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Abstract. In this paper we study a semilinear weakly damped wave equation equipped with an
acoustic boundary condition. The problem can be considered as a system consisting of the wave equation
describing the evolution of an unknown function u = u(z,t), * € Q in the domain coupled with an ordinary
differential equation for an unknown function § = §(z,t), z € I := 9Q on the boundary. A compatibility
condition is also added due to physical reasons. This problem is inspired on a model originally proposed
by J. T. Beale and S. I. Rosencrans in [3]. The goal of the paper is to analyze the global asymptotic
behavior of the solutions. We prove the existence of an absorbing set and of the global attractor in the
energy phase space. Furthermore, the regularity properties of the global attractor are investigated. This
is a difficult issue since standard techniques based on the use of fractional operators cannot be exploited.
We finally prove the existence of an exponential attractor. The analysis is carried out in dependence of

two damping coefficients.

1 Introduction

Let Q C R3 be a bounded domain with smooth boundary I'. We consider
the following semilinear damped wave equation equipped with an acoustic
boundary condition

Uy +wuy — Au+u+ f(u) =0 in  x (0, 00)

Ot + 10y + 0 = —uy on I' x (0, 00) (1.1)
6 = ou on I' x (0, 00),



where w and v > 0 are an interior and a surface damping parameter, respec-
tively, and the nonlinearity f € C*(R) fulfills

f'(w)] <a(l+v?), >0, (1.2)

liminfM > —1. (1.3)

lu|—oc0 U
For some results, in place of (1.2) we shall assume that f € C?(R) satisfies
[f (W) < (M +ful), 20, (1.4)

flluy=-1, 1>0. (1.5)

The physical model described by system (1.1) is that of a gas filling an
open bounded domain €2 whose smooth boundary at each point acts like
a spring reacting to the excess pressure of the gas. System (1.1) describes
the evolution of the velocity potential u of the fluid which undergoes small
perturbations, and of the normal displacement § of the boundary into the
domain. The model has been considered by J.T. Beale and S. I. Rosencrans in
the pioneering paper [3] as a model for acoustic wave motion of a fluid inter-
acting with a so called locally reacting surface, i.e., a surface whose different
parts do not interact with each other. See also [25].

Unlike the original model, here we have included a nonlinear term f(u)
representing nonlinear effects in the small wave motion of the fluid inside the
domain €). Moreover, for simplicity, we set equal to 1 all the coefficients in
the equations, with the only exception of the damping parameters.

Problem (1.1) (with f = —u, i.e., without the nonlinear term and with
w = 0) has been considered in [3], [4] and in [5] for the exterior domain
case. In these papers well-posedness (cf. [4]) has been established and some
spectral properties of the evolution semigroup generator ([4], [5]) have been
investigated. More recently the interest for acoustic boundary condition has
revived. See, for example, [15], [14], [31] and [26], [7], [8].

Though many well-posedness and spectral results have been proved in
the existing literature concerning wave equations with acoustic boundary
conditions, up to now and to the best of our knowledge, the study of the
asymptotic behavior of the solutions is still lacking. Our goal in the present
paper is to investigate the long time behavior of system (1.1) focusing the at-
tention on global asymptotic properties, such that the existence of a bounded
absorbing set, of the global attractor, of a regular attracting set, as well as
of an exponential attractor.

As far as well-posedness and dissipativity are concerned we shall study
system (1.1) with a further nonlinear term ¢(d) in the second equation,



namely
5tt+v5t+5+g(5) = — U, (16)

where g € C*(R) fulfills the following assumptions

9O <, 320, (1.7)
1%{%};@ > —1. (1.8)

This additional term may represent nonlinear effects in the oscillation of the
surface.

The paper is organized as follows. We first conclude this introduction
with some essential notation and technical Gronwall type lemmas that we
shall use in the course of the investigation. In Section 2 we give the well-
posedness result and also a regularity result for the solutions to system (1.1).
Due to the particular dynamic boundary condition, the approach that works
very well is the semigroup approach. System (1.1) is written as an abstract
evolution equation in the energy phase space for a vector unkown whose
four components are the velocity potential in the domain u (and its time
derivative) and the displacement on the boundary ¢ (and its time derivative).

In light of the well-posednesss result, system (1.1) (or system (1.1)4, (1.6),
(1.1)3), associated with an initial condition, is the generator of a dynamical
system (H, S, (t)) on the phase space H.

In Section 3 we deduce the dissipativity of the system by proving the
existence of a bounded absorbing set in the energy phase space. A sufficient
condition on the nonlinearities f and g for the uniform decay of the trajec-
tories departing from every bounded subset of H is also obtained.

Section 4 is devoted to the result on the existence of the global attractor
for system (1.1). We wish to obtain this result by means of the same hy-
potheses used for well-posedness (i.e. (1.2) and (1.3)), without using further
assumptions. To this aim, the classical decomposition method does not work
very well. Indeed, it can be seen that this method either requires (1.4), (1.5)
(see Section 5) or the very restrictive assumption |f’(u)| < ¢. The reason
is that, due to the dynamic boundary condition, we cannot work here with
fractional powers of some elliptic operator in order to deduce the asymptotic
compactness by means of estimates in more regular Sobolev spaces. There-
fore, a different approach has to be employed and the idea is to use the energy
equation method, originally due to J. M. Ball.

In Section 5 we consider the regularity of the attractor. More precisely,
we show the existence of a regular bounded set which attracts the bounded
subsets of the energy phase space exponentially fast. This is done by em-
ploying a decomposition technique which is essentially due to V. Pata and



S. Zelik (see [28]). The result of Section 5 is also useful for Section 6 which
is devoted to the construction of an exponential attractor, by means of the
technique devised in [10].

Notation. We denote by (-,-) and || - || the inner product and the norm on
L?(R2), respectively. For every s € R, the norm in the Sobolev space H*({2)
will be denoted by || - ||s. The inner product on L*(T) is (-,-) and the cor-
responding norm is simply || - ||z2r). The finite energy phase space of the
solution semigroup is

H = H'Y(Q) x L*(Q) x L*(T") x L*(T).

We shall also need the Laplace-Beltrami operator —Ar on the variety I'. We
recall that —Ar is a positive definite self-adjoint operator in L*(T"), with
domain D(—Ar). The Sobolev spaces H*(I') on the variety I, for s € R, can
thus be defined as H*(I') = D((—Ar)*/?), endowed with the graph norm

[v] ?{s(r) = HUH%W) + H(_AF)S/2UH%2(F)'

The following lemma will be particularly useful to prove the dissipative fea-
ture of the system

Lemma 1. Let X be a Banach space, and Z C C([0,400); X). Let there be
given a functional E : X — R such that

sup E(z(t)) > —m, E(z(0) <M

>0
for some m, M >0 and for every z € Z. In addition assume that E(z(-)) €
C([0,+00)) for every z € Z and that the differential inequality

d
ZEGED) +eollz@)llx <k
holds for allt > 0 and for some ex > 0, k > 0, both independent of z € Z.

Then, for every n > 0 there is tg = to(M,n) > 0 such that, for every z € Z

E(2(1)) < g?{E(C) seollCllx < k4t

for everyt > to. Furthermore, the time to can be expressed by ty = (M+m)/n.

