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Abstract

In this paper we propose a generalization of the concepts of convex and coherent risk
measures to a multi-period setting, in which payoffs are spread over different dates. To this
end, a careful examination of the axiom of translation invariance and the related concept of
capital requirement in the one-period model is performed. These two issues are then suitably
extended to the multi-period case, in a way that makes their operative financial meaning
clear. A characterization in terms of expected values is derived for this class of risk measures
and some examples are presented.

1 Introduction

Recently, a growing literature has been devoted to an axiomatic theory of risk measures. In
particular, a set of four desirable properties that every sound or, better, coherent risk measure
should satisfy has been proposed by Artzner et al. (1999) and a representation result in terms
of expected values has been derived under a mild continuity assumption by Delbaen (2000).
Subsequently, Follmer and Schied (2002) and independently Frittelli and Rosazza Gianin (2002)
broadened the class of coherent risk measures, defining convex risk measures and extending to
them Delbaen’s representation result. The setting of this theory is commonly said to be static,
since the financial positions are described by random variables and no temporal dimension is
involved in the risk measurement.

The scope of this paper is to generalize this theory to a dynamic setting, in which the financial
positions are described by discrete-time stochastic processes. The reason for this extension is
dictated by the undeniable fact that in current financial practice risky payoffs are usually spread
over different dates. Moreover, the temporal order of the various subsequent payoffs is relevant
both on a psychological and an operative level. This aspect seems to be neglected by a common
methodology to measure riskiness of payoff streams, namely the application of a static risk
measure to the sum of all properly discounted payoffs. We will deal with this issue in Section 6.
We assume throughout the paper that every future amount is properly discounted, so that
interest rates will not formally enter our modeling.

Some earlier papers, such as Artzner et al. (2001), Pflug (2001), Riedel (2002) and We-
ber (2004) have addressed this extension at different degrees of generality and within different
financial interpretations of the processes. All these papers extend in a common, natural way
three out of the four coherency axioms proposed by Artzner et al (1999) in the static setting,
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namely convexity, monotonicity and positive homogeneity. However, they propose different gen-
eralizations of the fourth axiom, that of translation invariance, which in the static setting states
that

p(X +a)=pX) -« VX € L,a € R, (TT)

where L is a space of random variables and p : L — R is a risk measure.

In this paper we take quite a different route since, rather than proposing a new definition of
translation invariance, we introduce a general functional form for a risk measure, which we call
a capital requirement and which can be applied to a number of different cases. Here, we briefly
explain the main idea, referring to Section 3 for a rigorous formulation. It is easy to observe
that any map p : L — R (interpreted as a static risk measure) satisfies (T1) if and only if it is a
simple capital requirement, i.e.

p(X)=ps(X)Einfla e R| X +ac A},

for some set A C L. From the operative viewpoint, the definition of p 4 can be interpreted as
follows. Once the set A, collecting all acceptable positions, has been fixed, the agent is naturally
interested in the minimal sum « which has to be set aside, maybe invested in a risk-free account,
in order that the overall final position X + « is acceptable. Formally, we can also write:

pA(X) = pac(X) Sinf{r(Y)ER|Y €C, X +Y € A}, (CR)

where C =R C L and 7 : C — R is defined by 7(«) = a. Broadly speaking, the set C collects all
positions achievable by means of permitted hedging strategies and 7(Y') € R is the initial cost of
a particular element Y € C. Observe that the financial meaning of the map p 4 ¢ . is clear even if
we allow for different specifications of the set C and the map m. For instance, the agent could be
allowed to trade on an underlying market. In this case C could be the set of all replicable claims
and 7 the (unique) no-arbitrage pricing rule on C; in particular, if A is the cone of non-negative
random variables, then p 4 .(—X) coincides with the super-replication price of the claim X.
Moreover, this scheme can be applied to different objects, other than random variables. Indeed,
in this paper we will be mainly interested in the case when L is a space of processes. Whatever
the financial objects described by the space L are, the map py4 ¢, which we call the capital
requirement associated to A, C and m, provides a possible operative quantification of risk.

In connection with the notion of capital requirement formulated in (CR), we address the following
specific issues, first at an abstract level and then applying the results to a space of bounded
processes which we are most interested in:

1. Properties. In the static setting it is known that properties on the acceptability set A
yield (coherency) properties on the associated simple capital requirement p 4. For instance,
convexity of A ensures convexity of the map p 4. In Section 3, under suitable assumptions
on m and C, we extend this result to general capital requirements. In the multiperiod
setting (see Section 4) we also introduce simple sufficient conditions ensuring that the
map p 4 . is finite-valued, and we discuss their financial meaning.

2. Translation invariance. As we mentioned, in the static setting the property of translation
invariance fully characterizes the functional form of a simple capital requirement. In the
general setting, this is no more true. However, we show that, under a suitable condition,
an appropriate modification of the translation invariance property (Definition 3.4) fully
characterizes general capital requirements (see Propositions 3.6 and 4.10).



3. Representation. If a simple capital requirement p 4 is convex and monotone —i.e. it is a
convex risk measure— then, under a proper continuity condition, it can be written as

pa(X) = sup {-—EQX — F(Q)}, (1.1)
QKP

where F(Q) £ supye4{—EgX} € RU{+oc}. The representation (1.1) is essentially due
to the convexity property (see Frittelli and Rosazza Gianin (2002)), but the presence of
the normalized dual functional (i.e. the representation in terms of expected values, where
Egl = 1) depends on the property (TI) and therefore cannot be extended to the dynamic
setting in an direct way. We will derive a similar, but much more general result for general
capital requirements (see Proposition 3.9). In particular, when L is a space of bounded
processes, the expected values EgX are possibly weighted by some constants ¢ € (0,1],
and F' contains a second term, depending on 7 and C, which vanishes in the static setting,
when C =R and 7 = id.

4. Credit constraint and the relevance of the payoffs temporal order. In the framework of
processes, we present a relevant example of a capital requirement in which, through a
careful specification of C, a credit line is imposed in the agent’s hedging activity. This
capital requirement will have the following representation (see Section 6):

N
p.A,C,TI’(X) = Ssup {_ Z CnEQan - G(C7 Q)}7 (1'2)
©QeB o

where X = (X1,..., Xy) is the payoff stream; X, is the random payoff at time ¢,; G is a

penalty function and B £ {(cn, QN1 | cn €R4,Q, is a P — a.c. probability on (£, fn)}
In this example we clarify the relevance of the order of the payoffs X, when assessing the

risk of X and show that this feature is due to the presence of the decreasing sequence

(cn) € (0, 1], which we allow to be different from the sequence constantly equal to 1. This

can be useful to treat and study capital requirements for which p4¢ (X) > pac(Y)

when X = (—1,1,X3,...,Xy) and Y = (1,—1, X3,..., Xy) (to drastically simplify, one

can also take X, = 0 for all n > 3). Recall that we are always assuming zero interest rate,

so that the previous phenomenon can only be ascribed to temporal risk aversion.

