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We discuss the renormalization of the electric charge at the two-loop level in the standard model of the
electroweak interactions. We explicitly calculate the expression of the complete on-shell two-loop counterterm
using the background field method and discuss the advantages of this computational approach. We consider the
related quantityd®(w), defined in theMS renormalization scheme and present numerical results for different
values of the scalg. We find that the full two-loop electroweak corrections contribute more than ten parts in
units 10°° to the Aa(m?) parameter, obtaininga~*(m,)=128.12:0.05 for Aa{2(m?)=0.027572

+0.000 359.
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[. INTRODUCTION obtained by considering the modified minimal subtraction

(MS) QED coupling constant at the scatedefined by

The very high experimental precision reached at the
CERNe"e™ collider LEP and prospected at DESY TeV En-
ergy Superconducting Linear Accelerat@iESLA) with the a(p)=——.
GigaZ option requires a corresponding theoretical effort to 1+(2s¢ele)
provide accurate predictions. The inclusion of higher-order
effects and a very precise knowledge of the input parameterisquation(3) is expressed in terms of the finite part of the
of the electroweak standard mod8IM) are necessary ingre- on-shell electric charge counterterfie., with the dimen-
dients of precision physics. Among the three basic input pasional regularization pole subtracjedvhich is a gauge-
rameters usually employed, namety,G,, , andm,, the fine invariant quantity that includes both Fermionic and Bosonic
structure constant defined at zero momentum tranaféy, contributions. In the background field methd@FM), as will
is the most precise one with a relative error of 3.7 parts pebe discussed in detail in Sec. 3, the counterterm is given only
billion. However, for physics at high-momentum transfer, by the photon vacuum polarization diagrams, evaluated at
such as physics at the resonance, the use of an effective g°= 0. At the one-loop level the electric charge renormaliza-
coupling defined at the relevant scale is more appropriatéjon has been discussed in Reff$,2].

©)

e.g., for theZ resonancex(m,) is more adequate thaw(0). In this paper we present explicit results for the electric
In pure QED the natural definition of an effective QED charge counterterm including all second-or@(a?) elec-
coupling at the scale/s, troweak corrections. Our calculation is performed employing

the BFM framework. The issue of the two-loop renormaliza-
tion of the electric charge in the SM was already addressed
(1) in the usuaR; gauge quantization scheme by several papers
discussing the two-loop contributions to thg,-m, interde-
pendencd3]. Our calculation provides the necessary ingre-
Aa(s)=4maRgIL,,(s)—11,,(0)], (2)  dients to define and evaluate numerically the effective pa-
rameter (), which is a fundamental quantity in all
is given in terms of the photon vacuum polarization functionprecision tests of the SM.
evaluated at different scales. The paper is structured in the following way. In Sec. Il we
In the full SM, the Bosonic contribution to the photon outline the calculation of the Thomson scattering amplitude,
vacuum polarization at high-momentum transfer is, in genwhich allows us to define the electric charge counterterm,
eral, not gauge invariant. Thus it cannot be included in &nd present the one-loop result in the SM. In Sec. Ill we
sensible way in Eq(1). Equation(1) with only the Fermi- discuss the main differences between the udtialgauge
onic contribution included is a good effective coupling at thequantization scheme and the approach offered by the BFM,
m, scale. However, for energy scales much higher timan  that makes manifest the possibility of a Dyson summation
which will be tested by the future accelerators, an effectivealso for the Bosonic contribution. In Sec. IV we present the
QED coupling that takes into account also the Bosonic contesults of our calculation of the Thomson scattering ampli-
tributions can be considered. tude at the two-loop level and comment on the checks that
A different definition of a QED effective coupling can be we made. In Sec. V we discuss in detail thi& parameter

. o
(8= TR a(s)’
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FIG. 1. The diagrams of the Thomson

scattering.
(d) (e)
&%(u), present numerical results for this parameter for dif- ; 1 5,
ferent values of the scale, and discuss the relevance jat /3%;: - 2—§(Fy+ Fz+2F.F_),
=m, of the contributions we have computed. Finally, we )
comment on the variation of the 95% upper limit on the Fo=0"W2Figmy™,