For the proof see, for instance, [6, Lemma 2.7]. Furthermore, in order to
prove the main result of Section 5, we shall need two suitable versions of
the Gronwall lemma that, though well known, we shall now recall for the
reader’s convenience (for their proof see [9, Lemma 2.1] and [21, Lemma 2.2],
respectively).



Lemma 2. Let ¥ : [0, +00) — [0, +00) be an absolutely continuous function

satisfying
%\If(t) +2eW(t) < h(t)W(t) + k

where € > 0, k > 0 and fst h(r)dr < €(t —s)+m, for allt > s >0 and some

m > 0. Then
U(t) < U(0)eme " + kc;,
for allt > 0.
Lemma 3. Let & : [0,00) — [0,00) be an absolutely continuous function

such that, for some e > 0
%cb(t) +2d(t) < F(O)D(E) + h(t)

for almost every t € [0,00), where f and h are functions on [0, 00) such that

/ |f(T)|dr < a(l + (t —s)Y), sup/75 |h(7)|dT < 8

>0
for some «, >0 and A € [0,1). Then
O(t) <yP(0)e "+ K

for every t € [0,00), for some v =~(f,e,A\) > 1 and K = K(e, A, f,h) > 0.
The constants v, K can be given by v = exp{a+a(a/e) 1=V —e(a)/e)/ 1=V}
and K = ~v6C,, where C. = e /(1 —e™).

2 Well-posedness

The existence of the solution semigroup S(t) for the initial value problem
associated with (1.1) has been proved in [4] for the linear case f = 0. The
same proof, which relies on the use of the semigroup method by writing
(1.1) in the form of an abstract semilinear evolution equation in H, can be
obviously adapted also for the present case with f different from zero.

The initial value problem for (1.1) can be naturally formulated in the
finite energy Hilbert space H endowed with the norm

lwli3 = lwi I} + llwal* + lws Ly + lwallZar)

for every w := (wy, we, w3, wy) € H. Actually, it is easy to see that the (linear)
energy of a solution w = (u,uy,d,d;) to (1.1) is
1
E,(0) = ¢ Jw(0)

5



and the (nonlinear) energy is

where F(s) = [ f(0)do and G(s) = [; g(0)do, which formally satisfies the

energy equation

d&,

dt
Now, according to [4], we introduce the linear unbouded operator A : D(A) C
‘H — H defined by

= —wlluell® = V10|72 r- (2.1)

D(A) = {w = (wy,wq, w3, wy) € H: Awy € LQ(Q),wQ € Hl(Q),ﬁnwl = wy}

Aw = (wy, —wwy + Awy — wy, wy, —(wy + w3 + vwy))

for every w = (wq, wy, w3, wy) € H. The condition d,w; = wy is interpreted
in the weak sense to mean

/(Awl)go + Vw; -V = /w4<p,
Q

r

for every p € H'(Q)). Furthermore, we introduce the nonlinear function F :
‘H — 'H defined by

:F(w> = (07 _f<w1)70> —g(UJ3)),

for every w € H. The initial value problem for system (1.1);, (1.6), (1.1)3
can therefore be put in the form

{ w; = Aw + F(w)

0(0) = (2.2)

where w = (u,uy,6,60;) and wy = (ug, u1,00,01) € H. In order to consider
strong solutions we also introduce the following (second order) phase space

Hy = {w = (w1, wa, ws, wy) € H(Q)x HY(Q)x HYAD)x HY2(T) : Oqwy = wy}
which is Hilbert with the associated norm

ey = o 3+ el + sl ey + e 32y
Due to the smoothness of the boundary I' it easy to check that

H, = D(A)NZ
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where Z is the subspace
Z = {w = (wy, wy, ws, wy) € H : w3, wy € HY*(T')}.

It can be seen (cf. [4, Theorem 2.1]) that A is the generator of a strongly
continuous contraction semigroup {e“!};~¢ of bounded linear operators on H,

and F is a locally Lipschitz map on H. We recall the notion of weak solution
to (2.2).

Definition 1. Let wy € H. We say that w € C°([0,00); H) is a weak solution
to (2.2) if it satisfies

t
w(t) = ey +/ A9 F(w(s))ds,
0

for allt > 0.

Denoting by A* the adjoint of A, It can be proved (see [2]) that a map
w € CY([0,00); H) is a weak solution to (2.2) if and and only if for each
z € D(A*) the function (w(-), z)y is absolutely continuous on [0, T, for each
T > 0, and satisfies

%(w(t), 2y = (w(t), A" 2)y + (F(w(t)), 2)n, for a.e. t € [0, 00)

and the initial condition w(0) = wy. We now can state the main theorem of
this section.

Theorem 1. Let (1.2), (1.3), (1.7), (1.8) hold and assume that wy € H.
Then, there exists a unique weak solution w € C°([0,00);H) to (2.2). For
each weak solution &,(-) € C'([0,00)) and the energy equation (2.1) holds.
Furthermore, if wo; and wye are two sets of data in 'H and wq, we the cor-
responding solutions on [0,00), there exists 8 > 0, depending only on the
H-norms of the data and independent of w, v, such that

Jwa(t) — wi(t) || < €”||woz — wor ||, (2.3)

for allt > 0. Assuming, in addition, that f fulfills (1.4), that g = 0, and that
wo € Hy, the corresponding weak solution satisfies the reqularity property

w € C*([0,00); H) N C°([0, 00); Hy) (2.4)

and 1s called "strong” solution.



Proof. We give a sketch of the proof. The fact that D(A) is dense in H has
been shown in [4, Theorem 2.1], and one can use the same argument as in [4,
Theorem 2.1] to prove that A is also closed, dissipative, i.e., (Aw,w)y < 0,
for every w € D(A), and such that R(I — A) = H. By the Lumer-Phillips
Theorem we therefore conclude that A is the generator of a C° contraction
semigroup in H.

Due to (1.2) and (1.7) we have that F : H — H is locally Lipschitz
and so, for every wy € H there exists tpnax = tmax(wo) € (0,00] such that
(2.2) admits a unique maximally defined weak solution w € C°([0, tyax); H)-
To show that ,,x = oo one can use the energy identity (2.1) which can be
derived by adapting the argument used by J. M. Ball in [1, Theorem 3.6].

Integrating (2.1) between 0 and t,

t
nmm&+2AFww4[¥mn+A«wwf+ﬂwmmmf

=wmm+2AFww+zAG@x (2.5)

for every t € [0, tmax). By (1.3) and (1.8) there exist uo, u1 € (0, 1] such that

2 [ P> =1 ) fulf — e (2.6)

and

2 [ G3) = ~(1 = )81y — s (27)

Plugging (2.6), (2.7) into (2.5) and using also assumptions (1.2) and (1.7),
one immediately gets
lw(®)ll2 < C(llwoll),

for every t € [0,fmax), and this implies that t,.. = oo. Furthermore, we
have that, for every R > 0, there exists a positive constant C = C(R),
independent of w and v, such that, whenever ||wg|lz¢ < R, the corresponding
solution fulfills

Jeo(t) |l < C. (2.8)

for all t > 0. For the continuous dependence estimate (2.3), setting w :=
W9 — W1 and ﬁjo = Wp2 — Wp1, WE easily get

d o 12 T2
T Tl By
= () — flu2), ) + {g(5) — g(52), 3 (2.9



By (1.2)
|(f(u1) = fluz), ue)| < C(R)|[al]1[lue] (2.10)

where R > 0 is such that ||wg;||» < R, for i = 1,2, and the second term on
the right hand side of (2.9) can be obviously estimated by 02Hg||Lz(p) ||gtHL2(p),
due to (1.7). Hence, (2.3) follows immediately from (2.9) and (2.10), by using
the standard Gronwall lemma.