The paper is structured as follows. In Section 2 we briefly review the main definitions and
results about convex risk measures and simple capital requirements. Particular emphasis is
given to the interpretation of translation invariant maps as capital requirements. Moreover, a
new result concerning utility-based risk measures is presented. In Section 3 we develop, in the
abstract setting of locally convex topological vector spaces, the mathematical notion of capital
requirement. In Section 4 we specialize the results of Section 3 to discrete-time processes. In
Sections 5 we will present an example of a capital requirement under a constraint on the decision
timing of the agent’s hedging activity and Section 6 is devoted to the discussion of the credit
constraint example sketched above. Finally, in Section 7 we show how to construct the set A
when dealing with processes and propose some concrete examples.



2 The one-period setting

2.1 Coherency axioms

Let T > 0 be a fixed future date and (2, F, P) a probability space, where F is interpreted as
the information available in 7. The space L™ = L>®(Q,F, P) collects all random variables,
modeling a (bounded) financial position. With this term, one usually means: (1) a net payoff or
(2) a portfolio market value in T" or even (3) the change of this value between 0 and T'. Positive
values of X € L correspond to (relative) gains, while negative values correspond to (relative)
losses.

On a general level, a risk measure is any map p : L™ — R. Artzner et al. (1999) proposed
four axioms that every sound or, in their terminology, coherent risk measure should satisfy.
They are:

1. Monotonicity: X >Y implies p(X) < p(Y).

2. Convezity: p(AX + (1 —=XN)Y) < Ap(X) 4+ (1 = AN)p(Y) for any X, Y € L and A € [0, 1].
3. Positive homogeneity: p(AX) = Ap(X) for any X € L* and A > 0.

4. Translation invariance: p(X + a) = p(X) — « for any X € L*> and a € R.

Remark 2.1 Actually, in the original formulation of the four axioms in Artzner et al., convexity
is replaced by subadditivity, i.e. p(X +Y) < p(X) + p(Y) for any X, Y € L. However it can
be easily proved that these two properties are equivalent under homogeneity (see Frittelli and
Rosazza Gianin 2002).

The economic rationale behind monotonicity and convexity is clear. The assumption of ho-
mogeneity, instead, is debatable from the financial viewpoint, since homogeneous risk measures
seem to fail to detect liquidity risk. Follmer and Schied (2002) and, independently, Frittelli
and Rosazza Gianin (2002) defined the broader notion of convex risk measure, by dropping the
hypothesis of homogeneity, while keeping the other three.

2.2 Simple capital requirements

The translation invariance axiom identifies coherent/convex risk measures as a subset of an im-
portant class of risk measures which have a clear operative meaning: that of capital requirements.
Broadly speaking, a capital requirement is the minimal amount o which has to be invested in a
risk-free instrument, in such a way that the modified final position X + « is acceptable. Plainly,
the practical interpretation of this scheme relies on the nature of X (payoff, market value, etc.).
A precise formulation can be given as follows.

A non-empty subset A C L, collecting all acceptable or sustainable future positions, is fixed
by the agent or by an external regulator and it is called the acceptability set.

Definition 2.2 Let A be an acceptability set. The quantity
pa(X) Einf{la e R| X +a € A}, (2.1)

provided it is finite for any X € L, defines a risk measure called the simple capital requirement
associated to A.



The following result, which was essentially pointed out by Follmer and Schied (2002), is
immediate to prove, but it is conceptually crucial in comprehending translation invariance.

Proposition 2.3 A risk measure p is translation invariant if and only if it is a simple capital
requirement, i.e. p = p 4 for some A C L*°.

Proof. See, for instance, Propositions 4.6 and 4.7 in Follmer and Schied (2004). O

Definition 2.4 A set A is monotone if X >Y € A implies X € A. It is a positive cone if
X € A implies AX € A for any A > 0.

As A collects the acceptable positions, then it is natural to assume that it is monotone and
convex. It can also be a positive cone, but this further assumption is questionable, as it was the
positively homogeneity property of p.

Proposition 2.5 If A is monotone (resp. convex, resp. a positive cone, resp. o(L>®, L")
closed), then py, provided it is finite, is monotone (resp. convez, Tesp. pos. homogeneous,
resp. o(L>®, L') lower semicontinuous). If A is monotone, convexr and o(L>®°, L') closed then
p4 admits the representation (1.1).

Proof. See Proposition 4.7 and Theorem 4.31 in Follmer and Schied (2004). O

Remark 2.6 It is not difficult to prove that p 4 is finite valued whenever A is monotone and

satisfies
v € R such that X <~ implies X ¢ A. (2.2)

Compare this last property with the more general Assumption B in Section 4.3.

Remark 2.7 Plainly it is possible to define coherent/convex risk measures and capital require-
ments on spaces of possibly unbounded random variables, such as LP(Q2, F, P) for p € [1,+00]
or even in L9(Q, F, P), the space of all finite valued random variables. The results above hold
as well. However we remind that the space LP(P), when p € [1,400), strictly depends on the
probabilistic model P, contrary to L™ and L°, and this can be seen as a flaw. Moreover Delbaen
(2000) proved that there are no coherent risk measures on L%, whenever the probability space is
non-atomic. More recently, Cheridito et al (2004b) extended this negative result to convex risk
measures.

2.3 Examples of simple capital requirements

We provide here some examples of acceptability sets and capital requirements that have appeared
in recent literature or used in current practice. Even though we restrict to L, some examples,
such as Value at Risk, can be defined on spaces of possibly unbounded random variables. Note
that all acceptance sets below satisfy (2.2).

1. A={X € L* | X > m}, where m € R is a given lower bound on the possible losses.
Note that A is monotone and convex and it is the smallest acceptability set containing
m. The corresponding simple capital requirement is then a convex risk measure and it is
easily computed: p4(X) = m — ess.inf X.



22 A=A, ={X € L* | P(X <0) < a} for a fixed @ € (0,1). The resulting simple
capital requirement which is usually defined on the whole L is the Value at Risk at level
«, denoted VaR,, the most widespread risk measure in current practice. For any X,
VaRy(X) coincides with the opposite of the upper quantile of order o of X. The set A is
monotone and a positive cone, but it is not convex. Indeed, it is well known that VaR,, is
not a convex map.

3. A=Ay ={X € L™ | Ep(XI4) > 0 VA € Fs.t. P(A) > a} for a fixed o € (0,1). In
this case A is a monotone and convex positive cone. The simple capital requirement is a
coherent risk measure and coincides with the Worst Conditional Expectation as defined
by Artzner et al. (1999), namely

WCEL(X)=sup{—FE(X |A) | A€ F, P(A) > a}.

4. A={XeL>®|Ep, X >0form=1,..,M, Eg,X > F(Qy), for n =1,..,N}, where
every P, ~ P is a valuation measure (for example an equivalent martingale measures in
an incomplete market) and every @, < P is a stress test measures with associated floors
F(Qn) < 0. The set A is evidently monotone and convex; it is a positive cone provided
all floors vanish. This example has been proposed in Carr et al. (2001).

