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1 Introduction

1.1 Operations that preserve integrability

In this work we investigate the operations which are somehow implicit in the theory of integration by address-
ing the following question: which operations preserve integrability, in the sense that they return integrable
functions when applied to integrable functions?

Let us clarify the question by recalling some definitions.

For (Q, F, p) a measure space (with the range of y in [0, +o0o]) and p € [1, +00), we adopt the notation
LP(u) ={f: Q > R | f is F-measurable and fQ IfIP du < oo}. It is well known that, for f, g € LP(u), we have
f+g e LP(u), that is, LP(u) is closed under the pointwise addition induced by addition of real numbers
+: R? — R. More generally, consider a set I and a function 7: Rl — R, which we shall call an operation of
arity |I|. We say L£P (u) is closed under 1 if T returns functions in £ (u) when applied to functions in £P (u), that
is, for every (fi)ier € £P(u), the function 1((fi)icr): Q — R given by x € Q — 7((fi(x))ier) belongs to LP ().
If LP(u) is closed under 7, we also say that 7 preserves p-integrability over (Q, F, u). Finally, we say that T
preserves p-integrability if T preserves p-integrability over every measure space.

In Part I of this paper we characterise those operations that preserve integrability. Indeed, the first ques-
tion we address is the following.
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Question 1.1. Under which operations R! — R are £P spaces closed? Equivalently, which operations pre-
serve p-integrability?

Examples of such operations are the constant 0, the addition +, the binary supremum Vv and infimum A, and,
for A € R, the scalar multiplication A(-) by A. A further example is the operation of countably infinite arity Y
defined as
Y 0 x0, X1, ... ) = sup{xp Ay}
new

Yet another example is the unary operation

~:R—->R,

X~ X =XxA1,

called truncation. Here, although the constant function 1 belongs to £ () if, and only if, y is finite, it is always
the case that f € £P(u) impliesf € LP(u).

It turns out that, for any given p, the operations that preserve p-integrability are essentially just 0, +,
V, A(-) (for each A € R), Y and =, in the sense that every operation that preserves p-integrability may be
obtained from these by composition. This we prove in Theorem 2.3.

We also have an explicit characterisation of the operations that preserve p-integrability. Denoting with
R* theset {1 e R|A >0}, forn € wand 7: R" — R, we will prove that T preserves p-integrability precisely
when 1 is Borel measurable and there exist Ao, ..., Ay-1 € R* such that, for every x € R", we have

n-1
lTOOl < ) Ailxil.
i=0

Theorem 2.1 tackles the general case of arbitrary arity, settling Question 1.1.
In Part I we also address a variation of Question 1.1 where we restrict attention to finite measures. Recall
that a measure y on a measurable space (Q, ¥) is finite if u(Q) < co. The question becomes:

Question 1.2. Under which operations R — R are £P spaces of finite measure closed? Equivalently, which
operations preserve p-integrability over finite measure spaces?

As mentioned, the function constantly equal to 1 belongs to £P(u) for every finite measure u. We prove in
Theorem 2.4 that, for any given p, the operations that preserve p-integrability over finite measure spaces are
essentially just O, +, v, A(+) (for each A € R), Y and 1, in the same sense as in the above.

Theorem 2.2 provides an explicit characterisation of the operations that preserve p-integrability over
finite measure spaces. In particular, forn € w and 7: R" — R, T preserves p-integrability over finite measure
spaces precisely when 7 is Borel measurable and there exist Ao, ..., Ay-1, k € R* such that, for every x € R",

we have
n-1

It <k+ ) Ailxil.
i=0

1.2 Truncated Riesz spaces and weak units

In Part II of this paper we investigate the equational laws satisfied by the operations that preserve p-integra-
bility. (As it is shown by Theorems 2.1 and 2.2, the fact that an operation preserves p-integrability — over
arbitrary and finite measure spaces, respectively — does not depend on the choice of p. Hence, we say that the
operation preserves integrability.) We therefore work in the setting of varieties of algebras [4]. In this paper,
under the term variety we include also infinitary varieties, i.e., varieties admitting primitive operations of
infinite arity. For background please see [16].

We assume familiarity with the basic theory of Riesz spaces, also known as vector lattices. All needed
background can be found, for example, in the standard reference [12]. As usual, for a Riesz space G, we
setG" :={x € G| x>0}
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A truncated Riesz space is a Riesz space G endowed with a function=: G* — G*, called truncation, which
has the following properties for all f, g € G*.
(BL) fAg<f<f.
(B2) Iff =0, thenf = 0.
(B3) If nf = nf for every n € w, then f = 0.
The notion of truncation is due to R. N. Ball [2], who introduced it in the context of lattice-ordered groups.
Please see Section 8 for further details.

Let us say that a partially ordered set B is Dedekind o-complete if every nonempty countable subset
A ¢ B that admits an upper bound admits a supremum. Theorem 10.2 proves that the category of Dedekind
o-complete truncated Riesz spaces is a variety generated by R. This variety can be presented as having oper-
ations of finite arity only, together with the single operation Y of countably infinite arity. Moreover, we prove
that the variety is finitely axiomatisable by equations over the theory of Riesz spaces. One consequence
(Corollary 10.4) is that the free Dedekind o-complete truncated Riesz space over a set I (exists, and) is

Fe(D) = {f: R! - R | f preserves integrability}.

We prove results analogous to the foregoing for operations that preserve integrability over finite measure
spaces. An element 1 of a Riesz space G is a weak (order) unitif 1 > O and, forallf € G, f A 1 = Oimplies f = O.
Theorem 12.2 shows that the category of Dedekind o-complete Riesz spaces with weak unit is a variety gen-
erated by R, again with primitive operations of countable arity. It, too, is finitely axiomatisable by equations
over the theory of Riesz spaces. By Corollary 12.4, the free Dedekind o-complete Riesz space with weak unit
over a set I (exists, and) is

Fu(l) = {f: R’ — R | f preserves integrability over finite measure spaces}.

The varietal presentation of Dedekind o-complete Riesz spaces with weak unit was already obtained
in [1]. Here we add the representation theorem for free algebras, and we establish the relationship between
Dedekind o-complete Riesz spaces with weak unit and operations that preserve integrability. The proofs in
the present paper are independent of [1]. On the other hand, the results in this paper do depend on a version
of the Loomis—Sikorski Theorem for Riesz spaces, namely Theorem 9.3 below. A proof can be found in [7], and
can also be recovered from the combination of [5] and [6]. The theorem and its variants have a long history:
for a fuller bibliographic account please see [5].

1.3 Outline

In Part I we characterise the operations that preserve integrability, and we provide a simple set of operations
that generate them. Specifically, we characterise the operations that preserve measurability, integrability,
and integrability over finite measure spaces, respectively in Sections 3, 4, and 5. In Section 6 we show that
the operations 0, +, v, A(-) (for each A € R), Y and = generate the operations that preserve integrability,
and that 0, +, v, A(-) (for each A € R), Y and 1 generate the operations that preserve integrability over finite
measure spaces.

In Part II we prove that the categories of Dedekind o-complete truncated Riesz spaces and Dedekind
o-complete Riesz spaces with weak unit are varieties generated by RR. In more detail, in Section 7 we define
the operation Y, in Section 8 we define truncated lattice-ordered abelian groups, in Section 9 we prove
a version of the Loomis—Sikorski Theorem for truncated £-groups, in Section 10 we show the category of
Dedekind o-complete truncated Riesz spaces to be generated by R, in Section 11 we prove a version of the
Loomis—Sikorski Theorem for £-groups with weak unit, in Section 12 we show the category of Dedekind
o-complete Riesz spaces with weak unit to be generated by R.

Finally, as an additional result, in the Appendix we provide an explicit characterisation of the operations
that preserve co-integrability.

Notation. We let w denote the set {0, 1, 2,...}.



1490 —— M. Abbadini, Operations that preserve integrability, and truncated Riesz spaces DE GRUYTER

Part I:
Operations that preserve integrability

2 Main results of Part |

In this section we state the main results of Part I, together with the needed definitions. The first two main
results (Theorems 2.1 and 2.2) are a characterisation of the operations that preserve p-integrability over arbi-
trary and finite measure spaces, respectively. The other two main results (Theorems 2.3 and 2.4) provide a set
of generators for these operations. To state the theorems, we introduce a little piece of terminology.

For a set I, and i € I, we denote by m1;: Rl — R the projection onto the i-th coordinate. The cylin-
der o-algebra on R! (notation: Cyl(R!)) is the smallest o-algebra which makes each projection function
mi: R - R measurable. If |I| < |w|, then the cylinder o-algebra on R! coincides with the Borel o-algebra
(see [10, Lemma 1.2]).

Theorem 2.1. Let I beaset, 7: Rl — Rand p € [1, +00). The following conditions are equivalent.
(1) T preserves p-integrability.
(2) Tis Cyl(R')-measurable and there exist a finite subset of indices J < I and nonnegative real numbers Ajjes

such that, for every v € R, we have

[T < Y Ajlvjl.
jel

Theorem 2.2. LetI beaset, T: R — Rand p € [1, +00). The following conditions are equivalent.
(1) T preserves p-integrability over every finite measure space.
(2) Tis Cyl(R')-measurable and there exist a finite subset of indices J < I and nonnegative real numbers Ajjes

and k such that, for every v € R!, we have

W) < k+ Y Ajlvjl.
jeJ

Theorems 2.1 and 2.2 show that the fact that an operation preserves p-integrability — over arbitrary and finite
measure spaces, respectively — does not depend on the choice of p. Hence, once Theorems 2.1 and 2.2 will
be settled, we will simply say that the operation preserves integrability.

The other two main results of Part I (Theorems 2.3 and 2.4 below) provide a set of generators for the opera-
tions that preserve integrability over arbitrary and finite measure spaces, respectively. To state the theorems,
we start by defining, for any set € of operations 7: R’ — R, what we mean by operations generated by C.
Given two sets Q and I, a subset S ¢ R?, and a function 7: R > R, we say that S is closed under T if, for
every family (f;)ic; of elements of S, we have that 7((f;)ic;) (Which is the function from Q to R which maps x
to T((fi(x))ier)) belongs to S. Consider a set € of functions 7: R/ — R, where the set J; depends on 7. We say
that a function f: R! — R is generated by C if f belongs to the smallest subset of R® which contains, for each
i € I, the projection function r7;: R! — R, and which is closed under each element of €.

Theorem 2.3. For every set I, the operations R! — R that preserve integrability are exactly those generated by
the operations 0, +, v, A(-) (foreach A € R), Y, and ~.

