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Abstract

We study the Fucik spectrum of the Laplacian on a two-dimensional torus T2 Exploiting the invariance
properties of the domain T2 with respect to translations we obtain a good description of large parts of
the spectrum. In particular, for each eigenvalue of the Laplacian we will find an explicit global curve in
the Fucik spectrum which passes through this eigenvalue; these curves are ordered, and we will show that
their asymptotic limits are positive. On the other hand, using a topological index based on the mentioned
group invariance, we will obtain a variational characterization of global curves in the Fucik spectrum; also
these curves emanate from the eigenvalues of the Laplacian, and we will show that they tend asymptotically
to zero. Thus, we infer that the variational and the explicit curves cannot coincide globally, and that in
fact many curve crossings must occur. We will give a bifurcation result which partially explains these
phenomena.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

The notion of Fucik spectrum for the Laplacian was introduced in [13] and [10]: it is defined
as the set ¥ C R? of points (AT, A7) for which there exists a nontrivial solution of the problem
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Au=FTut —au— i
{ Au=A"u AT u in $2, (1.1)

Bu=20 n 0s2,

where £2 is a bounded domain in R”, Bu stands for the considered boundary conditions, and
uT (x) = max{0, £u(x)}.

If 2 = (0, 1) and Bu denotes either Dirichlet, Neumann or periodic boundary conditions, then
the Fucik spectrum can be explicitly determined: it consists of global curves in R?, emanating
from the points (Ag, Ax), where (Ay) are the eigenvalues of —u”" with boundary conditions Bu.
For instance, for periodic boundary conditions, the Fuc¢ik spectrum is given by the following
curves, arising from the eigenvalues (Ag, Ar) = (k2472 k2472):

Zo: PT=rE0 u{rT=2E=0},

1 1 1 2
—=—, k=1,2,3,.... (1.2)

X ——t —= ,
VAt A— km Ak

In the case of higher dimensions there exist various results, mainly for Dirichlet boundary
conditions, but the results are much less complete; it is known that

e X is aclosed set;

e the lines {AT = Ao} and {A~ = Ao} belong to X (we will refer to this part of X as the trivial
part), and X does not contain points with AT < A9 or A~ < Ao;

e in each square (Ag_1, Ak+m+1)2, where Ay_1 < Ay =+ = Ag4m < Ak+m+1, from the point
(A, Ag) € X arises a continuum composed by a lower and an upper curve, both decreasing
(and maybe coincident), see for example [14,16,18,19];

e other points in X' N (Ag_1, Ak+m+1)2 can only lie between the two curves (and hence in the
open squares (Ag_1, )»k)2 and (Ag+m, kk+m+1)2 there never are points of X).

Something more can be said about the lower part of the continuum X' arising from (A1, A1),
the “first nontrivial curve in X'”’: a variational characterization was found in [11], then developed
in [9] and applied to the Neumann case in [1]. In these works it was also proved that for Neumann
boundary conditions the asymptotic behavior of this first curve depends on the spatial dimension
of the problem: it is asymptotic to the lines {A* = Ao(= 0)} for N > 1, while it is bounded away
from {AT = Ag(=0)} only for N = 1.

In a recent paper, Hordk and Reichel [15] have combined analytical and numerical methods
in the study of the Fucik spectrum for Eq. (1.1) with Dirichlet boundary conditions. They give
a new variational characterization for the lower part of the first curve X1, and show numerically
the occurrence of secondary bifurcation on this curve and of curve crossings.

In [12], the periodic problem in an interval was considered: taking advantage of the intrinsic
S1-symmetry of the problem, a variational characterization of Fuéik curves parting from the
eigenvalues of the problem is given. The continuity of the characterization and the complete
knowledge of the Fucik spectrum allow in this case to assert that the variational curves actually
describe all the curves of the Fucik spectrum.

The difficulties encountered in characterizing the Fucik spectrum for the Laplacian in higher
dimensions suggest that it probably has a complicated structure. On the other hand, the knowl-
edge of the Fucik spectrum is important in the study of nonlinear elliptic equations, for example
in the study of problems with “jumping nonlinearities,” that is nonlinearities which are asymp-
totically linear at both +o0o and —oo, but with different slopes. If in addition one has also
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a variational characterization of the Fucik spectrum, then other interesting results can be ob-
tained, cf. [8,9,11,12].

In this paper we consider the Fu¢ik spectrum X C R? of the Laplacian on a two-dimensional
torus 72 = (0, 1) x (0, r), that is

(1.3)

—Au=2tut — A u" in R?,
ulx,y)=ulx+1,y)=ulx,y+r) forall (x,y)e R2.

An important feature of this problem is its invariance under a compact group action given by
g lutx,y)]=utx+s,y+1), g=(@,1eG=[0,1) x[0,r).

More precisely, denoting F (1) := —Au — (ATu™ — A"u~), we have that F is equivariant with
respect to the action of G, i.e.

F(g-uy=g-F(u) forallgeg.
We note that the eigenvalues of the Laplacian on T2 are explicit, given by
Ak =jrAnt iR/t jk=0,1,2,.... (1.4)

In this paper, using the mentioned invariance properties of the Laplacian, we will be able to
characterize large parts of the Fucik spectrum, and we will see that it is remarkably complex:
In our first result we prove that from every eigenvalue (A «, A x) there emanates an explicit

global curve E;ECPI C X belonging to the Fucik spectrum.

As already mentioned, it is useful to have a variational characterization of the Fucik spectrum.
In the case of the ODE with periodic boundary conditions, such a characterization was obtained
in [12] by using the S I_index due to V. Benci [2], see also [3]. Recently, an analogous G-index
was introduced by W. Marzantowicz [17] for general compact groups.

