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ARTICLE INFO ABSTRACT

Article history: For linear and semilinear equations of Tricomi type, existence, uniqueness and qualitative
Received 10 April 2014 properties of weak solutions to the degenerate hyperbolic Goursat problem on characteris-
Accepted 16 May 2014 tic triangles will be established. For the linear problem, a robust L?>-based theory will be de-

Communicated by Enzo Mitidieri veloped, including well-posedness, elements of a spectral theory, partial regularity results

and maximum and comparison principles. For the nonlinear problem, existence of weak

MSc: solutions with nonlinearities of unlimited polynomial growth at infinity will be proven by
35L80 .. . . L. 2

35D30 combining standard topological methods of nonlinear analysis with the linear theory devel-
35D35 oped here. For homogeneous supercritical nonlinearities, the uniqueness of the trivial solu-
35C15 tion in the class of weak solutions will be established by combining suitable PohoZaev-type
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35B50 tence theory presented here will also be connected to known explicit representation for-
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1. Introduction

In this work, we will study the existence and uniqueness of weak solutions u for the semilinear Goursat! problem

Tu=f(Xx,y,u) in$ (1.1)
u=0 on " = AC UAB, ’
where T = —yaf = 85 is the Tricomi operator on R? with cartesian coordinates (x, y), f is a nonlinearity to be specified and

§£2 = ABC is a characteristic triangle; that is, a simply connected region in the plane whose boundary consists of the segment

* Corresponding author. Tel.: +39 02 50316186; fax: +39 02 5031 6090.
E-mail addresses: daniela.lupo@polimi.it (D. Lupo), kevin.payne@unimi.it (K.R. Payne), nedyu@fmi.uni-sofia.bg (N.I. Popivanov).
1 Often called the (first) Darboux problem in the Russian literature.
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AB of the x-axis and the two characteristics arcs AC and BC (of negative and positive slope respectively) that issue from A and
Band intersect at C. The solutions will be found in the subspace of the standard Sobolev space H' (£2) = W'?(£2) of elements
having zero trace on I". For the linear problem, where f (x, ¥, s) = f(x, y) +As with A € R, we will develop a robust L?>-based
theory whose compact solution operator provides some spectral information and is compatible with weak maximum and
comparison principles, which are obtained with the aid of some regularity theory. Then, using standard topological tools of
nonlinear analysis and carefully constructed mollifying procedures, we will establish results on existence and uniqueness
for the nonlinear problem under suitable hypotheses on the nonlinearity f.

Our primary interest in the nonlinear version (1.1) of the well studied linear Goursat problem is purely mathematical as
a companion to our study of analogous questions on mixed type domains (i.e. 2 intersects also the region where y > 0). The
existence of weak solutions with Tricomi boundary conditions has been treated in [1] and with Dirichlet conditions in [2-4]
while the uniqueness of classical solutions has been treated for various class of domains and boundary conditions [5-8]. More
precisely, we will seek to clarify the interaction between the form of the boundary conditions (i.e. Dirichlet conditions on
the entire boundary or on a suitable proper subset of the boundary), the geometry of the domain at the parabolic boundary
points (i.e. A and B, where the operator degenerates), the regularity of the solutions for f € L?(£2) (i.e. the presence or not
of a weight in the H!(£2) norm of the weak solutions), the resulting barriers to p-summability coming from the Sobolev
imbedding theorem and its relation to critical exponent phenomena.

We will see that the geometry of having corners in A and B combined with placing the Dirichlet conditions only on
the proper subset I = AB U AC allows for weak solutions in H!(£2) and hence no barrier to immersion in L?(£2) for each
p € [1, +00). For the mixed type Tricomi problem in angular domains (with corners in A and B), the weak solutions also lie in
H'(£2),as was shown in [9,1]. On the other hand, both for Tricomi problem in normal domains (where the elliptic boundary is
orthogonal to the x-axis in A and B) and for the Dirichlet problem on suitable domain, the weak solutions carry the weight |y|
on the first derivative in x, as was shown in [ 10,2]. As a result, one has a critical exponent in the Sobolev imbedding which is
2*(1, 1) = 10, as noted in [5]. Moreover, the Goursat problem will be shown to admit maximum and comparison principles
for weak solutions such as those in the mixed type setting of the Tricomi problem in normal domains [ 10]; however, for weak
solutions with weights as noted above in the mixed type case. The better regularity of the solutions in the Goursat case allows
us to apply monotone methods (upper and lower solutions) with no limit on the polynomial growth in s for the nonlinearity
f(x,y,s) in contrast to the strong restrictions on growth required in the mixed type setting, as one knows from [1].

In addition, a nonhomogeneous dilation invariance in the Tricomi operator T is known to yield a PohoZaev-type result on
the nonexistence'of nontrivial solutions u with homogeneous boundary conditions u = 0 placed on a large enough portion of
the Boundary of a suitably star-shaped domains; that is, if f(x, y, s) = s|s|?~2 with p > 10 and then the only C2(£2) solutions
must vanish identically, as shown in [5,6]. By exploiting the special geometry of the Goursat domain through well-tailored
mollifying operators and by exploiting the absence of weights in the weak solutions, we will close the regularity gap be-
tween C2(£2) (where one had uniqueness) and H'(£2) (where one has existence results). Closing this regularity gap was the
original motivation for studying the nonlinear Goursat problem (1.1), but much more has come out of the investigation. In
particular, with respect to what may constitute critical growth for the problem (1.1), the following situation emerges. There
is no polynomial growth barrier for the purposes of existence and no polynomial critical growth exponent for the Sobolev
imbedding for the weak solutions with no weights. This dissimilarity with elliptic problems should be perhaps explained by
the fact that the Goursat problem is not variational. On the other hand, if one were to impose the boundary condition also
on the characteristic BC, the problem becomes variational but the extra boundary data forces the weak solutions to carry
weights (as in the mixed type Dirichlet problem [2]), which in turn yields the critical exponent for the Sobolevimmersion and
a probable barrier to existence for weak solutions at supercritical growth. Moreover, the Dirichlet problem loses the maxi-
mum principle and hence also the possibility for monotone methods which are used here to solve the superlinear problems.

The plan of the paper is as follows. In Section 2, we recall the necessary machinery and develop the linear solvability
and spectral theory. In Section 3, we examine the question of regularity of the weak solutions and maximum/comparison
principles compatible with the solvability theory. An important byproduct will be the bridging of a possible gap between gen-
eralized solutions as given by explicit integral representations involving hypergeometric functions and our notion of weak
solutions whose existence follows from suitable a priori estimates (see Theorem 3.2 and the discussion in Step 1 of the
proof). In Section 4, we prove results on existence of weak solutions. We exploit the contraction mapping principle and
Leray-Schauder principles for sublinear and asymptotically linear nonlinearities and monotone methods for superlinear
nonlinearities. In Section 5, we prove the aforementioned extension of the uniqueness of the trivial solution for weak solu-
tions. In addition there are two appendices which give the proofs of two technical lemmas concerning the compactness on
C°($2) of the linear solution operator and the weak maximum principle for regular solutions.

We conclude this introduction with a few additional remarks on the problems considered herein. Some of the results
continue to hold for operators of Tricomi type where the coefficient y in the Tricomi operator T is replaced by K (y) which
has the sign of y; for example, results on solvability and maximum principles for regular solutions. On the other hand, the
maximum principle for weak solutions (and hence the monotone methods of Section 5) makes use of the regularity result of
Nakhushev [11] which holds for K(y) = (—y)™ for m < 2. We have treated problems in only two dimensions. In part, this is
due to the importance of the Tricomi equation in the context of two dimensional transonic potential flow (see the modern
survey of Morawetz [12]), but it should be noted that the analogous boundary value problem in higher dimensions (the
so-called Protter problem) has a solvability theory which is much more delicate (see [13] for example). On the other hand,
questions of nonexistence for weak solutions to nonlinear degenerate hyperbolic Cauchy problems in general dimensions
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has been well studied by Mitidieri and PohoZaev (see [ 14] and the references therein). Using similar techniques, Laptev [15]
has treated nonexistence for weak solutions to nonlinear hyperbolic Cauchy problems in cones.

2. Linear theory: weak solvability and spectral theory

In this section, we will analyze the question of existence of weak solutions the problem:

Tu=f(x,y) in£ 2.1)
u=20 onI" =ABUAC, :

where f € [?(£2). We will also consider the same problem with T — Al in place of T and with a nonhomogeneous boundary
conditionu = y on I" with y € Rinorder to derive some elements of a spectral theory as well as maximum and comparison
principles which will be used in order to establish existence results for the nonlinear problems in Section 4. We will first
recall some basic notions.