Theorem 2.4. Forevery set I, the operations RI — R that preserve integrability over every finite measure space
are exactly those generated by the operations 0, +, V, A(-) (foreach A € R), Y, and 1.

The rest of Part I is devoted to a proof of Theorems 2.1-2.4.

3 Operations that preserve measurability

In this section we study measurability, which is a necessary condition for integrability. In particular, we char-
acterise the operations that preserve measurability (Theorem 3.3). This result will be of use in the following
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sections as preservation of measurability is necessary to preservation of integrability (Lemma 4.2). Let us
start by defining precisely what we mean by “to preserve measurability”.

Definition 3.1. Let 7: R’ — R be a function. For (Q, F) a measurable space, we say that the function 7 pre-
serves measurability over (Q, F) if, for every family (f;);c; of F-measurable functions from Q to R, the function
T((fi)ier): Q — Risalso F-measurable. We say that T preserves measurability if T preserves measurability over
every measurable space.

When we regard R as a measurable space, we always do so with respect to the Borel o-algebra, denoted by Bg.

Lemma 3.2. Let (Q, F) be ameasurable space, I asetandf: Q — R! a function. Then f is F-Cyl(R!)-measurable
if, and only if, for every i € I the function mt; o f : Q — R is F-Br-measurable.

Proof. See [17, Theorem 3.1.29 (ii)]. O
Now we can obtain a characterisation of the operations that preserve measurability.

Theorem 3.3. Let I be a set and let T: R! — R be a function. The following are equivalent.
(1) T preserves measurability.

(2) T preserves measurability over (R, Cyl(R)).

(3) Tis Cyl(Rl)-measurable.

Proof. (1) = (2) Trivial.
(2) = (3) Foreveryi e I, m;: RI — Ris Cyl(RT)-measurable. Since T preserves measurability, 7((77;)ics) is
Cyl(RT)-measurable. Since (1;);e;: RI — R is the identity, T((71;)ic1) = T o (717)ies = T is Cyl(R!)-measurable.
(3) = (1) Let us consider a measurable space (Q, F) and a family (f;);c; of measurable functions f;: Q — R.
Consider the function (fi)icr: Q — R, x — (fi(x))ic;. We have 7; o (f)icr = fi, therefore ; o (fi)ic is measur-
able for every i € I. Thus, by Lemma 3.2, (f;)ic; is measurable. Thus 7((fi)icr) = T o (fi)ie; iS measurable,
because it is a composition of measurable functions. O

3.1 The operations that preserve measurability depend on countably
many coordinates

A fact that will be of use in the following sections is that the operations that preserve measurability depend
on countably many coordinates. This we show in Corollary 3.6 below. Let us start by recalling what is meant
with “to depend on countably many coordinates”.

Definition 3.4. Given a set I.

(1) Let S < R For J c I, we say that S depends only on ] if, given any x, y € R such that xj=yjforallje],
we have x € S & y € S. We say that S depends on countably many coordinates if there exists a countable
subset J ¢ I such that S depends only on J.

(2) Let 7: R - R be a function. For J ¢ I, we say that T depends only on J if, given any x, y € R! such that
xj = yj forall j € ], we have 7(x) = 7(y). We say that T depends on countably many coordinates if there
exists a countable subset J ¢ I such that T depends only on J.

We believe that the following proposition is folklore, but we were not able to locate an appropriate reference.
Proposition 3.5. If7: R! — Ris Cyl(R!)-measurable, then T depends on countably many coordinates.

Proof. First, every element of Cyl(R!) depends on countably many coordinates: indeed, the set of elements
of Cyl(R') which depend on countably many coordinates is a g-subalgebra of Cyl(IR’) which makes the pro-
jection functions measurable (see also [9, 254M(c)]). Second, let T: R — R be Cyl(R!)-measurable. The idea
that we will use is that 7 is determined by the family (771((a, +00)))qcq- For every a € Q, there exists a count-
able subset J < I such that the measurable set 771((a, +c0)) depends only on J,. Then J := UagQ Ja has the
property that, foreach b € Q, T-1((b, +c0)) depends only on J. We claim that T depends onlyon J. Let x, y € R!
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be such that x; = yj forevery j € J. We shall prove 7(x) = 7(y). Suppose 7(x) # 7(y). Without loss of generality,
7(x) < T(y). Let a € Qbe such that 7(x) < a < 7(y). Then x ¢ 7~1((a, +00)) and y € 7~1((a, +00)). This implies
that it is not true that 771((a, +00)) depends only on J. O

Corollary 3.6. Let I be a set and T: Rl — R be a function. If T preserves measurability, then T depends on
countably many coordinates.

Proof. If T preserves measurability, then 7 is Cyl(R!)-measurable by Theorem 3.3. By Proposition 3.5, the
function 7 depends on countably many coordinates. O

3.2 The case of uncountable Polish spaces

The remaining results in this section are not used in the proofs of our main results.

One may think that, for an operation 7: R — R, the condition “r preserve measurability over every
measurable space” is too strong because we may not be interested in all measurable spaces. However, Proposi-
tion 3.7 shows that this condition is equivalent to “T preserve measurability over (R, Br)” (if T has countable
arity).

Proposition 3.7. For a set I such that |I| < |w| and a function 7: R — R, T preserves measurability if, and
only if, T preserves measurability over (R, Br).

Proof. If I = 0, then 7 is a constant function. Hence 7 preserves measurability over every measurable space.
Let us consider the case I # 0. By Theorem 3.3, 7 preserves measurability if, and only if, 7 preserves measura-
bility over (R, Cyl(RY)). Since R! and R are uncountable Polish spaces with Borel o-algebras Cyl(R!) and Bg,
respectively, (R, Cyl(R!)) and (IR, Br) are isomorphic measurable spaces (see [17, Theorem 3.3.13]). (Recall
that an isomorphism of measurable spaces (Q, F) and (Q', 37) is a bijective measurable function f: Q — Q'
such that its inverse is measurable.) O

Remark 3.8. In Proposition 3.7 above, one may replace the measurable space (R, Br) by any of its isomor-
phic copies. In particular, one may replace it with the measurable space given by any uncountable Polish
space endowed with its Borel g-algebra (see [17, Chapter 3]).

4 Operations that preserve integrability

The goal of this section is to prove Theorem 2.1, i.e., to characterise the operations that preserve p-inte-
grability.

Remark 4.1. Let (Q, F) be a measurable space, and let po be the null-measure on (Q, F): for each A € &,
Uo(A) = 0. Then LP(po) is the set of F-measurable functions from Q to R. Hence, preservation of p-integra-
bility over (Q, F, po) is equivalent to preservation of measurability over (Q, ).

An immediate consequence of Remark 4.1 is the following lemma.

Lemma 4.2. LetIbeaset, 7: Rl - Randp € [1, +o0). If T preserves p-integrability, then T preserves measur-
ability.

Lemma 4.3. Let (Q, F, u) be a measure space, and letf, g: Q — R be functions, and let A € R. Then the follow-
ing properties hold.

(1) Iff € £P (), then |f] € £P ().

(2) Iff € LP(u), then Af € LP(p).

(3) Iff, g € LP(p), thenf + g € LP ().

(4) Ifg € LP(u), Ifl < gl and f is F-measurable, then f € LP(u).
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Proof. Statement (1) isimmediate by definition of £ (i), (2) follows from linearity of the integration operator,
(4) follows from the monotonicity of the integration operator, while (3) follows from the Minkowski inequality
(see [14, Theorem 3.5]):

(Ilf+glp dy)p < ( Jan+ g0 dy>p Mgk ( [ dy)p v ( [1g d;u)p. 0
Q Q Q Q

The next lemma settles the easiest direction of the characterisation of operations that preserve p-integrability,
i.e., the implication (2) = (1) in Theorem 2.1.

Lemma 4.4. Let (Q, F, u) be a measure space, I a set, T: R — R an operation that preserves measurability
over (Q, J) and p € [1, +oo). If there exist a finite subset of indices ] < I and nonnegative real numbers (A;)je;
such that, for every v € R, we have |t(v)| < Zj€, Ajlvjl, then T preserves p-integrability over (Q, F, u).

Proof. Let (fi)ier be a family in £P(u); since 7 preserves measurability over (Q, F), it follows that 7((f;)ier) is
F-measurable. Foreach x € Q, [T((fi(x))ien)| < Xjer Ajlfj00I- Thus |T((fi)ien)| < Xje; Ajlfl- Hence, by Lemma 4.3,
T((f)ier) € LP (W). O

This shows that the condition |7(v)| < }¢; Ajlvj| is sufficient for preservation of p-integrability. We are left
to prove the converse direction: when 1 does not satisfy this condition, there exists a measure space over
which 7 does not preserve p-integrability. As we shall see, at least when the arity of 7 is countable, this space
can always be taken to be (R, Br, Leb) where Leb is the restriction to Br of the Lebesgue measure, and this
happens because (R, Bg, Leb) is what we call a partitionable measure space.

Definition 4.5. A measure space (Q, F, ) is called partitionable if, for every sequence (a,)new Of elements
of R*, there exists a sequence (A,)ne Of disjoint elements of F such that u(A4,) = an.

Remark 4.6. The measure space (R, Br, Leb) is partitionable.
The role of partitionable measure spaces is clarified by the following result.

Lemma 4.7. Let (Q, T, u) be a measure space, let p € [1, +o0), let I be a set and let T: R — R be a function.
Suppose |I| < |w| and suppose (Q, F, u) is partitionable. If T preserves p-integrability over (Q, F, u), then there
exist a finite subset of indices ] < I and nonnegative real numbers (A;);¢j such that, for every v € R!, we have

lTW)l <) Ajlvjl.
jel
Proof. We give the proof for I = w. The case |I| < |w| relies on an analogous argument.

We suppose, contrapositively, that, for every finite subset of indices J ¢ I and every J-tuple (A;)jes of
nonnegative real numbers, there exists v € R such that |7(v)| > Zie] Ajlvjl; we shall prove that 7 does not
preserve p-integrahility. For each n € w, we let v"* be an element of R’ such that |t(v")| > Z]f'z‘ol 25 |V;l|. Set
C:=Q\Upey An- Foreachi € w, we set

fi: Q >R,
vt ifx € Ay,
X =
0 ifxeC.
Let (Ap)new be a sequence of disjoint elements of F such that u(4,) = W; one such sequence exists

because (Q, F, ) is partitionable. Then

[rriear du = [iepicor an+ ¥ [ir@iear du

new

Q c An
> Z |T((V?)iew)|pH(An)
n 1 — —
=Y ltv )|pw =) 1=co. (4.1)

new new
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The following chain of inequalities holds:

1
i du= ¥ wirucan = Y viv —
) & o)
n\p +
<M+ n>i%1¢o|Vi| P (for some M € R*)
1
SM‘F Z |V{llpn_1—ﬂ <M+ z |V:1|pﬂ—
n>i,vi#0 (ijo 2P|V}I|)p n>i,v1#0 (2P|V?|)p
1
<M+ ) — <oco. (4.2)
n>i,vi#0

The first inequality holds for some M € R* because with the condition n > i we ignore finitely many terms
of the series, while with the condition v} # 0 we ignore some null terms. The third inequality holds because
n>i=ief{0,...,n-1}

From equations (4.1) and (4.2) we conclude that 7 does not preserve p-integrability. O

Lemma 4.8. IfIisaset, T: Rl — Ra function, p € [1, +00) and (Q, F, W) a partitionable measure space, then

the following conditions are equivalent.

