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Abstract: In this paper we consider Schrédinger equations with sublinear dispersion relation on the one-
dimensional torus T := R/(27Z). More precisely, we deal with equations of the form d;u = iV(wt)[u| where
V(wt) is a quasi-periodic in time, self-adjoint pseudo-differential operator of the form V(wt) = V (wt, x)|D|M +
W(wt), 0 < M <1, |D|:=+/—0ys, V is a smooth, quasi-periodic in time function and W is a quasi-periodic
time-dependent pseudo-differential operator of order strictly smaller than M. Under suitable assumptions
on V and W, we prove that if w satisfies some non-resonance conditions, the solutions of the Schrédinger
equation Oyu = iV(wt)[u] grow at most as ", ¢ — +oo for any > 0. The proof is based on a reduction to
constant coefficients up to smoothing remainders of the vector field iV (wt) which uses Egorov type theorems
and pseudo-differential calculus. The homological equations arising in the reduction procedure involve both
time and space derivatives, since the dispersion relation is sublinear. Such equations can be solved by
imposing some Melnikov non-resonance conditions on the frequency vector w.
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1 Introduction and main result

In this paper we consider linear quasi-periodic in time Schrédinger-type equations with sublinear dispersion
relation of the form
Ou =1V (wt)u], zeT (1.1)

where T := R/(27Z) is the one-dimensional torus, w € Q C RY, V(p), ¢ € TV is a L? self-adjoint, pseudo-
differential Schrédinger operator of the form

V(p) ==V (p,2)|DIM + W(p), |D|:=1/—0p, 0<M<I1. (1.2)

We assume that the set of parameters 2 C R” is a bounded domain of R”. Moreover V is a real valued C*
function defined on T x T satisfying inf , z)erv <1 V (¢, ) > 0, in the case 0 < M < 1 and close to 1 in the
case M = 1. The operator W(¢p) is a time-dependent pseudo differential operator of order strictly smaller
than M. Our main goal is to show that given tgp € R, s > 0, ug € H*(T), for most values of the parameters
w € Q, the Cauchy problem

Oyu = iV (wt)[u] (1.3)
u(to, x) = ug(x)
admits a unique solution wu(t) satisfying, for any n > 0, the bound
[u(®)[[rs < C(s,m) (A + [t —to])"|uollg-, VR (1.4)

for some constant C(s,n) > 0. Here, H*(T) denotes the standard Sobolev space on the 1-dimensional torus
T equipped with the norm || - || g-.

The problem of estimating the high Sobolev norms for solutions of linear Schrédinger-type equations of
the form Oyu = i(H + V (¢))u, in the case when H satisfies the so called spectral gap condition, has been
extensively investigated. Such a condition states that the spectrum of the operator H can be enclosed in
disjont clusters (o;);>0 such that the distance between o; and 041 tends to +oo for j — +o0.

For the Schrédinger operator V(t) = —A + V(t,z) on the d-dimensional torus T¢, the growth ~ t" of the
I || = norm of the solutions of dyu = iV(¢)[u] has been proved by Bourgain in [10] for smooth quasi-periodic
in time potentials and in [II] for smooth and bounded time dependent potentials. In the case where the
potential V' is analytic and quasi-periodic in time, Bourgain [I0] proved also that ||u(t)|| g= grows like a power
of log(t). Moreover, this bound is optimal, in the sense that he constructed an example for which ||u(t)]|| g=
is bounded from below by a power of log(t). The result obtained in [I1] has been extended by Delort [12]
for Schrédinger operators on Zoll manifolds. Furthermore, the logarithmic growth of ||u(¢)||g= proved in [10]
has been extended by Wang [23] in dimension 1, for any real analytic and bounded potential.

All the aforementioned results concern Schrodinger equations with bounded perturbations. The first result
in which the growth of ||u(¢)||z= is established in the case of unbounded perturbations is due to Maspero-
Robert [T9]. More precisely, they prove the growth ~ t" of ||u(t)|| g+, for Schrodinger equations of the form
i0yu = L(t)[u] where L(t) = H + P(t), H is a time-independent operator of order p+ 1 satisfying the spectral
gap condition and P(t) is an operator of order v < u/(p + 1) (see Theorem 1.8 in [19]). This last paper
has been generalized, independently and at the same time, by Bambusi-Grebert-Maspero-Robert [7] in the
case in which the order of P(t) is strictly smaller than the one of H and in [2I] for periodic 1-dimensional
Schrodinger equations where the order of P(t) is the same as the order of H.



In [7], the authors deal with some Schrédinger equations in which the spectral gap condition is violated.
In particular, they study the non-resonant harmonic oscillator on R?, in which the gaps are dense and the
relativistic Schrodinger equation on Zoll manifolds, in which the distance between the gaps are constants. In
all the papers mentioned above, the dispersion relation is at least linear. The purpose of the present paper
is to provide some results concerning the growth of Sobolev norms of the solutions of some Schrédinger
equations with sublinear dispersion, in the case in which the order of H is the same as the order of P(t).
We also mention that in the case of quasi-periodic systems with small perturbations, i.e. i0;u = L(wt)[u],
L(wt) = H + eP(wt) it is often possible to prove that ||u(t)| g= is uniformly bounded in time for ¢ small
enough and for a large set of frequencies w. The general strategy to deal with these quasi-periodic systems
is called reducibility. It consists in costructing, for most values of the frequencies w and for € small enough,
a bounded quasi-periodic change of variables ®(wt) which transforms the equation i0;u = L(wt)u into a
time independent system i0,v = Dv whose solution preserves the Sobolev norms ||v(t)| . We mention the
results of Eliasson-Kuksin [I3] which proved the reducibility of the Schrédinger equation on T¢ with a small,
quasi-periodic in time analytic potential and Grebert-Paturel [I8] which proved the reducibility of the quan-
tum harmonic oscillator on R%. Concerning KAM-reducibility with unbounded perturbations, we mention
Bambusi [4], [5] for the reducibility of the quantum harmonic oscillator with unbounded perturbations (see
also [6] in any dimension), [1], [2], [I7] for fully non-linear KdV-type equations, [I4], [I5] for fully-nonlinear
Schrodinger equations, [8], [9] for the water waves system and [20] for the Kirchhoff equation. Note that in
[, 21, [I7, [8], [@], [20] the reducibility of the linearized equations is obtained as a consequence of the KAM
theorems proved for the corresponding nonlinear equations.

In the case of sublinear growth of the eigenvalues, the first KAM-reducibility result is proved in [3] for the
pure gravity water waves equations and the technique has been extended in [22] to deal with a class of linear
wave equations on T? with smoothing quasi-periodic in time perturbations.

We now state in a precise way the main results of this paper. First, we introduce some notations. For any
function u € L%(T), we introduce its Fourier coefficients

~ 1 i
u(g) = —/u(:c)e 28 dx VEEeZ. (1.5)
2T T
For any s > 0, we introduce the Sobolev space of complex valued functions H* = H*(T), as
S S|~ 1
H* o= {u € IA(T) Jullfy. == DO 1@ < +oo}, (&)= (14|} (1.6)
EEZ

Given two Banach spaces (X, |- ||x), (Y, |- |ly), we denote by B(X,Y") the space of bounded linear operators
from X to Y equipped with the usual operator norm || - |[gx,y). If X =Y, we simply write B(X) for
B(X, X).

Given a linear operator R € B(L?(T)), we denote by R* the adjoint operator of R with respect to the
standard L? inner product

(u,v)p2 := /Tu(x)mdx, Yu,v € L*(T). (1.7)

We say that the operator R is self-adjoint if R = R*. For any domain 2 C R%, we also denote by C£°(£2) the
space of the C* functions on 2 with all the derivatives bounded. Given a multiindex o = (a1, ...,qa,) € N¥
we define its lenght by |a| := a1 + ..., and 93 = 031 ... 9g".

Since the equation we deal with is a Hamiltonian PDE, we briefly describe the Hamiltonian formalism. We
define the symplectic form Q : L?(T) x L?(T) — R by

Q[ul,UQ] = i/(ulﬂg — ’L_Ll’LLQ) dx , Vul,u2 S L2(T) . (18)
T

Given a family of linear operators R : T — B(L?) such that R(p) = R(p)* for any ¢ € T”, we define the
p-dependent quadratic Hamiltonian associated to R as

H(p,u) = (R[], )12 = / R()uude,  Vue LX(T).



The Hamiltonian vector field associated to the Hamiltonian H is defined by

where the gradient Vz stands for

Vz:i= (Vy+1iVy), v=Re(u), ¢ :=Im(u).

1
V2
We say that ® : T — B(L?(T)) is symplectic if and only if

Qo)) D@)ua]] = Quua,  Vunu € LAT), Vo T,

We recall that if X4 is a Hamiltonian vector field, then the flow map generated by X4 is symplectic.

Let us consider a vector field X : T — B(L*(T)) and a differentiable family of invertible maps ® :
T” — B(L?(T)). Given w € R”, under the change of variables u = ®(wt)[v], the equation dyu = X (wt)[u]
transforms into the equation d;v = X (wt)[v] where the quasi-periodic push-forward X (p) of the vector
field X () is defined by

X4(p) = QX () 1= 0(0) 7 (X(2)0() —w- 0,2(p)), @ ET. (1.10)

If @ is symplectic and X is a Hamiltonian vector field, then the push-forward X, = &, X is still a Hamil-
tonian vector field.

In the next two definitions, we also define the class of pseudo differential operators on T that we shall use
along the paper.

Definition 1.1 (The symbol class S™). Let m € R. We say that a C*™ function a : TV x Tx R — C
belongs to the symbol class S™ if and only if for any multiindex o € NY, for any k,n € N, there exists a
constant Co n 1 > 0 such that

|8§8§8§a(@,m,£)\ < Counil&)™™™, Y(p,z,6) €T xT xR. (1.11)

We define the class of smoothing symbols ST := My, crS™.
Definition 1.2. (the class of operators OPS™) Let m € R and a € S™. We define the p-dependent
linear operator A(p) = Op(a(yp, z,£)) = a(yp,z,D) as
Ap)[u)(x) ==Y alp,z,&)u(€)e™,  YueC™(T).
E€Z

We say that the operator A is in the class OPS™.
We define the class of smoothing operators OPS™° := Np,,cgOPS™.

Now we are ready to state the main results of this paper.
(H1) The operator V(¢) = V (¢, z)|D|™ + W(p) in (1.2)) is L? self-adjoint for any ¢ € T”.

(H2) The operator W(y) is a ¢-dependent pseudo-differential operator W(y) = Op(w(yp, z,§)), with symbol
w € SM—¢ for some ¢ > 0.

We also need a third hypothesis. For this last assumption, we need to distinguish between the cases 0 <
M <1 and M =1. In the case 0 < M < 1 we assume

(H3)nm<1 The function V(p,z) in (L.2) is in C°(T" x T,R), strictly positive and bounded from below, i.e.
J = inf(t7w)6TuxT V(gﬁ,l‘) > 0.

In the case M = 1 we assume



(H3)m=1 The function V(p, z) in has the form V(p,2) = 1+ eP(p,x) where € € (0,1) and P € C*(T" x
T,R).

Given 7 > v — 1 and v € (0,1), we also introduce the set of diophantine frequencies

DC(v,7) := {weQ;|w.e| > ﬁ WEZ”\{O}}. (1.12)
It is well known that the Lebesgue measure of Q\ DC(y,7) is of order O(v). The main results of this paper
are the following

Theorem 1.3 (Growth of Sobolev norms, the case 0 < M < 1). Assume the hypotheses
(H1), (H2), (H3)m<1- Let s >0, v€ (0,1), 7 > v, to € R, ug € H*(T), w € DC(v, 7). Then there exists
a unique global solution u € CO(R, H*(T)) of the Cauchy problem (1.3|) which satisfies the bound (1.4]).

