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ABSTRACT. Let N >2, a>0and 0 <b < N. Our aim is to clarify the influence of the
constraint Sqp = {u € WY (RY) | |[Vul|% + |u|% = 1} on concentration phenomena
of (spherically symmetric and non-increasing) maximizing sequences for the Trudinger-
Moser supremum

dn(a,b):= sup / ¢N(aN|u\%)dx
ueSy b RN

1/(N-1)
N-1

where ay is the sharp exponent of Moser, i.e. ay = Nw and wy-1 is the sur-

face measure of the (N - 1)-dimensional unit sphere in RY. We obtain a vanishing-
concentration-compactness alternative showing that maximizing sequences for dy(a,b)
cannot concentrate either when b # N or when b = N and a > 0 is sufficiently small.
From this alternative, we deduce the attainability of dy(a,b) for special values of the
parameters a and b.
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Let a, b > 0 and let us denote by dy (a,b) the supremum corresponding to the Trudinger-

Moser inequality in the whole space RY, N > 2, with exponent a > 0 and constraint

[Valf +lulfy =1 Yue WHY(RY)
1

(1.1)



2 JOAO MARCOS DO O, FEDERICA SANI, AND CRISTINA TARSI

More precisely,

dn.a(a,b) = sup /RN on( oz|u|% ) dx (1.2)

ueWLN (RN), |Vu|§+[ul =1

where o > 0 and
. N-2 tk
on(t) =€ _k;ﬁ Vt>0

When a=b=N, we set
dN,a = dN’a(N, N)
and the above supremum dy . corresponds to the classical Trudinger-Moser inequality in
RN, Tt is well known that
dN,aN < +oo (13)

where ay := Nw]l\{fjlv_l)

and wy-_1 is the surface measure of the (N — 1)-dimensional unit
sphere in RY. Moreover, the exponent o is sharp in the sense that

dN,a =400 VYa> an

In the 2-dimensional case, the study of the attainability of the supremum ds , is due to
B. Ruf [21] and M. Ishiwata [13]. Roughly speaking, from the delicate analysis carried out
in [21] and [13], we can deduce that, given a (spherically symmetric and non-increasing)
maximizing sequence {u;}; ¢ WH2(R?) for da, with 0 < a < ay, the following alternative
occurs: either the weak limit « in W12(R?) of the maximizing sequence {u;}; is non-
trivial (compactness) and it is a maximizer for da o or w = 0. In the latter case, the loss of
compactness can be caused by

e cither vanishing phenomena, i.e.

lim fRZWuﬂZdaz:O and  lim /R2]uj|2d:1::1

j—>+o0 J—>+o00

e or concentration phenomena, i.e.

. 2 _ : 12 -
jEErnoo A; |Vu;|“de =1, jgznoo /]RQ luj|*dz =0 (1.4)
and
jliinm R By IVuj|*dz =0  for any fixed R >0 (1.5)

The proper understanding of the above alternative was a priori not obvious. However, the
most valuable results obtained in [21] and [13] cannot be summarized in this way and are
clearly more involved. In the critical case o = ap = 47, as showed in [13], it is possible
to rule out vanishing behaviors of maximizing sequences for ds 4 and the most hard and
inspiring part of the result in [21] is to exclude concentration phenomena. In particular

Theorem A ([21]). In the 2-dimensional case, the level of normalized concentrating se-
quences for the Trudinger-Moser functional is exactly ew. More precisely,

sup{ lim fRQ(eM“? -1)dz ‘ {u;}; is a normalized concentrating sequence} =em

J—>+oo
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where a normalized concentrating sequence is a (spherically symmetric and non-increasing)
sequence {u;}; e WHA(R?) such that | Vu;|3 + |u;|3 = 1 and satisfying (1.4) and (1.5).

In the subcritical case 0 < a < aig = 47, concentration cannot occur, due to the fact that
one can always gain some LP-uniform integrability with p > 1, and loss of compactness can
be caused only by the failure of the compact embedding of W12(R?) in L?(R?), i.e. by
the fact that the embedding

W1’2(R2) o L2(R2)
is continuous but not compact. Therefore vanishing phenomena prevail and, as enlightened
in [13], provoke the non-attainability of da , when a > 0 is sufficiently small.

Theorem B ([13], Theorem 1.2). In the 2-dimensional case, if o >0 is sufficiently small
then the Trudinger-Moser supremum ds o is not attained.

Concerning the higher dimensional case N > 3, the study of the attainability of dy o, is
due to Y. Li and B. Ruf [18]. Even if, from [18], one can deduce that no loss of compactness
of maximizing sequences occurs, a very careful blow-up analysis, as developed in [18], is
needed to prove that dy ., is attained.

Differently from the 2-dimensional case and due to the method of proof adopted in
[18] which is based on blow-up analysis, one cannot deduce from [18] a precise estimate
of the level of (spherically symmetric and non-increasing) concentrating sequences for the
Trudinger-Moser functional in higher dimensions N > 3. This problem is heavily non-trivial
and still open.

In contrast (at least apparently) with the 2-dimensional case, in the subcritical case
0 < o < ay and when N > 3, the supremum dy  is always attained and also vanishing
phenomena do not play any role. Actually, even in the higher dimensional case N > 3,
the attainability of dy(a,b) with (a,b) # (IN,N) heavily depends on the value of the
exponent 0 < a < ay, as showed by M. Ishiwata and H. Wadade in [14] (see also [15] and
Remark 1.2). From [14], we can deduce that the constraint (1.1) has an effect on vanishing
phenomena. Then one may wonder

How does the constraint (1.1) influence concentration phenomena?