Higgs boson mass induced by our new resultagm,).
Fz=d*Z,—&myx,
Il. STRUCTURE OF THE CALCULATION Fy: 3/“AM @

The electric charge is defined in terms of Thomson scat- .
tering, namely of the scattering of a fermion off a photon ofthat cancels_, at the tree-level, the mixing betwee_zn the vector
vanishingly small energy. The diagrams that describe thi@nd scalar fields. In Eq7) ¢ andy are the unphysical coun-
process in the SM can be depicted symbolically as in Fig. 1trparts associated to thi andZ bosons.

As is well known in pure QED, the-Z mixing diagram In the SM the radiating fermion couples both to the pho-
[Fig. 1(c)] is absent while the Ward-Takahashi identity en-{0n and theZ currents (', ,J), the latter via they-Z mixing
sures the cancellation of the vertex contributf@ig. (@]  diagram, Fig. ic). Furthermore, the theory does not satisfy a
against the wave-function renormalization of the fermionQED-like Ward identity, namely the sum of diagrams Figs.
[Figs. 1d) and (¢)] such that the relation between the bare1(®. (d), and(e) does not add anymore to zero. Instead they
chargee, and the conventional renormalized chaegean be ~ COMe out proportional to the third current of the weak iso-

written, via Dyson summation, as spin J5=2(J% +s°3%) with s*>=sir’ 6, so that the part of
J§ proportional to theZ current cancels the contribution
e2 coming from they-Z mixing in order to obtain a result only
0 . . . .
o — (4) proportional to the photonic current. The final result is con-
1-e311¢)(0) stituted by the total photon self-energy contributigiermi-

onic plus Bosonit plus the vertex part from diagrarfSigs.

whereII{)(0) is the Fermionic QED vacuum-polarization 1@, (d), and(e)] proportional toJ’; . At the one-loop level
function evaluated ag?=0. we have[1]

We write in general a vector bosoW) self-energy as

7€2] 1 m, 1
e?=eZ| 1+ e )(0)— —3 | — +In—— —

IG5(a%) =Av(9%) 8"+ By(9%)g#q”, (5 8| n—4 poo21
25eM
employing the convention that the photon vacuum polariza- =e| 1+ ) (8)
tion function is related to the transverse part of its self- e
energy by

where e is the on-shell one-loop electric charge counter-
) » 2 5 term. In Eq.(8) the last term in the curly bracket represents
Ay(a%)=0a7&ll,,(9%). ®  O(e?) Bosonic contributions to the charge renormalization
and in theé=1 Feynman gauge three out of the seven parts
The discussion of the Thomson scattering in the full SM
when the theory is quantized employing the conventional———
linear R, gauge-fixing procedurg4] differs from the QED e classify as Fermionic any self-energy diagram that contains at
case. We recall that in the, gauges the classical Lagrangian least one Fermionic line while all the others are indicated as
is supplemented by a gauge fixing function of the form Bosonic.
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come from_ the Bosonic_contribution to the photon se_lf- Gz=r9“ZM—§szx+igc(\7V+W“’“—W+\7V‘”)
energy while the remaining four are from the vertex dia- # #
grams. In Eq(8) nis the dimension of the space-time aad ) c?—s? . e el
is a rescaled 't Hooft mass according to tigbe o (679 —¢7 ¢ )
Me'ylz 1 R R

w7 am™ © +9éqz5 (YH—Hx—vx),
The factore”?(47) 2 is appended to the usual 't Hooft G,=d"A,+ie(W W #—W W #)
mass in order to cancel some numerical constants that are an _ — L
artifact of dimensional regularizatid]. We notice that, be- +ielo(dp d —0 d), (10

cause of the presence of nonvanishing vertex contribution, ) . B
the possibility of a Dyson summation like E@) in the SM  Whereg is the SU2) coupling, c=coséy, &q the quantum
with linear gauge fixing is not manifestly evident. gauge parameter, aridl the physical Higgs field.