Theorem 1.4 (Growth of Sobolev norms, the case M = 1). Assume the hypotheses

(H1), (H2), (H3)m=1. Let s >0, ug € H*(T), to € R, v € (0,1), 7 > v. Then there exists a constant
o € (0,1) such that if ey=™' < &y the following holds: there exists a Borel set 0, , C Q such that for any
w € Q. . there exists a unique global solution u € C°(R, H*(T)) of the Cauchy problem which satisfies

the bound (|1.4)).

Remark 1.5. The explicit expression of the set Q. . in Theorem is provided in (4.3), (4.28). It is
obtained by imposing some first order Melnikov conditions on the frequency w € Q C RY. Arquing as in the
proof of Corollary 4.2 in [16], it can be proved that the Lebesque measure of Q\ Q r is of order O(y).

The two theorems stated above will be deduced by the following two normal form theorems stated below.

Theorem 1.6 (Normal-form theorem, the case 0 < M < 1). Assume the hypotheses

(H1), (H2), (H3)Mm<1 and let w € DC(v, 7). For any K > 0 there exists a p-dependent family of invertible
maps T (@) € B(H®), s > 0 such that the following holds: the vector field iV(p) is transformed, by the map
Tk (), into the vector field

Vie(9) = (Tic)un (V)(9) = i( A (D) + Ric () (1.13)

where A\ (D) := Op(Ak (€)) € OPSM is a time-independent Fourier multiplier with real symbol and Ry €
OPS—K.

Theorem 1.7 (Normal-form theorem, the case M = 1). Assume (H1), (H2), (H3)p—1 and let
v € (0,1). Then if ey~* < 6, for any w € Q. (where the constant § and the set ., , are given in
Theorem , the following holds. For any K > 0 there exists a @p-dependent family of invertible maps
Tk (p) € B(H®), s > 0 such that the push-forward of the Hamiltonian vector field iV(p) by means of the map
Tk (p) has the form

Vie(9) = (Ti)ue (V) (9) = i( Ak (D) + Ric()) (1.14)

where A\ (D) := Op(Ax(§)) € OPS! is a time-independent Fourier multiplier with real symbol and Ry €
OPS— K.

In the remaining part of the introduction, we shall explain the main ideas needed to prove the theorems
stated above.

1.1 Ideas of the proof

The proof of Theorems is deduced in a straightforward way by Theorems Indeed, once we
transform the equation dyu = iV(wt)[u] into another one which is an arbitrarily regularizing perturbation of
a constant coefficients equation, fixing the number of regularization steps K ~ s, we get immediately that
the Sobolev norm |u(t)|| g+ grows linearly in ¢. Then in order to get the desired estimate (L.4), it is enough
to apply the classical Riesz-Thorin interpolation Theorem.



The proof of Theorems is based on a normal form procedure, which transforms the vector field iV(p)
into another one which is an arbitrarily regularizing perturbation of a space diagonal vector field. Such a
normal form method is based on symbolic calculus and Egorov type Theorems (see Propositions [2.13}{2.14])
and it is performed by constructing iteratively changes of variables which reduce to constant coefficients order
by order the vector field iV (). The procedure is different in the case 0 < M < 1 and M = 1. The intuitive
reason is the following: In the equation d;u = iV(t)[u] we have the interaction between the time differential
operator J; and the space pseudo-differential operator |D|™. If M < 1, the effect of the operator 9; is
stronger than the one of |D|™ hence in the homological equations which arise in our reduction procedure
at any order, we remove first the dependence on the time variable, by requiring that the frequency w is
diophantine and then the dependence on the space variable. In the case M = 1, we deal with the operators
0¢ and | D| which are both of order 1. Hence the homological equations arising along the reduction procedure
involve both time and space variable and they are solved by imposing first order Melnikov conditions, see
, . We also remark that in [21], it is studied the case where M > 1, in which the effect of the
operator |D|M is much stronger than the effect of the time differential operator d; and we do not need any
parameter to perform the reduction procedure.

In the following we shall explain more in detail these two reduction procedures. It is convenient for the
sequel to introduce the following notation. Given A = Op(a), B = Op(b) € S™ and m’ < m, we write

A=B+0OPS™ if A—BeOPS™,

, , (1.15)
a=b+8" if a—-beS™.
In particular if A — B is a smoothing operator, we write
A=B+OPS™ and a=b+5"%. (1.16)

1.1.1 Normal form in the case M <1

The normal form procedure for the vector field iV(wt) in the case M < 1 is developed in Section

1. Reduction of the highest order term. The first step is to reduce to constant coefficient the highest
order term iV (wt,z)|D|™ of the vector field iV(wt). This is done in Section First, in Section
3.1.1, we remove the time-dependence from the operator V(wt,z)|D|* by conjugating the vector

field iV(wt) by means of the flow map generated by a Hamiltonian vector field igél)(cp) of the form
gél)(ga) = a(p,z)|DIM + |DMa(p,z) = 2a(p, z)|D|M + OPSM~1. The expansion of the symbol of
the transformed vector field iVél)(cp) is given in (3.12)) and it has the form

Vs () = (2w -Opa(p, ) + Vg, m)) DI +OPSM—*

where the constant € > 0 is defined in (3.1). By choosing w € R” diophantine (see (1.12)), we can
determine the function « so that

2 - Dpa(p, ) + V(p,a) = (V)p(x), (V)g(a):= @V / V(p.a)dy
so that -
ViV () = (V) (@) DM + OPSM~*

has the highest order (V),(z)|D|™ independent of ¢. Then, in Section we remove the z depen-
dence from the highest order term (V),(z)|D|™. In order to achieve this purpose, we conjugate the

vector field iVél) by means of the time-1 flow map <I>é2) of the transport equation

Oru = (b(T;x)az + w)u, b(r;x) = _H—ﬂT(;i(x)'



Note that the function b is p-independent, implying that also the map ®(2) is ¢p-independent, therefore

the transformed vector field is given by iVi(¢), Vi(yp <I>(2)V(1 (<I>(2 )~!. The expansion of the
operator Vi (¢) = Op(vi(p,z,€)) is given in Lemma and its hlghest order term is given by

[(V)e ) (1+8,8w) | |DJ

y=z+p(z)

where y — y + B (y) is the inverse diffeomorphism of  — x + 5(z). Then we determine the function 5
and a constant A > 0 so that

~ \M
(Vo) (1 +8,8(y))" = A.
In order to solve this equation, we use the hypothesis (H3)n<1, i.e. inf (g, oyervit V(e,z) > 0, then

one gets that V;(p) = AD|M + OPSM~¢. Thanks to the Hamiltonian structure one also gets that
AreR

2. Reduction of the lower order terms. Given N > 0, the next step is to transform the vector field
iVi(9), Vi(e) = ADIM + Wi (p), Wi € OPSM~¢ into another one of the form iVy(p), Vn(p) =
ADIM + pun(D) + OPSM=N® where puy (D) is a time independent Fourier multiplier of order M — .
This is achieved in Section[3.2] by means of an iterative procedure. At the n-th step of such a procedure,
we deal with iV, (), Va(p) = A|DIM + 1, (D) + W, (¢) where p,(D) is a time independent Fourier
multiplier of order M — & and W, (¢) = Op(wn(p,,£)) € OPSM~"¢ First, in Section we
remove the p-dependence from the symbol wy, (¢, x, ) by conjugating iV, (¢) with the time one flow

map fl)gl)( ) of a Hamiltonian vector field 19(1)( ), ﬁll)(gp) = Op(gn S )(cp,x,f)) € OPSM—"%  The
transformed vector field is given by

V() = AIDPM + 1 (D) + Ob (wa(ip,,€) 4w - 0,980 (9, 3,€) ) + OPSM =+ e

see (3.42)). Since w € RY is a diophantine frequency, we choose the symbol gﬁl) so that

(0,2, +0- 0,08 (2,2.6) = (o (2., (wa)o(0.6) = gy [ walipa©)dip

therefore we have removed the p-dependence at the order M — ne and
V(@) = ADM 4 (D) + (), D) + OPSM (4%

Then, in Section [3.2.2] we remove the x—dependence from the symbol (wy,),, by conjugating the vector

field iv,(fi(go) with the time one flow map 32 of a Hamiltonian vector field iG{?, {2 = Op( ( x,§)) €
OPS*~"¢. The expansion of the transformed vector field iV, 41 (¢p) is given by

Vaii(9) = BVO (0)(@2) ™ = ADIM + (D) + O (wa) + {92, AE[M}) + OPSH (0%,

Then in Lemma we determine the symbol gg) so that

() + 02 NEP} = b+ OPSY= 4, )i oo [ (), )

implying that

Var1(9) = AIDM + pga (D) + OPSM=0FDE (D) = (D) + Op((wn) g, (€)) -

1.1.2 Normal form in the case M =1

The regularization procedure for the vector field iV(p), V(¢) = V(p,2)|D| + W(p), W € OPS~¢ ¢ > 0,
V(p,x) =1+ eP(p,x) is developed in Section 4l In the following we will give a sketch of the proof of such
a procedure.



1. Reduction of the highest order term. In order to reduce to constant coefficients the highest order term
iV (¢, z)|D|, we conjugate the vector filed iV () with the map

D(p) 1= D4 (p) Iy + @ (p) 'L

where IT; (resp. II_) are the projection operators on the positive (resp. negative) Fourier modes and
®, () are the operators given by

O1(p) s u(z) = 1+ (0raz)(p,7) ulz + axlp,z))
with a4, a_ being C* functions to be determined. The transformed vector field is iV; (¢) with
DI,

D|>H, (1.17)

Vo) =T (((1+2P) (1 + (9y64)) — w- D1+ )

T (((1+2P) (14 (9y8-)) +w-0,a- )

ly=z+ax (p,x)

ly=z+ax(p,z)

+0pSM—¢

where the constant & > 0 is defined in (4.2) and the map y — y + @+(p,y) is the inverse dif-

feomorphism of = — x + a(p,z). The reason for which we introduce the projectors II; and II_

is the following: there are two terms which give a contribution to the highest order in the trans-

formed vector field iV (). The ones coming from the conjugation @4 ()iV(p)®4(p)~! are given by

i((l +eP)(1+ ((%&i)))‘ ( )|D| and the other ones coming from @4 ()w - O, (P+(p)~1) are
y=z+ot (p,x

$(w . &p&i)l ( )630. Then, in order to reduce to constant coefficients the term of order one,
y=zr+at(p,x
we have to compare the operators i|D| and 9,. These two operators are the same (up to a sign) if

we project them to positive and negative Fourier modes, since they satisfy the elementary properties
i|DIIy = 9,11, i|D|I_ = —0,II_.

In order to reduce to constant coefficients the highest order term in (|1.17)), we look for small functions
a4 € C* and constants A+ € R close to 1, so that

(1 + SP) (1 + (@&i)) Fw- B@ai = Ai.

This is a quasi-periodic transport equation, which is solved by applying Proposition[6.1]in the appendix.
Note that this is the only point in which we require a smallness condition on the parameter €.

