p-ADIC FAMILIES OF MODULAR FORMS AND p-ADIC ABEL-JACOBI MAPS

MATTHEW GREENBERG AND MARCO ADAMO SEVESO

ABSTRACT. We show that p-adic families of modular forms give rise to certain p-adic Abel-Jacobi maps at
their p-new specializations. We intruduce the concept of differentiation of distributions, using it to give a
new description of the Coleman-Teitelbaum cocycle that arises in the context of the L-invariant.
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1. INTRODUCTION

After Serre’s observations involving the family of Eisentein series (see [29]), a theory of p-adic families of
modular forms was systematically developed by Hida in the ordinary case (see [23] and [24]), and by Coleman
in the more general case of finite slope (see [10]). This theory was subsequently encapsulated geomerically via
the eigencurve by Coleman-Mazur (see [11]). Since then, other points of view on p-adic families of modular
forms have been developed; one of the most flexible is the cohomological approach inspired by the theory
of modular symbols and the Eichler-Shimura isomorphism. This approach was developed in a sequence of
papers, see [22, 42], with the development culminating in the authoritative [3]. The connection between this
cohomological approach and original theories of Coleman and Coleman-Mazur approach to p-adic families
was spelled out in [2], the essential input being an overconvergent Eichler-Shimura isomorphism.

When the algebraic group underlying the p-adic families is the group of units of a definite quaternion
algebra, the cohomological approach simplifies, due to the fact that the associated algebraic group is compact-
mod-center at infinity. In this case, one can define p-adic families of modular forms very concretely as in [9].
Such families are similar in spirit to those considered in the first and the third parts of the this paper, while
the arguments of §6 are couched in the language of [3].

There are many ways in which the arithmetic of a modular forms f is determined by the p-adic family
foo passing through it. One such example is proof by Greenberg-Stevens [22] of the Mazur-Tate-Teitelbaum
conjecture [27], in which the key point is the identity

(1) Ly (Ay) = —2(dlogay) (2).
The quantity on the left hand side, the L-invariant attached to f € Sz (I'o (Np))"®", does not involve the
family fo. while the right hand side clearly does. The aim of this paper is to highlight other manifestations
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of this phenomenon, whereby a quantity which depends only on on the modular form f is described by one
attached to its deformation f.,. One such manifestation (in fact, a direct analogue of (1)) is Proposition 7.14,
relating the Coleman-Teitelbaum cocycle to another cocycle constructed via a differentiation of measures
operation described in §7. Another phenomenon of this kind is obtained showing that the p-adic Abel-Jacobi
map of an appropriate Shimura curve can be computed by means of the deformations identified with the
tangent space to the the Jacobian of the Shimura curve in question. The result is the formula stated in
Theorem 1.1; its proof is based on computations of Bertolini, Darmon, and Iovita appearing in [4] and [5].
As an application, one may extend their main result [4, Theorem 5.4] by removing the restriction that the
Fourier coefficients of f lie in Q. Our final example is Theorem 6.5, presented in §6 (see also Theorem 1.1).

Suppose that p is a prime, that N* and N~ are coprime integers, and that N~ is the squarefree product
of an odd number of primes. Fix a complete subfield £ C C,. We let

6 €Sy (pNT,N7)P"

be a weight two, p-new, cuspidal eigenform on the definite quaternion algebra B over Q of discriminant
N~o0 and level Iy (pNT). Fix a maximal order Op C B and an Eichler order Ry (pNt, N~) C B of level
pNT. We choose a local isomorphism ¢, : B, = GLg3 (Q,) and let

fN*,N* = (RO (pN+,N_) [1/p]><) - GL2 (Qp)

be the arithmetic group attached to Ro(pN*, N™). Its subgroup of norm one elements I'y+ y- C fNJr,N*
is a Schottky group whose associated Mumford curve

TN+ ,N— * Hp — FN+,N—\Hp

is the rigid analytic space associated to the Shimura curve X+ y-, attached to the indefinite quaternion
algebra over Q of discriminant N~ p; the isomorphism is defined over Q,2, the quadratic unramified extension
of Q, (see [4, §4.1]). Abusing notation slightly, we will frequently identify I'y+ y-\Hpand X+ y-,. Write
Jn+ n-p for the Jacobian variety of Xn+ n—p.

We recall that the rigid analytic p-adic upper halfplane is a tubular neighborhood of the Bruhat-Tits tree
T whose set of edges (resp. vertices) we denote by £ (resp. V). The ends of T are identified with P!(Q,)
and the combinatorics of 7 can be used to conveniently describe the p-adic topology on P!(Q,) as follows:
A Dasis of compact-open subsets of the topology on the projective line is given by the subsets U, C P*(Q,),
where U, consists of those points associated to ends of 7 emanating from e. We refer the reader to [31] for
basic notation and facts about the Bruhat-Tits tree. We let Cpa, (€, E) be the space of harmonic cocycles
on 7, maps ¢, : £ — FE such that cz = —c, and Zs(e):v ce = 0 for every v € V.

For a p-adic manifold X we write A (X) be the space of E-valued, locally analytic functions on X, and
D (X) for its strong E-dual (see §7.1). Write A (P! (Qp))o C A(Q,) for the space of locally analytic functions
which are constant at oo (see [28, Definition 3.2], for example). We let D (P! (Qp))o be its dual and write

DO (Pl((@p)) for the subspace of D (IP’I(QP))O consisting of those locally analytic distributions u such that

(1) = 0.
Because ¢ is p-new, when E contains the eigenvalues of ¢ one can associated to ¢ a harmonic cocyle
¢p € Char (€, E)"'~*.8~ and a rigid analytic modular form fo on Xn+ -, (see [34, (13)]). There is a unique

distribution p,, € D° (P! (@,,))FN+*N_ such that R (u,) = cg, where
(2) R:D° (Pl (@)

is defined by the rule R (1), := p (XUE), Xy, being the characteristic function of U..
In order to state our results precisely, we need to introduce a few more spaces of distributions. Setting
W := Q2 — {0} defines a trivial Q-bundle

T W — PHQ,), 7w (z,y) =[x :y].

FNJF,N* N Char (g’E)FN+,N,

Let O be an affinoid E-algebra and letw : Z; — O be a continuous character; it extends uniquely to
a homomorphism of algebras w : D (Z;j) — 0. Write Ag (W) for the space of E-valued locally analytic
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functions on W such that F' (pz, py) = F (x,y) and let Dy (W) be its strong dual. Then Dy (W) is naturally
aD (Z;)—module and, regarding O as a D (Z;j)-module via w, we may form the completed tensor product

Do (W) := 08,Dy (W).
If ¢ : O — O is a morphism of E-algebras then there is a natural specialization map
(3) Duwo (W) — Dy o (W), W= pouw.
(The reader may consult (61) for the precise definition of this map). Recall that continuous characters from
Z, are parametrized by the weight space X' := Homgs (Z;,Gm). Suppose that ¢ : O (2) — FE is the
morphism corresponding to 0 € €2, for an open affinoid 2 C X containing the weight 0 := [t  — 1}. The

inclusion  C & corresponds to a character w : Z; — O and, in this case, we write Dq o (W) := Dy o (W);
we can also consider Dy o (W) = D, o (W) with w’ = 0. With this notation, (3) can be written in the form

(4) DQi) (W) — DO,O (W) .
The invariance property of F' € Ay (W) implies that F is uniquely determined by its restriction to L. :=

72— pZ:, and one easily checks thatthere is a canonical isomorphism D (Pl((@p))o = Do,0 (W) (see [21, proof
of Lemma 6.2] and [35, Remark 5]). We use this identification to vary j, in a p-adic family.

Let C (V,Da,o (W))'~+.5~ be the space of thNf—invariant maps ¢ : ¥V — Dq o (W) (see [34, Proposition
3.5] for a description in terms of lattices). We write V1 for the set of vertices at even distance from v, = [L.].
Then there exists an eigenfamily of distributions pg, , := { MQ:U}UGV with the property that, writing yq , for
the specialization of pg, , at 0 obtained via (4), we have

(5) fio,, = pig for every v e V¥,

(See [4, Theorem 2.5 and Lemma 2.12] and [34, Theorem 3.7 and subsequent discussion, Proposition 3.8]).
For an element 7 € H," := Q)" — Q,, we write r (1) € V for its reduction (see [13, Proposition 5.1]) and
consider the quantity

d

(6) — |Horin a—m)] _eE.

K=
It can be shown that it does not depend on the choice of family pg, , satisfying (5); the proof is similar to
that of [21, Lemma 7.1].
The Picard variety Jy+ y-, is endowed with a canonical morphism

. . Gg
ASs oo (DiVO Xy vp) (B) o= (Div° Xve v (Cp)) /% — s vy () -
(We write G/ for the associated Galois group of K'/K and G for G / x-) For every q{pN, the Hecke
operator t, has degree ¢ + 1 and it follows that, setting ¢, := (¢ + 1) — T,, we have
tq : DiVXN+7N—p — DiVO XN+,N—p'

Let Ty (JN+7N—p) be the tangent space to Jy+ ny-, at the identity, whose E-points are identified with (apply
[6, Ch. 8, §8.4, Theorem 1] and Serre duality):

(7) TO (']N+,N*p) (E) = HomE (HO (XN+7N7P/E7QA1)(N+1N_ZJ/E) ,E) .
The formal logarithm is a map

log ; tInt N-p (B) — To (In+ n-p) (E).

N+ ,N—p

Noticing that ¢, is invertible on Tg (J N+, N—p) we may define the following composite:
(8) logy , . AJ=tsltolog, = oAl . oty:DivXy+ n-p — To (Jn+,n-p) -
We remark that this definition is indeed independent of ¢ { pN.

We recall that taking residues of the pull-back to H,, of a differential form w € H® (XN+ N-p,E> Q}(AH o E)
) p,
yields an identification

HO (XN+,N*p,E,Q§( ) L> Char (EaE)FN+’N7 .

N+ ,N—p.E
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Let wg be the differential form whose residues are given by c,. Changing our point of view slightly, we

assume that w € H° (XN+7N7P,E, oL ) gives rise t0 ¢y € Char (€, E)' "5~ which, in turn, gives a

Nt.N—p,E
measure 4, € DO (P! (Qp))FNJr*N_. We choose a family pug , such that ug, = p,, for every v € V.
The main result of the first part of this paper is the following;:

Theorem 1.1. Let 7 € H,". Writing [] for the natural image of T in (Div XN+’N7P) ((@;r), we have

(1085, A7) () @) = - i 0= 70)7] .

The first part of the paper is devoted to the proof of this result. Theorem 1.1, specialized to the quotient
JIn+ n-p — Ef of Jy+ n-p associated to a weight 2 modular form with rational Fourier coefficients, is a key
ingredient in the proof of the main result of [4]. Our results can be viewed as a lift to the Jacobian of the
computations appearing there, yielding generalizations of the corresponding theorems.

In §6 we move to the setting where N~ is a squarefree product of an even number of primes. Here, we
first lift the original construction of [12], as generalized in [19]. Our approach is a bit different from related
constructions of of [15] and [26], but the resulting rigid analytic varieties are isogenous. Then we prove the
analogue of Theorem 1.1 in Theorem 6.5. As an application, we can lift the rationality main result of [25] on
rationality of Darmon points to the Jacobians. This result can also be deduced from the rationality result
of [21], specialized to weight 2 modular forms, using §6 to translate the results of loc. cit. to our setting (see
[21, Remarks 1.11 and §1.4]).

