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Abstract

In this paper we prove reducibility of a class of first order, quasilinear, quasi-periodic time
dependent PDEs on the torus

du+C-pu+alwt,z) - 0,u=0, zeT? ¢ecRY weR”.

As a consequence we deduce a stability result on the associated Cauchy problem in Sobolev spaces.
By the identification between first order operators and vector fields this problem can be formu-
lated as the problem of finding a change of coordinates which conjugates a weakly perturbed
constant vector field on T**¢ to a constant diophantine flow. For this purpose we generalize
Moser’s straightening theorem: considering smooth perturbations we prove that the correspond-
ing straightening torus diffeomorphism is smooth, under the assumption that the perturbation is
small only in some given Sobolev norm and that the initial frequency belongs to some Cantor-like
set. In view of applications in KAM theory for PDEs we provide also tame estimates on the
change of variables.
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1 Introduction and main results

In the last years there has been a lot of advances in the study of KAM theory and almost
global existence for classes of quasi-linear and fully nonlinear PDEs on the circle.
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In these results, the main issue is to prove the reducibility of quasi-periodically time dependent
linear operators. For instance these operators arise from linearizing such PDEs at small quasi-
periodic approximate solutions, whose study is required by Nash-Moser type schemes, together
with a careful quantitative analysis.

Given a linear PDE with coefficients which depend on time in a quasi-periodic way, we say that
it is reducible if there exists a bounded change of variables depending quasi-periodically on time
(say mapping H® — H?® for all times), which makes constant its coefficients. This is a problem
which is interesting on itself and has been studied for PDEs both on compact and non-compact
domains. We mention among others [I5], [8],[9],[24],[31],[10],[33] for the case of linear equations.
Regarding reducible KAM theory for non linear PDEs the literature is quite vast, we mention
the classical papers [27],[41],[29],[14] for PDEs on the circle, [21],]I7],[22],[37],[16] for PDEs on
T™. These works all deal with PDEs with bounded nonlinearities. Regarding unbounded cases
we mention [28], [30], [1I] for semilinear PDEs and [5],[6],[20],]23],[13],[4] for the quasilinear case.

In this paper we discuss the reducibility of a class of quasi-periodic time dependent transport
equations on any multi-dimensional torus of the form

Ou~+ ¢ Opu+ a(wt,x) - pu =0, reT?, ¢ eR?, (1.1)

where T := R/(277Z), (w,() varies in a bounded domain Oy C R**?% and a : T"*¢ — R? is a
C* function. The main result of the paper is the following.

Theorem 1. There exists s; € N large enough and 0(s1) € (0,1) small enough such that if
lalls, = llallger (rv+aray < 0(s1) then there exists a Borel set O € Og such that the following
holds. For any (w,() € O there exists a quasi-periodic family of linear operators W¥(wt) which
are bounded and invertible H*(T4,R) — H*(T%, R), for any s > 0 such that u(t,x) is a solution
of the PDE if and only if v := W(wt)"'[u] solves the PDE with constant coefficients

OV + Moo - Ogv =0

where My, is a constant vector in R satisfying |mo — ¢| = O(||alls,) uniformly with respect to
(w,¢) € Op. Moreover, the Lebesque measure of the set Og\ Oo converges to 0 when ||al|s, goes
to zero.

As a direct consequence, the Sobolev norms of the solutions of the Cauchy problem associated
to are controlled uniformly in time. A more detailed and quantitative version of these results
is stated in Theorem From Theorem [1| we also deduce a series of corollaries, such as the fact
that (w, () € Oy there is no growth of the Sobolev norms (see Theorem [4.1)).

Progress for the reducibility of PDEs on high dimensional compact manifolds is very recent, see
[33],]10], and as far as we know there is still no general theory. In our case the key ingredient for
proving the reducibility of the equation|l.1]is to use the identification between derivation operators
and vector fields in order to change the PDE reduction problem into a corresponding straightening
problem for a vector field. The idea of analyzing a first order linear differential operator through
its associated vector field is the so called method of characteristics, which is the classical way in
which a first order linear PDE is reduced to a (possibly non-linear) ODE. A similar approach is
used in [I0] for reducibility of a class of quadratic second order perturbations of the Harmonic
oscillator on RY . The main idea is to exploit the identification between classical Hamiltonian
functions (with N -degrees of freedom) and their quantum analogs so that the reducibility theorem
for an operator corresponds to a finite dimensional KAM theorem.

Although our strategy is strongly taylored for the particular class of operators we are
confident that our result can find applications for different models. For instance Theorem
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and Corollary will be applied in [19] and in [32], in order to reduce to constant coefficients
the highest order term of classes of linear operators. Note that in view of the application to [19],
one needs also to study the dependence of the transformation W(°) with respect to an additional
parameter A\ which is in a Banach space. This is done in Corollary

The reducibility of the PDE (1.1)) amounts to showing that there exists a linear time dependent
operator ¥(wt) acting on C*°(T%,R) and a map R” x R? — R?, (w,() — m(w, ) such that

T, + U+ alwt, x) - 0,F) - 0, = m(w, () - Oy . (1.2)
We look for the operator ¥(wt) of the special form
U(wt)v:=vo¥(wt), U(wt):z+— x+ B(wt,z),

where 8 € C(T4t¥, T4). Here with an abuse of notation we are representing with the same
symbol ¥ the time dependent torus diffeomorphism and its action on functions. In this way our
reduction equation (|1.2)) becomes

U (w98 + (¢ +alp, @) - (1+ 8:8)) = Moo (w, €) (1.3)

with unknowns m., € R? and 8 € C®(T” x T, R?).
One can directly see that solving the equation [L.3]is equivalent to finding a change of variables
of the form ¥ : (¢, z) — (¢, z + B(p,x)) which straightens the vector field

0 0 0 0
X .—w-%—&—(g“—i—a(%x)) g namely \II*X—W-%—FmOO(w,C) g (1.4)

Under appropriate hypotheses on the size of a and the non-degereracy of (w,() the existence of
such a change of variables follows by the classical Arnold-Moser theorem, which we now describe
in the more general setting of vector fields on the torus TV. We set X, to be the linear
vector field with frequency «, namely the vector field which generates the flow 6 — 6 + at with
a € RV, Then the result can be stated as follows: for all diophantine frequencies a and for any
appropriately small vector field f there exists a Lipschitz function @ — A(«) and a change of
variables on TV which conjugates X, A(e) T [ to X, and thus straightens the vector ﬁeldﬂ This
result was first proved by Arnold in [2] 1] in the case of analytic vector fields, then by Moser in
[34] for finitely differentiable vector fields. The problem was further investigated by Riissmann
[38,[39], Poschel [35][36], Herman [26, 25], Salamon [40] with the purpose of giving optimal bounds
on the regularity hypotheses needed on the vector field. See also [42], [18],[31].

This classical results are not sufficient to prove Theorem [I] since we need a good control of all
the Sobolev norms of the change of variables by requiring only smallness assumptions on fixed
low norm of the perturbation. To this purpose we prove a tame version of Moser’s theorem,
which can be stated as follows.

Theorem 2 (Tame Moser Theorem). Consider a vector field on TN of the form

Xoi= (€4 Jol0) g5, fo€ CX(TY,RY).

There exist s1 € N large enough, and 1, = 1,(s1) > 0 small enough such that if || fol|2, < n.
then there exists a Borel set Oy C Oy such that the following holds. For any £ € Oy there
ezists 3 € C®(TN RY) such that TN — TN : 0 0 =0 + B(0) is a diffeomorphism and

0 0

1Tt is easily seen that o — a + A(a) can be extended to a Lipeomorphism on RY so that the statement can be

U, Xo = (U)7H(E+ fo+ (E+ fo) - 0B)

equivalently rephrased as the conjugation between X¢ + f and X, (¢), where the initial frequency & € RY is chosen
so that the final frequency «(§) is diophantine.
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where o (€) is a constant vector in RN satisfying |aso(§) — Idgn| = O(||folls,) uniformly
with respect to £ € Op. For any § € Ou, the function [ satisfies the tame estimate ||Blls <
C(sy, M| folls+o s for some ¢ € N, C(s,N) > 0 large enough, for any s > 0. Moreover, the
Lebesgue measure of the set O \ Ooo converges to 0 when || folls, goes to zero.