(1) T preserves p-integrability.

(2) T preserves measurability, and T preserves p-integrability over (Q, F, u).

(3) tis Cyl(R')-measurable and there exist a finite subset of indices J < I and nonnegative real numbers Ajjes
such that, for every v € R, we have |t (v)| < Yier Ajlvil.

Proof. (1)= (2) If T preserves p-integrability, then, by Lemma 4.2, T preserves measurability. Trivially, T
preserves p-integrability over (Q, &F, u).

(2) = (3) If T preserves measurability, then, by Theorem 3.3, T is Cyl(R)-measurable. By Proposition 3.5,
T depends on countably many coordinates, hence Lemma 4.7 applies and the proof of the implication is
complete.

(3) = (1) By Theorem 3.3, T preserves measurability. By Lemma 4.4, the thesis is proved. O

Proof of Theorem 2.1. There exist partitionable measure spaces, see, e.g., Remark 4.6. Theorem 2.1 is the
equivalence (1) & (3) in Lemma 4.8. O

4.1 Examples

Example 4.9. Letn € wand 7: R" — R. Then 7 preserves p-integrability if, and only if, 7 is Borel measurable
and there exist Ag, ..., Ay,-1 € R* such that, for every x € R", we have

n-1
lTeOl < ) Ailxil.
j=0

Example 4.10. Afunction7: R” — R preserves p-integrability if, and only if, 7 is Borel measurable and there
exist a finite subset of indices ] < w and nonnegative real numbers (A;);je; and k such that, for every v € R/,
we have

lTW)I < k+ ) Ajlvjl.
jel

4.2 The case of (R, By, Leb) and the discrete case

The remaining results in this section are not used in the proofs of our main results.
One may think that, for an operation 7: R! — R, the condition “r preserve p-integrability over every
measure space” is too strong because we may not be interested in all measure spaces. However, Proposi-
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tion 4.11 shows that this condition is equivalent to “7 preserve p-integrability over (R, Br, Leb)” (if 7 has
countable arity), and Proposition 4.13 provides an analogous result for a discrete measure space.

Proposition 4.11. Let I be a set, T: R — R, with |I| < |w|, and p € [1, +co). Then T preserves p-integrability
if, and only if, T preserves p-integrability over (R, Br, Leb).

Proof. Trivially, if T preserves p-integrability, then 7 preserves p-integrability over (R, Bg, Leb). For the con-
verse, by Proposition 3.7, if T preserves p-integrability over (R, Br, Leb) then T preserves measurability. By
Remark 4.6, (R, Br, Leb) is partitionable. An application of (2) = (1) in Lemma 4.8 concludes the proof. [

We next provide an analogue of Proposition 4.11 for a discrete measure space. We denote by P(X) the power
set of a set X.

Lemma 4.12. There exists a measure y on (w, P(w)) such that (w, P(w), p) is partitionable.

Proof. We define a measure y on (w x Z, P(w x Z)), by setting u({(n, z)}) = 2%. For every n € w, there exists
Ky € Z such that an =}, 2°. Set Ap :={(n, 2) | z € Kn}. Then u(An) = ¥ g, kU, 2)}) = ¥ ek, 2 = an.
Moreover, for any pair of distinct n, m € w, the sets A, and A, are disjoint. The set w x Z is countably infinite,
hence (w x Z, P(w x 7)) and (w, P(w)) are isomorphic measurable spaces, which concludes the proof. [

Proposition 4.13. There exists a measure u on (w, P(w)) such that, for every set I, every function t: R 5> R
and every p € [1, +00), T preserves p-integrability if, and only if, T preserves measurability and T preserves
p-integrability over (w, P(w), ).

Proof. By Lemma 4.12, there exists a measure y on (w, P(w)) such that (w, P(w), p) is partitionable. The
thesis follows from (1) & (2) in Lemma 4.8. O

5 Operations that preserve integrability over finite measure spaces

The goal of this section is to prove Theorem 2.2, i.e., to characterise the operations that preserve p-integrabil-
ity over finite measure spaces. We follow the same strategy of Section 4, with the appropriate adjustments.

Lemma 5.1. LetI beaset, 7: Rl — Randp € [1, +o0). If T preserves p-integrability over every finite measure
space, then T preserves measurability.

Proof. By Remark 4.1. O

Lemma 5.2. Let(Q, F, u) be a finite measure space, I a set, 7 : R! > Ran operation that preserves measurabil-
ity over (Q, F) and p € [1, +00). If there exist a finite subset of indices ] < I and nonnegative real numbers (A;)je;
and k such that, for every v € R!, we have |t(v)| < k + Yjes Ajlvjl, then T preserves p-integrability over (Q, F, p).

Proof. Let (fi)icr be a family in £P(u); since T preserves measurability over (Q, &), we have that 7((f;)ies) is
F-measurable. For each x € Q, |T((fi(x))icr)| < k + Zie] Ajlfj0l. Thus |T((f)ien)] < k + Zjd Ajlfjl. Note that the
function k: Q — R, x — k belongs to L (u), because p is finite. Hence, by Lemma 4.3, 7((fi)ier) € £ (u). O

It is not difficult to see that no finite measure space is partitionable: thus we replace the concept of partition-
ability with a slightly different one.

Definition 5.3. A measure space (Q, F, u) is called conditionally partitionable if there exists a sequence
(bn)new of strictly positive real numbers such that, for every sequence (a,)new Of elements of R* satisfying
an < by, for every n € w, there exists a sequence (A,)ney Of disjoint elements of F such that u(4,) = an.

Remark 5.4. The measure space ([0, 1], Bjo,1], Leb), where Leb is the Lebesgue measure, is conditionally
partitionable (take b, = 517).

Lemma 5.5. Let (Q, T, i) be a measure space, let p € [1, +co), let I be a set and let T: Rl — R be a func-
tion. Suppose that |I| < |w| and that (Q, F, p) is conditionally partitionable. If T preserves p-integrability
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over (Q, J, p), then there exist a finite subset of indices ] < I and nonnegative real numbers (A;)je; and k such
that, for every v € R!, we have
It < k+ Y Ajlvjl.
jel
Proof. We give the proof for I = w. The case |I| < |w| relies on an analogous argument.

We suppose, contrapositively, that, for every finite subset of indices J ¢ I, every J-tuple (A;)je; of non-
negative real numbers and every k € R*, there exists v € R! such that [t(v)| > k + Zje s Ajlvjl; we shall prove
that T does not preserve p-integrability. Since (Q, &, u) is conditionally partitionable, there exists a sequence
(bn)new Of strictly positive real numbers such that, for every sequence (ay)new Of elements of R* satisfying
an < by for every n € w, there exists a sequence (A,)new Of disjoint elements of F such that u(4,) = a,.

For each n € w, we let v" be an element of R such that

[T(v™)| > <—1 )I% + nilzlglv”l
bn y it
j=0

Then we have
1 < 1 < 1
n)|p 1 1 .n = 1
TP (L + XI5 V)P ()P )

Therefore, there exists a sequence (A,)nee Of disjoint elements of F such that u(4,) = W Since

1 111 n-1 n n-1 i
n > n > n
> (52)"+ X 281> ¥ 28w
j=0 j=0
the remaining part of the proof runs as for Lemma 4.8. O

Lemma 5.6. LetIbeaset, T: Rl — Ra function, p € [1, +o0) and (Q, F, u) a conditionally partitionable finite

measure space. The following conditions are equivalent.

(1) T preserves p-integrability over every finite measure space.

(2) T preserves measurability, and T preserves p-integrability over (Q, F, p).

(3) Tis Cyl(R!)-measurable and there exist a finite subset of indices J < I and nonnegative real numbers Ajjer
and k such that, for every v € R!, we have |t(v)| < k + Z]-G] Ajlvjl.

Proof. (1) = (2) If T preserves p-integrability over every finite measure space, then, by Lemma 5.1, T preserves
measurability. Trivially, T preserves p-integrability over (Q, F, p).

(2) = (3) If T preserves measurability, then, by Theorem 3.3, t is Cyl(R)-measurable. By Proposition 3.5,
T depends on countably many coordinates, hence Lemma 5.5 applies and the proof of the implication is
complete.

(3) = (1) By Theorem 3.3, T preserves measurability. By Lemma 5.2, the thesis is proved. O

Proof of Theorem 2.2. There exist conditionally partitionable finite measure spaces, see, e.g., Remark 5.4.
Theorem 2.2 is the equivalence (1) & (3) in Lemma 5.6. O

5.1 Examples

Example 5.7. Let n € w and 7: R" — R. Then 7 preserves p-integrability over every finite measure space if,

and only if, 7 is Borel measurable and there exist Ao, . .., A,—1, k € R* such that, for every x € R", we have
n-1
lTo)l <k+ ) Ajlxl.
j=0

Example 5.8. A function 7: R — R preserves p-integrability over every finite measure space if, and only if,
7 is Borel measurable and there exist a finite subset of indices J ¢ w and nonnegative real numbers (4;)jc; and
k such that, for every v € R!, we have

lT(v)| < k+ ZA;IV,-I.
jeJ
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5.2 The case of ([0, 1], Byo,1}, Leb) and the discrete case

The remaining results in this section are not used in the proofs of our main results.

One may think that, for an operation 7: R/ — R, the condition “r preserve p-integrability over every
finite measure space” is too strong because we may not be interested in all finite measure spaces. However,
Proposition 5.9 shows that this condition is equivalent to “7 preserve p-integrability over ([0, 1], B[o,1], Leb)”
(at least when 7 has countable arity), and Proposition 5.11 provides an analogous result for a discrete finite
measure space.

Proposition 5.9. Let I be a set, T: Rl — R, with |I| < |w|, and p € [1, +00). Then T preserves p-integrability
over every finite measure space if, and only if, T preserves p-integrability over ([0, 1], B(o,1], Leb).

