim that
(2.97) H'H0*AD ;N0 AL ;) =0 Vrel,.

Indeed, if r € I;, then A(r] E A} o and 0B,(x) N E; are disjoint sets of finite

perimeter in dB; (x), and in particular
= -1 0 1
Va0 = V4l H"-ae.on 9% A NI*A, S,
Vg0 = —Vop,mnE;, H''-ae on B*Af’j N 3*[3B,(x) N E;],

Vgl = VOB (x)NE; H" 1-ae. on B*A}’j N 0*[dB,(x) N Ej].
At the same time, since {AI:’ j } e are connected components of 9B, (x) \ Ej,
0* Al C 9*[3B,(x) N E;] modulo H"
and thus %" !-a.e. on B*AO N B*A} o we have

VaB, (x)NE; = —VAg_]. = VAI{_i = —VaB,(x)NE; -
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a contradiction. By (2.94) and (2.97), given t > 0 and provided o is small enough
in terms of 7 and 7, for a.e. r € I; we find

£1(r) = HTH 0B, (x) N OE) = HTH (07 A2 L AL )
= W@ AL) W0 AL) = 200 - 0

Hence,
7‘61 n—1
fi(ro) = 2(0p—1 —1)— — C(n) r"hdr
n (0,r0)\1;
#n (n—1/n
(2.98) > 2(0p—1 — 1)-2 — C(n)ré/" (/ r" dr) )
n (0,70)\1;

We notice that for a.e. 7 € (0,r9) \ I}, (2.93) gives
HP(E; 1 0B, (x)) = min (1" (40 ). 1" (A1)} = (% _ C(n)a)r”
so that (2.96) implies

(2.99) O'V(’)H_l > ¢(n)lim sup/ r*dr.
j—oo (O,ro)\Ij
If we combine (2.98) and (2.99) and let j — oo, then we find

n
F(ro) = lim fi(rg) = 2(0n_1 — 1) -0 — Cn)rd/" (o rnt1) =D/
j—o00 n

Dividing by r# and letting ro — 0%, 0 — 07, and * — 07, we find 6(x) > 2
whenever x € E@ N KNQ'. The case whenx € ED is analogous and the details
are omitted. U

3 Existence of Generalized Minimizers: Proof of Theorem

Given the length of the proof, we provide a short overview. In Step 1, we check
that ¥ (¢) < oo by using the open neighborhoods of a minimizer S of £ as compar-
ison sets for Y (¢). We remark that this is the only point of the proof where (I.12))
is used. It is important here to allow for sufficiently nonsmooth sets in the com-
petition class £: indeed, minimizers of £ are known to be smooth only outside of
a close H"-negligible set in arbitrary dimension. Once ¥ (¢) < oo is established,
we consider a minimizing sequence {£;}; for ¥ (¢), so that E; € &, |E;| = &,
Q2 N 0E; is C-spanning W, and

1
HYQNIE) <H'(QNOIF) + —
3.1 ( ) ( ) 7

VF € £|F| =¢&Q NJF is C-spanning W.

We want to apply (3.1) to the comparison sets constructed in Section [2 but, in
general, those local variations do not preserve the volume constraint. A family
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of volume-fixing variations acting uniformly on {£;}; is constructed through the
nucleation lemma (Lemma following some ideas introduced by Almgren in
the existence theory of minimizing clusters [[1]]; see Steps 2 and 3. In Step 4 we
exploit cup and cone competitors to show that, up to extracting subsequences,
H"L(QNOIE;) = pn=60H"L K as Radon measures in 2, and £, — E in
LllOC (2) for a pair (K, E) € K and for an upper semicontinuous function 8 > 1
on K. An application of Lemma [2.11]shows that 6 > 2 H"-a.e. on K \ 9*E, thus
proving ¥ (e) = F(K, E). In order to show that ¥ (¢) = F(K, E), and thus that
(K, E) is a generalized minimizer of 1/ (¢), we need to exclude that Q N JE; con-
centrates area by folding against K at infinity or against the wire frame. By using
slab competitors we prove that 2 N JE;, in its convergence towards K, cannot fold
at all near points in 3* E, and can fold at most twice near points in K N(E©@UE M)
(Step 5). In Step 6, concentration of area at the boundary is ruled out by a defor-
mation argument based on Lemma [2.4] Finally, in Step 7, we exclude area (and
volume) concentration at infinity by using exterior cup competitors to construct a
uniformly bounded minimizing sequence.

PROOF OF THEOREM [L.4]
Step 1. We show that

(3.2) V(e) <20+ C(n)e” ™D ve > 0.

Let S be a minimizer of £, and let no > 0 be such that (1.12) holds. If n € (0, o),
then the open n-neighborhood Uy, (S) of S is such that 2 N 9U;(S) is C-spanning
W: otherwise we could find n € (0,79) and y € C such that y N 90U, (S) = @.
Since y is connected, we would either have y C {x : dist(x,.S) > 5}, against the
fact that S is C-spanning, or we would have y C Uy(S) against (I.I2). Hence
Q2 N aUy(S) is C-spanning W.

As proved in [13]], § is H"-rectifiable. Moreover, as shown in Theoremin
the appendix, we have

(3.3) H"(S N Br(x)) > c(m)r™ Vx €cl(S)r < po

where pg depends on W, so that H"(S) < oo implies that cl(S) is compact. This
density estimate has two more consequences: first, combined with [42| cor. 6.5], it
implies H"(cl(S) \ S) = 0; second, it allows us to exploit [3, theorem 2.104] to
find

(3.4) |Up(S)| = 2nH™ (cI(S)) + o(n) = 2nH*(S) + o(n) asn— 07.

By the coarea formula for Lipschitz maps applied to the distance function from S
(see [[42, theorem 18.1, remark 18.2]), we have

n n
|U,,(S)ﬂA|:/O P(U;(S);A)dz:/o H™ (A N AU (S))dt

VA C R"* 1 open
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so that Uy (S) is a set of finite perimeter in R**1 and H" (90U, (S) \ 0*U,(S)) = 0
for a.e. n > 0. Summarizing, we have proved that, for a.e. n € (0, o),

Fp=QnUyS) el QnNcl(0*F,;) = Q N dF;, is C-spanning W,
and, by (3.4),
n n
fon =18y = [ P(Fa@)dr = [ PWLS): e < 20H7(S) + ol
0 0

Notice that f(s) is absolutely continuous with f(n) = [ f/(t)dt and f'(t) =
P(F;;Q)fora.e.t € (0,n). Hence, for every n > 0 there exist £1(7), t2(n) € (0, 1)
such that f'(t1(n)) < f(n)/n < f'(t2(n)). Setting F; = Fy (y,) for a suitable
nj — 0T, we get

limsup P(F;; Q) <24

j—o0
where |Fj| — 07. Finally, given ¢ > 0, we pick j such that |Fj| < &, and
construct a competitor for (&) by adding to £} a disjoint ball of volume & — | Fj|.
In this way, ¥ (¢) < P(Fj:Q) + C(n)(s — |Fj|)n/(n+1), and is found by
letting j — oo.

Since ¥ (¢) < oo, we can now consider a minimizing sequence {E; }}";1 for
¥ (e). Given that P(E;) < H"(0Q) + H"(Q N IE;) < H"(IQ2) + ¥ (e) + 1 for
J large, and that | E;| = e for every j, there exist a set of finite perimeter £ C £2
and a Radon measure p in 2 such that, up to extracting subsequences,

Ej — E in L} (Q),
(3.5) ) \
wi=H"L(QNJIE;) — pn asRadon measures on 2,

as j — oo; see, e.g., [42] sec. 12.4]. We consider the set, relatively closed in €2,
defined by

K=Qnsptu={xeQ:u(Br(x)) >0 Vr >0}
and claim that
(3.6) K is C-spanning W, QNJ*E C K.

Indeed, the first claim in (3.6) is obtained by applying Lemma[2.T[to K; = © N
0E;;andif x € Q2 N 9*E and B,(x) C €, then

0 < P(E: B, (x)) < liminf P(E}: B, (x)) < liminf 11 (B, (x)) < pu(cl(B, (x)))
Jj—o0 j—o0

so that x € K. Notice that, at this stage, we still do not know if (K, E) € K: we
still need to show that K is 7" -rectifiable and, possibly up to Lebesgue negligible
modifications, that £ is open with Q N cl(d*E) = Q2 N JE. Moreover, we just
have |E| < & (possible volume loss at infinity), and we know nothing about the
structure of .
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Step 2. We show the existence of T > 0 such that for every E; there exist
x},sz e R**1 such that {cl(Ba (x})), cl(Bye (xj?)), W} is disjoint and
1 2
(3.7) |Ej N Bo(xj)| = k1. |Ej N Be(x})| = ka2,
for some ky,k2 € (0,|B¢|/2] depending on n, t, &, and £ only. With 7¢ as in
(L.IT), for M € N\ {0} to be chosen later on, and by compactness of W, we can
pick T > 0 so that

€ €
(3.8) (M + 1Dt <71, [BM<|< r 1 (W)\W| < 5

The value ¢ in Lemma corresponding to £ and 7" = Ips (W) is given by
BN &) g2 Em)

T P(Ej;RPINT) n+ 1 t(e)+1) n+1

since |E; \ I:(T)| > ¢/2 by (3.8)), and since P(E;; Q) < y(¢) + 1. Therefore, by

setting
e/2 §(n) }
T+ 1) n+1})
an application of Lemmayields yj € R"MUN Tar4 1) (W) such that

: 01 e n+1|BT|
|Ej N Bz(y;)| = min 2E) T — = K

so that k1 € (0, | B¢|/2] depends on n, £, ¢, and t only (observe that this is a conse-
quence of (3.2)). The continuous map x +— |E; N B¢(x)| takes a value larger than

k1 at y; € RN\ Iar41y-(W); at the same time, by (TIT), R? T\ Iar41). (W)
is open and connected; therefore it is pathwise connected [20, cor. 5.6], and |E; N
B:(x)| = 0as |x| = coin R*+1\ I(ar+1)(W). Thus we can find x} e R*+1\
I(p1+1)z(W) such that the first identity in holds and {cl(B(MH)t(x})), Wi
is disjoint. Setting B = cl(B(pr—2)¢(x })), the value ¢ in Lemmacorrespond-
ingto £ and T = I.(W) U B is given by

. { |Ej \ I:(T)] §(n) }

min .
T P(Ej;R*"FINT) n+1

so that, after setting

>

min

o] = rnin{

L e km)
_m%fW@H4Yn+J>O

e/4 §(n) }
T+ n+1f
we can find zj € R* T\ (I (W) U cl(B(M_l)r(x}))) such that

02 et +1|Br|
: n
|Ej N B(z))| = mln{(zg(n)) A } = Ky

with kp € (0,|B¢|/2] depending on n, £, ¢, and t only. Since /[»,(W) and
cl(B(M_l),(x})) are disjoint and since R” 1\ I, (W) is pathwise connected by

0y = min {
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(T.TT)), we easily check that R* ™1\ (I, (W)U cl(B(M_l)t(x}))) is pathwise con-
nected. By continuity,

(3.9) Elsz e R\ (Ix(W) U CI(B(M—I)I(X})))

such that the second identity in holds. Finally, (3.9) implies that the family of
sets

{el(Bas—ayc(x))). cl(Bac (x7)). W}
is disjoint. We pick M = 5 to conclude the proof.

Step 3. In this step we show that (3.1)) can be modified to allow for compar-
ison with local variations F; of E; that do not necessarily preserve the volume
constraint. More precisely, we prove the existence of positive constants 7, and
Cy (depending on the whole sequence { £} };, and thus uniform in j) such that if
X € Q,r < ry,and {F}}; is an admissible local variation of {Ej}; in By(x), in
the sense that

(3.10) Fj e F;AE; € By(x), N 3F;isC-spanning W

(notice that we do not require By (x) C €2), then
|
(3.11) ’H”(smaEJ-)5%”(QmaFj)+C*\|Ej|—|Fj|\+7.