In a very recent paper, N. Lam, G. Lu and L. Zhang [17] proved that, when dy o, (a,b) <
+00, the exponent ay is sharp for the corresponding Trudinger-Moser inequality and it is
not affected by the values of a and b

Theorem C ([17], Theorem 1.2). Let N >2 and a, b>0. Then dyqy(a,b) < +oo if and
only if b< N. Moreover, if 0 <b< N then the exponent oy is sharp in the sense that

dna(a,b) =+00 VYa>ay

Remark 1.1. If a >0 and b> N then it is not difficult to see that for any 0 < o < ay there
exists a constant C,, > 0 such that

sup ]RN ¢N(a|u|% )dz < Cy, (1.6)

ueW LN (RV), [ Vul & +ul =1
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and, summarizing, we have

< Cg if
a>0and b>N = dN,a(a,b){_C %f0<>a<aN
=+o00 Ha2>an

Therefore, when a > 0 and b > N, we have a family of subcritical Trudinger-Moser type
inequalities for which the exponent ap is not admissible, as in the case of Adachi-Tanaka
type inequalities, see [1].

Our aim is to clarify the influence of the constraint (1.1) on concentration phenomena
of (spherically symmetric and non-increasing) maximizing sequences for the corresponding
Trudinger-Moser inequality. Since when a > 0 and b > N, the range of the exponent «
for the validity of (1.6) is an open interval, i.e. « € (0,ay), it is not difficult to exclude
concentration behaviors of maximizing sequences.

For this reason, from now on we will just consider the supremum dy q, (a,b), with
N >2, when a >0 and 0 < b < N and, to simplify notations, we will denote by dy(a,b) the
Trudinger-Moser supremum dy o (a,b) defined by (1.2) with exponent o = a, i.e.

dn(a,b) :=dnay(a,b) (1.7)
Definition 1.1. Let {u;}; c Wl’N(RN) be a spherically symmetric and non-increasing
sequence and assume that each u; satisfies the constraint (1.1), i.e.
b .
[Vuslf +lusly =1 Vix1
(I) We say that {u;}; is a normalized vanishing sequence if

lim |[Vuj|n=0 and  lim |uj|ny=1 (1.8)
jo+o0 j—+oo

(II) We say that {u;}; is a normalized concentrating sequence if
lim |[Vuj|ny =1, lim fu;fy =0
—+00 Jj—>+oo

and
lim [ = 5 ]Vuj\Ndx =0 for any fired R >0
\Bgr

j—=>+oo JR
Our main result is a vanishing-concentration-compactness alternative for normalized
(spherically symmetric and non-increasing) sequences in WY (RY), that we will state in
Section 2 (see Lemma 2.2). In particular, this alternative entails the following precise
estimates of the energy level of normalized vanishing and concentrating sequences.

Theorem 1.1. Let N 22, a>0 and 0 <b< N. Then any normalized vanishing sequence
{u;}; c WEN(RYN) satisfies
N-1

. N Qpy
oy on(an|ui|¥T ) dx = -1 (1.9)
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If we assume in addition that b + N, i.e. a >0 and 0 < b < N, then any normalized
concentrating sequence {u;}; ¢ WUV (RN) satisfies

N
dim [ on(anfl ¥ )dr =0

We call the attention to the fact that, when a >0 and 0 < b < IV, the energy level of nor-
malized concentrating sequences is zero, see also Remark 2.4. Therefore, the corresponding
problem of the attainability of the Trudinger-Moser supremum dy(a,b), with this range
of the parameters a and b defining the constraint (1.1), becomes much easier: if a >0 and
0 < b < N then maximizing sequences for dy(a,b) cannot concentrate. In other words,
concentration phenomena may occur only when b = N, while when

a>0 and O0<b< N,

if we restrict our attention to maximizing sequences for dy(a,b) then the vanishing-
concentration-compactness alternative expressed by Lemma 2.2 reduces to a vanishing-
compactness alternative, see Section 6 and more precisely Lemma 6.2.

Exploiting Lemma 6.2, and in particular the energy level of vanishing sequences (1.9),
we will prove the following attainability result

Theorem 1.2. Let N > 2, a > % and 0 < b < N be fixred. Then the Trudinger-Moser

supremum dy(a,b) defined by (1.7) is attained.

Note that, the additional condition
N
N-1
is meant to exclude possible vanishing behaviors of maximizing sequences for dy(a,b), see
Section 7.

a >

Remark 1.2. The case 0 < a < % is beyond our aims, since it is significant for vanishing
phenomena, as one can deduce from the interesting analysis carried out in [14]. We also
refer the reader to the new result by M. Ishiwata and H. Wadade [15], where the authors
address explicitly the problem of the attainability of dy (7,7), with subcritical exponent
0 < a < ay and v > 0, showing that vanishing phenomena may prevent the subcritical

supremum dy (7,7) to be attained.

2. A VANISHING-CONCENTRATION-COMPACTNESS ALTERNATIVE

In our analysis, the following improved version of the Adachi-Tanaka inequality [1] will
be crucial

Theorem 2.1 ([6] and [17]). Let N >2. Then there exists a constant Cy >0 such that for
any v € (0,1) we have

N C .
./]RN on(an v |u|¥T ) dr < ?1\17\1—1 |u|X Vue WEN(RN) with |Vu|y <1 (2.1)
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We recall that (2.1), in the 2-dimensional case, was deduced in [6, Theorem 1.2] as a
direct consequence of the critical Trudinger-Moser inequality in R, i.e. (1.3) with N =2.
N. Lam, G. Lu and L. Zhang in [17, Theorem 1.1] obtained the generalization to the higher
dimensional case N > 3, without assuming a priori the validity of (1.3).

Remark 2.1. In this framework, it is important to mention also a Lions-type result [12,
Theorem 1.1] in the whole space RY. This result tells us that, if a sequence {u;}; c
WEN(RY), satisfying the constraint (1.1) with a =b= N, i.e.

N N ,
[Vuiln +lujly =1 vjix1,

weakly converges to a non-trivial function u # 0 then an inequality of Trudinger-Moser
type holds along the sequence with an exponent larger than . More precisely,

N -1
sup [ on(axplus#1 )du<voo forany 0<p< [1- (vl + [ul}) ] 7T (22)
J

The scale invariant inequality (2.1) implies only a weaker version of (2.2) but it is more
flexible to treat the case of normalized sequences with respect to the constraint (1.1).
Moreover, inequality (2.1) will enable us to describe the effect of the constraint (1.1) on
concentration phenomena.