2. Reduction of the lower order terms: The expansion of the vector field iV, () is given in (4.27) and it has
the form Vo(¢) = Iy (A4 |D] + Wo,+ () I + 11 (A_|D|+ Wy, ())II_ + OPS~ (S) where
Wo.+ € OPS'™®. Given N > 0, our next goal is to transform the vector field iVy(y) into another one
iV (), which has the form Vy (¢) = I (A4 |D|+pn,+ (D)) Iy + - (A_|D|+pn,— (D)) I_+OPS—N¢
where puy 4+ (D) € OPS'™® is a p-independent Fourier multiplier with real symbol. This is achieved
by means of an iterative procedure which is developed in Section At the n-th step of such a
procedure, we deal with a vector field iV, (¢), Vp(p) = IV, + (@)t + IV, _(p)II_ + OPS™°°,
Vi) = Ax|D| + pin,£(D) + Wiy, +(¢) where p, +(D) are Fourier multipliers with real symbols of
order 1—¢ and W, 4+ (p) € OPS'=". The vector fields iVy + are Hamiltonian, i.e. V, + are self-adjoint
operators. In order to reduce to constant coefficients the terms of order 1 —ng, we conjugate the vector
field iV, (¢) by means of the map

P () = Ppg(0) M4 + Py, — () 'L

where ®@,, 1 (p) are the time one flow maps of Hamiltonian vector fields iG,, 1 (¢) with G, +(p) =
Op(gn,i(ga, T, 5)) € OPS'~"¢. Note that, even if ®,, 1 () is symplectic, the map ®,, is not symplectic.
By applying Lemma one gets that the transformed vector field has the form iV, 11 (¢)

Vir1(p) = Vo1 (0)Hg + Vi - (9)I- + OPS™



where iVp41 4+ = (@;);)w*(i]}mi) are Hamiltonian vector fields. The symbols v, 41 + of V41 4+ have
the expansion

Ungte = Ae|€] + pnt + Wnt +w - DpGn gt — A\rDrgp +sign(§) + ST FDE

The order 1 — ne is reduced to constant coefficients in Lemma by choosing the symbol g,, + so that

Wy 4 + W - aapgn,:t - )‘:I:azgn,:tSign(g) = <wn>tp,z + Sl—(n—&-l)f’

1
(Wndol®) 1= gt [, wnlorn ) dpda.

In order to make this choice, we impose some first order Melnikov conditions on w, i.e. we require that

Iw%+Arﬂ2é%» V(L. 5) € Z1\ {(0,0)}.

Then vy41 4+ = AL|é] + pngr+ + SOV with 01+ = g+ + (Wn 4)p .. Thanks to the Hamiltonian
structure of the vector fields iV, 1 one gets that p,41 4 (D) is a Fourier multiplier with real symbol.

The paper is organized as follows: in Section [2] we provide some technical tools which are needed for the
proof of Theorems [I.6 and In Sections[3] [4} we develop the normal form procedures described in Sections

and we prove Theorems Finally, in Section [5] we prove Theorems

Acknowledgements. The author warmly thanks Giuseppe Genovese, Thomas Kappeler, Alberto Maspero
and Michela Procesi for many useful discussions and comments.

2 Pseudo differential operators and flows of pseudo-PDEs

In this section, we recall some well-known definitions and results concerning pseudo differential operators on
the torus T. We always consider p-dependent symbols a(p, z,£), (¢, z,€) € TV x T x R, depending in a C*
way on the whole variables. Since ¢ plays the role of a parameter, all the well known results apply to these
symbols without any modification (we refer for instance to [24], [25]). For the symbol class S™ given in
the definition and the operator class OPS™ given in the definition the following standard inclusions
hold:

smC 8™ OPS™COPS™, Vm<m'. (2.1)

Theorem 2.1 (Calderon-Vallancourt). Let m € R and A = a(p,z,D) € OPS™. Then for any o € N¥
the operator 03 A(p) € B(H*+*™(T), H*(T)) with sup, e |03 A(@)| (s +m, me) < 400.

Definition 2.2 (Asymptotic expansion). Let (my)ren be a strictly decreasing sequence of real numbers
converging to —oo and ap, € S™* for any k € N. We say that a € S™° has the asymptotic expansion

D k>0 ks B€a~ Y ysgak if a— ZkN:O ap € S™N+1 for any N € N.

Theorem 2.3 (Composition). Let m,m’ € R and A(p) = a(p,z,D) € OPS™, B(p) = b(p,x,D) €
OPS™ . Then the composition operator A(p)B(p) = A(p) o B(p) = Op(oap) is a pseudo-differential
operator in OPS™ ™ . The symbol o 45 has the following asymptotic expansion

1 (03 (07
OAB ™~ Zazowag a@m b, (22)
meaning that for any N € N,
N-1
1 (63 (6% m m/—
aAB:Z@afaamms =N (2.3)
=0

Corollary 2.4. Let m,m’ € R and let A = Op(a), B = Op(b). Then the commutator [A, B] = Op(a xb),
with a b € S™™ =1 having the following asymptotic expansion.:

axb=—i{a,b} + ™™ 2 {a,b} = 0cadyb — Opadch € ST L



Theorem 2.5 (Adjoint of a pseudo-differential operator). If A(yp) = a(p,z, D) € OPS™ is a pseudo-
differential operator with symbol a € S™, then its L?-adjoint is a pseudo-differential operator A* = Op(a*) €
OPS™. The symbol a* € S™ admits the asymptotic expansion

at~ Y= —aaaa (2.4)
aEN

meaning that for any N € N,
N—
Z o 0n0ga+ 5N
Lemma 2.6. Let A = Op(a) € OPS™ be self-adjoint, i.e. a = a* and let (&) be a real Fourier multiplier
of order m'. We define the symbol b(p,x,£) = @(&)alp,z,£) € S™F™ . Then b* = b+ Smtm -1,
Proof. See Lemma 2.6 in [21]. O

Lemma 2.7. Leta € S™, m € R and let g(€) be a Fourier multiplier in S° satisfying the following property:
There exists 6 > 0 such that Ogg(€) = 0 for any |§| > 6. Then the commutator [Op(g), Op(a)] € OPS™.

Proof. By applying Theoremthe symbol o (¢, z, ) of the commutator [Op(g), Op(a)] € OPS~° has the
asymptotic expansion o ~ Za21 ﬁ(agg)(aga). Since for any o > 1, 9¢'g = 0 for [§| > 4, all the symbols
(0g9)(97a) € S™°°, implying that o € S™°°. O
We define the operator 9, ! by setting
izk

“1[eivh] = 617 Vk € 2\ {0} (2.5)

and for any diophantine frequency vector w € DC(v,T), we define the operator (w - d,)~" by setting

. il

(0 0,) 1 =0, (w-0,) e = T—, Weez’\{o}. (2.6)

Given w € R” and A € R satisfying the non-resonance condition
o A 2 s UG ) €2 {00 (2.7)

we define the operator (w - 9, + A\J,) ! by setting
il ijx
. 1M1 — . —1[,il-p jijz) . _errerr .

(-9 #2007 ) =0, (00, +20:)7 0] = pEr s V(G # (0.0, (28)

Furthermore, given a symbol a € S™, we define the averaged symbols (a), (a), = by

1 1
@olw8) = oz [ alen)de. @en®) =5 [@ola o, (29)
The following elementary properties hold:
a€ S =0, a, (w-9,) 'a, (W 0y + ) ta,{a)y,, (a),. €S™. (2.10)

Lemma 2.8. Given a symbol a € S™, the following holds.
) < > (<a>¢>*, <a*>ga,:v = <a>s0,w = (<a>tp,$)*'

) 071 (@) = (3 a)" *
i) If w € DC(vy,7) then (w- 0 )_1a* = ((w : &p)_la) .

w) If w satisfies the condition ) then (w- 0, + \0;) " la* = ((w <0y + A@z)’la)*,

(i
(i
(
(

10



Proof. We prove item (iv). The proof of items (i) — (#i¢) can be done arguing similarly. The symbol a* is
given by

a’*(@a x)&) = Za(@? 7776 - n)einxa a(@a 7775 - 77) = i /]1‘ a((p,l‘,f - 77)6_1'“7 dr.

2w
neEL

Writing also the Fourier expansion w.r. to ¢ € T one gets that a(p,n,& —1) = Y ,e Ge(n, € — n)el*? and
by recalling (2.8)), one has

(W 0, +20,) e = Y €= 1) itegyn) | (2.11)
Emaoo &£+

Now let 0 = (w- 8, + Ad;) " *a. One has that

ot = (g E—menr = Y Gun,& —n)eiltetn (2.12)
nezL (0,m)€Zr+1

and using again ([2.8]), one has that 55(0,£—n) = 0 and 7¢(n,—n) = % for any (¢,m) € Z"*1\{(0,0)},

implying that (2.11]) coincides with (2.12]). O

For any o € R, we define the operator |D|* as follows. Let x € C*°(R,R) be a cut-off function satisfying

i ez
x(§) = {0 il <. (2.13)
We then define for any o € R
|D|* := Op(|€[*x(€)) - (2.14)

Clearly |D|* € OPS® and the action on any 2m-periodic function v € L?(T) is given by

ID[*u(z) = Y lg*a)e* .

£ezZ\{0}

2.1 Well posedness of some linear PDEs

In this section we state some classical properties of the flow of some linear pseudo-PDEs. Before to give the
statement of the following Lemma, we introduce the following notation. For any s € R, we write A <, B if
there exists a constant C(s) > 0 depending on s such that A < C(s)B.

Lemma 2.9. Let A(7;¢) := Op (a(T; gp,m,{“)), T € [0,1] be a smooth T-dependent family of pseudo differ-
ential operators in OPS*. Assume that A(T; ) + A(7;0)* € OPS°. Then the following holds.

(1) Let s > 0, up € H*(T), 19 € [0,1]. Then there exists a unique solution u € Cg([O, 1],H3('I[‘)> of the
Cauchy problem

Oru = A(T;
o= A o)l 015)
u(7o; ) = up(x)
satisfying the estimate
l[ullo(fo,1y, 15y Ss lluoll e -
As a consequence, for any 19,7 € [0,1], the flow map ® (79, 7T;¢), which maps the initial datum u(m9) = ug
into the solution u(7) of (2.15)) at the time 7, is in B(H®) with sup, reo.1) [|9(70, 7; 0)||B(#rs) < +00 for
peT”
any s > 0. Moreover, the operator ® (1, T; ) is invertible with inverse ® (g, 7; )"t = ®(7,70; ).

(i) For any 79,7 € [0, 1], the flow map ¢ +— ®(19,7; ) is differentiable and
sup (|05 ® (10, 7; )| g(aretlol gsy < +00, Ya €N, s>0. (2.16)

70,7€[0,1]
peT”
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Proof. The proof of item (¢) is classical. We refer for instance to [25], Section 0.8. The proof of item (i)
can be obtained arguing as in Lemma 2.9 in [21]. O

Lemma 2.10. Let g(§) be a Fourier multiplier in OPS® which satisfies the following property: there exists
d > 0 such that 0eg(§) = 0 for any |§] > 6. Let A(r;¢) = Op(a(r;go,a:,f)), e T, 7 € [0,1] be

a smooth T-dependent family of periodic pseudo differential operators in OPS" with n < 1. Assume that
A(T;0) + A(T;0)* € OPS" 1. Let ®(;¢) be the flow of the pseudo PDE 0,u = A(t;¢)[u], i.e.

0:0(7;0) = A(T;90) (75 0)
®(0; ) =1d.

Then the commutator [®(7; ), Op(g)] € OPS™.

Proof. Let @,(1;¢) := [®(7;¢),0p(g)]. A direct calculation shows that ®,(7; ) solves

{&%(T; ) = AT (Ti0) T R (T50) ) = Al ), Op(0)) 0 (7 ).