In general, the renormalization of the electric charge in The invariance of the effect|ye action under the releyant
the SM with linear gauge-fixing requires the evaluation off@ckground gauge transformation of the background fields
the full set of diagrams of Fig. 1 and beyond the one-loopa”OWS us to write identities that have a simpler structure of
level it can become quite complicated although the analysid'€ conventional Slavnov-Taylor identities and in general do
could be somewhat simplified with an appropriate use of thé'0t involve ghost fields. In particular, for the two- and three-
relevant Ward identitysee Sec. IY. However, the problem point functions mv_olvmg the photon the following identities
cannot be reduced to the calculation of just the photor’©ld to all orders in perturbation theory:
vacuum polarization as in pure QED because of the lack of a T
QED-like Ward identity. a“I'2"(a,p,p)=—eQ[21(p)—2¢(—p)], (1D

B,,(0)=0, (12

Ill. BACKGROUND-FIELD METHOD ANALYSIS

As is well known, in a gauge theory the choice of a gauge B,z(0)=0, (13
in order to quantize the theory can spoil in the intermediate —
steps the original gauge symmetry of the Lagrangian that isvhere FZH is the three-point function photon-fermion-
actually restored at the end when physical processes are coantifermion, is the fermion two-point functiong=p-+p
sidered. This is what actually happens when the SM is quarthe photon momentum, ar@; is the charge of the fermioh
tized with the linear gauge-fixing function of E¢7). The in units e. Equation(11) is the usual QED Ward identity.
BFM [6,7] is a technique for quantizing gauge theories thatEquations(11) and (13) are not true in the convention&,
avoids the complete explicit breaking of the gauge symmegauges, while Eq(12) is valid at one loop but is spoiled by
try. One of the salient features of this approach is that alhigher-order corrections. From Eg4.2) and (13) and from
fields are split into two components: a classical backgroundhe analyticity properties of the two-point functions, it fol-
field V and a quantum fielty that appears only in the loops. lows that, to all orders,
The gauge-fixing procedure is achieved through a nonlinear

term in the fields that breaks the gauge invariance only of the Ay(0)=0, (14)
guantum part of the Lagrangian, preserving the gauge sym-
metry of the effective action with respect to the background A2(0)=0. (19

fields. As a result, the background field Green functions sat- . . .
isfy simple QED-like Ward identities. In the R, gauges Eq(14) is valid at one loop, while Eq15)

s - ._does not hold. An important consequence of E§4)—(15)
The application of the BFM to the SM was discussed in. : :
Ref.[8]. A suitable generalization of the gauge-fixing term of IS that in the SM, when the BFM is employed, the renormal-

Eq. (7) to the BFM that retains the gauge invariance of thelzation of the electric charge receives contributions only
action under background field transformation can be writte rom the photon vacuum polarization, analogously to QED.
as[9] t follows that the relation between bare charge and the

renormalized one can be written as in E4). and the Dyson
1 summation is justified not only for the QED part but for the
3t =— —(Gi+ G2+2G.G_), complete SM cont.ribution.. Therefore in the SM, thefz relation
2&q betweene, and e is obtained from Eq(4) with 11{)(0)
replaced by the complet@osonic plus FermioniclI,,,(0)
Gi=0“W,fIifqmwtﬁiii(eAﬂ—gCAZM)Wi evaluated with the BFM Feynman rules for the SM. We
would like to stress that, differently from the conventional
analysis in the standaf@; gauge, the BFM approach makes

_ L L

ti(eA,~gcZ)W, +§g§Q[(H *ix)e manifest the possibility of the Dyson summation also for the