5. If A C L™ is an acceptability set and K is the convex cone of bounded attainable claims
at zero cost in an incomplete market model, we define Ax = {X € L® | X + f € Afor a
f € K}. Then a payoff is acceptable for Ag if, trading on the market with a zero initial
investment, we can make X acceptable for A. This example goes back to Follmer and
Schied (2002).

2.4 On utility-based simple capital requirements

Another important class of examples stems from the theory of expected utility. Let u be a utility
function satisfying:

u: R — R is concave, strictly increasing and u(0) = 0.

For instance, we are considering linear (u(x) = az with a > 0) or exponential utility functions
(u(x) = 1 —e 7" for a coefficient 7 > 0 describing risk aversion). An agent whose preference
structure is defined by the expected utility functional U(X) = Epu(X) can naturally define the
following acceptability set:

Ay 2 {X € L™ | Epu(X) > Epu(X*)},

where X™* is a reference acceptable position. For formal simplification only we assume that
X* =0, so that Epu(X*) = 0. Thanks to the hypothesis on u, the set A, is monotone and
convex. The associated capital requirement,

pu(X) =inf{a € R| Epu(X + «) > 0}

is a finite valued map (see Follmer and Schied 2002) and, of course, a convex risk measure.
Also, the hypotheses on u yield p, (0) = 0. When u is linear, then p,(X) = —EpX, while in the



case of exponential utility, p,, is called an entropic risk measure. In this case we write p, = p,,
making the dependence on ~ explicit; a simple computation shows that

1
py(X) = > log Epe™ X, (2.3)
The following well-known dual representation holds:

p,(X) = sup {~FoX — ~H(Q| P)}, (2.4)
Q<P v

where H(Q | P) is the relative entropy of () with respect to P. In the last section we will apply
the following result which is shown in Proposition 3.10 by Barrieu and El Karoui (2005):

lim p, (X) = sup {—-EgX}. (2.5)
Y00 Q< P:H(Q|P)<oo

Basing on some experimental evidence, it has been argued that a measure of risk in general
should not be considered, up to a sign, as an utility functional (see Brachinger and Weber 1997).
In the proposition below we give a partial support to this statement showing that the preference
structure defined by Epu(-) does not coincide with the reverse ordering provided by p,,, unless
u is linear or exponential.

Proposition 2.8 Under the above assumptions on u, the following properties are equivalent:

1. for any X,Y € L*°: Epu(X) > Epu(Y) if and only if p,(X) < p,(Y);

2. w is linear or exponential.

Proof. 2 = 1. We only have to check the validity of 1. in the two cases. When w is linear, this is
trivial. When u(z) = 1—e™7*, v > 0, then Epu(X) > Epu(Y) if and only if Epe™ % < Epe™Y.
We then conclude thanks to (2.3).

1 = 2. If 1. holds, then plainly there exists a strictly decreasing function f : R — R such that
Epu(X) = f(p, (X)) for any X € L. In particular, for any o € R we have u(a) = Epu(a) =
f(py(a)) = f(—a), that is f(a) = u(—«) and this means:

Epu(X) = u(—p, (X)), VX elL™.
Since u is strictly increasing, we can apply v ™! on both sides of the previous equation, obtaining:
CE,(X) 2 u ' Epu(X) = —p,(X), VXL,
where C'E,, is the certainty equivalent. By translation invariance of p, we have
CE, (X +a)=CE,(X) + «, VX eL® aeR. (2.6)

We then conclude by applying the Kolmogorov-Nagumo-de Finetti theorem on associative means
(see de Finetti, 1931) stating that (2.6) holds if and only if u is linear or exponential. O



3 General capital requirements

3.1 The definition

We introduce in this section a general notion of capital requirement, generalizing the formulation
(2.1) to a broader setting. Let L be a vector space whose elements describe financial positions.
For instance, L can be a space of random variables, of deterministic functions, of stochastic
processes and so on. We assume that L is endowed with a partial vector order “ < 7.

Let ACL,CC L and 7:C — R be fixed.

Definition 3.1 The (general) capital requirement associated to A,C and 7 is the map pgc . :
L — R defined by

pacr(@) Einf{r(y) eR|yeC, z+ye A}, xelL, (3.1)

provided it is finite-valued.

In the next section we will provide some sufficient conditions for the finiteness of the map

pAcx When L is a space of bounded processes. For the time being, we assume that all capital
requirements in this section are finite valued.
Clearly, when L is a space of random variables, C = R and 7 = id, then p4 ¢ . coincides with
the simple capital requirement p 4. The economic interpretation of the quantity in (3.1) is as
follows. The set A collects all acceptable positions, while C is the set of all positions which
may be attained by means of permitted hedging strategies. Both A and C may be specified
by an external regulator. The real amount 7 (z) is the initial cost of the strategy leading to
x; for instance it can be a market price of a claim or an amount which is invested in a saving
account. The quantity p4 ¢ - (x) is then the minimal cost of a hedging strategy leading to y € C
which transform the original position = € L into an admissible one, i.e. z +y € A. In this
section, we will not insist on the economic interpretation of (3.1), rather, we concentrate on
some mathematical aspects, referring to Scandolo (2004) for some examples.

Remark 3.2 A natural generalization of the concept introduced in the above definition is given
by:
Pycn(T) 2 inf{n(y) +v(z+y) |y € C}, x € L,

where v : L — RU{+00} is a convex functional that replaces in (3.1) the support functional § 4
of the acceptance set A. In this paper we will deal only with capital requirements in Definition
(3.1), which are based on acceptance sets, and leave this generalization for further investigation.

3.2 Properties

Some natural properties of the characteristic sets A and C and of the mapping 7 can be trans-
ferred to properties of the associated capital requirement.

Proposition 3.3 Let p 4, be the capital requirement associated to A,C and .

1. If 7 is a convex map and A and C are convex sets, then p 4c . is a conver map.

2. If A is a monotone set, i.e. x > x' € A implies v € A, then PAcr i monotone decreasing
w.r.t. the partial order in L.



3. If m is positively homogeneous and A and C are positive cones, then p ¢ . is a posilively
homogeneous map.

Proof. 1. Let z,2’ € L and A € [0,1]. If y,3 € C are such that z + y,2’ + ¢/ € A, then
convexity of A and C yields ¥ 2 My + (1 — Ny’ € C and § + Az + (1 — \)z’ € A. Since 7 is
convex, we then have

Aacq(@) + (1= Npygeq(a) =

=inf{A(y) + (1 = N)7() |y, € C,z+y, 2" +y € A}
>inf{r(M\y+ (1 =Ny |y, €Coax+y,a +9 € A}
>inf{n(y) |y €C, g+ A\x+ (1 - N2’ € A}
=pacxAr+ (1= N)'),

L.e. pgcr 18 a convex map.

2. Let z,2' € L with 2 > 2/. Monotonicity of A yields the inclusion {y € C | 2'+y € A} C{y €
Cle+ye A} and pgc () < pyc (@) easily follows.

3. Let x € L and A > 0. Since A and C are positive cones, then z € A if and only if Az € A4 and
similarly for C. Therefore:

Apacq(x) =inf{dr(y) =7(Ay) |y € C,x+y € A}
=inf{r(\y) | Ay € C,\x + Ay € A}
=inf{n(y) | g€ C, Az +7 € A} = pac.(Ax).