2.1. Notations and background

Since the operator T is invariant with respect to translations in x, we may assume that the domain £2 = ABC is symmetric
with respect to the y-axis.? In particular we will denote by A, B and C the points (=xg, 0), (xo, 0) and (0, y¢) where x; > 0
and yc = —(3x0/2)?/3. The characteristics are then given by

2 2
AC : x +xo — g(—y)3/2 =0 and BC:x—xo+ 5(—y)3/2 =0, (2.2)

while the parabolic segment is AB = {(x, 0) : |x| < Xo}. The conjugate boundary is the set I'* = AB U BC and the adjoint
problem is

Tu=f(x,y) in£
{u =0 on I'* = BC UAB, (2.3)

where one should note that T is formally self-adjoint, that is, T = T* where T! is the formal adjoint defined by
T'u = —D; (yu) — D} (u) = Tu. (2.4)

Weak solutions to (2.1) will belong to the space H} (£2) which is the completion in the norm

172
19l = ( [+ w2>dxdy)
of the space
2 (2) ={y € C*(2) : ¥ = 0onN,(I') for some € > 0},

where N, (I') is an € neighborhood of I"' = ABUAC. Since 952 is Lipschitz, there is a well defined linear and continuous trace
operator (see Section 4.3 of [16])

trr : HY(2) » L2(IN) (2.5)

and clearly ¥ € H'(£) lies in H} (£2) ifand only if trj-(v) = 0 in L?(I"). Since v has zero trace on a sufficiently large part
of the boundary, one has a Poincaré inequality

1/2
V12 < Cp (/Q(Wf + Ilfyz)dxdy>

for some constant Cp > 0 and hence an equivalent norm

1/2
||llf||H;(g> = (/Q(lﬁf + wf) dXdY)

on H} (£2). Similar considerations hold for the conjugate boundary I"'*. We will denote by H,?](Q) the dual space to H}

equipped with its negative norm in the sense of Lax [17]. The spaces H}‘* (£2) and H;,} (£2) are defined analogously. One
easily verifies the following estimates: there exist constants C;, C; > 0 such that

”Tul'HF,l(Q) <G “u”HlL(Q)s ue C?O(E) (26)

2 For the same reason, we may assume instead that A (or B) is the origin without loss of generality.
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and
_ < ® (). .
”TU”Hrl(.Q) = C2||v||HIL*(Q)! v E Cr (£2) (2.7)
Hence one has continuous extensions of the Tricomi operator T (defined on dense subspaces of smooth functions)
Tr : HM(2) — Hpl(2) and Tr« : HM(22) — HE'(2). (2.8)

We recall that the placement of the boundary conditions on only a portion of the boundary implies that the problem (2.1)
is not self-adjoint. In fact, one checks easily that the continuous extensions (2.8) satisfy T+ = (T)*. We will find weak
solutidhs u to the linear problem (2.1) in the following sense.

Definition 2.1. Given f € [*(£2) one says that u € H}(£2) is a weak solution of (2.1) if one of the following equivalent
conditions hold:

/Si) There exists a sequence {u;} C C°($£2) such that

]1_1510 llu; — u||H}(m =0 and Jl_1>n010 [ Tu; _f”H;,l(m =0. (2.9)
(ii) One has the relation
A
B(u,v) = / (yuxvx + uyvy) dxdy = / fvdxdy, YuveCX(R), (2.10)
2 2

where the bilinear form 8 in (2.10) is clearly continuous on H} (£2) x H}* (£2).

Weak solutions of (2.3) are defined in the analogous way. As shown by Didenko [18], the conditions (2.9) and (2.10) are
equivalent. Moreover, a necessary and sufficient condition to have the generalized solvability for the problems (2.1) and
(2.3) for each f, g € L?(£2) is to have the continuity estimates (2.6) and (2.7) as well as the following a priori estimates:
there exist positive constants C; and C,4 such that

lellze) = GITel,-10), ¢ € Cr () (2.11)

1V l2@) < CallTY =10, ¥ € CR(R2). (2.12)
Q)

Notice that for a general second order operator, one should use the formal adjoint T' in the estimate (2.11), but here T is
formally self-adjoint as noted in (2.4).

2.2. Solvability theory
The first result is the following theorem.

Theorem 2.2. Forevery f € L%(£2) there exists a unique weak solution u € H} (£2) in the sense of Definition 2.1 to the problem
(2.1). Moreover, the solution operator

Sr:[*(2) - H-(2) (2.13)

which assigns to f € [?($2) the unique weak solution u € H}.($2) of the problem (2.1) is linear and continuous. Analogous
statements hold for the adjoint problem (2.3).

Proof. For the solvability results, it is enough to establish the a priori estimates (2.11) and (2.12). By the symmetry of the
problem it is clear that it suffices to show (2.11). One can do this by estimating from above and below the expression

4= / YT dxdy (2.14)
2
with ¢ € C¥(£2) fixed but arbitrary and v the solution to the auxiliary Cauchy problem

My =byy+cyy =¢ ing2
Y =0 on I'* = BC U AB,

where the coefficients (b, ¢) of M can be taken as

b=—(1+4¢ex) and c= —h(1+¢x) (2.15)
with

0<e<1/xg and 0 <h < (3xg/2)" /3. (2.16)

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
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This has been done in Proposition 2.2 of [9] for §2 a Tricomi domain where the parabolic segment AB is replaced by a suitable
arc o in the elliptic region (where y > 0) and endpoints at A and B. One easily checks that everything goes through as before.
See the appendix of [9] for details. The linearity of Si- is obvious and the continuity of the solution operator uses a standard
argument by contradiction and the relation (2.10). O

Remark 2.3. Since 2 is a bounded Lipschitz domain, one has the compactness of the imbedding into Lebesgue spaces
(cf. Section 4.6 of [16]): for each p € [1, c0) one has

HY(R) = [P(2), (2.17)

where there is no upper limit on p € R since 2 C R2. In particular, the solution operator S, defined in (2.13) yields a
compact operator on L?(£2) which is an injective but non surjective map. This has obvious consequences for the spectral
theory and a Fredholm alternative for the problem (2.1).

In order to discuss the spectral theory and as preparation for the use of monotone methods for the existence of solutions to
(1.1) with superlinear nonlinearities, we will be interested in weak solutions to the following generalization of the problem
(2.1):

:Tu—ku:f in 2 (2.18)

u=y onl,

where A, ¥ € Rand f € L?(£2). The notion of weak solution is the obvious one.

Definition 2.4. An element u € H'(£2) will be called a weak solution of (2.18) ifu — y € H}(Q) and the following analog
of (2.10) holds:

By (U, v) == / (Yuxvx + uyvy — Auv) dxdy = f fvdxdy, YveCX ().
2 2

Theorem 2.5. et f € [?(2),y € Rand . < 0. The problem (2.18) admits a unique weak solution in the sense
of Definition 2.4 and the solution operator

SpY 1 13(2) - HY(R)

which assigns to f € [2(£2) the unique weak solution u € H'(£2) of the problem (2.18) is linear and continuous. Analogous
statements hold for the adjoint problem with the boundary condition u = y on I'*.

Proof. We first consider the case of homogeneous boundary conditions y = 0. When A = 0, this is just Theorem 2.2 and

S?’O is just the solution operator S. For A < 0, one repeats the argument used in the proof of Theorem 2.2 with T — Al in
place of T. The new term corresponding to A in the expression (2.14) satisfies

A
—,\/ Vo dxdy = —[ Y2 (b, c)-vds—l—s/ wzdxdy] >0,
2 2 AC 2

as (b,c) - v > 0on AC if (2.15)-(2.16) hold. A solution operator Sj\-’o CL2(2) - H}-(£2) is thus well defined, linear and
continuous.
Ify # 0and A < 0, we look for u = w + y where w € H}(£2) is a weak solution of

Tw—Aw=f+iy inf2
w=20 onl,

Since £2 is bounded, f + Ay € [?(£2) and since A < 0, one has that w exists and is unique by the previous step. Thus a weak
solution u € H'(£2) to(2.18) exists and is clearly unique. The resulting solution operator S}’V 1 [2(£2) — H'(2) defined by

SEY(F) =y +SE +4y)
is linear, continuous and satisfies tr (S}’y (f)) = y where tr- is the trace operator (2.5). O
2.3. Spectral theory
Given that the operators T, and T+ defined in (2.8) do not have self-adjoint realizations on L?(£2), their spectra will

be in general complex. For the applications to existence for the nonlinear problem (1.1), we will be interested in the real
spectrum of Tr; that is, the description of (A, u) € R X H]F such that u # 0 is a weak solution of Tu = Au. We will denote by

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
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X' (Tr) the set of such real A for which a nontrivial u exists. Composing the solution operator S defined in (2.13) with the
compact imbedding (2.17) with p = 2 gives rise to a compact solution operator

Sr:[*(2) = HM(2) > [*(2)
whose spectrum o (Sr) C C consists of {0} and eigenvalues of finite multiplicity. Hence A € X (Tr) if and only if
0 # u := 1/A € o(Sr) and is real. Similar considerations hold for Tx.