Let N >2 a>0and 0<b< N be fixed. We begin considering a (spherically symmet-
ric and non-increasing) maximizing sequence {u;}; ¢ WHN(RY) for the Trudinger-Moser
supremum dy(a,b) defined by (1.7), i.e. u; >0 a.e. in RY for any j > 1,

b .
IVuily +luly =1 Vi1

and

. N
Jim oy @8 Canlus| 81 ) do = dy (a, b)
Remark 2.2. By Schwarz symmetrization, it is well know that given a maximizing sequence
{u;}; ¢ WHN(RYN) for dy(a,b), one may always assume that each u; is non-negative,
spherically symmetric and non-increasing with respect to the radial variable.

We will set 6 := |u;|% € (0,1), so that | Vu;||% = 1-6;. Since {6;}; € (0,1), without loss
of generality, we may assume

lim 6;=0¢[0,1]
j—+oo
and, it becomes natural to distinguish three cases according to § = 1, § = 0 and 6 «
(0,1). Intuitively, in terms of the maximizing sequence {u;}; for dy(a,b), this suggests
the following alternative:
(I) (vanishing) if 6 = 1 then {u;}; is a vanishing mazimizing sequence for dy(a,b);
(II) (concentration) if & = 0 then {u;}; is a concentrating maximizing sequence for
dn(a,b);
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(ITT) (compactness) If § € (0,1) then
— _1
lim |Vuj|y=(1-8)a€(0,1) and  lim |u;|n=8" € (0,1)
J—>+oo J—+oo

and {u;}; weakly converges in W1V(RY) to a maximizer of dy(a,b). In other
words, dy(a,b) is attained.
In fact, in Section 6, we will show that this intuition can be derived from the following
vanishing-concentration-compactness alternative

Lemma 2.2. Let N >2,a>0 and0<b< N be fired. We consider a (spherically symmetric
and non-increasing) sequence {u;}; c WHN(RYN) satisfying the constraint (1.1), i.e

IVusl% + Juliy =1 ¥j>1
and we assume that uj —u in WHN (RY).
Then

(I) either {u;}; is a normalized vanishing sequence and
lim [ on( a;ﬂuﬂﬁ Ydx =0 for any firzed R>0
Jj—>+o0 JBR
More precisely,
a%‘l
A e ¢N(O‘N|“J|N1)dx_(N—1)!
(II) or {u;}; is such that

lim |Vu|xy=1 and lim |u;|x =0
J—>+oo J—>+oo

In this case there is a striking difference between the range 0 <b< N and b= N. If
0<b< N, independently of a >0, we have
hm ¢N(aN|u]|N 1)dzr=0
j—)

While, if b= N

e either {u;}; is a normalized concentrating sequence and

jl—i>£—noo N on( aN|uj|% Ydx =0  for any fized R >0
o or

. _N_
lim [RN o (anluj| ¥ ) dz = 0

j—+oo
(III) Finally, if both (I) and (II) do not occur then

aN-1 N
o

hmf on(anluy[FT ) da = [ ¢N(aN|u|N1)d:U+(N 1)'(5

J—>+oo

N
~July)
where, up to subsequences,

— . N
6" = lim fu;|y
J—>too
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In particular, if u; — u in LY (RY) then

. N N
dim [ on(anluy 3T ) de= [ onCanful¥ ) da
It is important to recall that, in the pioneering work [19], P.-L. Lions developed a version of
his Concentration-Compactness Principle for the limiting case of the Sobolev embedding
theorem, i.e. for the Trudinger-Moser case. The result of P.-L. Lions concerns bounded
domains and has been sharpened by R. éerny, A. Cianchi and S. Hencl [8]. The approach
introduced in [8] is different from Lions’ technique and yields to deal, not only with func-
tions vanishing on the boundary but, with functions with unrestricted boundary values on
a fixed bounded domain. The case of unbounded domains has already been considered in
[3], [12] (see Remark 2.1) and [7]. L. Battaglia and G. Mancini in [3] focused their attention
to the 2-dimensional case and in particular to the planar strip R x(-1,1) c R2. R. éerny in
[7] obtained a version of the Concetration-Compactness Principle for the Trudinger-Moser
functional on the whole space RY, i.e.

N
weWN®Y) o [ on(anlulFT)da
with respect to the constraint
Sy={ueWNRY) | |Vu|y<1l and Ju|y<M}, M>0,

which is different from (1.1).

We mention that Lions’ Concentration-Compactness Principle [19] inspired Adimurthi
and O. Druet [2] to study a valuable improvement of the Trudinger-Moser inequality on
bounded domains of R?. The improved inequality by Adimurthi and O. Druet [2] has been
extended to the higher dimensional case by Y. Yang [23, 24]. Related partial results in the
whole space RY have been approached in [9] and [10]. A new interpretation and a further
generalization of [2] has been introduced by C. Tintarev [22], see also Y. Yang [25] for a
study of the corresponding problem of attainability.

Remark 2.3. Definition 1.1 of vanishing sequences is apparently different from the notion of
vanishing introduced by M. Ishiwata [13, Definition 2.1]. Recall that, a (spherically sym-
metric and non-increasing) sequence {u;}; ¢ WHN(RYN) is vanishing according to Ishiwata
[13] if each u; satisfies the constraint (1.1) and
N
lim  tim [ |71 ) dz =0 2.3

am i o (onlu| VT ) da (2.3)
Nevertheless, as a consequence of (I) of Lemma 2.2, condition (1.8) implies (2.3). In
other words, any normalized vanishing sequence is also a vanishing sequence according to
Ishiwata.

Let {u;}; c WLY(RY) be a (spherically symmetric and non-increasing) sequence satis-
fying the constraint (1.1) and suppose

uj —u in WHY(RY)
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As mentioned above, if we set 6; = ||[u;|% € (0,1), so that |Vu;||% = 1 -6;, then we may
assume, without loss of generality,
lim 0;=60¢[0,1] (2.4)
J—>too
In the next Sections, we will prove Lemma 2.2 through the following steps:
e if § = 1 then (I) occurs (see Section 3);
e if # =0 then (II) holds (see Section 4). More precisely in this case, either
jE{rnoo N \Vu; [N de =0  for any fixed R>0
or N
lim on(an|uf|F=1 ) dx =0 (2.5)

jo+oo JRY
In particular, if 0 < b < N then (2.5) holds also for normalized concentrating se-
quences.
e Finally, in Section 4, we will show that if € (0,1) then we have the convergence
result expressed by (III), but we do not know a priori whether or not u; - u in
LN (RM).