Finally, §7 introduces the notion of derivative of a family of distributions in complete generality. This
is employed in order to “differentiate” the family specializing to p,, (possibly of higher, even weight) and
attach to it a cocycle in H* (FN+’N7 , Vk). As an application, in Proposition 7.14 we get a new description
of the Coleman-Teitelbaum cocycle in terms of differentiation of families of distributions. In particular, an
a priori a new definition of the Teitelbaum L-invariant can be proposed and, possibly, generalized to other
settings. Let us remark that, the formula which appears in Proposition 7.14 is another manifestation of the
phenomenon relating invariants of modular forms (the Coleman cocycle) to quantities defined using p-adic
deformations (the derivative of the family passing through it). It is, thus, of the same nature as (1) and the
formulas appearing in Theorem 1.1 and Theorem 6.5. Because p-adic L-functions are defined in terms of
measures, we hope to apply these notions to the study of derivatives of p-adic L-functions in other settings.

Regarding notation for the various arithmetic group actions appearing in this paper, we follow the con-
vention of [28].

2. L-INVARIANTS OF RIGID ANALYTIC TORI AND FORMAL LOGARITHMS

In the literature, L-invariants have been attached to a variaty of objects, e.g., abelian varieties, p-adic
representations, and modular forms. The aim of this section to review the definition of the L-invariant £ (A)
(see [22, §3, (3.5) definition]) attached to an abelian variaty, to extend this definition to rigid analytic tori,
and to relate this L-invariant to the formal logarithm map.

We work over our complete field £ C C,, assumed to be locally compact in this section. We write kg
for the residue field of E. From now on we will write log, : E* — E for the choice of the p-adic logarithm
determined by log, (p) = —A, where A € E; hence log, = log ({-)) and log, = log, —Aord. Recall that, if
A = A/g is as above, then the dual abelian variety B has the same reduction type and, hence, they both
admit a p-adic uniformization (see for example [37, §1] for a short account on p-adic uniformization). Indeed,
there are canonical free Z-modules X and Y of rank dim(A) (the characters groups of B?kE and, respectively,

A? kE) on which G acts trivially, a Z-linear pairing
j: X®zY — EX
and exact G'g/g-equivariant sequences
0 — X -5 Hom (V,E) — A(E') — 0,

0 — Y -4 Hom (X,E™) — B(E') — 0
4



for every E C E' C E.
A continuous group homomorphism ¢ : E* — E induces a map ¢ : Hom (Y, E*) — Hom (Y, E). Taking
E’ = E, we define:

jei=foj: X®Y — FE andg:=foj: X — Hom (Y, E) =Ty (A) (E).
Set X :=E®z X and Yy := F ®z Y and write j, g for the corresponding maps
Jig: Xeg®rpYp — E and jeg: Xg — Hom (Yg,E) =Ty (A) (E).
Noticing that jorq is non-degenerate, the L-invariant £ (A) is defined in [22, §3, (3.5) definition] to be the
unique E-linear endomorphism £ (A) : Xp — Xg such that
(9) Jioge,E (%,Y) = Jord, 5 (£ (A) 2,y) .

On the other hand, since jorq g is non-degenerate, it induces an isomorphism jora,r : Xg 5T, (A) (E)
and there is a unique E-linear endomorphism £’ (A4) : Ty (A) (E) — Ty (A) (E) such that
(10) Jlogg, B = L' (A) 0 jora,5 : Xg — Ty (4) (E)
If we transport £ (A) to Xg via jord,E, it is easy to see that (9) and (10) are equivalent, i.e. £’ (A) = L (A).
Furthermore, since Xg := E ®z X, (10) is equivalent to
(11) jlog0 =L (A) 0 jord 1 X — Tp (A) (E) .

We now assume that we are given a rigid analytic torus J = J,p defined by an exact sequence of the form

0 — X —5 Hom (Y, G™) — J — 0,
where X and Y are free Z-modules of the same rank on which G acts trivially By the definition of a rigid
analytic torus, j factors through
(12) j: X — Hom (Y,E*),
identifying X with a lattice in Hom (Y, E*) that is discrete in Hom (Y, G2"), i.e. such that its intersection
with every affinoid is finite (see [36, §4.2]). The underlying F-analytic manifold of J is
_ Hom (Y, E™)
N X
and the tangent space to J and J (E) at the identity are identified with Ty (J) (E) := Hom (Y, E) (and agree

with Ty (A) (E) when J = A%" is the rigid analytic manifold attached to an abelian variety A over E). Let
us write

J(E):

log;: J(E) — Ty (J)(E)
for the formal logarithm as defined, for example, in [7, Ch. III, §7, no. 6, Def. 2, Prop. 10 and Prop. 13].
We can define
Jei="Loj: X — T (J)(F)
using (12) in this lightly more general setting. We take (11) as the definition of the L-invariant £ (J) of J,
ie. L(J):To(J)(E)— Tp(J)(E) is the unique E-linear endomorphism such that
(13) Jlogy = L (J) 0 jora : X — To (J) (E).
The following simple result connects L-invariants and formal logarithms.

Lemma 2.1. The formal logarithm is explicitly given by the rule
(14) log ; ([2]) = loggoz — L (J) (ord oz),
where z € Hom (Y, E*) represents [z] € J (E).

Proof. The formal logarithm is characterized as the unique group homomorphism J (E) — Ty (J) (E) that
is locally analytic at the identity with differential the identity (see [7, Ch. III, §7, no. 6, Prop. 10]). Since
log, has this property and the differential of ord is zero, we can conclude that the differential of the right
hand side of (14) has this property once we have checked that it is well defined on the quotient J. By
definition of j, () = £ o j (x), we see that, for every x € X,

logy 0] (2) = £ (0rd 0 (2)) = Jog, (&) = £(J) (ora () "= 0. 0
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3. DEFINITE MULTIPLICATIVE INTEGRALS AND THE MANIN-DRINFELD THEOREM

Let C (]P’l((@p),Ex) be the space of continuous, F*-valued functions and let Cpa, (€,Z) be the space of
Z-valued harmonic cocyles. We can define a GLg (Q))-equivariant pairing

(15) (=, =) : Char (€, Z) ®7 C (P*(Qp), EX) /JEX — E*

induced by the rule (cf. [19, §9] and [4, (63)])

(16) (c, f) = lim_ I fter),  fec@®(@,).EY).
e€dTo

Here, Ty runs over all the net of finite connected subtrees of T, 07y denotes the boundary edges of T oriented
towards 9T = P1(Q,) and t. 7, is an arbitrary point in U,. The limit exists, it is well defined and induces
(15).

For every 71,72 € H,, let us consider the function
zZ— T2

07277 (2) := e 2z € PL(Qy).

Write [#7277!] for its image in C (P!(Q,), E*) /E*. Define
A(E) = (DivH,) /" and A (E) = (Div®H,) “%/" .
Then we have the following exact sequence:
(17) 0— A%E) -5 A(E) S5 B — 0.
Define a GL; (Qp)-equivariant integration pairing
(18) 12 Char (,7) @7, A° (E) — E*

by linear extension of the rule I9 (¢, 72 — 71) := (¢, [07277]).

The integration pairing I9 gives rise to a morphism

(19) 1 (A(B)y, | Hom (Cuur (8,2)7 8 B¥) =i Tr . (B).
On the other hand (17) induces the exact sequence
1%} % de,
(20) Hy (Tn+ n-,Z) — (AO (E))FN+,N— — (A (E))FNtN, =7 —0
Defining qr , _ :=Im (IS 0 9), it follows from that I9 induces
Tr ., o (B)
0 0 . (AO + —.
AP =AJp o (A (E))FN+ o % =t Jr . (E).
’ Uyt N

Proposition 3.1. We have that ar,, o C TFNJr - (Qp) is Hecke stable and the quotient JpN+ e
represented by a rigid analytic torus Jr, .,  over Q, endowed with an action of the Hecke algebra.

Proof. The fact that qr, ,  _ is Hecke stable follows from the fact that 9 and I Y are Hecke equivariant.
The proof of the other assertions will be given after Lemma 4.1. O

Let
0 . )0
AJXN+,N—p : Div XN*,N*p — JN*,N*p

be the algebraic Abel-Jacobi map.



Theorem 3.2. (Manin-Drinfeld) There is a unique isomorphism Jr
following diagram commutative for every complete field E C Cp:

vt In+ N-p over Q2 making the

AJS
TNt N—
%JF

(A° (E))FN+,N— i (B)

i |

(Div’ Xn+ v-p) (E)Aﬁ In+ N—p (E).
XN+ N—p

This isomorphism is Hecke equivariant.

Proof. We base our computations on those of [14, §2.2 and §2.3] that we briefly recall. Let us write
Tr := I+ n-\T for the quotient graph, whose oriented edges are &, = I'y+ y-\E and whose

N+ ,N—
vertices are Vp , = = I'n+ n-\V (Note that the action of I'y+ y- is orientation preserving.) Define
Div <EFN+ Nﬁ) to be the quotient of Div (5FN+ Nﬁ) by the relations e +e = 0 for every e € 5FN+ o

Sending a vertex v to ds (v) := > e induces an injective map

s(e)=v

0— Div (Ve - ) 5D (&, ) — DV (. ) =0,

where Div?® (é'pN N Nﬁ) is, by definition, the cokernel of §. It follows that

(21) Char (€,Z)"¥* ¥~ = Hom (Divhar (5FN+ N?) ,Z) .
Consider the canonical morphism
o o vV r v
(22) Div™* (51‘N+ N7> — (DIV ar (5FN+.N—)) = (char (£,7) N+,N—> :
where we write XV := Hom (X,Z). By abstract nonsense, (22) is canonically the torsion free quotient of
Divhar (SFN+ o |- As explained in [14, §2.3], it is the universal module considered in [14, §2.2] in case

M =7, and [14, (2.6)] becomes

I (A% (B))

- — (Char (E,Z)FNW\’*)V ® EX = Hom (char (€,2) - ,EX) .

N+, N—

Our notation is justified by the fact that I% is indeed explicitly given by the morphism (18).
On the other hand, the mapping e — 0 (e) :=t (e) — s (e) induces an exact sequence

0 — Diviar (Eryy o ) —> DIV (&n,. o) -5 Div® (VoL ) =0,

where Divy,, <EFN N ) is defined to be the kernel. As explained in [14, §2.3], there is a natural pairing

(_7 _) : Div <5FN+‘N—) ®z Div (SFN+,N—) — Z
induced by the pairing on Div (EFN +.N7) defined by declaring that e and ¢’ are orthogonal when e’ # e or
e, while (e,e) = (e,€) = —1. As is also observed in loc. cit., e — (e, —) induces an identification
(23) Divher (&m N?) s Hom <Divhar (ng+ Nf) ,Z)

where Div"®" (EFN+ . )f
sequences in I'y+ y--equivariant homology, which degenerate to a long exact sequence from which we extract
the following exact sequence (see [8, Ch. VII, §7, (7.3) and (7.7)] and [31, Ch II, §2.8, Proposition 13]):

(24) P m (F}’W’N,,Z) — Hy (Ty+ n-,Z) = Divia (EFN#N_) 0.

oEVr

free

is the torsion free quotient of Div'®® (EFN N N_). There are natural spectral

N+ N—
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Here, I',;. - C I'y+ n- is the (finite) stabilizer of v in I'y+ - and H; (FN+,N— , Z) = I‘?VEHN,, canonically.
It follows that the left-most term of (24) is finite (see [30, Ch. VIII, §2, Corollaries 1 and 2]), implying that
the epimorphism in (24) gives an isomorphism

(25) Hom (Divhar (EFN“V?) ,Z) ~, Hom (F%’t . Z) .

