Stable Determination of Sound-soft Polyhedral
Scatterers by a Single Measurement

LucA RONDI

ABSTRACT. We prove optimal stability estimates for the determi-
nation of a finite number of sound-soft polyhedral scatterers in R?
by a single far-field measurement. The admissible multiple poly-
hedral scatterers satisfy minimal a priori assumptions of Lipschitz
type and may include at the same time obstacles, screens and even
more complicated scatterers. We characterize any multiple polyhe-
dral scatterer by a size parameter h which is related to the minimal
size of the cells of its boundary. In a first step we show that, pro-
vided the error € on the far-field measurement is small enough with
respect to h, then the corresponding error, in the Hausdorff dis-
tance, on the multiple polyhedral scatterer can be controlled by an
explicit function of & which approaches zero, as ¢ — 0%, in an es-
sentially optimal, although logarithmic, way. Then, we show how
to improve this stability estimate, provided we restrict our attention
to multiple polyhedral obstacles and ¢ is even smaller with respect
to h. In this case we obtain an explicit estimate essentially of Holder

type.

1. INTRODUCTION

Let = be a compact subset of R and let us assume that we send an incident time
harmonic acoustic plane wave, characterized by its incident field w;(x) = eikw-x
x € R3. Here k > 0 is the wave number and w € S? is the direction of prop-
agation. The incident wave is scattered by the presence of the scarterer X and
the perturbation is denoted by us, the scattered field. Then, the total field u solves
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the following exterior boundary value problem

(Au+ k2u =0 in G,

ux) = us(x) +ekex  xegG,
(1.1) .

u=0 on 0G,

limr(aus —ikus) =0, r=|x|.

LV — 00 a’r

Here we have assumed that X is a so-called sound-soft scatterer (to which corre-
sponds the homogeneous Dirichlet condition on 9G for the total field 1) and that
G = R?\ =. The scattered field u(x) satisfies the so-called Sommerfeld radiation
condition, which is the condition at infinity described in the fourth line of (1.1).
We recall that the limit in the Sommerfeld radiation condition has to hold, as
|x| goes to o, uniformly in all directions X = x/|x| € S%. By the Sommerfeld
radiation condition, the asymptotic behaviour at infinity of the scattered field u;
is governed by the formula

(12) () = fuai) +0 (i)}

[x] [x]

as | x| goes to oo, uniformly in all directions X = x/|x| € $2. The function U,
which is defined on S?, is called the far-field pattern of us, see for instance [9].

The inverse acoustic scattering problem consists in the determination of the
shape and location of = by measuring the far-field pattern uo for one or several
different incident waves, in other words for one or several directions of propaga-
tion. In fact, throughout the paper, we assume that the wave number k > 0 is
kept fixed.

This inverse acoustic scattering problem has a long history. The first proof
of unique determination for sound-soft obszacles (that is scatterers coinciding with
the closures of their interiors) is due to Schiffer and it required the use of infinitely
many measurements. Then, Colton and Sleeman, in [10], noticed that a simple a
priori bound on the location of the unknown obstacles allows us to determine the
obstacles with a finite number, which can be explicitly computed, of far-field mea-
surements at a fixed wave number. They also remarked that if the wave number k
is small enough, then one measurement would be sufficient. We refer to the book
by Colton and Kress, [9], for a much more detailed description of the problem
and the related literature. Let us mention that corresponding stability estimates
have been developed in [14, 15] and that these estimates, of logarithmic type, are
essentially optimal by the analysis developed in [11]. We also recall that, in [22],
the result by Colton and Sleeman has been extended to screens (that is scatterers
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whose interiors are empty) which are simply connected and satisfy minimal a pri-
ori regularity assumptions. Although in a less explicit and simple way, also in this
case the number of measurements required might be computed.

It is a long standing conjecture that, whatever the wave number k is, one mea-
surement should be enough to determine in a unique way any unknown scatterer,
or at least any unknown obstacle. However, such a result has been proved only for
scatterers of a special type. Following previous results by Liu and Nachman, [16],
and Cheng and Yamamoto, [7, 8], it has been proved in [3] that any polyhedral
scatterer is determined in a unique way by a single far-field measurement. By a
polyhedral scatterer we mean a scatterer whose boundary is the union of a finite
number of cells, each cel/ being the closure of a domain contained in a hypersur-
face. We remark that, by this definition, a polyhedral scatterer may be composed
at the same time by obstacles (that is polyhedra, in R3), screens and also quite com-
plicated combinations of the two. This result has been extended to other kinds
of boundary conditions, for instance to sound-hard scatterers, in a series of papers
[12,17-19]. Therefore the uniqueness problem for the determination of polyhe-
dral scatterers of different types and nature is by now almost completely solved.

Here we investigate the related problem of stability for the determination of
sound-soft polyhedral scatterers by a single far-field measurement. In other words,
we consider two different admissible polyhedral scatterers 3 and X’ and their cor-
responding far-field patterns (for the same incident field) u« and u,, respectively.
If we call € = [[uo — UL |l12(s2) the error between the measurements, then the sta-
bility issue consists in estimating, in a quantitative way, the error between X and
3', which is measured in the Hausdorff distance, with respect to «.

For any polyhedral scatterer =, we introduce a parameter b > 0 which is
a lower bound on the size of each cell forming 0X. We assume that the same
parameter h is valid for both ¥ and ¥'.

The results we obtain are of two kinds. First of all, we consider polyhedral
scatterers satisfying minimal regularity assumptions of Lipschitz type, see Section
2 for the precise definitions. Then, in Theorem 4.1, we prove that € controls
the minimum between h and the Hausdorft distance between X and X' through
an explicit logarithmic function. By using the results developed in [11], we show
that such an estimate is essentially optimal, Proposition 4.4, and we conclude that,
provided the error € is small enough, in an explicit way, with respect to h, we have
a logarithmic stability estimate for our inverse problem.

Actually, if € is even smaller, again in an explicit way with respect to h, and we
limit ourselves to polyhedral obstacles, then the stability estimate may be improved
up to an essentially Holder type estimate, Theorem 4.2. Using again the results
described in Proposition 4.4, we conclude that the estimate is essentially optimal.
Therefore, asymptotically, which in practice means paying the price of ensuring a
very small error on the measurement, the exponential ill-posedness of the problem
may be kept under control. This is in accord with several results in which the ill-
posedness of an inverse boundary value problem is tamed if the unknown features
to be recovered can be described in a discrete way, see for example [2,4, 5]. With
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respect to the unknown discrete boundaries considered in [2, 5], the main novelty
here is the fact that we deal with a three-dimensional, instead of two-dimensional,
problem and that the number of pieces forming the unknown boundary, namely
the number of cells, is not fixed and is not a priori known.

Concerning the proofs, Theorem 4.1 is obtained by repeating the procedure
used to prove uniqueness in [3] and by replacing each of its steps by a correspond-
ing quantitative version. About Theorem 4.2, the key step is the following. We
make use of the previous general stability estimate to ensure that the two polyhe-
dral obstacles = and X’ are close enough in the Hausdorff distance and we deduce,
in Proposition 6.1 and Proposition 6.2, some special geometric conditions which
in this case interplay between the two boundaries 0 and 0%". Then, the proof is
concluded by reasonings analogous to the one developed in the proof of Theorem
4.1.

The plan of the paper is as follows. In Section 2, we describe and comment the
a priori hypothesis on the scatterers. In Section 3, we formulate the direct acoustic
scattering problem (1.1) and recall some properties of its solutions. Then, in Sec-
tion 4 we state the main stability results, namely a first general stability estimate,
Theorem 4.1, for the determination of polyhedral scatterers and a refined stability
estimate for the determination of polyhedral obstacles, Theorem 4.2. The sec-
tion is concluded with a discussion on the optimality of these results, Proposition
4.4. In Section 5 we develop the stability analysis for polyhedral scatterers and
prove Theorem 4.1. Finally, in Section 6, we discuss the relationships between
two polyhedra which are close in the Hausdorff distance and we prove Theorem

4.2.

2. CLASSES OF ADMISSIBLE SCATTERERS

In order to state our stability results we need first to introduce suitable classes of
admissible scatterers. We begin by fixing some notation. Throughout the paper we
limit ourselves to the three-dimensional case. For any x € R3, and any 7 > 0, with
By (x) we denote the open ball of center x and radius ¥. Forany » > 0, B, denotes
B, (0). For any subset A C R?, we set By (A) = Uyeq Br(x). Furthermore, with
diam(A) we denote the diameter of A.

Given a point x € R3, a direction wg € S$? and two positive constants ¥, 0,
0 <0 <1/2, wecall C(x,woy,7,0) the open cone so defined

Clx,wo,7,0)={yeR}|0<|y—x|<7, (¥ —-x)-wo>cos(0)]y—x|}.

Here, x is the vertex of the cone, ¥ is its 7adius, the line {x + twg, t = 0} is its
bisecting line and 0 is its amplitude angle or angle, for simplicity.

