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Abstract

Eukaryotic chromosomes are complex polymers, which largely exceed in size most
biomolecules that are usually modelled in computational studies and whose molecular
interactions are to a large extent unknown. Since the folding of the chromatin fiber in the cell
nucleus is tightly linked to biological function and gene expression in particular, characterizing
the conformational and dynamical properties of chromosomes has become crucial in order to
better understand how genes are regulated. In parallel with the development of experimental
techniques allowing to measure physical contacts within chromosomes inside the cell nucleus,
a large variety of physical models to study the structure and mechanisms of chromosome
folding have recently emerged. Such models can be roughly divided into two classes, based on
whether they adopt specific hypotheses on the interaction mechanism within chromosomes,
or learn those interactions on the available experimental data using the principle of maximum
entropy. All of them have played a key role in interpreting experimental data and advancing
our understanding the folding principles of the chromatin fiber.

Highlights

e Chromatin is a large and complex molecular system whose interactions are to a large
extent unknown.

e Coarse-grained physical models of chromosomes were developed based on different
assumptions on internal interactions.

e Hypothesis-driven models allow to test predictions on the molecular mechanisms that
govern chromosome folding

e Maximum-entropy based approaches allows developing models based on experimental
data only, without introducing a priori hypotheses biases.

e Model predictions have proven useful to understand basic principles of chromosome
folding and have important implications for gene regulation.
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Introduction

Chromatin is a complex macromolecule, consisting of genomic DNA and histone proteins.
Histones assemble into nucleosomes, around which DNA is wound in the eukaryotic cell
nucleus. This contributes to compact meters of linear DNA to fit the um-sized nucleus. In vitro,
nucleosome-wound DNA folds into a fiber of ~30 nm diameter [1]. However, chromatin in vivo
is far less characterized, and it is unclear if 30-nm fibers exist in living cells. It has been
suggested indeed that in vivo, chromatin may occur as a dynamic assembly of thinner fibers
[2] or even as a mixture of different fiber states [3,4]. Irrespective of the short-scale structure
of the chromatin fiber itself however, in mammals the stretch of chromatin fiber
corresponding to each chromosome (typically hundreds of million base pairs, or Mb) folds up
into large ‘chromosomal territories’ that assume a globular conformation in interphase.
Chromosomal territories occupy the large majority of the nuclear volume and remain only
partially intertwined with each other [5].

Besides allowing DNA to fold compactly into the nucleus, the chromatin fiber has an
important role in controlling core biological functions such as gene expression and DNA
replication. It is well established that chemical modifications of DNA and histones,
orchestrated by a variety of enzymatic complexes, provides a fundamental regulatory layer
that contributes determining whether a gene is transcribed or not [6]. However, accumulating
evidence suggests that an additional regulatory mechanism may act through the control of
three-dimensional structure of the chromatin fiber inside chromosomal territories. Large-scale
chromatin folding appears indeed to modulate the mutual distance between genes and
specific regulatory genetic elements such as transcriptional enhancers, which can be placed
hundreds of thousands of bases away from the genes that they control and whose spatial
proximity is required for activating and sustaining gene expression [7]. Understanding the
structure and the dynamics of chromatin over genomic scales ranging from tens of thousands
to one million basepairs, where most interactions between enhancers and genes occur, has
therefore become fundamental to understand transcriptional control.

Models of the chromatin fiber below the 10-kilobase scale have been developed based on
biophysical and biochemical data, and successfully used to describe chromatin at atomic
resolution or using multi-scale descriptions of DNA and of the nucleosomes (see Refs. [8,9] for
recent reviews). However, the length scales that are relevant in studying transcriptional
regulation by long-range enhancers are much larger and can be characterized using more
coarse-grained polymer models based on experimental techniques derived from molecular
biology, which are the focus of this review.

The main experimental tool that has been developed in the last two decades to investigate
the three-dimensional arrangement of chromatin in vivo is Chromosome Conformation
Capture (3C), a method in which digestion and successive re-ligation of crosslinked chromatin
in cell nuclei allows the detection of spatial proximity between DNA sequences [10]. In
recently developed methods derived from 3C, such as 4C, 5C and notably Hi-C [11,12], high-
throughput sequencing and quantification of 3C ligation products enables the inference of
interaction frequencies, i.e. the frequencies at which pairs of genomic loci are crosslinked in a
population of cells because of their spatial proximity at the very moment of the crosslinking
[13]. A typical Hi-C experiment results into a large two-dimensional map of crosslinking
frequencies between any pair of genomic loci within and across chromosomes, with a
resolution that can reach a few thousand base pairs in recent versions of the protocol [14,15]
thus corresponding to a matrix of ~3 million bins for the human genome. With the exception
of recently developed single-cell versions of the Hi-C protocol [16][17][18][19], whose



resolution is currently limited to hundreds of kb (hence too low to resolve contacts between
genes and enhancers), contact probabilities returned by Hi-C are typically averaged over
millions of cells (Figure 1).