Once we have proved Theorem [2] then Theorem [I] follows directly by setting N = v + d,
0 = (p,z) € TV, ¢ = (w,¢) and TVT¢ — R+, (p,2) = fo(p,z) := (0,a(p,x)). A more
detailed and quantitative version of the statement above is given in Theorem [3.1]
The main point is that we consider C'° vector fields fy which are small in some low Sobolev
norm with no further quantitative information on the higher Sobolev norms. Then we prove that
the change of variables predicted by Moser’s theorem is in fact C'>° and we give a very good
control of the Sobolev norms of this diffeomorphism in terms of the Sobolev norms of f;. Note
that in order to obtain this result we do not rely on approximation by analytic fuctions, as in
most of the literature, instead we approach the problem in the spirit of the Nash-Moser theory
where one uses interpolation and smoothing estimates in order to control the loss of regularity
due to the presence of small divisors.
As explained before, our more general formulation of the Arnold-Moser theorem is well suited for
applications to the reducibility of linear first-order operators on H*(T",R), which are the main
motivation of our work. In any case, as far as we know, the tame estimates on the change of
variables were not previously known so that our result may have some interest also in the context
of ODEs.

Reducibility of quasi-linear operators and lack of dispersion. The reducibility
for quasi-linear, quasi-periodic time dependent operators has been recently developed in the
framework of the KAM theory for PDEs.

In one-space dimension, Baldi-Berti-Montalto [5] proposed a method for proving the reducibil-

ity of a class of linear operators arising from forcing the Airy equation wu; + uz., = 0 by a quasi-
linear, quasi-periodic in time perturbation. Actually their strategy finds applications for several
other models in one spatial dimension. Such a procedure is split in two steps: a regularization
procedure, in which the operator is reduced to a diagonal one plus a bounded remainder, and a
KAM scheme which completely diagonalizes the linear operator by reducing quadratically the
size of the remainders.
The reduction procedure that one has to perform depends strongly on the linear dispersion law
of the PDE, namely on the function j — A(j) where i); the eigenvalue of the linearized operator
at the origin associated to the eigenfunction €*, j € Z. For instance when the dispersion law
is superlinear, as in the KdV case where \; = 43, in order to reduce to constant coefficients the
leading term one applies a torus diffeomorphism of the form = — = + f(wt, x) where 3 solves

(1+alp, )1+ B2)° = m(e), (1.5)

which can be solved directly by integration.
Comparing this equation with one sees that here d, does not appear and the right hand
side still depends on . This is due to the fact that the leading derivative is the spatial one,
6a:wz .
When there is no dispersion, namely the dispersion law is linear as in the case we deal with,
where A\; = j, the equation that defines the correct change of variables is harder to solve. The
time and the space play the same role and one has to deal with transport-like equations as .
This was our first motivation for proving Theorem

We remark that in [4] a transport equation similar to equation appears in the reducibility
of the linearized operator. In this case the corresponding vector field is more degenerate, in the
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sense that, in the basis /0y, 0/0x, it has the form (w,O(g)), instead of (w,( + O(¢)) as in
(1.4). In [4] the authors reduce the problem to the study of a nonlinear ODE and then they apply
a Nash-Moser Hormander Theorem, see [7], to solve it. In our case such a strategy seems to fail.

Strategy of the proof. Let us now briefly discuss the strategy of proof of Theorem
We construct the transformation ¥ by means of an iterative KAM-type scheme in Sobolev
class. Our method is based on constructing a sequence of transformations (®,),en of the form
D, (0) =0+ g,(0), n € N which reduces quadratically the size of the vector field. More precisely,
at the n-th step of our procedure, we deal with an operator

Xo = (@) + ful60) - 5

with f, in H® for all s.
Then, we choose a function g,(&,0) so that

3\n
where N, = Né2) , Iy, is the orthogonal projection on the Fourier modes |k| < N,, and (f)r~
is the average of the vector valued function f, with respect to # € TYV. The equation (1.6) can
be solved by imposing the diophantine conditions

gl

an'k 277
o k=

V0 < |k < N,

for some v € (0,1) and 7 > v. Then, setting ®,,(0) = 6 + ¢,,(9), one gets

Xn+1 == ((I)n)*Xn - (Oén-l—l(f) + fn-i—l) : 2’

ol
where a1 := an + (fo)on s [fat] = ‘HJJ\_Infn| + |fn‘2

We show that f,, converges to 0 in any Sobolev space H®, s > 0 provided || fo||gs: is small for
some fixed Sobolev index s; (which has to be taken large enough). Then we define the change of
variables U(") := ®30®;0...0®,, and show that it is of the form W™ () = 6+ h,, (). Moreover
the sequence h,, € C®(TN,RY) converges to a function he, = h in any H*, s > 0. Then we
verify that U(6) = 0 + h(0) is a torus diffeomorphism which conjugates Xy to aw(§) - %. The
final step is to show that the condition a,(§) diophantine is sufficient to ensure that all the
Melnikov conditions are satisfied.

We remark that the sequence of transformations ¥ := &y 0P, o...0®,, does not converge
with respect to the operator norm of bounded linear operators H® — H?®, since ¢, — Id =
O(gn - Op) is small in size but unbounded of order one. This is the reason for approaching the
problem from the point of view of the straightening of the corresponding vector field.

The paper is organized as follows. In Section [2] we introduce the functional setting needed
to state precisely Theorem In Section [3] we state our main results at the level of vector
fields. Then in Section [4 we state and prove the corresponding results on reducibility of PDEs.
In Section [5] we prove Theorem [3.I] which is based on the iterative Lemma [5.2] The inductive
step of such a Lemma is basically proved in Lemma [5.1] Finally, in the Appendix [A] we collect
some technical lemmata concerning Sobolev spaces and operators induced by diffeomorphisms of
the torus which are of importance for our proofs.
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2 Functional setting

Sobolev functions. Given N,m € N, we consider real valued functions v € L2(TV,R™):
u(f) = Z ue®? T = u_g.
kezZN

We use the simplified notation L? to denote L?(T™,R™). We define the Sobolev space

H (TN, R™) := {u €L flul? =) (k) lul® < oo} (2.1)
kezZN
where (k) := max(1, |k]).
If we separate the variables 6 = (p,z) € T"*?, we may consider a real valued function
u(p,r) € L? as a ¢-dependent family of functions u(yp,-) € L?(T¢, R™) with the Fourier series

W)= Y@= Y g ler)

JEZD IVAIY/A

expansion

In this case it may be more convenient to describe the Sobolev space

HY (T R™) = qu e LT R™) < ull2 = > (6,5)% ug]* < o0 (2.2)
Lery ,jeL?

where (£,7) == max{1,|¢, ||}, [¢] == S0 16l, i == S0, 1], If so := [N/2] + 1 then for
5 > 50 the spaces H® := H*(TV,R™) are embedded in L>°(T",R™) and they have the algebra
and interpolation structure, namely Vu,v € H® with s > sq:

[uvl[s < C(s, N)[[ulls||v]]s,
[uvlls < CN) lullsllvllsy + C (s, N)llullso[0]ls- (2.3)
Here C(N),C(s,N) are positive constants independent of u,v. The above estimates are

classical and one can see for instance the Appendix of [12] for the proof.

Lipschitz norm. Fix N € N and let O be a compact subset of RY. For a function u: O —
E, where (F,||||g) is a Banach space, we define the sup-norm and the lip-seminorm of u as

sup,O | _
[ullz” = ul ™" = sup[lu(é)]|le,
£eo
; ; — 2.4
||u||lEZp — ||u“%p,0 = sup ||’UJ(£1) u(&Z)”E ( )
e.6e0, & — &
§1#E2

Fix v > 0. We will use the following Lipschitz norms

7€ = ull3PC + Aulli?, we H, Vs> [N/2]+3, (2.5)

s—1 »

M7 = O |l O, m € R, (26)
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Diffeomorphisms of the torus. We consider diffeomorphisms of the N -dimensional torus
&: TV 5TV,  ®:0—0+h0) =0 (2.7)

where A : TV — RY is some C* function with [|][s,+1 < 2. We denote the inverse diffeomor-
phism as

L. TN TV, O 0 04 h(h)
with h a C™ function. With an abuse of notation we identify transformations like ([2.7) with
the corresponding linear operators acting on H*(TV) as

®: H° — H?, u(f) — Pu(f) := u(f + h(0)). (2.8)
Similarly we consider the action of ® on the vector fields on TY by the pushforward. Explicitly

we denote by T (T™) the tangent space of TV .
Now given a vector field X: TV — T (TV)

_ 0o N
X(H)—;:lXj(H)—aej, X1,...,Xn € C(TV,R) (2.9)
its pushforward is
al N 9X; B)
_ -1 -1 _ —1 ) 7 ]
(2. X)(0) =do(® " (0)[X(P™1(9))] = ;:1 d X; + ;:1 20, X —aé\i.