Finally, for the regularity result in the case ¢ = 0 we can reason in the
spirit of [4, Lemma 2.3]. We give the main points for the convenience of the
reader.

Due to assumption (1.4) on f and to the fact that ¢ = 0, the map F :
D(A) — D(A) is locally Lipschitz continuous. Hence (see, i.e., [33, Theorem
2.5.6.]), if wy € H; (which implies wy € D(A)), the corresponding weak
solution w fulfills

w € C*([0,00); H) N CO([0,00); D(A)). (2.11)

Consider now the following initial value problem in X := H'Y?(T") x H'/?(I")

2z = Bz +
{ +(0) = (507%1)T (2.12)

where z(t) = (23(t), z4())? and

e R R CE B (213)

u; being the second component of the solution w. Therefore y € C°([0, o0); X),
as a consequence of (2.11). As B € L£(X) (hence B is the generator of a uni-
formly continuous C° semigroup on X) and z(0) € X, we have that problem
(2.12) admits a unique solution z € C'([0, 00); X ). By comparision with prob-
lem (2.2) (the two equations in (2.12) are equivalent to the second equation
in (2.2)) and by uniqueness, we deduce that z3(t) = 0(¢) and z4(t) = (1),
for every ¢ > 0. This, together with (2.11), implies (2.4).

[

Theorem 1 and the fact that the system is autonomous lead immediately
to the following.

Corollary 1. In the hypotheses (1.2), (1.3), (1.7) and (1.8), system (1.1),
(1.6), (1.1)3 with the initial condition w(0) = wy € H generates a strongly
continuous semigroup S(t) = S, ,(t) on the phase space H.



3 Dissipativity

In this section we show the existence of a bounded absorbing set By C H for
system (1.1)1, (1.6), (1.1)3. The analysis is carried out in dependence of the
damping coefficients w and v.

We point out that, though the calculations we perform in this and in the
subsequent sections are formal, the estimates (and also all the differential
identities) can be justified by means of an appropriate regularization pro-
cedure which relies on the semigroup theory and on the regularity result of
Section 2 (see [13]).

Here is the result we want to prove.

Theorem 2. Let (1.2), (1.3), (1.7), (1.8) hold. Then, there exists Ry > 0
with the following property: for every R > 0, there exists ty = to(R,w, v) such
that, for every wy € H with ||wo|lx < R, we have

[S()wollx < Ro,
for every t > tg.
Proof. We set & = u; + eu, ( = 6; + €6, where € > 0 is to be fixed later, and

we multiply in L?(€2) the first equation of system (1.1) by € and in L*(T) the
second equation by (. Adding the resulting equations we get

1d
Qﬁﬂuh+MW+wwpm+wmy

+2e<u,6>+2/ +2/G

+ellullf + (W — O)llEN® — e(w — ) (u, €)
+ellolZa iy + (v — NSz — e(v —€)(6,¢)
+e(f(u),u) + €(g(0),0) = 26(u, ¢) —2e*(u, d). (3.1)

Henceforth in this section ¢;, k1, ko, €; and a will be some positive (or noneg-
ative) constants whose value will be specified in Remark 2. We now have

dw—muo>—%%uf~—mw (3.2)

—e(v = )(6.¢) = =0 xqr —@ﬂwam (3.3)

e(f(u),u) > —e(1— pio)Ju? — ecs .

€(9(8),8) = —e(1 — ) [[8]2(r) — €7 (3.5)
4

2¢(u, ) < L2l + G%Mhz (3.6)

-ﬂﬂw®égwmm+3@Mh (3.7)

10



where gy and p; are the same as in (2.6) and (2.7), respectively, and ¢; is
the constant in the trace inequality [|v||z2r) < cf|v]1, for every v € H'(Q).
Plugging (3.2)-(3.7) into (3.1) we get

1d(, , ) 2
Sl 2 + 1010y + 13y
+26<u,5>+2/F(u)+2/G(5)}
Q r
2

€ w
+§(NO — QC?E)HUH% + <w — e(l + %>> H£||2

S - ] - A v 2
gl = 200 + (v = (147 + T Yy
< e(cg + ¢7). (3.8)

Let us now define the functional

E(w) = |lull + [[o[* + [16]|72(y + [17]l72(ry
+2¢(u, ) +2/ F(u) + 2/G(5) (3.9)
Q r
for every w = (u,v,0,n) € H. It is easy to see that, by taking € € (0, €],
where €; > 0 is obviously independent of w, v, we have

killwllz — cs < B(w) < kollwlls(1 + [Jwll3,), (3.10)

for every w € H, where kq, ko are two positive constants independent of w,
v, and cg = ¢4 + ¢5. If we now introduce

K(s) = s/(1+s%),
we see that, choosing 0 < e < min{ey, 5= K (w), 5= K ()}, where e, > 0 is
independent of w, v, we have

d € €
—E() + spollully + @€l + 5llollze ey + VICHZ2 ) < eles +er). (3.11)
Furthermore, for € € (0,1/2]

1
ey + 1€ + 101220y + I€CI1z2y 2 5wl (3.12)

In order to highlight the dependence on w, v in this section (see also Section
5) we introduce

1 w v Kw) K()

J ) = mi { ) €25 5 ) ) ) }a
(w,v) :=min< €, € 2% 2 20 20

11



where p* = 1 min{o, f11}. Therefore, by taking € = J(w,v), from (3.11) and
(3.12) we are led to

d * 2

S Ew(®) +p*J(w,v)[wt)llz, < (e + er) I (w, v). (3.13)

The theorem now follows by applying Lemma 1. Indeed, let us fix R > 0 and
a set of initial data wy € H such that ||wg|lx < R. By (3.10) we have the
bound

E(w(0)) < ke R(1+ R?).

From Lemma 1, we deduce that there exists a time tq = to(R,w, ) > 0 such
that

E(S(t)ywy) <sup{E(z):z € H, p*J(w,v)|z|3 < 2(ce + c7)J(w,v)},
(3.14)
for every t >ty and for every wy € H with ||wg||» < R. Hence, on account of
(3.10) we conclude that there exists Ry > 0, independent of w, v, such that

1S () wollr < Ro,
for every t >ty and every wy € H such that ||wg|lx < R. The ball
By={z€H:|z|]|ln < Ro} (3.15)

is therefore a bounded absorbing set for the semigroup. Moreover, the time
to(R,w,v) can be expressed by to(R,w,v) = (ko R(1+R?)+cg)/(co+c7)J (w, V).
O

Remark 1. We observe that the radius of the absorbing set Ry does not
depend on the damping coefficients w, v. Nevertheless, the time t;, needed
to stabilize the system not only depends increasingly on R, as expected, but
depends also on w and v. In particular we point out that, for fixed R > 0,
we have ;3 — oo both for w or ¥ — 0 and for w or v — 0.

Physically, the w, v-dependence of t; is obvious in the former case, as in
this case the dissipation is reduced to zero. On the other hand, in the latter
case, a very large damping has the effect of freezing the system, since the
damping acts only on the velocities wu;, d;, and this prevents the squeezing of
the components wu, .