Applying (=) ®z E* and employing the canonical identification XV ®z E* = Hom (X, E*), we see that
(25) 0 (23) 0 (22)4,.. gives

free

A+ Hom (Cuar (£,2) 5~ B¥) = (e (€,2)" 747 ) @ B

. har
= Div (EpNth)

We deduce that there is a commutative diagram

\%
@2 B = (T - ) ®2 B = Hom (T3 -, EX)

fre

(26) (A (E)) " Hom (ch&r (€,Z) ~+ - ,EX)

| T
0,D J{A
1%
b X
Hom (F%+7N,7E )

where [ Q’D is the left hand side of [14, (2.13)], as the reader may check using its explicit expression [14,
(2.14)]. Let us set q{?NtN* =1Im (Ig’D o 8) so that

is the rigid analytic torus considered in [14]. Writing

Hom (F“Nb+ N,,EX)
0,D . (AO ' _. D
AJPP (A (E))FN*’,N* — oP =:Jr (E)

N+ ,N—

for the induced morphism, (26) yields the following commutative diagram:

(27) (A°(E)) — A e (B)

TR. ()

Thanks to (27), we see that X identifies our analytic torus with that of [14] and our AJ? corresponds to the
map AJ%? induced by the multiplicative integral 127, the left hand side of [14, (2.13)]. But [14, Proposition
2.3.1] expresses 127 in terms of theta functions and, using this result, the Manin-Drinfeld Theorem takes
the form

0,D :
A (el — ) = 197 (ra = 1) mod @B, | = AJP (ry— ),

where 79,71 € Hp, [74] is the corresponding point in Xy+ y-, (E), and 73] — [11] € (Div0 Xn+ N-p) (E)
(see [14, Theorem 2.3.2]). The uniqueness follows by taking E = C,.

4. DEFINITE ADDITIVE INTEGRALS

Let D% (P1(Qy)) (resp. CP,., (€, E)) be the space of bounded distributions in D° (P*(Q,)) (resp. Char (€, E)).
(They have been considered in [44], [17, §2.3], [28, §3] and [35, Remark 5].) They are defined so that the
morphism the induced map

R: DO’b (]P)l (Qp)) % Cﬁar (57 E)
8



is an isomorphism. Furthermore, it is known that

DOb (Pl (Qp))r‘N‘F,N* — o (PI(QP))
(see [44, Proposition 9] and [17, §2.3]), so that

Pvtv=and G (E, BTN N = G (6, B) VN

(28) D (PH(@)) ™" 55 Char (8, B) ¥
Let
(29) (:E* —FE

be a continuous group homomorphism, which is therefore locally analytic.

Lemma 4.1. Suppose that p € D% (P1(Q,)) is such that R (1) € Char (€,Z) and that f € C (P1(Q,), E*)
is such that Lo f € A(PY(Qy)). Then

p(tof)=~to(R(n),f).

Proof. The boundedness of i € D%? (IP>1 (Qp)) implies that the tautological pairing of a distribution p against
any f’ € Ao (Qp) given by

(30) p(f) = Jim d o (f (o) xo,) = Jim Y R () () f' (te7s)
e€dTy e€dTo

Here, we may choose t. 7, # oo for every e and Tg. We remark that we have
R (/’L) € Char (5’ Z) - Cﬁar (87 E) L Do,b (]P)1 (QP)) :

Applying (30) with f/ = £ o f, the claim follows from the fact that ¢ is a continuous group homomorphism
and from definition (16). O

For every 71,72 € H,, let us consider the function

zZ— T2

0727 (2) = (0277 (2)) = £ ( > . z€PY(Q),

zZ—T1

whose equivalence class modulo E (constant functions) is denoted [#7277*]. We may then define a GL2(Q,)-
invariant pairing

(31) 1 :D° (PY(Q,)) ® AY(E) — E

by extending of the rule I{ (u, 72 —71) := (k, [6;°77]), well defined as p(1) = 0. As an immediate
consequence of Lemma 4.1 and (28), we deduce the commutativity of the following diagram:
I

(32) (A% (E)) " . Hom (char (&,2) "~ E)

]‘_‘N‘F,N*

l lz

(E® A (E)) — > Hom (char (€,2) - E)

FN+,N— I

X

Here, ¢ is induced by (29). We can now complete the proof of Proposition 3.1 as follows. First, we remark

that, according to [18, §6.4], must prove that

(33)

ar,. , C Hom (char (€,2) - ,Q;) % Hom (cha,r (£,2) - ,Z) C Homg (char (€,2) - ,R)
9



has finite kernel K and that its image is a lattice in the classical sense!

commutativeby (32).

. Consider the following diagram,

0
F) 1

(34) Hl (FN+7N7’Z) (AO (E) Tyt ve 4X>H0m (Char (5,Z)FN+’N_ 7E]X)

: l le

Hy (Cy+v-, B) 5 (E®A(E)) —— Hom <Char GRS 7E)

I

|

We are interested in the case £ = ord and E = Q,. The same formalism as in [28, proof of Theorem 3.11]
applies in this setting with a shift by —1 in the degrees. This reduces the proof of the fact that I° ;08 is an
isomorphism to the proof that the natural boundary map

82 Char (£,Qp) ¥ 8 — HY Tyt v, Qp)

is an isomorphism. This is true thanks to [37, discussion before Theorem (3.9)]. By definition we have

ar,, ,. = Im (I2 09) and it follows from the commutative diagram (34) and the fact that I2, 0 9 is
injective that K C ker (¢). But according to the Universal Coefficients Theorem, we have
(35) v Hy (OPn+ v, Z) — Hy (Tn+ n-,Z) @2 Qp = Hy (T v, Qp)

in (34). In particular we see that # ker (:) < 0o, being the torsion subgroup of the finitely generated abelian
group H; (I‘ N+ N Z). The finiteness of K follows from the inclusion K C ker (¢). It remains to show that

ord (qu+ . is a lattice. Since
ord (qu+ N_) =1Im (ord o[?< o 6) C Hom (Char (&, Z)FN+,N— ,Z)
is finitely generated, we need only show that its rank is the R-dimension of the codomain

Homg (char (€,2) N+ - ,R) — Hom (char (€,2) N+~ ,Z) 2z R

of (33) or, equivalently, that it equals the Q,-dimension of Homg, (Char (&, Z)FN+,N_ 7(@p>. This is true if

and only if the Q,-span of ord (qu N N_) is

Homg, (char (€,2) - ,Qp) — Hom (char (&,2) - ,Z) 2z Q.

But this is a consequence of the commutativity of (34), the surjectivity of IO ; 0 @ and (35).

T

We remark that
15400, Iy 08: Hi (Tt n— E) — Ty (JFN“\,,) ()

are Hecke equivariant maps. Because we have proved that Iﬁ)g o 0 is an isomorphism (and we may take
E = Q,), the following definition makes sense (cf. [28, Corollary 3.13]). Recall that we have

T (JpNth) (E) = Hom (char (€,2) v+~ E)

and we write Tq, for the Hecke algebra (with Q, coefficients) acting on Ty (JFN+ N_) (Qp).

Definition 4.2. The Teitelbaum L-invariant is the unique endomorphism L € Endr, (To (JFN . Nf) (Qp))
such that

0 _ 0
Tigg, 00 =Lol5400.
1 : : _ / : ’
Indeed let K be the finite kernel, so that we may write ar, 4 y- = K x qFNJr,Nf with qFNJr,Nf C ar - such that
Trp _
ord is injective on qf. " and such that the image is a lattice. Then, according to [18, §6.4], # is an analytic torus.
Nt ,N— r
. N+ N—
K
: e TNt N oyt - - ; it i
But since K is finite, : = — exists (again by [18, §6.4]) and it is also an analytic torus.
Wyt n- Nt N

10



By construction of Jp , we have L =L (JFN+ . ): apply (13) with

Nt N
jidry, o =Tm (1% 00) C Hom (Cua (€,2)" ¥ EX)
and use (32) to deduce that
logyol% 09 =10, 0d=Loll0d=Loordol)od,
from which we get jiog, = £ (J) © jora- We deduce from Lemma 2.1 that the formal logarithm
gy, | idrge o (B)—To (., ) (B)

is given by the rule
logJFN+ . ([2]) = logg oz — L (ord oz),

where z € Hom (Char (€, 2)"n+ N ,EX> represents [z] € Jp (B).

The following result is now a consequence of (34) with ¢ = ord and ¢ = log,,.

N+ ,N—

Proposition 4.3. We have:

10gJFN+ N— OAJO - Il%go ov—Lo It())d oL =: IOgAJO .

T

5. DEFINITE ADDITIVE INTEGRALS: PROOF OF THE MAIN RESULT

We remark that the Hecke action on the Z appearing in the long exact sequence (20) is Eisenstein: for a
prime ¢ { pN, we define t; := (¢ + 1) — Tj;; then ¢, = 0 on it. It follows that we may regard t, as a morphism

e (AE)p, (A (B),

Noticing that ¢, € Endg, (To (JpN+ . )) is invertible (because Ty (JFNJr Nﬁ) is cuspidal), we may define

N+ N—

(36) log AJ := t;" olog Al oty : (A(E))p, ~ — Ty (JFN#N_) .

Proposition 5.1. The map log AJ does not depend on the choice of ¢ ¥ pN and is the unique Hecke
equivariant morphism making the following diagram commutative:

(37) (A°B),
(AE)r, o T eeay Lo (JPN#N_)

With the notation introduced before the statement of Theorem 1.1, it is given the formula

(log AJ) (7) (cw) = d% [/‘?Jz,r(r) (@~ Ty>“] k=0

Proof. The fact that log AJ is Hecke equivariant follows from the Hecke equivariance of the maps in (36).
The Hecke equivariance of
dr .
logAJ : 7+ o |:ILLQ,T'(T) (x — Ty)ﬁ} o e Ty (']FN+,N—)
can be proved as in [4, Proposition 2.18].

The fact that log AJ makes (37) commute is an easy consequence of the Hecke equivariance of log AJ°.
The fact that log AJ makes (37) commutative can be proved as in [4, Proposition 2.19] or, more explicitly,
using [34, displayed equation after (24)].

It remains to check that there is a unique Hecke equivariant morphism making (37) commutative, from
which independence of g and the equality (log AJ) (7) = (log AJ) (7) will follow. Set T := T (JFN+ N—) and

suppose that A € Homy ((A (E))FN+ - ,T) is the difference of two morphisms making (37) commutative,
11



where we write T for the Hecke algebra. (It suffices to consider the Hecke algebra generated by the T, for
q{ pN for our purposes.) Then the restriction Alpy¢;y of A to Im (7) is zero. It follows from (20) that there
is an exact sequence

0 — Im (i) — (A (E))p &8 7 0.

N+ ,N—

Taking the T-dual yields
0 — Homy (Z, T) — Homr ((A B, ,T) —s Homy (Im (i), T) .

But we have Homr (Z,T) = 0 because t, = 0 on Z while it is invertible on 7". Therefore, A — Alpy () is
injective and A = 0 as claimed. |

Our Theorem 1.1 is now a consequence of Propositions 5.1 and 4.3 and Theorem 3.2 as follows. First,
Theorem 3.2 implies that, up to the identification Jpr , = = Jn+ N-p , We have

(38) AT, o, ([l = 1)) = A% (2 = 71)
for every 19,71 € H,, where [r;] is the corresponding point in X+ y-, (E). As explained in §2, the
) (B) 5 Ty (Jys x-) and the

formal logarithms are identified by the characterization appearijg in Lemma 2.1. We deduce from (38) that
we have

isomorphism JFNJ_N? AR Jn+ N-p induces an identification T (JFNJ_N,

(39) ogs,, (A%, ., (ral = [ri])) =logy, (A1 (ra=71).
It now follows from Proposition 4.3 and (39) that we have
(40) log . (AW, (Ire] = [11])) =1og AJ (r2 = 71)..

Recalling the definitions (8) of log; .~ AJ and (36) of log AJ, we deduce from (40) that we have

(logs,.. A7) (I7]) = (log A) (7

for every 7 € H,,. Now Theorem 1.1 follows from the explicit expression of log AJ that appears in Proposition
5.1.