. Bosonic part of the vacuum polarization function, a fact al-
—(HFxix)¢"1, ready discussed in Reft8,10].
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IV. RESULTS of unphysical scalar is not renormalized, a part from the
tadpole contribution, the counterterm of the charged ghost
mass becomes that of W boson. However, besides a coun-
) | . &erterm for theW-¢ transition, several new contributions in-
interesting aspects of a two-loop BFM calculation. volving coupling and mass counterterms are induced due to
The presence of two different kinds of fields, the back-the mismatch between the bare quantities appearing in the
ground and the quantum ones, requires the introduction ofjassical Lagrangian and the renormalized quantities in the
two different sets of Feynman rules, one for the quantumyauge-fixing term. We have explicitly verified that the two
fields that are actually identical to conventional ones, angrocedures give the same result. Furthermore we have also
one for vertices where at least one background field isxplicitly verified the two identities, Eqg11) and (15), at
present. Since the gauge-fixing term of EtQ) differs from  the two-loop level in the BFM Feynman gauggy=1.
the conventional one, Eq7), by terms that involve both The BFM allows us to write the relation between the bare
classical and quantum fields, the corresponding mixed vertiand renormalized electric charge as
ces are modified. In particular, because Ed) is quadratic

Before presenting the result for the two-loop contribution

in the quantum fields, only vertices in which two quantum eg
fields are present can differ from the conventional ones, like, e= 1- €2, (0)’ (16)
for example, theyW "W~ vertex that acquires &, depen- L
. Furth h li i f th -fixi
dence. Furthermore, the nonlinearity of the gauge-fixing HW(O)=H$7)(O)+H(7"Y)(O), 17)

function induces a modified ghost sector with respect to the
linearR; gauges. In a two-loop calculation both sets of Feyn- —(f), Ay _ 171(1) (p) (5)
¢ . . = + p +
man rules are needed. In fact, in the case of the electric 155, (0 =115(0) 1155, (0) +11,5,(0)

charge, the external photon is a background field and couples =11'Y(0) +I1'P(0) +[11'%(0) — Rell'®(m2)]

to the Bosonic particles running into the loop differently 7 7 7 s

from an internal photon, which instead should be regarded as +Rell?)(m3), (18

a quantum field. A complete set of BFM Feynman rules can

be found in Ref[8]. where the Fermionic contribution has been separated into a

The QED-like BFM identities simplify considerably the leptonic partl1{}), a perturbative quark contributiofi‘?),
renormalization procedure. Indeed, it is convenient to choosand a nonperturbative onH,(ysy)(O). Thelatter, associated to
a renormalization prescription that automatically respectsliagrams in which a light quark couples to a photon, can be
Egs. (11)—(15) and for our two-loop calculation this should related toA afgym3)=4ma[ RelI®mg)—T1$)(0)] that can
be enforced at the one-loop level. Possible subtleties of thibe evaluated from the experimental data on the cross section
implementation are only related to the Bosonic sector. Wee*e™—hadrons by using a dispersion relafiowhile the
recall that in the one-loop diagrams, besides the fermions fosiher term, Réf[(fy)(n@, can be analyzed perturbatively. The
which we employ the usual on-shell mass renormalizationyop contribution to the vacuum polarization can be reliably
the particles that contribute to the Bosonic part of thecaiculated in perturbation theory because of the large value
vacuum polarizationf1{)(0), are thew boson, its unphysi- of the top mass. Similarly, two-loop diagrams in which a
cal counterpart, and the charged ghosts, whose massgght quark couples internally to thé&/ andZ bosons allow a
squared aren3, andem\ZN, respectively. It is then clear that perturbative evaluation. These contributions together with
if we renormalize the masses of all these particles in thehe top ones are collected m(yp)(o)_
same way, namely employing the sakivemass counterterm We report here the one and two-loop irreducible perturba-
omg, for all, Egs.(11)—(15), that are satisfied at one-loop, tive contribution to the BFM photon vacuum polarization
will be automatically preserved under renormalization. Thisfunction evaluated at zero-momentum transfer, with the one-
choice corresponds to employing a gauge fixing functionoop result expressed in terms of the physical masses of the
written in terms of bare parameters and fields. The tadpoléermions and of thaV boson. We express all the results in
contribution needs a detailed comment. We perform the stanunits 1/(1672). The leptonic part is given by
dard tadpole subtraction, namely we choose the tadpole
. 2
counterterm to cancel the complete one-loop tadpole contri- 1) [4 n m
2
o