In our second result we will use this G-index, more precisely the T2-index, to prove that
from each eigenvalue A;; there emanates a global branch of values Ejva,f C X which can be
characterized variationally.

Having proved the existence of an explicit global branch Z‘;’f‘kpl and a global variational branch
Ejvakr emanating from the same eigenvalue, one may ask whether these two branches coincide (as
is the case in the one-dimensional problem mentioned above). Surprisingly, the answer is no.

Indeed, in our third result we will show that all the variational eigenvalues tend asymptotically
to zero. Since the explicit branches have positive asymptotes, we conclude that many branch
crossings occur: in fact, every explicit curve gets crossed by all variational curves starting above
it, i.e. by infinitely many curves.

In our fourth result, we give a (partial) explanation regarding the separation of the variational
curve from the explicit branch: we will show that on the first explicit branch there exist infinitely
many points of secondary bifurcation. Thus, it is plausible that the variational branch initially
follows the explicit branch (as we will show), and then, at the first branching point on the explicit
curve, it will follow the branch of secondary bifurcation which will asymptotically go to zero.

In addition, we prove that all these secondary bifurcations are symmetry breaking: the solu-
tions on the explicit curves depend (after a change of variables) on a single variable, and hence
have an S!-symmetry, while the solutions on the secondary bifurcation branch break this sym-
metry, and hence their orbit is homeomorphic to the full group 7.
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2. Results

In this section we give the precise statements of the results which we will prove in this paper.

In the following we will call H the space H'!(T?), the standard Sobolev space over the domain
T2 = (0,1) x (0,r), with periodic boundary conditions as stated in (1.3). We will denote by
0=2x0 <A] <Ay <--- < A < --- the (ordered) eigenvalues of —A in H, while we continue to
write A j x when we refer to the explicit form of an eigenvalue given in (1.4) (see Section 3.1 for
more details about the notations used).

First, in Section 4, we prove that from every eigenvalue Ay there departs a global explicit curve
belonging to X'. This is somewhat surprising: in dimension N > 2 explicit global curves are only
known in special domains departing from certain eigenvalues.

Theorem 2.1. Let A, k > 0, be an eigenvalue of the Laplacian on H; then

(i) if k =0, then the lines (A" = Ao} and (A~ = Ao} are in X;
(1) ifk > 1, then the curve

expl 1 1 2
DI + =
VA VA v Ak

belongs to X.

Remark 2.2. The above curves form an infinite family of curves in X', one for each eigenvalue.
All these curves are similar, so that they never cross, and all have asymptotes at the value equal
to one quarter of the corresponding eigenvalue.

In some regions, namely near the diagonal points (Ag, Ax) with A; corresponding to a two-
dimensional eigenspace, we may guarantee that these are the only points in X':

Theorem 2.3. Let Ay be an eigenvalue associated to a two-dimensional eigenspace, and let
Ak—1, Ak+1, resp., denote the nearest eigenvalues below and above A: then all the points in

2N (Ag—1, )Lk+1)2 are on the curve E;Xp] given in Theorem 2.1.

In Section 5 we consider a different approach: we use variational methods and the mentioned
T2-index by W. Marzantowicz [17] to prove

Theorem 2.4. For every u > 0 and k > 1, one can characterize variationally values Ly () > 0
with the following properties:

M (0) = A

2 ={u () + p, Ag(n): u =0} C X

each L (1) depends continuously and monotone decreasingly on u;
if k > h then A () = Ap ().

Moreover, A1 (1) describes the first nontrivial curve, in the sense that for a given |, no point
in X of the form (§ + ., &) exists with & € (0, L1(w)).
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Theorem 2.4 characterizes a family of curves X*" in X', each one passing through a diagonal
point (Ag, Ak).

Remark 2.5. Observe that Theorem 2.3 implies that if A; has a two-dimensional eigenspace,

then as long as X C (Ak—1, hxt1)?, it coincides with Z‘,prl.

However, this is not always the case, as a consequence of the following theorem:

Theorem 2.6. Let A (i1), k = 1,2, ..., denote the variational values obtained in Theorem 2.4.
Then

lim Ax(u)=0.
H—>—+00
This theorem says that all variational curves X'*" have asymptotes in 0. Since the explicit

curves E;Xpl have asymptotes in Ay /4, it follows that X" and ZJ;XP] cannot coincide globally.
In fact, it also implies

Corollary 2.7. Each explicit branch ¥ ,pr ! gets crossed by all variational curves EJYar, with j > k.

Recall that Theorem 2.3 says that in a neighborhood of the eigenvalue A the variational curve
and the explicit branch coincide, while Theorem 2.6 implies that these curves cannot coincide
globally. The following theorem gives an explanation for this:

: . . . 1 .
Theorem 2.8. There exists a sequence of secondary bifurcation points y; on X pr , from which
bifurcate global branches o1 j, j € N, consisting of T2-tori of solutions.

3. The linear spectrum of —A in H = H 112

Let the domain 72 be parameterized as [0, 1] x [0, r], then it is simple to see that the functions

2
¢jk(x,y)=cos(j2mwx) cos(k—ny), J, k>0,
r

and their translates are eigenfunctions corresponding to the eigenvalues

4 2
hig=jar + 22, k>0
r

Since the functions above (with their translates) form a complete orthogonal system in
H = H'(T?), it follows that they are all the possible eigenfunctions. In particular, the first
eigenvalue is A9 = Xp,0 = 0 and its eigenspace is the (one-dimensional) subspace of constant
functions. The order of the subsequent eigenvalues depends on the value of r, however “in gen-
eral” (for example if 2 ¢ Q), the values A j.& will be all distinct, with multiplicity 4 if j # 0 # k,
and with multiplicity 2 for A o, Ao,x. In the particular cases in which some of the A ; coincide,
the multiplicity will be the sum of the corresponding multiplicities.
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3.1. Notation for the spectrum