We first claim that if B; C Q is a ball with dist(B;, B,(x)) > 0, : Q — Qisa
diffeomorphism with {(B;) C Bj, and {{ # id} € B;, and if

(3.12) Gj = (Fj N B, (x)) U (S(Ej) N B;j) U (E; \ (Bj U Br(x)))

then G; € £ and Q N dG; is C-spanning W. The fact that G; is open is obvious
since G; is equal to E; in a neighborhood of Q\ (B, (x) U B;), to Fj in a neighbor-
hood of B,(x), and to {(E}) in a neighborhood of Bj, where E;, Fj, and {(Ej)
are open, and where dist(B;, B, (x)) > 0; this also shows that dG; is equal to 0E;
in a neighborhood of 2 \ (B, (x) U B}), to dF; in a neighborhood of B, (x), and to
0¢(Ej) = ¢(IE;) in a neighborhood of Bj, so that Q& N dG; is H"-rectifiable and,
thanks to and Lemma [2.3] that @ N G is C-spanning W. Having proved
the claim, we only have to construct sets G; as in and such that

(3.13) Gjl =& H"(QNIG;) <H'(QNIF)) + Ci||Ej| — | Fjl|

in order to deduce (3.11) from (3.1). To this aim, let {)cjl.c }k=1,2 be as in Step 2:

the sets {(£; — xJ’.‘ ) N B;(0)}; are bounded in B;(0) and have uniformly bounded
perimeters, so that, up to extracting a subsequence, for each k = 1, 2 there exists
a set of finite perimeter EX < B.(0) such that (Ej — x]’.‘) N B:(0) — EX in
LY(R"*1). The crucial point is that, by (3.7) and since k; € (0,|B-(0)|/2], we
must have

B(0) N I*EX + .
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Hence, by arguing as in [42, sec. 29.6], we can find positive constants C,, and &x
such that for every set of finite perimeter £’ C B;(0) with

|E'AE¥| < &,

there exists a Cl-map @y : (—ex.,e4) X B(0) — B(0) such that, for each
[v| < ex: (1) Dg(v,-) is a diffeomorphism with {®y (v, ) # 1d} € B.(0); (ii)
|®p (v, E)| = |E'| + v; (iii) if ¥ is an H"-rectifiable set in B;(0), then

[H" (ke (v, ) = H'(D)| = CLH (D)ol
By taking £’ = (E; —xJ’.‘)ﬂBr (0) (for j large enough), by composing the maps @,
with a translation by xJ].‘, and then by extending the resulting maps as the identity
map outside of Br(x]].‘), we prove the existence of Cl-maps Wi : (—ex, &4) X
R+ — R"*1 guch that, for each |v| < e4: (i) Wi (v,-) is a diffeomorphism
with {W¥(v,-) # Id} € Br(le?); (ii) Wi (v, Ej)| = |E;| + v; (i) if X is an
H"-rectifiable set in R? 11, then

[H" (g (v, 2)) = H(D)| < CLH" () vl
Finally, we set

1/(n+1)
: Ex k()
=m Bi = B.(x;
T 1n%r, (2 n+1) }, Ji r(xj ),

where k = k(j) € {1,2} is selected so that dist(B,(x), Bj) > 0 (this is possible
because rx* < 7 and {cl(Bz; (x})), cl(Ba: (xJZ))} are disjoint). We finally define
G; by (3.12) with
Z:\pk(j)(v_]")’ v_] :|E]mBr(x)|_|ijBr(x)|a
as we are allowed to do since E£;AF; € By(x) and thus |vj| < wu41 r,,’}“ <
ex/2. To prove (3.13): first, we have G; AF; € Q \ cl(B,(x)), while property (ii)
of Wi,y gives
|Gjl = |Ej| = [Wk(j)(vj. Ej) N Bj| + |F; N Br(x)| — |Ej N Bj| — |E; N Br(x)]
= |\Pk(j)(vj,Ej) n Bj| —Vj — |Ej n Bj| =0
second, property (iii) applied to the 7" -rectifiable set X = Bj N dE; gives
H' (2 NIG;) —H"(Q2 N IF})
= ’H”(l[lk(j)(vj, B; N E)Ej)) —H”(Bj NOIE;) < C;‘ |vj| Hn(Bj NJE;)
so that (3.13) follows by taking C« = C (¥ () + 1).

Step 4. In this step we apply (3.11)) to the cup and cone competitors constructed
in Section [2| and show that K = € N spt u is relatively compact in  and H"-
rectifiable, that 4 = 6H" L K with 6 > 1 on K and § > 2 H"-a.e. on K \ 9*E,
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and, finally, that (K, E) € K. To this end, pick x € K, setd(x) = dist(x, W) > 0,
and let
fi(r) = i (Br(x)) = H*(Br(x) N IE;),
f(r) = p(Br(x)),
Denoting by Df the distributional derivative of f, and by f its classical deriva-

tive, the coarea formula (see [13] step one, proof of theorem 2] and [25} theorem
2.9.19]) gives

for every r € (0,d(x)).

fi = fae.on(0,d(x)), Dfj > fdr,
(3.14) Df > f'dr, f'> g =Iliminf f/,
J—>00
(.15 f0) = H' T @B () NOE) V) andforae. 7 € (0.d(x)).

Now let n € (0,r/2), let A; denote an H"-maximal open connected component
of dB,(x) \ 0F;, and let F; be the cup competitor defined by E; and A4; as in

Lemma More precisely, when E; NA; = &, we let {W;ﬁ}?=1 be the decreasing
sequence with limg _, o nljc = 0 defined in step two of the proof of Lemma and
setting, for 77]]c such that n € (nljc+1’ ni],

Y; = 3B, (x) \ (cl(Ej N 3B (x)) Ucl(4))),

Sj = dE; Ncl(4;)\ (cI(Ej N 3B, (x)) U cl(Y))),

Uj = 9B, (x) N {ds; <},
we define
(3.16) Fj = (E;\cl(Br(x)))U Nni (Zj)., Zj =Y;U(U;j \ c(Ej N 3B,(x))).
When A; C Ej, instead we define
(3.17)  Fj = (E; U Br(x)) \ cl(Ny(Y})), Y; = (E;j N3B(x))\ cl(4)):

see Figure In both cases, {F}}; is an admissible local variation of {E;}; in
B,/(x) for some r’ > r, and by 2.4), for a.e. r < d(x) we have

limsup H"(Q N F}) < H*(OEj \ Br(x)) + 2H" (3B, (x) \ 4;)
n—07F

so that, by (3.11)), for a.e. r < min{d(x), r+}, we have
. 1
(3.18) fi(r) <2H"(3Br(x) \ 4j) + C« limsup ||Ej| — |Fj|| + —.
n—0t J

The estimate of || E; |—| F;|| is different depending on whether F; is given by (3.16)
or by (3.17). In both cases we make use of the Euclidean isoperimetric inequality

(n+ 1) |By |V 1 g/+D < pUy YU c R*TL,
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and we also need the perimeter identities

P(E; N By(x)) = P(Ej: By(x)) + H"(E; N 0B, (x)).
P(Br(x)\ Ej) = P(Ej; Br(x)) + H" (0B, (x) \ Ej),

which hold for a.e. r > 0, with the exceptional set of r-values that can be made

independent from j. We now take F; as in (3.16): up to further decreasing the
value of 7, so to entail Cyx ri/(n + 1) < 1/2, and assuming that r < r,, we have

(3.19)

Cu||Ej| — | Fjl| < C|Ej N By(x)| + Cyc(m)rn],

< Cy |B1 VD 1 |E; 0 B (1) OFY 1 Coc(m) r )

Cs
n+1

%{P(EJ’; B (x)) + H"(Ej N 3B (x))} + C*c(n)r"ni

< %{fj(l”) + H" (0B, (x) \ Aj)} + C*c(n)r”nli,

IA

(3.20) re P(Ej N By(x)) + Cyc(n) r" ]

IA

where in the last inequality we have used 0*E; C E and A; N E; = @ (that is
the assumption under which Fj is chosen as in (3.16)). If instead we take F; as in

(3.17)), then
Ci||Ej| = | F;]
= Cu||Ej N By(x)| — |Fj 0 B, (x)|big
= Cx|Br(x) \ Ej| — |Br(x) \ Fj|
(B21) < Cu| BB (x) \ Ej " HD 4 Ch Ny (9B, (x) N Ej \ cI(4))]

< %{P(Eﬁ Br(x)) + H" (0B, (x) \ Ej)} + Cxc(n)r™ n

< SAB0) + H OB\ A} + Cacl) ",

where in the last inequality we have used 0*E; C 0E; and A; C E; (the as-
sumption corresponding to (3.17)). By combining (3.18) with (3.20) and (3.21)),

we conclude that

L)
2

1
(3.22) < 3H"(0Br(x) \ Aj) + — forae.r < min{r, d(x)}.
J

By the spherical isoperimetric inequality, Lemma[2.12] and by (3.13)), for a.e. r <
d(x),
H" (0B (x) \ A7) < Cn) H" " (0B, (x) NIEH™ =D < Cn) £} (ry"/ =1,

which combined with (3.22) and (3.14)), allows us to conclude (letting j — ©0)
that

(3.23) F(r) < Cm) /MY forae. r < min{rs, d(x)}.
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Since x € sptp, f is positive, and thus (3.23)) implies the existence of fy(n) > 0
such that

(3.24) W(Br(x)) > Ogwnr™ Vx € K,r < ry, Br(x) € Q.
Since K = € N spt i, by [45] theorem 6.9] and (3.24)), we obtain
(3.25) uw =6 H"'" K on £2.

As a consequence of ;£(§2) < oo and of (3.24) we deduce that K is bounded, thus
relatively compact in Q. In turn, 0* £ C K implies the boundedness of E. Notice
that we have not excluded |E| < ¢ yet.

To further progress in the analysis of u, given n € (0,r/2) let use now denote
by Fj the set corresponding to 1 constructed in Lemma[2.9} so that, by (2.71), for
ae.r <d(x),

(3.26) limsup H"(2 N 0F;) < H'(OE; \ Br(x)) + - H'"L(3E; N 8B, (x)).
77_)()+ n
Using that {F;}; is an admissible local variation of {£;}; in B,(x), and com-
bining (3.11) and (3.26)) with || £;| — | Fj|| < C(n)r"*1, we find that
1
H* (B (x) NOE;) < — f1(r) + Cor™ 4
n J

so that, as j — oo, f(r) < (r/n)f'(r) + Cxr"T1. By combining this last
inequality with Df > f'(r)dr and (3.24), we find that

DA f(r)/r)
Ar
- %{5 Df + (ﬂﬂr) _ f(r))dr}
r n n
Ar
> "%{f(r) —emtt IR gy - f(r)} dr
r n
Ar
_ nin {—C*r” n A,];(I’)}dr ZneAr{—C* n AGO””}dr

so that, setting A > n Cy/(6gwy), we have proved
ar BB ()
n

3.27) is nondecreasing on r < min{rx, d(x)}.
r
By (3.27) and (3.25) we find that
B
f(x) = lim M exists in (0, oo) for every x € K.
r—0t wpr"

By Preiss’ theorem, . = 6 H" L K* for a Borel function 6 and a countably #"-
rectifiable set K* C Q. Since K = Q N sptu, we have H*(K* \ K) = 0,
while (3.25) gives H"(K \ K*) = 0. Thus K is countably H"-rectifiable and
u = 6 H" K. Moreover, 6 is upper semicontinuous on K thanks to (3.27).
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Finally, consider the open set
E*={x€Q:3r>0s.t |B(x)| = |E N B (x)]}.
The topological boundary of E* is equal to
IE* = {x € cl(Q) : 0 < |E N Br(x)| < |Br(x)| Vr > 0}

so that @ N cl(3*E) = Q N IE* by [42, prop. 12.19]. Clearly E* ¢ EM);
moreover, if x € EM\ E*, then 0 < |E N B,(x)| < |Br(x)] for every r > 0, and
thus x € dE*. In particular,

QNEW\E*) CQNIE* = QNClB*E) C K,

where K is H"-rectifiable, and thus Lebesgue negligible. Since H"(d2) < oo,
we have proved H"(E™MW \ E*) < oo, and thus [EM AE*| = 0. By Lebesgue’s
points theorem, E* is equivalent to E, so that 0*F = 0* E*. Replacing E with
E* we find (K, E) € K. Finally, the lower bounds 8 > 1 H"-a.e.on K and 6 > 2
H"-a.e. on K \ 9* E follow by applying Lemma[2.11]with Q" = : notice indeed
that assumptions (2.84) and (2.85) in Lemma [2.11] hold by (3.24) and by (3.22).
Step 5. We show that 8(x) < | atevery x € N d*E and that f(x) < 2 at
every x € K N (E © y EM) such that K admits an approximate tangent plane
at x (thus, that 6 < 2 H"-a.e. on K \ 0*E). We choose v(x) € S” such that
Ty K = v(x)? (notice that, necessarily, v(x) = vg (x) or v(x) = —vg(x) when,
in addition, x € 0*E), and let B, (x) € Q. Forr € (0. 1) and 0 € (0, 7) we set