We refer to the Appendix [A]for technical lemmata on the tameness properties of the Lipschitz,
Sobolev norms and bounds for the diffeomorphisms of the torus.

Reversible vector fields. Let S : TV — TV be the involution # — —@. We say that a
vector field X : TV — T(TY) is reversible if

XoS=-S0X.

This is equivalent to say that X is even with respect to the variable 6. A diffeomorphism of the
torus @ : TV — TV is said to be reversibility preserving if

PoS=50d.

The above definition is equivalent to require that @ is odd with respect to the variable 6. It is
a straightforward calculation to verify that if X is reversible and ® is reversibility preserving,
then the push-forward ®,X is still reversible.

Linear operators A C° vector field X(0) = Z;VZI Xj(H)a%j induces a linear operator
acting on the space of functions u : TV — R, that we denote by X (0) - 9p = Z;\Ll X;(0)0, -
More precisely, the action of such a linear operator is given by

H (TN, R) — H* YTV, R), u(f) — X(0) - dpu(h).

3 A tame version of Moser’s theorem
In this section we state a detailed version of Theorem [2] which is a revisited version of Moser’s

theorem on weakly perturbed vector fields on the torus.

Let us fix N € N, Oy a compact subset of RY with positive Lebesgue measure and consider

T:=N+2  s>[N/2]+3, ~€(0,1). (3.1)
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Notations. We denote for a vector valued function u(f) its average as

1
(u) := W/TNUCZH.

We denote any constant depending only on N, Oy as C and correspondingly we say a < b if
a < Cb. A constant depending on parameters p is denoted by C, and as above we say a <, b

if a < Cpb.
Theorem 3.1 (Tame Moser Theorem). Consider for ¢ € Oy C RN a Lipschitz family of vector
fields on TN
0
Xo = (€+ Jol0:9)) - 55 (32)

fo(€) € HY(TV,RY) Vs > 5. (3.3)
There exist s1 > so + 27 + 4, and n, = 1x(s1) > 0 such that if
T N follL =6 < n. (3.4)

then there exists a Lipschitz function s : Og — RN &+ a(&) with

|otae — Tdgn [ 1790 < 46, (3.5)
such that in the set
0% ={ec Oy Jox(&) K > é% vk e 2V {0}} (3.6)
the following holds. There exists a map
B:OU TN SRY, BF~ Sor T AT s Vs s, seN  @37)

so that U:0— 0+ 5(6) = 0 isa diffeomorphism of TN and for all £ € O%

0 0
V. Xo = ()" (E+ fo+ (E+ fo) - Bef) - 5= o=©

Furthermore, if fo is a reversible vector field (i.e. fo = even(f)), then the diffeomorphism
0 — 0+ 5(0) is reversibility preserving (i.e. the function 8 = odd(6) ).
Finally, the Lebesgue measure of the set O \ O2 satisfies the bound

(3.8)

[0\ O <7 (3.9)

Remark 3.2. Note that condition (3.5)) implies that the map £ — «(€) is a lipeomorphism and
|€(a)|'"P < 2. Hence the estimate of the measure of the complementary set Oy \ O27 is trivial.

Corollary 3.3. (Parameter dependence) Under the assumptions of Theorem suppose that
fo = fo(0,);&) depends on some parameter \ € Bg, where Bg is a ball centered at the origin
of a Banach space E. Consequently the frequency map o = aoo(§,A), given by Theorem|3.1
1s defined for all £ € Oy and A € Bg. This clearly implies that the set depends on \.
Denoting with A1ag(A) := g(A\1) — g(Aa) for some A1, A\s € Bg, if

K™ A folls, < p, (3.10)

for some p € (0,1) small enough and K > 0 large enough, then the following holds. There exists
p > 7 such that for all £ € O2(\1) we have

[Arzace] S A2 folls, + K7*y ™ max{]| fo(Ar) s, » [lfo(A2)lls, }- (3.11)
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As explained in the introduction we now divide the variables # in time and space, 6 = (¢, x) €
T*+4. Similarly we write £ = (w,() € R¥T?. We have the following result

Proposition 3.4. Consider for (w,() € Oy C R¥*? q Lipschitz family of vector fields on T*+4

0 0
XO :ZW'%+(C+CL0(QQ,LE;W,§))'% (312)
ao(-w,¢) € H¥ (T RY) Vs > s0. (3.13)
Fiz si,n. as in Theorem[3.1}, if
v Mlaol| 370 =6 < . (3.14)

then there exists a Lipschitz function me : Oy — R, (w,() + muo(w,() such that denoting
oo (W, €) = (W, Moo (w, €)) we have

|ooo — Idpu+a]” < 74, (3.15)
such that in the set
0% = {(@. 0 €00t -t 4 mac(w,0)-4l > o WEG) €20} (316)
the following holds. There exists a map
BT x 02 5 RE,BI7O% <oy Maol B,y Vs > s0, s €N (3.17)

so that U : (p,z) = (o, + B(p,7;w,C)) = (¢,7) is a diffeomorphism of T*+¢ and for all
(w, () € 0Z

U, X, -:w~i+\lf*1(w.a B+C+ap+ (C+ap)-0 [3)'g

*<20 - a(p © 0 0 i o7

0
) 55

(3.18)
=W — + Moo(w,

I
Furthermore if ag is a reversible vector field (i.e. a9 = even(p,x)) then the diffeomorphism
(¢, @) = (¢, @+ B(p,x)) is reversibility preserving (i.e. 5 = odd(p,x)).

Remark 3.5. The vector field in can be written in the form by setting fo =
(0,...,0,ap). Then condition implies and Theorem holds. In the previous propo-
sition we are simply stating that the change of variables W, predicted by Theorem is the
identity on the ¢ variables (and so is the frequency map a ).

We now wish to consider the case where ( is not an independent parameter but a given
function of w. We have the following

Corollary 3.6. Consider for w € Qy C RY a Lipschitz family of vector fields on TV*¢

0 0
Xoi=w- % + (mo(w) + ag(p, z;w)) - P (3.19)

Here mo(w) is a Lipschitz function and
ap(;w) € HS (T RY) Vs > 5. (3.20)

Fiz s1,n. as in Theorem[3.1}, if
v Haoll 3 =6 <. (3.21)
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then in the set

0% = {we Qo L4 melemo(w)) - il > <€237>T Ve ez o) (322)

the map B of Proposz'tion restricted to ¢ = mo(B) diagonalizes Xy as in formula (3.18).

Moreover
7,820

Q2 Lip, Q0 —
||5||Z Ss (14 [mo[ ")y 1||a0\ s+274+4 (3.23)

20
1

Imo = moo|” S [laoll
Furthermore if ag is a reversible vector field (i.e. ay = even(p,x)) then the diffeomorphism

(¢, z) = (¢, + B(p,x)) is reversibility preserving (i.e. 8= odd(p,z)).

Proof. We wish to apply Proposition (3.4), we consider the map M : w +— (w, mp(w)) and denote
by Op the image of Qg through this map. Then we consider ag(p, z;w, () = ag(p,x;w) in this
way the dependence on ( is trivial and we have

v M I@o 13,70 = v laol| % =6 < ns

We thus apply Proposition (3.4) to the vector field

0

~ 0 ~
X() .ZW'%+(C+GO(@7J:7W7C))'%'

We produce a change of variables = — x + B(go, x;w, () which diagonalizes )?0 in the set O%.
We now restrict our parameter set to { = mp(w). By definition w € Qg & (w,mo(w)) € Oy,
so the restriction of O% to ( = mg(w) is Q% . It remains to prove the bound (3.23). Setting

B, z,w) = e, z;w, mo(w)) we have
Q27 > , 020 lip, Q2 > lip, 0% i
[BII7 = = (1B 7=, 1Bl < 1B]1s77> (1 4 mo|*P**)

hence the result follows. O

4 Reducibility

In this section we state a more detailed version of Theorem [I] regarding reducibility of quasi-
periodic transport type equations and the control of the Sobolev norms for their solutions. They
are obtained as a consequence of Theorem

Theorem 4.1. Consider the transport equation
Oyu + (C + ag(wt, T; w, C)) - 0zu=0. (4.1)

Then if , are fullfilled, for (w,¢) € OX (see ), under the change of variable
u = V(wt)[v] = v(z + B(wt,z)) defined in (3.17), the PDE transforms into the equation
with constant coefficients

Ov + Moo (w, ) - O,v = 0. (4.2)