We will use the following notation: Ao = Ag,0 = O is the first eigenvalue, corresponding to the
eigenspace generated by a constant positive function ¢g; then, since the following eigenvalues
are always of even multiplicity, we will denote by A; (i > 0), the nondecreasing sequence of
eigenvalues, repeated accordingly to the half of their multiplicity. Moreover, one may always
choose the eigenfunctions in each eigenspace in such a way that they are mutually orthogonal
and that to each i correspond two orthogonal eigenfunctions (differing just by a translation)
which we will denote by ¢7 and d)f’ ; we will also maintain the notation with two indices when
needed, denoting the corresponding eigenfunctions with the 4 indices a, b, c, d. For example, let
Ai = A with j, k # 0, then one possible choice of the eigenfunctions is

a a 2 . 27T b b 2 . . 27T
#= 0 = eos(mreos(ky). 6=t = TsinGamocos(k )

c u 2 _ ) 2 d b 2 .. , 2
qﬁj’k:qbi_’_l:ﬁcos(]%tx)sm kTy , ¢j’k:¢i+1:$31n(J2nx)s1n kTy .

Also, we will assume that these eigenfunctions are chosen with unitary L? norm.
4. Explicit curves in the Fudik spectrum (proof of Theorem 2.1)

In this section we will obtain the explicit curves claimed in Theorem 2.1. These curves will
always correspond to nontrivial solutions having a one-dimensional behavior, that is they will
depend on a unique variable after a suitable reparameterization of 7.

For point (1) in Theorem 2.1, it is simple to see that the vertical and the horizontal line through
(A0, A0) = (0, 0) are in X, actually ¢ satisfies Eq. (1.3) with AT =0 and any A~, while —¢g
satisfies it with A~ =0 and any A ™.

We now look for other elements in X', in order to obtain point (ii) in Theorem 2.1.

Recall that the equation —u” = ATu™ — A~ u~ has 1-periodic nontrivial solutions for (A", A7)
satisfying

1 1 1
— = 4.1
VAT - JA—  nw D

corresponding to functions of the form sin(A*x) where positive and sin(A~x) where negative,
having 2n zeros (and thus having minimal period 1/n).
In the torus [0, 1] x [0, r], we may use the change of variables

k
z=jx+—y,
r
. ky
w=jx — —,
r

with k, j € N mutually prime;

observe that the periodicity condition

ulx,y)=ux+1,y)=u(x,y+r) foranyx,yeR,
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becomes
Uz w)=Uz+j,w+j)=U(Ez+k,w—k) foranyz,welR.

We look now for solutions depending on only one of these two variables.

If u(x,y) = Uz) = UGx + %), then Au=U"@) (2 + ) and U@R) = UGz + ) =
U (z + k): since we chose j, k mutually prime this implies U(z) = U (z + 1).

In the same way, if u(x,y) = U(w) = U(jx — kr—y), then Au = U"(j* + lr‘—z) and U(w) =
U(w+1).

We conclude that any solution of the one-dimensional problem

K2\
N g .2 o +r7+ _ v 77—
U _<] +r2> (Afut-aTUuT), 4.2)

U 1-periodic

will correspond to the two solutions of —Au = A*Tu™ — A~ u~ in the torus of the form u(x, y) =

. ky
U(jx+ ).
These explicit solutions provide the explicit curves in X claimed in Theorem 2.1: actu-
+
ally (4.2) has solution for ZA = satistying (4.1), so we obtain, for n, j, k € N (j, k mutually
2+

J A
r

1

1 1 2
+ = = .
VAT VAT ni /J'Z + /:_; Vi )\nj,nk

As claimed in the theorem, each of these curves passes through the diagonal point correspond-
ing to the eigenvalue A, = 4112712(]'2 + f—;), with eigenfunctions cos(2m ((nj)x + @)):

actually, these split as cos(2njx) cos(2mw ”rﬁ) F sin(2wnjx) sin(2w ”rﬁ), that is, they are a lin-
ear combination of the four separated variable eigenfunctions qsz’.br’i’d.
Finally, for j or k equal to zero, one does not need any change of variable to obtain the claim

by the same technique.
5. The variational characterization

In this section we will obtain the variational characterization of curves in X as claimed in
Theorem 2.4.

We will follow the ideas of [12], and for this we need a suitable index for T2-actions. We will
use the index for general compact Lie groups in [17], whose definition and main properties we
recall here, with some simplifications due to our setting.

5.1. The geometrical G-index of [17]

Let G be a compact Lie group and A a separable metric G-space (we will denote the action
of anelement g€ Gona € A as g-a).
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First, one defines an index related to the fixed point set A® = {a € A: g-a =a Vg € G}:
ye(AG) = inf{k > 0: [AG, S§"] =« for any n >k},

where by [AC, §”] we mean the set of all the homotopy classes of maps from A to $”, and by *
the class of those homotopic to a constant (if A® = @ we put y,(A%) = 0).
Then, one considers all representations V' of the group G, such that

there exists a G-map f:A — V \ {0} where
o dimg V9 =y,(A%),  f(A%) cVI\i0}, (5.1)
e f| 46 is not homotopic to the constant function as a map into VG {0},

and defines
yo(A) = inf{dimc Vg: V asin (5.1)}, (5.2)

where V is the complement of V& in V.
We give some useful properties of this index in the following

Proposition 5.1.

1. If A, B are G-metric spaces and there exists a G-equivariant map ¢:A — B such that
@ 46 is a homotopy equivalence between A and B, then )/g (A) < )/(0; (B) (see point 2 in
Proposition 3.7 of [17]).