Remark 2. We can express the constants in the proof of Theorem 2 and
the radius of the absorbing set in terms of the parameters of the problem.
Firstly, given a; > 0, ¢ = 1,2,3, let us denote by v = 7(ay,as,az) a non-
negative constant such that a;t! + ast? + ast < (¢ + t1), for every t > 0.

12



Hence, from (1.2) we have |F(s)] < ¢,(|s| + s*), for every s € R, where ¢; =
v(e1/2,¢1/2,|f(0)]). Furthermore, from (1.7) we have |G(s)| < (]| + s?),
where ¢; = max{cy/2,|g(0)|}. For the constants i, ¢4 in (2.6) and uq, ¢5 in
(2.7) we can assume (see [12, Remark 2])

po = min{(1 — X\o)/2, 1}, cy = [Q|Cy,
and
M1 = mm{(l — )\1)/2, 1}, Cy = |F‘205,

where

Ao = —liminf f(s)/s € RU{—o0}, Cy = —2 min F(r),

|s|—+o00 Irl<po
with pg > 0 such that r f(r) > — max{(\o+1)/2,0}r? for every |r| > po, and

A = —‘li‘minfg(s)/s € RU{—o0}, C; = —2|n|n<in G(r),
s|——+o00 r|<p1
with p; > 0 such that rg(r) > — max{(A\; +1)/2,0}r? for every |r| > p;. The
constants cg, ¢7 in (3.4), (3.5) can be given by

ce = |Q max{Cs, 0}, cr = |T|a max{C+,0},

where Cs = —miny <, 7f(r) and C7 = —miny <, rg(r). The constant a
(see the definition of the function J(w, ) in the proof of Theorem 2) is given
by

a=max{uy "', 1 +dcfug ", (20n)7},
and for €, eo we can take the values € = min{3u*/(1 + ¢),1/2}, e =
min{4='c; 2o, 47 pp }. Finally, ki, ko in (3.10) can be expressed by

ky =t ks =y(2@ QY% + &ITY?), 8 + 26, + 2, 26,¢Y),

where ¢, is the constant in the Sobolev embedding inequality ||v||psq) <
ce||v||y for every v € H'(Q) (we can assume c, = 2v2|P||, P : H'(Q) —
H'(R?) being a linear bounded extension operator). Therefore, by means
of (3.14) and (3.10), we can provide an estimate for the radius Ry of the
absorbing set

R = @@M)W(l N <2M)3/2> )
]{?1 /L* ,u* k‘l

13



Remark 3. (Uniform decay of the trajectories). A further application of
Lemma 1 allows us to deduce a sufficient condition which ensures the decay
in H of the trajectories, uniformly from every bounded subset B C H (cf. [12,
Remark 3]). Indeed, by applying Lemma 1 with n > 0 left arbitrary (instead
of fixing it equal to (¢g + ¢7)J(w,v)), we deduce at once the desired sufficient
condition, i.e. cg + ¢y = c¢g = 0, and, on account of Remark 2 as well, we can
state the following

Proposition 1. Let (1.2), (1.3), (1.7), (1.8) hold. In addition, suppose that
the following conditions

min rf(r) > 0, min rg(r) > 0,

Ir1<po Ir|<p1

12| min F(r) + ||z min G(r) =0 (3.16)
I71<po [r[<p1

be satisfied, with py, p1 > 0 as in Remark 2. Then, for every R > 0 we have
[1S(®)wolle =0 ast — +oo,

uniformly for ||wo||p < R. In particular, assumptions (3.16) hold if sf(s) > 0
and sg(s) > 0, for every s € R.

We conclude this section with an important corollary, concerning the
uniform control of the dissipation integral, that we shall use in the following.

Corollary 2. For every R > 0, there exists a positive constant A = A(R)
independent of w, v, such that, whenever |wy|lx < R, there holds

| @l + vl < o

4 The global attractor

In this section we deduce the existence of the global attractor A = A,,, for
system (1.1). Our goal is to deduce the existence of A under the assumptions
(1.2), (1.3) for the nonlinearity f. Unfortunately, the classical decomposi-
tion method, frequently used to prove asymptotic compactness in hyperbolic
equations, seems problematic when only (1.2), (1.3) hold. Indeed this method
usually requires stronger assumptions (e.g., like (1.4) and (1.5), see Section
5). The problem is due to the dynamic boundary conditions we have which
prevent the possibility of using fractional power operators in order to obtain
estimates in Sobolev spaces of higher order.
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The method we use to obtain the existence of A under the weaker assump-
tions (1.2), (1.3) relies on the use of an appropriate energy type equation.
The idea to take advantage of energy equations to prove the existence of
global attractors for weakly dissipative semigroup has been considered by J.
M. Ball (see [1]), and has later been successfully employed by other authors
in situations where the use of the decomposition method seems out of reach
(see, for instance, [24], [1], and also [17], [30], [18], [23], [29], [19]).

Theorem 3. Let (1.2), (1.3) hold. Then, (1.1) possesses a unique global
attractor A = A,,, in the energy phase space 'H.

Theorem 3 is an immediate consequence of the existence of a bounded
absorbing set, proved in Section 3, and of the asymptotic compactness of the
semigroup, which we shall now prove by applying Ball’s method.

In order to prove the asymptotic compactness, we first need to establish
the following lemma, which concerns with the weak continuity property of
the semigroup.

Lemma 4. The operators S(t) are weakly continuous on H, for all t > 0,
1.€.
Won, — wo, inH = Stw, — S(t)wy, inH.

Proof. The lemma is essentially proved in [1, Theorem 3.6]. Actually, the
proof in [1, Theorem 3.6] applies to the solution of an abstract evolution
equation in the form (2.2), with the assumptions (fulfilled in our case) that
A'is a (generic) generator of a strongly continuous semigroup e“! of bounded
linear operators on H, and F is a sequentially weakly continuous map from

H to 'H. ]
We are now in a position to prove the asymptotic compactness of S(t)
Proposition 2. The semigroup S(t) is asymptotically compact.

Proof. Let wo, = (ton, Uin, Oon, 01,) be a bounded sequence in H and ¢,, — oo.
We have to show that the sequence

w™(t,) = St won = (™ (t,), ut™ (t), 8™ (8), 64 ()

is precompact in H.
Let us first consider the third and fourth components of the solution. By
explicitly integrating the second equation in (1.1) written for the family of
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trajectories w(™ we obtain (it is not restrictive to consider the case v = 1)

(1) = 5 otnf2 eos (V34 ) 4 L /2 iy (V3
O™ (t,) = done cos( 5 tn> + \/§<50n+251n)6 sm< 5 tn>

Fk(tn)uom — / W (b — 7)™ (1), (4.1)

where the kernel k is given by k(s) = (2/v/3)e™*/?sin(sv/3/2).

Now, the first three terms on the right hand side of (4.1) obviously con-
verge strongly to zero in L?(T'). As far as the last term is concerned, we
have

tn tn
H / K (t, — T)U(n)(T)dTH < c/ e—(tn—f)/2’|u(n) (7)|ldr
0 1 0
< 2eM(1 — e /%) < 2¢M, (4.2)

for every n € N, where we have used the fact that |[u™(t)||; < M, for all
t > 0 and for all n € N, as a consequence of the existence of a bounded
absorbing set By, the constant M depending on the radius Ry of By.