We end this section explaining how the main result of [4], generalized to the case where the modular
form may not have rational Fourier coefficients, follows from our Theorem 1.1. To this end, for a quadratic
Dirichlet character x, we write Sz (I'g (Np))ic(v_vN)zwmx(p):ap for the space of those modular forms (on GL3)
that are new and such that the eigenvalues of Wy and U, acting on f are x (—N) and x(p), respectively. Let
Q*/Q be the extension cut out by the character x and write Q) for the p-adic completion at a prime p | p
(determined by a fixed embedding Q — C,). The Fourier expansion at the co-cusp determines a Q-rational

. . . X new
structure on the space of modular forms using which we may consider So (Fo (Np) ’QP)X(—N):wN,X(p):ap'
The conditions

(41) X (=N)=wny and x (p) = a,

cut out a quotient J;C1eW of the new part J"*¥ of the Picard variety J = J,n,1 of the modular

(=N)=wn,x(p)=ap
curve.

Let f € Sy (To (Np));?YN):wN’X(p):iwp and we fo be the normalized Hida eigenfamily through f and
write Ly for the Mazur-Kitagawa p-adic L-function, restricted to the central critical line. Due to the
sign conditions (41), Ly_ , vanishes at the weight 0 := [t — t° = 1] to order at least 2 and the association
f= LY (0) gives rise to a well defined function to
" . X\ new X
£ (0): 52 (To (Np), Q")x(—N)=wN,x(p)=ap — @
Let us remark that it could also be regarded as a map
. 770 1
L0 1 (Xwparep k) Y
P/ x(=N)=wn ,x(p)=ap
12



X
it being just log?];?w (P) for every P € (Q ® Ny o x(p)=ay ((@X)> .

—N)=wpn x(p)=ap
As a final piece of notation, for a Q [Ggx/g|-module V, we write VX for the x-component of V, we
write TV vy, ¢y (p)=—w, fOT the (rational) Hecke alge]s;&: acting on Sy (I‘q (Np));(zviN.):wN’X(p):ap and, for
a T\ oy x(p)=—w,“module M and f € S5 (T'o (NP)) (= N)=wn x(p)=a, With companion class [f], we write
My for the [f]-isotypic component. We recall that the companion class of a modular form is the set of its
Galois conjugates.

We now explain give our generalization of [4, Theorem 5.4].

Theorem 5.2. Suppose that there is a prime q with q || N.

(1) There is an element
X new X X
L (@ © I (=N)=wn xp)=ap @Q ))

and a Hecke operator t =t, € T;?f’;):wl\r%(p):_% such that

(42) LY(0)=t- 1og3;?v_vN):wN1X(m:ap (PX).
(2) 1If
0# P € (Q® Jip (@),
then
Q2 Jin(@)) =Ty eQ- Fj~T,HeQ,
where P, is the [f]-component of PX.

[f]
(3) We have 0 # Pf]i] if and only if L' (f,x,1) # 0.

(4) Ifty € Q(f) is the f-component of t, then for any quadratic Dirichlet character € such that

e(N)=x(N), e(p)=-x()), and  L(f,e1)#0,

the following congruence holds

ty=L(f,el) in QN /QNT.
(Here Q (f) is the field generated by the Fourier coefficients of f.)

Proof. We sketch the required adjustments to the proof of [4, Theorem 5.4]. We will apply our Theorem
1.1 with B = B, the unique definite quaternion algebra of discriminant ¢q. By the Jacquet-Langlands
correspondence J;‘ijN):wN’X(p):ap appears as a quotient of Jy /4 4, over Q; indeed P* will be constructed
from a “point” on Jy /4 qp- In order to deduce the main formula (42), we extend scalars to a field E containing
the p-adic completion of Q (f). We write wy for the differential associated to f and wy for its pull-back to

JIN/q.qp- We need to find an element

Q€ (@ ® JN/q7qp (QX))X

whose image PX satisfies

N (0)=t- logg;(l?\jN):wN,x(p):ap (PX) (wy) =t~ logaN/Mp (QX) (we) -
Applying Theorem 1.1 when 7 = 7y corresponds to the Heegner point attached to an embedding ¥ as in
[4, §3.1] and [34, §6], the kg = 0 case of [34, Theorem 1.1] follows formally. From here, the generalization of
[4, Theorem 4.9 and Corollary 4.10] (which is the ko = 0 case of [33, Corollaries 5.26 and 5.27]) follows too.
Now the proof of Theorem 5.2 follows the same pattern as that of [4, Theorem 5.4]. (See also the proof of
[33, Theorem 6.1] for the minor adjustments needed to handle the case where the Fourier coefficients need
not to be rational.) O
13



6. THE ANALOGOUS RESULTS IN THE INDEFINITE SETTING

Suppose that p, N* and N~ are pairwise coprime integers, with p prime and N~ the squarefree product
of an even number of primes. We write B for the indefinite quaternion algebra over QQ of discriminant N,
we fix a maximal order O C B and an Eichler order Ry (pNT,N~) C B of level pN T, with group of
invertible elements T'g (pN*, N~). We choose a local isomorphism ¢, : B, = GL2 (Q,) and we set

Tne v o= 1y (RO (pN*,N"7) [1/p]><) C GLy (Q,).

Finally, as in the definite setting, we let I'y+ ny— C r ~N+,n- be the subgroup of norm one elements.
Consider the exact sequence

(43) 0 — Chuar (6, Z) — Cy (€,2) 25 C (V,Z) — 0,
where d; (¢) (v) := Zs(e):v c(e), which induces, taking I'y+ y--cohomology and applying Shapiro’s Lemma
(see [28, §2.5]), the exact sequence
0— E— H (Dn+ n— Char (€,2)) — H' (To (pNT,N7),Z)" ™" — 0,
where

FE := coker (55 : Cy (g, Z)FN+,N* —C (V)Z)FNJr,N*) ,

H' (To (pNT,N7),Z)" "V i=ker (65 : H' (Tn+ n-,Co (€,Z)) — H' (Tn+ n-,.C (V,2))).

The notation is justified by the following lemma and the fact that H' (Ty (pN+, N~7),Z)’" """ is identified
with the p-new part of H! (I'g (pN*, N7),Z), because §, corresponds to the degeneracy maps under Shapiro’s
isomorphism. The proof of the next result is easy and left to the reader. For a Hecke module M, we write
Me¢ for its cuspidal part (see [28, §2.4]).

Lemma 6.1. °
(1) We have thatty =0 on E ~ ﬁ @ Z for every q 1 pN while
tg: H (To (pN*T,N7),Z)" " — H" (To (pNT,N7),Z)" "¢

is injective on H' (T (pN*T,N7),Z)’ """ ~ 79,

(2) There exists E® H C H! (FN+$N7,Chmn (&, Z)) such that t, : H — H s injective for every q{pN,
H < H' (Lo (pNT,N7),z)" """
18 Z-free with torsion cokernel, inducing
Q-H=H"(Tn+n-Char (§,Q) =Q@z HS H' (To (pNT,N7),Q)" """,

(3) There exists a unique H which is maximal having the property stated in (2).

We fix from now on any
H < H' (o (pNT,N7),z)" "¢
as granted by Lemma 6.1 (2), e.g., the unique maximal H of Lemma 6.1 (3). The integration pairing 19
gives rise, for every field E, to a Hecke equivariant morphism
(44) 19 o Hy (Dy+ n- A% (E)) — Hom (H' (Dy+ y-,Char (€,Z)) , E*) — Tp E),
vt n— (B) :=Hom (H, E*) and the second map is induced by H C H'" (Tn+ n-Char (€,Z)). Note
that, since H is Z-free, Tr, _ is indeed a rigid analytic torus, endowed with an action of the p-new Hecke

Q-algebra T acting on the weight two, p-new, level pNT cusp forms on B. On the other hand (17) induces
the exact sequence

(45) H2 (FNJr,N*aZ) i> H1 (FN+7N—7AO (E)) L> H1 (FN+7N—7A(E)) — H1 (FN‘F’N*,Z) .

Define ary -
to F=Q).

N+, N— (

where T

:=Im (I 90 8). The following result is a generalization of [19, Proposition 30] (specialized

14



Proposition 6.2. We have that qr, . C Tr . (Qp) is Hecke stable and the quotient Jpr . . (E) is

represented by a rigid analytic torus Jr, .,  over Q, endowed with an action of the Hecke algebra T.

Proof. The fact that qr, ,  _ is Hecke stable follows from the fact that 9 and I Y are Hecke equivariant.
The proof of the other assertions follows exactly the same pattern as the proof of Proposition 3.1. Indeed,
(28) is replaced by

(46) Hl (FN‘*',N_,DO)b (]P1<Qp)))c = Hl (FN+,N_7Char (57 E))C =FE- H7
which is [28, Theorem 3.5] (the equality follows from Lemma 6.1 (2)). This allows us to define the analoge
of the second line appearing in (32), namely

I Hy (Cy+ y- E® A% (E)) — Homp (H' (Ty+ n—,Char (€,2Z)) , E) — Homp, (H, E)

where the second arrow is given by H C H' (I'y+ y-,Char (,Z)). Then Lemma 4.1 and (46) give the
analogue of (32): one need only add one to the co/homology degrees. With this formal adjustment, the
proof proceed along the same lines, replacing [37, discussion before Theorem (3.9)] with [28, Theorem 3.11]
(specialized to the weight 2 case). See also [19, Lemma 32] (specialized to F = Q), which is [28, Theorem
3.11] on the component corresponding to f with rational eigenvalues, in light of I ; o = ord oI (by the
analogous of (32)). O

Here is the analogue of the Manin-Drinfeld theorem in this setting:

Theorem 6.3. There is a Hecke equivariant isogeny Jr . . — Jg&f;’[, X Jg&ﬁe’x, over Qp2, where
JPRY _ is the p-new quotient of the Picard variety of the indefinite Shimura curve attached to an Eichler

pN+t ,N—
order of level pNT in the indefinite quaternion algebra of discriminant N~ .

Proof. The action of the involution at infinity Wy induces an isogeny Jr ,

— Ji x Jpr (over
N+ ,N— N+ ,N—
Qp); it follows from [16], extended to include the required lift to our abelian varieties in [35] (specialized

to the weight 2 case), that the L-invariant of Jﬁﬁ . equals the L-invariant of JI’: vt nv—» Which has split

multiplicative reduction over @pzz. By a standard argument exploiting the fact that the abelian varieties
under consideration are endowed with a T-action and their dimension is twice the dimension of T over Q, it

follows that there is an isogeny Jl“iNJr o J}’;X,ﬂex, over Q2. O

Remark 6.4. In [15] and [26], a dual construction of Jl/“NJr,N— endowed with an isogeny Jp, = NN X

prnew

N+ N- is described. In particular, Jp

, .
N+ N— and JFN+,N7 are isogenous.

By definition of qr, , , (44) induces
0 : H1 (FN+7N—7AO (E)) . TFNJF,Nf (E) —. Jl" L (
9 (H2 (FN+»N_’Z)) ar+ - e

Since Hy (1"]\/+,Nf’7 Z) is a finite group — it is finitely generated and H (1"]\/Jr71\/7,7 E) = F®H,; (FN+,N77, Z) =
0 (by the universal coefficient theorem, in view of [28, Lemma 3.10]) — it has finite exponent h. It follows

AJ E).

from (45) that there is a unique h through which h factors:

. n Hi (Cn+ n- A% (E))
h: H1 (FN+7N—’A(E)) — 9 <H2 (FN+7N77Z>> — H1 (F]\H—)N—)A(E)) .