Ser=1{y € Br(x): [(y —x) - v(x)| < tr},
(3.28) Vor =1y € By(x) : |(y = x) -v(x)| < aly — x|} C Sor C Ser,
T W = (Ser \elVe) N {y (v —x) - vg(x) 2 0},

I =08, Nnowz

T,0,F T,0,1°

that are depicted in Figure By (3.24) and since H" L (K — x)/p S Ty K
as p — 0T, the approximate tangent plane Ty K is a classical tangent plane, and
thus there exists ro = ro(o, x) > 0 such that K N B,(x) C Sy, for every r < ro,
or, equivalently,

(3.29) K N Byy(x) C Voo U{x}.
In particular,

(3.30) u(Se,r) = p(Br(x)) Vr <ro.
We also notice that for a.e. value of r we have

(3.31) 38z, NOE; is H" !-rectifiable Vj.
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By (x)
v(x)

FIGURE 3.1. The sets defined in (3.28). Here 0 < v < 1, and S;, is
decomposed into a central open cone Vy , of small amplitude o, the up-
per and lower open regions WT o.r» and the closed cone S, N V5. For
r < ro(0, x), B-(x) N K lies inside V;; , by approximate differentiability
of K at x and by the density estimate (3.24). When x € 9*E, if we
choose v(x) = vg(x), then the divergence theorem implies that E fills

up the whole W, and leaves empty W_*

T,0,F° T,0,F°

We now introduce the family of open sets

APt = {A C Sy, : Ais an open connected component

(332 of 38, \ 0E; and A is disjoint from E; },
. .Alrn = {A C 0S¢, : A is an open connected component

of 38, \ E; and A is contained in E},

and denote by A"“Jt and Aln " ‘H™-maximal elements of .AO‘“ and .Am respectively.
Finally, given n € (0, r/2), we let F; * be the slab competltor deﬁned by Ej, A 0
and 7 in Bo, (x) for » € {out, in} as 1n LemmaE accordingly, F* € £, QN OF}

is C-spanning W,

(3.33) Fj* \Cl(Sr,r) = Ej \Cl(Sr,r),

(3.34) 1im+ H" ((0Sz,r NOF)AS,, \ 47 ;) =0,
n—0 ’

and

limsup H" (Sz,» N OF")
n—07+
(3.35) (35” \ (Aom UE; )) if * = out,

=Cloyy, H((E; ﬂaS”)\A 1) ifx = in;
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see (2.60), (2.67), (2.68), and (2.69). By (3.11), H" (S, NJE;) = 0 and (3.33),

1
H"(Se,r NIE;) < H"(cl(Sz,r) NIF}) + Cs c(m)r"™ + = Vx e {out,in}.
J

By (3.34) and (3.33), taking the limit first as n — 0% and then as j — oo, and
by also taking into account that X w and that (3.30) holds, we find, in the case
* = out, that

p(Br(x))

<limsupH"(E; N 3Sz,r)

Jj—o00

(3.36)
+ C(n, 7) limsup H" (3Sz,r \ (A‘r’“Jt UEj)) + Cx c(n)yr*1,
Jj—o0
and, in the case » = in, that
u(Br(x))

< limsup H"*(0S,r \ E})

j—oo

+ C(n.v)limsup H" ((Ej N 8Sz,) \ AF;) + Cac(m)r™+1.

j—oo

3.37)

We now discuss the cases x € 3*E,x € KNE® andx e KN ED separately.

Case x € 0*E. We claim that, in this case, for every o € (0, ) and for a.e.
r < ro(0, x),

(3.38) lim sup H" (35, \ (A‘r’”} UEj)) < Cmor”,
Jj—oo ’
(3.39) lim sup ‘7—[" (Ej N03Sz,) — wn r”‘ <Cmrtr™
j—o0
see Figure[3.2] We notice that (3.38)) and (3.39) combined with (3.36) imply
B
Mn(x)) <w, +Cn)t+Cn,t)o + Cxc(n)r forae.r <ry
,

which gives 8(x) < 1 by letting, in order, r — 0", 0 — 0T, and then T — 0.
We now prove (3.38) and (3.39). Since x € 9*E, we can set v(x) = vg(x). As
vE (x) is the outer normal to E, by *E C K, (3.29), and the divergence theorem,
we obtain

\E| =| wromE\zo.

\ E| = 0, the coarea formula, and Fatou’s lemma, we deduce

‘ T,0,r0

By |W,

‘EO'}"()

o—hm\ W,O\E\_hoo/ H (0Ser NV (Wigr \ Ej))dr
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FIGURE 3.2. The slab competitor ij’“t is used in proving that 6(x) < 1.
The fact that x € 0* E is used to show that E£; N 0.5, consists of a large
connected component whose area is close to @, r” up to an o(r”) error
asr — 0T,

fo
> / liminf”H”(Ft—’U’r\Ej)dr,
0

Jj—=o0

and by arguing similarly with |Wr‘f'0’r0 N E| = 0, we conclude that, for a.e. r < rg,

(3.40) lim H"(T}, , NE;)=0,
j—oo >
(3.41) lim H"(T;,, \ Ej) = 0.
J—>00 7
By (3.40), (3.41)), and since
(3.42) 0Ser = I}, UL, U(8Se, N3Se,r),

we find that, as j — oo,
7" (087 N Ej) — wp 1"
< H"(3Sz,r N 3Se,r) + |H"(Trg, N Ej) — wur™| + o(1)
< Cmor" + |H"(T;,,) —wnr"| + o(1)
< Cm)tr" + o(l),
that is, (3.39). At the same time, again by and by the coarea formula, assum-

ing without loss of generality that ro = ro(0. x) also satisfies H" (K N 0B, (x)) =
0 in addition to (3.29), we get

0=pu(KnN Cl(Bro(x)) \ Vo,ro) = jli)ngo Hn(Bro(x) N an \ VU,rO)

(3.43) z lim H (Sery NOEj \ Vayro)

ro
> lim / Hn_l(ast,r NOE; \ Vo,ro)dr,
0

Jj—o0
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that is,

(3.44) lim H" " 13S;, NOE; \ Vor,) =0 forae.r <ro.
j—>o0

Notice that (3.44) implies in particular that

(3.45) lim H"" (T, , NIE;) =0 forae. r <ro.

j—oo T
Since I’ ;" o.r 18 @ bi-Lipschitz image of a hemisphere, by Lemma
(3.46) H O, 0 )Y > oM (TF,, \ A)

whenever J is relatively closed in Fr": o,r» and A is an H"-maximal connected com-
ponent of 'Y\ J. By (3:43) and (3:46) we find that, if

7,0,r

A, is a maximal #{"-component of I', . \ 9E;,

then

T,0,r

(3.47) lim H" (T}, \AT)=0 forae.r <ro.
j%OO sJ

By connectedness, A: ; is contained in either A‘;?Jt., E;,or
Yrj={J{A:4eAMA A0
By combining (3.40) with (3.47) we find that for a.e. r < ry, if j is large enough,
then
+ —
Ar, j NE; =@.
Similarly, should there be a nonnegligible set of values of » such that for infinitely

many values of j, the inclusion Aj ; C Y, ; holds, then by (3.41)) and (3.47), there
would be an element of .A‘r’”} different from A‘;“J‘. with H"-measure arbitrarily close

to H"(I'}, ); thanks to (3.41), we would then have H" (Ag“j‘.) — 0, against the

T,0,r
H"-maximality of Ag“} itself. In conclusion, it must be

(3.48) Ajj C Ag“j‘. for a.e. r < rg and for j large enough.
By combining (3.48)) and (3.47) we conclude that
(3.49) jl_i)n;o H' (T, \ AY) = 0.

By (3.42), (3.41), and (3.49)), we conclude that
lim sup H" (E)Sm \ (A‘r’“Jt U E])) < H" (08, N3Ss,) < C(n)or”,

Jj—o0

that is, (3.38)). This completes the proof of 8(x) < | for x € *E.
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~ _- Ain ~ _-
rJ

FIGURE 3.3. The slab competitor used in proving that 8(x) < 2 when
x € E© is the one defined by Alrn j- Since x € E ) we can show that
E; N3S,iso(r")asr — 0.

Case x € E© . We claim that, in this case, for every o € (0, ),

(3.50) limsup H"(E; N 3S¢,r) < C(n)or”,
j—oo
(3.51) limsup |H" (38, \ Ej) — 20,1 | < C(n)Tr”,
J—oo

for a.e. r < rg(o, x); see Figure The idea is using the competitor defined by
A} indeed, (3.50), (3.51), and (3.37) give

/L(Br(x)) <1 Hn(aS‘c,r \ Ej)
——— <limsup ———=
rh j—oo r
H'((E; NS Ain
+ C(n, 7) limsup (( d wr) \ r’])

j—o0 rt

+ Cyc(n)r

<2w, + C(n)t + C(n,1)0 + Cxc(n)r

and then 6(x) < 2 by letting, in order, r — 07, 0 — 0T, and then T — 01. The
proof of (3.:50) and (3-31)) is simple: since x € E© and 3*E c K, by (3.29) and
by the divergence theorem we find that

|E N Bro(x)\ Vorol = 0.
In particular, by the coarea formula we find that for a.e. r < rg,

0= lim H"((Ej \ Vo,ry) N 3Scy) = lim H"(E; N (T, , Ul ,,))
J]—>00 J—>00

so that, by (3.42),
HM(E; N3Ser) = H'(0Se,r N3Se,r) +0(1) < C(n)ar"™ + o(1)
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FIGURE 3.4. The slab competitor used in proving that 6(x) < 2 when
x € EW is the one defined by AN

as j — oo, that is, (3.30), and
[ H"(0Scr \ Ej) — 20,1"|
< H"(0Sz,r N3So,r) + |H" (T, Ulrg,) — 20ur" | + 0(1)
<Cm)tr" +o(1)
as j — oo, that is, (3.51).

Case x € EM. We claim that for every o € (0, 7),

(3.52) limsup |H"(E; N 3Se,) — 2w, r"| < C(n)T r",
j—oo
(3.53) limsup %" (3S%,, \ Ej) < C(n)or",
j—o0

for a.e. r < ro(0, x); see Figure[3.4] Indeed, by using as in the case x € 3*E the
competitor defined by A"}, (3.52) and (3.53) are combined with (3.36) to obtain

w(Br(x)) <1 H'(Ej N 3Ser)
——— < limsup

r j—00 rn
H (387, \ (A% U Ej)
(3.54) + C(n, 7) limsup ( i - T / ) + Cxc(n)r
Jj—00 r

< 2w, + C(n)t + C(n, )0 + Cx c(n)r,

which gives f(x) < 2 by letting once againr — 0%, 0 — 0T, and finally 7 — 0.
To prove (3.52) and (3.53), we notice that by x € EMV, 3* E c K, (3.29), and the
divergence theorem, we have

|Broy () \ (Vory U E)| = 0.
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By the coarea formula, for a.e. r < rg we find

0= lim H"((I'fy, Ul ., )\ E))

7,0,r T,0,r
j—oo
and conclude as in the previous case by exploiting (3.42).

Remark 3.1. We make an important remark on the constructions of Step 5, which
will be needed in the proof of Theorem We claim that, under the assumptions
on x considered in Step 5, for a.e. r < rg(o, x) we have
limsup |H" ({y € cl(Sq,/) N OF}  Ty(OF) = TxK}) — 0(x) wp |
(3.55) n~0f
<Cmtr"+Cn,t)or" +o(l) asj — oc.
Here » = outif x € 0*E U (K N E(l)), x =inifx € KN E®, and f(x) =1
if x € E and 8(x) = 2if x € K N (E® U EW). Consider, for example,
the case when x € 0*E. By (3:34), 0S¢, N OF™ C (3Sz, \ A7) U Nj with
lim,,_, o+ H"(N;) = O: thus, by taking into account that
Ty (aFJOUt) - Ty (BS‘E,r) H”'a.e. on aFjout N BS‘[,r

and that
{y S 85‘5’7- . Ty(&S‘E’r) — TxK} — aSt,r \ aBr(x),
(recall that 7x K = v(x)1), we have
11" ({y € cl(Se.r) NAFM: Ty (BF™) = TuK}) — wn 7|
< [H"({y € 8Se, NOFM : T, (IF™) = TuK}) — wn |
+ H" (S N BF;)“‘)
< [H"({y € 8Ser \ AV} Ty(3Sr,r) = T K}) — wp 1"

so that, by (3.33)), (3.38), and H" (0., N dB,(x)) < C(n)rr",
1;12 sup 1" ({y € cl(Se,r) NOFPY - Ty(IF™) = TxK}) — wn 1" |

< |H"@Scr N Ej) —onr”| + C(n. YH" (387, \ (A3 U Ej)) + C(n)Tr”.