Proof. Trivially, if T preserves p-integrability, then 7 preserves p-integrability over ([0, 1], Bio,1;, Leb). For
the converse, by Proposition 3.7 and Remark 3.8, if t preserves p-integrability over ([0, 1], B(o,1], Leb), then
T preserves measurability. By Remark 5.4, ([0, 1], B[o,1], Leb) is conditionally partitionable. An application
of (2) = (1) in Lemma 5.6 concludes the proof. O

Similarly to the case of arbitrary measure, we next provide an analogue of Proposition 5.9 for a discrete finite
measure space.

Lemma 5.10. There exists a probability measure u on (w, P(w)) such that the measure space (v, P(w), p) is
conditionally partitionable.

Proof. Let X := {(n,m) € w x w | m = n}. We let v be the unique measure on (X, P(X)) such that, for every
(n, m) € X, we have v({(n, m)}) = Zl,,, Then,

Y vimp=Y Y winmp=Y Y o

(n,m)eX new mew, m=n new mew, mzn
2 _y4
-3 e
new

Hence, v is a finite measure.

We prove that (X, P(X), v) is conditionally partitionable. For n € w, let b, := 2,1—1,1 Further, let (a,)new be
a sequence of elements of R* satisfying a, < b, for every n € w. For every n € IN, since 0 < a, < 2,%, there
exists a subset Ky, of {k € w | k > n} such that an = Y ;cx, zik Set A, = {(n, m) | m € K,}. Note that A, ¢ X.
Then p(An) = ¥ g, KA, M) = ¥ ek, zlm = a,. Moreover, for any pair of distinct n, m € w, the sets A, and
A, are disjoint. This proves that (X, P(X), v) is conditionally partitionable.

Define the measure % on (X, P(X)) by setting 7‘:(A) = #. Using the fact that (X, P(X), v) is a conditionally
partitionable measure space, it is not difficult to see that (X, P(X), %) is a conditionally partitionable measure

space, too. We have 7 (X) = @ = %; thus 7 is a probability measure.
The set X is countably infinite, hence (X, P(X)) and (w, P(w)) are isomorphic measurable spaces, which
concludes the proof. O

Proposition 5.11. There exists a probability measure p on (w, P(w)) such that, for every set I, every function
7: R = Rand every p € [1, +00), T preserves p-integrability over every finite measure space if, and only if, T
preserves measurability and T preserves p-integrability over (w, P(w), W).

Proof. By Lemma 5.10, there exists a probability measure y on (w, P(w)) such that (w, P(w), u) is condition-
ally partitionable. The thesis follows from (1) & (2) in Lemma 5.6. O

6 Generation

The goal of this section is to prove Theorems 2.3 and 2.4, which exhibit a generating set for the class of
operations that preserve integrability over arbitrary and finite measure spaces, respectively.
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As it is shown by Theorems 2.1 and 2.2, the fact that an operation preserves p-integrability — over arbi-
trary and finite measure spaces, respectively — does not depend on the choice of p. Hence, we say that the
operation preserves integrability.

Recall from the introduction the operation

Y 0 X0, X1, ... ) = sup{xp Ay}
new

We adopt the notation

y
Y Xn = Y()’, X0s X1y o).

new

From the operations 0, +, v and A(-) (for each A € R) we generate the operations

frg=-((-Hv(-g),

ff=fvo,
f_ = _(f A O)’
A=f"-f.
Additionally, using Y, we generate
g -8
A fn = rlllguf){fn vgt=- Y ~fn-
new new

Let Q beasetandlet S ¢ R®. Welet o(S) denote the smallest o-algebra F of subsets of Q such that every s € S
is F-measurable.

Lemma 6.1. Let Q be a set and let S < R®. Then o(S) is the o-algebra of subsets of Q generated by the set
{871 (A, +0)) | g € S,A e R}.

Proof. See [8, Proposition 2.3]. O

Lemma 6.2. Let Q be a set, let A < P(Q), let K be an element of the a-algebra of subsets of Q generated by A,
andlet K ¢ Y ¢ Q. Then K belongs to any o-algebra §G of subsets of Y suchthat AnY € G foreach A € A.

Proof. LetZ :={S<cQ|SnY e g}. Astraightforward verification shows that X is a g-algebra of subsets of Q.
Moreover, A ¢ . Therefore, by definition of F, & ¢ X. Hence, K € X, whichmeans K =KnY € G. O

Given S ¢ R®, we denote by (S) the closure of S under 0, +, v, A(-) (for each A € R), Y and =. Given A4 < Q,
we write 1 4 for the characteristic function of A in Q.

Lemma 6.3. Let Q be aset, let S < RY, let K € o(S) and let K < Y < Q be such that 1y € (S). Then 1 € (S).

Proof. Set §:={C c Y |1 € (S)}. Note that G is a o-algebra of subsets of Y. Indeed, 1y € (S), and, for
Co, C1 € Y, we have 1¢ync, = I¢, Al¢, and Iy, = 1y — 1¢,. Further, let (Cp)new be a family with C, c Y.
The characteristic function of | J,,¢,, Cn is Yh Ic,.
By Lemma 6.1, the o-algebra o(S) is generated by A := {g71((A, +00)) | g € S, A € R}. Let A € A, and write
A =g 1((A, +00)) for some g € S and some A € R*. We have
1y

Lany = Y n(g-Aly)*. (6.1)

new

Indeed, for x € An Y, we have g(x) > Aand 1y(x) = 1, hence

1y(x) 1
Y ngx) -Aly(x)" =Y n@gx) - =1.
new new >0

For x € O\ Y, we have 1y(x) = 0, and therefore

1y(x) 0

Y n(gx) -A1y())* = Y n(gx)* =o.

new new
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For x € Y\ A, we have g(x) < Aand 1y(x) = 1, hence

1y(x) 1 1
Y nE()-A1y(x)*t =Y ng) -1 =Y 0=0.
new new new

Given equation (6.1), we have 1 ony € (S), whichmeans ANnY € G. By Lemma 6.2, K € G. O

The truncation operation = comes into play in the following lemma.

Lemma 6.4. Let A € R* \ {0}. The operations

1 ifx>A,
I.s2: R—>R, xm— .
0 otherwise,
and
1 ifx=A,
12:R->R, xm .
0 otherwise,

are generated by the operations 0, +, V, A(-) (foreachA € R), Y, .

Proof. Computation shows 1f.1 = Y{lea) n(f - f). Moreovet, lfs) = Li,,. Finally, let 0 < qo < q1 <-: be
a sequence of elements of R such that g, — A. Then 53 = Apey, Ifsg, - O

Lemma 6.5. Let S < R?, let g € (S), A € 0(S), A € R* be such that Al 4 < g. Then A4 € (S).

Proof. We have 0 € (S), hence the thesis is immediate for A = 0. Suppose A > 0. Then A € {x € Q | g(x) = A}.
By Lemma 6.4, 1{xeqig(x)=A; = lg=a € (S). By Lemma 6.3, 14 € (S), hence All4 € (S). O

Lemma 6.6. Let S c RY, let g € (S) and let f € R® be o(S)-measurable and such that |f] < g. Then f € (S).

Proof. First, we prove the statement for f > 0. Given that f is positive and o(S)-measurable, f is the supremum
in R® of a positive increasing sequence (S,)new of 6(S)-measurable simple functions (see [14, Theorem 1.17]).
By Lemma 6.5, s,, € (S) for every n € w. Hence
g
f=sups, =supsp,Ag= Y sn € (S).
€

new new new

For f not necessarily positive, the previous part of the proof shows that f* and f~ belong to (S). Then

f=f"-f €(S). O

Lemma 6.7. Let (Q, F) be a measurable space, and, for each n € w, let f,: Q — R be a measurable func-
tion. If, for every x € Q, sup,c, fn(x) € R, then sup f,: Q — R is measurable. Analogously, if, for every x € Q,
infyew fn(x) € R, then the function inf ¢, fr : Q — R is measurable.

Proof. By [14, Theorem 1.14]. O
Lemma 6.8. The operations 0, +, V, A(-) (foreach A € R), Y and = preserve integrability.

Proof. The operations 0, +, V, A(-) (for each A € R) and = preserve integrability. Moreover,

g

Y fn =sup{fu A g}

new new
and therefore, by Lemma 6.7, Y preserves measurability. The constant function O is always integrable, there-
fore O preserves integrability. By (3) in Lemma 4.3, + preserves integrability. The operation | - | is immediately
seen to preserve integrability. Since, for every f, g functions, |f Vv g| <|f] + |g|, then Vv preserves integra-
bility by (4) in Lemma 4.3. We have Y5, fu = SUpye, ifn A g}, and therefore fo A g < Y5, fa < g. Hence,
1Y% <o fnl <18l + Ifol. Thus, Y preserves integrability. Finally, If| < Ifl, and therefore = preserve integrability,
by (4) in Lemma 4.3. O

Proof of Theorem 2.3. The operations 0, +, Vv, A(-) (for each A € R), Y and = preserve integrability by
Lemma 6.8. Moreover, by definition, the class of integrability-preserving operations is closed under every
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integrability-preserving operation and contains the projection functions. Therefore, every operation gener-
ated by 0, +, v, A(+) (for each A € R), Y and = preserves integrability.

To prove the converse, we use Theorem 2.1. Let J be a finite subset of I, and let (A;);e; be a J-tuple of
nonnegative real numbers. Then Z)-E J Ajlmjl € {{mmi | i € I}). Let T be Cyl(R")-measurable and such that for every
v € R! we have |[1(v)| < Zie] Ajlvjl, ie, 7] < Zie] Ajlmj|. Note that Cyl(R)) = o({m; | i € I}), by definition. Then
T € ({mm; | i € I}), by Lemma 6.6. Therefore, 7 is generated by O, +, v, A(-) (foreach A € R), Y, =. O

It is worth recalling that, in the proof of Theorem 2.3, the role of the truncation operation = lies in Lemma 6.4.

Proof of Theorem 2.4. Note that the operations 0, +, v, A(-) (for each A € R), Y and 1 preserve integrability
over finite measure spaces. Moreover, by definition, the class of the operations that preserve integrability
over finite measure spaces is closed under every integrability-preserving operation and contains the pro-
jection functions. Therefore, every operation generated by 0, +, v, A(-) (for each A € R), Y and 1 preserves
integrability over every finite measure space.