By means of the compactness of the trace operator from H*(2) to L*(T),
we thus deduce the precompactness in L?(T") of the last term on the right
hand side of (4.1), which yields the precompactness in L*(T) of the sequence
6 (t,). The same argument obviously applies to the sequence 5™ (tn) as
well.

In order to prove the asymptotic compactness of the first two components
of the solution, we introduce the following auxiliary functional

1 1 w
I(w) = glullt + Flwl® + 5 (u,w)
1
+ [ Pl = (&) = 3l (4.3
An easy calculation shows that I(w(-)) satisfies
dl W oo w
St wl+ = ullfay = (w6 + (v = 3)d) + H(w) (4.4)

where
H(u) = w / (F(u) — 3 fwpm). (4.5)

Now, since {S(t,)wo,} is bounded in H (due to the existence of a bounded
absorbing set By), we have, for a subsequence

S(tn)won, — w*, in H. (4.6)
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Similarly, for every T" € N, the sequence {S(t,, — T)wp,} has a weakly con-
verging subsequence and, by means of a diagonalization procedure, we obtain
a further subsequence (which we do not relabel) such that, for every T' € N,

S(t, — T)wo, — wr, in 'H, (4.7)

with wp € By, for every T' € N (assuming that By is the closed ball given by
(3.15)). By Lemma 4, from (4.6), (4.7) we get S(T)wr = w*.

We now multiply by e** and integrate (4.4), written for each solution with
initial data given by S(t, — T))wq,. We get

T
(S(tunn) + 5 [ e 0T ey ds = e T 1(S (b~ Ty

2 Jo
T ~ ~
+/ e,w(Tfs) <a(n)(s)’ 5(71) (S) + <y — g)é}f”) (5)>d5
0
T
+ / e T H (@™ (s))ds, )
0

where we have set
@™ (1) = @™ (1), @ (1), 6™ (1), 0 (1)) = S(t + tn — T)won.

Now, observe that, for every ¢ > 0, we have w(™ () — S(t)wr in H, which im-
plies a(™ (t) — @(t) in H'(2), where we have set S(t)wp = (u(t), @ (t), 5(t), 5,(t)).
Hence

™ (t) — a(t), strongly in L*(T),

for every ¢t > 0. This fact, together with the weak convergences
0() =8, 80 = bu(), i L(D),

for every t > 0, allows to use the dominated convergence theorem in the
second term on the right hand side of (4.8) to deduce that this term converges
to

T B o
/ e ((5), 5(5) + (v — 2 )3i(s) ds.
0 2
Similarly, the second term on the left hand side of (4.8) converges to

w

T
5| e TN s,
0

while the last term on the right hand side converges to

/ 0 1)) ds
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by virtue of the sequential weak continuity of the map H : H'(Q) — R,
which can be easily proved by using (1.2) (see [1, Theorem 3.6]).
Hence, from (4.8) we obtain

T
lim sup I(S(t,)won) + g/ efw(Tfs)Hﬂ(S)”%?(F)dS
0

n—oo

< CeT + /0 " gt (@(s), 8(s) + (V - f)5t<s)>d5

+ /T eI~ H(7(s))ds, (4.9)

for every T € N. On the other hand, by integrating (4.4) written for the
solution with initial data wy, we have

w T
Hw)+ 5 [ e a(s) g ds
0

= e “TI(wy) + /OT e T=)(7(s),d(s) + (1/ — u—j>3t(s)>ds

2
T
+ / e=T=3) [ ((s))ds, (4.10)
0
for every T' € N. From (4.9) and (4.10) we find
limsup 1(S(t,)wo,) < Ce T + I(w*), (4.11)

and by letting T — oo, we see that limsup,, . I(S(t,)wo,) < I(w*). But, by
the weak lower semicontinuity of the norm, it is easy to see that, up to a sub-
sequence, we have liminf, . 1(S(t,)we,) > I(w*). Therefore I(S(t,)won) —
I(w*), and hence

™ )13 + ™ @)l = e 13 + [l ],

where w* = (w}, w}, w}, w}). This fact, together with the weak convergence
(4.6), yields u™(t,) — wi in H() strongly and u\”(t,) — w} in L2()
strongly. Thus, the first two components of the solution as well are asymp-

totically compact, and the proof is now complete.
]

5 Regular attracting sets

In order to prove the existence of a regular attracting set, which provides
the regularity of the attractor and will also be useful for the construction of
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an exponential attractor, we shall use a quite effective decomposition of the
solution, that has already been exploited in [28] and in other papers (see [16],
[20] and [32]).

This approach is particularly suitable for our problem, where fractional
operators cannot be used, and requires, in addition, some more restrictive
assumptions on the nonlinearity, i.e., (1.4) and (1.5).

In the following ¢ > 0 will stand for a generic constant, that may vary
even within the same equation, depending on the radius Ry of the absorbing
set By, but independent of w, v. Moreover ¢, , and b, , will stand for some
constants depending on Ry, w and v.

Theorem 4. Let (1.2)-(1.5) hold. Then, there exists a subset By = By (w,v) C
H, closed and bounded in H;y such that

dZStH(S(t)B(h Bl) < Cw,yeicJ(w’y)tv (51)
for every t > 0.

By virtue of the minimality property of the global attractor, we immedi-
ately have the following.

Corollary 3. Under the assumptions (1.2)-(1.5), the global attractor A of
the semigroup on 'H associated with (1.1) is contained and bounded in H;.

In order to prove Theorem 4, we consider the initial data wg € By and
we decompose the solution w into the sum w = w? + w®, where w? =
(u?, ud, 59, 62) and w® = (u, u§, §¢, 6¢) are the solutions to the following prob-

lems;

ul + wud — Aud + ud + h(u) — p(u) =0 in Q x (0, 00)

0 + 8l + 67 =—ul  onT x (0,00) (5.2)
5?2?% on I' x (0,00) '
w?(0) = wy in Q2
and
uf, + wuf — Au® +ut + Y(u€) = Ou in Q x (0, 00)
5tct+uéc+5c——ut on I' x (0, 00)
b = 2 on I' x (0,00) (5:3)

w (0) ~0 in €
here we have set
U(s) = f(s) + Os
with € > [ in order to have ¢/(s) > 0, by (1.5).
In the next lemmas we denote by k = k,, , a positive constant depending
on w, v, and Ry, having the form &, , = ¢/(wJ(w,v)).
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Lemma 5. We have
[ ()]l < Ko, (5.4)

for every t > 0 and every wy € By.