2. In particular, if : A — B is a G-equivariant homeomorphism, then )/8 (A) = yg (B) (see
point 3 in Proposition 3.7 of [17]).

3. If V is an orthogonal representation of G and S(V') the unit sphere in V, then yg(S (V)) =
dimc Vg and )/e(S(VG)) = dimp VY (see point 10 in Proposition 3.7 of [17])).

Remark 5.2. In the case of our interest (see in the next section), A will always be homeomor-
phic to a subset of R, then we have the following two possibilities:

ve(A%) =0, if AC is homeomorphic to a connected subset of R or if A® = ¢.
ve(A%) =1, if AC is homeomorphic to a subset of R having more than one component.

5.2. The variational characterization (proof of Theorem 2.4)

In our application, we will consider the natural action of the group G = T2 on H = H'(T?)
given by:

ifg=(s,1) € T? andu =u(x,y)e H, theng-u=u(x-+s,y-+1). (5.3)

Observe that then HS = {const}, so it is the one-dimensional eigenspace of the eigenvalue Ag.
Like in [12] we define, fork > 1, u > 0,

kk(u)zAinf sup 1, (u), 5.4

€l yeA
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where

Iy H—>Riurs I (u) = /|Vu| /\uﬂ (5.5)

and
I={ACdB: Aclosed, A G-invariant; £¢o € A; Y2 (A) >k} (5.6)

(here B is the L2 ball in H).

Note that critical points u € H at level A of I, constrained to d B are nontrivial solutions in H
of the equation —Au = (A + p)ut — Au~—, implying that (A + p, A) € X.

Observe also that for A € 'y, one always has AC = +¢o, so that, by Remark 5.2, ye(AG) =1.

Theorem 2.4, except for the last claim which will be proved in Section 6, is a consequence of
the following

Proposition 5.3. For k > 1, u > 0, the values A (1) are well defined, positive, are critical values
for 1, constrained to 3 B, depend continuously and monotone decreasingly on i, and 1 (0) =
Finally, if k > h then A () = A ().

Proof. The proof is standard, and goes trough the following points:

(1) 1,13 is G-invariant and satisfies the PS condition.

(2) Foreach k > 1, I'y, # ¥ and A () is well defined.

Actually, let Ek = span{¢o, ¢}, ¢b s O ¢k} this is a representatlon of G of (real) di-
mension 2k + 1 with d1mR(EkG) =1, then J/G(Sk) = k, where Sk = Ek N dB (by point 3 in
Proposition 5.1), that is §k ely.

Since 1,,(—¢p) =0 and §k € I} is compact, we have that the infsup in (5.4) is finite and
nonnegative (we refer to Section 6 for the proof that it is in fact strictly positive).

(3) Ar(w) is critical.

Indeed, let A, € I with sup,c4, 1, (1) < Ap(p) + €1 if Ag(u) were not critical then, us-
ing a G-equivariant deformation lemma in 9B, sup,cpa,) I (u) < Ax(n) — €, where 7 is an
equivariant homeomorphism satisfying n(4¢9) = £=¢o and then, by point 2 in Proposition 5.1,
n(A,) € I, which gives a contradiction.

(4) Continuity and monotonicity follow easily by the variational formulation, as in [12].

(5) Monotonicity in the index k is a consequence of the fact that if kK > & then I}, C I7,.

(6a) Ax(0) < Ag, actually §k e I, and SUp,, 3, Io(u) = Ag.

(6b) Ax(0) > Ag, actually by Lemma 5.4 below, if A € Iy, then there exists z € AN E- w_1» and
then Io(it) > Ar. O

Lemma 5.4. If A € I}, then AN Ej- | #0.

Proof. Write H as H = H® @ F|; ® F» where F; and F> are invariant orthogonal subspaces.
The lemma is a consequence of the following claim:

Let A C 0B, A closed, A G-invariant, £¢g € A;if AN F>, =@, then y (A) dimc (Fp).
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In fact, consider V = HY @ F) as a representation of G: then V9P = HC and Vg = F1. Let
Q:H — H® @ F be the orthogonal projection:

— since AN F> =, we obtain Q(A) € (H® @ Fy) \ {0};
— since A® = {£¢p} one has ,(A%) = 1 = dimr HY, moreover Q)| 46 1s the identity, and then
it is nontrivial as a map into H G\ {0}.

This proves that Q is a G-map satisfying the properties in definition (5.1), and then implies,
by (5.2), that y3(A) < dimg(F1). O

6. Proof of Theorem 2.3 and end of proof of Theorem 2.4

In this section we will use some results from [16] and from [9] in order to prove Theorem 2.3
and to conclude the proof of Theorem 2.4.
The required result from [16] is summarized in the following proposition:

Proposition 6.1. (See [16].) Let

e V be the eigenspace associated to the eigenvalue A, W its complement in H and 0 By the
unitary L? sphere in V;

e A be the open square (A, L)% where )\ (resp. ) is the nearest eigenvalue below (resp. above)
Ah

o L+ ,-(u)= fQ |Vu|? — At fg lut]? — A~ f_Q lu~|? be the functional defined in H associ-
ated to the Fucik problem with coefficients A, 1~ ;

e 0:V — W be such that 6(v) is the (unique) solution of the equation —Aw = Py (g(v+w)),
where g(t) = ATtT — A7t~ and Py is the orthogonal projection onto W.