By (3.38)) and (3.39) we deduce (3.33) when x € 0*E. The case when x € K N
(E© y EM) is treated analogously and the details are omitted.

Step 6. We exclude area concentration near 92 by showing that

(3.56) lim sup lim sup u; (2 N U, (92)) = 0.

77_>()+ j—oo
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Q Q/

By (%)

FIGURE 3.5. The boundary diffeomorphism f pushes out 2 into a
larger open set ©’. Regions depicted with the same color are mapped
one into the other. Notice that the dark region on the left contains
Q2 N U,(022) N B, 2(x) and is mapped outside of €2. The diffeomor-
phism f can be formally constructed by exploiting the local graphicality
of €2, and the simple details are omitted.

Exploiting the smoothness and boundedness of 92, we can find ro > 0 such that
Lemma holds, and such that for every x € 0% there exists an open set Q'
with Q C Q' and a homeomorphism f : cl(Q) — cl(Q) = f(cl(Q)) with
F0Q) = 09, {f #id} € Bry(x), and f(Bry(x) N cl()) = Bry(x) N cl(R7),
which is a diffeomorphism f : © — Q’, and such that

(B3 f(QNU09Q) N Brypp(0)) '\ Q. | f —idllci(@) = Cn:
see Figure Let Q* = f~1(Q) and let Fi = f(E; NQ%) = f(Ej) N Q.
Clearly F; € £, and f(dQ*) = 9Q and Q* N I(E; N Q¥) = Q* N IE; give

QNaF; = f@1) N f(A(E; NQY) = f(Q"NIE).
so that N dF; is C-spanning W by Lemma Assuming without loss of gen-

erality that rg < r, by B.I1), { f # id} € B, (x) and f(B,,(x) Ncl(R)) =
By, (x) N cl(R'), we have

H" (2 N Byy(x) NIE;)

1
SHWﬂ&dﬂﬂQ”W@»+CME%%%H+7

1
< (1 + CYH" (Bry(x) N Q* NIE;) + Cu||Fj| — |Ej|| + Ik
where

1B =15 < 1B 01— 18+ [ Juf=1]

J
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<|Q\ Q%+ Cen=Chn,
so that

1
H"(Q N Bry(x) NOE; \ Q%) < Cn{H"(QNIE;) + 1} + n

<Cn{v(e) + 2} + ]l

Since Q N Uy(9) N By, /2(x) C 2\ 2%, by letting j — oo we conclude that
;L(Bro/z(x) N UT,(E)Q)) <Cn VxeodQ.
By a covering argument we find (2 N Uy (0€2)) < C 1, and thus (3.56) follows.

Step 7. Let us now pick R > 0 such that W U K U E € Bgr(0). If E; C
Br+1(0) for infinitely many values of j, then |E| = g¢and u; (2 \ Br+1(0)) =0,
which combined with implies ;4 (2) — u(Q) = F(K, E) as j — oo, and
thus ¥ (¢) = F(K, E) with (K, E) € K and |E| = ¢: thus (K, E) is a generalized
minimizer of i (¢), as desired. We now assume without loss of generality that
|Ej \ Br+1(0)] > 0 for every j. By (3.3),

limsup [E; N (Br+1(0) \ Br(0))|

j—oo

= limsup H" ((Bg+1(0) \ Bg(0)) N JE;) = 0.

j—o0
By the coarea formula, this implies that for a.e. s € (R, R + 1),
(3.58) lim sup H" (E; N 8B5(0)) = lim sup H"~1(3E; N 3B5(0)) = 0.

Jj—00 Jj—00
We fix a value of s such that (3.58) holds, and we let A; denote an H"-maximal
connected component of B5(0) \ dE;. It must be A; N E; = &: otherwise, by
the spherical isoperimetric inequality, A; C E; would imply
C(n) H" 1 (3Bs(0) N IEH =D > 1"(3B,(0) \ A;) = H"(0Bs(0) \ E;)
> c(n) R" — H"(E;j 1 9B,(0)).

a contradiction to (3.58). Since A; N E; = &, we can consider the exterior cup
competitor defined by E; and A;. More precisely, for every j there exists a de-
creasing sequence {ni}iozl with limy, s o n,’c = 0 such that, setting

Y; = 0B;(0) \ cl((£; N 9B;(0)) U 4;),

S; =0Ej Ncl(4;) \ (Cl((Ej N dBs(0)) U Yj)),
Upk = 3Bs(0) N {ds;, <mi}. Zjx = Y; U(Ujk \ cl(Ej N 0B5(0))),
the sets
Fjx = (Ej N Bg(0)) U M, i(Zjx)
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satisfy Fj . € &, with Q N 0F; ; C-spanning W, F; ; C Bg+1, and
lim sup H" (2 N OF; 1)

k—o00

(3.59) < H"(Q N Bs(0) N IE;) + 2H" (0B (0) \ A))
< H™ (N By(0) N IE;) + C(n) H" 1 (3B,(0) N dE;)M =D,
Since |E; \ Br4+1(0)| > 0 for every j, we can select k() sufficiently large so that

HY(QN E)Fj,k(j)) <H"(Q N Bs(0) N 0E;)
3.60 1
(5.60) + CmYH" 1 (9Bg(0) N OEH)M =D 4 —
J
aswellas | E;\ Bg(0)] > |Mn]{(j)(Zj,k(j))|;then, after setting F; = Fj x(;), define
p;j > 0 by the equation

By, | = |Ej| = |Fy = |E; \ BeO) = 1M,y (Zikip):
In particular, | By, | < &, so that we can find x € 2 such that cl(B,; (x)) Ncl(F;) =
& and

We notice that E]’.k € & with |EJ’."| = gand QNAIF; C QHBEJ’.", so that QDBEJ’." isC-
spanning W: in particular, ¢ (¢) < H*(Q N JIE J’.k). By the Euclidean isoperimetric
inequality, and since | By, | < |E; \ Bs(0)| by definition of p;, we have

P(By;) < P(E; \ Bs(0)) = H"(3E; \ Bs(0)) + H"(E; N 3Bs(0)),

so that by (3.58)) and (3.60) we get
¥ (e) < limsup H"( N IE]) < limsup H" (2 N IF;) + P(By,)
J—0 J—00
< limsup H" (2 N DE;) + 2 C(n) limsup 1"~ (3B (0) N IE;)"/ =D
j—oo j—oo

= V(o).

We have thus proved that { £ j’." }j is a minimizing sequence for ¥ (¢), with E ]’.“ C
Br+(0) for some R* depending only on R, n, and &. By repeating the argument
of the first six steps with £ ;‘ in place of £}, we see that £ J’.“ — E*in L1(Q) and
pE = HILQNOES) = p* where p* = 2H" (K* \ 8* E*) + H"0* E*, and
where (K*, E*) € K with | E*| = ¢ and with

lim sup limsup 7 (2 N Uy(3Q)) = 0.

;7_>0+ j—oo



54 D. KING, F. MAGGI, AND S. STUVARD
Therefore ;L;‘ (Q) — u*(Q) = F(K*, E*) and in conclusion
F(K* E®) = p*(Q) = lim ui(Q) = y(e)
Jj—00

so that, by |E*| = ¢, (K*, E™) is indeed a generalized minimizer of {/(¢). This
concludes the proof of the theorem. O

4 The Euler-Lagrange Equation: Proof of Theorem |1.6|

PROOF OF THEOREM Let (K, F) be a generalized minimizer of v (¢) and
f 2 — Q be a diffeomorphism such that | f(£)| = | E|. We want to prove that

4.1 F(K, E) < F(f(K), f(E)).

Let K’ denote the set of points of approximate differentiability of K, so that
H"(K \ K') = 0, and for x € K’ denote by Ty = TyK = vy the approxi-
mate tangent plane to K at x, where v, € S” is chosen so that v, = vg(x) if
x € 3*E. As in Step 5 of the proof of Theorem 1.4} for every o > 0 we introduce
ro = ro{o, x) such that

(42) KNBr(x) C Sy, ={y € Br(x): |(y —x)-vx| <or} Vr <ro(o,x);

see (3.29). In fact, by Egoroff’s theorem, we can find a compact set K* C K’ with
HM(K \ K*) < o such that r4(0) = max{ro(c,x) : x € K*} - 0T aso — 0T,
that is, such that (.2) holds uniformly on K*,

(4.3) KN Br(x) C Sy, VxeK*Vr<r«o).

Similarly, if G, denotes the family of the n-planes in R”*!, endowed with a dis-
tance d, by Lusin’s theorem and up to further decreasing the size of K* while
keeping H"(K \ K*) < o, we can make sure that

(4.4) sup d(Tx. Ty) + sup V() = V)] < 0x(r)

x,yeK*|x—y|<r x,yeK*|y—x|<r
for a function w4 (r) — 01 as r — O™, Finally, since

H"(Br(x) N3*E) = o(r"),
H" (Br(x) N(K\ B*E)) =wy " +o(") forH"-ae.x € K\ 0*E,

H"(Br(x) NO*E) = wp ™ + o(r™)
H"(Br(x) N (K\0*E)) = o(r") for H"-ae.x € *E

as r — 07, by Egoroff’s theorem, up to decreasing K* and increasing wy, we can
also obtain

sup  H'(Br(x)NI*E)
4.5) xeK*\0*E

+ ‘,Hn(Br(x) N (KN a*E)) — Wn rn‘ < w«(r)r",
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sup  |H"(Br(x) NO*E) — w, r"|
(4.6) xeK*NO*E

+ H" (B (x) N (K \ 0*E)) < oxlr)r”,

while still keeping H* (K \ K*) < o and w«(r) — 0T asr — 0T,

Let { £;}, be a minimizing sequence for ¥/ (¢) converging to (K, E) as in (I.T3),
and consider a point x € K*. Given 7 € (0,1) and 0 € (0.7), for a.e. r < r«(0)
such that By, (x) € €2, we have that 357, N JIE; is H"~L_rectifiable for every j
(with the exceptional set depending on x). For such values of r and for every

n € (0,r/2), we can set
px VP ifx e EU KT N EW),
7 FR iftx e K*NEO,
with F ;’“t and F ji“ defined as in Step 5 of the proof of Theorem In particular,
ij €&, QN BFJ." is C-spanning W, ij \cl(S7,) = E; \cl(S7,), and, as proved
in (3.55), for a.e. r < r«(0) we have
limsup |[H"({y € cl(S7,) NOF;" : Ty(OF;") = Tx}) — 0(x)wn r"|
4.7 n—>0t
<Cm)tr"+ C(n,t)or +0o(l) asj — oo,
where 8(x) = 1 if x € 9*E and 8(x) = 2if x € K N (E® U EM), as well as
(4.3) lim sup lim sup H" (7, N OF}") < C(n,t)or";

j—o0 p—0t

see (3.33), (3.38), (3.50), and (3.33). By Besicovitch-Vitali’s covering theorem
and by Federer’s theorem (2.1)), we can find a finife disjoint family of closed balls

{B; = cl(By;(x;))}i such that B; € Q and

H (K \ | Br () <o,

xi € K*N(EQUEDUIE), ri <r«lo).

4.9)

We let n < min; {r; /2}, define F J-x’ accordingly, and set
Si =Sy, €Bi, Ty=Ty, F}=F".

Correspondingly, we define a sequence {F;}; C £ with Q N dF; C-spanning W by
setting

(4.10) FA\Bi=£ \|JBi. FnBi =F nNB.
i i
Since FJ? \ cI(S;) = Ej \ cI(S;) we find that

4.11) Fi\ {Jel(s) = E; \ [ Jel(Si)
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and, setting
(4.12) 0; =1 ifx; € 9*E, 6; =2 ifx; e EQUEWD),
we deduce from (4.7)) and (4.8)) that, for each i,
limsup |H" ({y € cl(S;) N F; : Ty, (3F;) = T;}) — 6; w1}’
(4.13) n—o+t
<Cm)rr] +C(n,v)or! +o(l),

(4.14) limsup H"(S; N dF;) < C(n,t)or! + o(1),
n—0t

as j — oo. Now let Cx and e, be the volume-fixing variation constants defined
by f(E). By the monotonicity formula (3.27), which can be applied to B, (x;) as
x; € K, we have

@15 e A @00, < e NG wpr? < u(Br, (xi) = 1(Si)
where in the last identity we have used (4.3), and where A depends on E. By
@.13),6; > 1,and u = O H" L K with § < 2,

4.16) Y ' <Cm.E)Y H"(KNB) < Cn, EYH"(K) = C(n. £, K)

1 1

so that, by (4.11), |S;| < C(n)t rlf'H, and r; < ry(0) <1, we find
|FjAEj| <) |Si| < C(n. E.K)t.