Remark 2.6. Since the operator norm M := ||Sy||op Of the compact operator S equals the spectral radius of S one has
re X(Tr) = |Al = M.
Moreover, the estimate (2.11) shows that the solution operator satisfies

ISrfllze) < C3||f||H;1(Q) < Gllfllz@e)

and hence My < C3 can be estimated from above by C3 and one has a lower bound C;1 for the absolute value of A € X' (Tr).
Optimizing the constant C; in the a priori estimate refines the spectral bound (see Example 2.7 in [1] in the mixed type
setting).

Combining these considerations with the solvability established in Theorem 2.5 yields the following result.

Theorem 2.7. One has X (Tr) N (—o0, Mo’l) = @, with My = ||Sr||op as above.

Proof. By Remark 2.6, one has X (Tp) N (—MO’], M()’l) = P so it is enough to show that A ¢ X' (T) for each A < 0. But this
is a direct consequence of Theorem 2.5 inthecase . < O0andy =0. O

We conclude by noting that the comparison principle Theorem 3.4 suggests that T might admit a principal eigenvalue;
that is a real (and positive) eigenvalue of minimum modulus with an adSociated positive eigenfunction. This has been done
in [19] for the mixed type Tricomi problem and involves an application of Krein—-Rutman theory and the strong maximum
principle which is valid in the elliptic region. Here in the degenerate hyperbolic case, we have no such strong maximum
principle.

3. Linear theory: regularity and maximum principles

In this section, we analyze some partial regularity results for solutions to the linear problem (2.18) on 2 = ABC if
feC@)orf e (§°(£2) and then examine the validity of maximum and comparison principles for regular and weak solu-
tions. The main point is that a combination of the solvability result (Theorem 2.5), some regularity theory and a refinement
of the maximum principle of Agmon, Nirenberg and Protter [20] yields a comparison principle for the problem (2.18) which
is compatible with the solvability theory. This has been done in the case of the mixed type Tricomi problem (see Theorem
3.1 of [10]). The main difference is that in place of the C° solvability result of Agmon [21] for the Tricomi problem, we will
use a regularity result of Nakhushev [11] for the Goursat problem with homogeneous boundary data and A = 0 prove an
analogous C° solvability result for the problem (2.18) (see the remark after the proof of Theorem 3.22{

3.1. Interior regularity and continuity up to the boundary
We begin with the following interior regularity result.

Theorem 3.1. Let y € R, A < Oandf € C5°(£2). Then the unique weak solution u € H'(£2) to problem (2.18) belongs to
C®°(8£2); that is, there exists u* € C*°(£2) such that u = u* a.e. in £2.

Proof. This result has been proven for the mixed elliptic-hyperbolic Tricomi problem when A = y = 0 (see Lemma 3.1
of [10]) by using the estimates of Kim [22] in the hyperbolic region, which corresponds to £2 here. A simple analysis of the
proof of this lAemma shows that the argument carries overify 2 0and A < 0. O

Next we consider continuity up to the boundary.

Theorem 3.2. Let y € R, A < Oandf € C°(R2). Then the unique weak solution u € H'(£2) to problem (2.18) is continuous
up to the boundary; that is, there exists a unique u, € C%(£2) such that u = u, a.e. in £2. Moreover u, = y + v where v is the
unique C°(£2) N H}-(£2) solution to the equation

v="Su(f + Ay 4+ Av) (3.1)

where Sy @ C°(22) — (C°(2) is a bounded linear integral operator whose kernel is explicitly determined in terms of the
Riemann-Hadamard function for the Goursat problem (2.1) with homogeneous boundary data and A = 0. Moreover,

So : C°(2) — C°(£2) is a compact operator (3.2)
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and for each f € C°(§2)

So(f) = S¥O(f) inl2(82), (3.3)

where SOF’O = S is the weak solution operator of Theorem 2.5. Hence Sy yields a continuous representative of the unique H}(.Q)
solution to the problem (2.18) in the case A = y = 0.

As a corollary, we obtain that for each f € C°(£2) there exists unique weak solution u € H'(£2) N C%(£2) and that there
is a representation formula for its continuous representative:

U, = So(f + Auy) + y. (34)

Proof. We will define explicitly the solution operator and then study its properties.

Step 1. (Definition of the integral operator Sy). The form of the desired solution operator is most easily presented in charac-
teristic coordinates. We consider the homeomorphism @ : R x [0, +00) — # = @ (R x [0, +00)) defined by

2 2
D(x,y) = (ExY),n&xy) = <<x + X9) — §<—y)3/2, (x +x0) + 5<—;v)3/2) (35)

which also translates A(—xg, 0) to the origin (¢, n) = (0, 0) and B(xp, 0) to (§, n) = (I, [) with | = 2xq. @ is a C* diffeo-
morphism on the interior R x (0, +00) of its domain. The image # is the half-space {(&, n) : n > &} and the inverse map
¥ H — R x [0, +00) is given by A

1 3 2/3
v, =xE,m,yE, n) = (2(5 +n) — X0, — <Z(77 - S)) ) . (3.6)

The image of characteristic triangle 2 = ABC under @ is the triangle
A={E,n:0<&<land& <n <} (3.7)
With this change of variables, the partial differential equation Tu — Au = f then transforms into

1 1 ~

Wen w5 =G e

(we — wy) — AGy

_
6(n — )

where

B 1/4 2/3
wE, n)=uo¥)&. n, fEmM=>Fe¥)E n, G= 2 (5) : (3.9)

The Riemann-Hadamard function associated to (3.8) when A = 0 has the following expression which is well defined for

E e npe@xA)\{n=E§}

n —E\" (15

o R*(Eﬂnﬁ&n)z(ﬁ_ 5 s n >§
R(é»ﬂasvﬁ)= Ri(%‘/ /.g )_k (n/_gl)(n_g)2/3 F(S E El) /<§ (310)
SRy e g \66'3's) T
where
G — &N — n/)7 pe _ 16GE (3.11)
' —&)n—8§) Ir1/6)1(/3)

F(a, b, c; ¢) is the standard hypergeometric function of Gauss and I is the gamma function of Euler. See section II.2 of
Smirnov [23] for a discussion of R and its basic properties.
It is known that sufficiently regular solutions v to the Goursat problem (2.18) with y = 0

v=20 onl, (3.12)

{Tv —Av=f inf
have an explicit integral representation formula in terms of the Riemann-Hadamard function, as is shown in Theorem 1 of
Moiseev [24]. However, it is not shown there (or anywhere else to our knowledge) that the converse is true. That is, given
f sufficiently regular does the representation formula yield a solution to the problem in some reasonable sense? We will

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
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show that the formula of Moiseev gives a weak solution which is continuous up to the boundary for any given f € C°(£2).
For A = 0, sufficiently regular solutions v of (3.12) are given by v = w o @ where w = w(z) is defined by

w(z) = / CEZREZ;2)f(Z)dZ, z= (1) € A, (3.13)
A

A is defined in (3.7), f is defined in (3.9) and

C@)=CE" n)=—Cotn' —&)?2, (3.14)
with Cy the constant defined in (3.9). We remark that for each fixed z in the open triangle A, the integral kernel is defined
almost everywhere; that is, forz’ € A} U A7 where

AF={Z=¢En):n>& and A ={Z =& n): 0 <E&) (3.15)

Hence the representation formula (3.13) can be used to define w on A for a given g. In order to extend the representation
formula to z € 952, we define the integral kernel K : A x A — R by

K(Z'52) = Y104 @)CERE 2) (3.16)

where y; is the characteristic function associated to E C R? and R is a suitable extension of (3.10) to (Af U A;) x A.We
define Ron (A UA; ) x 3 A inthe following way. Forz = (0, n) withn € (0, []and forz = (&, [) with& € (0, I), the functions
on the right hand side of (3.10) continue to be well defined. Notice that since A?{M) Udg,) = #,K(z';0,n) = Oforeaché €
(0, I) as desired so that w(0, n) = 0. In order to ensure that w also vanishes for z = (£, &) with & € [0, I] we merely define

R(Z;E,6) =0 foreveryz € AfUA;, & €[0,1]. (3.17)
Finally, we define the operator Sy : C°(£2) — C°(£2) by
SO(f) =wod

where @ is the homeomorphism (3.5) and
w(z2) = So(f) = f Xarua; @)CE@RE; 2f @) dZ', 2= (€, 1) € A. (3.18)
A

Recall thatf = f o ¥ is defined by (3.6) and (3.9), R is defined by (§.]0) and (3.17) and C defined by (3.14). Since @ and ¥
are continuous, Sy will be well defined and compact provided that S, is a compact operator on C°(A).