As a consequence, for any s >0, ug € H*(T?) the only solutions of the Cauchy problem
Oy + (C + ag(wt, z;w, C)) -0,u=0
u(0,2) = up(x)

satisfies [|u(t)||ms Ss ||luollms for any t € R. Furthermore, if ag = even(p,x), then B =
odd(p, x).
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Proof. Let (w,() € 0% . By adirect calculation, under the change of coordinates u = ¥(wt)[v] =
v(x + B(wt, z)), the equation (4.1]) transforms into the PDE

v + U(wt)™! (w 0o+ +ag+ (ao+ () - @ﬁ) - 0,v=0.
By applying Proposition one gets that
() (- 0,8+ ¢+ + (a0 + €) - 0:8) = maol(¢,w)

implying that v solves the equation . Such a PDE with constant coefficients can be integrated
explicitly, implying that for any s > 0, |[v(t)||zs = |[v(0)|z:. Note that, since g € C*, by
Lemma U(wt)*! is a bounded linear operator H*(T4) — H¥(T?) for any k& € N with
SUp v \I/(<p)i1||B(H£) < 4o00. By using the classical Riesz-Thorin interpolation Theorem for
linear operators one gets that W(y) € B(H;) with sup,crv H\I/(so)ilHB(H;) < 400 for any s > 0.
Then given ug € H*(T?), one gets that

lu@®llms = 1w w@)]lla: Ss ol Ss 0Ol Ss 12@t) ™ uollla: Ss lluollms
and this concludes the proof. O

We remark that, as explained in Proposition the measure of O\ O2 is of order v, which
guarantees that the reducibility result holds for a positive measure set of parameters (w, (). On
the other hand we are not able to give a bound on gy \ Q2 unless we impose some further
conditions. We give an example which we believe is interesting for applications.

Corollary 4.2. Let d =1 and consider the one-dimensional transport equation
o+ (mo(w) + ap(wt, z;w))dpu =0, z€T.
Assume that mg(w) satisfies

inf |mg| > ¢, \mo(w)|”p’90 <L
weRp

for some appropriate ¢, L which depend on the set Qq. Assume finally that , hold.
Then the analog of Theorem holds for any value of the frequency w in the set Q% defined in
, Moreover if 0., L are small enough, depending on the set Qq, then the set Q% satisfies
the measure estimate |Qq \ Q2] < .

Note that this includes the case mg # 0 and constant in w.

Proof. The fact that the analog of Theorem holds is just a repetition of the proof of that
statement. The only non trivial thing is to show the measure estimate. We first note that

inf |meo| >c—ne, |Mmool™ < L+,
wEN

Fix 4,7 and compute the measure of a resonant set

. 2
Rej ::{weﬂo Cw el —mej| < <£’>YT}.

We claim that if R, ; # @ then |j| < k|{|, where

w|+2 _
k := sup H7’7<(C_n*) 1(SUP |w| +2).
weg |m00| w€e
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Note that, since €y is compact, k is finite provided 7, is small. To prove our claim we note

that
2y

(07
We claim that [Ry ;| < Cy/(¢)"*1, for some C > 0, for any (£,j) € Z* x Z \ {(0,0)}. We

write

Mmool < lw- £ + fw - £ = mooj| < |w||f] +

< (lwl +29)1¢]-

so that setting

14
O(s) i=w -l —meo(w)j = |£|s+moo(ms+v)j.

we have (recall |j] < k|¢])

— . V4
[6(s1) — ¢(s2)| > 0](1 — k|mao | 0) > u,
|s1 — 2| 2
provided that
. moo|”p’90 L+ T 1
Koo [P = sup (] + 29)— < sup |w| +2) < 5. 4.3
Moo u}GQO(\ | V)mfwenolmool p— (w€§20| [+2) <5 (4.3)

Note that these equations give an upper bound on L,7n,. We assume that the desired smallness
conditions hold and hence we have our claim.

1
2
10\ Q3] < ) | Rejl <ky ) G <.
€7\ {0}, ]| <xl¢| tez\{0}

since 7 > v+ 1. O

We also state the following corollary, concerning the solvability of a forced quasi-periodic
transport equation. Such a corollary will be applied in [32].

Corollary 4.3. (Forced case) Assume the hypotheses of Corollary and let f := f(p,x) be
some C>(T*4) function.

For every w € QX (see (3.22)), there exist a C> function b(yp,x;w) and a constant ¢ = c(w)
(depending in a Lipschitz way on the parameter w ) such that

w - Opb(, ) + (Mo + ao(p, 2))d:b(p, z) + flp,2) =c, (p,z) € TV (4.4)

Furthermore, there exists a constant o = o(7,v) > 0 such that the following estimates hold:

Q2 _ Q
N (T Y i S P 2

(4.5)
e[S S
Proof. The equation (4.4)) can be written as
Lo+ f=c (4.6)
where
L:=w-0,— (mo+ ao(p,x))0x, (4.7)

By Corollary in particular by (5.82)), we have that £ = ¥~1£ ¥ , where

Vh(p,z) :=h(p,z+ B(p,x)), Lo =w:0p — Moy (4.8)
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Then
LoUb= \I/(c—f). (4.9)
Using that ¥(1) =1 we get
LooWb=c—V(f). (4.10)
and we choose ¢ such that
Cc = <\I/(f)>11w+1 (411)

so that the r. h. s. of the equation (4.10) has zero average. By the fact that ¥ is bounded from
H? to itself for any s > sp and f € C* then g:=c — ‘Il(f) e C>.

Since g € C* and has zero average then the equation L..[h] = g, for any w € O, has a
C°-solution which is given by
_ gej i(l-ptjz
h =Lt = 2 ilteti) 4.12
(¢,2) = L [g)(,2) Z T (4.12)
(¢,5)#(0,0)

Furthermore, using the estimate on me, given in (3.23)), the following standard estimate holds:

127 <, 7*1||9||9+27+1, Vs > 0. (4.13)

Therefore the function

bi=U""1L e — U(f)] (4.14)
is a C'°°-solution of the equation (4

Finally, the estimates ( . follow by (@.11), (@14 and by applying the estimates (A.7), (A.§ ,
the smallness condition and the estimates , -

5 An iterative KAM scheme

We prove Theorem [3.I] and Corollary 3.3] This is done by applying recursively a KAM step
which we now describe.

5.1 KAM step

Consider for £ € O C Oq a Lipschitz family of vector fields on TV

0
X = (a+1(0:0) - o)

la|PC0 < M <2, f(+€) € H(TV,RY) Vs> s.
Given K > 1 and « > 0 assume that for some domain O C Oy we have (recall (3.1]))
TR F7:0 < 6 i 5(so) (5.2)
for some § small enough. Let

O, =Cro=1{cO: |a-k|l > , Vk e ZN\ {0}, |k| < K}, (5.3)

<k>
and for all £ € Oy set g(6;¢) to be

)= > gre™?, (5.4)
kI<K
where
gk——iaf’fk, VEeZN, 0<|k<K. (5.5)
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Lemma 5.1. The function g defined in (5.4) satisfies
gl 79+ Sy Ik 7540 Vs > so. (5.6)

The map
D:0— 0+ g(0) (5.7)

is a diffeomorphism of TN . We have that the pushforward of the vector field X in (5.1) under
the map ® in (5.7) has the form

B.X = (g + f1(0:6) - 2 (5.8)

00
where oy € RY s defined and Lipschitz for ¢ € Oq, the function fy is defined and Lipschitz
for all £ € O1 (see (5.3)) and the following bounds hold:

o — a1 < f]3° (5.9)

So ?

(@) — O — @)
£ 1120 S K7 IFILE + Cooy T BT £12,°)2,

1 orios (5.10)
129 < FIPC + Coy MR £l O £l 7.