Remark 2.4. Looking at case (I) and case (II) of Lemma 2.2, we can say that the constraint
(1.1) has not effects on the energy level of normalized vanishing sequences while, in contrast,
the energy level corresponding to normalized concentrating sequences is heavily influenced
by the constraint (1.1). On one hand, in view of (I) of Lemma 2.2, the level of normalized
vanishing sequences is always
V-1

N

(N -1)!
independently of the parameters a > 0 and 0 < b < N defining the constraint (1.1). On
the other hand, taking into consideration (II) of Lemma 2.2, if 0 < b < N then the level of
normalized concentrating sequences is zero, independently of a > 0. The same is not true
when b = N, at least in general. This cannot be deduced from (II) of Lemma 2.2 but, as
mentioned in the Introduction (see Theorem A), it is well known that in the 2-dimensional
case and when a = b = 2 then

sup { lim fR 2(64”“5 -1)dzx | {u;}; is a normalized concentrating sequence } =em

J—+oo

It is important to point out that, even if the value of the parameters a >0 and 0 <b < N
does not influence the energy level of normalized vanishing sequences, we cannot deduce
that the constraint (1.1) has not effects on vanishing phenomena.

3. ALTERNATIVE (I) — VANISHING

In this Section, we consider the case of normalized vanishing sequences, i.e. (spherically
symmetric and non-increasing) sequences {u;}; ¢ WV (RY) such that each u; satisfies
the constraint (1.1), namely

b .
IVl +lujly =1 viz1,
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and
lim [Vu|y=0 and  lim [uj|y=1
j—+oo J—>+oo

First, we will show that the energy of any normalized vanishing sequence {u;}; c
WIN(RN) can be localized in the exterior of any fixed ball of radius R > 0; more pre-
cisely,

lim/B qﬁN(aN]uj\%)da::O for any fixed R>0
R

j~>+oo
To this aim, we will use the classical Trudinger-Moser inequality on balls B c RY of radius
R >0 and centered at the origin, i.e.

Theorem 3.1 ([20]). There exists a constant Cn >0 such that for any R >0
fB on(anlul¥T )do < Cy RN [VulY  Yue WEN(Br)~ {0} with |[Vu|y <1 (3.1)
R

We point out that the local estimate expressed by (3.1) is not the original version of
Moser’s inequality [20], but it can be deduced directly from the famous inequality in [20]
with the aid of the rescaled function @ := u/|Vu|n, see for instance [26, Lemma 2.1].

Lemma 3.2. Let N >2,a>0 and0<b< N be fivred. If {u;}; c WHN(RN) is a (spherically
symmetric and non-increasing) sequence satisfying, for some 6 >0,

lim |Vuj|xy=0 and supluj|n<0
J—+oo 7

then N
lim fB on(an|u;|N1 )de =0  for any fized R >0
R

J—>+oo

Proof. Let R > 0 be arbitrarily fixed. In order to apply Theorem 3.1, the idea is to
reconstruct zero-Dirichlet boundary conditions on the boundary of Br letting

Wy = U5 — UJ(R) on BR
By construction wj € WO1 N (Bg) and
IVw;il v gy = IVujl vy >0 as j— +oo
Note that, for any fixed a > 0, if we set
o Aot
~ N
wj._(a) w; on Bpr
then there exists j > 1 such that
~ N « N-1 N Lo
vy = (=) Ivwl¥<1 Vi)
an

Therefore in view of Lemma 3.1, for any fixed a > 0, there exists j > 1 such that

sx(awfTyde= [ on(ayal T ydrson () RY [vul¥ viz] (32)
B N (aw; T = B N({anw; T <UN an Wil N Jz2J .
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Next, applying the one-dimensional inequality

1

P p -
(1+z)P<(1+e)z +(1 L3/ D

1-p
) z>0,p>1,e>0 (3.3)

we get
N L
ozN|uj|N T =ay(w;+uj(R))N? <Cru) 1(R)+C’2wN on Bpr

for some constants C7, C5 > 0 depending on N. We do not need to explicitly write the
value of the constant Cy > 0 and the reason for that is essentially (3.2).
Summarizing,

X e
[, enContu ¥y dr< [ on(Cru (8) + Cou T ) do
R
and, if we show that

lim[ on(Crul T (R) + Cow T ) da

j—>+o0

(3.4)

N .
< 11m exp( Cru™" R))[ on(Cow™" ) dx

]—)

then the proof is complete.
On one hand, by means of the following Radial Lemma, which holds for any spherically
symmetric and non-increasing function ¢ € W5HY(RM)

N _
N(l2]) < ol T lolN " IVeln  whenever |z| # 0 (3.5)

_1|33‘

we may estimate

R
On the other hand, by means of (3.2) with o = C2 > 0, we get

N 5 B
[ on(Cow Ty dr<Ox RY [9uy¥ V)2
R

exp( Cru)’ N1 (R))< exp(C 0 l)

Hence,

N

lim f ¢N(aN|uJ|N 1 )da:< hm exp( Clu "(R)) / on(Cow/ ™" ) dx

Jj—>+o0o

Vu
< l1m COn RY |vuw; | N exp(C’ [ jTJ) =0
To complete the proof, it remains to show that (3.4) holds. To this aim, we begin with
an elementary one-dimensional estimate. For any s, t > 0, we have

N—th N-2 (S+t)k N-2 4k

t
dn(s+1t)=eS xef 2—'— —'S€S¢N(t)+€s Z—‘+(es—1)
P S i=1 k!
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In particular, when N =2,
et —1=e(e 1)+ (e -1)
If we set

A

L N-2 ck
Aj(2) =0 and A;(N) :=exp(Ciu' (R)) Y. % _/B wit "dr  when N >3
k=1 K+ JBr

and
Bj(N) = [ exp( Cruf 1(R))—1]|BR|
then

N

f on( C1uN1(R)+ngN1)dx
<eXp(CluN1(R))/ on( Cow? N7 ) da + Ay (N) + B;(N)

Therefore, it suffices to prove that

lim A;(N)=0 (3.6)
j—o+oo

and
lim B;(N) =0 (3.7)
Jj—+oo

From the Radial Lemma (3.5), we deduce (3.7) and

N
Aj(N) < exp(C ”vuj H ) f w " e
k‘ 1

Moreover, w; — 0 in WOI’N(BR) and the embedding

Wy (Br) — L¥1 *(Br)
is compact for any 1 < k < N -2 with N > 3. Hence, also (3.6) holds and the proof is
complete. O

We complete this Section with a precise estimate of the level of vanishing sequences.