To prove the converse, we use Theorem 2.2. Note that the truncation is generated by v, -1(-) (i.e.,
scalar multiplication by -1), and 1; indeed, f =fA1l=—((-f) v(-1)). Let ] be a finite subset of I, let (A;)jes
be a J-tuple of nonnegative real numbers, and let k € R*. Then k + Zie] Ajlmjl € ({mi | i € I} U {k}). Let T be
Cyl(R')-measurable and such that for every v € R! we have |7(v)| < k + Zie] Ajlvjl, e, Tl <k + Z]-E] Ajlmjl.
Note that Cyl(R!) = o({nr; | i € I}) = o({m; | i € I} U {1}), by definition. Then we have t € {{rr; | i € I} U {1}), by
Lemma 6.6. Therefore, T is generated by 0, +, v, A- (for each A € R), Y, 1. O

Part Il:
Truncated Riesz spaces and weak units

7 The operation Y

We now investigate the operation Y, defined on R in Section 6, for more general lattices. Given a Dedekind
o-complete (not necessarily bounded) lattice B we write Y for the operation on B of countably infinite arity
defined as

Y& fosfi,-..) = sup(fu A8}

We adopt the notation
g
Y fn = Y(gafO)fly .. -)'

new

Proposition 7.1. If B is a Dedekind o-complete lattice, then the following properties hold for every g, h € B and
all (fp)new < B.

(T51) Yﬁew fn= Y‘gew(fn A g).

(TS2) Yﬁew fn=0FoNg)V (Yigw\{()}f)’l)'

(TS3) Ysep(faAR) < h.

Proof. Straightforward verification. O
Conversely, we have the following.

Proposition 7.2. If B is a lattice endowed with an operation Y of countably infinite arity which satisfies (TS1),
(TS2) and (TS3), then B is Dedekind o-complete and Yﬁew fn = SUpPpewifn A8}l

Proof. By induction on k € w, (TS2) entails

g g
an=(fo/\g)V---V(fk/\g)V( Y fn).

new
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Thusfi Ag < (fo AV -V (fk AV (Y5, 1,1 fr) = Yiew fn- ThUS, Y'e,, fn is an upper bound of (fx A )kew-
Suppose now that f, A g < h for every n € w. Then

TS3)

g g g
(TS1) fang<h (
Y £ 2 Y an®E Y (Fangah) < h

new new new

This shows Yﬁew fn = supueuifn A g} To prove that B is Dedekind o-complete, let (f;)new € B and g € B be
such that f, < g forall n € w. Then

v fasg
Y fo=supifangl’=" supfn. O
new

new new

A map between two partially ordered sets is o-continuous if it preserves all existing countable suprema.

Proposition 7.3. Let ¢: B — C be a lattice morphism between two Dedekind a-complete lattices. Then ¢ is
o-continuous if, and only if, ¢ preserves Y.

Proof. First, suppose ¢ preserves Y. Let (fu)new € B and f = sup,,¢,, fn- Then

w(iggfn) - go(itelg{fn Af})  (because f, < f)

o 15)

new

o)

=Y olfn) (because ¢ preserves ')
new

= sup{p(fn) A (N}
new

=sup o(fu A f) (because ¢ preserves A)
new

= sup @(fn) (because f;, < f).

new

Therefore, ¢ is o-continuous.
For the converse implication, suppose that ¢ is o-continuous. Let (f;)new € B and g € B. Then

<p< ?fn) - ‘P(i‘éaf}’{fn ngt)

=sup@p(fnAg) (because @ preserves count. sups)
new

= sup{e(fa) A @(g)} (because ¢ preserves A)
new

(g)
= Y go(fn)-

new
Hence, ¢ preserves Y. O
Remark 7.4. Propositions 7.1, 7.2 and 7.3 show that, whenever V is a variety with a lattice reduct, then
its subcategory of Dedekind o-complete objects, with o-continuous morphisms, is a variety which has, as

primitive operations, the operations of V together with Y, and, as axioms, the axioms of V together with
(TS1), (TS2) and (TS3).

8 Truncated ¢-groups

We assume familiarity with the basic theory of ¢-groups. All needed background can be found, for example, in
the standard reference [3]. In [2], R. N. Ball defines a truncated £-group as an abelian divisible £-group that is
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endowed with a function =: G* — G7*, called truncation, which has the following properties forall f, g € G*.
(B1) fAg<f<f.

(B2) Iff =0, thenf =0.

(B3) If nf = nf for every n € w, then f = 0.

In this paper, we do not assume divisibility. The truncation = may be extended to an operation on G, by
setting f = f* — f~. Here, as is standard, we set f* := f v 0, and f~ := —(f A 0). Then Ball’s definition may be
reformulated as follows.

Definition 8.1. A truncated ¢-group is an abelian ¢-group that is endowed with a unary operation ~: G — G,
called truncation, which has the following properties.

(T1) Forallf € G, wehavef = f+—f-.

(T2) Forallf € G*, we have f € G*.

(T3) Forallf,g e G*,wehavefAg <f<f.

(T4) Forallf € G*,iff =0, then f = 0.

(T5) Forallf € G*, if nf = nf for every n € w, then f = 0.

Axiom (T2) ensures that = may be restricted to an operation on G*. Axiom (T1) gives the one-to-one corre-
spondence with Ball’s definition. Axioms (T3), (T4), (T5) correspond, respectively, to Axioms (B1), (B2), (B3).
An ¢-homomorphism ¢ between truncated ¢-groups preserves = if, and only if, ¢ preserves = over positive
elements; indeed, if ¢ preserves = over positive elements, then, for f € G,

() =" - =0 -0 ) =) - () =ph* - ()" = ().
This ensures that the equivalence with Ball’s definition also holds for morphisms.

Note that (T1), (T2) and (T3) are (essentially) equational axioms. This is evident for (T1); (T2) can be writ-
ten as Vf f* A0 = 0; (T3) is the conjunction of the two equations Vf, g f* A gt v f* = f+and Vf f* v f* = f*.
The axioms (T4) and (T5) cannot be expressed in such equational terms. However, as we shall see, this
becomes possible when we add the hypothesis of Dedekind o-completeness.

It is well known that a Dedekind o-complete ¢-group is archimedean and thus abelian. Let G be
a Dedekind o-complete ¢-group, endowed with a unary operation = We denote by (T4’) and (T5’) the
following properties, which may or may not hold in G.

(T4’) Forall f € G, we have f = Y{,ew nf.

(T5’) Forall f € G*, we have f = Y{lew(nf - nf).

Note that (T4’) and (T5’), are (essentially) equational axioms: indeed, (T4’) is equivalent to Vf f* = ﬁ;w nf*,
and (T5’) is equivalent to Vf f* = Y],Te“,(nf+ ~nf*).

Our aim in this section, met in Propositions 8.2, 8.5 and 8.8, is to show that, for a Dedekind o-complete
¢-group endowed with a unary operation = which satisfies (T1), (T2) and (T3), the axioms (T4) and (T5) may
be equivalently replaced by the equational axioms (T4’) and (T5’). This will show the axioms of Dedekind
o-complete truncated £-groups to be equational.

Proposition 8.2. Let G be an abelian ¢£-group endowed with a unary operation =. Then (T4’) implies (T4), and
(T5’) implies (T5).

Proof. Suppose (T4’). Let f € G* be such that f = 0. By (T4’),

fof
f=Ynf=Yo=o.

new new

Hence, (T4) holds. Suppose (T5’). Let f € G* be such that nf = n_f for every n € w. By (T5’),

f i
f=Y®f-nf)=Y 0=o.

new new

Hence (T5) holds. O

We shall use the following standard distributivity result.
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Lemma 8.3. Let G be an ¢-group, I a set and (x;)ie1 € G. If sup;¢r X; exists, then, for every a € G, sup;eria A xi}
exists and

an ( supxi) = supf{a A x;}.
iel iel

Proof. See [3, Proposition 6.1.2]. O

Lemma 8.4. Let G be a Dedekind o-complete £-group, let g € G, h € G* and (fy)new S G. Then

Yam= (Y r) 1) ne

new new

Proof. We have

g
Y (fa+h) = sup{(fu + h) A8}

new

=sup{(fu + h) A(g+h)Ang} (because h > 0)

new

=sup{(fu + h) A(g+h)}Ag (byLemma 8.3)

new

=sup{(fung)+hing

new

= (sup(fungh+h)ng

=(<ifn)+h)/\g. O

Proposition 8.5. Let G be a Dedekind a-complete £-group endowed with a unary operation = such that (T2),
(T3) and (T4) hold. Then (T4’) holds, i.e., for all f € G*,

Proof. By (T2), f € G*. Therefore Of < 1f < 2f < 3f <---. Hence,

f f f f f
Ynf= Y nf=Ym+1f= Y(nfﬂ_‘):(( Ynf)+f>/\f (by Lemma 8.4).
new new\{o} new new new

Therefore, setting b := Y{lew nf, we have
0=(b+HAH-b=fA(f-b)=f-b,

where the last equality holds because, by (T3), we have f A (f — b) < f — b and, for the opposite inequality,
wehavef-b<f-bandf-b=f-bAf<f.
By (T4), sincef — b =0, wehave f - b =0, i.e., f = Y{lew nf. O

Lemma 8.6. Let G be a Dedekind o-complete ¢-group endowed with a unary operation = such that (T2) and
(T3) holds. Let a, b € G*. Then

a+b<a+b.

Proof. By (T3),a+b <a+b.By(T2),a+b > 0,thus b A (a+b) > 0, and thereforea+b < a+b+(b A (a+b)).
Hence,

a+b<s[(a+b)A(a+(@+b)]A[(a+b)+(bA(a+b))]
=la+(bAa+b)]A[(a+b)+(bA(a+b))]
=(an(a+hb)+((bA(a+b))

<a+b (by (T3)). O
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Lemma 8.7. Let G be an abelian £-group endowed with a unary operation = such that (T3) holds. Then, for all
a,beGtifa<b,thena-a<b-b.

Proof. Sincea < b,wehaveb-b <b - a. By (T3), b - b < 0. Hence,
b-b<(b-a)AO
=(bAna)-a (because + distributes over A)
<a-a (by (T3))
as desired. O

Proposition 8.8. Let G be a Dedekind o-complete €-group endowed with a unary operation = such that (T2),
(T3) and (T5) hold. Then (T5’) holds, i.e., for all f € G*,

i
f="Y (onf - nf).

new

Proof. Let k € w. By (T3) we have 0 < kf — kf. We have

P i .
Ymf-nfy= Y  (nf-nf)
new new\{0,...,k-1}

f
=Y (n+If - (n+kf)

new

f
> Y (nf - nf + kf - kf) (by Lemma 8.6)

new

f — —

= (( Y (nf - nf)) + kf - kf) Af (byLemma 8.4).
new

The opposite inequality is immediate. Therefore, setting b := Y’;ew(nf —nf), we have b = (b + kf — kf) A f,

which implies

0= ((b+kf —~kf) Af) = b = (kf = kf) A(f - b).