bution. This induces an additional term in the mass counter- H(yl«/)(o): (n—4) +§|:

term of the unphysical scalar proportional to one-loop tad-

poles. This contribution is needed to restore a topology of a

two-loop diagrams canceled by our choice of the tadpole -

counterterm and does not invalidate the preservation of the 4ms

QED-like Ward identity under our renormalization prescrip- 1/1

tion. + | Z-g24 044
Several other prescriptions for the renormalization of the 2\4

gauge fixing part and associated ghost sector are conceiv-

able. In particular, one can add the gauge-fixing term to the

renormalized Lagrangian, so that EQO) is expressed in  2For an alternative approach that evaluates dirdd@f)(0) via an

terms of renormalized quantities. In this case, while the masgnsubtracted dispersion relation, see Réf].

2
My
2
%

(3
——21In
2

151 13

R
36 3

mg
2
M

, (19
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wherem; are the lepton masses.

The perturbative quark contributions, including QCD corrections, are giveerayn@/mf, h= /mt, tw= mt/mW)
I 16 (m? as a)| 20as 20«
(O)— +—In| || 1+ —+—]| - -—
(n—4) 9 ) T 3 37 97w

a { 4(—17+40c?—32c*Z? 108+ (—443—800c?+640c*)z,+ (573— 840+ 67X Z?

—N +
‘4ms? 243%?(—4+1z,) 486c%(—4+12,)7,

A[7+172,— 40c?(2+ 7,) + 32c*(2+ z,)]BO(mZ, mZ,m3)
2437

+

2
m
2[27+(—37—40c%+32c*)z,+ (34— 80c” + 64c4)z$]|n( —2)
o
+

243%z,
21In(z)

+ ————— [126+6372,— 2752°+ 342> — 40c?(36+ 20z, — 1322+ 27°) + 32c*(36+ 20z, — 1322+ 27°
24&2(_44_202[ t t t ( t t t) ( t 1 t)]

Zt
4 —7—40c%(—2+z)+320*(—2+2)+8 -
[ (m2+2)+320(~2+2) Zt]¢(4) A(—4+h)BO(MZ,m2,m?)  2(—6— 11n,+2h?)In(hy)

- + +
27c3(—4+z)%z 27c%z, 27(—4+hy)zc?
h,
(25-8h,) (10—4h,) [m; 4) 29 8 3719 7,
nl — ——— —+ —tyt+ —t2— (ty—1)(2+t

54z,c2 27z¢> |\ w2/ 9(—4+h)hzc® 36 27, ot gt (twm D2t )

7 4 tw(26+ 7Tty — 635 16— 92t,,— 56t5,— 633, [ ma
x| —B0(mg,0mZ)+ ——BO(mZ,0m&) | + In(ty) + In| —

1/11 19 35 m32 139 70 [md,

—| o= =+ —<*|[3-4In| | |+ ———In| —| | , (20)

72 54 81 w? 18 9 \u

where in the last line the perturbative contributions of the first five light quarks is colldcted.

The light quark contribution RH(ysy)(m%) has been discussed in detail in Ref$2,13. For completeness we report the
result:

(21)

I m2
Rell))(m3)= ———+4 Qq[ (
,u

3a )5
1+—+— -—+
(n—4) 47t s

3

3a 55
+—%M%m—ﬁ.