3.3 The translation invariance property

We begin with an abstract property inspired by translation invariance in the static setting.

Definition 3.4 A map p: L — R is translation invariant with respect to (W, ), where W C L
and 7: W — R if:

plx+2) =p(x) —7(z) Ve e L,ze W. (3.2)

When L is a space of random variables, then the classical notion of translation invariance
corresponds to the specification W = R and © = id. If the map p has the meaning of a risk
measure, the general property introduced above can be explained as follows. The set W collects
a set of financial instruments and 7 is their cost or price. Then (3.2) states that if a long position
z is added to the original position x, then the riskiness decreases exactly by the price of z. We
will adopt the following notation: if f : A — R, then f(A) £ {f(a) | a € A} CR.

Proposition 3.5 Let m be linear. Any general capital requirement p 4 ¢ . is translation invariant
with respect to (W, ), where W2 {z € C|y+2z¢cCVyeC}.



Proof. First observe that if z € W, then y € C if and only if y — 2z € C. Therefore, for any
x € L it holds:

pacr(x+z)=inf{r(y) eR|yel, x+2+ye A}
=inf{n(y’' —2) €R|y —2€C, x4y € A}
=inf{n(y") —m(z) ER |y €C, x +y € A}
= pacqx(T) —7(2).
0

We now generalize Proposition 2.3 and characterize those maps that admit a representation
as capital requirements. If p: L — R we set A, £ {z € L | p(z) < 0}.

Proposition 3.6 Let p : L — R be translation invariant with respect to some (W, ) and
assume that p(L) C w(W). Then p = p4, y -
Proof. We have, for any z € L,
pa,wx(x) =inf{m(y) ER |y e W, p(z+y) <0}
=inf{r(y) eR[y e W, p(z) <m(y)} = p().

3.4 A dual representation result

We address here the representability of a capital requirement in terms of linear functionals,
which generalizes the corresponding representation of risk measures. Assume that L is endowed
with a locally convex topology 7 compatible with a dual pair (L, L’), where L’ is a second vector
space. If ¢ € L', then we will write ¢(z) instead of (x, ¢).

Definition 3.7 A map p : L — R is 7-lower semicontinuous if the set {x € L | p(z) < a} is
T-closed for any o € R.

Remark 3.8 Let p: L — R be translation invariant with respect to some (W, 7) and assume
that p(L) € #(W). From Proposition 3.6 it follows that p is 7-lower semicontinuous if A, is
T-closed.

We already stated in Proposition 3.3 the sufficient conditions under which a capital require-
ment is a convex map.

Proposition 3.9 Let A,C and 7 be fized. If p4c , is convex and T-lower semicontinuous, then,

foranyx e L
pacr(x) =sup{—=o(x) = 74(0) —vcx(9)}, (3.3)
¢eD
where
v4(¢) £ sup{—¢(z)} (3.4)
rzeA
Ve (9) 2 sup{s(y) — m(y)} (3.5)
yeC
D £ dom~y 4 N dom~e , = Dy NDey (3.6)
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Proof. The map p 4 . is convex and lower semicontinuous with respect to a topology compat-
ible with (L, L'), hence the Fenchel-Moreau Theorem yields

pacx(®) = sup{—=o(x) = plac (=)},
pel’!
where p ¢ . is the convex-conjugated of p 4 ¢ . Moreover we have:

Ptat,c,w(—ﬁb) £ Slelg{_gb(x) - pA,C,TI’(x)} =

= suIL){—qb(:c) —inf{r(y) eR|yeC, z+yc A}} =
e

=sup{—¢(z) —7(y) [z e LyeC, o +yec A} =
=sup{—¢(z—y) —7(y) |y €C, z€ A} =
=sup{—¢(z) + o(y) —7(y) [z € A, y€C} =
:igﬁ{ ¢>(fﬂ)}+sup{¢>(y) m(y)}-

Finally, observe that only those functionals in D do enter the representation. O

We see that the acceptance set A enters in the above representation only through its associ-
ated penalty function v 4(¢), while the set C of positions from permitted hedging strategies and
the cost functional 7 determine the second penalty function 7 .(¢).

If B C L is a convex subset, then its recession cone 07 B is defined by (see Rockafellar, 1970):
0"fB2{velL|z+\veB VreB, \>0}. (3.7)

Note that 07 B is a (positive) convex cone containing 0 and that 0*B C B provided 0 € B. It
indicates the possible directions in which B is "unbounded"; therefore, it may well reduce to
{0}. A map ¢ : B — R is super-linear if ¥(z + y) > (x) + ¢ (y) for any x,y € B such that
x+y € B and if ¢(Ax) > \p(x) for any A > 0 and = € B such that A\x € B. Changing the
inequalities we can define sub-linear maps. In particular, any linear form is both super-linear
and sub-linear.

Lemma 3.10 (i) Let ¢ be super-linear on B. If sup,cp(x) < 400, then
P(y) <0 VyeO0tB.

(ii) If A is monotone, then Do C L', = {¢p € L' | ¢(x) >0Vx € L, }.
(iii) If 7 is sub-linear, then Do C {¢p € L' | ¢(y) < w(y) Yy € 07C}.

Proof. (i) Assume that ¥(y) > 0 for some y € 07 5. Then

sup ¢(z) > sup ¥ (z + Ay) > ¥(x) + sup ¥ (Ay) > ¥(z) + sup A(y) = +oo.
z€B A>0 A>0 A>0

(ii) It is easy to prove that A is monotone, i.e. z >y € A= x € A, if and only if Ly C 0" A.
If ¢ € Dy, then by (i), it follows —¢(y) < 0 for any y € L C 0T A. (iii) The map ¥ = ¢ — 7
satisfies the hypothesis in (i). It then follows v (y) < 0 for any y € 07C and we conclude. O

The next proposition will be useful in the following sections.
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Proposition 3.11 Let w be sub-linear, C convex, A convexr and monotone. If the convex map
Pacx 18 T-lower semicontinuous, then (3.3) holds true and

DC{peL|oly) <nl(y)Vyec0C}.

If in addition C is a positive cone and w(0) = 0, then ~y, vanishes on D.

Proof. We have just to put together Propositions 3.3 and 3.9, Lemma 3.10 (ii) and (iii) and
observe that every sub-linear map is convex. If C is a positive cone, then 07C = C. Henceforth
Ye,x < 0 on D just by definition. However, the equality is actually attained as 0 € 07C = C and
¢(0) —w(0) = 0 for any ¢ € L. O

4 The multi-period setting

We now turn our attention to a multi-period setting, in which the financial positions to be
considered have also a temporal dimension being them described by stochastic processes instead
of simple random variables.