We say that a function @ : A — B, A and B being metric spaces, is bi-Lipschitz
if it is invertible and @ and @ ! : @ (A) — A are both Lipschitz functions. If both
the Lipschitz constants of @ and @ ! are bounded by L > 0, then we say that ¢
is bi-Lipschitz with constant L.
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We recall that a continuum is a connected set not reduced to a single point.
We shall say that o is a scatterer if 0 is a compact continuum contained in R? such
that R3\ 0 is connected. If 0 is the closure of its interior part, for example it is the
closure of a domain, then we call it an obszacle, whereas if o has empty interior,
then it is called a screen. We shall say that X is a multiple scatterer (obstacle or
screen, respectively) if it is the finite union of pairwise disjoint scatterers (obstacles
or screens, respectively). We shall denote by G the exterior of a multiple scatterer
z

(2.1) G=R3\X

and we observe that it is connected as well. If X is a multiple scatterer, for any
x € X, we denote with 0 (x) the connected component, that is the scatterer, of =
containing x. We call ¥ (2) = min{diam(o(x)) | x € X}.

Let T be the closed equilateral triangle which is contained in the plane IT =
{(x1, X2, x3) € R? | x3 = 0} with vertices V1 = (0,1,0), V2 = (=/3/2, —3,0)
and V3 = (v/3/2, —3,0) and T’ C R? be the set {(x1,x2) € R? | (x1,x2,0) €
T}. Fixed a positive constant L, we call an L-generalized triangle a set T such that,
up to a rigid transformation, T' = {(x1,x2,x3) € R? | (x1,Xx2) € @(T'), x3 =
@1(x1,x2)}, where @ : R? — R? is a bi-Lipschitz function with constant L such
that @(0) = 0 and @; : R? — R is a Lipschitz map with Lipschitz constant
bounded by L and such that ¢, (0) = 0.

The image through @ of any vertex or side of T’ will be called a generalized
vertex or generalized side of @ (T"), respectively. The image on the graph of @,
of one of the generalized vertices of @ (T") will be called a generalized vertex of
I, whereas the image of one of the generalized sides of @ (T”) will be called a
generalized side of T.

We remark that there exists a constant L; > 0, depending on L only, such that
we can find @, : R3 - R3, a bi-Lipschitz function with constant L, such that
['=@a(T).

Let us fix, throughout the paper, positive constants R, L, §, ¢, 0 < ¢ < 1, 0,
0<0<1/2, ), 0 < xg < 1/3, and k. These constants will be referred to as
the a priori data.

Definition 2.1. We say that a multiple scatterer X belongs to the class A with
constants R, L, 6, ¢, 0 < c < 1,and 0, 0 < 6 < 11/2, if X satisfies the following
assumptions

(i) =c Br(0);
(i) 0% = UL, Ii, where n depends on = and each I is an L-generalized triangle;

(iii) foranyi, j € {1,...,n} with i # j, we have that either I; N T} is not empty
or dist(ri,rj) > 5;
(iv) forany i, j € {1,...,n} with i # j, if I} N I is not empty, then I; N I

is either a common generalized side y or a common generalized vertex V.
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Furthermore, in such a case, for any x € I we have dist(x, ;) > cdist(x, y)
or dist(x,I;) = c|x — V|, respectively;

(v) for any I; and any x belonging to one of its generalized sides, there ex-
ists a direction wo € $? such that, as v € TIi N Bs(x), the open cones
C(y,wo, 9, 0) are contained in G and their opposite cones C(y, —wy, 6, 0)
are all contained either in X (for example if 0 (x) is an obstacle) or in G (for
example if 0 (x) is a screen);

(vi) foranyr, 0 <r < §/4, we have that R3 \ B, () is connected.

We are interested in scatterers of polyhedral type.

Definition 2.2. Let us define a cell as the closure of an open domain of a
plane in R3. We shall say that X is a polyhedral multiple scatterer if = is a multiple
scatterer such that the boundary of X is given by a finite union of cells.

Furthermore, we shall say that a cell C is triangular with constants h > 0 and
®0, 0 < &g < /3, if C is a triangle of a plane of R? whose sides have length
greater than or equal to h and whose angles are greater than or equal to .

We say that an L-generalized triangle I is polyhedral with constants h > 0 and
g, 0 < &g < 71/3, if T is the union of triangular cells, with constants h and o,
which form a regular triangulation, that is, two different triangular cells may only
share a vertex or a side.

Fixed h > 0, we say that X belongs to the class A, (h) if X is a polyhedral
multiple scatterer belonging to A and such that each generalized triangle I' of 0%
is polyhedral with constants h and . Furthermore, we assume that the triangular
cells form a regular triangulation all over 03.

Also the following class will be used.

Definition 2.3. We say thata set S C R is uniformly Lipschitz with constants
v and L if for any x € S there exists a Lipschitz map ¢ : R?> — R, such that
@(0) = 0 and its Lipschitz constant is bounded by L, such that, up to a rigid
transformation, x = 0 and

SNBy(x)C{yeR| y3=0(1,y2)}.

We say that a multiple scatterer X is uniformly Lipschitz with constants ¥ and
L if 0% is a uniformly Lipschitz set with constants + and L.

We say that = € A, if £ € A and 0 (x) is an obstacle for any x € X and =
is a uniformly Lipschitz multiple obstacle with constants 6 and L. We remark that,
for any x € 0%, with the previous notation we have

02N Bs(x) ={y € Bs(x) | ¥3 = @(y1,)2)},
SN Bs(x) ={y €Bs(x) | ¥y3 <@(y1,)2)}.
Fixed h > 0, we define A, ,(h) as the set of X € A, (h) such that o (x) is

an obstacle for any x € X and X is a uniformly Lipschitz multiple obstacle with
constants ch and L.
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It is clear that, up to suitable changing the given constants, we can enlarge
the class A and A, in such a way that A and A, are not empty and that, for
some constant hg, 0 < hg < 1, A, (h) and Ap,(h) C A, are not empty for any
h, 0 < h < hg. Therefore, in the sequel we shall always assume, without loss of
generality, that this is the case. We recall that any element of A is a nonempty
compact set and that A will be endowed with the Hausdorff distance, which will
be denoted by dp (-, -).

Let us illustrate some of the properties of multiple scatterers belonging to the
class A. Assumption (i) is self-explanatory. For what concerns assumptions (ii)—
(iv), we may think that the sets I3, i = 1,..., n, are a kind of regular triangulation
of 0X. If the I; would be planar, we would have a regular triangulation of the
surface 0% in the usual sense. Furthermore, we control how the various parts of
the triangulation might be close to each other.

About assumption (v), we remark that it implies that G satisfies a uniform
cone property. More precisely, there exists 6; > 0 and 01, 0 < 07 < /2, de-
pending on the a priori data only, such that for any I', generalized triangle of 0%,
and any x belonging to T, there exists a direction wq € S$? such that, for any
¥ € I' N Bs,(x), the open cones C(y, wq, 81, 01) are contained in G and their
opposite cones C(y, —wy, 01, 01) are all contained either in X or in G. Further-
more, we notice that any connected component of X which is an obstacle satisfies a
uniform interior cone property as well. If a connected component of X is a screen,
then it satisfies a uniform exterior cone property on either sides of the screen.

Assumption (vi) is a somewhat stronger version of the following uniform con-
nectedness property of G. In fact, assumption (vi) implies that for any t > 0 and
for any x1 € G so that Bi(x1) is contained in G, we can find a smooth (for in-
stance C!) curve y connecting X to Xo = (2R, 0,0) so that Bn(t) (y) is contained
in G as well. Here n: (0, +00) — (0, +00) is a strictly increasing function which
can be chosen as follows. If t is such that 0 < t < min{d/8,R/2}, then we can
choose n(t) = t/2. On [min{d/8,R/2}, ), we choose as n any continuous
strictly increasing function such that n(min{6/8,R/2}) = min{6/8,R/2}/2 and
lim¢—o n(t) = min{6/8,R/2}. We also observe that, with a completely analogous
reasoning, we have that R’ \ B, (%) is uniformly connected for any 7, 0 < r < §/4,
with a, possibly different, function n depending on * and the a priori data only.
Actually, we can choose the same function 1 for any = € A and any R? \ B, (%),
0 <7 < 6/8. Let us finally remark that assumption (vi) is not a particularly strong
assumption. In fact, it holds for multiple scatterers whose components are either
uniformly Lipschitz obstacles or uniformly Lipschitz screens with some additional
assumptions on the boundaries of the surfaces forming the screens, see for instance
the reasonings developed in [23].

Other important properties of multiple scatterers X belonging to A can be
inferred. We notice that there exists an integer M such that for any = € A, such
that 0% = Ui, I;, we have n < M. Asa consequence, we have that the number
of connected components of X (that is the number of scatterers forming X) is
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bounded by M as well. Furthermore, we have that, for some constant 5 > 0
depending on the a priori data only,

2.2) r(2) = min{diam(o(x)) | x € =} = 1y,
(2.3) XNBy(x) co(x), foranyx €3,

that is, we have a lower bound on the size of any scatterer forming =, whereas (2.3)
is a lower bound on the distance between two different scatterers forming .