Finally, the terms of purely Bosonic origin arb= mﬁ/m\z,v):

3The bottom contribution includes only diagrams with thexchange.
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ma\ 2 a { —7h3c*+28h,c*+109- 668>+ 888" —336° [ m3,
n'?0)= —7Inl —|+=— n In| —
(n —4) “ 3 A4xs? 12c uw
(= 7h{,+ 77h3,— 32202+ 468h,+ 72) (108— 1047%2+ 20865" — 1356s°+ 2165%)
+ 5 In(hy,) + 2 5 In(c?)
12(hy—4) 12c4(1—4c?)
4
3| 3hy— 12+ —
7(h3,— 4hy+12) s w hw! [ hw
- BO(mg,, mg, mg,) + —
12 (Miy. M M) 2(hy—4)2 %7
7(—99+ 264s®— 2125*+ 48s°) y o 9c?(3—4s%+4s%) 1 1
- BO(myy, miy, m%) — -
12c* (Miy. Miy. M3) 2(1—4c?) 4c?] " 36c(hy—4)

X[21c*hy,

The divergent parts dil{)) denoted by; (i=1,p,5b) are, in
units 1/(1672?),

2 8 a 13 1 .
= = 4s+—+—1 4s°+8s
I T |3 4ms? 3 ( )
(23
32 as o«
lp=N¢| —=| 1+ —+—
27 27 67
Py 13 m? 255-3182%+1365"
+ - ,
47s? | 18 m3, 54c?
(24)
44 as\  35a
ls=—| 2+ —|+—, (25
9 T 27
a 125-128&?
lp=—14— (26)

47rs? 6c2

In Egs.(19—(22) BO(s,m;,m,) is the real part of the scalar

one-loop self-energy integral defined as

m;—my) +my

2

X°S—X(s+
BO(s,ml,mz)z—J’ dxlIn
72

(27)
, in Ref] and

whose explicit expression can be found, e.g.

—15%*hd,+ hy( — 379+ 346452 — 5404 + 2340%) + 4(664— 40345° + 568%* — 234G°) ]

(22)
|
( z
4\7=5Cl(2 arcsinyz) 0<z=<1
1 -\ 1-A
={ 2| —aLi 2l - ©
$(2)=1 )\[ 4L|2( 5 +2In( 5 )
— In?(4z) + 772/3} z>1,

(28)
where Cl,(x) =ImLi,(e') is the Clausen function anil
=y1-1/z

The on-shell two-loop electric charge counterterm

26e®)/e is given by the two-loop contribution to the BFM
photon vacuum polarization function, namely the terms ex-
plicitly proportional toa (or «) in Egs.(19)—(26). We stress
that 26e(®)/e is a gauge invariant quantity that does not de-
pend on the gauge fixing procedure employed to compute it.

To check our results we have computed the two-loop am-
plitude to the Thomson scattering in two different ways.
First, we employed the BFM gauge-fixing procedure assum-
ing £o=1. In this case the amplitude is directly proportional
to J, through

3
AL o)yaAD
(O) 7y(0)1

@ __—
Meen= 8q*

2q2 77(0) T3

(29

where the factorg and3 take into account the wave-function
renormalization of the external photon and the supersttipt
2) indicates the loop order.

In the second case we have used the conventigjal
gauge-fixing procedure wit=1. In this case the vertex
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corrections are different from zeérand give rise to two con- an integer=1, and the identification of the 't Hooft param-
tributions, proportional ta), and toJ,, respectively. Ac- eteru [actually the rescaled one of E@)] with the relevant
cordingly, the total amplitude is composed by two parts, onenass scale, in this caga,. One can slightly modify this
proportional to the photonic current/l(Rz)J and the other basic procedure by implementing the decoupling of heavy
proportional to theZ current/\/l(z) Calllng V(') (V(y')J ) part?cles[ls_,la, namely by absorbiqg the con.tri'b.ution of
z particles with mass greater than; in the definition of
(i=1,2) the part of the photon vertex propomonal 19 &2(m,), in particular the contribution afy . At the two-loop
(Jz), analogously for the vertex we have level 82(m,) contains also a dependencerop, whose 95%
C.l. direct search lower limitm,>114.4 GeV, is greater