4.1 Set-up

A set of subsequent dates (tn)flvzl is fixed, with 0 = tg < t,, < tpy1 foranyn > landty =T. We
therefore add to the probability space (€2, F, P), a filtration F = (fn)ff:o, where F,, describes the
information available at date t,,. Naturally, we will assume that Fq is trivial and that Fny = F;
if X is a random variable, we will write X € R to say that X is Fg-measurable. The set

P, = {Q is a probability on (2, F,) such that Q < P} (4.1)

collects all probabilistic models for the uncertainty to date t,. Let L% = L9(Q, F, P,F) be the
space of (discrete-time) adapted processes starting in t1, i.e.

LO2{X =(Xy,...,XN) | X, € LY(Q, Fp, P) Y},
and, for any p € [1,+o0], define
LPE{X e’ X, e LPQ,F,, P)VYn}.

Weset 0= (0,...,0), 1 =(1,...,1) and, for any fixed n between 1 and N, e" = (0,...,1,...,0),
where 1 occupies the nth position. We will write X > Y for X,, > Y, Vn.

4.2 Risk measures for processes

We can interpret a process in £° in three different ways:

e X is a payoff stream: X, is the net payoff liquidated to an agent at time t,. As in
the one-period setting, positive as well as negative values are allowed and positive values
correspond to gains.

e X is the evolution of a cumulated payoff : )?n =311 X, where X is a payoff stream.

12



e X is the evolution of a portfolio value: )?n = V,, where V,, is the market (or book, or
liquidation) value of a portfolio at time ¢,. Also, X,, could be considered as the relative
change: X, =V, — 1.

Whatever the interpretation of the processes are, we can define a risk measure on L% as any
map p : L — R that assigns to each position X € £ its riskiness p(X). Three out of the four
coherency axioms listed in Section 2 can be immediately generalized to the multi-period setting.
They are:

1. Monotonicity: X >Y implies p(X) < p(Y)
2. Convezity: p(AX + (1 =AN)Y) < Ap(X) + (1 = N)p(Y) for any X, Y € £L> and X € [0, 1].
3. Positive homogeneity: p(AX) = Ap(X), for any X € £> and A > 0.

The economic motivation of the above three properties is the same as in the one-period case
and, similarly, criticism may apply to homogeneity. Even though these axioms are reasonable
under any of the financial interpretation of the processes, we stress that from now on we adopt
only the interpretation of X as a payoff stream.

Remark 4.1 There is clearly a one-to-one correspondence between risk measures for payoff
streams and for cumulated sums. Indeed, if p acts on payoff streams, then pc(i) = p()? 1, X, —
)/(\'1, ... ,)? N — X N—1) acts on cumulated sums; conversely, if p¢ acts on cumulated sums, then
p(X) = p°(X1, X1 + Xo, ..., Zﬁle X,) acts on payoff streams. This correspondence preserves
convexity and homogeneity. Note that if p° is monotone (5\( > Y implies pc(j\() < pc(?))
then also p(X) £ p°(X) is monotone. However, the converse is in general not true. Hence,
monotonicity of p (defined on payoff streams) is weaker than monotonicity of p¢ (defined on
cumulated payoffs.)

Remark 4.2 The definitions of translation invariance and capital requirement we will give
below are tailor-made for the case of payoff streams. Artzner et al. (2004) discuss the interpre-
tation of X as a portfolio value, proposing a different and formally simpler notion of translation
invariance and capital requirement (see also Remark 4.9).

4.3 A class of capital requirements for processes

We propose here a class of capital requirements for processes, specializing the definition (CR)
and assuming that the agent has mo access to an underlying market, but only to a saving
account. We choose to call them standard capital requirements, since they correspond to the
simplest financial framework, as we will see. In the present setting and within definition (3.1),
this class corresponds to the specifications:

N
CC{YeL®]) Y,eR},
n=1
N
7(Y)£) Y, €R, for Y € L.

n=1
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Denoting

N
LY 2{XeL®]|) X,eR},
n=1

we thus consider maps p4 ¢ : £ — R of the form

N
pacX)2if{d YV, eR|YeCC LY, X+Y e A} (4.2)
n=1
Definition 4.3 The standard capital requirement associated to A C L% and C C L is the
map p 4 ¢ defined by (4.2), provided it is finite valued (see below). When C = L§ we will simply
write p 4.

Observe that when N = 1, then these capital requirements coincide with those of Definition
2.2.

The acceptability set of processes A C L that collects all payoff streams which are deemed
sustainable is fixed, maybe by an external regulator. We will provide some concrete examples
in Section 5; for the time being we make a natural monotonicity assumption on A, which has
the same economic rationale as in the one-period setting.

Assumption A. The set A is monotone, i.e. X >Y € A implies X € A.

Operative meaning

In order to explain the operative meaning of the Definition 4.3, we begin with the capital
requirements p 4. At time tg, an agent who faces a payoft stream X € £°° can invest in a saving
account the sum Vy € R and then plan a disinvestment strateqy Y € £°. When Y, is positive,
then it represents the amount which will be disinvested from the bank account at time ¢,,. When
Y, is negative, then —Y,, > 0 is the amount which will be invested at time t,,. We stress that
Y, is in principle a random quantity, meaning that the agent decides its amount according to
future information (up to time ¢,). In any case, the process Y is an additional payoff stream
and the agent seeks for those Y which make the overall stream acceptable, i.e.:

X+Y:(X1+Y1,...,XN+YN)€A. (4.3)

Starting with an initial investment V[ and adopting the strategy Y € L, the value of the
account in t,, n > 1, is given by:

Va(Y, Vo) = Vor (Y, Vo) = Y = Vo = > Vi (4.4)
=1

In principle, the account may take negative values at any date, in particular Vo may be negative.
This means that the agent is allowed to take out a loan. However, since the loan has to be repaid
back before the last date, the account value cannot be negative at the last date, i.e.

N
Vn (Y, Vo) = Vo — ZYn > 0. (4.5)
n=1

An agent is clearly interested in the minimal initial endowment Vj that admits a disinvestment
strategy Y € L satisfying (4.3) and (4.5), i.e. in the quantity:

pAX)Einf{Vop eR|IY € L s.t. Vn(Y, Vo) >0, X+Y € A} (4.6)
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Proposition 4.4 Under Assumption A, the maps p 4 and p 4 coincide.

Proof. As a first step, note that
pAX)=inf{Vhp e R|3IY € L s.t. Vy(Y,Vp) =0, X+Y € A}

Then the inequality p4 < p 4 is trivial. Conversely, fix Vj € R and assume that Y € £ satisfies
(4.3) and (4.5). Define Y/ € L® as Y, £ Y, for any n < N —1 and Y} = Yy + VN (Y, Vo) > Yy,
so that Vy(Y’, V) = 0. Since Y’ > Y, by monotonicity of A we have X + Y’ € A, so that Y’
too satisfies (4.3) and (4.5) and the inequality ">" is proved. O

The subspace L3 collects all strategies that provide a complete disinvestment of the initial
endowment Vp = Zﬁle Y, and repay back every debt. However, within the same operative
scheme, a regulation could restrict the set of permitted disinvestment strategies to C C L3P,
leading the agent to consider more general standard capital requirements p 4 as defined in
(4.2).

The finiteness of the map p 4.