Step 2. (Compactness of Sp). The key technical step is the following lemma which completes the claim (3.2). The proof will
be given in Appendix A.

Lemma 3.3. The operator Eo : C°(A) — CO(A) is well defined, linear, continuous and compact.

Step 3. (The case A, y = 0). We begin by noting that if f € C?(£2), then by the result of Nakhushev (see Theorem 2 of [11])
there exists a classical solution v € C*(£2) N C°(£2) to the Goursat problem (3.12) and that v € C'(22) with [[v[|c1g) <

Clif llc2(g) for some constant C independent of v (see also Theorem 4.2 of [25]). Hence v € H}(£2) and v = ua.e.in £2 where
u is the weak solution of (3.12). A

As mentioned in Step 1 above, Theorem 1 of Moiseev [24] shows that classical solutions v of (3.12) satisfy the represen-
tation formula v = Sy(f) in £2 and our extension of Step 1 ensures that this is also true at the boundary. Hence we have
(3.3) for f € C%(£2). The validity of (3.3) for f € C°(£2) and the existence of a continuous representative u, when A = 0
then follows. Indeed, approximate f € C°(£2) C [?(£2) with a sequence {fi}ren C C*®(£2) such that

Ife = fllizee) < 1212 = fllcogy) — 0 ask — +oo.
By the continuity of Sy and S%O one has

IS0(fi) — So(M 2y < 121211So (i = Pllcoy — 0

and
IS7° () = SE (N lli2cey < CelISE (e = Hllyp () — O-

But So(fi) = SP°(fi) in L2(£2) and hence So(f) = S%°(f) in L*(£2) by the uniqueness of the limit in L?(52). Hence So(f) =
SOr‘O(f) a.e. in £2 and the unique weak solution u € H} (£2) admits the continuous representative u, = So(f) if f € C°(£2),
where u* = v is the solution of (3.1). Notice that also (3.4) holds.

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
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Step 4. (The case A < 0 and y € R). Recalling that the weak solution operator S%O D 2(2) > HMR) > [2(2) s
compact as an operator on L?(£2), by the Fredholm alternative one has

(1 - ,\5%0) - 12(2) — [2(2) is invertible for each & < 0. (3.19)

Indeed, if (3.19) were false, then there would be a non zero solution w € H}- (£2) to the problem

Tw—Aw =0 in$
w=20 onl,

but by Theorem 2.2, w = 0 is the only weak solution in H}(.Q).
By (3.3), it follows that {0} = ker(I — ASp) C C°(£2) for each A < 0. Applying the Fredholm alternative to So on C°(£2),
one has that foreach A < 0, ¥ € Rand f e C°(£2) there exists a unique v € C°(£2) satisfying

(I — ASo)v = So(f + Ay) inCo(2) C L*(2).
Hence
v="So(f + 1y +rv) inC°(Q) C I*(2); (3.20)

that is, there exists a unique v € C°(£2) solution to (3.1) as claimed. Again using (3.3), one has that v € H}(.Q) is a weak
solution of

Tv—Av=f+Ay ing2
v=20 onl,

and hence u, = v+ y € HL(£2) N C°(£2) is a weak solution of

Tu, — Au, =f in£2
U, =y onl.

By the uniqueness of the weak solution, u = u, in H}(Q) and so u = u, a.e. in £2. Notice also that since u, = v = y, (3.4)
follows from (3.20). O

3.2. Maximum principles

As noted above, combining the regularity results of the previous subsection with a variant of the classical maximum
principle yields a comparison principle for weak solutions compatible with the solvability theory. The main result is the fol-
lowing comparison principle for weak solutions. We recall that yc = —(3x9/2)%/? is the y-coordinate of C where £2 = ABC.

Theorem 34. Let A € [—5/(16}%), 0],y € Randf € L*(£2) be given. Let u € H'(£2) be the unique weak solution to the
problem (2.18); that is,

Tu—Au=f inf
u=y onl.

(Q) Iff >0ae.inf2andy > Othenu > O a.e.in £2;
(b)Iff <Oaeinf2andy <O0thenu <0a.e.in 2.

A similar statement holds for u € H'(£2) the unique weak solution to the adjoint problem with I'* = BC U AB in place of
I' =ACUAB.

Proof. The proof follows closely that of Theorem 3.1 in [ 10]. For completeness, we will give the outline of the main ideas in
the case of the problem (2.18) with y > O and f € [2(2)* = {f € [>(R2) : f > 0}, where partial ordering f > 0 is the
standard one; that is f (x) > 0 for almost every x € £2.

Step 1: (Maximum principle for regular solutions). Define the first order differential operators

D: =D, & /—yD;, (3.21)

which are essentially the directional derivatives along characteristic directions.

Lemma 3.5. Let A € [—5/(16y2), 0] and y € R be as in Theorem 3.4 and f € CJ($2). Suppose that u € C?(2) N C°(2) isa
classical solution of (2.18) which satisfies

Igin})D,u(R) =0 foreachP € AC\ {A, C}. (3.22)

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
Nonlinear Analysis (2014), http://dx.doi.org/10.1016/j.na.2014.05.009
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(a) Let f > 0. Then the minimum m = ming u is realized on I" if m < 0 and one has the lower bound

u > min{y, 0} on (. (3.23)
In particular, if y > 0, then the comparison principle u > 0 on £2 holds.
(b) Let f < 0. Then the maximum M = maxg u is realized on I" if M > 0 and one has the upper bound
u < min{y, 0} on . (3.24)

In particular, if ¥ < 0, then the comparison principle u < 0 on £2 holds.
(c) In the case A = 0 the hypothesis that m/M is non positive/non negative is not needed and (3.23) and (3.24) become

u>y onf2
and
u<y onf.
Parts (a) and (b) of Lemma 3.5 are variants of the classical result of Agmon, Nirenberg and Protter [20]. The weaker
regularity condition (3.22) combined with f having compact support replaces the additional regularity assumption u €
C'(£2 \ {A, B}) used by them. The requirement that u is constant on I” implies that u is monotone on the characteristic AC

which is required by them. The condition (3.22) was introduced in [10] to prove the analogous lemma for the mixed type
Tricomi problem in the case y = 0. For completeness, a sketch of the proof will be given in Appendix B.

Step 2. (Approximation and solvability). Using non negative cutoff functions and standard mollifiers, one can approximate
fel*(£2)" by f, € C§°(£2) such that f, > 0in £2 and

supp(fy) C 2, = {(x,y) € 2 : dist((x,y), 0§2) > 1/n}.
Since A < 0, by Theorem 2.5, there exists a unique generalized solution u,, = S,AJV (f) € H'(£2) to the problem (2.18) with
f =fn-

Step 3: (Regularity of the approximate solution). We can apply the comparison principle of Lemma 3.5(a) to the approximate
solutions u, provided that u, € C?(£2) N C°($2) and u, satisfies the condition (3.22). Since f, € C5°(£2), by Theorems 3.1
and 3.2 we have u, € H'(£2) N C™®(£2) N C°(£2). Using u, € C*(£2) N C°(£2) and f, € CJ(£2), it is not difficult to show that
(3.22) holds. For the case A = 0 = y this was proven in Lemma 3.2 of [10] and a simple examination of the proof shows
that the argument carries over to the other cases y # 0 or A < 0. Hence we may apply part (a) of Lemma 3.5 to conclude
that u, > min{y, 0} > 0in £2 sinceu, =y >0on .