(pg (Oa 50) = 0 )
By Lemmal[2.7} [A(7; ), Op(g)] € OPS™° and since A(7; ¢) satisfies the hypothesis of Lemma[2.9] the flow

®(7; ) satisfies
®(1; ) € B(H*(T)), Vs>0, (2.17)

implying that the operator Ry (7;¢) = [A(T;¢), Op(9)]®(7;¢) € OPS~°. Using the Duhamel principle one
gets that

Dy(7;5 ) =/0 O(7;0) ' 0((;0)Ry (G5 ) dC € OPS™

and the proof of the lemma is then concluded. O

2.2 Some Egorov-type theorems

In this section we collect some abstract egorov type theorems, namely we study how a pseudo differential
operator transforms under the action of the flow of a first order hyperbolic PDE. Let a: TV x T — R be a
C* function satisfying
a € C(T” x T,R), inf (14 az(p,2)) >0. (2.18)
(p,z)eTr+1

We then consider the non-autonomous transport equation

Oaba)(7; ,)

Oru = A(T;0)u, A(T50) = ba(T50,2)05 + 5 , (2.19)
ba(ripa) e —— 2T g (2.20)
R 1+ Ta(p,x)’ ’

Note that the condition (2.18) implies that inf ¢y (1 + Tam(gp,x)) > 0, hence the function b €
(¢,z)€eT” T

C>®([0,1] x T x T) and A(7;-) € OPS, 7 € [0,1] is a smooth family of pseudo-differential operators.

It is straightforward to verify that A(7;¢) + A(7;¢)* = 0, therefore, the hypotheses of Lemma are

verified, implying that, for any 7 € [0, 1], the flow ®(7;¢) = ®(0,7; ), T € [0, 1] of the equation (2.19), i.e.

0:0(7;0) = A(T;0)2(7; ) (2.21)

o(0;¢) = Id

is a well defined map and satisfies all the properties stated in the items (7), (ii) of Lemma Furthermore,
arguing as in Section 2.2 of [21], the map ®(7; ) is symplectic. We then have the following

12



Lemma 2.11. The flow ®(7; ) given by (2.21) is a symplectic, invertible map satisfying

sup Haz‘b(/r;@)il“B(Hs+|a\7Hs) <400, VaeN’, s>0.
T€[0,1]
peT”

In order to state Proposition of this section, we need some preliminary results.
Lemma 2.12. Let o € C*°(T" x T, R) satisfy the condition (2.18). Then for any ¢ € TV, the map

Yo : T—=T, z—2a+a(p)

is a diffeomorphism of the torus whose inverse has the form

1/);1 T—-T, y—y+alpy), (2.22)

with & : T x T — R satisfying
aeC®(T" xT,R), inf 14 ay (e, >0. 2.23
a ( ) (M)lgwm( +ay (e, y) (2.23)

Furthermore, the following identities hold:

1 1
T+a(pr) = ——= , ltay(ey) = = 2.24
1+ ay (¢, @ +a(p,)) ! 1+ az e,y +a(e,y)) (224
Proof. The proof is the same as the one of Lemma 2.12 in [21]. O

Now, we are ready to state the following Proposition.

Proposition 2.13. Let m € R, V(p) = Op(v(gp,x,g)) be in the class S™ and ®(7;¢), T € [0, 1] be the flow
map of the PDE (2.21)). Then P(1;¢) := ®(1;0)V(0)®(75 ) is a pseudo differential operator in the class
OPS™, i.e. P(T;0) = Op(p(T;cp,:c,f)) with p(7,+,-,-) € S™, 7 € [0,1]. Furthermore p(1;p,x,&) admits the
expansion

p(T30,2,8) = po(T; 0, 2,8) + p>1(T590,2,6) po(7,++) €S™, pei(rie,-,) €S

and the principal symbol py has the form

Po(rie,2,€) = v (. + 7alp,2), (1 + Tau(e,2)) 7€) |
V(p,z,6) €T xT xR, Vrel0,1].

Proof. The proof is the same as the one of Theorem 2.14 in [2]. O

We also state another semplified version of the Egorov theorem in which we conjugate a symbol by means
of the flow of a vector field which is a pseudo differential operator of order strictly smaller than one. We
consider a pseudo differential operator G(¢) = Op(g(p, z,§)), with g € S, G(¢) = G(p)*, n < 1 and for any
T € [0,1], let ®g(7;¢) be the flow of the pseudo-PDE 9,;u = iG(p)[u], i.e.

g (75 0) = 1G () Pg(T;

O g(1;0) = 1G(0)Pg (75 ) (2.25)
Pg(0;) =1d.

which is a well-defined invertible map by Lemma The following Proposition holds.

Proposition 2.14. Let m € R, V(p) = Op(v(p,z,£)) € OPS™ and G(¢) = Op(g(p, z,€)), with g € S7,
n < 1. Then for any T € [0,1], the operator P(7;¢) = ®g(1;0)V(0)@g(T;0)7 ! is a pseudo differential
operator of order m with symbol p(t;-,-,-) € S™. The symbol p(1;p,x,&) admits the expansion

p(T;0,2,6) = v(p, 2, &) + 7{g,v}(p, 2, ) + p>2(T50,2,8),  DPo2(T;p,2,€) € ST (2.26)
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Proof. The proof is the same as the one of Theorem 2.16 in [21]. O

We now consider the projection operators I, II_ : L?(T) — L*(T) given by

Mou(z) =Y 4§, M_u(x):=>» u)e™, ue L*(T). (2.27)

£20 £<0
The following elementary properties hold:
My +1_ =1d, T3 =M., Oull+=0. (2.28)
Given two cut-off functions x4 € C*(R,R) satisfying
X+(§):{(1): ooy = {0, ez (2.99)
we often identify the operators I+ with Op(x+(&)), i.e.

Iy = Op(x+(§)) - (2.30)
Lemmata below will be used in order to develop the reduction procedure of Section @

Lemma 2.15. Let V(p) = Op(v(cp,x@)) € OPS™. Let Gy(1;0) = Op(gi(T;cp,x,g)) € OPS", n <1
satisfy G+ (T;¢0) + G (T;0)* € OPS"™ 1, 7 € [0,1]. Let ®L(7;¢p) by the flow associated to the vector field
Gi(Ti9), ice.

0, PL(130) = G (T50)PL(T590)
D4 (0;0) =1d.

Then the following holds.
(i) The map
B(73) = Py (150) MLy + D (150) I (2.31)

is invertible, with inverse given by
O(r;0) 7 = M@y (159) +T-D(73) - (2:32)
Furthermore the quasi-periodic push forward of the vector field V() by means of the map ® has the form
Vi(139) = @ V(150) = IV 4 (T 0)I + IV _(T59)II- + OPS™ (2.33)
where
Vi (759) = (1) V(9) = @ (T;0)V(9) P (T590) ™! = Pu(mip)w - 0@ (T590) 7 (2.34)

(11) Assume that V(o) = IV, (o)L + T_V_(p)II_ where Vi(p),V_(p) € OPS™. Then Vi(1;p) =
D, V(75 0) has the form

Vi(T50) =LV (T o)L + TV (739)11- + OPS™, (2.35)
Via(150) == o (m50)Ve(0)@u(Ti90) F = @p(Ti0)w - 0p P (Ti0) L. '

Proof. PROOF OF (i) By the hypotheses on Gy (7;¢), we can apply Lemma obtaining the the flow
@, (7; ) is invertible and for any s > 0

D4 (150), @ (T39)" € B(H?), P 19+ (75 D)l Bae), [P+ (75 0) 25y < +00. (2.36)
T€|(0,
peT”
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By the properties (2.28)), one can verify that the map ®(7;¢) is invertible and the inverse is given by the
formula (2.31)). We now compute the push forward

Vi(150) = 0(150) V() 0(150) — B(130) w - 0p®(5 ) . (2.37)
By , 7 one has

D(139) V(P)0(739) = (L0 (139) + T (730) ) V() (4 (73) MLy + @ (i) 'L )

=L, (15 0)V(0) P4 (150) Ty + TP (T30) V()P (7390) I
FI_@_(150)V(0) @y (1590) 'Ly + T_®_ (73 0)V(0)®_(750) I
=T, &y (1) ()1 (159) 'Ly + L@ (1;0)V(9) @ (r39) T + RY (73 )

(2.38)
where, using the properties ([2.28)), one has that
R (739) = [y, D4 (1; )V () (750) - + [T, D (75 0)V(0) @ (75 ) ]I (2-39)

Moreover, using again (2.28)), one gets

D(130) 'w - 0,0(1; ) = (H+<I>+(T; @) +I_®_(7; w)) (w 0,0 (T50) ML Fw - 0,8 (T @)‘111)
=1L P 4 (T50)w - 0, @ (T590) T + T @ (75 p)w - D@ (150) I

+RE (i) (2.40)
where
RE (r50) := M1, 4 (r50)w - Dp®_(7300) I + [T, & (T3 0)w - Do (750) T . (2.41)
Thus — imply that
Vi) =L Vi (1 9)ILy + TV _(759)1- + Roo (73 9) (2.42)
where

Vi(ri9) == @i (m;0)V(0)P1(T50) 7 = P (T 0)w - pPu(T590) 7",
Roo(ri9) =R (1:90) =R (759) .

It remains only to prove that the operator R (7;¢) satisfies the property (2.34). All the terms in (2.39),
(2.41)) can be analyzed in the same way, then we consider only the operator

(2.43)

R(rsp) i= [y, &4 (13 oV(0)0— (r5 ) B [0 (@0 (rp) . (2.44)
Uisng the property , we write
R(750) = [y, @ (1:0)V(0) P (750) " + D4 (75 0) [Ty, V()] (13 0) I
+ O (T 0)V(@) Iy, @ (750) I . (2.45)

By (2.30), I+ = Op(x+(§)). Furthermore (2.29) implies that Jzx+(§) = 0 for any [¢] > 1. Therefore we
can apply Lemma to the operators [I1, @, (7;¢)], [[I.,®_(7;¢)"!] and Lemma [2.7] to the operator

[II;+,V(¢)], which together with (2.36]) imply that R(7;¢) € OPS™°°.
PROOF OF (i7). Applying item (7) to the operator V(¢) = I V4 (@)1 +II_V_(p)II_, one gets that
Vi(750) = @ V(150) =TI Py (150)1y +TT_P_(1;0)II_ + OPS™°,

o o (2.46)
PL(150) 1= 1 (T;0)V(0)P1(T50) " — @i (T3 0)w - 0pPr(T50) 7.
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Using that V =II .V, I, +II_V_II_ one gets

I @4 (75 0) V()P4 (T59) Ty = T @4 (75 0) T V()L @y (750) 'Ly
+IL @4 (73 )LV ()P (150) 'Ly
=L D4 (130)Vi(9) 24 (T:0) Tt + Roo 4 (7390) (2.47)
where, using the properties (2.28])

Roo(T50) =T [T, &4 (75 0) Vo () (130) L
+ I, @ (75 0) Vi (@) [Ty, Dy (730) I,
+ [y, @4 (15 @)V ()T @y (15 ) 'L (2.48)

Using the same arguments used to analyze the remainder R(7; ¢) in (2.45), one can show that the remainder
Reoo,+(T;¢) € OPS™° implying that

4@ (7;0)V(0) P4 (T390) T Ly = T @4 (15 0) Vi (0) @4 (150) "Ly + OPS™ (2.49)

In a similar way, one gets that

6 (r;@)V(9)0_(r;0) T =T &_(r;¢)V_()B_(r:¢) T +OPS~. (2.50)
Therefore the expansion (2.35)) follows by (2.46), (2.47), (2.49), (2.50) and the lemma is proved. O

We now recall some well known properties of the Hilbert transform. The Hilbert transform is defined by
H(1):=0, H(e'") = —isign(j)e¥”, VjeZ\{0}. (2.51)

We often identify the operator H with the operator associated to the symbol —isign(§)x(§) (recall the
definition (2.13))), since the action on the 27-periodic functions of H and Op( — isign(f)x(&)) is the same,
i.e.