Weseta := f — b. WehaveO < a < f, because O < b < f. By (T3) and Lemma 8.7, 0 < ka — ka < kf — kf. There-
fore, 0 = (ka — ka) A a. 1t is elementary that, in any abelian group, x Ay = 0 implies (nx) Ay = 0 for each

n € w. Therefore,

0= (ka —E) Nka = (ka —E).

Hence, ka = ka. Since k is arbitrary, by (T5) we infer a = 0, i.e., f - Y’;ew(nf - n_f) =0. O

To sum up, Propositions 8.2, 8.5 and 8.8 show that, for Dedekind o-complete ¢-groups endowed with a unary
operation =, Axioms (T1)-(T5) are equivalent to Axioms (T1)-(T3) together with Axioms (T4’) and (T5’).

We denote by 0¢G; the category whose objects are Dedekind o-complete truncated ¢-groups, and whose
morphisms are ¢-continuous £-homomorphisms that preserve =. Since Axioms (T1), (T2), (T3), (T4’) and
(T5’) are equational, 0€Gy is a variety, whose operations are the operations of £-groups, together with = and
Y, and whose axioms are the axioms of £-groups, together with the following ones.

(T81) Yﬁea) fn = Yiew(fn A g)-

(TS2) Yrewfn = (o A8V (Y cun o f)-

(TS3) Yiew(fa AR) <h.

(T1) Forallf € G,wehavef =f*—f-.

(T2) Forallf e G, we havef e G*.

(T3) Forallf,ge G*,wehavefAg<f<f.
(T4’) Forall f € G*, wehave f = Y{,E(‘, nf.

(T5’) Forall f € G*, we have f = Y. (nf - nf).
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9 The Loomis—Sikorski Theorem for truncated £€-groups

Definition 9.1. Given a set X, a o-ideal of subsets of X is a set J of subsets of X such that the following
conditions hold.

(1) 0ed.

(2) BeJ,AcB=Ac¢€l.

(3) (An)new €I = Unew An € 7.

If Jis a o-ideal of subsets of X, we say that a property P holds for J-almost every x € Xif {x € X | P does not hold
for x} € J. A o-ideal J of subsets of X induces on RX an equivalence relation ~, defined by f ~ g if, and only if,
f(x) = g(x) for J-almost every x € X. We write ]RTX for the quotient ]RTX. Every operation 7 of countable arity on R
induces an operation 7 on ]RTX, by setting T(([fi]7)ier) = [g]s, where g(x) = T((fi(x))icr). The assumption that
J is closed under countable unions guarantees that this definition is well posed. Therefore, by Remark 7.4,
‘RTX is a Dedekind o-complete truncated £-group.

The aim of this section is to prove the following theorem.

Theorem 9.2 (Loomis-Sikorski Theorem for truncated ¢-groups). Let G be a Dedekind a-complete truncated
¢-group. Then there exist a set X, a o-ideal J of subsets of X and an injective o-continuous ¢-homomorphism
1:G— ]RTX such that, for every f € G, ((f) = 1((f) A [1]5.

We will give a proof that is rather self-contained, with the main exception of the use of Theorem 9.3 below.
Anyway, we believe that a shorter (but not self-contained) way to prove Theorem 9.2 above (even in the
less restrictive hypothesis that G is an archimedean truncated £-group) may be the following. First, show
that the divisible hull G? of G admits a truncation that extends the truncation of G. Then embed G¢ in ¥
via [2, Theorem 5.3.6 (1)]. Finally, using arguments similar to those in [13, Theorem 6.2], show that this
embedding preserves all countable suprema.

Theorem 9.3 (Loomis—Sikorski Theorem for Riesz spaces). Let G be a Dedekind o-complete Riesz space. Then

there exist a set X, a o-ideal J of subsets of X and an injective o-continuous Riesz morphism t: G — IRTX.

For a proof of Theorem 9.3 see [7], or [5] and [6].

Corollary 9.4 (Loomis—Sikorski Theorem for £-groups). Let G be a Dedekind a-complete ¢-group. Then there
exist a set X, a g-ideal J of subsets of X and an injective o-continuous £-homomorphism t: G — ]RTX.

Proof. There exist a Dedekind o-complete Riesz space H and an injective £-morphism ¢: G — H that pre-
serves every existing supremum; see [11]. Applying Theorem 9.3 to the Dedekind o-complete Riesz space H,
we obtain an injective o-continuous Riesz morphism ¢’: H — ]RTX. The composition t = ¢’ o : G — ]RTX is
an injective o-continuous £-morphism, since both ¢ and ¢’ are injective g-continuous £-morphisms. O

Our strategy to prove Theorem 9.2 is the following. Lemma 9.12 will prove Theorem 9.2 for countably gener-

ated algebras. This will imply that R generates the variety of Dedekind o-complete truncated ¢-groups, and
from this fact Theorem 9.2 is derived.

Lemma 9.5. Let G be a Dedekind o-complete truncated €-group generated by a subset S ¢ G. Then, for every
g € G, there exist Sg, . .., Sp—1 € Ssuch that |g| < |So|l + -+ + |Sp-1].

Proof. Let T := {h € G | there exist Sp, ..., Sp_1 € G: |h| < |So| +--- +|Sp_1]}. Itis clear that S ¢ T and standard
that T is a convex ¢-subgroup of G. Moreover, for every g € G, and every (fy)new S G, the following hold.

(1) Yhewfn = SUDyey fn A g}, and therefore fo A g < Y'5e, fn < g. Hence,

g

Y fa

new

g 8
= ( Y fn) v (— Y fn> <gVI-(forgl<gVI-fo)v(-g)l<lglVifol

new new

= = )= 1
() Igl=Ig*-g7I<Ig*l+Ig| = g*+g < g"+g =lgl
Since T is a convex £-subgroup of G, (1) and (2) imply that T is closed under Y and ~. O
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Lemma 9.6. Let X be a set, and J a o-ideal of subsets of X. Let (gn)new be a sequence of functions from X to R.
Suppose that, for J-almost every x € X, sup,¢,, 8n(x) € R. Thentheset{[gn]s | n € w} admits a supremumin ]RTX.

Proof. Let A € Jbe such that, for every x € X \ A, sup,¢, 8n(x) € R. Let v: X — R be any function such that,
for every x € X\ A, v(x) = supy¢,, 8n(x). Then [v]g is the supremum of {[g,]7 | n € w}in IRTX. O

Lemma 9.7. Let G be a Dedekind o-complete truncated ¢-group, let f € G* and let (f;)ico € G*. Then

f if
£-Y (- YR),
icw kew
Proof. Trivially, f < YlE MU Yk cw fi). We prove the opposite inequality. By (T3), for every k € w, we have
fi A (if) < if, and therefore we have Y,iwfk suplew{fk A (if)} < if . Hence, if — Ykewfk if — if. Therefore,

we have
/ v (T 5)
Y(if— Yfk> Y(lf if) = f. O

icw kew icw

Lemma 9.8. Let G be an abelian ¢-group, let a € G and let u € G*. Then (a* Au) —a” =aAu.
Proof. Wehave (a* Au)-a =(at-a )A(u-a)=an(u+@n0)=anu+a)Au=aAlu. O

Lemma 9.9. Let G be a countably generated Dedekind o-complete truncated ¢-group. Then there exist a set X,
a o-ideal J of subsets of X, an injective o-continuous €-homomorphismt: G — ]RTX and an element u € ]RTX such
that, forevery f € G, ((f) = ((f) Au.

Proof. By Corollary 9.4, there exist a set X, a o-ideal J of subsets of X and an injective o-continuous
¢-homomorphism (: G — ]RTX.

Let S be a countable generating set of G and let F := {|sg| + -+ + |Sn_1] | S0, - - ., Sn_1 € S}. Let us enumer-
ate FasF = {fo, f1, f2, . . . }. We shall prove that the set{t(fy) | n € w}, admitsa supremumu € ]RTX that satisfies
the statement of the lemma.

By Lemma 9.7, for each n € w, we have

Y
=Y (ifn - Yfk).
iew kew

Since ¢ is a o-continuous £-homomorphism, using Proposition 7.3, we have the following.
(1) Foreachn € w, ((f,) = Yi-g;'})(il(fn) - Y;(’ga"}) ((f)).
For every n € w, let g, € RX be such that [g,]y = l(f_n). Then, by (1), for J-almost every x € X, the following
conditions hold.
(1") For each n € w, ga(x) = Y20 (ign () - Y & gax).
Let x be such that (1’) hold. Suppose by way of contradiction that sup,¢,, gn(x) = co. Then there exists n € w
such that g, (x) > 0. Therefore, we have

8n(x)

ign(x)
g0 =Y (ign(x)— Y gk<x)> >0,

icw kew

which implies that there exists i € w such that ign(x) - Y;i"a()x) gx(x) > 0. Thus, Y;(ge"wx) gr(x) < ign(x). But
SUPpee 8n(X) = oo implies Y;i"(f)x) gk(x) = ign(x), a contradiction. Therefore, sup,,c,, gn(x) € R holds for each
x € X satisfying (1'), and thus for J-almost every x € X. By Lemma 9.6, the set {[gn]s | n € w} = {t(fa) | n € w}
admits a supremum u.

Letf € G*. Then

((H Au=1(f) Asup i(fn)
new

= sup{t(f) At(fy)}  (by Lemma 8.3)

= sup{t(f A fn)}

new

< u(f) (by (T3)).
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_ R (T3) —
For the opposite inequality, by Lemma 9.5 there exists m € w such that f < fy,. Thenf = f A fiy < fin. There-
fore ((f) < 1(fm) < u, and moreover ((f) < «(f) by (T3). Thus, ((f) < ((f) A u. For an arbitrary f € G, f = f+ - f~
by (T1), hence «(f) = ((f*) = «(f ") = (((f*) Auw) — 1((f) Lem. 9.8 () Au. O

Let G be a Dedekind o-complete ¢-group, let H € G, and let u € G. We say that u is a weak unit for H if u > 0

and, forevery h € H,
Id

Ihl =Y n(lhl Au).
new
Remark 9.10. We will see in Lemma 11.2 that a weak unit for G in the sense above is the same as a weak unit
of G in the usual sense.

Lemma 9.11. Let Y be a set, J a o-ideal of subsets of Y, H 3 an ¢-subgroup, and u € 7 a weak unztfor H.
Then there exists a set X, a o-ideal J of subsets of X, and a o-continuous £-homomorphism ) : o T such
that the restriction of i to H is injective and Y (u) = [1]5.