Consider two other natural assumptions, on A and C, respectively.
Assumption B. There exists v € R such that ZnNzl X, <~ implies X ¢ A.

This assumption says that a payoff stream whose cumulated value is too low is not acceptable
and therefore it seems highly reasonable. We stress that, on the contrary, the "symmetric"
property (a payoff process with high enough cumulated value is acceptable) is much less reasonable
from a financial point of view. The second assumption concerns the set of permitted strategies.

Assumption C. The set C contains Cr, = {Y € L¥ | Y, € R, Y, > 0Vn}.

The set Cg, collects all deterministic strategies which involve only pure disinvestments, in
particular 0, the "do-nothing" strategy. In particular, this means that V,,(Y,V5) >0, Y €Cg,,
as it is easy to see. Since these strategies are the simplest ones and do not involve any exposure
versus any counterpart, it is natural to include them in any specification of C.

Proposition 4.5 Under Assumptions A and B (resp. A and C) it holds p 4 (X) > —oo (resp.
< +00) for any X € L.

Proof. Let A and B hold with constant v € R. For any given X € £, we claim that
N
pacX)Z a2y =" |[Xp]oo > —o0. (4.7)
n=1

Indeed, if Y € C is such that Zivzl Y, < o, then Zﬁle(Xn +Y,) < ZiLﬂ”XnHoo +a) = 1.
By A it follows that X +Y ¢ A and (4.7) is proved.
Let now A and C hold. Fix Z € A and let us prove that for any X € £*:

N
pac(X) <Y (I Xnlloo + 1 Znlloe) < +o0. (4.8)

n=1

15



Indeed, define Y, 2 || X,]loo + [|Znllsc > 0 for any n, observing that X,, + Yy, > || Zullec > Zn.

ThenY € Cp, CCby Cand X+Y > Z € Aby A. Finally, > | v, = SN (/| X lco + | Znlloo),
hence (4.8). O

Additional properties

Consider the following additional assumptions on A and C:

Assumption D. The sets A and C are convex.

Assumption E. The sets A and C are positive cones.

Assumption D seems to be reasonable: the convex combination of two acceptable streams or
permitted strategies should be acceptable or permitted as well. On the contrary, Assumption E
is debatable, since in some cases multiplying an acceptable stream by a large (positive) constant
may introduce liquidity risk. We will see below an important example in which C is not a positive
cone.

Proposition 4.6 Under Assumption A (resp. D, resp. E) pac s monotone (resp. convez,

resp. positively homogeneous).

Proof. Since the map 7 is linear on C, these are immediate consequences of Proposition 3.3. [

4.4 Translation invariance

Here, we are specializing to the present setting the general notion of translation invariance
introduced in the previous section.

Definition 4.7 A map p : L — R is translation invariant with respect to a given W C L3,
or simply W-invariant, if

N
pX+Z)=p(X)=> Z, VXL ZEW. (4.9)

n=1

Remark 4.8 This property clearly coincide with translation invariance with respect to (W, )
as in Definition 3.4, when 7(Z) = ZnN:1 Zp. N =1and W = LY ~ R, then we recover the
classical definition of translation invariance.

Remark 4.9 Riedel (2002) and Weber (2004) propose, as a part of the definition of a dynamic
risk measure, a common definition of translation invariance for the risk measurement at time .
In the present terminology, they require that a risk measure is VW-invariant for the set W = Cg,,
defined in the Assumption C above.

Proposition 4.10 Let W C L be a subspace containing Cr,. Then a risk measure p is V-
invariant if and only if p = p 4,y for some A C L.
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Proof. Let A C L. Since W is a subspace, then W=W' 2 {Z c W |Y £ Z ¢ WYY € W}.
Moreover, 7 is linear so that we can apply Proposition 3.5, deducing that p = p 4,y is W-
invariant. Conversely, let p be W-invariant. Since W is a subspace and contains Cr,, then
el € W for any A € R, so that 7(W) C {\ = w(Xe!) | A € R} = R. Hence the conditions of
Proposition 3.6 are surely met and we conclude that p = p 4,y for some A. O

4.5 The dual representation

For any pair p, q € [1,400] of conjugated exponents the non-degenerate bilinear form
N
(X,Z) £ Ep(XnZ,), XelP, Zel" (4.10)
n=1

puts £P and L9 in natural duality. The following Lemma will be useful below; we omit the
standard proof.

Lemma 4.11 In the duality (L%, L), a linear form ¢ is non-negative if and only if it can be
written as:

N
$(X) = ¢o,q(X) £ cnEq, Xn, (4.11)
n=1

where (¢, Q) € B= {(cn,Qn)N_y | cn € R, Qp € Py V).

Let 7 be a topology compatible with the duality (£%°, £'). Remind that 07C denotes the
recession cone of C as defined in (3.7).

Proposition 4.12 Under the Assumptions A to D and if p 4 ¢ is T-lower semicontinuous then

N
pacX) = s (=3 e, Xy —74l6.Q) —7ele, Q) YX LT  (412)
(C7Q)€BC n=1

where

N
v4(c,Q) £ sup{—= ) " cnFEq,Yn},
YeA T

N
ve(e, Q) £ sup{> (cnEq,Yn — Yn)},
YeC 1T
N
Be 2 {(c,Q) €B|) (caEQ,Yn—Yn) <0, VY €07C}.
n=1

Proof. By Assumptions A to D, we know that p, ¢ is finite-valued, convex and monotone.
Representation (4.12) is then a consequence of Proposition 3.11 and of Lemma 4.11 above. O

Remark 4.13 Representation results similar to (4.12), in which the penalty function splits
into two parts, have been derived by Follmer and Schied (2002) for a convex risk measure in a
one-period model, when an underlying financial market is available, and by Staum (2004) who
considers bid/ask prices in an abstract setting.
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5 A measurability constraint

In this section we restrict the set of permitted disinvestment strategies by introducing a mea-
surability constraint. Sometime, a regulator wants the disinvestment strategy of the agent to be
planned at the initial date tg or, at least, by a specified date tj;, with 0 < M < N. Therefore,
we now consider the following subset of permitted strategies:

C=Cy 2{Y € LY |Y, is Fy-measurable ¥n > M}.

Note that Cy—1 = Cy = LY and that, for any M, Cy is a subspace and therefore 0tCp =
Cu. Let A C L% and set py £ pac,, as defined in (4.2) above. We specialize the dual
representation in (4.12) to this class of capital requirements.