H = op( - isign(f)x(f)) . (2.52)
We now state some classical results concerning the Hilbert transform.
Lemma 2.16. Let a € C*°(T"*1). Then the commutator [a, H] € OPS™°.

Let a € C*°(T"*! R) satisfy the condition (2.18). Then by Lemma [2.12) the map = — x + a(p,x)
is a diffeomorphism of the torus, with inverse given by y — y + a(p,y) and & € C(TT! R) satisfy the
properties stated in Lemma [2.12] The following lemma holds:

Lemma 2.17. Let o € C*°(T"T1,R) satisfy the condition (2.18).

(i) The operator V(p)[u] := u(z + alp,x)) is a bounded linear operator H® — H?®, for any s > 0, whose
inverse is given by W(p)"u] = u(y + ale,y)) where y — y + a(p,y), a € C®(TL R) is the inverse
diffeomorphism of x — x+a(p,x). The map P(p) = /1 + o, (@, 2)¥(p) is a symplectic bounded invertible
operator H® — H* for any s > 0 and the inverse is given by ®(¢)™! = /1 + a(p,y)¥(p)~t. Furthermore,
the following holds:

Sup {1039 (0)* liear-+1o1,110), 105 @ () (o411, ey} < +00, V5 >0, 0 €N, (2.53)
EeTv

(ii) Let A(p) € OPS™. Then ®(p)A(¢)®(p)~t € OPS™.

Proof. We prove the lemma for the map ®(p). the claimed statements for U(p) follow by similar arguments.

Define
(15 9)[u] == /14 7(0ee)(p, @) w(z + Ta(p,2)), we L*(T), 7€[0,1]. (2.54)
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A direct verification shows that ®(7; ) is an invertible symplectic operator, whose inverse is given by

B(r;9) " 'fu] = /1 + (0,@)(m0.9) uly + i 0.)) . ue LX(T) (2.55)

where y — y + a(7; ¢, y) is the inverse diffeomorphism of z — = + 7a(yp, z). A direct calculation shows that
the map ®(7; ¢) is the flow map of the transport PDE

Oru = A(T;0)[u],  A(T;0) 1= b1(7;0, )0, + bo(T; 0, ),

@ . 67( 1+ T(@xa)) (2.56)
14 7(9p0) o 14+ 7(0,0)

bl =

The estimate (2.53)) for ®(p) = ®(1; ) follows by applying Lemma Moreover, by the classical Egorov
Theorem (see Theorem in A.0.9 in [25]), one gets that if A(¢) € OPS™, ®(p)A(p)®(p)~! € OPS™. O

Lemma 2.18. The following property holds: V(p)H¥(p)™' — H € OPS™° and ®(o)HP(p)™' —H €
OPS~

Proof. The fact that ¥(p)HVU(p)~t —H € OPS~ is a classical result. For a detailed proof see for instance
Lemmata 2.32, 2.36 in [9]. Let us prove that ®(p)H®(p)~1 —H € OPS~°°. To shorten notations we neglect
the dependence on ¢. By Lemma [2.17] we have

PHO ' —H =1+ a, VH\/1+ &,,\1/—1 —H
=VI+ta,o(VHY ol /1+a,¥ !~
=V1+a,o(VHI™ 1— o\y,/1+ay\1/ !

+VIita,oHoU/1+a,0 ' —H. (2.57)
Note that ¥/1 + &'y\I/’l is a multiplication operator given by
1
U1+ a,u ! \/1+ay (oo +an(pa)) B2 1 (2.58)
1+ ag(p,x)
Hence
1
Vl—f—aonO\IJ\/l—i—&y\Il_l \/l—l—aonom
1
= VTFag[H, o——]|. 2.5
+o Tra (2.59)
Finally (2.57)-(2.59), Lemma and using that VH¥ ! —H € OPS™ one obtains that
1 1
OHO ' —H =T Fayo(WHI ' —H)o—ou + /1t a, [H, 7} € OPS™>
oo )O\/l—&—aw—'— ta V14 a,

O

We conclude this section by stating an interpolation theorem, which is an immediate consequence of the
classical Riesz-Thorin interpolation theorem in Sobolev spaces.

Theorem 2.19. Let 0 < sg < s1 and let A € B(H®°) N B(H**). Then for any sop < s < sy the operator
A € B(H®) and

S1— S

Ay < IARGreoy ATy A= 2
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3 Regularization of the vector field iV(p): the case 0 < M < 1

In this section we develop the regularization procedure on the vector field iV(p) = i(V(p,z)|D|M +
W(gp)), 0 < M < 1, see , which is needed to prove Theorem We assume the hypotheses
(H1), (H2), (H3)pm<1, ie. V() is self-adjoint, W € OPSM=¢ ¢ > 0 and V € C®(T"*! R) satisfies
inf(%m)epﬂ V((p,.’l?) > 0.

In Section we reduce to constant coefficients the highest order term V (¢, z)|D|, see Proposition
Then, in Section we perform the reduction of the lower order terms up to arbitrarily regularizing
remainders, see Proposition At each step of the regularization procedure, the reduction to constant
coeflicients is split in two parts: first we remove the dependence on ¢ and in a second step, we remove the
dependence on x.

3.1 Reduction of the highest order

In order to state precisely the main result of this section, we define
¢:=min{l — M, e} (3.1)

so that
M-t>M-—e¢e, M—(1-M) (3.2)

(recall that 0 < M < 1). We prove the following

Proposition 3.1. Lety € (0,1),7 >v—1 and w € DC(, 1) (recall (1.12)). There exist a symplectic family
of invertible maps ®o(p), ¢ € TV satisfying

SU%) H‘I’O(@)ﬂHB(Hs) < 400, Vs2>0, (3.3)
PETY

a constant A > 0 and a self-adjoint operator Wy (p) = Op(wﬂgp,x,f)) € OPSM~=¢ such that

(@5 ws(V)(9) = Vi(p)  with Vi(p) := AIDI™ + Wi(yp). (3.4)

The rest of this subsection is devoted to the proof of Proposition In Section [3.1.1) we show how to
remove the dependence on ¢ from the highest order. Then, in Section we remove the dependence on
x.

3.1.1 Time reduction

We consider a function a € C*°(T¥ x T,R) (to be determined) and an operator of the form
Go () = alp,x)| DI + DM a(p, ). (3.5)
Note that gé”(@) = gél)(go)* for any ¢ € T” and by applying Theorem
66" (9) = 0p (98" (0.2.9)) 96 (.2, €) := 20l @)l x(§) + 5V (3.6)

(recall the notation (L.15))). Since gé” fullfills the hypotheses of Lemma one has that the flow <I>(()1) (T50),
7 €10,1], ¢ € T” of the autonomous PDE 9,u = igél)(go)[u], ie.

0,00 (r;0) = iG§" (9)0{ (73 ) 5
o"(0;0) = 1d |

is an invertible map H® — H*® and satisfies
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Since Q’él)(go) is self-adjoint, (I)(()l)(T; ©) is a symplectic map. We set @él)(go) = @él)(l; ©) and we have

(@)™, V@) =iV (), V() = o () V(0) 08 (9) 7! + i) (p)w - 8,85 (9) 7.
By applying Proposition with m = n = M, since
v(p,3,8) = V(e @) M x(€) + wlp,2,§) with we S,

by recalling (3.1), (3.2), using that by (2.1)), SM—¢, SM-(1=M) C GM—% gpe gets that

o (V)0 ()7 = Op (Vi 2l x(€)) + OPSMF. (3.9)

Moreover, defining ¥(7;¢) = i(I)(()l)(T; P)w - Op (@él)(T; ¢)~1), a direct calculation shows that
U(r:0) =i TS Ay S(¢:0) = dD (¢ .9 g(l) oW (¢ )L € [0, 1]
(T7 80) 1 0 (Ca SD) C 9 (Ca 50) . 0 (C? go)w w0 (QD) 0 (C7 80) ) g ) .

Since w - awgél)(gp) € OPSM | by Proposition (applied with m =7 = M) and using (3.6]), one has

() = U(1ip) = 100 (15 0)w - 0, (0 (1) ™) = Op (vl ,)) € OPS (3.10)
v
(3-2),(2.1) _
7/)(%%5) = QW'BLPOZ(QDax)K‘MX(g) +T1(§Dax7§)7 (SIS SM_(l_M) - SM_Q' (311)
Therefore, (3.9)-(3.11) imply that Vél)(gp) =0p (v(()l)(go,m,f» with
o (0.2, 8) = (Vi 2) + 20 - dpa(p, ) ) IS x () + 5. (3.12)
Defining
1
Vie(z) = /V,xd, 3.13
V)ol) = s [ Vo) do (3.13)
we want to choose the function aq so that
Vip,x) + 2w - 0pa(p,x) = (V),(z). (3.14)
Since (V'), — V has zero average w.r. to ¢ € T" and w € DC(v,7), one has that
a:=(w-0,)7" [Lh’{ V} (3.15)

solves the equation ([3.14]). Note that o € C>°(T" x T,R), since V € C>°(T" x T,R) and since V satisfies the
hypothesis (H3)m<1, by (3.13)), one sees that

inf (V) (2) > 0. (3.16)
Finally , imply that
V() = 0p (v (0,2,6)) . 0 (0,2,€) = (V) (@) x(€) + SMF. (3.17)

Since V() is self-adjoint and @él)(cp) is symplectic, then also Vél)(go) is self-adjoint.
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3.1.2 Space reduction

In this section, our purpose is to remove the dependence on z from the highest order term i(V),(z)|D|M

of the vector field iVél)((p) given in (3.17). To this aim, we consider a function § € C*°(T,R) (that will be
fixed later) satisfying the ansatz

irelgr(l + 0:B8(x)) > 0. (3.18)
We then define
bria) = ——BE) e 0,1] x T (3.19)
’ 14+ 79,6(z)’ ’ ’
and we consider the 7-dependent vector field
G2 () = b ), + 2. (320)

As explained in Section the flow of the PDE 0,u = géz) (T)[u], i.e. the map <I>(()2) (1), 7 € [0,1] which

solves

9,2 (1) = 65" (1) 2" ()
(2) (3.21)
@, (0) =1d.
is a bounded invertible symplectic map satisfying
sup [|®57 (1) F |y < +o0, Vs >0. (3.22)

7€[0,1]

Note that QSQ)(T) and <I>E)2)(T) are independent of ¢ € T”. We set <I>(()2) = (I,gz) (1) and the transformed vector
field is given by
(@))% () =ile), Vale) = 2V (o) (@) 7. (3.23)

By applying Proposition [2.13] the operator V;(¢) = Op (v1(<p, x, 5)) admits the expansion

vi(p,z, &) = vél) (Lp, z+ B(x),(1+ (‘%ﬁ(aﬁ))_lﬁ) + sM-1 (3.24)

Lemma 3.2. The symbol v1(p,x,€) has the form

n(e.) = (Vo) (1+0,50)"] -l e + 5V (3.25)

where we recall the definitions (2.13)), (2.14) and y — y—&—g(y) is the inverse diffeomorphism of x — x4+ 03(x).