Then the curves in A given by

[(ﬁ,r)eA: inf L+, (v+0@)

veJB

}.

o} (6.1)

{027) e s sup Loy (v+0()

veaBV

are continua in X, and any other point in X' N A must lie between them.
With this result, we may give the

Proof of Theorem 2.3. It is clear by the invariance of problem (1.3) that 6(g - v) = g - 6(v)
and then )+ ;,-(g-v+0(g-v)) =L+ ,-(g- (W+0(1))) =L+ - (v+6(v)). Since in the hy-
potheses of Theorem 2.3 the eigenspace V' contains a unique orbit and its positive multiples,
I+ ;- (v+0(v)) is constant in 9 By, which implies that the two curves defined in (6.1) coincide,
and then no other point in X' N A may exist. O

In [9], as we commented in Section 1, a variational characterization of the first nontrivial
curve was given and many interesting properties were proved for this characterization: we will
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summarize these results below, and will then establish a connection with our variational char-
acterization for A1 (u) given in (5.4); indeed, we will see that the characterized curves coincide,
and this will allow to extend to our characterization some of the properties proved there.

The variational characterization given in [9] is

vi(u) = inf sup 1, (u), (6.2)
heAr yen(—1,17)

where

Ay ={h:[-1,1]— 9B continuous, with 2 (£1) = £¢o},
and it was proved that
Proposition 6.2. (See [9].)

e For each p > 0 the level vi() > 0 is critical for the restriction to 0B of the functional 1,,,
that is (vi(u) + w, vi(w)) € X (Theorem 2.10).

e V1(0) =Xy (Corollary 3.2).

e No other critical point may lie at level lower than vi (i) except for £¢o, which implies that
(v () + w1, vi(w)) is the first nontrivial point of X' on the parallel to the diagonal through
(i, 0) (Theorem 3.1).

e The curve described is continuous and strictly decreasing (Proposition 4.1).

The following proposition will extend all these properties to our characterization A (u), and
then imply the last claim in Theorem 2.4 and the strict positivity of A; () which was not proved
in Section 5.

Proposition 6.3. vi (1) = A (w) forall u > 0.

Proof. For a given h € Ay, let Gh([—1, 1]) be the union of the orbits of the points in A([—1, 1]):
by the invariance of /,, with respect to the action of G we have

vi(u) = inf sup I, (u) = inf sup 1, (u).
heAt yeh(-1,11) heAt yeGh(—1,11)

However, Gh([—1, 1]) € I, since it is G-invariant, closed, contains F¢q, and also contains a
path joining £¢y, so that no continuous function may map it in Hyp \ {0} if the images of ¢ are
in different components, implying that a representation V as in definition (5.1) necessarily has
dimc Vg > 1. This implies that vy () = A1(w).

For u = 0 we already know that v{(0) = A1(0) = A;.

Finally, since both characterizations are continuous and vy () > 0 we have that if they were
not the same, then there would exist u > 0 such that v{ () > A1() > 0, contradicting the fact
that vy (w) is the first nontrivial curve. 0O

Remark 6.4. In Section 1, we also recalled the results in [9] and in [1] about the asymp-
totic behavior of the characterized curve vi(®): we could use Proposition 6.3 to prove that
lim,,, {00 A1 (1) = Ao = 0, however, we refer to the next section where we will use our char-
acterization to obtain a more general result.



E. Massa, B. Ruf / Journal of Functional Analysis 256 (2009) 1432—1452 1443

7. Study of the asymptotical behavior of the variational curves

The aim of this section is to construct suitable sets with a given value of yg and then to use
them in order to obtain estimates on the critical levels (5.4), which will result in the proof of
Theorem 2.6.

For this purpose, we recall some useful definitions (see for example in [4]): the join Y7 % - - - %
Yy of kK nonempty G-spaces Y;, is defined as the quotient E/~ of the space

k
E={(aiyi,...,axyr) withy; € ¥;, aq; €[0,11 i =1, ..., k), Zai=1},
i=1

with respect to the equivalence relation

~: (a1y1,...,0yj, ..., aryr) ~ (alyl,...,Oy},...,akyk)
foranyyj,y; €Y, (j=1,...,k),
where the G-action on the join is given by g - (a1 y1, ..., aryx) = (@18 - y1, ..., arg - yx). We will

denote by J; G the join G * G % - - - x G, k times.
Also, the join of G-maps ¢1 * - - - * ¢ where ¢; : Y; — Z; is defined as

G-k Yk kY —> Zykok Zi(aryn, - apy) — (@i, - ardr ().
We will need the following proposition, which is a consequence of [5]:

Proposition 7.1. If G is a torus, consider the G-space S™ x J, G with the trivial action on S™:
then there does not exist a G-map ¢ : S * G — S(V) if

e V is a representation of G with dimr V¢ =m + 1 and dim¢ Vg = j <k,
e ¢ induces a homotopy equivalence between the spheres S™ and S(V ©).

Sketch of the proof. As claimed in the proof of Corollary 2 in [5], there exists a G-map
7:5(Vg) > G/K *---xG/Kj,
where each K; is a closed proper subgroup of G; then consider the G-map
v i=idgyey xT:S(V) > S(VO) « G/Ky x--- % G/K};
if the G-map ¢ in the claim existed, then the composition
t'o¢p: 8" x J;G — S(VG)*G/Kl %% G/K;

would be a G-map too; however, by Proposition 6 in [5], no such G-map exists if j <k. O
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7.1. Sets with given yg

We may now proceed to the construction of a set in the class Iy defined in (5.6): let f1, ..., fx
be k functions in H \ HY satisfying the following hypothesis:

Hf) If ¢; 20, g € G (i =1,...,k), with a; > 0 for at least one j € {I,...,k}, then
k
Zi:1 aigi- fi ¢ HE.
Remark 7.2. The above condition (Hf) is not difficult to be achieved, by choosing a “different
shape” for the functions fi, ..., fx. In particular, the condition is satisfied if the f; are noncon-
stant eigenfunctions taken in k distinct eigenspaces.

Another possible choice of the functions f; will be described in the next section, in the proof
of Theorem 2.6.