We define Hy ( °(B))
- In+ n- A (E)) 770
AJ :H F ) h 1 N+ ,N—,
ne Hi (D v A(E)) 9 (Hy (Cn+ n-,Z))

FN*,N* (E) :

2Indeed, we have IQ0v=1£0I% for £ = ord or logy by the analogue of (32). It follows that the L-invariant of [28] considered
in [35] is the L-invariant of the monodromy module attached to JFN+ N i.e. the L-invariant of JFN+ Ne Hence, the main
result of [35] gives the required lift of the main result of [16].
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We will need to consider the formal logarithm
logg tdr. o (B) =Ty (JFN&N_) (E).

By its construction and Lemma 6.1 (2), the target of log . . is identified with
NT ,N—

(47) T, (Jp ) (E) = Homp (H, E) <~ Homp (H' (Tn+ n—,Char (€, E))°, E).

N+ N—
On the other hand, let

d

dr
be the pairing induced by [35, Lemma 17] (which is the faux Abel-Jacobi map of [21, §7.1], up to Shapiro’s
isomorphism, by [21, Proposition 8.1]). It is essentially induced by a rule analogous to (6). There is a
cohomological family ¢ € H' (T'y+ y- Dao (W)) passing through every w € H' (T'y+ n-,Char (€, E))°
(see [20, Corollary 11.4]). The following result is the analogue f Theorem 1.1 in this indefinite setting

[— —Jeo : H' (Tn+ n-,C (V. Do (W))) @ Hy (Cy+ n- E® A(E)) = E

Theorem 6.5. For every z € Hy (Ty+ n- A(E)) and w € H* (Cn+ n-, Char (5,E))C, we have

(106, AT ) () ) = e e ()

Proof. Writing L for the L-invariant of Jr ., we have

IOgJFN ([z]) := logg oz — L (ord ox) .

-
Since AJ" is induced by 19, we see that (recall the morphisms I with ¢ = log, or ord from (46))
(48) 10gJFN+,N— oAl = logy ol — £ (ordoly) = (Iﬁ)gg — L'Igrd> o,

where the second equality follows from (32). We may form the following commutative diagram

T Hy (Dy+ n- A (E)) j
0 (H2 (FN+7N—7Z)) Hy (FN+’N7’A (E))

H, (T _EQAY(E
H, (Ty+ n- E®A(E)) 18((2;’&&+ — E>(> ) = Hy (Cy+ v- E@ A(E)).

H,y (FN+’N7’A(E))

B

It follows that

log‘,rN+ o AJp, log‘,rN+ o oA oh = (Iﬂ)go — LIgrd) oLoh

(B, = L160a) oo v = (g, = LTa) 0 0o R0
(49) = (Iloogo - ‘CIc?rd) o j_l ohov=nho (Il%go - Ejgrd) o j_l O,
the second equality following from (48).
The claim now follows from (49) and [35, Proposition 26] (or [21, Porposition 7.5] and Shapiro’s lemma),
giveing

(e, — £18a) 057) @) ((2)) = 2 (e (=)o
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7. DERIVATIVES OF DISTRIBUTIONS AND THE COLEMAN-TEITELBAUM COCYCLE

7.1. Generalities on distributions and locally trivial bundles. Let X be a locally compact, paracom-
pact (< strictly paracompact by [39, Proposition 8.7]) p-adic manifold. For a Banach K-algebra O, we let
A (X, O) be the space of O-valued locally analytic functions on X and let D (X, 0) := Lo (A(X,0),0) C
L(A(X,0),0), the strong O-dual of A (X, O). Here L (V, W) denotes the space of continuous linear maps
between the two locally convex topological spaces V' and W, with its strong topology, and Lo (V, W) is its
subspace of O-linear maps, when V and W are given an O-module structure, with the induced topology. If
f X — Y is a morphism of p-adic manifolds as above, we have maps
fo:AY,0) - A(X,0) and f+:D(X,0)=>D(Y,0),

the first being the pull-back and the second given by duality. We note that
(50) S (5?) = 55?(@,), for every z € X

if 6 : X — D (X, ) denotes the Dirac distribution map.
It can be shown that there are topological identifications®

T3 x) : OBD (X) — D (X, 0)

and

Pgﬁgz),p(xz) : D (X1, 01) ®,D (X2,03) = D (X1 x Xz, 01805)
such that

1) 3 _ <0 0,,0 015 502\ _ sO180
(51) TS ) (1086:) =69 and PO (596;&51,;) = 601502

Since the K-span of {d, : © € X} is dense in D (X) (use strict paracompactness in order to reduce to the
compact case [40, Lemma 3.1]), we also deduce that the O-span of {5? tx € X} is dense in D (X, O):

(52) o{af:xex}:D(X,O).

It follows from (52) that the properties in (50) and (51) characterize the respective maps.
When X is compact, then A (X) is the inductive limit lim V,, of Banach spaces V,, with injective and
n—

compact transition maps, while D (X) is the inverse limit l(i_m V.! of Banach spaces of V;! by compact and
dense transition maps (namely V,) = £ (V,,, K)). These well known facts can be deduced from [38, Lemma
16.4, Proposition 16.5 and Proposition 16.10], noticing that 1<i_m V! — V,, has dense image if the transition
n

maps have this property. It follows from loc. cit. that both A (X) and D (X) mutually dual, hence reflexive.
We call such a locally convex space V := 1ir_r>1 Vi (resp. V' = 1<i_m V!) a space of compact type (resp. a
nuclear Fréchet space). Because we may write X = ||, X; where X; is open and compact, we see that
A(X) =TI, A(X;) (by [39, Proposition 12.5]) and, taking duals, yields D (X) = @, D (X;) (the reader
may check that the canonical map @, £ (V;, W) — L ([, Vi, W) is a topological identification, when W is
normed).

Consider the canonical morphism of locally convex spaces logp(x) : O®,D(X) — O®D (X). Then
D(X) =@, D(X;) and we may form the following commutative diagram:

@i O®LD (Xi) — O®L @z D (X;) — O®LD (X)
eﬁio@D(&;)i TO@(@;'D(XN)\L iTO@D(X)
P, 08D (X;) —— 00 @, P (X;) — ORD (X).

Since O is a Banach space, it is not difficult to see that the canonical morphisms ¢ are topological identifica-
tions. On the other hand, 1pgp(x,) is a topological identification because O and D (X;) are Fréchet spaces;
therefore, we may apply [38, Proposition 17.6]. We have proved the following remark:

3We write V®,W (resp. VW) to denote V ® g W with the inductive (resp. projective) tensor topology. Also, a morphism
V — W is a continuous, K-linear if V' and W are locally convex spaces. Completion means Hausdorff completion.

17



Remark 7.1. The canonical morphism T@®D(X) 1 0®,D(X) = 0D (X) is a topological O-linear identifi-
cation.

Suppose, from now on, that a locally compact, paracompact, p-adic Lie group T" acts on X by means of
a locally analytic map a : T'x X — X. The left action of T on D (X) can be extended, with respect to
0.: T — D(X), to a left action of D (T') making D (X) a D (T')-module under the convolution product:

(v u) (F) =Pprypix) (V@M) (Foa),wherev e D(T), pueD(X) and F € A(X).

More formally, the multiplication is given by the separately continuous morphism

(53) D(T) 2, D(X) "DFY D(T x X) % D(X).
We note the formula
(54) 0t 0y = Otz for teT and x € X,

characterizes the multiplication law, thanks to (51). Since (54) characterizes the respective maps, upon
setting X = T we obtain a K-algebra structure on D (T') (with identity element §;) and that, for a general
X, we get a D (T)-module structure on D (X). Note that, when T" and X are compact, the multiplication law
is continuous and, hence, D (T') is a locally convex K-algebra and D (X) is a locally convex D (T")-module.

We write Hom 4 (T, O*) for the subgroup of Hom (7', O*) consisting ofthose group homomorphisms whose
composition with the inclusion O* C O belongs to A (T, O); give Hom 4 (T, 0*) C A (T, ) the subspace
topology. We let Hom, (D (T'),0) C L (D (T),O) be the subspace consisting of those morphisms of locally
convex spaces that are also morphisms of K-algebras®.

Lemma 7.2. The map C© : Homg (D (T),0) — Homy (T,0*) defined by the rule C© (k) (t) := k () is
a well defined topological identification.

Proof. By [40, Theorem 2.2] we have to prove that C© (k) € Hom 4 (T, ©0*) if and only if k € Hom, (D (T) , O)>.
We claim that, for a continuous K-linear morphism k € £ (D (T'),O) to belong to Hom, (D (T),0), it is
necessary and sufficient that k (61) = 1 and k (d¢, - §;,) = k(d¢,) k (0¢,). Indeed we note that both the left
and the right hand sides of the equality k (v -v2) = k(v1) k(v2) are linear in the variables vy and vs.
Furthermore, if we fix one of these variables, the two resulting functions are K-linear and continuous in the
remaining variable thanks to (53), showing that the multiplication law is separately continuous. Hence, the
claimed equality k (v1 - v2) = k (v1) k (v2) follows from the identity k (d¢, - dz,) = k(0¢,) k (ds,) and (52).
Since k (¢,4,) = k (04, - dt,) by (54), the claim follows. O

Suppose that we are given a map k € Hom, (D (T),0). By Lemma 7.2 its restriction to ¢. : T'— D (T)

gives rise to a locally analytic group homomorphism ()k : T — O* sending t to t¥ := k (6;). We define the
following closed sub O-module of A (X, O)°:

A (X) = A(X, k) = {F € A(X,0): F (tz) = t“F (z)} .
Viewing both O and D (X) as D (T)-modules by means of k and, respectively, the convolution product, we
may define

Dy (X) := 02y D (X) and D (X, k) := Lo (Ax (X),0).
We assume, further, that X is endowed with a right action by a semigroup ¥ with the property that the
mapping o : X — X is locally analytic for every o € ¥. There are induced left (resp. right) actions of ¥ on the
spaces of locally analytic functions (resp. distributions) defined by the rule (¢ F) (x) := o* (F) (x) = F (z0)

4Since the multiplication law D (T) x D (T) — D (T) is only separately continuous, D (T) is not a locally convex algebra.
When T is compact the multiplication law is continuous and Hom, (D (T'), Q) is the space of morphisms of locally convex
algebras.

5We remark that [40, Theorem 2.2] can be refined to a bicontinuous isomorphism and extended to the case where the
manifold is strictly paracompact.

63uppose that (F;) — F is a net in Ay (X) converging to F € A(X,0). If t € T let t : X — X be the locally analytic map
given by left multiplication by ¢, so that t* (F;) — t* (F). Since the multiplication in O is separately continuous, G + t52G is
continuous and t¥2 F; — t¥2 F. Since t* (F;) = t*2 F; we deduce that t* (F) = tX2 F for every t € T, meaning that F € Ay (X).
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(resp. (Ao) (F) := (0« (A)) (F) = A(cF)). We will assume that the right 3-action is compatible with the
left T-action in the sense that ¢(zo) = (tx)o for all t € T, z € X, and o € 3. It follows that ¥ acts on
Ak (X), Dy (X) and D (X, k). These spaces of distributions are related by the following lemma.

Lemma 7.3. There is a unique morphism T%(X) of locally convex spaces making the following diagram
commutative:

o
~ Tox)

(55) OED (X) D(X,0)

| |

Dic (X) ———D(X.k).
D(X)

The morphism Tl{)(x) is (O, X)-equivariant.
Proof. We first need to prove that, if « € O, p € D(X) and v € D (T), then
(56) Tg(x) (ak (v) @u) = Tg(x) (a@) (v-p) on Ak (X).
By definition F' € Ay (X) if and only if

8C (F) = F (tz) = t*F (z) = (k (5) 5;9) (F).
By (54) and (51) we have T9 ) (18 (8, - 62)) = T x, (1861:) = 6y, and T« (k (6:) ®3,) = k(5,) 5y, -
We deduce, by O-linearity, the identity Tg(x) (ak (6¢) ®5§) Tg(x (a® (6¢ - 65)) on Ak (X). We note
that both the left and right hand sides of (56) are linear in the variables u and v. Furthermore, if we fix
one of these variables, the two resulting functions are continuous in the remaining variable thanks to (53),

showing that the multiplication law is separately continuous. Hence, (56) follows from (52). The existence
and uniqueness of Tll‘)( x) follows. Since O®D (X) — Dy (X) is surjective and all the arrows other than

T%(X) in (55) are (O, X)-equivariant, TI{)(X) is equivariant as well. 0

We note that, writing 180, € Dy (X) for the image of 185, € ORD (X) and 6% € D (X, k) for the
evaluation at # morphism (the image of 6 € D (X, 0)), (51) implies that the morphism T%( x) appearing
in (55) can be characterized by the formula

T%(X) (18kd,) = o5 for every z € X.