Step 4. (Continuity of the solution operator Sﬁ”’). Since u, € H'(£2) N C%(£2) C [?(£2) satisfies u, > 01in £2, one has

u= lim u, = lim SF"(f,) =S} () inH'(2)
o0

n—+00 n—+

from which it follows thatu > O a.e.in 2. O

4. Nonlinear theory: existence of solutions
The nonlinear results we will obtain rely on Theorem 2.2 which says that the linear problem (2.1) admits a continuous
solution operator Sy : [*(£2) — H}-(£2) and hence
Sr:2(R) = Hp(R) <> [/(2), Vpe[l,+00),

as noted in Remark 2.3. Moreover, since £2 is bounded, we have [ (£2) C L?(£2) for each p > 2. Hence we may reformulate
the question of finding a weak solution u € H} (£2) to the semilinear Goursat problem (1.1)

{Tu:f(x,y,u) in 2 (a1)
u=20 on " = AC UAB,
as a fixed point problem. Namely look for u € [P(£2) such that

u=G() :=Srofz(u) (4.2)
where fx : u — f(-, u(-)) is the Nemytskii operator associated to f. One knows that

fo 1 1P(2) — 1(2)

is continuous and maps bounded sets to bounded sets provided that f = f(x,y, s) : £ x R — R satisfies the Carathéodory
conditions

f is measurable in (x, y) for each s € R and continuous ins for a.e. (x,y) € 2 (4.3)

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
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and the natural growth bound

If . y.9)] < a(x,y) +bls|P*>, a=0inl*(2), b= 0inR, (4.4)

which needs to hold for almost every (x, y) € 2 and each s € R. These claims on fi are standard (see e.g. Vainberg [26]).
Since the image of G lies in the subspace H}-(£2) such fixed points will be weak solutions to (4.1) in the sense that
u € H}.(£2) and the natural analog of (2.10) holds; that is

B(u,v) = / (Yuxvy + uyvy) dxdy = f feudxdy, YveCX(R2).
2 2

Remark 4.1. For each A < 0, one can obviously use T — Al in place of T in the problem (1.1) since the corresponding linear
solution operator

S0 () = HL(R2) > 1P(2), Vpe[l,+00),

gives a compact linear map. We will exploit this fact later in the use of monotone methods by adding a term wu to both sides
of (1.1) with a suitable w > 0 so that the Nemytskii operator associated to f (x, y, s) 4+ ws will be a monotone operator.

We will divide the results into two cases on the basis of whether q := p/2 < 1orq > 1in(4.4); that is, into the cases of
sublinear or superlinear growth at infinity.

4.1. Sublinear growth

Our first result concerns the case of strictly sublinear growth; thatis ¢ = p/2 < 1in (4.4) and is a simple application of
the Leray-Schauder principle.
A

Theorem 4.2. If f satisfies the Carathéodory conditions (4.3) and the growth bound (4.4) with q = p/2 € [0, 1), then there
exists at least one weak solution u € H}(Q) to the problem (4.1).

Proof. First notice that f also satisfies (4.4) with ¢ = 1 since |[f(x,y, s)| < a(x,y) + b|s| witha = a + b € [2(£2). Hence
G : [2(£2) — [?(£2) is compact. There will be a fixed point of G provided one has the a priori bound: there exists a constant
C > O such that

u=tGu),t € 0,1) = [lullze =C. (4.5)
The case p = 0 is obvious. Using t € (0, 1) and the boundedness of S on L?(£2) one has
lullzizy < ISrllop Ifs Wl 2(e)-

A standard calculation using (4.4), a € [?(£2) and Hélder’s inequality yields constants C;, C, and C3 such that

1/2
2
lullzcay < ISrllop [C1+ Collull g + GollulE g | (4.6)

If (4.5) were to fail, then there would be a sequence {uy}nen satisfying u, = t,G(u,) with t; € (0, 1) and ||uy [|;2(p) — +00.
This contradicts (4.6) forq € (0,1). O

On the other hand, for f with at most linear growth but satisfying a suitable Lipschitz condition, the contraction mapping
principle gives the existence of a unique solution.

Theorem 4.3. If f satisfies the Carathéodory conditions (4.3), the growth bound (4.4) with ¢ = p/2 € [0, 1] and the estimate
fx,y,8) —f(x,y,t)| <C|s—t|, forae. (x,y) € 2andeachs,t € R (4.7)
with the Lipschitz constant satisfying
0<C <M, (4.8)
where My = ||Sr||op as discussed in Remark 2.6, then there exists a unique solution u € H} (£2) of the problem (4.1).
Proof. As in the proof of Theorem 4.2, G is well defined and continuous on L?(£2). Using (4.7), one has the estimate
1GW) — G20y =< ISrllopCillt — vl 12(e)s

and G will be a contraction on L?(£2) if C; satisfies (4.8). Hence G admits a unique fixed point u, which lies in H}(.Q) -
(). O
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We conclude the discussion of this case with a pair of remarks.

Remark 4.4. If f (x, y, 0) = 0 for almost every (x,y) € §2, then clearly u = Qs a trivial solution of (4.1). On the other hand,
if f(x, y, 0) # 0 on a set of positive measure, then the solutions in Theorems 4.2 and 4.3 are nontrivial. This observation also
applies to Theorem 4.7 in the superlinear case below.

Remark 4.5. Analogs of Theorems 4.2 and 4.3 have been shown for mixed type operators including T: for the Tricomi
problem in [1] and the Dirichlet problem in [3]. In the case of the Dirichlet problem, the linear part is self-adjoint and many
additional existence results have been obtained for asymptotically linear nonlinearities f in [4].

4.2. Superlinear cases

In this section, we will treat the case of superlinear growth ¢ = p/2 > 1in (4.4). Exploiting the comparison principle of
Theorem 3.4, we will make use of monotone iteration to show the existence of a fixed point for the equation (4.2). As noted
in Remark 4.1, it will be useful to rewrite the problem (4.1) as

Tu+owu=f,(x,y,u) in$2
u=20 onl,

(4.9)
where
fo®,y,5) =f(x,y,5) +ws and o € [0,5/(16y2)].
Note that the maximum principle holds for (T + wl) = (T — Al) if A = —w € [—5/(16y§), 0]. Using
K, :=Sp"° : [2(2) » HL(R) <> I[P(2), Vpe[l,+00)
the fixed point problem associated to (4.9) becomes: look for a solution u € LP(£2) of
u = Gy(u) =K, o (fp)x(u),
where
(s 1 1(2) > 12(2)

is well defined, continuous and maps bounded sets to bounded sets if f satisfies (4.3) and (4.4) since f,, will as well. In
particular, with p > 2 one has

fo(x,y, )| < a(x, y) + blsI”? + wls| < (a(x,y) 4+ ) + (b + )]s, (4.10)
The basic tool is the following (see Corollary 6.2 of [27]).

Lemma 4.6. Let E be an ordered Banach space with positive cone P. If [u, u] is a non empty order interval such that G : [u, u] —
E is increasing and compact and

u=Gw and G@) =u, (4.11)
then G has both a minimal and maximal fixed point u,, u* given by monotone iteration
Gw) 7 u, and GF(m) \, u*.

Using Lemma 4.6, it suffices to place suitable hypotheses on f and w so that G, admits an ordered pair u, u satisfying
(4.11) and that G, is compact and increasing on [u, u]. To this end we will assume that

f satisfies (4.3) and (4.4) withq = p/2 > 1, (4.12)
that there exist constants ¢y, ¢; € R with

c1<0<c and f(x,y,c) <0<f(x,y,c;) forae. (x,y) € 2 (4.13)
and that there exists w € (0, 5/(16)%)] such that

f(xsya S) —f(X,y, t) Z _w(s_t)7 (4'14)

foreachs,t € [cq, c;] withs > t and for a.e. (x,y) € £2.

Theorem 4.7. If f satisfies (4.12)-(4.14), then there exists at least one weak solution u € H}(.Q) to the problem (4.1).

Proof. We will work in the ordered Banach space LP(£2) with p > 2 so that [P(£2) C L?(£2) and the positive come I’ (2)" =
[P(£2) N [*(£2)" is normal. Hence each order interval [u, 7] is bounded (see Theorem 1.5 of [27]). As already fioted, the
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hypothesis (4.12) ensures that f,, satisfies (4.10) and that (f,,)4 : I?(£2) — L*(£2) is continuous. The hypotheses (4.13) and
(4.14) show that

(fo)# : [c1, 2] — [P(£2) is increasing

since for each s, t € [cy, c;] with s > t and for a.e. (x, y) € §2 one has
fx,y,s) +ws—[f(x,y,t) +wt] > —w(s —t) +w(s —t) = 0.