We define the set

| aosgo+ i aigi- fi
= - :
laosgo + Zi:l a; 8- fi ||L2

k
se{£l}, ap.ai €[0,1], g €G(i=1,....0), ap+» ai=1¢ (T.1)
i=1

and we prove

.....

,,,,,,,,,,

Proof. First, one has to check the wellposedness of the definition, that is ||apspo + Y _aigi -
fillz2 # O: this is guaranteed by hypothesis (Hf).
Then, we see that there exists the natural G-map

aps¢o + Zf:l a;gi- fi

..... . k . (7.2)
laosgo + > iy aigi - fill 12

,,,,,

of 9B such that Wiy, N HY = {£¢p}, then Wifviei .« € Tk provided yg(W{fi}i:I,...,k) > k.
Then suppose there exists a G-map M : Wiy, . — V \ {0} satisfying
o dimp V9 =y (W5,  )=1anddimc Vs <k,
o M (W{(J;c,}‘ 1 k) cve \ {0}, and M |W{? } is not homotopic to the constant function as
=t iYi=1,...k

a map into VY \ {0};

by composing M o Ay and projecting on S(V), one would obtain a G-map : S° % JyG — S(V)
which induces homotopy equivalence between S” and S(V ©): this contradicts Proposition 7.1,

,,,,,
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7.2. Every variational curve is asymptotic to 0

In order to prove Theorem 2.6, we will first produce a suitable function f € H and then use
it in the construction above in order to build a suitable set with a given index k, which will allow
us to estimate the infsup values in (5.4).

Among some other technical conditions, the main property required of this function f is to
Jr2 IVF1?

/. 2 f 2
this property in one spatial dimension, but it is always possible in higher dimension.

In particular, f will be defined to be the constant —/ < 0 outside of a small ball, and with
a spike in this ball which reaches the level H > 0: using a vector coordinate x in the square
[—1/2,1/2] x [—r/2,r/2] representing T we set

change sign, but having a suitably small ratio we remark that it is impossible to achieve

—h, if [x| > 7,
f= P
H—(h+H)5, iflx]<n,

where h, H are two positive reals, and 1, § > 0 are suitably small.
We claim that

Lemma 7.4. Given k € N, ¢ > 0, it is possible to choose 1,8, H, h > 0 in such a way that the
following requirements are satisfied:

(1) fp f =0
2
@ 2 <ok

B3) [r2 £(&- f) = —1 [y2 f* forany g € G;
(4) 2kn < min{r; 1}.

Proof. First, straightforward computations give (we set A = r: the area of T2)

8
/f:—Ah+nn2(h+H)m, (7.3)
T2

ff2=h2(A—nn2)+2nn2 lLl—er(thH)2 Ui _2H(h + H) Ui . (14
2 25 +2 542
T2

/lVf|2:mS(h+H)2. (7.5)
T2

Also (from now on we will assume 1, § > 0 suitably small), given g € G,one has —h < f < H
and then f(g - f) > —hH; however, f(g - f) = h? in a region of area at least A — 27772, then
we may estimate

/f(g-f) > h*(A —27n?) — hH2mn?. (7.6)
T2
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Now, we choose the ratio H/h in order to obtain property (1): again a simple computation
2.8
ives H — A7 50 h+H _ AG+2)
gives - = — and = o
0+2

which we estimate as

3A H+h _ H A
> > — 22— (7.7)
Tn%s h h = wn?s

With (7.7) we estimate (observe that the term in parentheses in (7.4) is larger than HTZ for
small 1)

/f2>h2A/2+nn2H2/2>h2 A/2—|—7m2A72 >h2A72, (7.8)
2(mn28)2 27712682
h*A 3A 6h% A
f f@ fz——n -, (7.9)
N2 )
A\ A2
flVf|2 < h’rs 3 — ) <3 (7.10)
N2 n*s
TZ

Now we analyze the requirements in the lemma, which will be achieved by choosing §,n > 0
small enough: (1) has already been enforced, (4) is straightforward and (3) is equivalent to

—6h%A > —% 2}‘;’?225, then it is possible to be achieved by the choice of 1 once that § is small.

So at this point we fix the value 1 so that the above requirements are achieved for suitably small
(but still free) § > 0.

3n2 42
Finally, (2) is equivalent to > Z;‘S = 6’;—5 < ¢/k?, then we may set 8 > 0 small enough and
2nn252

conclude the proof. O
Now we are in the position to prove the main result of this section:

Proof of Theorem 2.6. Since the function A (w) is decreasing and positive, we suppose, for sake
of contradiction, that Ay (i) > € > 0 and with these values of &, kK we obtain from Lemma 7.4
a corresponding function f, then we set f; = f fori =1, ..., k and we consider the set

We=Wisio x (7.11)

as defined in (7.1).

First we verify hypothesis (Hf): condition (4) implies that k disks of radius n may not cover the
whole of 72, then for any choice of g1, ..., gk € G there exists a point p where (g; - f)(p) = —
forany i = 1,..., k and then Zf‘ 1ai(gi - H)(p)=—h Zle a;; however, let a; > 0 and (g; -
) =H, then Z, Lai(gi - (@) =a;j(H+h) —hY*_ a;. We conclude that Y%_ a;g; - f
is not a constant function and then (Hf) is satisfied.