We say that 7 : X — T\X =: X is a trivial T-bundle if the quotient X := T\ X has the structure of a
locally compact, paracompact, p-adic manifold” and there exists a locally analytic section s : X s Xofr
such that the locally analytic mapping h = hs : T x X — X given by h (¢,Z) := ts(T) is a locally analytic
isomorphism. Let

s T AX,0) > A(Y,O)

be the pull-back map on functions. We let k € Hom, (D (T'), O) in the following discussion.
Lemma 7.4. The map s* restricts to an topological identification s* = sj. : Ak (X) = A (Y, O).
Proof. Define r = ry : A (X,0) — Ay (X) by r (f) (h(t,T)) = t*f (). We claim that 7 is the inverse of s*.
If fe A(X,0), Fe A (X),T€ X and t € T, then

s*(r(f) (@) =7 (f) (s (@) =r(f) (h(1,7)) = f (%) and

r (s (F)) (h(t,7)) = 1" (F) () = t“F (s (7)) = F (ts (7)) = F (h (t,7)).

7According to [32, Part IT, Ch. IIT §12 Theorem 1] there exists at most one p-adic manifold structure on X making 7 : X — X

a topological quotient in such a way that 7 is a submersion. See [32, Part II, Ch. III §12 Theorem 2| for natural conditions
granting the existence of such a quotient.
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We now claim that r is continuous. Indeed we have

(R (CO () - f) (h (7)) = (CO (k) - f) (£, 7) = C° (k) (¢) f (%) = tf (@) = (f) (h (t,7)),
showing that r (f) = (h_l)* (C% (k) - f) where (h_l)* t A(T x X,0) = A(X,0) is the continuous mor-
phism induced by h=' : X — T x X. The claim now follows from the general fact that the multiplication
map
(57) CAY,0) 2 A(Y,0) — A(Y X Y,080) — A(Y,080) — A(Y,0)

is continuous for every strictly paracompact manifold Y. Here the first arrow is characterized by the fact
that it maps Fy ® Fy to (y1,y2) — Fi (y1) QF, (y2), the second arrow is obtained by pull-back along the
diagonal and the third is induced by the multiplication map OO — O. They are all continuous (and indeed
the first extends to a topological isomorphism on Hausdorff completions), from which we deduce that - is
continuous. O

Recall our assumption that X admits a right action by a semigroup % compatible with the left T-action.
For each = € X, there is a unique js (x) € T such that z = js (x) s (7 (x)). Note that js : X — T is locally
analytic because h (js (z),7 (z)) = js (z) s (7 (z)) = z, implying js = pry o h~! where pry: T x X — T is
the canonical projection. In particular,

gs () 1 X x X — T, Js (T,0) == js (s (T) 0)

is such that j, (-,0) : X — T is locally analytic for every fixed o € ¥ because js (-,0) = j; 00 0 s. We may
therefore define a left weight k action of ¥ on A (X , (9) by the rule

(0 s ) (@) = s (@ 0)" f (T0).
Lemma 7.5. The map s*: Ax (X) —» A (Y, (9) is M-equivariant.

)o)s(m(s(T) o)) and,
(%) o) s (To) and then
Kk

)o)" F (s (T0))

Proof. Suppose that F € A, (X), 7 € X and o € X. By definition s (7)o = j, (s
since 7 is X-equivariant, w (s (Z) o) = 7 (s (T)) 0 = To. It follows that s (T) o = js (
(@

s*(0F) (@) = (oF)(s(T)) = F (s(T)0) = F (4s (s (T) 0) 5 (T0)) = js (s
= Js(s@)0)s" (F) (@0) = (015 5" (F)) (@) . O

(

For each o € ¥, we have defined ok s : A (Y, (’)) - A (Y, (’)). We note that this map is continuous

because CO (k) (js (-, 0) (%)) = js (T, ), so that
0 'k,s f = (CO (k) 0 Js ('7 U)) ot (f)
and the continuity is a consequence of the continuity of (57). It follows that we may define a weight k action
of ¥ on D (X,0) by the rule
(ks o) (f) == (o ks f)-
By Lemmas 7.4 and 7.5 there is an (O, X)-equivariant topological identification s* : Ay (X) = A (X, 0).
Taking the O-duals it yields an (O, ¥)-equivariant topological identification
sy =s:D(X,0) 5 D(X,k).

Proposition 7.6. The morphism T%‘)(X) is a (O, X)-equivariant topological identification TI{)(X) D (X) S
D (X,k).
Proof. We let T act on T' x X by the rule ¢ (t2,T) := (t1t2,Z): since h (t1 (t2,T)) = titas (T) = t1h (L2, T)
we have

hE: O8KD (T x X) — 03D (X) =: Dk (X).
This map is an O-linear isomorphism by a general functoriality principle, because (17,h) : (T,T X Y) —
(T, X) is a locally analytic isomorphism of T-bundles. Indeed, h¥ is induced by 1®h, and it is characterized
by
(58) s (a®xp) = a®iha (1) -

20



Consider the topological identification P := Pp ) p(x) : D (T) ®,D (Y) — D (T X Y) Note that it is
D (T)-linear: indeed, by (54) and (51), we have

p ((5151 : 5t2) ®5T) =P (5t1t2 ®5f) = 5(t1t275) = 6t1(t27§) = 6t1 ’ 6(t275)'

Both sides of this equation are linear in the involved variables and, if we fix all but one, the resulting
function is continuous in the remaining variable thanks to (53) showing that the multiplication laws are
separately continuous. The D (T')-linearity follows from this remark and (52) by the above equation. We
deduce that

1lo®xP : 08,D (X) = 08D (T)&,D (X) — 0&xD (T x X)

is an O-linear topological identification. Finally, we have the O-linear topological identification

- = o
Losn(x) } OFP (X) — 0®,D (X)
from Remark 7.1. R
Setting ¥ := h¥ o (1o®KP) o 15;D(f) we now consider the following diagram:
~ Tg(x) —
(59) OxD (X) D(X,0)
+| |-
Dy (X) ———D(X,k).
To(x)

Since all the morphisms appearing in the diagram other than TI{D( x) are O-linear, topological identifications

and Tlg( X) is (O, ¥)-equivariant, suffices to prove that the diagram is commutative. Indeed, since the arrows
are O-linear ftinuous, by (52) it suffices to show that TII‘)(X) (yk (1@95;)) = S5 (Tg(x) (1@61)) for every
T € X. We have lp(ry = 01, so that Téé@p(y) (1@(55) = 18,07 = 18x01®,0%, and we see from (51), (58)
and (50) that we have

Y (126z) = B ((1o®kP) (18k0:1®,07)) = h (18k617)) = 10kh. (00.3))
(60) = 1®xbn(1z) = 1®ks(z).
It follows from (55) and (51) that

Thx) (7 (1807)) = Sitmanc) = O

On the other hand, Tg(Y (1&67) = 6 by (51), so that

)
52 (TS ) (1802) ) (F) = 5. (32) (1) = 62 (5" (F)) = F (5 (7)) = %z (F)

for every F' € Ay (X). Hence s, (Tg(x) (1@630)) = ok y and the claim follows. O

s(T

The following result is a formal generalization of [3, Theorem 3.7.4]. If k; € Hom, (D (T), ;) we write

k; 5 ks to mean that ko = @ o ky for some ¢ € Homy (O1,03) and set I, := ker (¢) (with the subspace
topology). There is an induced specialization map

(61) 0, 1D, (X) — Di, (X), 0, (a®i, 1) = @ () Ry -

It is easy to see that, viewing O; as a D (T)-module via k;, the map ¢ : O; — Oy is D (T)-bilinear. In
particular, I, is a D (T')-sub-bimodule via k; : D (T') — O; and we may form I,®y, D (X), which is a (left)
O;-module and a (left) D (T')-module (via k;). The notion of topological left exactness (resp. exactness)
which appears in the statement of the following theorem is recalled just below it for the convenience of the
reader.
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Theorem 7.7. Suppose ki 5 ko. Then the specialization sequence
(62) 0 — [,&k,D(X) — Dy, (X) 25 Dy, (X)
is topologically left exact. Furthermore, if ¢ is surjective, then @, is surjective and the resulting (62) is

topologically exact.

Proof. Recall the D (T)-linear, topological identifications v%i : O;@D (X) — D, (X) introduced before (59).
Consider the following diagram

P . eBlpnx P
0 —— I,®D (X) —— 018D (X) ———— 0,&D (X)

»Ykl \L lvkz

00— I,®k, D (X) — D, (X) ————> D, (X))

Let us assume the following facts, whose validity we be established below: (i) there is a morphism
'yrl : Iw&x\ﬂ) (Y) — Ig,@le (X) such the resulting square is commutative and with dense image, (i) the
square on the right is commutative, and (7i7) the first row is topologically left exact (resp. exact when ¢ is
surjective). We claim that, given these facts, the continuous morphism fyf‘l : L/,®D (Y) — Ig,@kl]) (X)isa
topological isomorphism; hence the topological left exactness (resp. exactness) of (62) (resp. of (62) when
 is surjective) will follow from the corresponding exactness property of the first line. To prove the claim,

we first remark that, because v¥! o is injective, ’y‘kl is too. Suppose now that (’yfl (x,)) — y is a net in
I,®xk, D (X) with z; € I,&D (X). Because j is continuous, we have (% (i (z;))) = (j (’yrl (xl))> — 7 (y).
Hence (v* (i (;))) is a convergent net and, because y¥! o7 is a topological subspace, (z;) is a Cauchy net and
we have, (z;) — = € Lp@’D (Y) by completeness of Lp@)D (Y) But then the continuity of 7?‘1 implies that
(’y?‘l (xz)) — 7?‘1 () and, hence, y = fyrl (z), because I,®y, D (X) is separated. This proves that the image
of 'y?‘l is closed and, because it is dense, we conclude that 'yrl is surjective. Hence 'y?‘l is a continuous bijection
and the above argument proving the surjectivity of fyrl shows that, if (fyf“ (x1)> — 7}‘1 (z), then (x;) — =
(because it proves the convergence (z;) — 2’ € I,®D (X) and then, by continuity of 'y}‘l, 7?‘1 (z) = 'y}‘l (z')
implying « = z’). We deduce that *yrl is a topological isomorphism, as desired.

Proof of (7). Let us consider the following morphism, where the first arrow is p — 1®,u = 61,

K,K
D(T),D(

P _
8:D(X) —DM&D(X) "2V D (r«X) D (x).
It follows from (51), (50) and the definition of i that we have (3 (0z) = (7). Hence, setting
Ay 1,08 ~
7‘1(1 : 1,@D (X) 197_> 1,8D (X) — I,®x, D (X),
we see that ’y‘kl (a@d;) = a@@klés(f). It follows from (60) and the fact that v is O;-linear that we also
have v (a@éf) = a@klés@, proving that 7?‘1 makes the diagram commutative (by density of the K-linear
span of the elements a®dz with a € I,). Since the K-linear span of the elements of the form a@kl Oy is
dense in I,®y, D (X) (by (52)), suffices to prove that a®y, d, with a € I, and z € X belongs to the image

of v in order to deduce that v¥ has dense image. But because h is surjective, we may write z = ts (T)
and then, by (54), we see that

a®i, 0, = Bk, 6105 = aki (8¢) Bk, bs(z)
v‘kl (aki (0;) ®07) € Im (’yrl) (because ok, (04) € I,).