For each p > 2, one has G, : [P(£2) — [P(£2) is compact. Indeed, for w > 0 one has
Go 1 [P(2) CL*(2) = H)(2) —>— [P(2),

where
Go=T+w) =T —=A)"" withi=—w<0.

It follows that G,, is increasing on [cy, ¢;]. Indeed, for each pair ¢, ¢ € LP(£2) such that
c1<@=<vY <c inlP’()

one has
V= Gu(p) <G,(¥) =w

since z = w — v is the unique weak solution in H} (£2) of

TH+whz=¢¥ —¢>0 in2
z=0 onl,

with w € (0, 5/(16}%)]. The comparison principle (Theorem 3.4) yields thatz = w — v > 0 a.e. in £2 and hence z > 0 in
[P(£2).
It remains only to show that u = c¢; and u = c; satisfy (4.11) with G = G,,; that is,

€1 < Gy(cy) and G,(c) < ¢ inlP(£2). (4.15)
Withu = ¢; < Oonehasf(x,y, c;) > Ofora.e. (x,y) € 2by(4.13)andu := G, (c;) is the unique weak solution in H}.(£2) of

(T+ whu=f(x,y,c1) +wc; in 2
u=20 onI" = AC UAB,

The function v := u — ¢; € H'(£2) and is the unique weak solution of

T+ whv =f(x,y,c1) +wc; —wcy >0 in 2
v=—c >0 on I = AC UAB,

Again by Theorem 3.4 one has v > —cy a.e.in £2 sothatu > 0 a.e. in £2. Hence
c1 <0<u=G,(c;) a.e.in§2,

which is the first inequality in (4.15). An analogous argument with  := ¢, > 0 and using f(-, -, c;) < 0 a.e. yields the
second inequality in (4.15). O

5. Nonlinear theory: uniqueness of the trivial solution

In this section, we examine the question of uniqueness of the trivial solution u = 0 to the semilinear Goursat problem
(1.1) when the nonlinearity is homogeneous;>that is, f = f(u) and vanishes to high enough order in u = 0. In particular,
we will consider weak solutions u € H} (£2) to the problem

{Lu—f—F/(u) =0 inge (5.1)

u=2~0 on " = AC UAB,
where L = —T = yD; 4 D} and A = (—2Xo, 0), B = (0, 0) and f = F’ € C°(R) with primitive F(s) := s f(0) dt satisfying

F() =o0. (5.2)

3 In this section, we will denote by f (u) the values of the Nemytskii operator f acting on u.
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Notice that we have merely rewritten the PDE and exploited translation invariance in x in order to represent the problem
as in [5-7], where the same question for regular solutions was considered. For example, if f takes pure power form

f(s) =sls|P~? (5.3)
with supercritical growth
p>2%(1,1) =10, (5.4)

then the only solution u € C2(£2) to (5.1) is the trivial solution u = 0. The case p > 10 was treated in [5] and the extension
to p > 10 for Dirichlet boundary conditions was treated in [6] and for various “open” boundary conditions in [8]. Here we
wish to relax the regularity assumption to u € H} (£2), the space in which we can find solutions as in Section 4. The main
result is the following theorem in the pure power case (5.3)-(5.4). Various generalizations will be discussed at the end of
this section (see Remark 5.4).

Theorem 5.1. If f = F' satisfies (5.3)-(5.4), then the only solution u € H-($2) of (5.1) is the trivial solution u = 0.

The proof, which will be given in the following two subsections, splits into two cases; namely the supercritical case with
p > 10and the critical case with p = 10. We begin with two preliminary facts. Both cases rely on the following PohoZaev type
identity which will be applied along a suitably regularized approximating sequence which satisfies the boundary conditions.

Lemma 5.2. Let f € CO(R) with primitive F satisfying (5.2). For any u € C*(£2) such that ujr = 0 one has
1 1
/ (Mu + 7u> (Lu+ F'(u)) dxdy = / [uF/(u) - 5F(u):| dxdy
2 2 22

+ / |:Mu + 1u:| (Yuy, uy) - vds (5.5)
BC 2

where v is the exterior unit normal, ds the arc length element and
M = —3xD, — 2yD,. (5.6)
This is Theorem 3.3 of [5], where Mu + u/2 is the infinitesimal generator of an anisotropic dilation invariance for L. One
merely multiplies Lu + F'(u) by Mu + u/2, applies the divergence theorem and uses u = F(u) = 0 on AB U AC and the
geometry of 2.
In the pure power case (5.3), the integral over £2 on the right hand side of (5.5) has the sign of p — 10, while the boundary
integral is non-negative due to a sharp Hardy-Sobolev inequality (see Lemma 4.3 of [5]). In order to also treat the critical

case p = 10, we will make use of a related inequality with remainder term. First we fix a few notations which will be used
in the rest of this section. The characteristics AC and BC are given by (compare with (2.2))

AC:x+2xg—g(@y)=0 and BC: x+g(y) =0, ye€lyc0]
2 3%\ .
where g(y) = 5(—y)3/2 and yc = — (%) ) (57)

Parameterizing BC by B(t) = (—g(t), t) with t € [yc, 0] and setting w(t) = u(B(t)), one finds that the boundary integral
in (5.5)is

0
/ [Mu + 1u] YUy, Uy) - vds = / [4(—r)3/2w’(r)2 - 1(—r)”zw(t)z] dt. (5.8)

yc
The Hardy-Sobolev inequality with remainder that we will bejrecorded in the following lemma.

Lemma 5.3. Let w € C!([a, 0]) satisfy w(a) = 0. Then
0 1 0 4 0
f (=W ()2 dt > — / (=) 2w dt + — / (=t)32w(t)? dt. (5.9)
a 16 a aZ a
Proof. We follow the approach of Chen and Shen [28]. Starting from the easily established identity

0 0 0
/ (_t)3/2(w/)2 dr — %/ (_t)—l/ZwZ dt — / (—t) [((—[)1/411))/]2 dt,

and setting v(t) = (—t)/4w(t), it is enough to establish the Hardy-Sobolev inequality

0 4 0
/(—t)(v/)2 dt > 0—2/ (=tH)v? dt. (5.10)
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To establish (5.10), one makes use of v(a) = 0, the fundamental theorem of calculus and Hoélder’s inequality to find
2

t

/( Hvidt = / —t(/ v’(s)ds) dt

0 t t

5/ —t </ —s(v’)2d5> </ (—s)_lds) dt

a o a o a
[ / —s(v’)2d5j| [ / (tlog(—t) — tlog(—a)) dt]
2 0
%[/a —s(v’)zds]. O

We conclude these preliminary observations by noting that if u € C2(£2) is a solution of (5.1) in the supercritical case
(p > 10), and assuming that u is nontrivial, then combining (5.5) with (5.8) and (5.9) yields

10—p 1
/ |u|P dxdy = / |:Mu + ui| (yuy, uy) - vds > 0,
2 BC 2

which contradicts u being nontrivial.

IA

0>

Remark 5.4. At least for C?(£2) solutions, the same argument gives the uniqueness of the trivial solution for nonlinearities
f € C°(R) whose primitive F with F(0) = 0 satisfies

10F(s) — sf(s) < 0 fors #0, (5.11)

since this ensures that the integral over £2 on the right hand side of (5.5) is negative. For example, the condition (5.11) is
satisfied by

f(s) =Csls|P"> + As withC > 0 (5.12)
providedp > 10and A < 0orp = 10and A < 0. In addition, the result applies to
f(s)=Cls”""+21s withC >0 (5.13)

provided that 0 > A > —5/(16y%). Indeed, the maximum principle of Theorem 3.4 then yields u > 0 a.e. and one may
replace f given by (5.13) with that of (5.12).