Lemma 3.3. Let N >2,a>0 and0<b < N be fivred. If {u;}; c WHN(RN) is a (spherically
symmetric and non-increasing) sequence satisfying, for some 6 >0,

lim |Vuj|ny=0 and lim |uj|n=0
Jj—o+oo J—>+oo

then
oszl =N

1imf ¢N(aN’Ug|N1)dUC‘(N D1

j—>+oo
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Proof. Since
#N-1
N(t) > —— Vt>0

it is easy to see that

N—l a%‘l N
JEm ¢N(aN|u]|N ! )d$> hm (N 1)‘ || ]HN (N 1)‘9
Therefore, the proof of Lemma 3.3 is complete if we show that
N-1
N —N
]Em ¢N(aN|u]|N1)dx<(N 1)'

To obtain the preceding estimate from above, let us fix R > 0 and let us rewrite

5 N
fRN o (on|ug| N1 ) d = /RN\BRJ”[BR on(an|u;| VT ) dx

To this aim, it is clear from Lemma 3.2 that, it suffices to show that

N-1
. N Qpr =N
. — < - .
L Jan p, O (NI T ) de < (3:8)
Using the elementary inequality
N
(bN(t) < (]V——l)‘ e Vt>0 (39)
and the Radial Lemma (3.5), we get
N-1 N
| W _9N N gan | N-T
/RN\BR¢N(aN|uJ|N1)da:S N -1)1 fRN\BRluﬂ e NI dx
aN-1
=N 1 .~ 7
o Y )
which gives (3.8). O

Note that, the case of normalized vanishing sequence is included in Lemma 3.2 and
Lemma 3.3 with # = 1 and hence

Corollary 3.4. Let N > 2, a >0 and 0 < b < N be fived. If {u;j}; ¢ WEN(RY) is a
(spherically symmetric and non-increasing) normalized vanishing sequence then

lim [B ¢N(aN|uj|% Ydz =0  for any fired R >0
R

j—>+o0

Moreover,

aNfl

tim [ qu(aN\ugrm)dx—(N Al

J—>+oo
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4. ALTERNATIVE (II) — CONCENTRATION

Let {u;}; c WEY(RY) be a (spherically symmetric and non-increasing) sequence satis-
fying the constraint (1.1), i.e.

[Vl + lujliy =1 viz1,
and
lim [|[Vuj|y=1 and  lim |u;|n =0
j—+oo J—=>too
which is the case of normalized concentrating sequences. In fact, we have

Lemma 4.1. Let N >2,a>0 and0<b < N be fivred. If {u;}; c WHN(RYN) is a (spherically
symmetric and non-increasing) sequence satisfying the constraint (1.1) and

lim [Vuj|xy=1 and  lim |uj]n =0
j—+oo J—too

then
o either {u;}; is a normalized concentrating sequence and
lim on ( 04N|Uj|% Ydz =0  for any fired R >0 (4.1)
J—>+oo RY \BRr
e or
. N
jEIEloo fRN on(an|u;| N1 )dx =0 (4.2)

Proof. First, recalling the elementary inequality (3.9) and the Radial Lemma (3.5), we may
estimate for any fixed R >0

N-1

12 _oN e us| T
Sy, O3 Contisl Py < sy [ eI »
< o ORI =0 s oo

and this gives (4.1).
Next, we consider the case when the sequence {u;}; is not a normalized concentrating
sequence. More precisely, we assume the existence of R >0, § € (0,1) and j > 1 such that

N
Vuj| " dx>6

Under this assumption, if we show that (4.2) holds then the proof is complete. Even if the
arguments are standard, we give a sketch for the convenience of the reader.
Note that, from (4.3), we deduce

lim [RN o ( anfu;| ¥ )dz = lim [BR dn (o |u; |51 ) da

j—>+o0

for any fixed R > 0.



VANISHING-CONCENTRATION-COMPACTNESS ALTERNATIVE 15

To obtain a uniform estimate of the integral on balls of fixed radius 0 < R < R, we argue
as in the proof of Lemma 3.2 and we set

wj = uj—uj(R) e Wy (Br) Vj>1

Applying the one-dimensional inequality (3.3), with p = &~ > and ¢ = % > 0, and the

N-1
Radial Lemma (3.5), we may estimate

N N
[, onCarluF)des [ exp(anu™ ) do
< exp( C(‘S)UN]YI (R)) f exp aN(l + é) w¥ ) dx
- J Br 2/

N
< exp C((S,N)lHujHN exp| ay 1+§ w1t | dx
R Br 2/ 7

If 0 < R < R then

|z

N _ NV N _ _ b a _ N
1903 = 1905 185 iy < 1905y = (1= gl ) ¥ = 1900 v

b Y
< (1=l )* -
where we also used the constraint (1.1), and
. ) N _
i 150 g <10
Therefore, there exists j > 1 such that
0 -
N U
V0| iy S1=5 V323

and, from the classical Trudinger-Moser inequality on bounded domains, we deduce

(5 _N_ N
supf exp( aN(1+—)ij‘1 )dacs sup f exp( ay|v|¥T )dz < CyRY
j2j Y BrR 2 veWy "N (BR),| Vo] n=1 Br