Proof. The Lemma follows by using the same aguments used in the proof of Lemma 3.2 in [21], hence the
proof is omitted. O

We now determine the function 5 and a constant A > 0 so that

V)o(m)(1+8,8(1)" = A. (3.26)

The equation ([3.26)) is equivalent to the equation
=—— 1. (3.27)

Note that by (3.16)), the function (V'),, does not vanish. Then we choose X so that the right hand side of the
equation (3.27)) has zero average, i.e.

v (50 [ Hay) (3.28)

2
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and hence we define 5 as
A7

3= [7 - 1} . (3.29)
L) ey
By the definition (3.28) and recalling the property (3.16), one has that
A>0. (3.30)

By (3.27), (3.16) one has that Bece (T) and satisfies

inf (1+9,5(s)) > 0,

hence, by applying Lemma|2.12] the inverse diffeomorphism = — =+ ((x) satisfies the ansatz (3.18]). Finally,

(B25). (8:26) imply that

Vi) = Op(v1(e,2,6)) il &) = NEPPXE) +walp,2,8), wieS¥F (3.31)

We then define ®qy(p) := @gl)(go) o <I>[(JQ). By , , the symplectic map ®o(p) satisfies the property
(3.3). Since ®q is symplectic the vector field iV is Hamiltonian, i.e. Vi(yp) is self-adjoint. Since A € R,
and hence A\|D|M is self-adjoint, then also Wi(¢) = Vi(¢) — A\|D|M is self-adjoint and then the proof of
Proposition 3.1} is concluded.

3.2 Reduction of the lower order terms

We now prove the following

Proposition 3.3. Let v € (01),7 >v —1, w € DC(vy,7) and N € N. For anyn =1,...,N there erists a
linear Hamiltonian vector field iV, () of the form

Va(p) = >‘|D|M + pn(D) + Wa(e) (3.32)

where
fin(D) := Op (un(g)) TR (3.33)
Wi () = Op (wn(so, x,f)) ;o w, € SMTE (3.34)

with (i, (€) real and Wy, () self-adjoint, i.e. w, = w;, (see Theorem[2.5).
For anyn € {1,...,N — 1}, there exists a symplectic invertible map ®,(p) satisfying

sup [|®n (@)™ sy < +o0, Vs>0 (3.35)
peTv
and
Vir1(0) = (@, ux(iVn) (), vne{l,...,N—1}. (3.36)

The remaining part of this section is devoted to the proof of this Proposition. We describe the inductive
step. Given n € {1,..., N}, we assume that the vector field iV, (p) satisfies the properties —.
The reduction to constant coefficients of the order M — ne is split in two parts: in Section [3.2.1] we eliminate
the dependence on ¢ from the symbol w,, and in Section [3.2:2] we eliminate the dependence on .
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3.2.1 Time reduction

We consider an operator

M (p) = Op(giM (p,2,€)),  giM e SM—F,
G () =G (p)*. VpeT

Since the operator g,(}) satisfies the hypotheses of Lemma the flow @gl)(T; ©) of the autonomous PDE
Oru = igfll)(go)m ie.

(3.37)

0,08 (m39) = G (p) @5 (73 ) (3.38)
o (05) = 1d.
is a well defined, invertible map satisfying
i 1950 (73 @) lls(ae) < +o0, Vs > 0. (3.39)
7|0,
peT”

Furthermore, since G is self-adjoint, the map q)gll)(r;go) is symplectic. We define <I>$L1)(<p) = (I)g)(l;ap).
We then compute
(¢’I(’Ll)) Wn(p) = lv(l)(W)

k 3.40
ViV (@) = 2 (0)Vn(0) @) (9) " + i@ (p)w - 9,28 () 7! (340
A direct calculation shows that
o) 9,00 (¢ / Sn(r50)d
i) (i) - (ri ) dr, )

Sn(T59) = @511)(7;@ w- 9,65 (p)@P (r50) "

By (3.40)-(3.41), by applying Proposition|2.14|(with m = M and n = M —nk for the term oY ((p)Vn(gp)@S) (o)t
and m =7 = M — nk for the term given in (3.41])), one gets that

V() = Op (o) (¢, z,€)) € OPSM

. 3.42
v (@, 2,€) = NEMX(E) + pn (&) + wn(p,2,€) + w - pgit (0,2, €) + SM (DT, (342

In order to eliminate the p-dependence from the symbol w,,(p, 2z, &) + w - &pg,(})(go, x,&) (of order M — nge),
we choose the symbol gg)(ga, x,€) so that

wn(p,2,6) +w - 00y (9, 2,) = (wn)e(, ) (3.43)
where we recall the definition (2.9). Then, since w € DC(~, T), the equation (3.43) is solved by defining
gnl) ((pv x, 5) = (w : 8@)_1 [<wn><ﬂ(xa 5) - wn(@a $75)1| . (344)

Note that, since W,, = Op(w,,) is self-adjoint, i.e. w, = w}, by applying Lemma one gets that
M = (gV)* implying that G5 = Op(g'") is self-adjoint. By (3.42), (B.43) one then has

gn = (g
VI = 0p(uiM), oM (e, 2,) = NEMTX(E) + pn(€) + (wn)y(z, &) + SM-(HDE

z _ 3.45
fin € SMTE L (w,), € SME (3.45)

Since @%1)(90) is symplectic one has that Vr(Ll)(cp) is self-adjoint.
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3.2.2 Space reduction

In order to remove the z-dependence from the symbol (wy,), in (3.45)), we consider a ¢-independent pseudo-
differential operator

G = 0p(gP(2,6)), gP €S, G = (G2 (3.46)

Since the operator gff) satisfies the hypotheses of Lemma the flow @%2) (1), 7 € [0,1] of the PDE
Oru = ig,(f) [u], i.e

2.0 (r) = 1670 (1) (347
32 (0) =1d '
is a well defined invertible map satisfying
sup (| @ (1) |g(ey < +o0, Vs >0,. (3.48)

7€[0,1]

Note that gn as well as @512) is w-independent. Since 97(12) is self-adjoint, the flow @(12) (1) is symplectic. We
set ) 1= tI>(2)(1). The transformed vector field is then given by

Vi1 = () un(VI)(9), Vaga(p) = 2PV (0) (@)1 (3.49)
We prove the following
Lemma 3.4. The operator Vy11(¢) = Op(vn41(, 2,€)), vnt1 € SM has the expansion

Ung1 = MEMX(E) + pin + (wn) — MAEM2€x(€)Dng P + SM D (3.50)
Proof. By applying Proposition (with m = M and 1 = 1 — nk), one gets that
Vn+1<¢) = Op (’U’ﬂ+1((pax7€>) ) Un+1 S SM (351)

and the symbol v, 1 admits the expansion

@
vpgr = o0 + (g% 00 4 prsa,  pase € SMTEE T gM-(ntlE (3.52)

Recalling , one gets
{952,000} = {g@, MM x(€) + n + (wn)y +wlD}
= {9, NEM X} + 49 1n + (wn)p +wiD}
= ~A(0:92) (P11 X(€)) + {92, tn + () + wiD}
= — MM 2 Ex(€)Dag ) — MEM (9ex(€)(029?) + {957 1tn + (wn)p +w P} (3.53)
Since O¢x(§) =0 for €] > 1 (see ), by Corollary and by , , one gets that
MM 26x()DngD) € SM MM (0ex(€))(029?) € 57, {9, 1n} € SMTDE L (3.54)

{gn a<wn>ap} c SM 2ne C SMf(nle)E’ {9%2)711]511) c SM (2n+1)e SM (n+1)e (355)
Thus, the expansion ([3.50]) follows by (3.45]), (3.52)-(3.55). O
Lemma 3.5. There exists a symbol g € S1=m% with g(2) (g ,(12))* and satisfying

(wn)g = (Wn)pe = MAEM2Ex(€)D,97) € SM-HH1E (3.56)
where ) .
Wderl®) 1= 3= [ol@dr = s [ e dpdr. (357)
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Proof. Let xo € C°(R,R) be a cut-off function satisfying

Xo(§) =1, V[¢ =2,

3 (3.58)
xo(§)=0, Vi <3.
Writing 1 = xo + 1 — X0, one gets that
— AM €M 726x(6)(02957) (w,€) + (wn) (2, €) = (wn)g,2(€)
= =AM [E]M726x(8)(0297)) (. €) + x0(€) ((wn) o (2,€) = (wn),2(€))
+ (1 - Xo(f)) (<wn><ﬂ(xa£) - <wn>@$(§)) . (3'59)
By the definition of xo given in , one easily gets that
(1= x0(8) ((wn)p(, ) = (wn)p.a(€)) € 57, (3.60)
therefore we look for a solution g ) of the equation
= AM [EM2EX(€) (029D (2, €) + x0(&) ((wn) o (2, 6) = (wn),(€)) € SMTITDE, (3.61)
Since we require that 9722) = Op(gg)) is self-adjoint, we look for a symbol of the form
90 (2,€) = on(w,&) + oy (w,6) € §'7 (3.62)
with the property that )
on(@,8) = on(@,§) +rp(x,§), TR €S (3.63)
Plugging the ansatz into the equation , using and since
— AMEM 26X (€) (Oarn) (,€) € SMTI71E € SM(HDE] (3.64)
we are led to solve the equation
= 2AMIEPM26() Do) (,€) + x0(E) ({Wn)o (@,€) = (wn)a (€)) = 0 (3.65)
whose solution is given by
00 [(wa)e (@,6) — (wa)pa(6)] -
Since wy,, (wy,), € SM—1E IETJ(‘]”(*%& € S'=M one gets that o, € S1="% and hence also g, = 0, + 0}, € S17"¢.
We now use Lemma [2.6( with ¢(&) = %, a(z,&) = ot [( n) (T, €) — (wn>¢ w(f)} Recalling that

wy, = w), by Lemma2.§|

(3.63)) is satisfied. By (3.

— AM €M 72X (€)(029)) (2,€) + (wn) (2, €) = (i), (€)
= (1= x0(8)) ((wn) (%, &) = (wn) g 2(€)) = AMIEIM2EX(€)(Durn) (2, €)
and recalling , one then gets (3.56]). O
By applying Lemmata one obtains that

Vn+1(30) = Op ('Un+1(90, z, f))

Uni1 (2, €) = MEMX(E) + pins1(€) + wni1 (i, 7, ) (3.67)
tnt1(€) = tn + (Wn)p.o € SM=% g € SM-(nt1)e

one has that a = a*. Hence we can apply Lemma [2.6) obtaining that the ansatz
59), (3.62), (3.63), (3.65) one then gets
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Since CIDSL is symplectic, then V,11(p) is self-adjoint. Since w,, = w; and p,(£) is real by the induction
hypothesis, Lemma implies that (wy)e.2(§) is real and therefore p1,41(§) = wn(€) + (Wn)p () is real
too. This implies that

W1 (9) = Vasa(9) = O (Mg X(E) + pins1(6))

is self-adjoint. The proof of Proposition is then concluded by setting ®,,(¢) := CIDS)(cp) ) @512) and by

applying (3.39), (3.48) to obtain (3.35).

3.3 Proof of Theorem [1.6l
Let K > 0 and let us fix the integer N € N so that M — Nge < — K, i.e.

M+ K
Ny = { :r ] +1 (3.68)
(recall the definition of ¢ given in (3.1))) where for any a € R, we denote by [a] its integer part. Then we
define
Tic(p) == Qo() "o @1(p) Mo 0 Bri(p) T, pETY
Ri(p) :==Wni(p), »€T” (3.69)
Aic(D) == AIDIM + oy <D>

where the map ®y(p) is given in Proposition A is defined in (3.28) and for any n € {1,. — 1},
D, (), Wa(p), tn(D) are given in Proposition B', one gets that TI?I € B(HS) s > O with
supger | Tr (9) | saes) < +oo. Finally, by (3.4), (3:32), (3.36) one obtains (L.13), with Ax (D), Ri ()

defined in (3.69).