Moreover if f is a reversible vector field, then 6 — 0 + g(0) is a reversibility preserving map,
implying that fy is a reversible vector field.
Let M, a € Bg, £€ O4(A1)NO4(N\2), s1,b> 0 satisfying

So <b+27+3s0+2 < 57 (511)
There exists ¢’ := 0'(s1) such that if
YO sy + 1 Q2)ls,) <0 (5.12)

then for w € O1(A1) N OL(A2)

18029l S 77 (IMaeBaaf o +97 A0l Tk florzrsr ), V520 (513)
|Arz(ay — )| < [[Araflls, (5.14)

1A12 f 4+ lls0-1 Ssop K PN A2 f [l sgtn + K709 [ Ara fllsg—1 Mo (f, A1, A2)
+ K270y 72 | Appa| Mg, (f, A1, A2)?, (5.15)

1812 lowts Soow K270 (11812 g0 + [B120])
Proof. By definition of || - ||s (see (2.1))), (5.4) and (5.3) we have ||g|ls < v 'K7|alls for all
&€ O4. By (5.4) we have, for £,¢ € O,

|Ag ¢ [l N | fi(€)]|Ager x| K]
la(€) - k| [e(§) - Kl|e(&’) - K]

hence by (5.3) we get (5.6 and, by using smoothing properties of the projector Ik (see Lemma
[A]] item (iv)) we have

|Aergk] < (5.16)

gl 3<% S v~ EPTE|FIIC. (5.17)

We claim that g satisfies the hypotheses of Lemma[A.3] hence @ is a diffeomorphism. Indeed,
since sgp > [N/2]+3 > 50+ 1, by (5.17) and (5.2) we have

_ 1
YT AILO < 5

,O
9172 Sou g0+ S ;

oo~ ~S0
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provided that ¢ in (5.2)) is sufficiently small. By applying Lemma and by the Sobolev
embedding, one gets that the inverse diffeomorphism y — y + g(p,y) satisfies the estimate

~ ,0
191279 <o llgllisy s 2>0. (5.18)

s+sg

By definition of pushforward (we rename the new variables as 6)

D, X := (&) '(a+ f+ (a+ f) Osg) - %

and by the definition of ¢ in (5.4))

a+ f+ (a+ f) - dyg
=a+(f) +Tgf+ f Oug.

Now we extend (f) from O to the whole Qg by Kirtzbraun theorem, preserving the Lipschitz
norm.
We denote the extension by (f)®** and set

Q4 ::a+<f>EXta 66007

(5.19)
F1(0) = 07 (i f + £ - 0g), €€ O
The bounds follow since
[(FYB O < (HIME < IAIC-
As for we repeatedly use Lemma[A.3] indeed setting
Fi=Tgf+ [y (5.20)
wehavebyfor seN, s> sg
£ 20 < NFITO + C(IFITO gL ST + 191355 1 1307)
IF12:9% + Cs(IF 1T g3 + gl 355 IF 1154 (5.21)

1F]

0 0
1O < g fle )7 + O AL gl Ta™ + 1A llglt)-

Then if s = s by applying the smoothing estimates (A.4) in the second inequality in (5.21]) we
get

(@] — O (@] (@]
[F[[57F < K7 | fI55 + Cso K[ £ gl
61D
< KO0 + 4T O KPR £11209)2, (5.22)

1£125+ < (B2 FILE 4 Cogy T T2 FI50)2) (1 + Cogy™ LEPTH20H | £112:€).
If s > so by (5.21) and (5.17) we just get

’377(9+ (1 + 087—1K27—+so+2”f||360) + 057_1K2T+280+1||f||3’0||F||Z(;O+ (523)

IF 129+ < |IF|

with
10 (5.24)

IFI[7C+ <k f117° 4+ 2Cy T K272 £11 91 £]
by using (5.2) we get (5.10).
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If the vector field f is reversible, then f = even(f), therefore by the formulae (5.4)), (5.5)), one
has that g = odd(#), implying that the diffeomorphism 6 — 6 + g(0) is reversibility preserving.
It then follows that the function F' = even(d), by (5.20). By (5.19), one has that f, = ®~1F,
hence

f+(=0) = F(=0+ g(=0)) = F( = (6 +9(0)) ) = F(0 +9(0)) = f+(6)
implying that f; = even(). This proves that fi is a reversible vector field.

Now let b satisfy (5.11]) and A, As € Bg where By C F is a ball in the Banach space E. We
introduce the notation

M(f, A1, Ag) i= max{[[ f(AD)lls» 1 (A2)lls}, Vs = 0.

The bound in ((5.13) follows since

A A2)||A k
PR eyt bR MM AR CRan TCRI N

|Ar2gk| <

for all £ € O (A1) N O4(A2). Now under the same hypotheses

Aoy = Apa+ (A f),
Arpfy = (A® ) [T f (A1) + F(A1) - Dag(A1)] (5.25)
+ 07 (\) [HJIQAuf + (A12f) - Gpg(M1) + f(A2) - 59(A12g)] .

By using the mean value Theorem, by applying Lemma and using the estimate (5.18)),
for any s € [sg — 1, s9 + b|, one gets

||A12(I)_1[u]”s Ss llulls41 (1 + lg( A1)l s+250 + ||g()‘2)Hs+250> | A129]|s+s0

)
Ss llulls+1 (1 + Cso’Y_lMs+2so+'r(f7 A1, )‘2)) [A129]ls+s0
$2hb+250< 51 ) (5.26)
S Nullorn (14 Cor Moy (£ 01,02)) [ Asagllsss,
(5.12)
Sso ulls1llAv2g]ls+so-
Using (5.12)), applying the estimate (5.13) and Lemma [A.1} (iv), one gets
8020l S v s (iAo Flssgr +7 Arnal T flengiarss) . (5:27

for s € [so — 1,80 + b]. Then we have

lulls+1 = Mg f1) + f(A1) - Bog(A) ls+1 < IF Q) lls1 (1 + Cllg(Ar)lls+2)

< 1Ol (14 C7 7 IS )2

%)
Ss 1F)lls41

taking ¢’ in (5.12) small enough. The above estimates imply that

[S1
=

(21271 [T (M) + £(M) - Bog(A)] s
Ss 7_1||f||8+1 (||HKA12fH5+SO+T + '7_1|A12a|||HKf||S+SO+2T+1)~
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Specializing the above estimate for s = sg — 1 and s = sgp + b, one gets

(A0 1) [HJRfO\l) + f(A1) - 8990\1)] llso—1

~

S0 71KT+SO HA12f||S(J—1MSo(f7 A17 >\2) + 772K2T+SO ‘Al?a‘Mso (fv )‘15 A2)2 5 (528)

[(Ar2® ) [H%(f()\l) + f(M) - 3990\1)] l[so+b

~5S0,b ’7_1||f||80+b+1 (”HKAle”ZSoerJrT + 7_1‘A12a‘ ||HKf||250+b+27'+1> (529)
(5-6),3s0+b+27+2<s1,(5.12)
Ssob KT (HA12f||so+b + \Alzoé\) :
Furthermore, by Lemma for any s € [so, so + b]

’5 [5.13)) (5.6)
lg(A2) 5450 Ss Nlg(A2)ls42s0 gv NI £ (X2) [l st2s0+

5.30
b+3s0+7<s1 71 ’ ( )
Ss [1£(A2)ls, 1

provided that 6" in (5.12) is small enough.

o~

NS
In this way we have, for any s € [sq, so + b]

[ullls Ss Nlulls(X 4+ 1glls+s0) Ss lullss
and consequently

1@~ (A2) g Avaf + (Ar2f) - Dog(A1) + f(A2) - Dp(A129)] |l
Ss Mg A flls + 1A f g 41 + [1FA2) || A129] 511
So Iz Avaflls + 7 A2 sl f (M) 5414

+ 7 Ol <||HKA12f||s+T+1 + 77! A2al HHKf||s+2r+2)

Then, using also Lemma [A 1} (iv), we have for s = so — 1

1@ (o) (Mg Araf + (Avaf) - Qpg( A1) + fF(A2) - Do (A129)] [lso—1

—(iv)

~S0,b K_l_b||A12f||50+b + KT’V_1||A12f||5071Mso(fu )‘17 >\2)
+ KTy 2 Arga My (f, A1, 2)?,

(5.31)
similarly for s = sg + b.

127 (o) [T Avaf + (Ar2f) - Dpg( A1) + F(A2) - Do (A129)] [lso+o
,7<80+b+27'+2§81

~s0,b ||HkA12f||so+b + K™y~

A2 | sg+0M sy (fs A1, A2)
4Ry

’ K2T+1

~s0;b (A2 f[lso+5 + [A120) - (5.32)
The estimate (5.15) then follows by recalling (5.25) and by applying the estimates (5.32)

O

2|A1204|Msl f»)\17>\2

5.2 KAM iteration

Now we describe the iteration of the KAM step.
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Lemma 5.2. Consider the vector field Xo in (3.2)). Recall (3.1) and set

3
=z, > 41 + 250 + 4, > 27 +2s9+1, 81> xu+ s,
T f " ¢ ’ Lo (5.33)

K>8T+2s0+4, b>pux+rx+1.
There exist Ko depending on so,v and 6. := 6.(s1) small such that if

So(s1)K§ < é., where do(s1) := ’y*l”foH%OO (5.34)

S1

then, setting K, = KSCH , X i=3/2,

Onir =Croo, = {€€ O an(@ M 2 1y WheZ V(0 WISK,},  (639)
In+1(0;€) == Z g;i"“)e”“'e, £€0n

|k|I<Kn

- (5.36)
(n+1) _ 7N <K
Ik . iOén'k, ke \{0}7 |k| = ns
On(s) ==y Il 2O, (5.37)
and

Ai=A(s):=1/(s—s0+1), M(s):=max{dp(s1),d0(s)}, (5.38)

the following holds for any n > 0.