Proof. We can argue as in the proof of Theorem 2. Indeed, we can rewrite
(3.1) for system (5.3), replacing F'(u) with ¥(u¢) := [ ¢(s)ds and adding
on the right hand side the additional term 6(u,£&%) < £[[€°)% + £flullf <
2UE°)* + £, by (2.8). We are finally led to

d

B (1)) + eJ(w, ) [w )l < eJ(w,v) + =
Now, by means of Lemma 1, we easily get ||w®(t)|lx < ¢/(wJ(w,v)), for all
t >ty := ¢/J(w,v). On the other hand, by multiplying in L*(2) the first
equation in (5.3) by u¢, in L*(T") the second by ¢ and adding the resulting
equations together, we have

1 d c c (& (&
S Ul @l +2 | W) +wllugl® + 1071 ey
2dt

Q

C w (& c
= 0w uf) < Sl + = (55)

Integrating (5.5) between 0 and t € [0, o], we are led to ||w®(t)||x < cy/to/w =
c/\Jwd(w,v), for all t € [0,y]. We thus get (5.4), with the constant k,, in
the form written above. O

Lemma 6. For every e > 0 there exists m. > 0, depending also on w and v,
such that, for every 0 < s <t and every wy € By, we have

/(||ut(7)||2+ lug (7)[[*)dr < 5(t = 5) + me. (5.6)

DN ™

Proof. From (5.5), on account of Lemma 5, we can write
——{Mﬂm&+2LWWﬂ—%WWﬂ}HM%W+N$Mm>

€ ck?
= —0(uz, u°) < wy o e, (5.7)
Setting
A= ||wc||$1 + 2/ U(u®) — 20(u, u),
Q

we easily see that |A(t)] < ck?, for all ¢ > 0, by Lemma 5, (2.8) and (1.2).
Now, by integrating (5.7) between s and ¢ and by using Corollary 2, we
get (5.6). The constant m, can be expressed, as a function of w and v, by

me = ck?/(ew?) + ck* Jw. O
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We now prove

Lemma 7. We have
[w (#)|l2 < e, (5.8)
for every t > 0 and every wy € By.

Proof. We multiply (5.2); in L?(Q2) by &% := uf + eu? and (5.2), in L*(T") by
¢4 := 62 + €6, where € > 0 shall be fixed later. By also taking into account
(5.2)3, we find the following equality

1d
5 I+ 1€+ 18 ey + NG ey + 2e(u?, 6%

+2((u) — (u),u) — (¥ (U)ud,ud)} +ellutl + (w — e)llg’)?
—e(w = )(u”, &) + €l 62y + (v — NIy — (v — €)(6%, ¢)
+e(W(u) — P(u), u’) = 2¢(u’, ¢7) — 26 (u, o)
(W' (u) — ' (w))uf, u) — %(w”(u)ut,(udf)- (5.9)
We now have
(@' (wud, u?)] < e(1+ [lull ) flafls [l

1
< cllu?ll1[lu’]] < §||ud||f + cflu|?
and hence, by means of assumption (1.5), we have

200 (u) — () ) — (&, ) > 26 — D~ 2} — el
> (510)

provided 6 is chosen large enough (0 > [ + ¢/2). We now set (we omit the
indication of the time ¢ on the right)

®(t) = lul + €N + 1091 Z ) + 12y + 2¢(u?, 8%)
+2(0 () = (u), u’) — (' (w)u’, u) (5.11)

and, on account of (5.10) and of the trace inequality ||u?||r2ry < cfus,
it is easy to check that, provided e € (0, €], where €| is small enough and
independent of w, v, we have

(1) > ¢l (t) e (512
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for every t > 0 and every wy € By. On the other hand, by using Lemma 5,
we have

2|(¢ () — (u), u?)] < (U4 [Jullf + [Ju| D] < ck?(lu?]?,
where the constant k£ = k£, ,, is the same as in Lemma 5. Furthermore

(@ (uu, u)| < e(1+ [ull D) [[u’lff < cflu’]i.

Hence, it is also easy to check that
O(t) < ck?||lw! ()5 (5.13)

for every t > 0 and every wy € By. Let us now rewrite (5.9) in terms of the
functional P,

dd
— e+ e|ulf + (2w — 397

+ell 0720y + (20 = 3)[IC)1 72y — 26(w — €)(u?, £7)

—2¢(v — ) (6%, ¢ — 2e*(u?, 6 + e(¢' (u)u?, u?)

= de(u, ¢7) — de*(u, 8) + 2((¢' (u) — ¥/ (w))uf, u)

— (" (w)ur, (u)?). (5.14)

We now have

(@)
—_
ot

€
—2e(w — ) (u’,€") = —glludllf — ew?cl|€’]?,

(@)
—_
D

€
—2¢(v — €)(6%,¢%) > —§||5d||%2(r) — 2e?(|¢Y1 32y,

26 (u’,6%) < —Cllulf = e 07 e,

(@)
—
oo

€
teu,¢%) < Sl + celc? g,

~—~~ G~ o~~~
ot ot
—_ —_
=] ~
~—  ~— N~ ~—

4 (!, 5) < Sl + el
Furthermore, by means of (5.12) we have (assuming € < ¢€/)
2((&' (u) = ' (u))ui, u)| < 0(21 el ) g
< ckllui|| [} < gl\udH? + %HU?HQHudHf

< d||12 C_kz CZ@ 5.20
< glwflli + — "2, (5.20)

o ™
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and also

(" (e, (u))] < e(L+ full) |3
€ C
< clludllllult < gluliE + Il

€

Cc
< gl P + . (5.21)

oo |

Hence, plugging (5.15)-(5.21) into (5.14) and choosing € < min{e], ), K (w),
K(v)} = ¢J(w,v), where €, is independent of w and v, we get

dd € €
=+ €@+ |+ wll I + T107Eaqry + I e

< S 2 + )0 (5.22)
S ¢ t . .

Now, choosing ¢ = ¢J(w,v) in (5.22), by means of Lemma 6, Lemma 2
and (5.12), (5.13), we finally get (5.8) with ¢,, having the form ¢,, =
ko exp{ckS /(W J?(w,v))}. O

Lemma 8. We have
w1y < b,

for every t > 0 and every wy € By.

Proof. We differentiate (5.3); with respect to time and, setting v° := uf, we
obtain
vy, + wup — Av® +0° + ' (u)v® = Guy. (5.23)

Then, we multiply (5.23) in L?(Q2) by v + ev®, where € > 0 is to be deter-
mined later. By taking into account (5.3)s and (5.3)3, after some calculations
we are led to the following differential identity

d c c c c c c ,.C
E{HU T+ 17 + o117y + ewllo®l|* + 2(vd; + 6°,v°)

+2e(v°, of) + (¢ (w05, UC)} + 2€[[0° 17 + 2(w — &) [l7]1*
+2(e + V)HUCH%2(F) + 2e(vé; + 6, v°) + 2(v” — 1)(6;, v)

+20(0%, v%) + 2e(y) (u)v*, 0°) = (¥ (u)ug, (v°)%)

+20(ug, vy) + 266 (uy, uf). (5.24)

We now introduce the functional

Ap = [Pl + (g1 + ([0 Z2 ) + ewllo®[|* + 2(vdf + 6%, v°)
+26(v°, vf) + (¢ (u)o", v%) (5.25)
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and observe that, by choosing € € (0, 5], with €; small enough and indepen-
dent of w and v, we have

Av > S ([ + g1 + 0 e qry) — 2(v + 1)K (5.26)

l\DI»—t

Furthermore, by means of (1.2) we also have

Ay < (1+ck?+ec) ol + (T+ec) [vf 1P+ (T+ew) [0 22y +2(v+ D E[[v°| L2y

(5.27)
In terms of functional Ay, the differential identity (5.24) can be written in
the form

dAy . c
—— el + el o[ + (2w = 3e)[[of |1 + (2v + ) v [Za

dt
—we?|[vf]|? = 262 (v°, vf) + 2(v* — 1) (v, &) + 2v(v°, 6°)

(@ (u)ve, v°) = (" (u)ug, (v°)?)