Proposition 5.1 Let 0 < M < N — 2. Assume that A is convexr, monotone and satisfies
assumption B and that p 4 s is lower semicontinuous. Then it holds:

pan(X)= sup $—Eq, | D Xu| = D Eq.Xn—74Q) ¢, (5.1)
QeQu n<M n>M+1

where Qs = {(Qar, Qurts - QN) | Qn € Py @ |7, = QuVn > M} and

'Y.A(Q) £ SUP{_EQM Z Yo| — Z EQnYn}- (5.2)
YeA n<M n>M+1

Proof. Under the hypotheses of the Proposition and due to the particular form of Cps, As-
sumptions A to D are satisfied. Since p4 5 is T-lower semicontinuous, we can apply Proposition
4.12 in order to obtain representation (4.12). Below we refer to the notation introduced in that
Proposition. Since Cps is a positive cone containing 0, then by Proposition 3.11 the term ~,
vanishes on Be. If (¢, Q) € Be, then ¢, = 1 for all n. Indeed, fix n and observe that +e, € Cy.
Therefore £ ¢, F 1 <0, i.e. ¢, = 1. Next we prove that if (1, Q) € Be, then for any n, @, = Qu
on Fyan. Indeed, fix n and A € F,Ap and observe that the two processes +14e, F [aep be-
long to Cpy, since I, is Fps-measurable and the final cumulated sum vanishes in both cases.
Therefore £Qn(A) F Qm(A) <0, so that Qn(A) = Qam(A). Finally, we obtain (5.1) by noting
that if n < M and @, = Q@ on F,, then Eg, X = Eqg,, X for any X € L°. O

Remark 5.2 When M = N, i.e. when there is no constraint on the timing of choice, then
Cn = LY and (5.1) becomes:

pan(X) = pua(X) = sup {—EQ
Q<P

N
Z Xn] - ’YA(Q)} )

n=1
where
M
v4(Q) £ sup { —F Y, .
@2 g {ro 3o

In other words, p4(X) = pstatic(anzl X,), where pg .. 1s a suitable static risk measure. In
particular, the set Agpqaric € L™ of random variables

N
Astatic = {Z Xn ‘ Xe A}

n=1
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is an acceptability set of pgatic-

6 A credit constraint

Here, we discuss another type of constraint. The regulator may impose a bound on the loans
that the agent can take out. If 5 € [0, +00] is such a bound (or credit line), the corresponding
set of permitted strategies is:

C=CP2{YeLly|) Yoz-BYm=1,. N} (6.1)
n>m

If 3 = +o00 then no credit line constraints are considered and C*° = L. Otherwise, the regulator
is requiring that, at any n = 1,..., N, the portfolio value V,, is greater than —3 and observe
now that V, = Vo — >, Yi = Zf\il Yi=2licn Yi = 2isn Yir

We provide here the duaI representation for thi_s class of cz;pital requirements, setting pi = pacs
where A is an acceptability set.

Proposition 6.1 Let 8 € [0, +00). Assume that A is convex, monotone and satisfies assump-
tion B and that pi is T-lower semicontinuous. Then (4.12) holds and

@1 dQn
ap’ NP

When 8 =0, the term 7. vanishes in Bc.

Be C{(c,Q)eB|ec1 <1, (a1 ) is a P-supermartingale}. (6.2)

Proof. The validity of (4.12) is guaranteed by the hypotheses as in the previous proposition.
We now prove that for any g € [0, +00):

0+65:{Y€£%O’ZYHZOVm:L...,N}- (63)

n>m

The "D" inclusion is immediate; let us prove "C". If Y € 07CP, then for any X € C” we
have X +Y € CP. Since 0 € C? we have 07CP C C# C L. If Y € 01CP, then by definition
0+ \Y € CP for all A > 0 so that for any m = 1,..., N, it holds

A Yuz—B VAZO, (6.4)
n>m
which readily yields » -, ¥, > 0.
Let now (¢, Q) € B¢. Since el € 07CP, it must hold ¢; —1 <0, ie. ¢; <1. Fixnown < N —1
and A € F,, and define Y = —I e" + I4e™"! which clearly belongs to 0tC8. Therefore it
must hold —¢,Qn(A) + cni1Qni1(A) < 0. Setting Z, = ¢, d(gan, we can conclude that for any
n<N-1:

EpZpla > EpZnyiIa VAE Fy, (6.5)

which is equivalent to say that Z,, > Ep(Z,+1 | Fn), i.e. the process Z is a P-supermartingale.
Finally, if 8 = 0, then 0C? is a positive cone containing 0 and we recover that 7, vanishes on
B¢ by Proposition 3.11. O

Remark 6.2 Note that, as a consequence of the supermartingale property, two necessary con-
ditions for a couple (c, Q) to enter the representation (4.12) in the case of credit line are:
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1. (cn)fqul is a decreasing sequence. This broadly means that quantities which are liqui-
dated at the first dates matter more than those liquidated at the end, for the sake of risk
assessment.

2. If ¢, >0, Qu(A) > dyQni1(A) for any A € F,, where d,, & <L < 1 is independent from

Cn

A. In particular, if ¢, = ¢p41, then Q11 = @y, on Fy,.

7 Some examples

We end this paper by considering, in the simplified setting of one intermediate date, namely
N = 2, some simple, instructive examples of acceptance sets for processes and related capital
requirements. We concentrate here on two relevant classes of acceptance sets: those which can
be written as a product of acceptance sets for random variables, and those which are naturally
defined, as in the static setting, on the basis of a time-additive utility for processes.

7.1 Product-type acceptance sets

Assume that A; C L§® and Az C L$° are two acceptance sets of random variables and define
A £ A x Ay C £*. Remind that py, p A0 and pi (8 > 0) are the capital requirements
associated to the sets of permitted strategies C = LS, Cp and CB, respectively. Denote with p,
and p, the static capital requirements associated to A; and A,.

Proposition 7.1 Let A = A; x Ay, where Ay C L° and Ay C L are monotone and satisfy
(2.2). Then py, pao and pﬁ are finite valued and monotone; moreover we can write

pa(X1, Xo) =inf{p(X1 + X2 —Y) | Y € A}

Pao(X1, Xo) = p1(X1) + po(X2)

Pa(X1, Xa) = max[—B, —B + Jnf (ess.inf (Y = X1)), p (X1, X2)]-
1

Proof. Assumption C is trivially satisfied in each of the three choices of C, while assumptions A
and B follow from the hypotheses we have made on A; and Ay. The first part of the Proposition
is then a direct consequence of Propositions 4.5 and 4.6. Concerning the explicit representations,

we have
pA(Xl,XQ) Zlnf{mER ’ 17 e L?O st. X1 +Z2c A, Xo+m—2Z € AQ}
:inf{mGR]3Y€A1 s.t. X2—|—m—(Y—X1) E.Az}
= inf inf{meR| Xo+ X1 —Y +m e Az}
YeA;
= inf X1+ Xo-Y).
Sk pa(Xa 4+ X5 —Y)
The other two representations are similarly proved. O

The simplest example of product-type acceptance set is
A= ,C_O,:’ £ (Xl,Xg) e L™ | Xl,X2 > 0}
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The hypotheses of the previous proposition are met and, after some standard calculation, we
have:

pree (X1, X2) = —ess.inf (X7 + X>)
pﬁio’O(Xl, Xy) = —ess.inf (X7) — ess.inf (X5)
pgf (X1, X9) = max[—f3, —f — ess.inf (X1), —ess.inf (X7 + X2)].