1

Therefore,
[ F(FDAS(E)] < C(n. E.Lip(f). K (K){t + | E; AE} < e

provided j is large enough and t is small enough depending on 4. By the volume-
fixing variations construction, for each j large enough there exists a smooth map
D; 1 (—ex,e4) x R*TL — R?FL quch that, for every |v] < ex, ®;(v,-) is a
diffeomorphism with ®; (v, ) = Q and

[ (0. FED) | = v+ [f(ED]. (@ (0. 5)) <H'(Z) + Cs o] H" (D),
for every H" -rectifiable set ¥ C 2. In particular, if we set
Gj =@ (v, f(F).  vj = [f(E) = fUFDI=E]=[fF)I.
then we find that G; € £, |G| = |E| = ¢, and
H"(2N0G;) < (1+ C(n, E,Lip(f). H*(K)){t + |E;AE|})H" (2 NAf (F})).

Since Q N dF; is C-spanning W, so is 2 N dG; thanks to Lemma [2.3] so that the
minimizing sequence property of £; implies

(4.17) H™(QNOE;) < (14 C{t + |E;AE|})H"(Q NI (F))) + ]l
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where, here and for the rest of the proof, C is a generic constant depending on K,
E, f, and n. We now claim that

(4.18)  limsuplimsuplimsup H" (2 N If(F;)) < F(f(K), [f(E))+ Cr.

c—0t j—o0o p—0t

Notice that by combining (@.17) and (4.18), and by finally letting T — 0T, we
complete the proof of (4.1).

To prove (4.18), we notice that f(Q2) = Q, Q N If(F;) = f( N IF;), and
(TD) yield

H*(Q N If(F)))

< (r(@nag\Jaesn)) + Z/ JOF £ an

i cl(S;)NIF;

where

limsuplimsup’;[ (f(Q NIE; \ Ucl(Si))) <CH" (K \ USi) <Co

j—oo p—o0t

by @.3), @.9), and H" (K \ K*) < 0. Hence, as

4.19) H'(QNIf(F)) < Z/I(S’WF. JOF £ dH" 4+ Co + o(1)

where o(1) — 07T if we let first n — 0" and then j — oo.
If we set

Z; = {y € 0S; N 3F; : Ty (0Fy) = T;}
then by (4.13) and (4.14)) we find

H"((cI(S;) NBF;)AZ;) < C(n)Tr]' + C(n, T)or] + o(1)
‘H”(Z,-) — Hia)nrl”‘ <C(n)rr] + C(n,v)or] +o(l)

where o(1) — 0T if we let first  — 07 and then j — oo. Also, it follows from

(#.13)), the characterization of p, and that

(4.20) e AT+ (0) 0; w1’ < 6; H"(S; N K) + ws«(r;)r]".
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By @.4), ¢.20), and r; < r« (o), we thus find

/ JOFi f
c(S/)NIF;

5/ JTif 4+ (Lip /)"{C(n)t + C(n,v)o}r] +o(1)

Zi

< Giwnri”{JT"f(xi) + C(m)w«(ri)} + C{t + C(n, 7)o} rf + o(1)
< {JT"f(x,-) + C(ws(r«(0)) + 7+ C(n,7)0)}

4.21)
X (9,- H™(S; N K) + wx(rs (U)‘)rl-”)eA (o) 4 o(1)

=JTh f(xik)(ei H(S; N K*) +a; + w*(r*(o‘))rin)eAr*(o)
+ C{U)*(V*(U)) + 1+ C(n‘r)O'}(’Hn(S, N K) + w*(r*(o,))rin)eAr*(O)
+o(1)

where we have set
(4.22) a; = 0; H'(Si N (K\ K*)) sothat » a; <20.
i
Now, again by (4.4)) we see that
6; J T fxi)H"(S; N K*) < 6; JE AN + C)wx(ri)H"(S; N K*)
SiNK*
= 0;2H"(f(Si N K*)) + C(m)ws(ri)H"(S; N K*).

By combining this last relation with @.16), @.19), @.21), and r; < r«(o), we find
that

H(Q NI (F))) < er7=) ZGiH”(f(Si N K*))
4.23) i
+ Clos(r (@) + T+ Cn, 7)ot e27+@ 4 o(1)

with o(1) — 0 as first  — 0" and then j — oo. If x; € K* \ 0*E, then 6; = 2
and by (.5) we have

0i H" (f(Si N K™)) < 2H"(f(Si N (K™ \ 9" E))) + 2Lip(f)" w«(ri)r]
< 2H"(f(Si N (K \ 3" E))) + Cox(r«(o)r}];
if, instead, x; € *E, then ; = 1 and give
GiH"(f(Si N K*)) < H"(f(Si N K* NI*E)) + Lip(f)" w«(ri)r}
< H(f(S: 19°E)) + Con(ralo)rl.
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Combining these last two estimates with (4.16), we find

DO H(F(Si N KF) <D 2H(f(Si N (K \*E))) + H"(f(Si N9*E))
+ Cwx(r«(0)) Z rf

< F(S&). FE: F($)) + Contralo)).

where f(0*E) = 9* f(E) by Lemma Combining this last estimate with
@.23) we find
H"(Q N If(F)))

< oAT(©) {F(f(K). f(E)) + Clws(r«(0)) + T + C(n, 7)o }} + o(1)

where o(1) — 0 as first 7 — 07 and then j — oo; in particular, (#.18) holds.

We now conclude the proof. As explained, (4.18) implies (.1I). By a classical
first variation argument (see Appendix [C)), we deduce the existence of A € R such
that

4.24) A X -vgdH" = / divE X dH" + 2/ divK X d ™
I*E I*E K\O*E
for every X € C(R"T1; R"*1) with X - vg = 0 on 3. Let us now consider the

integer rectifiable varifold V' supported on K, with density 2 on K \ 0*E and 1 on
d* E. By (4.24), we can compute the first variation of V' as

8V(X)z/1~7~Xd||V|| VX € C} (R

where H = 0on K \ 9*E and H=AvgondE.In particular, H e L=V,
and by Allard’s regularity theorem [47, chap. 5], we have K = X U Reg, where
Y C K is closed and has empty interior in K, and where for every x € Reg there
exists a C 1"*-function u defined on R” such that

4.25) B ./2(x)N K = B, ;>(x) NReg = B, ;>(x) N graph(u).

By the divergence theorem, if x € Reg N dF, then, by and by Q NJE C K,
(4.26) E = epigraph(u) inside B, />(x).

4.27) K = 0E = graph(u) inside B, />(x),

which imply RegNdE C Q2Nd*E. Conversely, if x € QN d*E, then H" (B, (x)N
(K\ 0*E)) = o(r™) and H" (B, (x) N 0*E) = wp r™ + o(r*) as r — 0T, so that
Allard’s regularity theorem implies Q@ N d*E C Reg N dE. Thus Reg N dE =
Q N 0*E, and, in particular, 2 N (JE \ 3*E) C X, so that Q N (JE \ 3*E) has
empty interior in K. Moreover, by (4.26), (4.24) implies that the graph of u has
constant mean curvature in B, /»(x), and thus that 9* E is a smooth hypersurface;
see, e.g., [27, sec. 8.2]. Finally, (4.24) implies that K \ 0E is the support of a
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multiplicity 1 stationary varifold in the open set Q2 \ dE, so that K \ (X U dE) is
a smooth hypersurface with zero mean curvature and H" (X \ dE£) = 0. The proof
of Theorem I.6]is complete. O

5 Convergence to Plateau’s Problem: Proof of Theorem [1.9|

This section is devoted to showing that ¥ (g) — 2£ as ¢ — 07 and that a se-
quence {(K}j. Ej)}j of generalized minimizers for ¥ (e) with g, — 0T as h —
oo has to converge to a minimizer S for Plateau’s problem £ counted with multi-
plicity 2 in the sense of Radon measures. If one could prove the latter assertion
directly, then the former would follow at once by lower semicontinuity of weak-
star converging Radon measures and by the upper bound ¥ (¢) < 24 4+ C¢"/(+1)
proved in (3.2). A possible direct approach to the convergence of (Ky, Ej) to
a minimizer of Plateau’s problem may be tried using White’s compactness theo-
rem [50]. That would require proving an L'-bound on the first variations of the
varifolds V}, supported on Kj with density 1 on 2 N 3* E}, and with density 2 on
Ky, \ 0*Ej. The validity of such bound is supported by the analysis of simple
examples like Example [I.T] and Example [1.2] However, Example [I.2] also indi-
cates that when singularities are present in the limit Plateau minimizers .S, then an
L'-bound for the mean curvatures of the varifolds ¥}, would result from a quan-
titative balance between the rate of divergence towards —oo of the constant mean
curvatures of the reduced boundaries 3* £}, and the rate of vanishing of the areas
H™(2 N 0*Ey). Validating a quantitative analysis of this kind in some general-
ity would be of course very interesting per se as a way to describe the behavior
of generalized minimizers; nonetheless, completing this analysis has so far eluded
our attempts.

Coming back to the proof of Theorem [1.9] we adopt a different approach. We
prove directly that ¥ (¢) — 2 as ¢ — 0T by exploiting the same “compactness-
by-comparison” strategy adopted in the proof of Theorem|[I.4] An interesting point
here is that because |Ej,| = ¢, — 0T, we do not have a limit set that we can
use to uniformly adjust volumes among local competitors of the elements of the
minimizing sequence, and have to use a sort of “absolute minimality at vanish-
ing volumes” of any sequence {(K}y, Ep)}p of generalized minimizers such that
limy_, oo F(Kp, Ep) is equal to liminf,_, 5+ ¥ (¢).

PROOF OF THEOREM [1.9]
Step 1. We start by proving that ¥ is lower-semicontinuous on (0, c0). Given
go > 0,lete; — g9 > 0as j — oo be such that
lim ¥ (g;) = liminf (¢),
j—oo £—>€0

and let £; € & be such that |Ej| = ¢;j and H"(Q2 N 0E;) < ¥ (gj) + 1/j. By
(3.2), ¥ (¢j) is bounded in j, and thus by the compactness criteria for sets of finite
perimeter and for Radon measures we have that, up to extracting subsequences,
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wi=H"L(RQNOIE)) X w1 as Radon measures in Q and £; — E in LIIOC(Q),
where p is a Radon measure in €2, and where E C 2 is a set of finite perimeter. We
now repeat the proof of Theorem|1.4} with the only difference being that while | £ |
was constant in that proof, we now have that |E; | = ¢; — &o for some g9 > 0. The
modifications are minimal. In Step 2 (nucleation of the sequence E;), we repeat
verbatim the argument, using the facts that |E;| > e9/2 and that H" (2 N dE;) <
20 + ng/("_l) + lin place of |E;| = e and H" (R N JE;) < ¥ (¢) + 1. Based
on Step 2, in Step 3 we construct volume-fixing variations with uniform constant
ex and Cy, and then repeat the rest of the argument without modifications. As a
consequence, we can show that u = 0 H"” L K and (K, E) € K is a generalized
minimizer of V¥ (gg), with

V(o) = u(2) = lim p;(2) < lim ¥ (g;) = liminfy (¢)
j—o0 i £—80

Jj—00

as claimed. The key information here is of course that |£;| > go/2 where g9 > 0.
If eg = 0, then the nucleation lemma is inconsequential, and the argument cannot
be used.

Step 2. Thanks to (3.2)), to prove () — 2£ as & — 07 we just need to show
that

(5.1) liminf v (¢) > 2¢.

e—>0t
To this end, we pick a sequence &, — 0™ such that
5.2) liminfy(g) = lim ¥ (ep).
e—>0t h—00
Notice that, in this way, given an arbitrary sequence oj, — 0T, we have

(5.3) limsup[(¢) — ¥ (op)] < 0.

h—o0

Let {E},j}; be a minimizing sequence in ¥ (g). By Theorem 1.4} there exists a
generalized minimizer (K, Ep) in ¥ (g5) such that, up to extracting subsequences,

Ep ;i — Ep in L'(Q) as j — oo,

Up, iz =H"L(QNIE, ;) A Mp  as Radon measures in € as j — oo,
1
|Epjl =ep and H"(QNOIE, ;) < y¥(ep) + 7 VjeN

where, by (3.2) and up to extracting a further subsequence,

wh = 2H" L (Kp \ 0" Ep) + H' L (RN I*E)) ~ 1

as Radon measures in £2.

5.4
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Given x € Q N spt u, we set d(x) = dist(x, d2), and let
Hy,=1heN:|E,\ Br(x)| > 0},

Iy ={r € (0,d(x)) : Hy, is infinite}.