Since W € I';, by Lemma 7.3, we have, by (5.4),

Ak () <max I, (u); (7.12)
ueW
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let then v(u) € W be such that the maximum in (7.12) is assumed in v(u), consider any sequence
Un — +oo and let v,, = v(w,): up to a subsequence we have

v, &> vg € W, strongly in H;
from (7.12) we get

I/An(vn) 2 A (tn), (7.13)

that is

190125 — [0 |72 = 2kt (7.14)

Taking the limit in (7.14), since we assumed that A;(,) = €, gives
IVvoll7, > e. (7.15)

Writing v = A (aos, a1 &1, - - -, akgk) in the notation of Eq. (7.2), since Vg = 0 and ||vp||;2 =1,
this becomes

T2

k 2
D aivigi- f)

i=l1

k 2
8/(a0s¢o—|—2aigi~f> , (7.16)
i=1

T2

where [ (aosdo + Zf:] aigi- f)* = [r2 (aoso)® + = (Zle aigi - f)? since f is orthogonal
to ¢o (condition (1) in Lemma 7.4).

Now, if ap = 1 (that is, if all the other coefficients are zero), (7.16) gives 0 > ¢, contradiction;
otherwise we collect as

/

T2

k k

2 2
Y aivig -f)‘ —8f<zaigi-f) 28/(6!0(1’0)220, (7.17)
T2

and then we get

S | Y iV (gi - f>|2
fTZ(Zz 1algl f)

(7.18)

Using the estimate (Y5_, x;)?> <k Y"5_, x2, one obtains

/

T2

k

Y aivigi- f)

i=1

2
<ku|aZV(g, NP —[kz UWﬂ .19

T2l1
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Writing [,»(YF_  aigi - £)? as

/Z(alg, e[ S s £)(g ) Za [+ 5 a,a,f<g, £igi P
T2

T2 = 1 T2 i,j=1 i,j=1
i#]j i#]j
and using property (3) in Lemma 7.4 and the estimate Zf‘J ik XiXj S -1 Zl_l xl , wWe
conclude
k 2 k k
f(Zaig,--f) >[Z“2—— }/f —[— a?}/fz- (7.20)
g2 Ni=l i=1 =1 T2

Inserting (7.19) and (7.20) into (7.18) and using property (2) in Lemma 7.4, one gets

kY 1az]fﬂlwﬁ_kz r VP
[ Zz 1a2]fT2f2 fT2f2

this contradiction concludes the proof. O

< k’e/k%;

8. Secondary bifurcation from the first curve

By comparing Theorems 2.6 and 2.3, we deduce that the variational characterizations A (w)
follow initially the explicit curves (at least in the case when Aj; has multiplicity two, to which
Theorem 2.3 applies), but eventually separate from them to go asymptotically to 0.

This observation implies that the variational curves X}'* described by Aj (i) cross every ex-

plicit curve X y *Pl with 1 < j <k, and also suggests the presence of bifurcation points along
the exphclt curves: we investigate in this section the bifurcation from the first explicit curve
Ele Xg’ ; for this we will impose r < 1 so that ¥ Op is in fact the first explicit curve and is distinct
from Z‘eXp :

The result (which implies Theorem 2.8) is in the following

Theorem 8.1. If r < 1, then along the explicit curve Elejg) ! there exist infinitely many points of
bifurcation, in the sense of the following Definition 8.2.

Definition 8.2. If we define a continuous function (0, +00) > u + (A, u,,) such that (A, + u,
eXpl
Ap) € X4

Efxé) is ab1furcation point if there exists a sequence (i, Aj, u;) —> (L, Ay, u,,) where (Aj+ 1,
Aj) € X, uj is a corresponding solution with [luj|;2 =1 and u; & Guy,;.

and u, is arelated solution with |[u, || ;> = 1, then we say that a point (A, +ur, A;,) €

Remark 8.3. (a) We remark that results of bifurcations from the curves of the Fucik spectrum
were obtained for the Dirichlet problem on a square in [15]. In the same work, the authors found,
through numerical approximations, examples where curves arising from different eigenvalues
cross each other: this behavior was already known in a rectangular domain with Dirichlet bound-
ary conditions between explicitly calculated curves (see [7]); we remark that our result differs
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from the cited ones, since it is obtained through analytical tools and since the crossings hap-
pen between curves arising from arbitrarily distant eigenvalues (one of which is not explicitly
known).

(b) It is interesting to observe that the explicit nontrivial solutions u, corresponding to a point

along Elefg) : only depend on the variable x, and then their orbit is homeomorphic to S'. Once
that we prove that there exists a bifurcation, since the solutions depending on just one variable
are known, we obtain that the bifurcating solutions u; break this symmetry and then their orbit
is homeomorphic to 72.

(c) In Remark 8.7 we show that in fact a result analogous to Theorem 8.1 holds for the curve

1 . . » 1 1
ESXF too; also, we suggest that it should be true “in general” for any curve EZX(I)) or Z‘SX; .

In order to prove Theorem 8.1, we will simplify the problem by getting rid of some of its sym-
metries: we consider the Neumann problem on a rectangular domain R having dimension 1/2
and r/2 and we call X' the corresponding Fucik spectrum: actually, any solution of such a prob-
lem may be extended by two subsequent reflections to a periodic solution in the rectangle of
dimension 1 and r, corresponding to a solution on our torus (in general, the converse will not
be true, and so we have the inclusion X'r C ¥72). Also, it is straightforward that all the explicit

curves X ng : and Z‘gjf : that we found in Section 4 are also in Xp.

If we find a bifurcation point for X'g, then it will correspond to a bifurcation point for X'7> in
the sense of Definition 8.2.

In the context of this simpler problem, we may proceed in a similar way as in [15] in order to
investigate bifurcation points along the explicit curves: first, we reformulate our problem as the
search for solutions of F(u, A, u) =0 where

F:R*x H—RxH: F(u,hyu)=(llull?, — 1,u — K[u+ ru+ put]), (8.1)

where H = H'(R) and K : H — H is the inverse of the operator —A + 1, in the sense that
(Ku,v)g = [ VIKu)Vv + [ (Ku)v = [, uv.
expl

Since we are interested in bifurcations from a known solution with (A + u, 1) € X, we

again define a continuous function (0, +00) > u = (A, u,) such that (A, + u,A,) € Elexgl

and u,, 1s a related solution with |lu,||;2 = 1. Like in Theorem 12 in [15] one may prove that
a sufficient condition in order to have a bifurcation point is that O is a simple eigenvalue of the
derivative F ) (p, Ay, uy).