7.2 Utility-based acceptance sets

This class of examples generalizes utility-based static risk measures as defined in Section 2.4. As-
sume that the agent’s preferences over payoff streams are described by a time-additive expected

utility functional:
U(X1, X2) = Epu(X1) + bEpu(X3), (7.1)

where u : R — R is an utility function and b > 0. A natural acceptance set of processes is then
A={(X1,X3) € L* | U(X1, X2) > U(XT, X3)},

where (X7, X3) is a reference process. If we choose the exponential utility function u.,(x) =
1 —exp(—vz), v > 0, and (X7, X3) = (0,0), then we obtain, after standard calculations

A={(X1,Xs) € L | Epe X1 £ bEpe %2 <1+ b}. (7.2)

Clearly, this is not a product-type acceptance set, so that we cannot apply Proposition 7.1.
Moreover, assumption B is not satisfied for any choice of v and b. However, we show below that
choosing C = Cy or Cg = Cy N CP, the resulting capital requirement is finite valued and admits
an explicit formulation. Let p. the (static) entropic risk measure as defined in section 2, i.e.

1
po(X) = =log Epe X,
y

Proposition 7.2 Let A be defined as in (7.2). For any fized b,y > 0 and (X1, X2) € L it

holds
(1+ b)?

4b

1
pao(X1. Xa) = p,(X1) + py (X) - ~ Iog (73)

Moreover, for any 8 > 0,

Plho(X1, X2) = max[—, py_4(X1, X2)], (7.4)
where pio 18 the capital requirement associated to COB =CoNCP.
Proof. For fixed b, 7, X1, Xo, consider the following inequalities, where m, a, z € R:

(*)m,a Epe 10+e) 4 pppemy(Xetm=a) <9 4 b,
(%) m,z be "M Epe X222 — (1 4+ b)x + Epe 71 <0,

Putting = €7* a standard computation shows that, for any fixed m € R, (*), o is satisfied for
some « if and only if (**),, , is satisfied for some = > 0, i.e. the equation:

be "M Epe X222 — (1 4 b)z + Epe X1 =0 (7.5)

21



has two distinct solutions 1 < x2 and x9 > 0. The first condition is satisfied exactly when the
discriminant is strictly positive, i.e. when

0 <A=(14b)?—4bEpe 1 X2Epe X177,
which is equivalent to

(14 b)?
4b

1

The signs of the coefficients of the equation (7.5) guarantee that both solutions are positive.
Then we have:

pa0(X1, Xo) 2 inf{m € R| Ja € R s.t. (*) .o 1s satisfied}

1. (1+b)?
:p'y(Xl)—i_p'y(XQ) - ;lOg 4D .
For any 8 > 0 we have, by definition:
piO(Xl,Xg) =inf{m > - € R|Ja e R,a <m+ B s.t. (¥),,, is satisfied} (7.7)

In addition to (7.6), in this case we are requiring also that z; < e (m+8)  However a lengthy,
but standard calculation shows that this requirement is satisfied under (7.6). Therefore, (7.4)
follows immediately from (7.7). O

Remark 7.3 Since p., admits the dual representation (2.4), we obtain

p.A,O(XLX?) = sup {_EQl [Xl] - EQz [XQ] - Fb,’Y(Qly QQ)}7
Q1,Q2<KP

where
(1+ b)?
4b

o @1,Q) 2 1 {(H(@ | P)+ H(Q2 | P) log } € (~o0, +00].

The parameter b enters the explicit formulation of p 4, only through the additive term %g(b)

where )

(1+0)

b) =1

9(b) =log—

Observe that g(b~!) = g(b), g > 0, g(1) = 0, g has a minimim in b =1
As in (2.5), we have:

, b>0.

lim p 40(X1, X2) = sup {—Eq, [Xi] — Eq,[Xa]}. (7.8)
70 Qi< P:H(Q;|P)<oo

7.3 Comparison of simple binomial trees

In this final section we show that, by appropriately selecting the sets C and/or A it is possible
to point out some of the different characteristics of risk processes. Consider the following five
simple trees, assuming that the probability of each leaf is 1/4. The amounts 1 and —1 are
expressed in some monetary units and are already discounted (so that we may assume a zero
interest rate).
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-1
—1<1 1<_1
1 -1
—1<1 1<_1
C D FE
-1 1 -1
—1<_1 —1< , —1< )
1 -1 —1
1 <_ 1 1<_1 1 <_ 1

Observe that the trees A and B are deterministic and that C, D, E have the same marginal
distributions, but the uncertainty resolves at time ¢; in C and D and at time t5 in E. Moreover,
the expected cumulated final payoff, i.e. Ep[X; + X3], vanishes for all five trees.
Let A= LY and

A 2 {(X1,Xs) | Ep[X1] > 0 and Ep[Xz | F1] > 0},

Observe that A C A’.
We easily compute the following values for the capital requirements associated to the above

five trees:
pal paol AUl AP AL B=1] pa| b
A 0 0 1 0.5 0 0 0
B 0 0 0 0 0 0 0
C 2 2 2 2 2 0 1
D 0 2 1 0.5 0 0 1
E 2 2 2 2 2 0 0

Some comments about these numerical results are in order:

1. The trees A and B differ only for the order of the payoffs: in A we have a pay-out followed
by a pay-in of the same amount, while the reversed flow is described by B. If these fixed
amounts (pay-out and pay-in) are large, for instance comparable to the total wealth of the
agent, then the tree A should be considered riskier than B. Note that, within the examples
we are considering, this is true only for pi when 8 = 0 or 0.5, i.e. when we introduce a
sufficiently strict credit line. If 5 > 1 the corresponding capital requirement is not able to
distinguish between A and B.
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2. Observe that C, D and E, which are not deterministic, are generally riskier than A and B.

3. Note the different evaluation of the tree D given by p4 and p4; p4 is lower since it is
possible to hedge efficiently (with random variables) the payoffs, while only a constant
hedge is permitted when computing p 4 o.

4. Looking at the trees C and E, we see that they both have the same "worst scenario"
constituted by the the upper trajectory (—1,—1). When A = L5° then each risk measure
PA> PAOS pil,o gives the same evaluation: —ess.inf (X1+Xs) = —ess.inf (X;)—ess.inf (X3) =
2. However, if we consider the risk measure p 4 o then it is possible to distinguish between
C and E.

Next we compute, for some choices of (v,b), the capital requirement p4, when A is the
utility based acceptance set defined in (7.2). Note that for any (v,b), p4 assigns, by (7.3),
the same value to A and B and, separately, to C, D and E. The following table resumes some
computations for the trees C, D and E for different values of b (rows) and 7 (columns).

¥y=05|vy=1|v=2|~v=10|v— 00

b=0.50 | 0.245 | 0.750 | 1.266 | 1.850 2

b=0.75| 0.439 | 0.847 | 1.315 | 1.859 2
b=1 0.480 | 0.868 | 1.325 | 1.861 2

The dependence on b (for a fixed ) is simple since it is described by ¢ (see remark 7.3). In
the last column we evaluate lim, o p40(X1, X2). Since we are in a finite probability space,
from the equation (7.8) we deduce that

lim p 4 (X1, X2) — —ess.inf (X;) — ess.inf (X3) = Pree 0(X1,X2),
~y—00 ) )

for any process (X1, X»).
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