Population-averaged Hi-C maps of mammalian chromosomes display well-defined patterns of
interactions, which substantially deviate from what would be expected from polymers with
uniform or random interactions. The most prominent feature is the presence of sets of nested
interaction domains (Figure 1), which is indicative of a hierarchical folding of the fiber. Several
levels of this hierarchy have been identified and investigated experimentally. At the 1-10 Mb
scale, so-called ‘compartments’ were identified as large chromosomal regions that tend to
preferentially associate and exclude each other, reflecting cell-type specific gene expression
states [12]. At a lower level, in the 100kb-1Mb scale, topologically associating domains (TADs)
appear as contiguous domains of preferential interactions of the chromatin fiber [20-22].
TADs are further partitioned into smaller domains, which largely overlap with loops bridging
pairs of DNA binding sites for the transcription factor CTCF (CCCTC-binding factor) [14]. These
levels belong to an even richer hierarchy wherein no level seems to be privileged from a
structural point of view; strikingly however, several functional properties such as cell-type
conservation of domain boundaries and gene co-regulation during cell differentiation are
maximized at the scale of TADs [23]. TADs are indeed thought to act as regulatory
microenvironments by restricting enhancer interactions to a limited set of genes (and vice
versa), and TAD boundary deletions have been shown to result in ectopic gene expression
leading to pathological states [24-26].

Despite our increasing ability in detecting chromosomal structures using 3C-derived techniques,
we still ignore the mechanisms that give rise to these structures. The transcription factor CTCF
plays a key role in the establishment of TADs [27,28], together with the cohesin complex
[29,30]. However, whether it does so by inactively stabilizing loops between CTCF-bound sites
[31], or rather by blocking ATP-dependent loop-extruding factors and thus effectively pulling
two CTCF-bound sites together [32-35], is a matter of active debate. In addition, interactions
between active genomic regions even in the absence of CTCF and/or cohesion could play an
important role in mediating specific chromosomal interaction [27,29,30,36,37].

Several theoretical and computational approaches have been proposed to explain the
complex patterns observed in Hi-C experiments. These models have two objectives: 1)
reconstructing the actual three-dimensional shape of the chromatin fiber within
chromosomes in the 10kb-1Mb scale, and 2) understanding the mechanisms that could give
rise to such structures. Common to all modelling approaches is the necessity of employing a
description of the chromatin fiber which is highly coarse-grained. Indeed, mammalian
genomes are billions of base pairs long, which amounts to ~10* atoms including histone
proteins, even excluding including the surrounding water, ions and the proteins that are
present in the dense nuclear environment. It is clear that no single computational approach
can deal with these numbers and describe the whole genome within the nucleus, but rather
multiple approaches must be used, each containing various levels of coarse graining [8,9]. The
study of large-scale chromosome organization, in particular, benefits from highly reduced
descriptions based on elementary units in polymer models spanning genomic regions of the
order of several kb (or even higher depending on the size of the simulated region), which
keeps no trace of the actual internal molecular organization of the chromatin fiber.

Hypothesis-driven models of chromosome architecture




One of the fundamental problems in modeling the conformational properties of chromatin is
that the mechanisms mediating interactions between chromosomal loci (e.g. between DNA
sites bound by CTCF) are unknown. Modeling higher-order chromatin architecture is thus very
different from modelling the structure of proteins or RNA, where interactions between atomic
constituents are known at least approximately. Several chromosome models have been
proposed based on increasingly complex hypotheses on the forces that give rise to
chromosomal structures (see Fig. 2). The simplest hypothesis is that chromatin is a self-
repulsive polymer, where genomic sequences exclude each other by steric hindrance. This
very simple assumption is sufficient to reproduce the segregation of chromosomes into
chromosomal territories but, not unexpectedly, does not predict the specific patterns
observed in Hi-C experiments [38]. Interestingly however, segregation into domains
resembling TADs can be predicted by further including a torsion potential which simulates the
effect of DNA supercoiling [39,40], pointing at a possible role for supercoiling in contributing
to the establishment of specific chromosomal structures.

Assuming instead that direct, short-range interactions occur between specific sites looping
out intervening DNA (which implicitly mimics protein-mediated interactions) allows polymer
models to reproduce a subset of experimental observations. The presence of interaction
domains for example can be reproduced by imposing attractive interactions between loci that
share common histone modifications [41], by empirically imposing that co-regulated genes
should interact [42], or also by quenching a random heteropolymer with attractive
interactions [43,44]. Similarly, the scaling behavior of physical distances observed in DNA
fluorescence in situ hybridization (DNA FISH) can be reproduced by a dynamic loop model,
which describes the formation/disruption of bonds in the polymer as a stochastic process [45].
If these models show that short-range attractions between looped sites can explain some of
the experimentally observed features, they however remain agnostic as to what would
mediate short-range interactions at the molecular level.