5.1. Proof of Theorem 5.1 in the supercritical case

Foru € H}(.Q) we will exploit the Sobolev jmbedding H'(£2) < L9(£2) for every q € [1, o) and mollifying procedures
which are well calibrated to the geometry of £2 and the boundary conditions. To this end, fix a canonical mollifier j € C5°(R)
such that

supp(j) C (—1,1), jeven,j>0, /j(t) dt = 1. (5.14)
R

For each ¢ = (&1, &) satisfying
0<e <egy,

define the mollified function u, = J.u on 2 by

Jeu(x,y) =/ Do (X, ¥ X, YIu(X, y) dxdy, (5.15)
£2

where the mollifier kernel is defined by
X— (Yy+Y
) p () (2] o1
& €1 €1

35\ 1/3
X0
&> 1+ &, §o = g llLipyc.on = <7) (5.17)

and g which defines the characteristics AC and BC by (5.7). Notice that for each (x, y) € R? fixed, &, (x,y; -, -) € (G (R?).In
addition, since 2 is a Lipschitz domain, for any u € H.(£2) C H'(£2), we can extend u to an element of H! (R?) < LI(R?)

o 1,
<1>s(x,y;x,y)=*1<
€18

with
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for each g € [1, 00). Using this extension, we can also use (5.15)-(5.16) to define J.u in a neighborhood of §2 and make the
change variables s = x — x, t = y — y when desired, without having to work on a subdomain £2, of £2. In a similar way, one
defines the adjoint integral operator J} with kernel

o - )
DX YR F) = PR Fix.y) = —j(" * +s) [j (yg y) —j(y”)}, (5.18)

€182 &2 1 &1

where we recall that j is even. We record the following elementary properties of these mollification operators.

Lemma5.5. Let u € H'(£2) and 0 < &, < &,. Then

(@) Wetllw@) < 4lillfxg, lullww), foreachp € [1, 00);
(b) Ieu — ully1o) — 0ase — Oalong 0 < &1 < &, and hence there is also convergence in IP(£2) for each p € [1, 00);
(€) Jeu, J*u € C*°(£2) and

Jeuyr =0, I' =ACUAB. (5.19)
Moreover, the same properties are satisfied by the adjoint integral operator ]} where in place of (5.19), one has
Jiur~=0, I'*=BCUAB.
Proof. To prove the [P bound in part (a), notice that for each choice of & and for each (x, y) € 2 fixed, the effective domain
of integration in the formula (5.15) is
Quy={&, 7 eR:yely—en,ytel, x€x+ & —e,x+ & + el (5.20)

which has measure |£2,,| < 4¢1&,, while

_ - 1 -
1P, y: 2. P < — i@, * ). (&) € Q.
€182

Hence
sup { / 102 (x,y: . §) | dRd., / |a>g(x,y;>‘<,y)|dxdy} < Al e,
x,¥),(%.y)€N 2 2

and hence the [P-bound of part (a). That J.u, Jfu € C* (£2) and the convergence in H'(£2)-norm are shown in the standard
way by making use of Lebesgue’s dominated convergence theorem. It remains only to show the vanishing claim (5.19).
Since j is even, one has

®.(x,0;%,y) =0=P}(x,0;%,y) foreach (x,y) € 22
and hence J.u, J7u vanish on AB where y = 0. To see that J.u = 0 on AC, for (x, y) € AC one has the relation (5.7) and
—2x9g <x+g({y) <0 foreach (x,y) € 2.

Hence

X—x —2x0 +8¥) + 2% — g(¥) - _Soly =yl
& & B €2

, Y@y €AC, (xy) € 52. (5.21)

As noted in (5.20), one has |y — y| < &; on the effective domain of integration £2,,. Combining this fact with (5.17) and
(5.21) yields

X—X o1 _
- +&=> N, +E>&+E>1, Yy €AC, R, Y) € 2y, (5.22)
2 )

and hence @, (x,y; -, ) = 0on £2 if (x, y) € AC. A similar argument shows that @¥(x,y; -,-) =0on 22 if (x,y) € BC. O

Using this mollifying procedure, we can apply the dilation identity (5.5) with F(u) = |ul?/ptou, = J,usinceu, € C®(2)
and vanishes on I to find

p_

/ (Mug + %u£> (Lug + F'(u,)) dxdy > 0 / F(u,) dxdy, (5.23)
2 2

where the boundary integral on BC is non-negative by Lemma 5.3. We will exploit the following representation formula.
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Lemma 5.6. Let u € H}(£2) be a weak solution of (5.1), M defined by (5.6) and F(u) = |u[?/p. Then

Lu, +F'(u,) =A, + B, ae.in, (5.24)
where
Ac(x,y) = / (v — ))Did.(x, y: X, Y)u(x, y) dxdy, (5.25)
2
B, = UEU)UEUVFZ _Ja(u|u|p72)7 (5.26)

@, is given by (5.16) and u, = J.u defined in (5.15).

Proof. Sinceu € H} (£2) is a weak solution, one has

/ (yuxgpy + uypy — F'(u)) dxdy =0, V¢ € H.(2).
2

Insert ¢ = J v with v € C§°(£2) an arbitrary test function, integrate by parts and apply Fubini’s theorem to find

0= / (u [yUZEv)x + Jiv)yy ]| + F' () v) dxdy
2

_ / u(x, ) ( / (L0706, % 7)] + 0706y, % P06 )} v(E. 7) dxdy) dxdy
2 2
)d&dy,

_ / V(&) ( / (L[@2(x y. % )] + B7 (x, v, % PIuP>(x, ) u(x, y) dxdy
2 2

where L = yD? + Dﬁ. Since v € C5°($2) is arbitrary, for a.e. (X, ¥) € £ one has

/ (e, y; 2, 9) + @7 (%, y, X, ) ulP2(x, y) } u(x, y) dxdy = 0. (5.27)
2

where ¥, (x,y,%,¥) = L[®}(x,y.X.7)] = (yD + D2) [®}(x.y, %.y)]. Interchanging the roles of (x, y) and (X, 7) and re-
calling (5.18), the relation (5.27) yields

/ (W& 752, y) + B (6, v, X, DIUP 2R, §) fu® 7) dikdy = 0,  ae. (x,y) € 2. (5.28)
2
Simple calculations show that

W%, ¥; %, ) = (yDi + D3) [P (X, ¥, X, )] (5.29)
and inserting (5.29) into (5.28) shows that for a.e. (x, y) € £2 one has

—Je (uluP~?) (x,y) — f YD} P (x, y, X, Y)u(X, y) dxdy
2

= f Did.(x,y, X, )u(X, y) dxdy = / Dy, (x,y, X, )u(X, y) dxdy. (5.30)
2 2

Finally, since

LJew) + (ow) JeulP ™ = [ (yD; + DY) [®: (x,y. X, )] u(X, §) dxkdy + (Jeu) JeulP~, (5.31)
2

combining (5.31) with (5.30) yields (5.24) with A, and B, defined by (5.25)-(5.26). O
Using Lemma 5.6, we may rewrite (5.23) as
p—10
2p

where (-, -) is the [?-scalar product. By Lemma 5.5(b), for ¢ — 0 along 0 < &; < &, we have

1
<Mus + S e As + Bg> > f |u |P dxdy, (5.32)
2

flugl”dxdy—>/ [ulP dxdy, (5.33)
2 2

1 1
Mu, + Eug — Mu + Eu inL?(R2), (5.34)
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and
B. = (o) ul’? — J.(ulul’?) — 0 in[*(£2), (5.35)

where we note that B, = fx(J,u) — J: (f+ (1)) where fy : [?’~2(£2) — [?(£2) is a continuous Nemytskii operator, since f (s) =
s|s|P~! satisfies (4.4) with 2p — 2 in place of p. Hence

Je(fe) — faeu) and fy(eu) — fe(w) inL*(2)
by Lemma 5.5(b) and the continuity of f;. We claim that

A, — 0 inl*(0). (5.36)

Given the claim, Theorem 5.1 in the supercritical case follows by taking the limit in (5.32) and using (5.33)-(5.36) to find

— 10
0> p—/ lul? dxdy,
2p Q

and hence u = 0in H'(£2) if p > 10.
Proof of claim (5.36). Foru € H}(.Q) we can integrate by parts once in the definition (5.25) of A, to find
Ac(x,y) = / (v — V)Dx®P (x, y; X, y)Dru(x, y) dxdy + f v — ¥)Dx @ uvy ds(x, y),
2 BC

but for (x, ¥) € BC we have

o X— y—y y+y
Dz®:(x,y;%,y) = 21 < +§> [ ( ) J( )} =0, V(xy e,
€1€ 5 &) &1 &1

by using an argument similar to that which leads to (5.22) in the proof of Lemma 5.5. Since u, € [?(£2), we need only show
that

Jev — 0 inL*(£2) for each v € [*(£2) (5.37)
wherefg is the mollifying operator with kernel
(X, 9, %, §) = (7 — )DsP: (%, y; %, ).