1 -1
MP = <2>( )+ (1)(O)A(1)(O) thanm;. However, because both the top and the Higgs are
€% 29° partners of isodoublets, the®(«?) decoupling requires a
specific matching procedure between the two theories above
+ iA ”(O)A (0)+V @ 4 = (1) A“)(O) and below their mass values. In the present paper we do not
8q* Iy 2q2 implement the decoupling of heavy patrticles.
In order to obtain the relation betweé? and e, one
B (1)(0) (30) writes egzézlze in Eq. (16), and uses the counterterms
mz present irie to cancel theti—4) ! terms in the regularized
but unrenormalized vacuum polarization functibh,,(0)
2 -1 A2) -1 setting u=m; in the explicit expressionsee Eqs.(19)—
MRg ,Jz_ (0)+ Zy(o)A (0) (22)]. Without implementing any decoupling we have
Ze=1 @ L+ 1+ 1g+1 ! 33
— (1)(0)A(1>(0)+V(2) = +E( i Hli+ls+ b)m (33
(m3)
1 so that
(1) A(D) v Al ~
+2q 3 V51,Ay (0)+ ZJZA (0). . &2(m,) a
1+ (&l a)A&(m3)’
(31
. 2 2 with
We have verified that{2),,= M g) - To achieve this the
two-loop vertex correcuon‘y(z) are needed. To shortcut the A‘Y(mz)
calculation one notices that’(yz) —1/32V(2) because the =—47m[H(1>(O)+H(p)(0)+H<b)(0)]

photon vertex should be proporuonal Jg. The part of the
photon vertex proportional td, can be obtained from Eq.
(31) since the conservation of the electric charge requires
M%’JZ:O. We recall that at the two-loop level, in the

't Hooft-Feynman gauge, Egél4) and(15) are not valid. In
fact, the two terms in

«[55 [1la(m2) 35x(m2)| (55
%2_7+( or | 108r )(1_2_“(3)”

+Aal(m2), (35

where ﬁﬁy')y is the self-energy expression subtracted of its

-1 divergentl;/(n—4) term with x set equal tam;.
2 A'2(0)+ 2 —— AR 0)AL)(0) (32) Equation(35) can be easily solved f@?, obtaining
Z e2
show individually a 14? pole wheng?— 0. However, they &% (my)= ————. (36)
cancel each other so that the total amplitude is regular at 1-Aa(mz)

2_
q°=0. The determination o&?(m;) requires the specification of

the hadronic contribution o{>)(m2). Several evaluations of
V. PARAMETER &%(my) this important parameter have been presented over the last 15
The relation given by Eq(16) allows us to determine one years[17]. In our numerical analysis we use the recent de-
of the fundamental parameters of tMS renormalization termination by Jegerlehengt8],
schemeg?(my), i.e., theMS electric charge defined at scale Aa{®(m2)=0.027 572-0.000 359, (37)

m;. The MS renormalization procedure is defined as the _ _ _
subtraction of pole terms of the forrm-4)~™, wheremis  that together with the following valug@ GeV) for the fer-
mion massesm,=0.000511, m,=0.105658, m,=1. 777

=174.3, and for the gauge bosomnz 91.187, mW

“We include in the vertex corrections also the wave function= 80.43 yield, formy=150, Aa(mz) 0.065 05-0.000 36
renormalization of the external fermions. corresponding td~ 1=128.122+0.054.
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TABLE I. Numerical results forAa(m?), expressed in units The size of the full two-loop EW results is more than ten
1075, The input parameters are specified in the text. Different perparts in units 10° and almost half of it is due to purely
turbative contributions are presented. electroweak effects. These results are comparable to the error
given in the so-called “theory-driven” analyses of
Two-loop  Two-loop  Two-loop A () m2) which yield, for instanceh a{Z(m2)=0.027 63