A more sophisticated hypothesis is that interactions between chromosomal locations are
mediated by soluble proteins, which diffuse in the cell nucleus, bind to specific locations on
DNA and transiently interact with each other. This assumption is able to qualitatively
reproduce the existence of interaction domains, quantitatively describe some of their
statistical properties [46-48], and even predict detailed experimental contact maps of specific
domains [49,50]. Although it is a plausible hypothesis, it should be noted that there is no
direct evidence that direct protein-mediated looping is the main mechanism controlling
chromatin folding. In fact, the stability of interaction domains predicted by this class of
models crucially depend on protein concentration, whereas partial depletion of CTCF for
example does not have a dramatic effect on TADs and CTCF-associated loops [27,51].
Moreover, in these models, interaction domains appear as a consequence of imposing as
many interacting proteins as the number of domains, which does not seem to be compatible
with experimental observations.

More recently, another mechanism has been suggested to be able to generate effective
interactions between CTCF-bound loci, which is known as loop extrusion [33]. Under this
hypothesis, ATP-driven motor proteins (potentially cohesin) would stochastically extrude
loops along the chromatin fiber, until they are stopped by CTCF bound to DNA. This model has
the merit of being able to reproduce several observations, such as the recent finding that the
effective interaction between CTCF sites depends on their reciprocal orientation on DNA
[14,52] (which cannot be accounted by a direct looping mechanism), the emergence of TADs
as nested CTCF-associated ‘loops’, and the detailed position of strong contacts as a function of
the position of CTCF along the fiber [35]. In a variant of the model [53], the extruding protein



moves by Brownian dynamics according to a ratchet mechanism, thus releasing the need of a
motor protein. Despite the high predictive power of this model, is should be emphasized that
a direct experimental proof that loop extrusion actually takes place on chromosomes is still
lacking. In addition, the model remains agnostic as to why CTCF, but no other proteins should
block loop extrusion and how.

Reconstructing the conformational ensemble of chromatin from experimental data

An alternative modelling strategy aims at reconstructing the actual folding of chromosomal
regions rather than understanding their origin. It consists in making no a priori hypotheses on
the interactions between genomic loci, but rather inferring them based on the available 3C-
based experimental data.

A simple way to implement this strategy is using mean-field approaches, following a restrain
minimization procedure similar to those used to obtain the structure of proteins from NMR
data. This method leads to average structures of chromosomal regions [54,55], or even of the
whole genome [56], where statistical fluctuations, which are likely to be relevant for
transcriptional regulation [57], were neglected.

Another class of methods is based on the principle of maximum entropy [58]. Originally
formulated to link statistical physics to information theory, it provides a scheme to generate
the probability distribution for the states of a system based on some prior data, and has been
largely applied to use experimental data for molecular modelling [59-62]. When used to
model data derived from the population-averaged states of a system at equilibrium, the
maximum entropy principle states that the model of choice should produce a probability
distribution for its conformations displaying three features: 1) the average contacts calculated
for each pair of loci from this distribution should agree with the experimental data, 2) the
probability distribution should be as little well-defined as possible, namely it should maximize
the associated Shannon entropy, and trivially 3) it should be normalized to 1. In particular,
point 2 guarantees that the resulting model is minimally biased, avoiding introducing
subjective information which is not supported by data. With simple calculations and under the
basic assumption that the system is at thermodynamic equilibrium, it is possible to show that
the above hypothesis are met choosing a potential whose functional has the same
dependence on the conformation of the system as the experimental data [59]. The numerical
parameters of the potential can be found from an iterative Monte Carlo scheme [57].
Experimental Hi-C data arise from the detection of close spatial proximity between two loci;
therefore, the least-biased potential is given by the sum of short-range interaction terms in
the form of contact functions, whose numerical parameters must be obtained from the
experimental data. As a matter of fact, the interactions between different chromosomal
regions are mediated by nanometer-sized proteins complexes, which can be reasonably
approximated as contact interactions on the length scale of the model.

It is worth emphasizing that the equilibrium hypothesis is questionable. Although the
dynamics of the chromatin fiber within living nuclei is only poorly characterized, mammalian
chromosomes are extremely long polymers whose equilibration time could largely exceed the
duration of one cell cycle [38]. In fact, the overall large-scale (>1Mb) statistical properties of
Hi-C maps are compatible with crumpled globule model, which describes a polymer far from
equilibrium [63]. However, the relaxation of the chromatin fiber at the scale of TADs is
expected to be shorter than for an entire chromosome. Indeed, tracking of single
chromosomal loci by time-lapse fluorescence microscopy suggests that within single domains



the motion is sub-diffusive and conformational changes might take place on the time scale of
minutes, that is enough to guarantee equilibration at these length scales [64] (but likely not at
the scale of the whole nucleus [65]).