It is not difficult to show that for any £ € A and any v, 0 < v < §/8, we
have that 3 and B, () satisfy Assumptions (a), (b) and (c) of [22] with constants
and functions depending on the a priori data only, and not on ¥. We recall that
Assumption (a) of [22] essentially means that X is uniformly thick. We refer to
[13, page 127] for the notion of uniformly thickness of a set and its applications
to the regularity of solutions to elliptic equations. Assumption (b) of [22] is the
uniform connectedness of the exterior, which we have already discussed, finally
Assumption (c) of [22] is a bound on the number of connected components.

We observe that the following property holds. Let =, =" € A. There exists
do > 0, do depending on the a priori data only, such that if dg(2,%") < do,
then X and X’ have the same number m of connected component and, up to
rearranging their order, we have = = U, 07, &' = U, 0/ and

dy(oi,0{) <dy(E,3) = i_r}laxde(Ui,(f{).

Let ¥ and X’ belong to A. Let us define the following modified Hausdorff

distance

dy(2,%2) = max{ max dist(x,0%"), max dist(x,02)},
XE05\3 XE0S\S

with the convention that if 02\X' = &, then we pose maxxeps\sr dist(x, 0%") = 0.
We recall that other versions of modified Hausdorft distance have been previously
introduced with similar purposes, see for instance [1]. Let us remark that, obvi-
ously, we have

Ay (5,3 < dy (35, 95)).

The following proposition allows us to control the Hausdorf distance with respect
to the modified distance.

Proposition 2.4. Let S and 3 belong to A. Then there exist positive constants
Ci1 and C, depending on the a priori data only, such that

Cld}I(Z,Z/) < CldH(SZ, aZ’) < dH(Z,Z/)
< Czd}I(Z,Z’) < Cde(SZ, aZ,).
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Proof. Letd = dy(%,%") > 0 and let us assume, up to swapping = and X',
that there exists x € 2\ " such that dist(x,%") = d. Obviously, dist(x,0%") = d
as well. If x € 0%, then we can conclude that d < d};(Z,3’). Therefore, let
us assume that x is an interior point of 2. Since ¥ and X’ are both contained
in Bg, we a priori know that d < 2R. For the time being, we assume that d <
min{§/8,R/2}. By the uniform connectedness of G’ = R3 \ 3, we can find a
simple piecewise smooth curve y connecting x to (2R, 0,0) such that B4/4(y) C
G'. Since x belongs to the interior of ¥ and (2R,0,0) € G, there exists X €
y N 02. We have that dist(%,2") = dist(x,0%") > d/4, therefore dy (Z,3') >
d/4 and the second inequality is proved provided d < min{6/8,R/2}. If d >
min{d/8,R/2}, then we can find a simple piecewise smooth curve y connecting
X to (2R, 0,0) such that Buinis/s.r/23/4(Y) C G'. We conclude that d; (2,3') >
min{d/8,R/2}/4 = min{6/8,R/2}d/(8R) and the inequality is proved also in
this case. The second inequality is trivial if d = 0.

Again up to swapping X and X', let x € 0X be such that dist(x,0%") =
dp(0%,02") = d” > 0. If d’ = 0, then dy(%,%') = 0 and, by the second
inequality, we have d = 0 as well. We have two possibilities. First, if x does not
belong to the interior of X', then dist(x, 0X") = dist(x,X’) and therefore d”” < d.
Second, let us assume that x belongs to the interior of 3, that is B4 (x) € . Let
us further assume, for the time being, that d” < 6. By the uniform cone property
of G = R?\ Z, there exists a constant ¢; > 0, depending on the a priori data
only, such that we can find x” € By /2(x) satistying dist(x’,X) = c1d”, hence
c1d” = d. This concludes the proof when d” < ;. If d”” > 61, then we can find
x" € Bs,j2(x) such that dist(x',X) > ¢10,, thatis d > ¢16; and the conclusion
is immediate since d’” < 2R. We have proved that C1dy (0%,0%") < dy(Z, %)
for a positive constant C; depending on the a priori data only. Therefore also the
first inequality is proved. O

We conclude this section with the following important compactness result.

Lemma 2.5. The classes A and A, are compact with respect to the Hausdorff
distance. Furthermore, for any h, 0 < h < ho, A, (h) and A, ,(h) are also compact
with respect to the Hausdorff distance.

Proof. The proof can be obtained by simple modifications of the arguments
used to prove Lemma 6.1 in [24]. Some care should be taken in dealing with the
uniform Lipschitz property in the case of A, and A, ,(h), however even this case
can be treated by standard arguments. O

3. THE DIRECT SCATTERING PROBLEM

We consider the acoustic scattering problem with a sound-soft multiple scatterer .

Throughout the paper we shall keep fixed, beside the wave number k > 0,
also the direction of propagation w € S? of the incident field u;(x) = e*®*. Let
u be the complex valued solution to (1.1). It is well-known that a weak solution

u e WIL‘CZ(G) to (1.1) exists and is unique, see for instance [21]. We have that u is



1386 LucA RONDI

analytic in G, but, of course, due to the possible irregularity of the boundary of G,
the Dirichlet boundary condition in (1.1) is, in general, satisfied in the weak sense
only. We recall that the function us(x) = u(x) — eik®X ig called the scattered
field and that its asymptotic behaviour at infinity is described by (1.2) and, in
particular, by U, a function defined on $?, which is usually referred to as the
far-field pattern of us.

Let 3, 3’ € A and let u be the solution to (1.1) and u’ be the solution to
the same problem when X is replaced by X'. Let us(x) = u(x) — elkwx and
ug(x) = u'(x) —e*@ X and let ue and ul, be the far-field pattern of us and u},
respectively. In the remaining part of this section, we describe some properties of
these solutions and we present auxiliary results which will be useful in the sequel.

By the results proved in [22], the following properties are satisfied by u and
Us(x). We always assume that u (and u’ as well) is extended to all of R by
setting u = 0 outside G (respectively G’ = R\ X’). There exists a constant Ci,
depending on the a priori data only, such that

(3.1) lus(x)| < Cilx|™! forany x € R?: |x| = 2R.
We immediately infer that there exists a constant Ry, R; = 2R, depending on C;
only, such that

(3.2) lu(x)| = % forany x € R3: |x| > R;.

There exist positive constants C; and &, 0 < & < 1, depending on the a priori
data only, such that

(3.3) lu(x) —u(y)| < Glx —y|* foranyx,y € Bag,,

that is u is Holder continuous with constants depending on the class of admissible
multiple scatterers and on k. As a consequence, we have that u is continuous up to
0G and u = 0 on 0G, that is the Dirichlet boundary condition in (1.1) is satisfied
also in a classical sense. Also, we have that there exists a constant C3, depending
on the a priori data only, such that

(3.4) lu(x)| < C; forany x € R>.

We also have the following stability estimate for the direct problem with re-
spect to the multiple scatterer.

Proposition 3.1. Let Y and 3’ belong to A. Then, there exists a constant Cs,
depending on the a priori data only, such that

(3.5) |u(x)—u'(x)| < Ci(dy(Z, 2" )N for any x € R3,
(3.6) lu(x)—u'(x)| < Cildy(=,2))%x|"! foranyx € R*: |x| > 2R.

Here « is the same constant appearing in (3.3).
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Proof. Let us assume, for the time being, that d = dy(X,%") < 6/8. Then
S U CBi(%). By (3.3), we have that

lu(x)| < Cd* forany x € B4(2),
whereas, since for any x € B4 () we have dist(x, ') < 2d,

lu' (x)] < C2(2d)*  forany x € By(2).
Therefore, we have that
lu(x) —u' (x)| = |us(x) —us(x)| <3Cd* forany x € By(X).

We have that us — u} solves the Helmholtz equation on R3 \ B4(X), satisfies the
Sommerfeld radiation condition and its Dirichlet data on 0B, (Z) are uniformly
bounded by 3C,d*. By our assumptions on X, in particular by Assumption (vi),
we can apply the same reasoning used in [22] to conclude the proof provided
d < 6/8. The fact that d < 2R, and (3.4) and (3.1), respectively, allow us to
conclude the proof of (3.5) and (3.6) also when d > 6/8. O
As a consequence of Proposition 3.1, we have the following results. Let v} =
%max{Rl, 2/(ek)}. Then, there exists a constant Cs, depending on the a priori
data only, such that

(3.7) luw —u'ller < Cs(du(%,5))%,

Brery 14\Bser, /4)

and, by the stability of the direct scattering problem on the exterior of a given ball,

(3.8) [Ueo — UL ll12(s2) < C6Cs(du(Z,27))%,

Cs depending on k and R; only.

In this paper we investigate the possibility to reverse the inequalities (3.7)
and (3.8), that is to control the Hausdorff distance between X and X' either by
the error on the far-field, |[ue — Ul ll12(s2), or by the error on the near-field,
lu —u'ller Brer, 14\Bser, 4)- The first step, that is the stability of the determination
of the near-field from the far-field, is well-known and is contained in the following
lemma, whose proof can be found in [14].

Lemma 3.2. Let € be a positive number such that
(3.9 U — UL ll2(s2) < €.

There exists a positive constant & < 1/e, depending on the a priori data only, such
that if 0 < € < &, then

, 1
(310) lu—u ||C1(B7e1’1/4\BSe7’1/4) = exp <—§(—log5)1/2> .
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We conclude this section with some auxiliary results on classical solutions
to the Helmholtz equation. A simple dilation argument and standard interior
regularity results for the solutions to the Helmholtz equation lead to the following
lemma.