One loop QCD QED EW full +0.000 16[21].
Leptons 3529.2 7.66 10.18 The gauge invariant inclusion of the Bosonic contribu-
Bosons —140.7 ~1.79 tions in the definition of the effective running coupling is
Top ~133.7 8.66 0.19 0.08 relevant when we consider high-energy processes, like the
19(0)|ew 456 ones that will be studied at the LHC or at TESLA. In Table II
Rgﬁ‘s)(wﬁ) 473.4 239 —0.04 we present the value @?(u) for x=300, 500, 800, 1000
v GeV. We employ the same value for the hadronic contribu-

Aafd(m?)  2757.2 tions, i.e., Eq.(37), and include the full one- and two-loop

results for the perturbative part.
Total 6485.4 6.27 7.81 13.03

VI. CONCLUSIONS

In Tabzl)e | we present separately the various contributions  \\e presented the results of the calculation of the complete
to Aa(mz). The perturbative contribution of the first five yo-loop electroweak corrections to the Thomson scattering
light quarks has been indicated b>)(0)|gw- The different  amplitude, which allowed us to fix the electric charge coun-
contributions are shown at the one- and at the two-loop levekerterm in the on-shell scheme.

In the latter case, the QED and QCD contributions were We emphasized the advantages offered by the BFM for
already discussed in RdfL6]. We have checked, in the lep- the quantization of the theory, both from the theoretical and
ton and in the top case, that the appropriate subset of didrom the computational point of view. In particular, the BFM
grams from our result reproduces the numbers presented iakes manifest the possibility of Dyson summation for the
Ref.[16]. Concerning the two-loop EW diagrams involving a complete photon vacuum polarization function.

top quark, approximate results including all terms of order \we studied the effectivélS coupling@?(x) and evalu-
O(a?mi/mg) were already availablgl9] and could also be  ated it numerically for different values of the scale In
reproduced. particular, foré?(m,), the effect of the two-loop EW correc-

The largest contributions are due to light fermiditep-  tions is twofold: (i) they shift the central value an() re-
tons and quarksexchanging massive vector bosons and havejuce the theoretical perturbative uncertainty on its determi-
both positive sign. In contrast the two-loop purely Bosonicnation, which is now pushed at the three-loop level.
diagrams have negative sign and are smaller in size. Thetoncerning the first point, the indirect Higgs boson mass
contribution grows, in absolute value, with, but remains  determination from a global fit to all electroweak precision
always small: form,=400 GeV it reaches-2.57 in units  observables is very sensitive to the precise input value for
10 5. The top quark contributions deserve a detailed coma?(my). In fact, a variation of the central value &f(m,) by
ment. The inclusion of the full two-loop EW corrections 5x 107°, that can be taken as the difference between the
makes the result tiny, canceling to a large extent thealue ofé?(m,) determined including the complete two-loop
O(a®mf/mG,) part. In fact, the expansion of the two-loop electroweak corrections and that obtained including only the
EW corrections in powers omf is sensible asymptotically two-loop QED part, gives a reduction in the 95% upper limit
[20] for very large values ofn;; only in this regime, when for the Higgs mas€(6—8 GeV.
the top Yukawa coupling is much larger than the gauge cou-
plings, the termi’)(asz/m\z,\,) are a good approximation of ACKNOWLEDGMENT
the full results. In contrast, for realistic values w, the
“subleading” terms are as large as the leading ones and can- This work was partially supported by the European Com-
not be neglected. The fact that a large cancellation occumunity’s Human Potential Programme under Contract No.
should be considered fortuitous. HPRN-CT-2000-00149Physics at Collidens

TABLE II. Numerical results, in units 10° for A&(m?) for different values ofu. In the first column the
nonperturbative hadronic contributions is added to the one-loop results.

u [GeV] One loop+-NP Two-loop QCD Two-loop EW full Total at(w
91.187 6485.42 6.27 13.03 6504.72 12812054
300 6991.91 40.90 21.45 7054.26 127.360054
500 7209.15 55.75 25.05 7289.96 127.646054
800 7409.01 69.42 28.37 7506.81 126.748054
1000 7503.90 75.91 29.94 7609.76 126.6@/054
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