We now look at local variations Fy, ; of Ej_; such that | F, ;| has a positive limit

(5.5)

volume o}, as j — oo, which in turn satisfies 6, — 0% as h — oc. The idea is
that, by (5.3)), we will be able to use such variations to gather information on .

Claim: For every r € Iy, if {Fp, j}pen, ,, jen C & is such that Q@ N dFy, ; is C-
spanning W and F jAEy ; C cl(Br(x)) for every h € Hy , and every j € N,
and if

5.6 do0j, = lim |Fp ;| >0 and lim oy, = 0,
(5.6) h J__)ool hjl per Moo O

then
(5.7 pw(Br(x)) < liminf liminf " (cl(B(x)) N dF, ;).
O

heH, rh—o0 j—

To prove this claim, we first notice that, for every 1 € Hy ,,
(5.8) op = lim |Fp ;| > [Ep \ By(x)] > 0.
j—o0
In particular, for j large enough, |Fy, ;| > 0, ¥ (| Fy_ ;|) is well-defined, and Fp, ;
is a competitor for ¥ (| Fy,;), so that
Y (|Fn, ;1) < H" (N 3Fy,;)

= H"(cl(Br(x)) N 0Fy ;) + H"(3Ep,; N Q\ cl(B,(x)))
1
< H"(cl(Br(x)) N 3F ;) + Y(en) + 7T H"(OEp,; N Br(x)).
which can be recombined into

1
fn,j (Br(x)) < H"(cl(B(x)) N OFy ;) + ¥ (en) — ¥ (1 Fnjl) + 7.

Letting j — 00, by up, ; X Mps | Fp ;| — op > 0, and the lower semicontinuity
of ¥ on (0, 00), we find that

Up(Br(x)) < I}Iggéf?-l” (cI(B,(x)) N 3Fy ;) + ¥ (en) — ¥ (on).

Since 65, — 01 as h — oo with h € Hy ,, by uy, N w and (5.3) we deduce (3.7),
and thus prove the claim.

Step 3. We now fix x € sptu, set f(r) = u(Br(x)), and prove that, for a.e.
rely,
either f/(r) > c(n)r"!

69 or (1Y (r) > e(n)
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(5.10) f(r) < ,%f/(r)-

By using the coarea formula together with |E| — O as h — oo and Ej, ; — Ej
as j — oo, we find that for a.e. r < d(x),

(5.11) 0Fp, ; N 0By (x) is H"-rectifiable,
(5.12) lim H"(Ep,; N 3B, (x)) = H"(Ej, N 3B, (x)),
j—o0
(5.13) lim lim H"(E, ; N 3B, (x)) = 0,
h—00 j—00

for every h, j € N. Moreover, if we set

Ihj(r) = pnj(Br(x)).  fa(r) = pp(Br(x)).
then, again by the coarea formula and by Fatou’s lemma, for a.e. r < d(x) we find

H" N OER,; 0By (x)) < fy (1),

(5.14) gn(r) =liminf £y ;(r) < f(r).
gy = Jiminf Ju(r) = (),

for every h, j € N. We first prove (5.9). Let r € I, be such that (5.11)), (5.12),
(5.13), and hold, and let A, ; denote an H"-maximal connected component
of B, (x)\ 0E} ;. If A j C Ej_;, then, by spherical isoperimetry, by (5.14)), and
since the relative boundary to Ay ; in 3B, (x) is contained in 3B, (x) N dEy ;, we
find

fr i (r) = c() MM (B (x) \ Ap ;)07
where the lower bound converges to ¢(n) r" ! if we let first j — oo and then
h — oo thanks to (5.13); hence, if A, ; C Ej ;, the first alternative in (5.9)

holds. We now assume that Ay, ; N Ep ; = &, and consider the corresponding cup
competitor Fp ; as defined in Lemmal2.5|starting from £, ;, Ap, ;. More precisely,

if {nZ’j };ozl denotes the corresponding sequence as in (2.49), we choose k (%, j)
so that, setting

Yp,; = 0Br(x) \ cl((Ep,; N 3By (x)) U Ap ;).
Sh,;j = 0Ep j Ncl(Ap i)\ (cl(Ep,; N3Br(x)) U Yy ;).

we have that n; = 77]12(;1 ;) satisfies n; < r, with

27>
1
(.15) H* (0B, (x) N{ds, ; < nj}) < I
1
(5.16) M @By (x) N {ds,, ; = 1;}) < —

J
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Then, with the usual notation
Up,j = 0Br(x) N{ds, ; <n;j}.  Zp; =Y j U (Upj \cl(Ep,j N0Br(x))),
we define
Fpj = (Ep; \ cl(Br(x))) U Ny, (Zp, ;).
ByLemma Fy,; € £,QN3Fy ;isC-spanning Wand Ej, ;A Fy, ; C cl(Br(x)).

Since n; — 0 as j — oo, we find

op = lim |Fp ;[ = lim [Ep ; \ Br(x)| = [Ep \ Br(x)],
j—oo j—oo

so that o, > 0if h € Hy ,, and 05, — 0T if we let B — oo. Thus Fy,j satisfies

(5.6, and we can apply (5.7) to Fj ;. To estimate the upper bound in (5.7), we
look back at (2.40), (2.43)), (2.44), and (2.47), and find that

H* (cl(Br(x)) N 3Fp, ;)
<2+ C(n)nj) H" (0B, (x) \ 4p,j)
(5.17) + 2+ C(n) nj) H" (0B, (x) N {ds, ; <n;j})
+ C(n,nj (H”_l(aB,(x) NAEy, ;)
+ H"H(3B,(x) N{ds, , = n;i}).
By (5.7), (3.15), (5.16), and (5.17) we deduce that
f(r) = p(Br(x)) < i lim inf l}n_l)LI;fH”(cl(Br(x)) N BFh,j)

€Hy ,,h—00

< liminf liminf2 H"(8B,(x)\ A} ;
B heHlx,r,h—mo ;—>oo (@B () \ h’J)

C-18) <C(m) liminf liminf f; (r)"/@~D
- heHy ;,h—oco0 j—00 hi

< C@n) [/,

We have thus proved that the second alternative in (5.9) holds, as claimed. We now
prove (5.10): let us now denote by Fj ; the set defined by Lemma 2.9 as approx-
imation of the cone competitor corresponding to £y ; in By(x) with n = n; =
r/2j. We have that Fj, ; € £ and that Q N dF}, ; is C-spanning W'; furthermore,

by 2.72) and (5.12) we find
. r
op = lim |Fp ;| > |Ep \ Br(x)| + —— H"(Ep N 0B-(x))
J—o0 n+1

(in particular, o, > 0if 7 € Hy ) and, by (5.13), 6, — 0" as h — oo. Thus (5.6)
holds, and we can deduce from (5.7)) and (2.71) that

fr) = p(Br(x)) = _liminf _lim inf = H" "L (0E}, ; N 0B, (x)) < ,%f ().

€Hy y,h—o0 j—>o0 1
that is (5.10).
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Step 4. We now define a function g : 2 — (0, 0c0) U {—o0} by letting
g(x) = supfs > 0:(0,s) C Ix}
= sup{t > 0:ifs <, then |Ey \ Bs(x)| > 0 for infinitely many h}.
We notice that

(5.19) g is lower semicontinuous on £2,
(5.20) {g = —oo} contains at most one point.
(Notice that {g = —oo} may indeed contain one point: this is the case of the

singular point of a triple junction; see Figure[1.3}(b)). To prove 5.19): if g(x) #
—00, then g(x) > 0, and for every s € (0, g(x)), |Ep \ Bs(x)| > 0 for infinitely
many h. Thus, if n € (0, g(x)) and m, is such that |x —x;,| < n forevery m > my,
then, for every m > my and s € (0, g(x) —n),

|Ep \ Bs(xm)| > |Ep \ Bs45(x)| >0, for infinitely many /,

that is g(x) — n < g(xm) for every m > my; this proves (5.19). Next, if g(x1) =
g(x2) = —o0, then for every s > 0 there exists /(s) such that

|Ep \ Bs(x1)| = |Ep \ Bs(x2)| =0 Vh = h(s).

If x1 # x we can take s = |x; — x2|/2 and deduce | E| = 0; thus (5.20) holds.
Let us now consider the open set {g > s} C Q, s > 0, and set

Z(s)=sptunNi{g>s}, Z=sptun{g>0}
We claim that if x € Z(s), then
(5.21)  f(r) = co(n)r™ Vr €(0,s), r~" f(r) increasing over r € (0, s).
The second assertion is immediate from (5.10). To prove the first one, set
Li={re©s): f'(r)=cmr'}, L»=(05\Li,

with ¢(n) as in (5.9). If x € Z(s) is such that H!(L1) > s/2, then for every
r € (0,s)

f(r) > / f'>c) " dt
Lin(0,r)

Llﬂ(O,}”)

min{r,s/2} .
> c(n) A de > —C(n)r";
n
0 n2

if instead ' (L) > s/2, then for every r € (0, 5),
FO = [y = M (L .0)
L>N(0,r)
s } c(n)

> i > 7
> ¢(n) min {r,z zZ r,
where we have used the fact that, by (5.9), we have ( f 1/ny" > ¢(n) on L. Thanks

to (5.21I) we are in the position of using [45, theorem 6.9] and Preiss’ theorem
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(as done in Step 4 of the proof of Theorem on each Z(s), to find that Z is
‘H"-rectifiable with

(522) [,LLZ = QHnLZ,

where the density

f(x) = lim u(Byr(x))
o0t Wy ¥

Moreover, by (5.20),
(5.23) HO(sptp \ Z) < 1.
By combining (5.22) and (5.23) we find that K’ = spt 4 is H"-rectjfiable and such

that u = @ H" L K. Since K}, = spt iy, is C-spanning W and up — u, by Lemma
2.1 we find that K is C-spanning W, and thus admissible in £, so that

liminfy(e) = lim pp(Q2) > w(R)
e—0t h—o0

exists in [co(n), co) for every x € Z.

(5.24)
= / 0 dH" > minOH"(K) > £ min 6.
K K K

Thus, to complete the proof of (5.1)) we just need to show that
(5.25) f >2%H"-ae. onK.

Since pp,; = H" L (2 N OEy ;) X Uy as j — oo, with uy L OHM LK as
h — oo, we can extract a diagonal subsequence j = j(h) so that, denoting £ =
En,jy» {E;}h cé& Qn BE,’; C-spanning W, and

* _ N n
mp =H'L(QNAIE,) ~O0H"LK ash— oo.
Moreover, (B (x)) > c(n)r™ forevery r € (0,s) if x € KN{g > s} and, thanks
to (3.17),
liminfH" (B, (x) N dE;) < C(n) liminf 1" (0B, (x) \ A?,)
h—o0 h—o0 "

where A(r’ , denotes an H"-maximal connected component of 9B, (x) \ &, this

time for every x € K and B,(x) € Q. We can thus apply Lemma with the
open set Q' = {g > s} to deduce that

0 >2H"ae on{g>s}NK\IE*

where E* = @ is the L!-limit of the sets E 5 Since 0* E* = @, taking the union
over s > 0 and recalling (5.23)), we conclude that (5.25)) holds.

Step 5. Now that ¥(¢) — 2£ as ¢ — 07 has been proved, let (Kj, E;) be a
sequence of generalized minimizers of V¥ (g},) for an arbitrary sequence g5, — 07
Since the limit of ¥ (g) as ¢ — OV exists, &5 automatically satisfies (5.2), and
the arguments of Steps 2 to 4 can be repeated verbatim. Correspondingly, up to
extracting subsequences, (5.4) holds with p = 6H" LK, 6 > 2 H"-ae. on K,
and K a relatively compact subset of 2, H"-rectifiable, and C-spanning W. By
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plugging ¥ (¢) — 2£ as ¢ — 0T in (5.24), we find that § = 2 H"-ae. on K,
2H™(K) = 24, so that K is a minimizer of £, and thus, looking back at (5.4), we
conclude that (I.18)) holds. O

Appendix A A Technical Fact on Sets of Finite Perimeter

LEMMA A.1. If Q is an open set in R* T, E is a set of finite perimeter in 2, and
f:Q — Qs adiffeomorphism, then f(FE) is a set of finite perimeter in Q with
d* f(E) = f(O*E) and

(Vg(f () v (x)

a*
Ve(foyvem] 0 E

(A1) vre)(f(x)) =

where g = f71L

PROOF. In [42] prop. 17.1, remark 17.2] it is shown that f(FE) is a set of finite
perimeter with

nrEy = fi(Jf (Ve 1E),

and that mapping by f preserves essential boundaries (thus just the H"-equivalence
of 0* f(E) and f(0*E) is deduced there). In order to prove 0* f(E) = f(0*E),
we pick a ball B, ( f(x)) € €2, and look at

HrE) (Br(f(x) _ Je, (reoynasg I VE(f)vE dH"
e Br O Lo roomm-s I V) Vg dH?