In conclusion, for any fixed 0 < R < R,

1
lim fBR¢N(aN|uj|% )dxgjlgnchRN exp( C@.N) \|uj||N):cNRN

Jj—>+o00
and
N J—
lim fRN on(anluj|¥T )der < CxRY  for any fixed 0< R<R
J—>+oo
from which we deduce (4.2), letting R — 0. O

We will see that the alternative expressed by Lemma 4.1 is meaningful only when b= N.
In fact, we are going to show that if 0 < b < N then the level of normalized concentrat-
ing sequences is zero; more precisely, if 0 < b < N then (4.2) holds also for normalized
concentrating sequences.
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Let {u;}; c WENV(RY) be a (spherically symmetric and non-increasing) sequence satis-
fying the assumptions of Lemma 4.1. If we set 6; := ||u; ”l])v € (0,1) then, by assumptions,
lim 6;=0
J—>+oo
and ||Vu;|% = 1-6;. In order to apply the improved version of the Adachi-Tanaka inequality

(2.1), it turns out to be convenient to introduce the normalized sequence with respect to
the Dirichlet norm,

e U
T vy
so that
9%
N 1, | N Cn N Cn j
onlan (1-6;)7T a |v| 3T )doe < ————— |vj|ly =
Jus o ’ ) I-(1-6)e 7 1-(1-6)% (1-6)%
Note that
N
0r N_
lim Onv I g 2N o
ot 1o (1-;)a (1-6;) 7+ N
Hence,
) N ) N 1, N
i, foonContul s = i [oon(ava-opFitppti)a
. aCy N1 (4. )
< lim or

j—>+o00 N J

In the case 0 < b < N, the above estimate yields

. N
lim [ on(anlu¥T)dr =0

j—>+o0
Therefore, if b+ N we have

Lemma 4.2. Let N 22, a>0 and 0 <b< N be fived. If {u;}; c WHN(RY) is a (spherically
symmetric and non-increasing) sequence satisfying the constraint (1.1) and

lim |Vu|ny=1 and lim |u;|x =0
j—+oo J—>+oo

then
. N
lim []RN on(an|u;| N1 )dx =0

j—>+o0
Remark 4.1. If b = N then (4.4) is not useful to obtain a precise estimate of the level of
normalized concentrating sequences. However, from (4.4), we can deduce that for any fixed
d > 0 there exists @ = a(d) > 0 such that if b= N and 0 < a <@ then

. N
lim fRN on(an|u;| N1 )dr <o

j—>+oo



VANISHING-CONCENTRATION-COMPACTNESS ALTERNATIVE 17

5. ALTERNATIVE (III) — COMPACTNESS

We will use the following convergence result, which holds for sequences which are neither
vanishing nor concentrating, i.e. in particular € # 1 and 6 # 0, see (2.4).

Lemma 5.1. Let N > 2, a >0 and 0 < b < N be fired. We consider a (spherically
symmetric and non-increasing) sequence {u;}; ¢ WHN(RN) satisfying the constraint (1.1)
with 0; := |u;|%, so that | Vu;|% = 1-0;. Assume, up to subsequences, wj —u in WV (RN)
and

lim 0;=0¢(0,1)
J—>+oo
Then

N-1 N
0

i Sy _N_ o _
lim fRN¢N(OéN|Uj\N-1 )dfc:fRchsN(aNMN_l ) da + — (0

N
oo (N-1)! — [uln )

Proof. Tt is enough to show that

. _N_ a%_l N
s ¢N(04N|Uj|N*1)—m|uj| dz

N1 (5.1)

In view of the improved version of the Adachi-Tanaka inequality (2.1), we will obtain (5.1)
simply by means of Strauss’ Lemma (see [4, Theorem A.I})

Since 6 € (0,1), we have also that (1 —5)%% € (0,1) and there exists € >0 and j > 1
such that

an(1-0)¥1e <an(l-€) ¥j>J

Let
N N N
Py (t) = ¢N(\t|1\f—1)—ﬁ and  Qn(t) =on((1+e)[t|vT)
then
P (t) =0 and P (t) =0

im lim =
lt]>+00 QN (1) =0 QN (t)
Next, we introduce the normalized sequence with respect to the Dirichlet norm
_ Uy _ ]
= — = T
IVuiln (1-9;)2

(I Vi>1

By construction

fRN QN( a? u; ) = fRN QN(@]% (1-0,)% v, )d:c
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Applying the improved version of the Adachi-Tanaka inequality (2.1) to the Dirichlet-
normalized sequence {v;};, we get for any j > j

fRNQN<Oé]% (1_9]')%1}]')dl‘ﬁfRN(ﬁN(aN(l—€2)UjV%)daj

S Wl = g e —
—1_(1_52)N—1 JIN 1_(1_52)N—1 (1_9j)%

R

Hence,

o-‘Z

No1 Cy 0
N )dx < J <+
sup _[RNQN(O‘N “J) TR eyN PP (1-0,)% o0

Recalling that the sequence {u;}; is spherically symmetric, we can apply Strauss’ Lemma
(see [4, Theorem A.I]) obtaining

N-1

lim NPN(az%uj)dx:v[RNPN(O‘NTU)dx

jo+oo JR

that is (5.1). O

To complete the proof of Lemma 2.2, in view of the analysis carried out in Section 3
and Section 4, we just need to consider the case for which the assumptions of the above
convergence result are fulfilled. More precisely, we consider a (spherically symmetric and
non-increasing) sequence {u;}; ¢ WHV(R") satisfying the constraint (1.1) and we assume,
up to subsequences, that u; —u in WHY(RY) and

_N
lim [u;y =60" €(0,1)
J—+oo

In this case, we can apply Lemma 5.1, to conclude that alternative (III) holds. Moreover,
if u; - u in LV (RY) then

. N N
Tim o5 = uly
J—>+oo
and, from Lemma 5.1, we deduce

_N_ _N_
tim [ on (ot ¥ ) do = [ on(antu)d

j—+oo RN
6. THE CASE OF MAXIMIZING SEQUENCES FOR THE TRUDINGER-MOSER INEQUALITY

Let N>2, a>0and 0<b< N be fixed. We begin this Section deducing a useful lower
bound for the Trudinger-Moser supremum dy(a,b) defined by (1.7).