Proof of (ii). In order to prove the commutativity of the right square, since the arrows are D (T')-linear
and continuous, by (52) it suffices to show that ¢, (v* (1@)55)) = ke ((go@lp(y)) (1®5E)) We have
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(#@1p(x) ) (1867) = ¢ (1) @67 = 1867 and, by (60), 7 (1857) = 181,06,z Hence, 72 ((9B1p(x) ) (1867) ) =
1@1(2(53(@ and7 by (61),

@, (Y (1867)) = ¢, (18k,05(z)) = ¢ (1) By 05(z) = 181, 05(7)-
Proof of (iii). The fact that the first line is topologically left exact (resp. exact when ¢ is surjective) is a
consequence of Lemma 7.8 below as follows. Consider the topologically left exact sequence of Banach spaces

0— I, — O 5 Os.

We remark that, when ¢ is surjective, it is a topological quotient by the open mapping theorem (see [38,
Proposition 8.6]) and, hence, the above sequence is also topologically right exact. Also, by strictly paracom-
pactness, W =D (X ) is a topological direct sum of nuclear Fréchet spaces. Now apply the lemma. O

Suppose that we are given a sequence
(63) 00—V, =V, V5 —0

of morphisms of locally convex spaces. We give 0 — ker (7) — V5 (resp. V' — Im (f) — 0) the initial topology
(resp. final), i.e. the subspace topology (resp. the quotient topology). If o ¢ = 0, then Im (¢) C ker () is
always a continuous inclusion. We say that (63) is topologically exact at V5 if it is algebraically exact and
Im (¢) = ker () is a topological identification. We say that (63) is topologically left exact (resp. exact) if it is
topologically exact at V; and V;, (resp. and also at V3). It is not difficult to see that (63) is topologically left
exact if and only if it is algebraically left exact and ¢ is a topological subspace and that (63) is topologically
exact if and only if it is algebraically exact, ¢ is a topological subspace and 7 is a quotient space.

Lemma 7.8. The following facts hold:

(1) If (63) is topologically left exact, then the spaces Vi, for k = 1,2,3 are Banach spaces, and W = @ W;
is the sum of the nuclear Fréchet spaces W;, then (63) QW s topologically left exact.

(2) If (68) is topologically exact, then the space Va is seminormed, and W = @ W, is the sum of
semimetrizable spaces Wy, then (63) QW is topologically exact.

Proof. Tt is not true that the topological direct sum commutes with V®— in general; however, the reader
may verify that this is true when V' is seminormed. It follows that VoW = @, V,@W; for k = 1,2,3 and,
hence, we may assume that W is a nuclear Fréchet (resp. semimetrizable) space in the proof of (1) (resp.

(2))-
(2) We leave to the reader the verification that — ® W is a topologically exact operation for every locally
convex space W. We deduce that

0 —VieW —VW —VeW —0
is a topologically exact sequence of seminormed spaces. Hence, the claim can be deduced from the more
general assertion that, if
(64) 0— Wy —= Wy - W3 — 0

is a topologically exact sequence of semimetrizable spaces, then taking the completion preserves the topologi-
cal exactness. Let £ be a family of lattices which forms a basis at 0 for the topology of W5 which is countable.
Writing Ok for the ring of integers of K, we may form the following exact sequences of Ox-modules

Wi o W =, Ws
(L) L (L)

0— — 0.

Because {%} B is an inverse system with surjective transition maps and £ is countable and directed,
Le
taking the inverse limit over L € L yields the exact sequence

L T

W3
lim ———— lim —= — .
(65) 0— lm 7= (L) etec I eteca 0
But because (64) is topologically exact, we know that {¢=! (L) : L € L} (resp. {m (L) : L € L}) is a family
of lattices that forms a basis at 0 for the topology of Wi (resp. W3). Hence, by the explicit construction of
23



the completion ¢ : W — W as an inverse limit (see, e.g., [38, proof of Proposition 7.5]), we have (65) = (/6\4)7

—

proving the exactness of (64). The topological exactness follows from that of (64), using the fact that the

association L — ¢ (L) establishes a bijection between the sets of open lattices in the locally convex space W
and those in its completion W (with inverse L — ¢~ (Z), see [38, proof of Proposition 7.5]).

(1) We can split the topologically left exact sequence (63) in the topologically exact sequence

Vs
0—>V1—>V2—>72—>0
1

and the continuous inclustion % — V3 of Banach spaces. Applying (2) we deduce that

O—>V1<§>W—>V2<§>W—>%®W—>O
1
is topologically exact. The following result implies that %@W — Va®W is again a continuous inclusion,
proving our claim.

Sublemma. Suppose that U; — U; is an injective morphism of Hausdorff and complete locally convex
spaces and that W is a nuclear Fréchet space. Then U;@W — U, @W is again an injective morphism.

Proof of the sublemma. Because W is a nuclear Fréchet space, £ (W, K) is of compact type (see [38,
Proposition 16.5]). But because it is an inductive limit of Banach spaces, £ (W, K) is bornological (see [38,
pag. 39 Example 2]) and, by [38, Proposition 16.10], it is reflexive. Since L (W, K) is bornological and
reflexive, £ (£ (W, K),U) is (Hausdorff and) complete for every Hausdorff and complete locally convex space
U (see [38, Proposition 7.16]). We can now apply [38, Proposition 18.2] to deduce that there is a canonical
isomorphism

L(L(W,K),K)®U — CC (L (W,K),U),

with CC C L the closure of the space of maps having finite image. Applying the reflexivity of W (see [38,
Proposition 16.5]), we deduce the canonical identification

W&U = CC (L (W,K),U).
But it is clear that CC (L (W, K), —) preserves injections, proving the claim. O

7.2. Derivatives of distributions. Suppose that k; > ky with k; € Hom (D (T), ©;). We write Der ()
to denote the space of morphisms of locally convex spaces 9 : @1 — Os such that

9 (af) =0 () @ (B) + ¢ () (B).

We may therefore consider the following morphism of locally convex spaces:

~ ~ o081 ~
Op(x) : [LED (X) — 018D (X)) 5 0,8D (X).
Note that Op(x) is left D (T')-linear:

~

Opx) (ki (v)a@p) = (ki (v) @) @pu=0(ki (V) p(@)Bp+ ¢ (ki (v) D (a) Bp
ko (v) 0 (a) ©p = ks (v) Op(x) (e®p)

for every v € D (T'), a € I, and p € D (X). Recall that X is endowed with a right action of a semigroup ¥
compatible with the T-action. Then dp(x) is ¥-equivariant, being the composition of Y-equivariant maps.

The proof of the following result, left to the reader, is an easy consequence of the fact that 9 (af) = 9 () ¢ (5)
when o € I, and 8 € O;.

Lemma 7.9. If ki 5 ko and 9 € Der (¢), then there is a unique morphism of locally convexr spaces
J, = O, p(x) making the following diagram commutative, which is (D (T) , ¥)-equivariant:

Op(x)

I,&D (X) 0,@D (X)




Until the end of this subsection, assume that 7 : X — X is a trivial T-bundle. Let k; — ko and let
0 € Der (p). Then we may define

8%5 : Dk1 (X) — Dk2 (X)

by means of the following commutative diagram

9®1p(x)

0,&D (X) 0,&D (X)
Dy, (X) Die, (X)),

where we recall that we have

- ngf) — gk (T;L'(X))i]
Y =98 08D (X) — D(X,0;) =D (X k) — Dy, (X).

We define
8@,0,5 : Ak1 (X) — Akz (X)

by means of the following commutative diagram

Op,s
-Akl (X) Ak2 (X)
A(X,01) A(X.0,),

where 0, (f) :==0o f.
Proposition 7.10. If u € Dy, (X) and F € Ay, (X), we have the formula

0 (T ) (1) (F)) = T ) s (1)) (2 (F)) + T ) (. (1)) (0 (F)),
where ¢, (F) :=¢oF.

Proof. If a« € O, 7 € X and f € A(Y, (91), by (51) we have, setting GD(Y) = 8®1D(Y)’ Pp(x) =
80@11)(?) and Px (f) =00 fa

(T, (a352) () 2 (002 (1) = ()¢ (5 (1)) + ¢ ()0 (5 (1)
= 9(0) 0 (1 (7)) + 0 (@)D (£)).
%) (9o (0502)) (0. (1) =T (0(0)8) (. (1)) = (@) 32" (5, (1)) = 0(@) ¢ (F (7))

)
)

T (9o(x) (0852)) (0. () = TS (¢ (@) 802) (0. (£) = ¢ ()52 (0. (1) = 0 (@) @)).

By K-linearity, continuity and density of the span of the Dirac distributions we deduce
(1905, (1) = T8h) (o) ) (v (1) + T (i) () - (1) 0 € 03D ().
In particular, with f = s (F) and 7 = ('ykl)_l (i), we deduce
0 (T34 (67 00) 6 (P0) = T35 (B ()7 ) (o (i ()

(66) i (oo ()7 ) @ (si, (1))
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By the commutative diagram (59), T, o (7)™ = (s) 7 o T ). s0 that Toix) ()™ () =
(%) ™" (Thix) (1)) and, since sk is the dual of sf,

(67) Tor ()7 () (sic, () = Ty () ((sie) ™" s (F)) = Ty () ().

We also have, by definition, dp ) (1) ™" (1)) = (7)™ (.. () 50 that, again using TOZ(Y) o
(7)™ = (%)™ o Ty, we find T (pe) ()7 (1)) = (549) ™" (Tice) (O () snce st
is the dual of sf_,

o7 (o) ()7 1)) (o (s () = Ty @ () ((5i) ™ (i (s, (1))

We now remark that, as in the proof of Lemma 7.4, i, = (su,)” " with 7y, (f) (k (£, T)) = k; (8,) f (T), s0
that
Tk (92 (5K, (F))) (h(£,7)) = ka (00) @u (sk, (F)) (T) = ¢ (k1 (31)) ¢ (s, (F) (7))
= ¢ (ki (de) s, (F) (@) = ¢ (1, (5, (F)) (b (t,7)))
= ¢(F (7)) = ¢ (F) (h(t,T)).
It follows that (siiz)_l (¢, (s, (F))) = ¢, (F) and we deduce

(65) 95y (O ()7 ) (20 (s () = T @s () (. (F))
We have, by definition, . (si, (F)) = si, (9,5 (F)). Since Tgiy) = (31:2) T%‘(X) ovk2 and sk2 is the

dual of s, we see that

3 (2o ((F) 7)) 0 (si, () = T2 (enm) (F) 7 ) (sk, Dps ()

Recalling that ¥p(x) = w@lp(y) we have shown in the proof of Theorem 7.7 that ~*2 °Pp(x)° (+%) o 0,.