_ f(a*E—x)/r ur(2ve (x +rz)dHz
S E—xyr r(@VE (e +12) dHE

(A2)

where we have set

=SB ZX ) o @+ r Ve 72

If we set £/ = L(B;(0)) for the linear map L. = Vg(f(x)), then for every ¢ > 0
we have

L(B1-¢(0)) C Fr C L(B14:(0)) provided r is small enough,

and thus, as r — 01,
1r, — 1F uniformly on RN X,
where we have set
Xe = L(B1+46(0) \ B1—(0)).
Since Fy, F C Bijpg(0), and since for every R > 0
Jf(x +r2)Ve(f(x +rz)" = Jf(x)Vg(f(x))" uniformly on |z] < R
as r — 07, we conclude that

(A3)  ur(z) = u(z) == 1p(2)Jf(x)Vg(f(x))" uniformly on R"*"\ X,.
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We now decompose the integrals over (8* E —x)/r appearing in (A.2) through X,.
By (A.3),

‘ / ur(2Vg (x + 7 2)d M
[(0*E—x)/r]\Xe

— / u(ve(x +rz)dH;
[((0*E—x)/r\ X

< o(r)H" (BLipg(0) N [(0"E — x)/r] \ Xe)

<w(r)P(E; By Lipg(x)) —0

asr — 01, while x € 0*E gives

lim u(ve(x +rz)dHy; = / u(z)ve (x)dHy.
r—>0t J[(@* E—x)/r]\ X Ty (9* E)\Xe

At the same time, since |u,| < C for a constant C independent of r, we have

ur(2)ve(x +rz2)dH]

/Xgﬂ[(a*E—x)/r]
n I'E —x n *
<CH'[XeN—— | > CH" (X N Tx (0" E))
r
as r — 0T. Combining the above estimates with |u| < C, we finally find
lim sup

/ up(2)ve(x +rz)dH} —/ u(z)ve (x)dH;
r—0t [J(O*E—x)/r Tx(0*E)

< CH" (X, N Tx(3*E)) Ve > 0.

Letting ¢ — 07, we find H" (X, N Tx (0*E)) — H™(X N Tyx(3*E)) where
X = L(3dB1(0)).
Since L is invertible, L (0B1(0)) intersects transversally any plane through the ori-

gin, and in particular 7Tx(0* E). Therefore H"(X N Tx(3*E)) = 0, and we have
proved

lim ur(ve(x +rz)dH} = / u(z)vg (x)dH?,
=0t J(@*E—x)/r Ty (3*E)
= Jf ()L vg (X)H"(F N Tx (3" E)).

An analogous argument shows

lim lur(2)ve(x +rz)|dH;
r—>0t J(@*E—x)/r

= Jf@)|LTvE (M (F N To(9*E)).
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and finally we conclude that if x € 3* E, then
B (f0) _ LTve() g,
r—0t ey (Br(f(x))  [LTvE(x)]
In particular, f(x) € 9* f(E) and (A.I) holds. O

Appendix B Boundary Density Estimates
for the Harrison-Pugh Minimizers

In this appendix we prove that when dW is smooth and £ < oo, then every
minimizer S of £ satisfies uniform lower density estimates up to the boundary
of Q.

THEOREM B.1. If£ < oo, OW is smooth, and S is a minimizer of £, then
(B.1) H"(Br(x)NS) > c(m)r™ Vx e€cl(S)r €(0,rp)
for a value of ro depending on W.

PROOF. By Lemma [2.4] and since S minimizes " with respect to every rela-
tively closed subset of €2 that is C-spanning W (recall (1.8))), we have

(B.2) H"(S) < H"(f(S))

whenever f : cl(Q2) — cl{(Q2) is a homeomorphism with f(dQ) = 9, {f #
id} € By (x) for x € 9L, and f(B,(x) N cl(R)) = By,(x) N cl(2) for ro
depending on W. We immediately deduce from (B.2), that

(B.3) / divs X dH" =0
S

for every X € C}(By,(x); R"t!) with X - vg = 0 on d2. Since S is an Almgren
minimizer in Q, (B.3) also holds for every X € Cc1 (Q;R* 1), Finally, we deduce
the validity of (B3) for every X € CH(R*T1; R*T1) with X -vg =0on dQ by a
standard covering argument.

The validity of (B23) for every X € CH(R"T1;R"+!) with X - vg = 0 on IR
is a distributional formulation of Young’s law, which has been extensively studied
in the classical work of Griiter and Jost [30], and has been recently extended to
arbitrary contact angles by Kagaya and Tonegawa [36]. The main consequence of
(B.3) we shall need here is an adapted monotonicity formula that takes care of the
local geometry of dW. We now introduce this tool and then complete the proof.

Let rq be sufficiently small so that /,,(3W) admits a well-defined nearest-point
projection map I1: /,, (W) — 0W of class C!. By [36, theorem 3.2], there exists
a constant C = C(n, o) such that for any x € I, ,6(3W) N cl(€2) the map

H™(S N By(x)) +H"(S N Br(x)) Cr

Wy, 1T

(B.4) r €(0,r9/6) —
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is increasing, where
B35)  Br(x):={yeR"™:FeB(x)}, §:=00)+ I - ),
denotes a sort of nonlinear reflection of B, (x) across dW. In particular, the limit

(B.6) o) = lim TS NBr() +H(S N Br(x)

r—0+ wp "

exists for every x € I,,/6(dW) N cl(2) , and the map x + o(x) is upper-
semicontinuous in there; see |36, cor. 5.1].

Next, we recall from [36, lemma 4.2] a simple geometric fact: if x € I,,(dW),
and p > 0 is such that dist(x, W) < p and B,(x) C I,(0W), then
(B.7) B,(x) C Bsp(x).
We are now in the position to prove (B.I). First of all we recall that, since S defines
a multiplicity 1 stationary varifold in €2, we have
(B.8) H"(S N Br(x)) > w, " Vx €8,Br(x) €Q.
In particular, (B.I) holds with ¢ = wj, for all x € § \ I,,/6(dW) as soon as
r < ro/6. Therefore we can assume that
(B.9) x €cl(S) N 1, /6(0W).

We first notice that we have o (x) > 1: by upper semicontinuity of ¢ on cl(.S) N
I+,/6(0W), we just need to show this when, in addition to (B.9), we have x € S,
and indeed in this case,

HS N By()

i ’

o(x) > lim
o—>0t wp P

thanks to (B.8); this proves o(x) > 1. Now we fix r < 5r¢/6 and distinguish two
cases depending on the validity of

(B.10) dist(x, IW) > g
If holds, then by (B-8),

thus proving (B.T). If dist(x,dW) < r/5, then, thanks to the obvious inclusion
By (x) C I,(3W), we can apply (B.7) with p = /5 to find B,s(x) C By(x). In
this way, by exploiting o (x) > 1 and (B.4), we get

c(m)r" < o(x)wp (g)”
< (H"(S N Byys(x) + H"(S N Brys(x)))e€/?

< 2H™(S N By (x))e€T < 4H™ (S N By(x))
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up to further decreasing rg. O

Appendix C A Classical Variational Argument

Let (K, E) be a generalized minimizer of y(¢). In Theorem|1.6} we have proved
that if f : Q — Q is a diffeomorphism such that | f(E£)| = | £], then

(C.1) F(K, E) < F(f(K), f(E)).

Here we show how to deduce from (C.I) the existence of A € R such that

(C2) /\/ X -vgdH" =/ diVKXd'H"—i-Z/ divE X dH"
I*E PE K\J*E

forevery X € CH(R"t1; R"*T1) with X - vg = 0 on dQ. This is proved following
a classical argument; see, e.g., [42] theorem 17.20].
We first treat the case when we also have

(C.3) / X -vgdH" =0.
0*E

In this case, let Y € C(Q; R*T1) be such that
/ Y -vgdH" =1
0*E

Jrs(x) =x +1X(x) +sY(x) xe€Q.

Given that X - vg = 0 on d2 and that €2 is smooth, it is easily seen that for ¢ and
s sufficiently small, f; s is a diffeomorphism from 2 to 2. In particular, the map

o(t,s) = | fr,s(E)|
is such that ¢(0,0) = |E|, (3¢/9¢)(0,0) = 0 by (C.3), and (d¢/ds)(0,0) = 1 by
the assumption on Y, so that, by the implicit function theorem we have (¢, s(¢)) =
|E| for every ¢ sufficiently small and for s(t) = O(¢?). Setting g; = Jt.5()» by
(C.1), we find that
m(t) = 2H"(g:(K) \ 9% g:(E)) + H" (2 N 0" g, (E))
has a minimum at = 0. By Lemmal[A.1] we can write
m(t) = 2H" (g (K \ 0" E)) + H"(g:(2 N 3" E)).

By the area formula, and since s(t) = O(¢?) gives (3g;/0t)|;=0 = X, we de-
duce the validity of (C.2) when (C.3)) holds. Let us now consider two fields X; €
CIR"L R k = 1,2, with Xj - vg = 0 on 92 and set
fa*E X1 *VE dH"
fa*E X2 *VE dH”

and set

X=X

2.
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In this way X satisfies (C.3)), and thus (C.2); as a consequence, the quantity
Jyeg dVE Xp dH™ 42 [ie\ 3o p divE Xy dH"
fa*E Xk ‘VE dHn

has the same value for k = 1, 2.

Acknowledgment. We thank an anonymous referee for several useful remarks
that helped us improve the quality of the paper. Antonello Scardicchio has con-
tributed to many inspiring discussions on the physical background of this work.
This work was completed during Spring 2019 while FM was first a member of
IAS in Princeton, through support from the Charles Simonyi Endowment, and then
a visitor of ICTP in Trieste. All the authors were supported by the NSF grants
DMS-1565354, DMS-RTG-1840314, and DMS-FRG-1854344.

Bibliography

[1] Almgren, F. J., Jr. Existence and regularity almost everywhere of solutions to elliptic vari-
ational problems with constraints. Mem. Amer. Math. Soc. 4 (1976), no. 165, viii+199 pp.
do1:10.1090/memo/0165

[2] Ambrosio, L.; Colesanti, A.; Villa, E. Outer Minkowski content for some classes of closed sets.
Math. Ann. 342 (2008), no. 4, 727-748./d0i:10.1007/s00208-008-0254-z

[3] Ambrosio, L.; Fusco, N.; Pallara, D. Functions of bounded variation and free discontinuity
problems, Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press,
New York, 2000.

[4] Bayle, V.; Rosales, C. Some isoperimetric comparison theorems for convex bod-
ies in Riemannian manifolds. Indiana Univ. Math. J. 54 (2005), no. 5, 1371-1394.
doi:10.1512/ium;.2005.54.2575

[5] Brezis, H.; Coron, J.-M. Multiple solutions of H -systems and Rellich’s conjecture. Comm. Pure
Appl. Math. 37 (1984), no. 2, 149-187. doi:10.1002/cpa.3160370202

[6] Caffarelli, L.; De Silva, D.; Savin, O. Obstacle-type problems for minimal surfaces. Comm.
Fartial Differential Equations 41 (2016), no. 8, 1303-1323.

[7] Caffarelli, L.; De Silva, D.; Savin, O. The two membranes problem for different
operators. Ann. Inst. H. Poincaré Anal. Non Linéaire 34 (2017), no. 4, 899-932.
do1:10.1016/j.an1thpc.2016.05.006

[8] Caffarelli, L. A.; Jerison, D.; Kenig, C. E. Some new monotonicity theorems with applications
to free boundary problems. Ann. of Math. (2) 155 (2002), no. 2, 369-404.|do1:10.2307/3062121

[9] Colding, T. H.; Minicozzi, W. P,, 1. A course in minimal surfaces. Graduate Studies in Mathe-
matics, 121. American Mathematical Society, Providence, R.1., 2011. doi:10.1090/gsm/121

[10] David, G. Should we solve Plateau’s problem again? Advances in analysis: the legacy of Elias
M. Stein, 108-145. Princeton Mathematical Series, 50. Princeton University Press, Princeton,
N.J., 2014.