Lemma 3.3. Let us fix positive constants p1, M. Let us consider p, 0 < p < p1,
and a function W such that

Au+k*u=0 inB,.
1f, for some positive € < M,
(3.11) lu(x)| <€ foranyx € B,

then we have that for any constant s, 0 < s < 1, there exists a constant C depending
on'k, p1, M, and s only such thar

(3.12) plVu(x)| = Ce foranyx € Bs,.

For any plane IT in R3, let Tj; be the reflection in I1. If TT = {(x1,x2,x3) €
R3 | x5 = 0}, with respect to a suitably chosen Cartesian coordinate system, then,
for any x = (x1, x2,x3), we have Ti1(x) = (x1, X2, —X3).

Lemma 3.4. Let us fix positive constants p1, M. Let us consider p, 0 < p < py,
and a function W such that

Au+k*u =0 inB,.

LetTI = {(x1,x2,x3) ER3 | x3 =0} and let T = Ty and v (x) = —u(T(x)). Let
us assume that
lu(x)| <M forany x € By,

and, for some positive € < M,
lu(x)| + ploju(x)| + plou(x)| <€ forany x € I1n B,.
Then there exist constants C, B, 0 < B < 1, depending on k and p, only, such that
l(u—v)(x)| < CM' PP forany x € B,)».
Proof. We have that Av + k*v = 0 in B, and
[(u—v)(x)|+plV(u—-v)(x)| <2¢ foranyx €IInB,.
We call w(x) = (u — v)(px) and we have that Aw + k?p?w = 0 in By and
lw(x)| + [Vw(x)| <2¢ forany x € 1N By,

whereas |w(x)| < 2M for any x € B;. Then, the proof can be easily obtained by
applying the estimates derived in [25], see also for similar estimates [20]. O
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As a consequence of the three-spheres inequalities which may be found, for instance,
in [6], the following inequality holds true.

Lemma 3.5. There exist positive constants p, C and ¢1, 0 < ¢1 < 1, depending
on k only, such that for every 0 < py < p < py < p and any function u such that

Au+k*u=0 inB,,

we have, for any s, p < s < pa,

(3.13) luliz=,) < C( = (p/9) 2 ullj<f5 ) ullfes, ).

for some B such thar

(3.14) ciloglpa/s) _ o crllogls/p)

log(pa/p1) — 7 log(p2/p1)

4. THE MAIN STABILITY RESULTS

The first stability result is the following. Let us call n : (0,1/e) — (0, +c0) the
following function

(4.1) n(s) = exp(—(log(—logs))'/?) foranys, 0 <s < 1/e.

Theorem 4.1. Let 3, 3’ belong to A, (h), with 0 < h < hg, and ler d =
ay(%,%).

There exists a constant &y > 0, depending on the a priori data only, such that if

(4.2) Mo — Uy llr2(s2) < €

for some € < &, then for some positive constant C depending on the a priori data only,
and not on h, we have

(4.3) min{d, h} < 2eR(n(e))/%.
Therefore,
(4.4) dn(3,3) < 2eR(n(e))¢/?,

provided € < &(h) where

2/C
&(h) = min{éo,r]—l (<2ZLR> )} .

This estimate may be improved if we limit ourselves to the determination of
multiple obstacles.
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Theorem 4.2. Let 3 and X' belong to A, o (h), with 0 < h < hy.
Then there exists €1 (), 0 < &1(h) < &(h), depending on the a priori data and
on h only, such that if (4.2) holds for some € < &, (h), then

G
(4.5) du(Z,2) < Crexp <C2 (%) ) exp (—%hCS(—log6)1/2> .

Here C, ..., Cs are positive constants depending on the a priori data only.

Remark 4.3. We make the following two observations on Theorem 4.2. First
of all, we notice that the estimate is not precisely of Holder type only because the
stability of the determination of the near-field from the far-field is not Holder, see
Lemma 3.2. In fact, with respect to the near-field the stability estimate is Hélder,
see Lemma 6.4.

We may also quantify & (h) in an explicit way with respect to h and the a
priori data as follows.

The estimate holds provided d < f(h) = c1h?exp(—(e/h)1), for some
positive constants ¢; < 1 and A; depending on the a priori data only. Therefore,
by Theorem 4.1, this is guaranteed provided that

2/C
&< él(”l) = min{ﬁo,nl ((%) )} .

The proof of the stability theorems is postponed to Section 5 for Theorem
4.1 and to Section 6 for Theorem 4.2. We conclude this section by making some
remarks on the optimality of the estimates derived, in particular of estimate (4.3).

In order to prove the optimality of our estimates, let £ = [-1,1] x [-1,1] X
[—1,1]. Let us take a part of the upper face of the cube, namely, [—€h,{h] X
[—0h,¢h] x {1}, where £ is an integer such that 3 < h < 2 (we may assume
h < 3). Therefore, 1/(2h) < € < 3/(4h). We divide such a part into 4£2 squares
of side h. Let us consider a pyramid with base given by a square of side h, height
d < h and vertex exactly above the center of the square.

If we modify = by replacing one or several of the squares with the correspond-
ing pyramid, we obtain 24" different obstacles. It is easy to verify that we may
choose constants R, L, 5, ¢, 0 <c < 1,0,0 < 0 < 1/2, &, 0 < x¢ < 17/3,
and ¢1, 0 < ¢ < 1, none of them depending on h or d, such that X; € ﬂp,o(fl)
for any j = 1,...,2% where h = ¢ h. Let us remark that there exists j €
{1,...,24} such that = = ;. Finally we remark that dy(2;,%) < d for any j
and dp(2,%;) = d forany i = j. We also fix k. By slight modifications of the
computations developed in [11], we obtain that there exists a positive constant
hi < g, depending on the a priori data only, such that, if 0 < h < hy, then we
can find i # j satisfying

ks (w, %) — ul (w, %) 2 (s2xs2) < 2exp(—h~1/3)dx,
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with « as in (3.3).
Obviously, there exists wg such that

€ = llul, (wo, -) — uk(wo, ) llr2s2)
< (41T)" uoo W0, X) — U (W, X L2(S2xS?)-
(410) "2l ( ) — uk( )

We observe that, for any 0 < d < h, we have min{d, h} > ¢;d and that, if
we pick d = h, then min{d, h} = h = c1h. Then the following result holds.

Proposition 4.4. Under the previous assumptions, we infer that for any h, 0 <
h < hy, and ifd = h, then

min{d,h} = h = c;h = c1d = ¢, (— log(/Te)) .
More precisely,
h = c1(—log(/me)) 3
and
d=h > (-log(y/me)) .
Furthermore, for any h, 0 < h < hy, and any d, 0 < d < h, we obtain

d > (exp(h™13)me)l/¥,
and, consequently,

min{d, h} = c1d = c; (exp(h™'/3)/e) /<.

This proposition shows that in general logarithmic estimates are optimal and
that we may improve them at most with Holder type estimates whose multiplica-
tive constant, however, blows up in an exponential way with respect to h.

5. THE STABILITY ANALYSIS FOR POLYHEDRAL MULTIPLE SCATTERERS

Throughout this section, we also fix h, 0 < h < hg, and we let A, = A, (h).
Let 3, 3 belong to Ap and let d = dp (2,%"). We observe that d < 2R. Let
€ be a positive number such that € < &), & as in Lemma 3.2, and

(51) ||uoo - u;o||L2(§2) < E&.
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Let us call €; the error on the near-field, namely

(52) ||u—u'||C1( = &1.

Brery 14\Bser, /4)

We observe that, since € < & < 1/e, then, by Lemma 3.2, we have that

&1 < exp (—%(—logf)l/z) .

There exists €, 0 < & < &, depending on the a priori data only, such that
exp(—%(— log&1)1/2) < 1/(2e). Therefore, we assume, without loss of generality,
that either € < & or &; < 1/(2e). We observe that we also have

oo L = 1 (100 ] 172
og 6_1 = 5 < og g) .
Furthermore, by (3.4), we have that

(5.3) lu(x)| +|u'(x)| <E forany x € R,

where E depends on the a priori data only and it may be assumed to be greater
than or equal to 1.

Let us now proceed with the proof of Theorem 4.1. We need to introduce
the following notation. Let H be the connected component of G N G’, where
G’ = R3\ Y, such that R3\ Bg is contained in H.

Definition 5.1. We say that a sequence of balls B, (z;),i=0,...,n, formsa
regular chain with respect to an open set G if the following properties are satisfied
(i) foranyi=0,1,...,n, Bsy,(zi) C G;
(ii) foranyi=1,...,m, we have p; < pi_; and By,/3(zi) C B3p, ,/s8(zi-1) and,
forany i =0,...,n — 1, we have By, /3(zi) C B7p,,,/8(Zi+1).

Proof of Theorem 4.1. We proceed into several steps, alongside with the geo-
metric construction and its corresponding estimate. Without loss of generality, up
to swapping X with 3, we can find x1 € ¥’ such that d = dist(x,X). We also fix
Xo = ((3/2)67’1, 0, 0).