+20(uy, v;) + 266 (uy, uf). (5.28)

We now have )

26 (0, ) 2 =t} — = [lof]” (5.29)
. ce € . 20%k?
e L (5.30)
e €, . 22 — 1)2k2
2(v? = 1){(v%, 67) > —§HU 72y — S E— (5.31)

where we have exploited the control |[§°(¢)|| 2y < k (by Lemma 5). Further-
more

20 (ug, vf) + 260 (ug, uy) < c||vf]| + eck
< Wl + < + eck, (5.32)
w
and, by (5.26)

(" (g, (v)*) < e(+ [l gl o3
< chlluglv°]ly < ekflugl| Ay + k(v + 1)*|lug]]. (5.33)

Plugging (5.29)- (5.33) into (5.28) and by taking e small enough (i.e. 0 < € <
min{e}, c/w, cw}), we get the following differential inequality

A
—— + Ay < cklluf||Ay + k(v + 12|l + by (5.34)
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where the constant b; has the form b; = 2(v* —1)%k? /e +20%k? /e + ¢ /w + eck.
Henceforth in this proof we denote by b; a nonnegative constant depending
on Ry, w and v. We now have, by means of Corollary 2 and Lemma 7

+oo +o0
jg ug()|Pdr 5;2(/£ (DI + [u(r)[2)dr < by, (5.35)

where by = c(w™' + ¢, ,J(w,v)~"). Therefore
t
ck [ ui(olldr < ot - 9,
with b3 = ck;b;/ ?. Since we also have
t+1
/ (k3 (v + V2| + by)dr < b, (5.36)
t

with by = ck®(v +1)? bl/ ® by, we are thus in the hypotheses of Lemma 3 and

so we conclude that
A1 (t) S ’}/Al (O)B_Gt/2 —I— K,

for all £ > 0. The constants v and K can be expressed in terms of w, v (see
Lemma 3). On the other hand, from (5.27) and (5.3);, A1(0) < b5 and from
(5.26) we get the bound

lug (D)1 + [luge (0] < be. (5.37)

Equation (5.3); finally yields the control ||Au(t)|| < by.

We now multiply equation (5.3), by (—Ar)Y/2(6¢4-€6°) in L*(I"), where € >
0 is to be determined later. After some calculations we obtain the following
identity

1d . C C
5 35 L+ =AY Ry + (A0 Y5 ey + (= A0) u gy

+2€<(—Ar)1/45fa (—Ar)1/456> + 2<(_AF)1/4UC7 (—Ar)l/45f>
(= A0 4, (= Ar) V15 b el (- ) 8 g
(=AY 65320y = —((—Ar) "0, (—Ar)'/*5°)

+(v
—(v — e){(—Ar)*u’, (—Ar)/45p). (5.38)

—€
V—¢€
We now introduce the functional
Ay = (1 + ) |[(=Ar) 46N 2y + (=Ar) 65 720y + 1(=A0) w72
+2€((—Ar) V457, (—Ar) V16 + 2((—Ar) s, (—Ar)57)
+2¢((—=Ap)Y4uc, (= Ap)'/45°). (5.39)
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By means of the trace theorem (see [22, Theorem 9.4, Chapter 1]), we have
I(=A) a2y < [u ey < ellull < ek,

and therefore it is easy to prove that, for e € (0,1/4], the functional A,
satisfies the inequality

1
U (=A0) 07 Faqry + (= B0) V16 [F2(ry) — ck? < A
< @+ V)= A0 8 By + (= Ar) 465132y + ck?. (5.40)

From identity (5.38) we obtain

dA . .
d_tQ + 2¢[[(—Ar) "6 ||2L2(r) +2(v — o)[[(—Ar) s ||%2(r)
< (I(=Ar) Y48 z2ry + VI (= Ar) V465 L2y ) (= Ar) 4| 2 ry
. . ck?
< e(l[(=Ar) 0 oy + 1(=Ar) 485 1 72(r)) + — (5.41)

Therefore, by taking 0 < € < ¢y(v) := min{1/4,v/2}, from (5.41) we get

dA . . ck?
d_252 + e(||(—Ap)4s H%rz(r) + ||(_AT)1/4515H%2(F)) < P

and, by using (5.40), we are led to the following differential inequality

dAs
dt

where €)(v) = ¢(v)/(2 + v) and by = ceo(v)k?/(2 + v) + ck?/eo(v). The
standard Gronwall lemma and (5.40) finally give (notice that Ay(0) = 0)

+ EIO(V)AQ S bg, (542)

10Oz + 105 () | /2y < bo (5.43)

We now observe that, by virtue of an H?-elliptic regularity estimate (obtained
by combination of Theorem 2.5.1 and 2.5.3 in [22]), we can write

[ull2 < e(llAucl + flufly + [|Oau] grrzery)
< (A + lluflly + 10l a2 qry) < bro- (5.44)

The thesis finally follows from (5.44), (5.37) and (5.43). O

Proof of Theorem 4. Let us take By (w,v) = {w € H; : ||w||x, < by}, with
b, as in Lemma 8. The thesis is then an immediate consequence of Lemma
7 and of Lemma 8 (the constant c,,,, in (5.1) being the same as in (5.8)). [
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Remark 4. We have not written explicitly the dependence of the radius b, ,
of By on w and v, since its expression would turn out rather cumbersome.
Nevertheless, by using the (continuous) w, v-dependence of the constants b;
in the proof of Lemma 8, and also by means of Lemma 3, one would see that,
for wy and vy > 0 fixed arbitrary, we have b, , — +00 as (w,v) — (wp,0),
or as (w,v) — (0,1p), or as |w| + |v| — +o0. This implies the existence of a
couple (wy, v4) where the radius of the regular attracting set B (w, v) attains
its minimum.

6 Exponential attractors

We conclude the paper with the section containing a result on the existence
of an exponential attractor, namely, of a compact set M = M,, C H,
positively invariant for S(t), of finite fractal dimension, and satisfying the
following exponential attraction property:

There exists an increasing function J : [0,4+00) — [0,+00) and kK > 0
such that, for every R > 0 and for every set B C H with sup,, cp [|wollo < R
there holds

disty (S(t)B, M) < J(R)e ", (6.1)

for all t > 0.

Theorem 5. Let (1.2)-(1.5) hold. Then the semigroup S(t) on H associated
with (1.1) possesses an exponential attractor M = M,,,.

For the proof of Theorem 5 we make use of the abstract result on the
existence of an exponential attractor due to Efendiev, Miranville, Zelik [10].
In order to follow this approach it is firstly useful to construct a bounded
absorbing set in H;. This is done in the following lemma.

Lemma 9. Let (1.2)-(1.5) hold. Then, there exist constants Ky, Ko > 0,
with K1 = K1(||wol|n,, ||wol|n) and Ky = Ky(||woll) depending increasingly
and continuously on ||wol|x, and ||wo||x, respectively (and also on w, v), and
there exists € > 0 (depending on w, v in the form € ~ J(w,v)) such that

(@) ey < Kre™™ + K, 62)
for allt > 0.

Corollary 4. The ball in Hy given by B{" = {w € Hy : |wl|s, < 2K2(Ro)}
is a bounded absorbing set in Hy for the semigroup S(t) : Hy — Hi.

Remark 5. It can be proved that, under assumptions (1.2)-(1.4), S(¢) is also
a strongly continuous semigroup on the phase space H;.
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Proof of Lemma 9. We can argue exactly as in the proof of Lemma 8 applied
to system (1.1) written in the form (5.3) (with w in place of w® 6 =1 and
an initial condition w(0) = wy € Hy).