Proof. Let v € RY be such that [v]y = u. Since u > 0, we may choose v > 0. Let X = {y € Y | v(y) > 0}. Let
Je={nX|Jedt={ed|JcXLet(-)x: RY - RX be the restriction map that sends f € RY to fix € R,

where f X(x) f(x) for each x € X. Write [-]g: RY —» R for the natural quotient map, and similarly for
[-]19: RX - = Since ker[-]y cker([-]y o (- )|X), by the universal property of the quotient there exists
a unique o- contlnuous ¢-homomorphism p: — — ]RT such that the following diagram commutes:

(ix

We claim that the restriction of p to H is injective. Indeed, let h € H* be such that p(h) = 0. Let g € RY be
such that [g]5 = h. Since h > 0, we may choose g > 0. We have that [g|x]; = 0. Therefore, for J-almost every
x € X, g(x) = 0. Therefore, for J-almost every y € Y, g(y) =0 or y € Y\ X, i.e., g(y) =0 or v(y) = 0. Since
h= Yﬁew n(h A u), we have g(y) = Yﬁ(eya), n(g(y) Av(y)) for J-almost every y € Y. Therefore, for J-almost every
y €Y, ifv(y) = 0, then g(y) = Y39 n(g(y) A 0) = Y3 0 = 0, i.e., g(y) = 0. Hence, for J-almost every y € Y,
g(y) = 0. Thus, h = 0.

For every A € R* \ {0}, the function A(-): R — R which maps x to Ax is an isomorphism of Dedekind
o-complete £-groups. Indeed, its inverse is the map /11( ). Then, the map m: R¥ — RX which maps f to the
function m(f) defined by (m(f))(x) = V(X) —f(x) is an isomorphism of Dedekind o-complete £-groups; indeed,
its inverse is m™!: R¥ — R¥X defined by (m~1(g))(x) = v(x)g(x). For every f, g € R, [f]5 = [g]s 1f and only
if, [m(f)]s = [m(g)]y. Hence, ker [-]5 = ker ([ - ]5 - m). Therefore, there exists an isomorphism 7 : 7 5 T of
Dedekind o-complete £-groups which makes the following diagram commute:

RX — RX

[']ﬂl l[']ﬂ

X n b¢
RT __ ~ R

] ~ 7"
We have the following commutative diagram:
RY (ix RX m RX
[-]g l l[‘]ﬂ l[ 1
RY p RX n RX
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Weset i := 17 o p. Note that m(v|x) € R is the function constantly equal to 1: indeed, m(v|x)(x) = ﬁvx(x) =1.
Thus, Y(u) = n(p(w)) = n(p([vly)) = [m(vx)]s = [1]5. Since the restriction of p to H is injective, and 7 is bijec-
tive, the restriction of i to H is injective. O

Lemma 9.12. Let G be a countably generated Dedekind o-complete truncated ¢-group. Then there exist a set
X, a o-ideal J of subsets of X and an injective o-continuous €-homomorphism t: G — ]RTX such that, for every

f € G, u(f) = «(f) A[1]5.

Proof. By Lemma 9.9, there exist a set Y, a g-ideal J of subsets of Y, an injective o-continuous £-homomor-
phism ¢: G — ‘RTY and an element u € ]%Y such that, for every f € G,

o(f) = p(H) Au.
First, 0 < ¢(0) = 0 A u, hence u > 0. Since, forall f € G, |f] = Y',{Lw nifl by (T4’), we have

126
lpHl =Y n(e®lAu).

new

Therefore, setting H equal to the image of G, u is a weak unit for H. By Lemma 9.11, there exist a set X,
a o-ideal J of subsets of X, and a o-continuous £-homomorphism i : ]RTY — ]RTX such that the restriction of
to H is injective and (u) = [1]. The function ¢ := 1 o ¢ has the required properties. O

Theorem 9.13. The variety a¢G; of Dedekind o-complete truncated €-groups is generated by R.

Proof. Let G be a Dedekind o-complete truncated £-group. Suppose that an equation 7 = p (in the language of
Dedekind o-complete truncated ¢-groups) does not hold in G. Since 1 and p have countably many arguments,
the equation 7 = p does not hold in a countably generated Dedekind o-complete truncated £-group G'. By
Lemma 9.12, 7 = p does not hold in R. The statement follows by the HSP Theorem for (infinitary) varieties
(see [16, Theorem (9.1)]). O

Proof of Theorem 9.2. Since the variety of Dedekind o-complete truncated £-groups is generated by IR, there
exists a set X, a 0¢G¢-subalgebra H ¢ R¥, and a surjective morphism y: H — G of Dedekind o-complete
truncated ¢£-groups. Let

J:={A c X | there exists (fu)new S ker such that for all a € A there exists n € w such that f,(a) # 0}.

Note that J is a o-ideal of subsets of X. Therefore we have the projection map R — ]RTX which is a mor-
phism of Dedekind o-complete truncated £-groups. If f € ker i, then f(x) = 0 for J-almost every x € X. In other
words, if f € ker i, then [f]5 = 0. For the universal property of quotients, there exists a morphism (: G — %

of Dedekind o-complete truncated ¢-groups such that the following diagram commutes:

Let f € H be such that 1((f)) = [f]ls = 0. Then there exists a set A € J such that f(x) = O for every x € X \ A.
Since A € J, there exists a sequence (f,)neo Of elements of ker i such that, for every a € A, there exists n € w
such that f,(a) +# 0. Let us show

If
A=Y Kfal. (9.1)
n,kew
Equation (9.1) holds if, and only if, for every a € X, |f(a)| = Y'rf’(,‘:i'w kifa(a)l.If a ¢ A, then both sides equal 0.
If a € A, then there exists m € w such that f;,,(a) # 0, and therefore
[fla)l Ifla)l

Y Kfa@lz Y Kfu(@l = f@l.

n,kew kew
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Since the opposite inequality is trivial, (9.1) is shown. By (9.1),
1I63] 10l

fekery
W= Y k@)l " =" Y o=o.
n,kew n,kew
Therefore (f) = 0, and thus f € ker 1. This implies that « is injective. O

10 R generates Dedekind o-complete truncated Riesz spaces

Theorem 10.1 (Loomis—Sikorski Theorem for truncated Riesz spaces). Let G be a Dedekind o-complete trun-
cated Riesz space. Then there exist a set X, a g-ideal J of subsets of X, and an injective o-continuous Riesz
morphismt: G — ]RTX such that, for every f € G, ((f) = 1((f) A [1]5.

Proof. By Theorem 9.2, there exist a set X, a o-ideal J of subsets of X, and an injective o-continuous
¢-homomorphism i: G — ]RTX such that, for every f € G, ((f) = ((f) A [1]4. Since ]RTX is Dedekind o-complete,
it is archimedean; by [15, Corollary 11.53],  is a Riesz morphism. O

We denote by o0RS; the variety of Dedekind o-complete truncated Riesz spaces, whose primitive operations
are 0, +, v, A(-) (for each A € R), Y, and =, and whose axioms are the axioms of Riesz spaces, together with
(TS1), (TS2), (TS3), (T1), (T2), (T3), (T4’) and (T5’).

We can now obtain the first main result of Part II, as a consequence of Theorem 10.1.

Theorem 10.2. The variety oRS; of Dedekind a-complete truncated Riesz spaces is generated by R.

Proof. Let G be a Dedekind o-complete truncated Riesz space. By Theorem 10.1, there exist a set X, a g-ideal
J of subsets of X, and an injective o-continuous Riesz morphism (: G — ]RTX such that, for every f € G,
((f) = t(f) A [1]g. Regarding ]RTX as an object of 0IRS; with the structure induced from R, we conclude that G is

a subalgebra of a quotient of a power of R. O

Remark 10.3. From [1, Theorem 7.4], it follows that R actually generates 0RS; as a quasi-variety, where
quasi-equations are allowed to have countably many premises only.

Corollary 10.4. For any set I,

Fi(I) := {f: Rl 5 R ‘ f is Cyl(RY)-measurable and there exist J < I finite and (Apjes R : Il < Z/\,-ln,-l}
jeJ
={f: Rl = R | f preserves integrability}
is the Dedekind o-complete truncated Riesz space freely generated by the projections m;: RI — R (i € I).

Proof. By Theorem 10.2, the variety 0IRS; of Dedekind o-complete truncated Riesz spaces is generated by R.
Therefore, by a standard result in general algebra, the smallest 0IRS;-subalgebra S of RR' that contains the
set of projection functions {r;: R — R | i € I} is freely generated by the projection functions. The set S is the
smallest subset of RR' that contains, for each i € I, the projection function 77;: RY — R, and which is closed
under every primitive operation of IRS;. By Theorem 2.4, S consists precisely of all operations Rl — R that
preserve integrability. An application of Theorem 2.1 completes the proof. O

Write mr: I — F¢(I) for the function (i) = ;. Corollary 10.4 asserts the following. For any set I, for every
Dedekind o-complete truncated Riesz space G, for every function f : I — G, there exists a unique o-continuous
truncation-preserving Riesz morphism ¢ : F¢(I) — G such that the following diagram commutes:

I —2— F(I)

Ell
vf ¢

v
G.
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11 The Loomis—-Sikorski Theorem for £-groups with weak unit

An element 1 of an abelian ¢-group G is a weak unit if 1 > 0 and, for every f € G, f A1 = 0 implies f = 0.

Remark 11.1. Let G be an archimedean abelian ¢-group, and let 1 be a weak unit. Then f — f A 1 is a trun-
cation. Indeed, the following show that (T1)—(T5) hold.

(1) fAu=(f*"Au)-f byLemma9.8.

(2) Forallf € G*,fA1leG.

(3) Forallf,ge G*,fA(gnl)=(FfAL)Ag<fALLS.

(4) Forallf e G*,iffA1=0,thenf=0.

(5) Forallf € G*,if nf = (nf) A1 forevery n € w, then nf < 1 for every n € w. Since G is archimedean, f = 0.

Lemma 11.2. Let G be a Dedekind o-complete €-group G, and let 1 € G. Then 1 is a weak unit if, and only if, the
following conditions hold.

(W1)1=o0.

(W2) Forallf € G*, f = Y! ., n(f A 1).

Proof. Since G is Dedekind o-complete, G is archimedean. If 1 is a weak unit, then 1 > 0 and, by Remark 11.1
and Proposition 8.5, for all f € G*, f = Y],:ew n(f A 1). Conversely, suppose that (W1) and (W2) hold. If
fA1=0,thenf = Y’;ew n(fal)= Yf,ew 0 =0, and so 1 is a weak unit. O

Note that, in the language of Dedekind o-complete £-groups, axioms (W1) and (W2) are equational. Indeed,
(W1) corresponds to 1 A 0 = 0, and (W2) corresponds to Vf f+ = {16,,, n(ft A l).