An implementation of the maximum-entropy principle allowed to obtain a realistic
reconstruction of chromatin conformation within TADs in mouse embryonic stem cells, along
with its cell-to-cell variability [57] (see Fig. 3). In this case, Monte Carlo sampling [66] of a
polymer with spherical short-range interaction potentials was used in combination with a
perturbative resampling scheme to optimize computational time [67]. In support of the basic
assumptions in this approach, model predictions could be validated with independent
experiments where distances among genomic loci were measured using DNA FISH in wild-type
cells, as well as in cells carrying the deletion of key genomic sequences [57]. Interestingly,
analysis of simulations suggested that long-range contacts within TADs do not occur as stable
loops as previously proposed [68], but rather as stochastic and potentially highly dynamic
events [64]. Extension of this approach to all TADs genome-wide in mouse embryonic stem
cells suggested that there is a strong relation between the local structural properties of the
chromatin fiber within a TAD, and namely the average degree of isotropy of its three-
dimensional structure, and the transcriptional activity of genes harbored within the TAD [69].
In another application of the maximum entropy principle, theoretic information landscapes
were used to reconstruct the folding of human chromosomes starting from Hi-C data [70,71],
which led to the prediction that TADs might prevent the formation of knotted topologies in
the genome.

Conclusions

Chromatin is an extremely long and complex polymer whose three-dimensional structure has
an important role in shaping biological activities in the nucleus. The formation of specific
chromosomal structures across the nested hierarchy of interaction domains detected in Hi-C
datasets is governed by mechanisms that are still poorly understood. Importantly, given the
complexity and the size of chromosomes, it has not been possible to study these mechanisms
in vitro so far. Physical models have therefore arisen as powerful tools to study the
conformational properties of chromosomes. On the one hand, hypothesis-driven models have
been fundamental in shaping our perception of the mechanisms that could give rise to specific
chromosomal structures, and notably to interaction domains such as TADs and sub-TAD CTCF-
associated loops. On the other hand, data-driven models based on the maximum entropy
principle have provided realistic, unbiased reconstructions of chromatin conformation and
have revealed its high cell-to-cell variability, notably at the scale of TADs. This in turn has
important implications in understanding how genes are regulated by enhancers in the context
of a variable and potentially dynamic chromosomal landscape.

The main challenge in simulating mammalian chromosomes in vivo at the Mb length scale is
that different from proteins or bare nucleic acids, realistic force fields that can be used in
simulations simply do not exist, and must therefore be built from scratch (and tested against
experimental observations). In the case of hypothesis-driven models, such interactions obey
to explicit ‘risky’ hypotheses on the actual molecular interactions that give rise to specific
structures. In the case of maximum-entropy principle based models, explicit hypotheses are
avoided by allowing the computation to infer ad hoc potentials that best describe the
ensemble of experimental observations. Interactions obtained from the maximum-entropy
principle might not coincide with those that would be obtained in an ideal world by
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integrating the actual physical interactions defined at the atomic scale; however, comparison
between model predictions and experimental data indicates that these models are realistic
and predictive.
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Figure 1: Chromatin is composed by the DNA double helix (A) wrapped around nucleosomes (B)
into a fiber, which is folded into chromosomal territories in the nucleus of mammalian cells (C).
The output of Chromosome Conformation Capture based experiments and notably Hi-C, which is
shown here (D) in which every pixel encodes the probability that the two corresponding genomic
loci are found in close proximity in the nuclear space (E), averaged over a population of millions
of cells. Hi-C contact maps in vertebrate chromosomes display nested hierarchies of interactions
domains F) corresponding to local preferential associations of the domains of the fiber
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Figure 2: Hypotheses developed to describe the interactions governing the folding of the
chromatin fiber include: (A) models based on topological constrains only (self-avoiding chains), (B)
models based on supercoiling, (C) models based on direct short-range interactions between loci,
(D) polymer models whose interaction are mediated by diffusing particles, (E) loop-extrusion
models in which the effective interaction between two CTCF-bound loci is generated by ATP-
driven molecular motors that extrude loops and are blocked by DNA-bound CTCF proteins.
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Figure 3: The implementation of the principle of maximum entropy for a coarse-grained model of
chromatin requires a contact potential between each pair of beads (A-B), whose energy is

obtained with an iterative Monte Carlo algorithm which minimizes the xz between the predicted
and the experimental data (C).