Step I: From x to x1. We construct a sequence of balls By, (z;),i=0,...,n,
such that they are a regular chain with respect to G and the following conditions
are satisfied. First, zg = x¢ and py is a positive constant, depending on the a priori
data only, such that 8py < min{R/4, p}, and z,, = x;.

The sequence is constructed as follows. Let y1 be a point of X such that
|x1 — 1] = d. By the properties of =, there exists a direction wo € $? such
that the open cone C(y1, wo, 51, 01) is contained in G and its opposite cone
C(y1,—wyq, 81, 01) is contained either in 3 or in G. We have that Bj(x) has a
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nonempty intersection with one of these two cones, say C(y1, wq, 61, 01). There-
fore, there exist positive constants ¢; and ¢, depending on the a priori data only,
such that we may find y, = y1 + sdwy with the following properties. First,
¢1 < s < 1 and, second, for any x belonging to the segment connecting x;
to ¥2, we have Be,q(x) € G. We connect ¥, to x; with a regular chain made
of balls with fixed radius, s1d, centred on the segment connecting ¥, to xi.
The positive constant s < ¢2/8 depends on the a priori data only and will be
chosen later. The number of balls needed to reach x; from 7y, is controlled
by a constant depending on the a priori data only. Then, let us call y3 the
point y; + Swo, where § = (1/(1 + sin(01))) min{d1,R/4,p}. We have that
Bgno,15(73) C C(1, wo, 01,01) C G. We connect Y3 to ), with a regular chain
made of balls centred on the bisecting line of the cone. Let B,(z) and By, (z;)
be two consecutive balls. First of all we require that 8p = ¢sin(6;)|z — ;|
and 8p; = ¢€sin(0;1)|z1 — Y1, for some constant ¢, 0 < ¢ < 1. We can find
a constant ¢, depending on the a priori data only, such that both the conditions
z=yil =z |lzi =yil =2 |z=y1l = p/8 —p1/8 and p/3 < p1 < p are satis-
fied. The first ball is B(1/8)¢sin(0,)6 (3) and the last one is B(18)ésin(0,)sd (372). We
can choose € in such a way that we also have ¢sin(601)s < ¢, and we pick s as
%5 sin(01)s. The number of balls needed to reach v, from Y3 can be bounded
by Clog(2eR/d), with C depending on the a priori data only. Then, we connect,
using the connection properties of the exterior of neighbourhoods of %, zg to 3
with a regular chain of balls with fixed radius %5 sin(0;)5, whose number can
be bounded again by a constant depending on the a priori data only. We may
therefore conclude that the sequence exists and that

n < Clog(2eR/d)

with C depending on the a priori data only.

Starting from zy = xo, we take j € {1,...,n} such that, for any i =
0,1,...,7 =1, Bp,2(zi) C Hand By;2(zj) NE" # &. We apply the three-spheres
inequality of Lemma 3.5 as follows. Forany i =0,1,...,j -1,

! !
lu = ulle=,,, i) < U =W llL= By, 50200)

r11-Bi 711Bi
<Cllu-u ||L°°(Bpl./2(zi)) lu—u ||L°°(Bpi/8(zi))'

If Bi,i=0,1,2,..., are positive constants, we shall use the following notation for
any j =0,1,2,...

J J J
Bi=> [1Bi Ti=T]B:
r=0i=r i=0
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By iterating the estimate, and recalling that [|[u —u'||1~®3) < C;d* and (5.2),
we obtain

’ . T Ii_
(5.4) lu —u ||L°°(Bpj/8(zj)) =& < CHBJ*I(CldD()l l“Jflslj '
We recall that any 8,1 =0,...,j — 1, satisfies
O<a=<Bi<b<l

where a and b depend on k only.
We are now ready to proceed with the second step.

Step II: Towards the face. We call d = min{d, h}. Let us describe our
starting point for this step. Let z = z; and p = pj. Then, B,/3(z) C H,
Bgp(z) € G and there exists w € X' such that |z — w| < p/2. Let C’ be
one of the cells of 0% to which w belongs. We call IT the plane containing
C’ and, up to a rigid change of coordinates, without loss of generality, we assume
IT = {(x1,x2,x3) € R3 | x3 = 0}. We know that for a direction wq € S2,
the open cone C(y, wq, 01, 01) is contained in G’ for any ¥ € C' N Bs, (w)
and its opposite cone C(y, —woy, 01, 01) is contained either in X" or in G'. We
have that B|;_y|(z) has a nonempty intersection with one of these two cones,
say C(w, woq,d1,01). First of all, as in the previous construction from ¥, to
x1, we call w; = w + 5|z — wlwy, with s with the same properties as in the
previous step. Then, we construct a regular chain with respect to H with balls
of constant radius s,d and centered on the segment connecting z to w; such
that the first one is centered at z, the last one is centered at w; and s, satisfies
s2d < (c2/8)|z — w| and s,d < p/8. Since |z — w| and p are greater than a
positive constant times d, we may take $, as a positive constant depending on
the a priori data only, to be chosen later. In any case, the number of these balls
is bounded by a constant depending on the a priori data only. Having reached
w;, we observe that, by the properties of C’, there exists w; € $?> NI and con-
stants €3, 0 < ¢3 < 1, and 05, 0 < 0, < 11/2, depending on g only, such that

C(w,w,c3d,0,) N1 C C'. By looking at the points on the bisecting line of
C(w, w1,630i, 0>), we may find w; on this line such that 353:i(w2) NIl c C,
B;d(wz) C Uyeg%d,(u,zmn C(y,wo, (1+sin(03))s|z—w|, 03) C H, where BT =
B N {x3 > 0}. Furthermore, we may ensure that

U (>, wo, (1+5in(03))slz-w], 03),

yeBSadA(wz)ml‘I

U C(y, wo, (1+5in(03))slz—w], 05)

y=w+tw;,0<t<|w,—w]|
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are both contained in H and in B, (z); that we may choose s so that Bgs,q (W)
is contained in C(w, wo, (1 + sin(63))s|z — w|, 63); and that all the positive
constants Sz, S3, S4, and 63, 0 < 03 < 1/2, depend on the a priori data only.
With a further regular chain of balls with constant radius s,d, we proceed from
wy = w+S|z—w|wy towards w; = wo+S|z—w|wy. If we take the balls centered
on the segment connecting W; to W5, it takes only a finite number, bounded by
a constant depending on the a priori data only, of balls to reach wj. Then we
proceed inside C (w3, wo, (1 + sin(03))s|z — w/, 03), with a reasoning analogous
to the one used to connect y3 to 2, and we obtain that we may continue our
regular chain, with respect to HUB, ;(w»), from B, 4 (w5) up to B j(w2),55>0
depending on the a priori data only. The number of balls forming the regular
chain, with respect to H U B, 4(w2), used to reach, along this path, B, 4(w2)

from Bs,q(z) C Byjs(z), can be bounded by C‘log(ed/(i), with C depending on
the a priori data only.

First of all, we notice that we may extend, by a reflection argument, u” on
BS4d(w2)- Namely, if Tiy is the reflection in the plane IT, that is Tii(x1, X2, X3) =
(x1,X2,—x3) for any (x1, X2, x3) € R?, we set, for any x € Bs;oi(wﬂ’ u(x) =
—u'(Tir(x)). In this way, u’ satisfies the Helmholtz equation all over BS4¢i(w2)'
Therefore, arguing as in the first step, we conclude that

(5.5) llu — u,”L""(BsSms(“’m = &5 < C1*Bmo1(Cy @) Tmo1 ghno
where 4

m < Clog &«

d
and any Bi, i = 0,...,m — 1, satisfies 0 < a < B; < b < 1, with a and b
depending on k only.
Actually, coupling (5.5) with (5.4), we also have

(56) [lu — u’ ”Lw(Bssd/s(WZ)) < C1+Bm—l (Clda)l—l"mflggmﬂ
where

m < Cﬂ'(loge;—f—logzleiR)

and any Bi, i =0,...,m — 1, satisfies 0 <a < B; < b < 1.

Step I1I: Reflection. We recall that IT is the plane containing the face C" and
T is the reflection in IT. We define 2; as the reflection of X with respect to the
plane IT, G; = R?\ Xy, and u; as the reflection of u with respect to the same
plane I1, defined as follows. For any x € R3, we pose u;(x) = —u(Tii(x)). Let
us observe that Bssfi(w2) C B,(z) C Bsy(z) C G. Therefore, B,(z) C Byp(ws) C
B3p(w2) € G N Gy. Both u and u; satisfy the Helmholtz equation on B3, (w3).
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We apply Lemma 3.3 to u — u’. We recall that u” = 0 on ITn B_;(w5) and we
apply Lemma 3.4 to u — u; and we find that, if 55 = 55/32, then

(5.7) lu = wrllLs s, jaw)) = & < C(2E)'Fef,

where C and 8, 0 < B < 1, again depend on the a priori data only.