Theorem 11.3 (Loomis-Sikorski Theorem for £-groups with weak unit). Suppose G is a Dedekind o-complete
¢-group with weak unit 1. Then there exist a set X, a o-ideal J of subsets of X, and an injective g-continuous
¢-homomorphism t: G — ]RTX such that (1) = [1]5.

Proof. By Remark 11.1, G is a Dedekind o-complete truncated ¢-group, with the truncation given by
f — f A1.Then, by Theorem 9.2, there exist a set Y, a g-ideal J of subsets of Y and an injective o-continuous
¢-homomorphism ¢: G — IRTX such that, for every f € G, o(f A 1) = o(f) A [1]5. The element ¢(1) is a weak
unit for the image of G under ¢. Therefore, by Lemma 9.11, there exists a set X, a o-ideal J of subsets of
X, and a o-continuous ¢-homomorphism i : ]RTY - IRTX such that the restriction of i to H is injective and
P(p(1)) = [1]5. The function ¢ := 1 o ¢ has the desired properties. O

Corollary 11.4. The variety of Dedekind o-complete €-groups with weak unit is generated by R.

Proof. Let G be a Dedekind o-complete £-group with weak unit. By Theorem 11.3, G is a subalgebra of
a quotient of a power of R. O

12 R generates Dedekind o-complete Riesz spaces with weak unit

Theorem 12.1 (Loomis-Sikorski Theorem for Riesz spaces with weak unit). Let G be a Dedekind o-complete
Riesz space with weak unit. Then there exist a set X, a o-ideal J of subsets of X, and an injective o-continuous
Riesz morphism: G — ]RTX such that 1(1) = [1]5.

Proof. By Theorem 10.1, there exist a set X, a o-ideal J of subsets of X and an injective g-continuous
¢-homomorphism t: G — ]RTX such that, for every f € G, (1) = [1]5. Since ]RTX is Dedekind o-complete, and
thus archimedean, by [15, Corollary 11.53], ¢ is a Riesz morphism. O

We denote by 0RS,, the variety of Dedekind o-complete Riesz spaces with weak unit, whose primitive opera-
tions are 0, +, v, A(-) (for each A € R), Y, and 1, and whose axioms are the axioms of Riesz spaces, together
with (TS1), (TS2), (TS3), (W1), (W2).

As the second main result of Part II, we now deduce a theorem that was already obtained in [1].
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Theorem 12.2. The variety oRS, of Dedekind o-complete Riesz spaces with weak unit is generated by R.

Proof. Let G be a Dedekind o-complete truncated Riesz space. By Theorem 12.1, G is a subalgebra of a quo-
tient of a power of R. O

Remark 12.3. It has been shown in [1] that R actually generates 6RS,, as a quasi-variety, in the sense of
Remark 10.3.

Corollary 12.4. For any set I,
Fu(D) := {f: R! - R | f is Cyl(R)-measurable and there exist ] < I finite, (A)jes <R, k e RF

such that |f| < k + Z/l,-lnjl}
jel
={f: R! — R | f preserves integrability over finite measure spaces}

is the Dedekind o-complete Riesz space with weak unit freely generated by the elements {m;};c1, where, fori € I,
m1;: R — R is the projection on the i-th coordinate.

The proof is analogous to the proof of Corollary 10.4, and F,(I) is characterised by a universal property
analogous to the one that characterises F(I).

A Operations that preserve co-integrability

In Section 4 it has been shown that, for any p € [1, +00), a function 7: R — R preserves p-integrability if,
and only if, T is Cyl(lRI )-measurable and there exist a finite subset of indices J < I and nonnegative real num-
bers (A;)jes such that, for every v ¢ R, we have |7(v)| < Zje[ Ajlvjl. Does the same hold for p = co? The answer
is no. Indeed, the function (-)?: R — R, x +— x? is an example of operation which preserves co-integrability
but not p-integrability, for every p € [1, +00). In Theorem A.5, we will answer the following question.

Question A.1. Which operations R! — R preserve co-integrability?

We will see that an operation R’ — R preserve co-integrability if, and only if, roughly speaking, it is measuz-
able and it maps coordinatewise-bounded subsets of R onto bounded subsets of R. To make this precise,
we introduce some definitions.

Given a measure space (Q, &, u), we define £°°(u) as the set of F-measurable functions from Q to R that
are bounded outside of a measurable set of null y-measure.

Definition A.2. Let I be a set, 7: Rl — RR. We say that T preserves co-integrability if for every measure space
(Q, F, ) and every family (fi)ier € £°°(u) we have 7((fi)ier) € L ().

We can now state the answer to Question A.1 precisely. Let I be a set and let 7: R/ — R be a function. Then T
preserves co-integrability if, and only if, T is Cyl(RT)-measurable and, for every (M;)ic; € R, the restriction
of 7 to [];¢;[-M;, M;] is bounded. This will follow from Theorem A.5.

A.1 Operations that preserve boundedness

As a preliminary step, in Theorem A.4, we characterise the operations which preserve boundedness.

Definition A.3. Let I be a set, 7: R — R. We say that T preserves boundedness if for every set Q and every
family (f;)ic; of bounded functions f;: Q — R, we have that 7((fi)ic;): Q — Ris also bounded.

Theorem A.4. Let I be a set and t: R! — R. The following conditions are equivalent.
(1) 7 preserves boundedness.
(2) Forevery (M;)ic1 € R*, the restriction of T to [];c;[-Mi, M;] is bounded.
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Proof. We prove (1) = (2). Fix (M;)ier € R*. Take Q := [];;[-M;, M;] and, for every i € I, let f; be the restric-
tion of the projection function 77;: R — Rto Q. Since f; maps Q onto [-M;, M;], f; is bounded. Thus 7((f})ic1)
is bounded, i.e., there exists M such that for every x € Q we have 7((fi(x))icr) € [-M, M]. Let x € Q. Then
7(x) = T((7M(X))ier) = T((fi(x))ier) € [-M, M]. Thus (2) holds.

We now prove (2) = (1). Let Q be a set, and let (f;);c; be a family of bounded functions from Q to R.
For each i € I, let M; € R* be such that the image of f; is contained in [-M;, M;]. Let M be such that T maps
[Tic;[-Mi, M;] onto a subset of [-M, M]. Then, for each x € Q, T((fi)ie1)(X) = T((fi(x))ier) € [-M, M]. O

A.2 Operations that preserve co-integrability

The following is the main theorem of this section.

Theorem A.5. Let I be a set and let T: R — R be a function. The following conditions are equivalent.
(1) T preserves oco-integrability.

(2) T preserves measurability and boundedness.

(3) Tis Cyl(RY)-measurable and, for every (M;)ier < R*, the restriction of T to [Tie;[-M;, M;] is bounded.

In order to prove Theorem A.5, we need some lemmas.

LemmaA.6. Let I be a set and let T: Rl — R be a function. If T preserves co-integrability, then T preserves
measurability.

Proof. Every measurable space (Q, ¥) may be endowed with the null measure pg: for each A € F, uo(A) = 0.
Then £ (up) is the set of F-measurable functions from Q to R. Hence, preservation of co-integrability over
(Q, F, po) is equivalent to preservation of measurability over (Q, F). O

LemmaA.7. Let I be a set and let T: Rl — R be a function. If T preserves co-integrability, then T preserves
boundedness.

Proof. Let us suppose that T does not preserve boundedness. By Theorem A.4, there exists (M;);e; € R* such
that the restriction of 7 to [[;c;[-Mi, M;] is not bounded. Fix one such family (M;);cs; let Q = [[;;[-M;i, M;].
Let (wn)new be a sequence in Q such that |T(wo)| < |T(w1)| <--- and |T(wy)| — co as n — oco. Consider
on (Q, P(Q)) the discrete measure u such that u({wy}) = zl,, for every n € w and p(Q \ {wo, w1,...}) =0.
Then (Q, P(Q), p) is a finite measure space. For i € I, the restriction (77;)|q of 71; to Q is bounded, since its
image is [-M;, M;]. Moreovet, (11;)|q is P(Q)-measurable. Therefore, (11;)jq € £°(u). We have 1| ¢ L°(u);
indeed, let A be a subset of Q of null y-measure. Then w, ¢ A for every n € w. Therefore 7|q is not bounded
outside of A. O

LemmaA.8. Let I be a set and let T: Rl — R be a function. If T preserves measurability and boundedness,
then T preserves co-integrability.

Proof. By Corollary 3.6, T depends on a countable subset J ¢ I. Let (Q, &, u) be a finite measure space and
consider a family (f;)ier € £°°(u). For each j € ], let A; be a measurable subset of Q such that u(4;) = 0 and
fj is bounded outside of A;. Set A := Jj¢; Aj. Then p(A) = 0. For each i € I, define fi as fi if i € J, otherwise
let f; be the function constantly equal to 0. Since 7 depends only on J, we have 7((f;)ic1) = T((fi)ie1). For
every i € I, the restriction (f;)q\4 is bounded. We have that T(fieDiava = ((f)ieD)ia = T((F)ja\aier) is
bounded since T preserves boundedness and, for every i € I, (fi)jo\4 is bounded. Thus 7((fi)icr) is bounded
outside of a set of null measure. Moreover, 7((f)icr) is measurable because T preserve measurability. Therefore

T((fi)ier) € L2(). O
Proof of Theorem A.5. By Lemmas A.6 and A.7, we have (1) = (2). Lemma A.8, we have (2) = (1). By Theo-
rems 3.3 and A.4, we have (2) © (3). O

Corollary A.9. LetIbeasetandlett: Rl — R be afunction.If T preserves p-integrability for somep € [1, +co),
then 1 preserves co-integrability.
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Proof. By Theorem 2.1, T is Cyl(R!)-measurable and there exist a finite subset of indices J < I and non-
negative real numbers (A;)je; such that, for every v ¢ R!, we have |T(v)| < Z]-E, Ajlvj|. Let (M;)ier € R*. Let
v € [1ief[-Mi, Mi]. Then [t ()| < Y5 Ajlvjl < iy AjM;. Thus, the restriction of 7 to [ [;;[-M;i, M;] is bounded.
Therefore, by Theorem A.5, T preserves co-integrability. O

Remark A.10. The converse of Corollary A.9, as mentioned at the beginning of this section, is not true, as
shown by the function (-)?: R — R, x — x2.
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