We deduce
(69) T (o) (47 () (0. (s (F))) = Ty (00 (1) (D (F))
The claim now follows from (66), (67), (68) and (69). O

Proposition 7.11. If o« € Oy and p € Dy, (X), then
Dp,s (ap) = 0 () p, (1) + ¢ (@) O s (1) -
Proof. Suppose, first, that this formula holds when p = 1®k1(5w. Since ¢, (B@kléw) = () p, (1®k1(5a:) by
(61), we see that
Op.s (a . ﬂ@kﬁm) = 0Ops (aﬂ 1<§>k15z) =0 (ap) ¢, (1@1(161) + ¢ (af) 0y, s (1@1(1593)

= 8(0[) ( ) (1®k16w) —|-30(Oé)a(ﬁ) P (1®k15m) +@(a)@(ﬁ) atp,s (1®k16$)

= 9(a) ¢, (BB, 02) + ¢ () (9 (B) ¢, (18K, 02) + ¢ (B) p,s (18, 0:))

= 0 (O[) (6®k1 ) + ® (Ot) 8«/),5 (B®k1 5w) .
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Since the K-linear span of the elements a®y, d, is dense in Dy, (X), the claim then follows by the K-linearity
and continuity of the maps involved. We must therefore prove that

(70) D5 (B, Onem)) = 0 () @, (18, On(.m)) + @ (@) s (181, (e, ) -
According to (60), v* (1@)55) = 18y, ds(z) and then, by D (T')-linearity of i
Ve (K (6,) @07) = ki (6,) 7 (1807) = ki (6;) B, 05(z) = 18,0t - O5z) = 18k, On(t.7):
where §; - 05z) = O¢s@) = On(rz) follows from (54) and the definition of h. We deduce y ki (a i (0¢) @57) =
a@ki On(e,z) by Og-linearity of +%i. Tt follows that
Dp.s (0B10n0m) =7 () (07) 7 (0B 0nem) ) ) =7 (O () (k1 (3) 805))
We compute
Op(x) (ki (6) ®07) = 0 (aka (6:)) 807 = D (o) ¢ (K1 (34)) @07 + 2 () D (ka1 (61)) @0
) k2 (6¢) @0z + ¢ () 0 (ke (5t))<§>
(742) ™1 (0(0) Breaneamy) + 0 (@) D (ks

9 (
9 (

(6¢)) @0z,
implying that we have
(71) 0,5 (@1, 6 (1.7)) = 0 (@) B1y e + 7 (9 (@) 8 (ka (81)) R6z) -
Furthermore, setting o = 1, we see that
(72) Op,s (181, 0n(e7)) = 7™ (0 (k1 (6:)) @07)

According to (61) ¢, (1®k15h(t,§)) = 1®k25h(t,§)a so that
(73) () B, On(ez) = 0 () o, (1®k15h t7 ) ~

On the other hand, by O,-linearity of v¥2, v¥2 (¢ () 9 (k1 (6¢)) ®07) = k2 (9 (k1 (8¢)) ®67) so that
(72) gives

(74) 72 (0(@) 8 (k1 (6:) 887) = ¢ () Dps (18, n(em) ) -
The claimed (70) follows from (71), (73) and (74). O

The following result implies, in view of the equality I,®x, D (X) = ker (¢,) C Dy, (X) of Theorem 7.7,
that 0, s|ker(p,) does not depend on the choice of s.
Corollary 7.12. We have 0, 5 = 0, : I,@1, D (X) = ker (p,) % Dk, (X).

Proof. Since the K-linear span of the elements a®, u with o € I, is dense in Lp<§>k1D (X), it suffices to
check that J, s (a@klu) =0, (a@klu) for these elements. According to Proposition 7.11 we have

D5 (@B, 1) = 0 (), (181, 1) + ¢ () Dy s (181, 1) = 0 (@) o (180, 1) -
Thanks to (61), ¢, (1®k, 1) = 1®k,p and then, by Lemma 7.9,

0 (a) Px (1®k1/’[’) =0 (a) ®k2/1‘ = 84,0 (aéékl:u’) :
0

We end this subsection expressing the operator J, s on functions in terms of the usual derivative. Recall
the locally analytic locally analytic function js : X — T characterized by the rule = j, (x) s (7 (z)). Define

Ologky : T — Oy
by the rule

(0logk;) (t) := 9 (ii (6¢))  O(ky ((St))'

6 J—
(k1) (0)) ka2 (d¢)
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Consider the maps

Os : Ak, (X) — A(X,03), 04 (F):=00F

Pu Aty (X) — As, (X)), 0, (F) := o F.
Lemma 7.13. If F € Ay, (X), then

0x (F) = €s.0c1.0.(7) + 05 (F)
where € 1= €5 9k, o, (F) 18 the function
€(z) = (Ologky) (js (2)) ¢, (F) (x)

on X.

We end this section with the following remark. Suppose that a : T x X — X has the property that there
exists a set I such that X =| |..; X;, each X; being T-stable. Then

Y = T\X = |_| T\Xl = I—liel Yz

iel
iel
We say that X is a locally trivial T-bundle if every X; — X; is a trivial T-bundle, i.e. X; has the structure
of a locally compact, paracompact, p-adic manifold and there are locally analytic sections s; : X; — X;
such that the locally analytic maps h; = hs, : T' x X; — X; given by h; (t,7) := ts; (T) are locally analytic
isomorphisms. We call the triple (T, X,S) with S := {sl X — Xi} a split locally trivial T-bundle. This
notion isn’t a generalization of what we have proved so far because we could give X the structure of a locally
compact, paracompact, p-adic manifold making the X;s open in it and then define s : X — X by the rule
s(z) :=s; (7) it T € X, which is indeed locally analytic and realizes X — X as a trivial T-bundle.

7.3. The relation with the Coleman-Teitelbaum cocycle. In this subsection we will apply the notions
and results of the previous §7.1 and §7.2 as follows. We take X = W, T = Q/, and let m : X — X be the
map 7 : W — PY(Q,) defined by 7 (z,y) := [z : y]. To see that the above results apply, we explain why this
map is a trivial T-bundle. By the remark at the end of §7.2, it suffices to show that 7 is a locally trivial
Q) -bundle. To this end, let us identify Q, C P!(Q,) with the set of elements of the form z = [z : 1], so that

m(z,y) = x/y € Q, for y # 0 and 7 (z,0) = co. Set Xg :=Zy, Xoo := P} (Q,) — Z, and X, := 71 (X;),
which are Q, -stable by construction. Explicitly, we have

Xo = {(@y):y#0andz/y € Zp},

Xoo = {(my):y#0andz/yecQ—Z} U{(x,0)}
= {(z,y):z#0and y/z € pZ,}.

Then the functions sq ([z : 1]) := (2,1) for [2: 1] € X and s« ([1: 2]) = (1,2) for [1: 2] € X do the job.

From now on we fix an integer k& > 0.

Let us write the elements of QX (resp. ZX) uniquely in the form ¢ = p°™@»() [t] () (resp. t = [t] (t))
using the decomposition Q) = p? x Fx x (1+pZ,) (vesp. Z; = Fy x (1+pZp,)). Suppose that O is
an affinoid E-algebra, write Ay (W) for the space of E-valued locally analytic functions on W such that
F (pz,py) = p*F (z,y) and let Dy (W) be its strong dual. Then Dy, (W) is naturally a D (Z) )-module and,
for a continuous character w : Z; — O, we may form

(75) Doy (W) := 02,Dy, (W).

Alternatively, if k : QX — O is the character k (£) = p**rd»("w ([t] (t)), then Dy, (W) = Dy (W) (this is
an easy application of Proposition 7.6).

Because Homy,s (1 + pZ,, G,,,) ~ &p (E (S)) if we work over the field E (a finite extension of Q,), there
is an open affinoid neighbourhood 2 = Q; C Homg; (Z;,Gm) of k which parametrizes the characters
of the form ¢ — [t]* (t)°*. The inclusion @ C Homy, (Z;,Gm) corresponds to a continuous character
w=w: Zy = O with O := O(Q). Setting tk = pkorde®, ([t] (t)) defines a continuous character
k: Q) — O* which parametrizes the characters of the form ¢ — perde () [1)% (1)*. Writing ¢ : k — k for the

evaluation at s = k specialization map, we have 0 := d% o« € Der (¢). We will apply the results of §7.1 and
§7.2 with K = F and k; =k — k = ko.
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Let C (V,Dx (W))FN+vN‘ be the space of lN“NﬂNf—invariant maps ¢ : V — Dy (W) (see [34, Proposition
3.5] for a description in terms of lattices and note the twist of the action in the weight & > 0 case) and
suppose that u, € Dk (]P’1 (Qp))FN+>N_ is p-new, as in the introduction, of higher even weight k + 2 > 2.
Here, D (Pl (Qp)), the higher weight analogous of the space D° (Pl((@p)), is defined as follows. Write

A (P! (Qp))k C A(Q,) for the space of locally analytic functions which may have a pole of order < k at oo
(see [28, Definition 3.2], for example). Writing Py, for the space of two variable, homogeneous polynomials

of degree k with coefficients in E, we have Pj, C A(Pl((@p))k. We let D (IP’l(Qp))k be the E-dual of

A (P! (Qp))k and write D* (P!(Q,)) for the subspace of those locally analytic distributions y € D (Pl((@p))k
such that ;1 (P) = 0 for every P € Pj. Then there exists a family py , := {“kw}vev with the property that,
writing s, , for the specialization of yy , at k obtained by ¢, we have, as in (5),

P v 7= P (,uk’v) = p, for every v € V.

(See [4, Theorem 2.5 and Lemma 2.12] and [34, Theorem 3.7, the subsequent discussion and Proposition
3.8]).

Let Vi be the E-dual of Py. Given the family p, ,, € C (V, Dk (W))"~+.5~ as above such that gy = g
and 7 € ' such that r (1) € VT, we define

¢ () (P) = Do (M) ) (P) = Du (acrniry) (P 7 € Doy amd P € P

On the other hand, we recall that, thanks to Teitelbaum’s Poisson kernel formula (see [44]), the Coleman
cocycle attached to ¢ can be expressed by the formula

Pr (o) 0= [ 10w (ST ) P o (o).

T —TY
We recall from the introduction that y, € D° (P* (@,,))FN#N* is zero on Py.
Proposition 7.14. We have ¢i** € Z! (Cn+.n-, Vi) and s — p (1g) in H (Tn+ n—, V).

Proof. Set O, p (2,y) :== (x —79)°* " P(2,y) € A (W)3, so that 9, (O, p) = log (z — 7y) P (z,y) =: 0,.p
and then, by Lemma 7.13,

atpﬂs (GT,P) = 8* (e‘r,P) - Es,a,w,ap(@rvp) = OT,P — €5,0,w,P-

(For the last equality, notice that ¢ (0, p) = P). Then we see that, by Proposition 7.10,

0 (ﬂk,v (@T,P)) = ap,s ﬂk,v) (¢ (@7-71:-)) + @, (Nk,v) (aso,s (@T,P))

(
(76) = 0Ops (Nk,v) (P)+ K (GT,P — €5,0,w,P) -

Define a function J : Hp" — Vy by the rule J (1) (P) := 0 ( p r(r) (@T’p)). Then one checks that, since
@, (ke.0) = g is zero on Py (by p-newness of ¢), J (y7) (P) = (vJ (1)) (P), so that

by (7) :i=J(y7) = J (1) =~J (1) = J (1) € B* (T, V).

8We have indeed

O, p(ta,ty) = (to —1ty)° " F P (ta, ty) = t* () F (@ —1y)° T P (a,y)
= prre® E P )k (w — 1) T P (2,y)
pEordr O [k (1)° (@ — 7y) F P (2,y) = t%6, p (z,y).
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Writing (76), ,, for the equation (76) applied to (7,v), we see that

bT (’7) (P) = (76)77—,7'(77—):77"(7') - (76)T,T(T)
= s (M) (P) + g (O — €s,00,p)
—0p,s (:u’k,r(r)) (P) - e (0r,p — €5,0.0,P)

= (aap,s (Mk,'yr(r)) — s (/‘kn"(f))> (P)

+/~L¢ (9777P — €5,0,w,P + €5,0,w,P — 9T,P)
= = () (P) + He (07, p —07.p).

But we have

Oyrp —0-p = log(x—~v71y)P(x,y) —log(z —1y) P (x,y)

= log (x_wy> P(z,y),
.T—Ty

so that
He (977,P - GT,P) =P (,U/¢)
as claimed. O
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