(P1)n - Set go = 0. The torus diffeomorphism @, : 0 — 0+ g, (0) is well defined and the induced
operator (2.8)) acts on H® to itself Vs > so. Setting

0
X = () Xyt = (00 (&) + fn(6;8)) - 5 (5.39)
we have the bounds
lay — 1|7 S0 (s1) K HKY || < Mo + Cy~160(s1) (5.40)

and there exists a positive constant Cy(s) such that
0n(s0) < do(s1) Ki KM, 0n(s) < Ci(s)do(s)(1+ ZQﬂ) , 8> Sg. (5.41)
j=1

As a consequence
n(s) < C(s) K MK M(s + 1), (5.42)
[gnll 79 < 8u(s + 27 +1) < Ca(s) K, KM M(s + 27 +2), s> s (5.43)
for some Ca(s) > 0.
(P2)n . The torus diffeomorphism defined by
R 40

is of the form W, : 0 — 0+ h,(0) with, for all s > sg, (recall (5.43|) for the definition of M(s) )

1hn]| 20" < C(s0)d0(s1) D 277, |[hal 7O < Ca(s)M(s +2r+s0+2) Y 277, (5.45)
j=0 j=0
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th,1 - hn

20" < Cs0)8o(s1)27" Mhnot = hall7O" < Ca(s) (s + 27 + 50 +3)27". (5.46)

Moreover, if fo is a reversible vector fields, then 6 — 6 + g, (0), 0 — 0 + h,(0) are reversibility
preserving maps and f, is a reversible vector field.

(P3)n. Let A1, Mo € By. There exists a constant Cy(s1) > 0 and § := §(sy) such that if

K200~ o () [lsy + [ fo(A)lls,) <8 (5.47)

then for any n > 0, for any £ € O (A1) N On(A2), the following estimates hold:

A2 fnllso—1 < Cu(s1) K M| Ar2 foll s+ » (5.48)
[A12fnllso+o < Culs1) K[| Arz follso+o - (5.49)
[Ar2(an+1 — an)| < [|Avafallso-1, (5.50)
[Arzan| S [Ar2follse+b, (5.51)
[ A12halsy—1 < Ci(s1)y ™ Z27j||A12f0Hso+b~ (5.52)

§=0

(Py)n. Let A\1,X2 € Bg, 0<~y—p <~y <1 satisfy

K75 Av2 follsors < p- (5.53)

Then OY (A1) C O}~ P(Aq).

Proof. The statements (P1,2)o are trivial. (Ps)o follows taking C,(s1) large enough, for instance
Ci(s1) > Kl. The statement (Ps3)o holds by setting Of (A1) = Op = O " (A2).
Now suppose that (Pi2), hold and we prove that (Pi2)n+1 also hold.

Proof of (Py)n+1. We have to prove that the (n + 1)-th diffeomorphism of the torus is well
defined from H* to itself for all s > sg. In particular, we show that holds with K ~~ K,
and f ~ f,.
We have

S (s0) K2TH250 < 6 (s5p) K2TT250HImH gl (5.54)

By (5.33) p > 27 + 250 + 1. Hence K27T2s50+1=# ig a decreasing sequence and by (5.34)), (5.33)
(p>27+2s0+1)
50(81) K3T+280+17MK6L S 50(81)K§T+250+1 S 5* (555)

Then by (5.54), (5.55) and taking d, < & (recall (5.34) and ([5.2))) we get our first claim

Sn(s0) K2T+250+1 < 5,

In order to prove (5.41]) we apply the KAM step with fi ~> f,41 .
We start by estimating the low norm. By (5.22))

Ont1(s0) <YM T £l 30 + Cogy KR (£l 359)2) (14 Cogy T B2 £,]1297)

< (K07 0n(s1) + CSOK1217+2(571(30)2)(1 + CSOKgTJrzSOJrlén(SO) )
(5.56)
We first note that Cy, K27T2%0T1=# K8 §y(s1) < 1, indeed, since p > 27 + 259 + 1, this is a
decreasing sequence and by (taking d, small enough) and g > 27 + 259 + 1 (see (5.33))

Oy KZT50 50(51) < Cyybs < 1.
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Hence (recall (5.38))
Opt1(50) < 2K207°18,,(s1) + 2C5, K2728,,(50)? < do(s1) Ky i K H
provided that
{26 n(s0) B 7 < So(se) K§ KL, (557
2C,, 6n(50)2 K22 < L60(s1) K K 1.
Thus, by the inductive hypotesis , we have to prove
8C1 (51) K, S17sOMXHE TR < 1 4C, o(s1) KE K2 272701 < 1, (5.58)
By we have o i o
81— 80 > XM, > 5 =47 +4 = 4v+12, (5.59)

then the sequences in (5.58) are decreasing and we just need
8C1(81)K07(31750)+u(xil) <1, 4050(50(81)K§T+2+H(X71) <1,

which follows by taking Ky sufficiently large (depending on Cy, and Ci(s1) in (5.41)) and by
(5.34), since

g>2r+2+u(x—1):27+2+g.

Regarding the estimates in high norm, by (5.10) we have for all s > sq

1 fas 130+ < A1 fall 3O + Oy S VA [ (5.60)
First we prove the following bounds for s > sg
0n(s) < (C(8))"o(s)(1 + szj% 0 <n < ng(s), (5.61)
j=1
On(s) < (C(5))"@3o(s)(1+ Y 277), 0 >mng(s), (5.62)
j=1

for some constant C(s) and for a suitable ng(s). For n =0 (5.61]) holds by taking C(s) > 1. For
n < ng(s) — 1 we have, by (5.60)),
51 (5) < Gu(s)(1+ CoyIKETH250415, (50)

S( ( n(SO +ZQ ] K27+2so+16n(80))

n+1
S(C()n+15 +Z2]
provide that
CS 2—(n+1)
c(s)7 EED NP

Considering that n < no -1 by - ) and ([5.34) with J, small enough, we get -
Now consider n > ng(s By we have

6n+1(3) < 0n(8)(1 4 Coy KR4 15, (50))

ST IR K Sy (1) < (5.63)

< (C(5))" o (s 1+Z2 I (14 Coy K2 220115, (s0))
Jj=1
n+1

< (¢()™ o (s)(1+ Z 277)
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provide that
9—(n+1)

1+357% 279

The bound (5.64]) follows by (5.33)), (5.34) and by choosing ng(s) large enough. Hence we proved
the second estimate in (5.41) by setting

CoyK2TH2sotI=nghso(s1) < (5.64)

C1(s) :== (C(s))™0),

Now we prove ((5.43)). For s > sg, setting A = 1/(s — sg + 1), we have

)07L -
112 < (FallZ )M Ul 5, (5.65)

from which we may deduce that (recall (5.41))

Gn(s) < (K7P K60 (s1)) (0n(s + 1) <201 (s + 1) K K M(s + 1). (5.66)

By (5.66)
[ gnit |79+ < On(s+27+1) <201 (s + 27+ 2) K, MK M(s + 27 +2), s>so  (5.67)

n

which is (5.43) taking Ca(s) > 2C1(s + 27 + 2). The bounds (5.41) trivially implies (5.40).