Recalling that
N-1 N

t t
>+ V>0,
on(t) (N-1)! N
for any u e WHN (RY) satisfying the constraint (1.1), i.e.

b
[Vuly + |uly =1
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we may estimate

N-1 2

dn(ab)> [ ¢N<aN\u\N1>dx_(N olIN + 5 O D
B - (Il + Sl el ) )
(N-1)! N N2/(N-1)

If we consider the supremum

anN N2/(N-1
Di(a,b) = sup (Tl + = lulya)in ) )
ueW LN (RN), | Vul % +|ul =1
then it is clear that
aN—l
d b b 1
w(@0) 2 5y D) (6.1)

Remark 6.1. When a = b, we set
Dn(v):=Dn(v,7) with 0<y< N

This is a particular case of the more general maximizing problem considered by M. Ishiwata
and H. Wadade in [14]. As pointed out in [14], the attainability of the supremum dy (7,~)
associated with the Trudiger-Moser inequality is closely related to the behavior of Dy (7).
In fact, we can observe that the constant appearing on the right hand side of (6.1)

a%‘l
(N-1)!

corresponds to the level of normalized vanishing sequences (see (I) of Lemma 2.2). Intu-
itively, when we look at maximizing sequences for dy(7,7) then the behavior of Dy ()
could be crucial to exclude possible vanishing phenomena. More precisely, if 0 <y < N is
such that

Dy(v)>1

then maximing sequences for dy(7,v) cannot vanish, i.e. cannot be normalized vanishing
sequences. The careful study developed in [14] shows that both the behavior of Dy(7)
and its attainability are intimately related to the value of v in the range (0, N].

We mention that the attainability of Dy () is not only interesting in the limiting case
of the Sobolev embedding theorem but also in the classical Sobolev case. We refer the
reader to [16], where the authors approach the study of the existence of maximizers for

sup (Jul+afuld)
weW 2 (RY), | Vul}+ulj=1

WithN22,1<p<N,p<q<NN—$,anda,’y>0.

Following the arguments introduced by M. Ishiwata and H. Wadade [14], it is not difficult
to show that
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Lemma 6.1. Let N>2, a>0 and 0<b< N be fixred. Then

DN(CL,b) >1 (62)
and hence, the Trudinger-Moser supremum dy(a,b) defined by (1.7) satisfies
a%‘l
d b) > 6.3
vlab)z (63

Proof. The proof of (6.2) can be deduced arguing exactly as in [14]; for the convenience of
the reader, we briefly sketch it.
As showed in [14, Section 2.2], given any u € W5HN (RY) satisfying the constraint (1.1),
ie.
[Vl + fulf =1
the family of comparison functions w; € WYY (RY) depending on the parameter ¢ € (0,1)
and defined by

u(ha) A= Ul (6.4)

a0t
wile) = [Vuly

[Vulx te
still satisfies the constraint (1.1). In fact,

1
[Vwiln = (1-t)e

and

(1-t)a 1

Jwe | = 3 el
[Vuly
Therefore, we may estimate
aN N2%/(N-1 N
Dy (a.b) 2 [ ¥ + = fwrlyahy ) = lwel i =65 e (0,1) (6.5)

and (6.2) follows. O

Remark 6.2. We mention that (6.3) can also be directly deduced from [17, Theorem 1.2].
In fact, denoting by

ATy()= s e [ en(anlulT)de v e (0,1),
ueW LN (RN )\ {0} ”U” R
N. Lam, G. Lu and L. Zhang in [17] obtained the following more precise version of (2.1)

N-1 N
(-5 )"
- ATn(y) a>0,0<b< N (6.6)

dy(a,b) = sup
~e(0,1) Y

Now, a simple scaling argument shows that
N
ATy () = sup [ onCanslul ) da (6.7)
ueW LN ®Y), |[Vuly=fulx=1 7F

Note that the supremum on the right hand side of the above identity corresponds to the
inequality first studied in [11]. Combining (6.6) with (6.7), it is easy to see that (6.3)
follows.
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Next, we consider a (spherically symmetric and non-increasing) maximizing sequence
{u;}; c WEN(RYN) for the Trudinger-Moser supremum dy (a,b) defined by (1.7), i.e. u; >0
a.e. in RY for any j > 1,

[V f + Juylfy =1 viz1
and N
lim [RN on (an|u;|¥T ) dx = dy(a,b)

j—>+o00
Dealing with a mazimizing sequence for dy(a,b), the alternative expressed by Lemma 2.2
becomes simpler.
Case (I) - If {u;}; is a vanishing maximizing sequence then

N V-1
dn(end) = lim [ on(anlu| ¥ de - 5y
Case (II) = If 0 < b < N then the following conditions
Jim |Vusly =1 and - lim fugfy =0 (6.8)

cannot hold, since otherwise
. N
dv(a,b) = tim [ on(anfuy|¥7 ) dw=0

which would contradict Lemma 6.1. While when b = N, if (6.8) holds then {u;}; must be
a concentrating maximizing sequence and
jEEnw N By on( aN|uj|% )dz =0 for any fixed R>0
Moreover, in the latter case, combining Remark 4.1 with the estimate from below of
dy(a,N) (i.e. Lemma 6.1), we deduce the existence of @ > 0 such that if 0 < a < @
and (6.8) holds then
N-1 N-1

AN _ 1 - AN
Vo) < vl N) = lim fRN v (anlus| ) de < 7,

which is a contradiction. Consequently, if b = N and a > 0 is sufficiently small then
concentration cannot occur.
Case (III) — Finally, let 0; = |u;|% € (0,1) and let us consider a subsequence still

denoted by {6;}; such that

hm 9]' = 5

J—>+oo
Since we already discussed the cases # = 1 and 6 = 0, without loss of generality, we may
assume 0 € (0,1). We may also assume, up to subsequences,

uj ~u in WHY(RY)

From Lemma 2.2, we deduce that
N-1  n

. N N (0%
jggloofRNqu(amuﬂm )dg;:[RNan(aN|u|m )dx+ﬁ(9b ~luly)  (6.9)
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In particular, this implies that u # 0. In fact, if not then