[11] De Lellis, C. Rectifiable sets, densities and tangent measures. Zurich Lectures in Advanced
Mathematics. European Mathematical Society (EMS), Ziirich, 2008. |doi:10.4171/044

[12] De Lellis, C.; De Rosa, A.; Ghiraldin, F. A direct approach to the anisotropic Plateau problem.
Adv. Calc. Var. 12 (2019), no. 2, 211-223.|doi:10.1515/acv-2016-0057

[13] De Lellis, C.; Ghiraldin, F.; Maggi, F. A direct approach to Plateau’s problem. J. Eur. Math.
Soc. (JEMS) 19 (2017), no. 8, 2219-2240. |do1:10.4171/JEMS/716

[14] De Pauw, T.; Hardt, R. Size minimization and approximating problems. Calc. Var. Partial Dif-
ferential Equations 17 (2003), no. 4, 405-442.doi:10.1007/s00526-002-0177-6


http://dx.doi.org/doi:10.1090/memo/0165
http://dx.doi.org/doi:10.1007/s00208-008-0254-z
http://dx.doi.org/doi:10.1512/iumj.2005.54.2575
http://dx.doi.org/doi:10.1002/cpa.3160370202
http://dx.doi.org/doi:10.1016/j.anihpc.2016.05.006
http://dx.doi.org/doi:10.2307/3062121
http://dx.doi.org/doi:10.1090/gsm/121
http://dx.doi.org/doi:10.4171/044
http://dx.doi.org/doi:10.1515/acv-2016-0057
http://dx.doi.org/doi:10.4171/JEMS/716
http://dx.doi.org/doi:10.1007/s00526-002-0177-6

PLATEAU’S PROBLEM AS A SINGULAR LIMIT OF CAPILLARITY PROBLEMS 73

[15] De Philippis, G.; De Rosa, A.; Ghiraldin, F. A direct approach to Plateau’s problem in any
codimension. Adv. Math. 288 (2016), 59-80.doi:10.1016/j.aim.2015.10.007

[16] De Philippis, G.; Maggi, F. Regularity of free boundaries in anisotropic capillarity problems
and the validity of Young’s law. Arch. Ration. Mech. Anal. 216 (2015), no. 2, 473-568.
doi:10.1007/500205-014-0813-2:

[17] De Philippis, G.; Maggi, F. Dimensional estimates for singular sets in geometric variational
problems with free boundaries. J. Reine Angew. Math. 725 (2017),217-234.|do1:10.1515/crelle-
2014-0100

[18] De Rosa, A. Minimization of anisotropic energies in classes of rectifiable varifolds. SIAM J.
Math. Anal. 50 (2018), no. 1, 162-181.|doi:10.1137/17M 1112479

[19] del Pino, M.; Kowalczyk, M.; Wei, J. The Toda system and clustering interfaces in the Allen-
Cahn equation. Arch. Ration. Mech. Anal. 190 (2008), no. 1, 141-187. |do1:10.1007/s00205-
008-0143-3

[20] Dugundji, J. Topology. Allyn and Bacon, Boston, Mass., 1966.

[21] Duzaar, F.; Fuchs, M. On the existence of integral currents with prescribed mean curvature
vector. Manuscripta Math. 67 (1990), no. 1, 41-67.,doi:10.1007/BF02568422

[22] Fall, M. M. Area-minimizing regions with small volume in Riemannian manifolds with bound-
ary. Pacific J. Math. 244 (2010), no. 2, 235-260. doi:10.2140/pjm.2010.244.235

[23] Fang, Y. Existence of minimizers for the Reifenberg plateau problem. Ann. Sc. Norm. Super.
Pisa CI. Sci. (5) 16 (2016), no. 3, 817-844.

[24] Fang, Y.; Kolasinski, S. Existence of solutions to a general geometric elliptic variational
problem. Calc. Var. Partial Differential Equations 57 (2018), no. 3, Paper No. 91, 71 pp.
doi:10.1007/500526-018-1348-4

[25] Federer, H. Geometric measure theory. Die Grundlehren der mathematischen Wissenschaften,
153. Springer, New York, 1969.

[26] Finn, R. Equilibrium capillary surfaces. Die Grundlehren der mathematischen Wissenschaften,
284. Springer, New York, 1986.|doi:10.1007/978-1-4613-8584-4

[27] Giaquinta, M.; Martinazzi, L. An introduction to the regularity theory for elliptic systems, har-
monic maps and minimal graphs. Appunti. Scuola Normale Superiore di Pisa (Nuova Serie), 2.
Edizioni della Normale, Pisa, 2005.

[28] Giusteri, G. G.; Lussardi, L.; Fried, E. Solution of the Kirchhoff-Plateau problem. J. Nonlinear
Sci. 27 (2017), no. 3, 1043-1063.|doi:10.1007/s00332-017-9359-4

[29] Giusti, E. On the equation of surfaces of prescribed mean curvature. Existence and
uniqueness without boundary conditions. Invent. Math. 46 (1978), no. 2, 111-137.
doi:10.1007/BF01393250

[30] Griiter, M.; Jost, J. Allard type regularity results for varifolds with free boundaries. Ann. Scuola
Norm. Sup. Pisa CI. Sci. (4) 13 (1986), no. 1, 129-169.

[31] Harrison, J. Soap film solutions to Plateau’s problem. J. Geom. Anal. 24 (2014), no. 1,271-297.
doi:10.1007/s12220-012-9337-x

[32] Harrison, J.; Pugh, H. Existence and soap film regularity of solutions to Plateau’s problem. Adv.
Calc. Var. 9 (2016), no. 4, 357-394.|doi:10.1515/acv-2015-0023

[33] Harrison, J.; Pugh, H. Plateau’s problem. Open problems in mathematics, 273-302. Springer,
Cham, 2016.

[34] Harrison, J.; Pugh, H. Solutions to the Reifenberg Plateau problem with cohomological span-
ning conditions. Calc. Var. Partial Differential Equations 55 (2016), no. 4, Art. 87, 37.
doi:10.1007/500526-016-1022-7

[35] Harrison, J.; Pugh, H. General methods of elliptic minimization. Calc. Var. Partial Differential
Equations 56 (2017), no. 4, Art. 123, 25.

[36] Kagaya, T.; Tonegawa, Y. A fixed contact angle condition for varifolds. Hiroshima Math. J. 47
(2017), no. 2, 139-153.


http://dx.doi.org/doi:10.1016/j.aim.2015.10.007
http://dx.doi.org/doi:10.1007/s00205-014-0813-2
http://dx.doi.org/doi:10.1515/crelle-2014-0100
http://dx.doi.org/doi:10.1515/crelle-2014-0100
http://dx.doi.org/doi:10.1137/17M1112479
http://dx.doi.org/doi:10.1007/s00205-008-0143-3
http://dx.doi.org/doi:10.1007/s00205-008-0143-3
http://dx.doi.org/doi:10.1007/BF02568422
http://dx.doi.org/doi:10.2140/pjm.2010.244.235
http://dx.doi.org/doi:10.1007/s00526-018-1348-4
http://dx.doi.org/doi:10.1007/978-1-4613-8584-4
http://dx.doi.org/doi:10.1007/s00332-017-9359-4
http://dx.doi.org/doi:10.1007/BF01393250
http://dx.doi.org/doi:10.1007/s12220-012-9337-x
http://dx.doi.org/doi:10.1515/acv-2015-0023
http://dx.doi.org/doi:10.1007/s00526-016-1022-7

74 D. KING, F. MAGGI, AND S. STUVARD

[37] King, D.; Maggi, F.; Stuvard, S. Collapsing and the convex hull property in a soap
film capillarity model. Ann. Inst. H. Poincaré Anal. Non Linéaire, ISSN 0294-1449.
doi:10.1016/j.anihpc.2021.02.005

[38] King, D.; Maggi, F.; Stuvard, S. Smoothness of collapsed regions in a capillarity model for soap
films. Preprint, 2020. larXiv:2007.14868|[math.AP]

[39] King, D.; Maggi, F.; Stuvard, S. Plateau’s problem as a singular limit of capillarity problems.
Comm. Pure Appl. Math. Preprint, 2021.doi:10.1002/cpa.21951

[40] Leoni, G.; Murray, R. Second-order I'-limit for the Cahn-Hilliard functional. Arch. Ration.
Mech. Anal. 219 (2016), no. 3, 1383-1451. doi:10.1007/s00205-015-0924-4

[41] Leoni, G.; Murray, R. A note regarding second-order I'-limits for the Cahn-Hilliard functional.
Preprint, 2017. jarXiv:1705.00606 [math.AP]

[42] Maggi, F. Sets of finite perimeter and geometric variational problems. An introduction to geo-
metric measure theory. Cambridge Studies in Advanced Mathematics, 135. Cambridge Univer-
sity Press, Cambridge, 2012.|do1:10.1017/CB0O9781139108133

[43] Maggi, F.; Mihaila, C. On the shape of capillarity droplets in a container. Calc. Var. Partial
Differential Equations 55 (2016), no. 5, Art. 122, 42 pp.|doi:10.1007/s00526-016-1056-x

[44] Maggi, F.; Stuvard, S.; Scardicchio, A. Soap films with gravity and almost-minimal surfaces.
Discrete Contin. Dyn. Syst. 39 (2019), no. 12, 6877-6912.|d01:10.3934/dcds.2019236

[45] Mattila, P. Geometry of sets and measures in Euclidean spaces. Fractals and rectifiability. Cam-
bridge Studies in Advanced Mathematics, 44. Cambridge University Press, Cambridge, 1995.
doi:10.1017/CB0O9780511623813

[46] Preiss, D. Geometry of measures in R”: distribution, rectifiability, and densities. Ann. of Math.
(2) 125 (1987), no. 3, 537-643.doi:10.2307/1971410

[47] Simon, L. Lectures on geometric measure theory. Proceedings of the Centre for Mathematical
Analysis, Australian National University, 3. Australian National University, Centre for Mathe-
matical Analysis, Canberra, 1983.

[48] Taylor, J. E. The structure of singularities in soap-bubble-like and soap-film-like minimal sur-
faces. Ann. of Math. (2) 103 (1976), no. 3, 489-539.|doi:10.2307/1970949

[49] Villa, E. On the outer Minkowski content of sets. Ann. Mat. Pura Appl. (4) 188 (2009), no. 4,
619-630.d0i:10.1007/s10231-008-0093-2

[50] White, B. Currents and flat chains associated to varifolds, with an application to mean curvature
flow. Duke Math. J. 148 (2009), no. 1, 41-62. doi:10.1215/00127094-2009-019


http://dx.doi.org/doi:10.1016/j.anihpc.2021.02.005
http://arxiv.org/abs/2007.14868
http://dx.doi.org/doi:10.1002/cpa.21951
http://dx.doi.org/doi:10.1007/s00205-015-0924-4
http://arxiv.org/abs/1705.00606
http://dx.doi.org/doi:10.1017/CBO9781139108133
http://dx.doi.org/doi:10.1007/s00526-016-1056-x
http://dx.doi.org/doi:10.3934/dcds.2019236
http://dx.doi.org/doi:10.1017/CBO9780511623813
http://dx.doi.org/doi:10.2307/1971410
http://dx.doi.org/doi:10.2307/1970949
http://dx.doi.org/doi:10.1007/s10231-008-0093-2
http://dx.doi.org/doi:10.1215/00127094-2009-019

PLATEAU’S PROBLEM AS A SINGULAR LIMIT OF CAPILLARITY PROBLEMS

DARREN KING FRANCESCO MAGGI
Department of Mathematics Department of Mathematics

The University of Texas at Austin The University of Texas at Austin
2515 Speedway, Stop C1200 2515 Speedway, Stop C1200
Austin, TX 78712-1202 Austin, TX 78712-1202

USA USA

E-mail: king@math.utexas.edu| E-mail: maggi@
math.utexas.edu
SALVATORE STUVARD
Department of Mathematics
The University of Texas at Austin
2515 Speedway, Stop C1200
Austin, TX 78712-1202
USA
E-mail: stuvard@
math.utexas.edu

Received November 2019.

75


mailto:king@math.utexas.edu
mailto:stuvard@\ math.utexas.edu
mailto:maggi@\math.utexas.edu

	0. Explanatory Note
	1. Introduction
	2. Cone, cup, and slab competitors, nucleation, and collapsing
	3. Existence of Generalized Minimizers: Proof of Theorem 1.4
	4. The Euler-Lagrange Equation: Proof of Theorem 1.6
	5. Convergence to Plateau's Problem: Proof of Theorem 1.9
	Appendix A. A Technical Fact on Sets of Finite Perimeter
	Appendix B. Boundary Density Estimatesfor the Harrison-Pugh Minimizers
	Appendix C. A Classical Variational Argument
	Bibliography