Proof of (P2),+1. By construction
hnt1(0) = gn+1(6) + ho (0 + gnt1(0)) (5.68)
thus, by (A.8]), for s € N, s > s¢

O
4112975 < N gnsa 2O + Rl 7O (1 + Collgnaa 3 55H)

(5.69)
:On
+ Coll Pl L g 12
First we show the following. By fixing an opportune ng(s) € N, we have the bounds
[ lls < (C(8))™M(s + 27 + 59 +2) > 277 0 <n < ng(s), (5.70)
7=0
[hnlls < (C(s))™M(s + 27 + 59 +2) Y 277 1 > ng(s). (5.71)
7=0

We recall that hg := ap = 0. By (5.67)), (5.45), (5.69) we have for n < ng(s) —1

100 < Cyls) Ky MEQ! (s + 27 + 2+ 50) (14 CoCls0)d0(s1) D 277)
3=0

||hn+1

+(C(8))" M(s + 27 + 59 +2) Y277 (1 + C. KT K}bo(s1)) <
J=0
n+1
< (C(s))" M M(s + 27+ 50 +2) Y27

7=0
provided that we choose C(s) such that (recall (5.34))

(C())™ > 2K MO, C(s0)00(s1),  C(s) > max{2(1 + C), Ca(s) K", (5.72)
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Hence we proved (5.70). Now, by (5.67)), (5.45), (5.69)), we have for n > ng(s)

|hn1[[779 < Cas) K M K" M(s + 27 + 2 + 50) (1 + CsC(50) 3o (51) Z 277)
=0

+ (C(5))™ ) M(s + 27 + 50 + 2) Z (14 C. K2 271Kl (s1)) <
=0
n+1 ,
< (C(s))™ ) M(s + 27 + 50 + 2) 277
=0

provide that we choose ng(s) large enough so that (recall y > 27 +2)

27(n+1)

C K2 H2rKHks e —
n 0 0(81) = 1+Z]‘:1 2—7

and by using (5.72) with n = ng(s).
Hence we proved (5.45) with

Cs(s) := max{(C(s))™ ), C(s0)}.
In order to prove the first bound in (5.46) we use (5.67)), (5.45), (A.6b) and we have

al5)- (5.73)

th-',-l - hn”Z nt < Hgn-H”QSo(l +C

By interpolation we get

’ -
O L2 (|| R || 2205 ) 2 C(s0)d0(s1 22 7 <2C(s0)00(s1) < 1

7=0

all3,25 < (

where

C(s0) == (C(s0))*?(Cs(s0 +2))*/2.
Hence we have by

@

&3

(Ot < 2| g 1350 e K27+1+305( 0) < 50( DGR
< 0(80)50(81)2_(n+1)

||hn+1 -

provided that C(sg) > K, p > 27 +1+ 5o and K, > 1 is large enough. Now we prove the

second bound in (5.46)).
By (5.67), (5.45), (A.6b), (5.43) we have

0, O, 0, 0,
i1 = Bl 29 < Nlgnan 1797 + C) (Nl 257 g1 |20 + a2
< Cy(s)M(s + 27 4 s +3) 2~ +D

,On
gn1ll ™)

provided that Cy(s) is large enough and
KK < 2=l 0 274G (s) < 278 96 (s) K KM < 1

which hold by taking Ky > 1 large enough, by and .

If f, is a reversible vector field, by Lemma[5.1] (recall also the definitions (5.36))one has that §
0 + gn+1(0) is a reversibility preserving map and f,41 is a reversible vector field. Furthermore,
since by the inductive hypotheses, 8 — 0+ h,,(6) is a reversibility preserving map, by the formula
one immediately gets that 6 — 6 + h,,11(0) is reversibility preserving too.
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Proof of (P3),11. If we take (recall §, in (5.34)), (5.33))

5 < K(;g+2‘r+16*7

since fo(A1) and fo(A\2) satisfy the smallness assumption (5.47)), then condition (5.34]) holds
for both fo(A\1) and fo(A2) and we can apply the estimates proved in the steps (P1)n, (P2)n

obtaining that
(5.41]

)
1O a2l Ser M (o Ars Do), (5.74)
This estimate implies that (5.12)) is verified by (5.47). Then by applying (5.15)), one gets that

||A12fn+1|‘5071 580 Krjl_b||A12an80+b + Kr:-i_so||A12fn||8071M50(fn7 A1, )\2) (5-75>
+ K270 72 | Ay Mg, (fry A1y A2)?

Ssob K5 7P Ava follseo
+ Cu(s) K072 Ao ol so+6 55" 60 (s1)
< Culs) K L 1 Avz follso+o (5.76)
provided for any n > 0,
Coo, )R 10 < S B0 o by KT i o) < S

As in the previous items the left hand side of these inequalities is decreasing in n, since by (5.33))

we have p > %;j;‘)’ , b> pux +x — 1. Then our claim follows by taking Ky, Ci(s1) > 0 large

enough. Moreover

1812 furt oo o Ssw K275 (812 fallsg+s + [A120a])
ED €D
b

~S0,

K245 A gy follso o < iy | A2 follsoto

provided C(sg,b)K27s0t* < K | for any n > 0. Such a condition is fullfilled, by taking
Ky > 1 large enough, since by ([5.33) one has that (x — 1)k > 27 + s¢. Therefore, the estimates

(15.48)), (5.49) have been proved at the step n+ 1. The estimates (5.50)), (5.51]) follow by applying
(5.14) by using a telescoping argument.
The estimates (5.6]), , using that 27 + 25y + 3 < s; imply that

Hgn(Al)HQSo’ Hgn(A2)||280 580 K77;+307_1M80(fn7 )‘1’ )‘2)

(5.47)
Seo KT K 60(s1) < 1, (5.77)

[ (A1) Lo (1 (A2) 50 Sso M, (a0, Ars A2) -
By (5.13), (5.41), (5.51) and (5.48), (5-47), one gets the estimate
1812901501 Sso v 1 A2 follsou K 1. (5.78)

~S0
By the formula (/5.68)) one gets

hng1(0; A1) = hng1 (03 A2) = gn+1(05 A1) — g1 (03 A2)
+ hn (0 + g1 (03 A1); A1) — hn (0 + gnt1 (05 A2)5 A2)
= A12gn+1(0) + (B12h0) (0 + gnr1(0; A1)
+ "o (0 + gnr1(03 A1) A2) — hin (0 + grg1 (65 A2); A2) -
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Using the triangular 1nequahty, the mean value theorem, the estimates -7 LemmaE
and the smallness condition , one gets the estimate

[A12hn41]ls9—1 < Cso¥ ™ A1z foll s B o

o (5.79)
A1l g1 (1 Cag K279 "M, (fo, M ) )

Then using the induction hypothesis (5.52)), one gets

n

[A12hnt1llsg-1 < Cooy I Ar2 follso4uEKaT 7 4+ Ci(s1) 22_j||A12f0H50+b7_1
=0

n

+ Cu(51) Cag K0Py M, (fo, Aty Aa) D277 | Arafollsorsr ™ (5.80)
=0
n+1

< Culs1) Y27 Ara follsg sy
j=0

provided

n+1
Co K171 < Cu(31) D277, Cogy TEZHFIT 07 M, (fo, M de) < 1

This condition is fullfilled, by (5.47), taking K, and C,(s1) large enough, recalling that K, =
KX for any m > 0 and since 27+ 1+ 59 — pu < 0.
Finally, we prove the statement (P4),,;1. Let £ € O], (A1). By the definition (5.35), £ € O)(\1)
and the induction hypothesis implies that £ € O)~?(\2). Since, trivially O}(A\1) C O~ " (A1),
one has that

§e On+1(>\1) C O (M)NOTTP(A2).

We can then apply the estimate implying that for any w € O} (A1) C O} ~"(A1) N
O~P(Az) one has that
|Ar20m| S [[A12follso+b -

Therefore, for any k € ZV \ {0}, |k| < K,,, one has that

lan (& X2) - k| = [an (&A1) - k| — [Arzon ||K]

B TP
> — K, || Aol 1o > 5.81
= <k‘> H 120’0H 0+b <k>T ( )
By the condition ([5.53). Then & € O} 7()2), which is the claimed statement. O

5.3 Proof of Theorem

Now we can prove the Theorem

Proof. We fix s as in (5.33)) and choose 7, so that (3.4) implies (5.34)), namely (recall (5.33))
K¢n. <.

Consider now the sequence h,, defined in Lemma (Pz). By formula this is a Cauchy
sequence in H*(TY) for all s > sy. Let us denote by h(°®) its limit. We note that h(>)
belongs to Ng>s, H*(TV), hence it is a C°° function in 6. As a consequence ¥(*) is C> torus
diffeomorphism.
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In the same way, by (5.40)) the sequence a, is a Cauchy sequence and we denote by a its limit.
We claim that

(W& + fo + (€ + fo) - 0ph) ) = ane. (5.82)
First we prove by induction that (recall (5.39)))
(0,). X0 = X, (5.83)

For n = 0 this is trivially true. Now prove the (n + 1)-th step. Recalling the definition (5.44]),
by the composition of pushforwards

(\Iln-‘rl)*XO = ((I)n-i-l)*(\l’n)*xo = ((bn—&-l)*Xn = Xn+1-
Now by we have that
(W) (€ + fot (€ + Jo) - Bohn ) = an + fu (5.81)

By (5.41) the r. h. s. of (5.84) converges in H*® to as . By the fact that h, converges to h(>)
in H?, for every s > sg, then

(WO (4 fo+ (€ + fo) - ph)) = (W) (€+ fo + (€ + fo) - Do)

converges to 0 in H®® by using triangle inequalities, the mean value theorem and the bounds
given in Lemma [A73] Then we proved our claim.
By (5.82)), setting ¥(>) : 0 = (0 + h(>)(6)), we have

- B
T X = ane(§) - —

V& € Ny Oy,

05 CS

The bound (3.5) follows by ([5.40). In order to complete the proof we need to show that
0% () On.