Step IV: From the face back to By, (zj) . We apply the three-spheres inequality
to u — u; with balls centered at w», radius SgdA, 2p;j and 3p;, and we obtain that

(5.8) I = wrllLe,,z) = & < U = urllL= @y, @) < C(2E)1-B&h
where N
o log(6/5)A “fe1- Cllog(Sp/ZSGfl)_
log(3p/s6d) log(3p/s6d)

By coupling (5.7) and (5.8), we obtain
(5.9) e~ walie, ey = €5 = C1PE) -PEEE,

By coupling (5.9) with (5.6), we conclude that, since C;d* < 2E,
(5.10) lu — sl s, 152 < ClBn(2E) ! Tngln

where C = 1 and 2E > 1 are constants depending on the a priori data only and

forany Bi,i=0,...,m— 1, we have 0 < a < B; < b < 1, whereas 8, satisfies
o log(6/5)A By <1-c e log(6/5)A
log(capo/d) log(capj/d)

and, finally,

Here a, b, ¢, ¢3, C depend on the a priori data only.

Step V: Returning back towards x,. Let us now consider the regular chain of
balls By, (z;), i = 0,..., j, we have constructed in Step I. We have that By, (z))
is contained in G;. We proceed backwards along the chain, untl we find ji,
0 < ji1 < J, such that, for any i = j; + 1,...,j, we have B,,(zi) N G| = O,
whereas By, (z;,) N G # @. Then, we apply Step II, IIl and IV to u, u;, =
and X;. By reflection in a suitable plane IT;, from X we obtain X, and from u we
obtain u,. And we estimate, in an analogous way as (5.10), [[u—u, ||z~ (B, 15(2,))-



Stable Determination of Sound-soft Polybedral Scatterers 1397

We repeat this procedure as many times as needed (actually at most j times),
until we are able to estimate from above [ — un|lL=(8,,/s(z))> Where N < j, and
uy is the reflection of u with respect to a suitable plane ITx—;. The last step is the
following.

Step VI: Along 0Bser,. Since, without loss of generality, we assume that |z;| <
%eﬁ, forany i =0,..., j, then there exists a point Z belonging to the intersection
of 0B3er, with IIy_;. Again with a regular chain of balls with constant radius po,
we proceed from zg towards Z. Two cases may occur. Either, for any of the balls
B, (z) of this sequence, we have B,2(z) Ny = @, or not. In the first case, with
the usual iteration of the three-spheres inequality, we may estimate | (u — un)(2)|
from above with respect to [[u — uy L (Byys(20)) - We then observe that on z, by
construction, [(u — un)(2)| = 2|u(2)|. Otherwise, if some B,/2(z) N Zy is not
empty, we apply Step II, we find a corresponding point W, € 0Xy and we estimate
from above | (1 — uy) (107)|. Since un (10,) = 0, we infer that | (v — un) (Ww3)| =
[u(1w,)]. In either cases, if we set ¥ as Z in the first case or 10 in the second, then
we observe that || > er; = R and we have an estimate from above of |1 (7).

We may then conclude our proof in the following way. We have found a point
¥ such that |¥] > R; and, for some B;, i =0,...,n,

(5.11) <|u(y)| < C1*Br(2E) gl

N —

where C = 1 and 2E > 1 are constants depending on the a priori data only and

n< Cﬂ’log267R (logz':%—i-log%)

Furthermore, there are at most j < C; log(2eR/d) of these B such that

log(6/5) log(6/5)

|———— <B=<l-c+c——F
log(capo/d) log(capj/d)

and they are never consecutive ones, and all the others satisfy 0 <a < f < b < 1.
Here a, b, c1, ¢z, C, and C; depend on the a priori data only.

We observe that, first of all, (2E)!"I» < 2E. Second, let us observe that
1+ B, <2>",bl, thus

Cl*Bn < C2/0-b) _ &,

Let us call C = 2EC, and let us assume, without loss of generality, that C > e.
Let € be a positive integer such that al < ¢ (log%)/(log(czpo/(i)). Let us
observe that we may choose € such that

{ <G <log <log 2ZR> + 1) ,
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for some constant C3 depending on the a priori data only. Then

g E?—TL
where
(5.12) ﬁs@logzeTR(l gzc;R—irlog 5 +log< eR))

Cy still depending on the a priori data only. Thus, we obtain the crucial estimate

(5.13) T e,

[\

Therefore, by straightforward computations, if we set C; = log(log(2C)) and
C, = log(1/a), we obtain

10g (10g5l> <C + szl.
1

Using (5.12), we have, for a constant C3 depending on the a priori data only,

log (loggl) < Gslog ZZR (logzeR +10g 5 +log( eR))'
1

We may conclude that
2
1 2eR
log(loge—l) 5C4< 3 ) .

Therefore, by straightforward computations, (4.3) and, in turn, (4.4), follow. O

6. THE CASE OF POLYHEDRAL MULTIPLE OBSTACLES

We begin by investigating the relationships between two multiple polyhedral ob-
stacles which are close in the Hausdorff distance.

Proposition 6.1. LetS, 3 € Ay ,(h), 0 < h < hg. Then there exist positive

constants ¢1 < 1 and ¢\ < c, depending on the a priori data only, such that if
du(2,%") < cih, then the following holds.
Let x € 0% and, up to a rigid transformation, let

032N Ben(x) = {y = (1,¥2,¥3) € Ben(x) | 3 = p(>1,22)},

where p : R? — R is a Lipschitz function with Lipschitz constant bounded by L and
such that d(x1,x2) = x3. Then there exists a Lipschitz function ¢’ : R* — R with
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Lipschitz constant bounded by L1, where Ly depends on the a priori data and on hg
only, such that, with respect to the same coordinate system, we have

02" NBen(x) =1y = (¥1,2,3) € Ban(x) | ¥3 =" (v1,22)}.

Proof. Recalling Proposition 2.4, let us assume that ¢; = sCj, for some 0 <
s < ¢ /4. Therefore, we have dy (0X,0Y) < sh.

Let us take any x” € 0" and any cell C" of 0% such that x" € ¢’ c 9%’
and |[x" — x| < ch/4. Let n’ be the unit vector which is normal to the plane
IT" containing the cell C" and such that n” - e3 > 0, where e3 = (0,0,1) in the
coordinate system used for defining ¢. By the properties of the cells of 0%, we can
find x| satisfying, for some constants ¢, 0 < ¢z < ¢/8, and 02, 0 < 0, < 1/2,
depending on the a priori data only, [x’ — x| = ¢2h and Bgin(0,)c,n (x1) NIT" C C".

Let 0',0 < 0" < 1/2, be the angle between n” and e3. We can find two points
in Bgin(0,)c,n (x1) NIT" whose third coordinates differ by 2sin(0’) sin(0,)c2h. On
the other hand, on the projection of Byin(g,)c,n (X7) N1 on {(¥1,¥2,¥3) € R? |
¥3 = 0}, we have that the oscillation of ¢ is bounded by 2L cos(0") sin(0,)c;h.
Therefore, provided tan(0") = L,, L, = L depending on the a priori data only, we
can find X} € Bgn(0,)c,h (X1) NIT" such that {x} + tcshe; | =1 <t <1} N3 is
empty. Here c3 is a positive constant depending on the a priori data only such that
c3 < ¢. By the Lipschitz property of 0%, we infer that for some constant ¢4 > 0,
depending on c¢3 and L only, we have dist(x),0%) = c4h. This is a contradiction
if s = minf{c4/2,c/4}.

Therefore, provided ¢; = C;min{c4/2,c/4}, we obtain that tan(0’) < L,
forany x" € C' € 02" and |x" — x| < ch/4. Similar reasonings lead to the fact
that, possibly taking a smaller ¢; and carefully choosing ¢1, for any (1, ¥2) € R?
such that (y1 — x1)% + (v2 — x2)? < (€1h)? there exists at most one Y3 such that
(¥1,2,¥3) € 02 N B n(x). Otherwise, we would contradict the fact that, with
respect to some coordinate system, 0%’ is locally the graph of a Lipschitz function
with constant L. Therefore 03" is, in B¢ (x), the graph of a Lipschitz function
with Lipschitz constant bounded by L, with respect to the same coordinate system.
We then extend this Lipschitz function all over R? and the proof is concluded. O

Proposition 6.2. Let 3, 3 belong to Ay (), for some h, 0 < h < hg, and
let A = dy(2,X"). Then, there exist positive constants k < 1, K < 1, k1 < Kk, K,
Ky, and Ly, depending on the a priori data only, such that if d < Kh, then there exist
X € 0 and x' € 0% such that the following conditions are satisfied. Up to a rigid
transformation, x = (0,0,0), x" = (0,0,a") and

032N Brn = {y = (V1,2,)3) €Ban | ¥3 = P(y1,22)},
02" NBin = {1y = (1,2, 3) €Bin | ¥3 = ¢ (V1,22)3,

where b, ¢’ : R? — R are Lipschitz functions with Lipschitz constants bounded by
Ly and such that ¢ (0) = 0 and ¢’ (0) = a’.
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Furthermore, on C = {(y1,y2) € R? | ¥ + y3 < (k1h)?} we have

b(y1,02) =iy + Loy,
for any (y1,2) € C,
¢ (v1,02) =y + oy, + a’,

S={1,>y2,d(1,22)) | (¥1,¥2) € C} C 0%,
S ={(, v, ¢ (r1,32)) | (¥1,2) € C} C 3%,
(0 =)+ (0, — £))? < (Kd/h)* and |a'| <Kd,

lp(v1,32) — P (1, 2)| = Kid?,  forany (y1,y2) € C.