We again get the differential inequalities (5.34) and (5.42) for the func-
tionals A; and Aj, respectively. The only difference is that now we have
A1 (0) < Cow(llwollre, lwollz) and Aa(0) < Co([[wollas, [[wolln)-

By using the Gronwall lemmas and the elliptic regularity estimate in H?,
as in the proof of Lemma 8, we deduce (6.2). O

In the previous section we proved the existence of a bounded subset By of
H, which attracts the bounded subsets of H exponentially fast (Theorem 4).
Due to the existence of a bounded absorbing set in H;, it is easy to see that,
up to possibly enlarging B, there is a time ¢; > 0 such that S(¢)B; C By,
for all ¢t > t;.

We now appeal to the following abstract result [10] (see also [27]).

Lemma 10. Assume that there exists a time t* > t; such that

(i) the map (t,z) — S(t)z : [t*,2t*] x By — By is Lipschitz continuous
when By is endowed with the topology inherited from H;

(i1) the map S(t*) : By — By admits a decomposition of the form
S(t*) = Sq+ Se, Sa:B1— H, Se: By — Hy
where Sq and S, satisfy the conditions
[Sa(w2) = Sa(wi)lln < ysllwe — willx,

[Se(w2) = Se(wr)||#, < Tiljwe — wi |3,

for every wy,wy € By and for some 7, € (0,1/2) and T', > 0.

Then there exists a compact set M C By, positively invariant for S(t) and
of finite fractal dimension in H, such that

disty (S(t)By, M) < Me™ " (6.3)
for some A\g >0 and M > 0, for all t > 0.
In the following lemmas we check the assumptions of Lemma 10.

Lemma 11. Assumption (i) of Lemma 10 holds true.
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Proof. We first observe that we have

lwe()ll3 < Cow, (6.4)

for every wy € By and every t > 0. Indeed, by differentiating the first equation
of system (1.1), we can argue as in the first part of the proof of Lemma 8 thus
yielding a control of the form (5.37) (with u instead of u°). Furthermore, by
noting that we obviously have ||0u L2y < V[0 20y + 10]| 20y + ceflwellr <
Cow, We get (6.4). Now, let wy, wy € By and ty, ty € [t*, 2t*]. We write

[S(t2)wa — S(t)willy < || S(t2)wa — S(ta)wil[s + [|S(t2)wr — S(t1)wi -

Then, by using the continuous dependence estimate (2.3) and (6.4), we con-
clude the proof. O

Lemma 12. Assumption (ii) of Lemma 10 holds true.

Proof. We take wq;, wpy € By and consider the corresponding trajectories,
namely w! = (u!,u}, ', 6}) and w? = (u?, u?, 62, 62).

Setting w := w? — w! and Wy = wpz — we1, we decompose W as W =
w? +we =: (ud, uf, 3(1,5:1) + (w,u¢, ", 9,), where le components of w? and w°
solve, respectively

ad + wud — Au? +ud =0

o e+ 00 =

_ 6.5
5, = Onud (6:5)
w?(0) = wo
and

S, + wué — Au +uc = f(u') — f(u?)

8y, + 10, +0 = -1

5, = 01" (6:6)

w(0) = 0.

System (6.5) is linear and it is not difficult to show, by means of standard
arguments (see the proof of Lemma 7), that the corresponding solution fulfills

[ (#) 12 < ell@ollwe ", (6.7)

for all t > 0, and for some ¢ independent of w, v. Hence, if we fix t* >
(eJ)tlog(4c), we fulfill the first part of assumption (ii) of Lemma 10.
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Furthermore, by multiplying (6.6); in L?(2) by —A%¢ we obtain
1d
2dt
+2A8; + 8, 7) | + Wl VE N + @+ ) [T

{IIAECH2 HIVa | + Va1 + 1@l e + 17 ey

= (P +wv—1)8, + (w+v)d,T) — V5, + 0,7
H( W) = F(?) Ve, V) — (' (u?) Vi, Vi)
H(F(uh) = f?), w0, + 0" + 7). (6.8)
Now, due to the continuous dependence estimate (2.3) and to (6.7), we have
—c = ~d _
1622y < 100122y + 187 22y < o (E)[Woll3e , for all & € [0,£], and a

similar estimate holds for HS:HLZ(I‘), ||z¢l]; and ||@g|| -
Therefore, for all ¢ € [0,t*] we have

(2 +wr = 1)8, + (0 + )8 7)| < con ()@l s

< SIVEIP + con(t)llmol (6.9)

(18, + 87,7 < o ()10 1. (6.10)
Furthermore, by (1.7) and Lemma 9, for all ¢ € [0,¢*] we have

((F'(u') = £ W) Vul, VEp)| < e(X+ [lut s + e[l o[V ]

*\ || == —C W —C *\ || ==
< Cow () [Wo[2]| VL] < gIIWtII2 + o () @015, (6.11)
|(f'(w*)Va, Vig)| < (1 + [ ) Vall | Vg || < cow () [[@0]ln | V]
w _ S\ | —
< IV + cow () [0 (6.12)

(') = f(u?),vd, + 8 +7a5)]
< o)L+ [t oy + 1w lGoy) [l 2 (ol + [[E]1)
w _ S\ | —
< SIVEIF + con () 1ol (6.13)

where in (6.12) and (6.13) we have also used the continuous embedding
H?(Q) — C°(Q). Plugging (6.9)-(6.13) into (6.8), we obtain

d —C —C — —C —
E{IIAU I+ IV + IVl + 1wy + 12 e
28 +5°,7) b < cun ()10l (6.14)

By integrating (6.14) between 0 and t* we are led to the following estimate

AT @)+ [V ()] < con ()][woll (6.15)
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Let us now consider the second equation in (6.6). By multiplying it in L*(T')
by (—Arp)Y/25, we get
2 dt{H( AR oy + 1(=A0) 46, 172y + 11(—A) Y70 1y
+2((=Ar) 4T, (= Ar) V5, | + v (—A0) 4 sy
= —v((=Ap)"T, (=Ar) V1)) — (—Ar)'ae, (Ap)V1)
V(= A0) 184 |2y + (= A0) 48 2y (= Ar) % 2qry
o ) =A0) 20, 2y + 1(=A0) 0 o) 1@l (6.16)

where, in the last inequality, we have made use of the estimate

<c
<c

I(=20) % 2y < @My < Tl < o () @024,

for every t € [0,t*]. From (6.16), by means of the Young inequality and of
the standard Gronwall lemma, it is not difficult to deduce the control

16" arrs2ry + 10, (&) L r/2(ry < oo (8) D0 15 (6.17)

Now, from (6.15), (6.17), and the H%—elliptic regularity estimate (see (5.44))
we immediately get

[0 ()7 < Col[wolln

The proof is then completed. [

Proof of Theorem 5. By combining Lemma 10, Lemma 11 and Lemma 12,
we deduce the existence of a compact invariant subset M, , C By C 'H; such
that (6.3) holds (with M and Ay depending on w, v).

In order to show that M, , is an exponential attractor it remains to
prove that the basin of attraction of M, , is the whole phase space H. This
can be easily accomplished by means of (5.1), (6.3), (2.3) and by appealing
to the transitivity property of the exponential attraction (see [11, Theorem
5.1]). O
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