Also, the above condition turns out to be equivalent to the problem of determining when the
eigenvalue A = 0 of the following equation (with Neumann boundary conditions) has multiplic-
ity 2:

—AV — Uy, v —Aryv=2av in (0, 1/2) x (0,r/2), (8.2)

where y,, 18 the characteristic function of the set {u,, > 0}; actually, one considers

F()\.,M)(M? )\'/,L’ u,u)[la v] = (f u,uv’ v — K[U + )\,u,v + MXMM>Ov +lupL]) - (07 0)7
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by testing the second equation against u,, one gets [||u,, ||i2 = 0, that is, [ = 0: then the second
equation is equivalent to (8.2) with A = 0 and the first one rules out the function u, which is
always an eigenfunction of the zero eigenvalue for (8.2).

The spectrum of problem (8.2) is described in the following

Lemma 8.4. The eigenvalues A of (8.2) are A; j(iu) = p;(n) + kj with corresponding eigen-
functions vl“j (x,y)= Vl.“(x)Wj (y) where kj = 472 j%/r? and W; (j = 0) are eigenvalues and
eigenfunctions of

—W"=kW in(0,r/2), W (0)=W'(r/2)=0 (8.3)
and p; (), Vi“ (i > 0) are eigenvalues and eigenfunctions of
—V”—MXMMV—)»MVZ,OV in (0,1/2), Vi 0)=V'(1/2)=0. (8.4)

Moreover, the eigenvalues p; (i) and k; are all simple and one has that p1(u) =0, VII”L (x)=
uy,(x), po(n) <0, VOM(x) > 0 and p;(n) >0 fori > 2.

Corollary 8.5.

— The eigenvalue .. =0 of (8.2) is double if kj = —po() for some j > 1 and is simple other-
wise; in fact, v(x, y) = u, (x) is always in the eigenspace.
— The number of negative eigenvalues of (8.2) is the number of j > 0 such that k; < —po(L).

Proof. Using classical arguments (see for example in [6]), one performs separation of vari-
ables looking for solutions of (8.2) of the form v(x, y) = V(x)W(y) and obtains Eqgs. (8.3)
and (8.4) where p = A — k: since both equations have an unbounded increasing sequence of sim-
ple eigenvalues and a complete orthogonal system of eigenfunctions, then the product functions
Vl.“ (x)W;(y) form a complete orthogonal system and then the analysis of the separated variable
equations (8.3)—(8.4) is sufficient for the analysis of Eq. (8.2).

Also, since u, (x) is a solution of (8.4) when p = 0, and since it changes sign once, we deduce
that it has to be the second eigenfunction, that is p; () = 0. As a consequence po(u) < 0, and it
is known that the corresponding eigenfunction V(;”L (x) 1s positive, while p; (n) > 0 fori > 2.

The claims in the corollary follow straightforward, since A = 0 may be obtained just by the
combination ko + p1 () = 0 and (when possible) k; + po() = 0, while A < 0 may only come
from k; + po(n) <0. O

In order to prove the existence of the bifurcation points, and then to prove Theorem 8.1, we

need to show that the eigenvalue zero of (8.2) is double in infinite points of Ele Xé) 1, in fact we
prove the following

Lemma 8.6. For r < 1, the function po(it) defined in Lemma 8.4 crosses all the values —k;:
i>1asu— +o0.

Proof. When p =0, one has A, = 472 and the constant function is the principal eigenvalue
of (8.4) corresponding to py(0) = —47?: then we have pg(0) > —k; = —4ﬂ2/r2.
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It is known that the principal eigenvalue may be characterized variationally (see for example
in [6]) as

f(V/)z - /LquM V2

o(p) = inf — Ay (8.5)
PO VeH!(0,1)\{0} [v? ”
by using V = const in (8.5) and observing that u, > 0 in a set of length ﬁ, one may
HTAu
estimate
T oW
Po() € — = —F——— — Ay;
2 w4+ )“M ’
since A, is bounded between 72 and 472, this implies that lim,,_, ; o po(pt) = —0o0 and then,

since the function pg(u) is continuous, the claim is proved. O

Remark 8.7. We observe that if we consider the curve ESXF : (that is, since we chose r < 1,

a curve higher than ET% l), then in Eq. (8.2) the function x,, depends on the variable y and
we are able to obtain a result analogous to that in Lemma 8.4 and in Corollary 8.5, where the
equation for V becomes like (8.3) in (0, 1/2) and that for W like (8.4) in (0, r/2).

A difference arises in Lemma 8.6 since in this case the principal (negative) eigenvalue of the
equation for W when n = 0 is already below —k1, but still it goes to —oo as u — +o0 and then

we get infinite points of bifurcation along ZJS’XF ' too.

Finally, if we consider a higher curve X’} Lor =0y ! with i > 1, we still are able to find an

infinity of points where the zero—eigenspace’ of (8.2) has dimension higher than 1, but we can
no more guarantee that this dimension is exactly 2, since in this case zero is still an eigenvalue
of (8.4), but it is the hth one, so that we have more than one negative eigenvalue for (8.4) and
then it may happen that p; (1) + k; = 0 for more than one couple (i, j) # (h, 0); again po(u)
will cross infinite values —k;, so we conclude that for such curves there should still be bifurcation
points, but also more complicated phenomenons might arise.
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