We postpone the rather technical proof of this proposition to the end of the
section and we state the following immediate corollary.

Corollary 6.3. Ler 3, 3 belong to Ay (h), for some h, 0 < h < hg, and let
d = du(3,%"). Then, there exist positive constants K < K, K1, Ky, and K, depending
on the a priovi data only, such that if d < Kh, then up to a rigid transformation and
up to swapping 3. with X', we have the following properties. First, $ = Bgp 0 {3 =
0} = 3% N (S x [Rih, kih]) and By 0 {ys < 0} =30 (S x [kih, Rih]). Then,
we call S’ = {1, 2, (v1,32)) | (v1,y2) € S, where ¢’ is an affine function
such that S = 03/ N (S X [kyh, kih]), S’ C G and

Kid® < ' (v1,0) <Kod < KlTh for any (y1,y,) € S.

Let us state the corresponding stability result for the near-field measurement.

Lemma 6.4. Let 3 and S’ belong to Ap o (h), 0 < h < hy.
Then there exists €1(h), 0 < &1(h) < 1/(2e), depending on the a priori data
and on W only, such that if' (5.2) holds for some €1 < & (h), then

(6.1) dH(Z, Z,) < Cl exp(Cz(e/h)C3)EIC4hC5 )

Here C, ..., Cs are positive constants depending on the a priori data only.

We observe that Theorem 4.2 is an immediate consequence of Lemma 6.4
and Lemma 3.2. Therefore in this section we concentrate our attention on proving
Lemma 6.4. The first step in this proof is the following property of the solutions
to (1.1) when X is a polyhedral multiple scatterer.

Proposition 6.5. Let X € A, (h) for someh, 0 < h < hy. Letx € C C 02
where the cell C is contained in the plane I1. Let us assume that for some constant s,
0 < s <1, we have that Bsy,(x) N 11 C C. Then, we obtain that

(6.2) VU - VL= By, 0)nm = exp(—(e/h)A1),

where Ay > 0 depends on the a priori data and on s only.
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Proof: We argue as follows. Let p = [|[Vu - V1= (8,,(x)nm). Then by the esti-
mates derived in [25], already used in the proof of Lemma 3.4, and by the iterated
use of the three-spheres inequality, using a construction completely analogous to
the one developed in Step I and Step II of the previous section, we infer that,
assuming without loss of generality that p < 1 and recalling that h < hg < 1,

< lu(xo)| < Cp™"

N —

where ) .
n < Clog o’

andC>1,Canda,0<a <1, depend on the a priori data and on s only. The
conclusion follows by straightforward computations. )

Proof of Lemma 3.2. By the proof of Theorem 4.1, we infer that, if either

&1 < min LI k—h .
! 2e’n 2eR ’
NI
& <minA &y,n 2eR ,

then the conclusions of Corollary 6.3 hold true.

We observe that, by a reflection argument and by applying twice Lemma 3.3,
we obtain that for suitable positive constants s, 0 < s < K;/4, and C, depending
on the a priori data only,

or

C
(6.3) ||D2u||Loo(5'1><[o,sh]) = ﬁ’

where S1 = Bsjy N {x35 = 0}.
Let us apply to S; and u the Proposition 6.5. Then we obtain that

(6.4) [V - esllr=(s,) = exp(—(e/h)™).

Let x = (x1,x2,0) € S; and X’ = (x1,x2, ¢’ (x1,x2)) and let us compute
lu(x")]. Let us assume, for the time being, that we also have d < (s/K;)h, thus,
again by Corollary 6.3, 0 < ¢’ (x1, x2) < sh. Then, we have that there exists x €
Sy such that |[Vu(x) - e3| > exp(—(e/h)A41). We recall that [x" — x| = ¢’ (x1,x2)
and by a Taylor expansion

C
7 A / ’
lu(x’)| = exp(=(e/h)™)|x" — x| - mlx - x|
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Provided (C/h?)K,d < exp(—(e/h)*1) and recalling that Kid® < ¢ (y1,2),
we conclude that

—

lu(x")| = % exp(—(e/h)A1)d>.

By reasonings completely analogous to the ones described in Step I and Step
IT of the previous section, we conclude that there exist positive constants Ci, Gy,
«, 0 <« <1l,and a, 0 < a < 1, depending on the a priori data only, such that
either d¥ < & or, if d¥ > &1, then

’ < (& “
lu' (x)l <G ao
where 1 can be bounded by
~ e
n < Clog n

Coupling these two last equations, we conclude that, provided &]’% < d <
c1h? exp(—(e/h)A‘) < kh, where ¢; < 1/(CK3) depends on the a priori data
only,

& _ A1y g3 o E1 @
(6.5) 5 exp(—(e/h)*)d” < C1d (d"‘) )

If we further assume that &; < E%/ 2 < 4%, then (6.5) turns into
(6.6) > < Ayexp((e/h)*) /2",

Then the proof may be concluded by easy computations. O

Proof of Proposition 6.2. Up to swapping X with X', let us assume that there
exists X1 € 02 such that dist(x,0%") = dy(0%,0%") = d”. By Proposition 2.4,
we know that C1d” <d < G d”.

For the time being, let us assume that d < c1h, ¢; as in Proposition 6.1, and
by using Proposition 6.1, that x; = (0,0,0) and that

0XNBen =1y = V1,52, 3) €Ben | 3 = d(v1,22)},

02 NBan =1{y = (1,72,3) €Ban | 3 =P (v, v2) 1},

where ¢, ¢’ : {(v1,y2) € R? | y12 + _’)/22 < (€1h)?} — R are Lipschitz functions
with Lipschitz constants bounded by L, and such that x; = (0,0,0) belongs to
the graph of ¢p. Let x1 = (0,0, ¢'(0,0)) = (0,0,b"). We remark that

d

C_ <d’' < |Xi —X1| = |b,| < C3d” < ng/Cl,
2
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where C3 depends on the a priori data only.

For any v > 0 we set B, = {(¥1,Y2,¥3) € By | 3 = 0}. Let us now choose
a positive constant ¢, depending on the a priori data only, such that ¢, < ¢;
and such that for any (y1,2,0) € Bézh’ we have that both (y1, v2, b (y1,72))
and (y1, 2, 9" (V1,2)) belong to B¢, ;. Furthermore, for a positive constant Cy,
depending on the a priori data only, for any (31,2,0) € B; ), we have

b (y1,2) — D' (yv1,72)| < Csd.

Let us consider the projections of the sides of 0% N B¢, and 0X" N Be,j, onto the
planar region B ;,. Let T and T be the union of the sides and V and V" the set
of vertices of these planar triangulations, respectively. We observe that two sides
belonging to the same triangulation meet in a vertex with an angle greater than or
equal to 03, 0 < 05 < 1/3 depending on the a priori data only. We observe that
there exists 04, 0 < 04 < 03, and 3, 0 < ¢3 < C,/10, depending on the a priori
data only, such that we can find a two-dimensional cone in Bé—z ,, with vertex at the
origin, radius ¢3h and angle 04 whose intersection with T is empty. Another cone
with the same vertex, radius and angle but maybe with another bisecting line, has
empty intersection with T’. Moreover we can choose ¢, still depending on the a
priori data only, such that both V and V" have at most one point in B ;,.

Let us assume, for the time being, that for some constant t, 0 < t < 1,
there exists a two-dimensional cone in Bé—2 ,, with vertex at the origin, radius tézh
and angle 04/4 whose intersection with T U T” is empty. Then we argue in the
following way. On such a cone ¢p(y1,¥2) = L1y +Laya, @' (V1,02) = Liy1 +
3y, + b’ and, with a reasoning which is analogous to the one used to prove
Proposition 6.1, we have (£1 — 1)% + (£, — £5)? < (Csd/(th))?, Cs depending
on the a priori data only. Therefore, since |b’| = d/C,, we may find t1,0 < t; <t
depending on the a priori data and on t only, such that

oV, >2) — ¢ (Vi,22)| =d/(2C,)

for any (1, y2) belonging to the cone with the same vertex, same bisecting line,
same angle and radius t;C3h. Therefore, if this is the case, the proof easily follows.

Let us investigate when we can guarantee that this two-dimensional cone exists
for a suitable t depending on the a priori data only. We exploit the properties of
the triangulations and we infer that the following cases allow us to construct the
cone with the required properties in a rather straightforward way.

First, if either dist(0, T) > té3h or dist(0, T') > tcsh. Second, if either 0 € T
and dist(0, V) = tézh or 0 € T’ and dist(0, V') = tészh. Third, if either 0 € V
or0 eV,

Let us concentrate our attention on the other cases. If 0 ¢ T U T’, then
we proceed along the half plane on which [¢p — ¢’| increases. If we are able to
proceed until we are at a distance of t¢3h from the origin without meeting any
point either of T or of T’, then we have a cone of amplitude angle 77/2 which
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does not intersect T U T” and we can use the previous argument to conclude the
proof. If we meet a point of T or of T’, then we have found a point v in B/,
suchthat y e TUT and |p(y) — ' ()| = |b].