We prove this by induction. By definition 0% C Oy. Suppose that 0% C O,, and we claim
that Ogg is included in O, 41 .

Fix £ € 0% and |k| < K,,. Then by (5.40), (5.34) and recalling p in (5.33) we have
2 _
an(€) K| 2 ase() bl —lase — anllk] 2 757 = Bo(s1) KEK, A KGKT 2
Finally, note that if fy is a reversible vector field, all the diffeomorphisms 6 — 6 + h,(0) are
reversibility preserving, namely h,, = odd(f) for any n € N. Hence the limit function h(>®) =
lim,, o0 by is 0dd(#) implying that the map @ — 6 4 h(>)(0) is reversibility preserving. The
proof of the theorem is then concluded. O

Proof of Corollary
Lemma (5.2)- (P4), implies that if 0 <y —p <y <1 and A1, A2 € Bg satisfies
K[ Avzfollsers < p (5.85)

then O%(\1) C N%_,O%~P(A2). By choosing K,, = K, the smallness condition (3.10]) implies
(5.85). This is a standard argument in KAM iterations, see for instance [5]. By the estimate
(5.40) and using a telescoping argument, one has that

oo (A1) = e (A1) s ovoe (A2) — an(X2)| S v~ max{]| fo(A)ls» 1fo(A2)llsy JE 24
Kpy1>Kn=K
S v~ max{[| fo(A) sy, 1 fo(ha)lls, K.
(5.86)
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Finally by triangular inequality and using the estimate (5.51)) together with the previous bound
(5.86) one gets the claimed inequality (3.11)).

A

Technical Lemmata

In this Section we present standard tame and Lipschitz estimates for composition of functions

and changes of variables.

Let us denote L™ := L>®(T% C) and W*> := W*>°(T¢,C) with d > 1. The norms of these

spaces are respectively indicated with |-|fec 1= |-|0,00, |*|s,00 and are defined by
[u|pos == sup [u(x)], |u|s o0 := Z|D51U|Loo, |D% e == sup |051u|pe, (A1)
z€Td 51<s |51|=51

here D? is the s-th Fréchet derivative with respect to x, hence D? is a symmetric multi-linear

operator.
Let us denote with H*® := H*(T%, C) the space of Sobolev functions on T¢ defined by

HY (T, C) == we L*(TY) : [Jull2 := > Ju; P (j)* < o0 p . (A.2)
jezd

We shall actually use the equivalent norm

H’U,HS = HU”Hs(Td) = ||u||L2(Td) + HDSUHLQ(Td), ||Dsu||L2(Td) (= Sup ||8§u||Lz(Td). (A3)

|51=s

Lemma A.1l. Let so > d/2. Then the following holds.

(i)
(i)
(iid)

Embedding. |u|p~ < ||lulls, for all w e H®.

Algebra. |uv|s, < C(so)||lullsllvllse for all u,v € H.

Interpolation. For 0 < s; <s< sy, s=As1+ (1 —A)sa2, A €[0,1],
lulls < Hlulld, lJulls;?, Vu € B

Let ag,by >0 and p,q > 0. For all v € HwotpPta o ¢ Hbotrta

[ellag+plvllbo+q < l[tllaotpallvllbe + lullas [V]lbo-+p+q-

Similarly .
1— 82,00
Yu € W*2

|u|s,oo < 0(81, 82)|u‘§\1,oo|v 52,00

and for all u € Watpta o ¢ Whotrta
|Ulag+p,00V[bog+g,00 < C(a05 b0, Py @)|t]ag+p+q,00[V]bg,00 + [U]ag,00[V]bg+p+q,00-
For any s,a >0,
Mnullsra < Nulls,  [yulls < N™ulls+a (A.4)
where

HNU(QD, .T) = Z ue’jei(@ga—i-ja:) 5 Hﬁ =1d — HN .
[(£.)I<N
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Remark A.2. If v = u(w) and v = v(w) depend in a Lipschitz way on a parameter O C R” all
the previous statements hold by replacing |-|s.c0, ||]ls Wwith the Lipschitz norms ||;’£7 (R
provided that we take sp > d/2+41 (i.e. all the relations hold with so+1, for sg > d/2 and then
we rename g ). Indeed we first apply the formulas above to the variation (u(w)—u(w’))/(w—w'),
this implies the desired bounds for the norm max{ w57, v|u]“*,}. Since this norm is equivalent

s
to ||-|7°9, our claim follows.

Lemma A.3. (Change of variable) Consider p € W(T%4RY), s > 1, with |p|1.0 < 1/2.
Let f(x) =z +p(z). Then:

(@) f : T? = T9 is a diffeomorphism, its inverse is f~'(y) = g(y) = y + qly) with q €
W2 (T4 RY) and |qls.00 < Clpls.oo. More precisely,

lql = |p|Le~, |Dqlres < 2|Dplree, |Dqls—1,00 < C|Dpls—1,00 (A.5)

where the constant C' depends on d, s
(ii) If w € H*(T%C), then uo f(x) = u(z +p(x)) € H*(T%C), and, with the same C as in (i)
one has

lwo flls < llulls + Cllulls|pli.oo + [Dpls—1.00llul1), (A.6a)
Juo f —ulls < C(plrellulls+1 + [pls.collull2), (A.6b)

(#i1) Assume that p = p, depends in a Lipschitz way by a parameter w € O C RY, and suppose,
as above, that |pyl1,00 < 1/2 for all w. Then ¢ = q,, is also Lipschitz in w, and

,0 ,0 ,O 0
418 < (|p 12+ {sup |pw|s,m}|p1oo> <o, (A7)
w

,0 i ,0
[uo FII7C < Jlull 7€ + C(lull2 Pl s + P2 Null3?), seN (A.8)
the constant C depends on d,s (it is independent on = ).

Proof. The estimate is proved in [3], is proved in the Appendix of [5]. The bounds
are slightly different from the corresponding ones of [3], [5]. This and the different choiche
of wheighted Lipschitz norm reflect on the Lipschitz bounds and . Let us prove (|A.6al).
We follow the proof of Lemma B.4-(ii) in [3] by treating in a different way some terms arising
from the Faa di Bruno’s formula. First we note that ||uo f|lo < |lullo(1 4+ 2|Dp|s). Then we

consider the expression

Di(uof)=> > Cp (D"w)[D"f,... D]

k=1ji1++jr=s,ji>1

Here the coefficients C} are integer numbers which take into account the combinatorics, it is
easily seen that Cy =1 . We and note that Df = Id + Dp, while D f = DJp for j > 1. Then
we split the sum above in the following way



REFERENCES

28

D*(uo f) = (DSU)Of[Df,-n,Df]Jri > Ck (DFu)[DMf,..., DI f]

k=1 jit-+je=s,

I, 7:>1
f+2(> o f[Dp,...,Dp,1d, ... 1d]
————— ——
Xr X §—1r
s—1 . )
+3 Y G (DFu)o f[DIf,... D] (A.9)
k=1 ji+--+jr=s,
Hiji>1
= (D*u)o f
+Z Z Z Ck,rl,m (Dku)Of[Djlp,...,Dj"lp,Dp,...7Dp71d,...,]:d]

ji>1

The first summand is estimated by noting that

[(D*u) o fllo < (14 2[Dploo) [[ulls-

Now we rename j; = h; + 1 for ¢ = 1,7 in the second summand and set G = Dp, we get

> Ch.rime (DFu)o fIDMG,..., D" G, G,...,G,1d,...,1d].
N— e N——

hi4-dhp =s—k X 1o ¢ k—ry —1g

The L? norms of the summands above are bounded by
2Ck,ry s Ul GlRy o0 - - - |G‘h7‘1700|G|g<23'

Then one can follow exactly the same proof of Lemma B.4-(ii) in [3].

In order to prove (A.7) we use formula (6.15) of [5] which reads in terms of the Lipschitz
seminorm

éuzL + 7|p‘lm7 ))

Malk? 0 < € (B35S, + A2 O + Il
In order to prove (A.8) we compute the Lipschitz variation. We have
(@, 7+ pu (@) — w(, @ + pur (@)l = |Aut0 fo + (wo f = u) o furBuplls, f=fuogu,

now in the r.h.s. the first summand is bounded by using 1) regarding the second summand
we use the interpolation estimates for products and then m Note that ( m ) loses
79 we require the estimate of the Lipschitz variation

one derivative, this is why in the norm |||
of w only for the norm ||-||s—1. O
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