‘ N aNfl _% a% 1
wiab)= I, Jo o Cantusl ) do = CED RG]
contradicting Lemma 6.1. Therefore, we can define
_1
0t 1
m fu;|n >

“Tuly ” Tully

Note that, in view of Brezis-Lieb Lemma [5], if we show that 7 = 1 then we can conclude
that u; - u in LV(RY) and

N N
dn(a,b) :jl_ilfloo .A&N on(an|u;| N1 ) de = ‘/RN on(anu|F-T ) dx

from which we deduce that u is a maximizer for dy(a,b).
Let

UT($) = u( ; ) zeRY
so that [Vu|n = |Vulln, |ur|n = 7llul N = 5% and
|Vur & + lurlfy = [ Vulg +6 < Aim (v + lujl ) =1
Therefore, we may estimate
dy(a,b) > /]RN on( aN|uT|% Ydu =7V /]RN o ( OZN|U|% ) dx
= [onCantd ¥ )y do+ (N =1) [ onCanlul ¥ ) do

and, using (6.9), we get

aN—l N

d(a,0) 2 d(a,b) = 7 (7 = Juld ) + (7 - D) [ on(anluls= ) da

N 1
B
:dN(CL,b)+(TN—1) ‘/l%N ¢N+1(aN|u|W)d:U

= dy(a.b) - [l =1+ (V-1 [ on(axfuls= ydz (610

Since u # 0, we have

N-1

N | M ok, vk
/RN¢>J\/+1(04N|U|N‘1 )dx:_[w(e D) k,_],v|“|N‘1 )d37>0

k=0

Consequently, 7 = 1. In fact, if not then 7> 1 and (6.10) gives a contradiction.
Summarizing,
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Lemma 6.2. Let N > 2, a >0 and 0 < b < N be fired. We consider a (spherically
symmetric and non-increasing) maximizing sequence {u;}; c WLN(]RN) for the Trudinger-
Moser supremum defined by (1.7) and we assume that uj —u in WHN(RY),
If b= N then one of the following alternatives occurs:
(I) either {u;}; is a vanishing mazimizing sequence and
N-1

. = —a
dn(a,b) :jkﬁnoo fRN on (anlu;|¥T ) dx = (N]\i 1)!

(II) or {u;}; is a concentrating mazimizing sequence and
N
lim an|uj|N-1 )dx =0  for any fized R>0
i [ xCaxtul ) de=0 for oy f
(III) or the weak limit u is non-trivial and it is a mazximizer for dy(a,b).

If either
0<b<N and a>0

or
b=N and 0O<a<x<l

then mazimizing sequences for dy(a,b) cannot concentrate and we have just two alterna-
tives: either vanishing (1) or attainability (III) occurs.

When either
O0<b<N and a>0

or
b=N and 0O<a<<l1

since concentration cannot occur, the lack of compactness of maximizing sequences for

dn(a,b) can be only caused by wvanishing phenomena. This possible lack of compactness

may prevent the supremum dy(a,b) to be attained. In this respect, the analysis carried

out in [14] plays a crucial role, see also [15] and Remark 6.1.

7. PROOF OF THEOREM 1.2 — ATTAINABILITY OF THE SUPREMUM

Let N>2,a> % and 0 < b < N. To prove the attainability of the Trudinger-Moser
supremum dy (a, b) defined by (1.7), we will follow the arguments introduced by M. Ishiwata
and H. Wadade in [14] (see also [15]). In fact, since

0<b< N

Lemma 6.2 expresses a vanishing-compactness alternative for (spherically symmetric and
non-increasing) maximizing sequences of dy(a,b). More precisely, if 0 < b < N and
{u;}; c WHN(RY) is a (spherically symmetric and non-increasing) maximizing sequence
for dn(a,b) then {u;}; cannot concentrate and if it would be possible to exclude vanishing
phenomena then dy(a,b) would be attained. In this respect, the restriction to the case

N

>
TN
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plays a crucial role. If a > N 7 then it is possible to improve the lower bound of dn(a,b)
expressed by Lemma 6.1 showmg that (I) of Lemma 6.2 cannot occur.

Proposition 7.1. Let N > 2, a> 55 and 0 <b< N. Then the Trudinger-Moser supremum
dn(a,b) defined by (1.7) Satzsﬁes
N-1

dy(a,b) > (;N 5 (7.1)

If in addition b+ N then dy(a,b) is attained.

Proof. As already mentioned, in view of Lemma 6.2, if 0 < b < N then the validity of
(7.1) would enable to conclude the attainability of dy(a,b). Therefore, we just need to
prove (7.1) and for this, we have to restrict the range of the parameter a > 0 defining the
constraint (1.1).

Following [14, Section 2.2], we consider a suitable family of comparison functions {w }1¢(o,1) €
WEN(RN), generated by a fixed function u € WHY (RY) satisfying the constraint (1.1). We
used the same argument in the proof of Lemma 6.1 and we refer to (6.4) for the definition
of w; with t € (0,1).

Note that ul?
N p—N u
el =15 (1)
' [Vl ful ¥
Let
JulNarin)
B(u) := N /(N 1)
HVUIW Ul §
and
an NZ%/(N-1 N .
1) = fvan(®) = ¥+ <ol gy = 60 (1+ =5 (1-0)371 2 B(w) )
Combining (6.1) with (6.5), we get
a1 a1
D v 1
An(a.b) 2 (s D) > (s £ Ve (0.1)
If

f(t)>1 for some te(0,1) (7.2)

then it would be possible to conclude that (7.1) holds. Note that f(1) =1, therefore (7.2)
would follow if

f'(t)<0 for some te (0,1) sufficiently close to 1
We can compute

/ _N N 4 anN N 1
f(y=710 (1+W(1—t)N—1aB(u))—
and, if

N 1 »w 1
—to (1-t¢ N B
N-1la (L-p)w ()

N

-1<0, ie a> ,
1.e. a N_1

SENS

N
N-1
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we have
lim f'(t) = —o0
t—1-
([l
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