4 Regularization of the vector field iV(y): the case M =1

In this section we develop the regularization procedure on the vector field iV(yp), V(¢) = V(p, 2)|D|+W(p)
needed to prove Theorem Recall that in order to prove such a theorem, we assume the hypotheses (H1),
(H2), (H3)Mm=1, hence V() is self-adjoint, W € OPS*~*¢ for some ¢ > 0 and V(p,z) = 1 + eP(yp,x) with
P € C>(T"*1,R). In Section we reduce to constant coefficients the highest order term iV (p, z)|D|, see
Proposition In order to perform such a reduction, we need a smallness condition on the parameter ¢,
since we shall apply Proposition Then, in Section we perform the reduction of the lower order terms
up to arbitrarily regularizing remainders, see Proposition

4.1 Reduction of the highest order

In this section we prove the following proposition. We recall that for a function p: Q, — R, 2, C R”, given
v > 0, we define

, ‘ : ‘ ; lp(w) — p(ws)|
[P = P |, = sup [p(w)], (™= sup : (4.1)
weQ, w1,w2EQ, |W1 - W2| ’
w1 Fws
In order to state precisely the main result of this section we define the constant ¢ > 0 as
¢:=minfe,1} sothat 1—7%>max{l—e,0}. (4.2)

Proposition 4.1. Let v € (0,1) and 7 > v. Then there exists § € (0,1) such that if ey~! < 6 the following
holds. There exist two Lipschitz functions uy : Q — R satisfying |pe — 1/“PO) < & such that for any
we QN NOYS, where

Qs = {w €N |w- L+ px(w)j| > <g7 . V(L 5) € ZVF {(0,0)}} (4.3)



there exists an invertible map Po(p) satisfying

sup [[®o () llsae) < oo, Vs 20 (4.4)
peTv

such that the push forward of the vector field iV(p) has the form
(P0)wx (V) () = V1(9)

Vi(p) =TV 4 (o) + TV, (o)1= + OPS™, (4.5)
V1,+(p) = x| D] + Wi ()

where the projection Qpemtors I, I1_ are deﬁnedfin (2.27)), the functions Ay : ), NQY_ — R are Lipschitz
and satisfy A+ — 1[FPO) < e Wy 4 () € OPS'™F are self-adjoint operators.

The rest of this section is devoted to the proof of Proposition Let ay,a_ € C°(T"+1, R) satisfy the
ansatz

(Lp,:vl)réf']l‘”+1 (1+ (Osas)(p,x)) > 0. (4.6)
Then, by applying Lemma the operators
01 (p) == V1+ (O ) (0, 2) Vs (p), V()] == ulz + axlp,x)) (4.7)

are symplectic bounded linear operators H* — H?®, s > 0 with inverse given by

D (@) Mu] =1+ (0p02) (0, 2) Vs () M ul, V(o) u(y) = uly + ax(e,y)), (4.8)

where y — y + a(p, y) is the inverse diffeomorphism of z — = + a4 (¢, ) and. By Lemma a4 satisfies

. (14 (8yax)(p,y)) > 0. (4.9)
We then consider the operator
Do(p) := D1 () L + ()M, T e0,1], (4.10)
whose inverse is given by
Do) =118 (p) + T (p) (4.11)

see Lemma (i). The property (f4) for ®o(p)*! holds by applying Lemma [2.17}(i). By Lemma [2.15]
the push forward iV (¢) := (®g),«(iV)(p) is given by

(P0)wx(1V)(9) = Vi(p),  Vilp) := Polp) V(0)Po(p) +iPo() " w - B Po(p) (4.12)
Vi) = Vi 4 (o)L + IV (p)II- + OPS™° (4.13)

where
V1£(p) i= @1(@)V(0) P () +i®s(p)w - O, D) " (4.14)

Note that, since @ (p) are symplectic maps, then Vi 4 () are self-adjoint operators. This implies that even
if the transformation ®(yp) (see (4.10)) is not symplectic, the transformed vector field iV; (¢) is Hamiltonian
up to smoothing operators.

4.1.1 Expansion of V; 1 (¢).

In this section we provide an expansion of the operators Vi +(¢) given in (4.14]). One has

Do (L)V(0)P1(p) " = 1(p)V (g, 2)|D|P1(0) " + P ()WV(0)Px ()" (4.15)
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By applying Lemma [2.17}(ii), using that V|D| € OPS*, W € OPS'~¢, one gets that
01 (p)V(p )| D|®s(p) " € OPS', @1(p)W(p)Pslp) ' € OPS' ¢, (4.16)

In order to compute the highest order term in (4.15) (the term of order 1), we need to expand the pseudo-
differential operator ®4(¢)V(p,z)|D|®+(p)~t € OPS'. We write |D| = 9,H where H is the Hilbert

transform, see (2.51)), (2.52). Hence,

D1 (0)V(p,2)| D[P+ ()" = D1(0)V(p,2)0:P1(0) ' P (0)HP1 ()"
=04 (p)V(p,2)0:,P+(p) 'H

+ (P (,2) 0P () 7! (%(so)%cbi«o)—l )
=1+ 0,0z wi( )1+ (9, ai))%)azH+Ri,v(¢), (4.17)

R () = \/m‘l’i(v(w,x)ay 1+ (0,3))
+ D1 (P)V (5, 2)0, 04 () (Do (P)HDL(P) ! = ).

The property (2.24]) applied to ay, @4 implies that

\/Tai\l!i( (1+ (0 ai))%) = (V(1 + (ayai))) . (4.19)

ly=a+a (p.0)

and therefore, /14 (Opa+)¥y (V(gp,az)ay\/l + (8y&i)> is the multiplication operator by the function

(V(l + (ayai))) s (o) Moreover, recalling Lemma [2.18] the operator
=z+ai(p,x

S (0)V(p,1)0,P(p)? (@i(go)HtI)i(go)_l — H) € OPS™, hence R4y € OPS°. Then, summarizing

(.15), (4.16), (.17), [@.19), recalling that 1 —e > 1 —e, 0 (see (4.2))), so that OPS'~¢, OPS®° C OPS'~¢,
one gets that

(
(

(4.18)

L (pV(P)2s(p) " = (V(1+(0,82))) D]+ OPS'*. (4.20)

ly=z+ax (p,z)

Now we compute the term i®4 (¢)w - 9, P+ (¢) "' appearing in the definitions of Vi 1(¢) given in (4.14)). A
direct calculation shows that

i@y (@)w - D@ (@)~ = iy/T+ (Fpas \pi( a¢ai./1+(ayai))aw

FiyIT (Qcai)\lfi(w-ap 1+ (ayai)). (4.21)
By applying the equality (2.24) to a4, a4, one has
VIt (Opar)Us (w Dpian/1+ (ayai)) - (w : ag,ai)yzﬁ%(w), (4.22)
thus (4.21]) becomes
i@y (P)w - D ()~ _1( -ag,ai) 0y +0PS". (4.23)
y=rtas(p.m)

Therefore ([4.14), (4.20)), [4.23) and OPS® C OPS'~* imply that

Via(e) = (V(1+(9,82))) D] +i(w- 0,02 ) dy + OPS'¢ . (4.24)

ly=z+ax(p,z) y=z+ax(p,x)
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We now provide the final expansion of the operator V() defined in (4.13). Using the elementary properties
10,11y = —|D|I1,, i0,II_ = |D|II_, by (4.24) one gets

Vi(p) = I, ((V(1 +(0yay)) —w- a¢a+)

I ((V(1+(9,8-) +w- 0,4 )
+0OPS™ .

|D| + W1,+(<P))H+

ly=z+a+ (p,z)

D] + Wl,f(go))n, (4.25)

ly=z+a+(p,z)

with Wy 1 € OPS1~¢. By applying Proposition given v € (0,1), for ey~ < §, for some § € (0,1) small
enough, there exist Lipschitz functions c : £ — R such that for any w € Q5% N Q5 (see ([(.3]) there exist
two C* functions a4 (depending on w) such that

:Fw-ag,&i + (1 +5P)8y&i +eP=cy

) 4.26
||&:|:||s ,Ss 8'7_1 5 Vs Z 07 |C:|:|Llp(’Y) 5 €. ( )

For ey~! small enough, a satisfies the property (4.9), therefore by applying Lemma the functions a4
satisfy the ansatz (4.6). The operator Vy(p) defined in (4.25)) takes the form

(P0)wniV () = Wi(p),

Vi) = T (A D]+ Wi, (9) )T + T (A D] + Wy () )L + OPS™, (4.27)

Api=14+cq, |Ci‘Lip(7) <eg, Wi+ EOPSI_E,

where Wi 4 (¢), W1, () are self-adjoint. This concludes the proof of Proposition

4.2 Reduction of the lower order terms.

In order to state the main result of this section, for v € (0,1) and 7 > v, we introduce the set

= {w e QLN o 4 Au(0) ] 2

T

g YEDETTN{O0} . ()

Proposition 4.2. Let v € (0,1), 7 > v, N € N. Then for any w € Q. -, for anyn =1,..., N there exists
a linear vector field iV, (p), ¢ € T” of the form

V() = LV o ()L + TV, (o)L + OPS (4.29)

(recall (2.27)) where the vector fields iV, +(¢) are Hamiltonian and have the form

Vin,x(¢) = AL|D| + pin, = (D) + Wy +(0) (4.30)

where -
fin,+(D) = Op(un,i(ﬁ)) . pnx €5TF, (4.31)
Wail9) = Op(wns(p,2,8)),  wax €S, (4.32)

tn,x (&) is real and W, 1 () is self-adjoint.
For anyn € {1,..., N — 1}, there exist an invertible map ®,(p) satisfying

sup ||, (9) " 5ae) < +00, Vs >0 (4.33)
peTv
such that
Vnt1(9) = (Pn)wiVa (@) , Vne{l,...,N—1}. (4.34)
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The rest of this section is devoted to the proof of the above proposition, which is proved by induction.
We describe the induction step of the proof. Assume that for n € {1,..., N — 1} there exists an operator

V() satisfying the properties (4.2)-(4.32). We consider an operator
Gnt(9) =O0p(gn(0:2,8), gnxr €S, gnr=gh- (4.35)

Let @, +(7;¢), T € [0,1] be the symplectic flow generated by the Hamiltonian vector field iG,, +(¢), namely

(4.36)

07 Py 1 (T50) =1Gn 1 ()P 1 (T3 0)

By applying Lemma the maps @, 4 (7;¢) satisfy the property (4.33]). We then define for any 7 € [0, 1]
the map
O (3) 1= O 1 (130) ML + By (T300) I, (4.37)

whose inverse is given by

O (150) 7" =By (7590) + T8y (7590), (4.38)
see Lemma (i). We set @, (p) := Pp(1;¢), P (p) := @p+(1;¢). By applying Lemma [2.15}(ii) one
gets that iV,11 = (Pp) w1V, with

Vig1(p) = W Vnp1 4 (0 + Vi (@)L + OPS™,
Vn+1,i(<p) = ¢n,i(@)vn7i<¢)q)n7i(¢)_l + icbn,i(‘ﬁ)"” : agaq)n,i(go)_l .
Since ®,, 4 (¢) are symplectic maps, the vector fields iV,4+1 4 (p) are Hamiltonian, i.e. V,y1 1 () are self-

adjoint operators. In the following, we provide an expansion of the operators V, 41 4 (¢).
ANALYSIS OF @,, 1 (¢)Vy 4 (¢)®Pn +(p) L. The symbol v, 1+ € S of the operator V, 4 is given by

(4.39)