Then, let us assume that we have v € By, such that y € T U T’ and
() — ¢’ (¥)| = |b'|. Clearly, ¥ might be the origin as well. Let us assume,
for the time being, that y ¢ T n T’. Without loss of generality, we assume that
¥ € T and 0 < dist(y, V) < tézh. We proceed in the direction of the side
of T containing y along which |¢ — ¢’| increases. Three situations may occur.
First, we might reach the vertex V of V, and if this is the case we use the previous
argument to conclude the proof, recalling that |V| < 2tészh. Second, we might
reach a point y; whose distance from the vertex V is greater than t¢3h and again,
since the distance of ; from 0 is at most 2t¢3h, we use the previous argument to
conclude the proof. Third, we might reach a point of T’. Therefore, without loss
of generality, the only case which remains to be treated is the following. We have
apoint v1 € T nT' such that |y{]| < 2tésh, |y, — V| < tésh, |y1 - V'| <téh
and [ (1) — ¢ (V1) = |b'| = d/C,. Here V and V' are the vertices in Bg,p of
T and T’ respectively.

Since we have assumed ¢3 < ¢,/10, then we have that Bété3h(y1) C Bé—zh.
Hence for any w such that 3tésh < |w — y;| < 7tészh, we have B;C—m(w) cC
Bétc},h(yl) C Bézh and dist(V,B£53h(w)) > té3h and dist(V’,Bgéah(w)) > tcsh.

Let us call d = max{|p(w) — ¢'(w)|, 3téh < |w — y,| < 7tésh}. Let
us recall that d < Csd < C4. Without loss of generality, we may also assume
that C4d < 1. Let us observe that in this case the proof of the proposition may
be concluded by using similar arguments with respect to those already developed,
provided we replace, in the last line of the proposition, d with d. Therefore, our
aim is to prove that there exists a positive constant Cs, depending on the a priori
data only, such that d > Ced>.

By contradiction, let us therefore assume that d < d3. We observe that,
in Bé—zh, T is formed by n half-lines t;, i = 1,...,n, with vertex V, and T" is
formed by n’ half-lines t}, j=1,...,n, with vertex V'. We observe that n and
n’ are bounded by a constant N depending on 03 only. We order the lines in
the counterclockwise sense and identify n + 1 and n’" + 1, respectively, with 1.
Therefore T divides Bé‘zh into n cones D;, i = 1,...,n, and T’ divides the same
region into n’ cones D;-, i=j,...,n, where D; is contained between t; and t;;
and Dj is contained between t; and t},,, respectively. On D; the affine function
¢ is characterized by the vector ¥; and the constant b;, whereas, respectively, on
D; the affine function ¢ is characterized by the vector £} and the constant b’

We construct the triangulation T7, contained in T, in the following way. For a
positive constant S, to be chosen later, we erase from T all the lines t; such that the
adjacent cones have corresponding vectors whose difference in norm is less than
or equal to sd3/?/h.
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We observe that we can find a cone D’ with vertex in 1, radius ¢3h and angle
04 which has empty intersection with T”. If t < 1, then such a cone intersects one
of the cones Dy, let us say D1, on a ball of radius s h, s1 depending on the a priori
data only. We have the following cases.

First, the new triangulation T is empty. We construct an affine function ¢
on Bé‘zh in the following way. We set @ in such a way that @ (w) = ¢(w) for any
w € D;. We observe that, by construction, |@(w) — ¢ (w)| < 2Nsé,d>/? for any
w € B. . Therefore, |p(w) - " (w)] < 2Nsé,d?? + C4d forany w € B, and
l@(y1) — " (V1) = d/C, — 2Ns¢,d?. Then we apply the previous reasonings
to @ and ¢’ and the proof may be easily concluded provided s is small enough,
namely for any s, 0 < s < 59, So depending on the a priori data only.

The second case is the following. Let us assume that T; is composed exactly by
two lines and the angle € between these two lines, which we relabel as t; and ¢, is
such that |0 — 11| < 04/4. Let us call K; and K, the two cones determined by T.
If 31 € Ti, then we can find a cone with vertex in y1, angle 04/4 and radius ¢3h
whose intersection with T} and T’ is empty. Such a cone is obtained as a subset of
D’ and we assume, without loss of generality, that K; contains it and Dy, as well.
We construct an affine function @ on K in the following way. We set @ in such
a way that @(w) = ¢p(w) for any w € D;. We observe that, by construction,
@ (w) — p(w)| < 2Nsé,d3'? for any w € Ky. Therefore, |@(w) — ¢’ (w)| <
2NsCyd3'? + Cyd for any w € Ky and |@(y1) — ¢’ (v1)| = d/Cy — 2Nséd?/2.
Then we apply the previous reasonings to @ and ¢ and the proof may be easily
concluded provided s is small enough, namely for any 5, 0 < s < 59, 5o depending
on the a priori data only.

In the case when y; does not belong to T, we may assume, without loss of
generality, that )1 € K;. If D’ is contained in K1, then we proceed exactly as when
1 € Ti, with the same construction of @. Otherwise, we consider the line passing
through y; and V' and we consider its intersection with T7. If all the intersection
points (which may be none, one or two) lie, with respect to )1, on the same side
of the line of V', then we may reduce ourselves to the previous case in a rather
straightforward way. Also, if there are two intersection points, then the two lines
of Ty intersect the line passing through y1 and V’ at such a small angle that the
previous construction may be analogously performed. Therefore, without loss of
generality, we may assume that the intersection consists of a single point y,, with
1 between ), and V. We may also assume that ), belongs to the boundary of
D’ and to T;. We construct an affine function @ on K such that ¢ (w) = ¢p(w)
on the halfline of T; containing y, (if 3, is exactly equal to V, we may choose
one of the two halflines arbitrarily) and on the cone D; which is adjacent to it
and contained in K;. We have that |p(w) — ¢'(w)| < 2Nséd3'? + C4d for
any w € K and |@(y1) — ¢’ (¥1)| = d/Cy — 2Ns¢,d3/2. We proceed along the
line of T” containing ¥, in the direction where | — ¢'| increases. We have two
possibilities. First, we reach V' and we apply previous reasonings. If, otherwise,
we reach y,, we notice that |p(12) — ¢’ (12)| = d/Cy — 2Nsé>d3/2, thus we
conclude as before, replacing y1 with y;.
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The third case is the most difficult to treat. In the third case we have that
T: contains at least two segments and two of them intersect with an angle 6 such
that 65 < 0 < 1 — 0s, where 65 depends on the a priori data only and 0 <
0s < min{03,04}. Let us take one of the segments of T; which divides, for
simplicity, the cone Dy from D, and let us take as x its intersection with either
OBitén (1) or 0Bste;n (v1). 1f Br(x) N T’ is empty, for some 0 < v < tC3h,
then B, (x) is contained in D;, for some j and we have ¥ || ; — 9} |l < Cod for any
i = 1, 2 and for some constant C7 depending on the a priori data only. Therefore,
7|4y — 43 < 2C;d and, since by our assumptions we have [|[€; — €3] > sd3/2/h
and d < d?, we conclude that » < 2C;d%2h/s. Thus, there exists x' € T’
such that |x — x'| < 3C;d*?h/s. We deduce that, provided d < ¢sh, with ¢4
a positive constant depending on the a priori data only, we obtain that, to each
segment in Ti, there corresponds a segment in T such that the angle between the
lines in which they are contained is bounded by Csd3/?/(ts). We may infer that
|V —V'| < Cod??h/s, where Cy depends on the a priori data only, in particular
it depends on 0s.

Let us take x € B7ian(v1) \ Bstan(v1). The segment connecting X to V,
which we denote by XV, belongs to D; for some i. We can find x” satisfying the
following conditions with the constant ¥y = Cy9d?/?h/s, C1o depending on the
a priori data only. First, |[x — x’| < 7y and there exists w € 0B4te,n (1) such
that By, 2(w) C D; N D;- where D;- is the cone containing x’. We may infer that
the angle between the lines containing, respectively, the segments xV and x"V” is
bounded by Cy1d?/2/(ts), Ci1 depending on the a priori data only. For any y €
xV, we can find a corresponding 3’ € x'V’ such that |y — | < C12d*?h/s.
Since By, 2(w) C D; N D} and w € 0B4ie,n (1), with the usual reasoning, we
conclude that ||€; — E;II < sC13d?'% | h. Using the Lipschitz properties of ¢ and
¢’, we may conclude that the following estimates hold

" (V) =" (V) + 1" (y) — ' (¥')| < Ciul1d?h/s,
(P (¥) = p(V) = (d'(¥) = ' (V)] < Cra(L1d*?h/s + std*?).
Therefore,
(p(y) = () = (p(V) = d' (V)| < Cl4(BL1d* /s + std’?) = Ad’/2.

Here, as usual, Ci2, C13 and C14 are constants depending on the a priori data only.
By taking y = x, we infer that

[p(V) — ' (V)| < Ad3? + d < Ad>1? + d3.
Finally, for any v € Bste,n (1) we may conclude that

1p(¥) =& D) < (b)) =P () = (p(V) = ' (V)| <2Ad° + d°.
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If we apply the previous estimate to 7 = 0, we conclude that

a <2Ad3? + d3.
2

If d is small enough, this leads to a contradiction, thus the proof is concluded. O
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