Un,t (9, 7, §) = Az [§IX (&) + i 2 (§) + wn,x (9,2, €) - (4.40)
Applying Proposition one gets that
Bt () Vit (9) P (9) ™ = Op (v 1) (4.41)
where
U&L,i = Un 4 +{Gn+,Unt}+ r;?f) , rgﬁ) € §l—2ne C gl-(nthe (4.42)
We write

{gn,iv 'Un,i} = )‘i{gn,iv |€|X(§)} + {gn,iy Nmi} + {gn,ia wni}

S
= ~A0zGn,+ Ex(&) = A02.Gn,+ 16106 X(§) + {gn, =, tin,+ } + {gn,+, wn £} (4.43)
By Corollaryand since dex(€) = 0 for [€] > 1 (see [2.13), pn,+ € S'° and wy, 4, g+ € S*7"%, one gets
that B B
- )‘:taxgn,:t|£|aEX(§) €S > C Sli(nJrl)e ) {gn,:l:a/in,:t} € Sli(nJrl)e )

' ‘ (4.44)
{gn,ivwn,i} e §t—2ne C gl—(n+1)e
By (£.40), ([#.42) ([#.44) one gets
’U7(114)»1,j: = A% [€IX(E) + pn, £ + W, £ — AL02gn x éx(f) + §l-(ntl)e (4.45)

4

ANALYSIS OF THE TERM i®,, 1 (¢)w-0,®, +(¢)~'. We define Vﬁzlyi(ﬁ @) = 1Py 1 (75 Q)w-0p (P, (T3 0) 1)

A direct calculation shows that

V£2+)1,i(T;s0):/0 Sni1,£(G0)dC,  Sny1,£(Go) = Pnx(Gp) ow-0pGn1(0) 0 Pn(C0)~Y, ¢ €[0,1].
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Since w - 9,Gn +(¢) € OPS'™"%, by Proposition

V1) =V L(19) = 0p (vfﬁzl,i(%xﬁ)) e OpPs'—™ (4.46)
with , .
o) 1 (0, 2,6) == w - Bpgnt(p,z,6) + ST (4.47)

Collecting (4.39)), ([4-41), (#.42), (#.47) one then gets

Ung1,+ = A+ [E[X(E) + tin,+ + Wn ot +w - Opgn,+ — )\iazgn,i%X(ﬁ) + G- (ntE (4.48)

In the next Lemma we show how to choose G, +(p) = Op(gn,+ (¢, z,£)) in order to reduce to constant
coefficients the term wy, 4+ +w - Opgn,+ — A+ 029n + %x(f) of order 1 — ne in (4.48]).

Lemma 4.3. For any w € Q  (see (4.28))) there exist symbols gni1,+ € S1=n¢ satisfying Gn+l,+ = Gpt14
and

Wn,+ +w- aﬂgmi - /\iazgn,iEX(g) - <wn,i>tp,w € §i-(nt1)e

€]
(recall the definition (2.9))).
Proof. Let x1 € C*(R,R) be a cut-off function satisfying:

a(©=0, vig<;.

(4.49)
xi(§) =1, Vv[¢=2.
Writing 1 = x1 4+ (1 — x1), one has
g
W+ +W- 8L,ogn,:l: - )\:I:aacgn,:l: HX(&) - <wn,:t>ap,z
=X1(Wnt — (Wn4)pa) + W Opfn+ — /\iaacgn,ié')((ﬁ) + (1 = x1)(wn,+ — (Wn 1 )pz) - (4.50)
By the definition of x; given in (4.49)), one has that
(1- Xl)(’wni — (wni>¢7x) €57, (4.51)
therefore we look for a symbol g, 4 satisfying
X1 (wn,:l: - <wn,:|:>tp,m) +w- aL,ogn,:l: - )\:I:aacgn,:l:é')((g) € Sli(nJrl)E' (452)
Since we require that g, + = g;, , we look for a symbol of the form g, + = % and we make the
ansatz ~
Tpt = Gqnt+S7". (4.53)
By (4.52), (4.53), we write
Xl(wn,i - <wn,i>tp,x) +w- atpgn,i - /\iaxgn,iEX(g)
§
= X1 (Wn,+ = (Wn+)pa) + W Oplnt — At0nln + @X@
5 qukz —dn
+ (w L, — Aimx(ﬁ)az) [ . ] . (4.54)
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By (4.53]) we have that

(w0, - Aiéx(g)ax) [q;j 2] e &' gi-(nry (4.55)

hence it is enough to determine the symbol g, + so that

N1 (Wt — (W) a) + & Dt s — Aiamqn,i;x@) —0. (4.56)

The equation above, can be solved for any w € €2, r, by defining ¢, + as

Qn,i(ﬁpazag) = (w- 0y — Aiax)il [<wn,i>¢,x(§) - wn,i(‘ﬂv%&)]x-{_(o
+ (w . a(p + )\iaz)_l [<wn,i>tp,m(§) - wn,i(‘:&xaf)} X;(S)

where x (&) == X1(E)eo01, X1 (€) = x1(§)Ife<oy where Igesoy (resp. Ie<oy) is the characteristic function
of the set {£ € R : £ > 0} (resp. {€ € R: ¢ < 0}). Note that, by (449), the functions xi,x; are
C*>. Using that w, + € S17"° and recalling the property , one has that g, + € S17"¢ and therefore
gn.+ € S'7". Furthermore, using that wy, + = w;, +, by applying Lemma (with (&) = x7 (&), a =
(- 0p = As02) (W) e — wn x| and (&) = X7 (§), a = (- Dy + Ax0s) ™' [(Wn 4)p 2w — Wy +]) and
Lemma %one gets that the symbols ¢, 1 verify the ansatz (4.53)). Finally collecting (4.50), ([£.51)), (£.54),

(4.57)

(4.55), (4.56), the claimed statement follows. O
By (4.39), and Lemma one gets that
Vit1(9) = I Vg1 4 (@)L + T Vip1 - ()= + OPS™> (4.58)
where

Vit1,4(9) = A+ D] + piny1,4 (D) + Was1,+(0)
MnJrl,i(D) = Mn,i(D) + Op(<wn,i>tp,z(f)) ) WnJrl,i((p) € OPSl_(n—H)E'

By the induction hypothesis w;, + = w;, + and ji, +(§) is real, hence by Lemmaone has that (wp, +)e (&)
is real and therefore fin41,4 (&) = pin,+(§) + (Wn,+)4,2(§) is real too. Since ®,, 4 are symplectic maps, iVy+
are Hamiltonian vector fields, then also iV, 41+ = (<I>,_L71i)w*ivn7i are Hamiltonian vector fields, implying
that

(4.59)

Wii1,£(0) = Vng1,2(9) = A£|D] — pny1,+(D)

are self-adjoint operators. The proof of Proposition [£.2]is then concluded.

4.3 Proof of Theorem [1.71
Let K > 1 and let fix an integer Ng so that 1 — Nge < —K

K+1
€

Nic = | J+1. (4.60)

We define
Tk () == Po(p) 0 P1(p) 0...0 Pny—1(p) (4.61)
where ®¢(y) is defined in (4.10) and for any n = 1,..., Nx — 1, the maps ®,,(p) are given in Lemma

By (4.11), (4.4), (4.33), the map Tx(p) is invertible with inverse given by Tx ()™ ! = @&y, (p) to...0
®1(p) o @o(p) ! and T (p)*! satisfy

sup 1Tk ()= |Brrey < +00, Vs >0. (4.62)
peT”

By (4.27) and by Lemma[£.2] one gets that (7x).+iV(p) = iV, (¢) where V. (¢) is given by formula (4.29)
for n = Ng. Then we can write

Vni () = Ax (D) + Ri ()
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where, recalling that |D| = Op(|¢|x(£)) (see (2.14)) and II. = Op(x+(£)) (see (2.30))

Ak (D) = Op(Ak(€)), Ax(&) = (Al€lx(€) + mnge,+(€)) x4(&) + (A[EIX(E) + pne,— () x— () ,
Ri(p) == I Whye 4 (0) I + I Wiy — (@)II- + OPS™.

Note that Ag (§) is real. By (4.32)) (applied with n = Ng), using that 1 — Nge < —K and recalling Theorem
one gets that Rxg € OPS~%. The proof of Theorem is then concluded.

5 Proof of Theorems [1.3], 1.4}

Let s > 0, tg € R, ug € H*(T). We fix the constant K € N appearing in Theorem [1.6|so that K > s,
K=K, o=[s]+1. (5.1)

By applying Theorems taking w € DC(v,7) in the case M < 1 and w € Q, ,, ey~ ! small enough,
in the case M = 1, one has that u(t) is a solution of the Cauchy problem

Opu = iV (wt)[u] (5.2)
U(to) = Up
if and only if v(t) := ’TI;: (wt)[u(t)] is a solution of the Cauchy problem
O =ik, (D)v + iRk, (wi)[v _
t Kb( ) KS( )[ ] Vo ‘= TK 1(wt0)[u0] (53)
U(to) =19, s

with A, (D) = Op(Ag,(€)) € OPSM with Ak, (€) = Ak, (€). Moreover, since K; > s > 0, one has that
Ryi. € OPS~%: c OPS~* implying that

sup || R, (9)ll5(r2, msy < +00. (5.4)
peT

Moreover, since Tk, () is bounded and invertible, we have that
[u@®ll s = o)z and  [lu(@)l|z2 ~ [o@®)llz2, VEeR. (5.5)
Writing the Duhamel formula for the Cauchy problem ([5.3]), one obtains
t
ot) = e (Pl 4 / A=A DR () [o(r)) dr . (5.6)
to

Using that A () is real which implies that the propagator e!**xs(P) is unitary on H*(T) for any ¢t € R and
by (6.4), (5.5) one gets the estimate ||v(¢)||gs Ss |vollms + |t — tolllvol|2- Applying again (5.5) we then get

lu()ll s <s lluollms + [t —tollluollz2, VEe€R. (5.7)
The above argument implies that the propagator U(tg,t) of the PDE O,u = iV(wt)[u], i.e.

{&u(to, t) = iV(wt)U(to, t)

U(to, o) = 1d
satisfies
”u(t(%t)HB(HS) <s 1+|t—t0|, Vs >0, VttoeR. (58)
Furthermore, since V(¢p) is self-adjoint, the L? norm of the solutions is constant, namely
||U(fo7t)\|3(1:2) =1, VttoeR. (5.9)
Hence, for any 0 < s < S, by applying Theorem [2.19] one gets that
S—s s ’ s
U0, )|y < U0 D)l gire) U0, Dl 3grsy s (L +[E—to])5 . (5.10)

Then, for any n > 0, choosing S large enough so that s/S <7, the estimate (1.4] follows.
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6 Appendix: a quasi-periodic transport equation

In this appendix we state some results concerning quasi-periodic transport equations. The following state-
ment is a direct consequence of Corollary 4.3 in [16].

Proposition 6.1. Let v € (0,1), 7 > v, P € C*(T"",R), m € R, 1 < |m| < 2. There ezists a constant
8¢ = 0.(T,v) > 0, such that if ey~! < 6., then the following holds: there exists a Lipschitz function ju :  — R
satisfying | — m|“PO) < ¢ (recall the definition ([&.1))) such that for any w in the set

= {w cQ:|w-l+pw)jl > V(e ) € ZH\ {(0,0)}} (6.1)

-
Ok

there exists a C*° function a(p,z;w) satisfying ||alls Ss ey~ !, Vs > 0 and a Lipschitz family of constants
c(w) satisfying |c|“P) < e, such that

w - Oy, ) + (m + eP(cp,x))axa(gp,z) +eP(p,x)=c, VY(p,x)eT’' xT. (6.2)
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