The family J;. is uniformly bounded in & on L?(£2) since the kernel is pointwise bounded by [ — yle; &5 2 [ljll oo ) I |00 )
and supported on a rectangle of measure 4¢,&; on which [y —y| < &; < &;. Using this uniform boundedness and the density
of C5°(£2), it is enough to verify the limit claim (5.37) for v € C§°(£2). For v € C§°(£2), one integrates by parts to find

Jov(x,y) = / O =YP:(x,y,; X, Y)vx(X, y) dxdy.
2

Estimating as before, one finds pointwise convergence

i =
v )| = derlvelieia 1y — O

and a uniform I? bound for &y < 1

v )| < 2 el gy 112 -

Hence the claim follows by Lebesgue’s dominated convergence theorem.

5.2. Proof of Theorem 5.1 in the critical case

In the critical case p = 10, we will show that weak solutions u € H1 (£2) must have zero trace also on BC and hence u €
H (£2) and so u solves the characteristic Cauchy problem with ujacupc = 0. An additional multiplier identity using t the
y- translatlon multiplier Dyu in place of the dilation multiplier Mu along a suitably regularized sequence will yield the con-
clusion u = 0 in H'(£2). This was what was done for C?(£2) solutions in [6], but additional work is needed to extend the
result to weak solutions.

We begin by showing that u has zero trace on BC. We again apply the dilation identity (5.5) to u, = J.u, but we keep
the non-negative boundary integral on BC and combine this with the representation formula (5.24) to find the following

Please cite this article in press as: D. Lupo, et al., On the degenerate hyperbolic Goursat problem for linear and nonlinear equations of Tricomi type,
Nonlinear Analysis (2014), http://dx.doi.org/10.1016/j.na.2014.05.009

20
21
22

23

24

25

26

27

28

29

30

31

32

33

34

35


payne
Nota
OK

payne
Nota
OK


20

21

22

23
24

25

26

27

28

29

30

31

32

D. Lupo et al. / Nonlinear Analysis xx (xXxx) XXX—XXX 19

variant of (5.32)

1
<Mus + U, Ae + Be) /
2 B
/y

> —6 ( )2y (¢)*dt > 0, (5.38)

c ye
where we have also applied the Hardy-Sobolev inequality with remainder (5.9) to ¥ (t) = u;pc(t) = u (B(t)) with
B(t) = (—g(t), t) as in Lemma 5.2. Taking the limit in (5.38) as € = (&1, &2) — 0along 0 < &; < &, yields

1
<Mu‘9 + Eu5> (yDxue, Dyu,) - v ds

o N

[4<—r>3/2wg<t>2 - 0 a

16 [°
— | (=0*?y @)’ dt =0,
Cc YYc

since u, — uin H'(£2) implies that Mu, — Mu and A,, B, — 0in L*(£2) as well as
Ve = thjpclle — trpet = ¥ in L*(BC).

In order to set up the mollifying scheme needed for the D,u multiplier identity and in order to exploit fully the vanishing
of u on BC, the following reformulation of weak solutions to (5.1) will be used.

Lemma 5.7. Let u € H}(£2) be a weak solution to (5.1) with F'(u) = u|u|P~2. Then
/ (yuxvx + uyvy — ululP"*v) dxdy = 0 foreachv € Cg5(R2), (5.39)
2

where C35(2) = {v € C*°(£2) : v = 0 in a neighborhood of AB}.

Proof. Givenv € C/’;’g’(ﬁ), then v(x, y) = 0 for each (x,y) € £2 withy > —§ for some § = §(v) > 0. Select a cutoff profile
¢ € C°(R) such that

¢(s) =0 fors<1/3 and ¢(s) =1 fors> 2/3.

For each o > 0, define the function
—X—8W 2
U (%, ) = v, 0Pt (%), he(x,y) = (T) . 8y =307
Since v, € H}(.Q), by the definition of weak solutions to (5.1), the identity (5.39) holds with v, in place of v and hence

1
0= / [yuxvx+uyvy+u|u|P*2v]¢(h<,)dxdy+/[ —yugv + (=y)?uyv ];(l)/(hu)dxdy
2
= A, +B,.

Applying the dominated convergence theorem to A, one will have the identity (5.39) provided that B, — 0 forc — 0%.
Integrating by parts and taking into account where u, v and ¢ vanish, one finds

1 1
/ (yu [vd(ha)] —u [-(—y)”zvd(ha)} ) dxdy
Q o X o y

_ 7/ u¢’ (h, )[( )20+ 2y0, — 2(—y)20,] ddy,
2 o ag

where the support of the integrand is contained in

2:5={x,y)€R2:0<—x—g(y) <o,y=<-58<0}

By

Hence there exists a constant C; = Cy (8, ¢/ lc1 ). llvllc1(z)) such that

-8 —g) u(x
gi=c [ Mawsa [ ( [ e dx) dy. (5.40)
25 O yc —o—g(y) —X — gy
Making the change of variables t = —x — g(y), the inner integral in (5.40) becomes
-8 u(x o t
/ ju(x,y)| dx:/ wol .
—o—gy) —X—8&W) 0 t
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where w(t) = u(—t — g(y), ). This can be estimated by the Hardy-Sobolev inequality
/OJ @ dt < 202wl 2qo.6p W € C'([0,0]), w(0) =0

to yield

1/2
IB,| < 2C;0'/? (f |ux|2dxdy) <2G0"?|lugllz@) — 0 foro — 07, O
Qa,é

Next we introduce a family of mollifiers which is well calibrated to the characteristic Cauchy problem, at least on the
part of the domain where L is strictly hyperbolic. A natural family of mollifiers will require a Lipschitz bounds like (5.17) on
the inverse function to g, which fails to be Lipschitz along AB where L degenerates. Hence, for each t < 0 fixed and small in
absolute value, we will work on the domain

T={x,y)eN:y<1}

and we will show that u must vanish in H'(£2;) for each 7. Notice that £27 = A"B*C is also a characteristic triangle where
T T . 2 3/2
A" = (—2xo+g(v),r) and B® = (—g(r),7) withg(r) = g(_f)

and C = (—xp, yc) as before. Consider the inverse function h to —g; that is,

3x\*?

One has

A'C: y=hx+2x), x€[—2x9+g(t),—x] and B°C: y=h(x), x¢€[—xo, —g(1)]
and the following Lipschitz bounds on h

e = Ihllip(-2x0+20),—xoh) = IMllLip(-x0.—g0)) = (=)~ /%
Now, for each v < 0 and each & > 0, define the mollified function u? = Ju on 2 by

1 (Xx—=Xx\.[(y—Yy H_ N
Jiu@,y) = —2/ ]( >] (7 - n) u(, ) dxdy, (5.41)
& fols &

&

where j € (§°(R) satisfies (5.14) and
n=1+n., n.=(-1)""

We record the following properties of this family of mollifiers which will be used in the limiting argument.

Lemma5.8. Let u € H'(£2), & > 0and v < 0. Then

(@) Wetllp@r) < 4lillfe lulle@n, for eachp € [1, 00);
(b) lJeu — ully1(gry —> Oase — 07, and hence there is also convergence in LP(27) for each p € [1, 00);
(c) Jo € C®($2) and

Jiuarcupre = 0. (5.42)
Proof. Parts (a) and (b) and the smoothness claim of part (c) proceed in the same manner as the corresponding statements

in Lemma 5.5. The claim (5.42) is also similar. For example, if (x, y) € B*C and (X, y) € §27 then |x — X| < & on the support
of the integrand in (5.41) and hence

y-y hx) —y h(x) — h(x) X —X]|
S TN=s o Tn<——_—— —I=n -n=-1

and hence the claim Jiu = 0 on B*C. The proof that JTu = 0 on A*C is analogous. O

We are now ready to complete the proof. Givenu € H(} (£2) aweak solution to (5.1) with F/(u) = u|u/|®, then u; € C>®(2)
satisfies the following y-translation identity (see formula (3.7) of [29])

1
/ Dyuf (Luf 4 F'(u})) dxdy = 5/ IDxul|? dxdy
o° o

1
+ / (nyu;Dyu;, 3 [(Dyul)?* — y(Dwul)?] + F(u;)> v ds. (5.43)
27
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Since u} = F(uf) = 0onA'C U B*C one easily shows that the integral over d£2° reduces to that over A"B* where y =
A

7 <0,v=(0,1) and

1 1

3 [(Dyul)?* — T (Dwl)?] + E|u;|10 > 0. (5.44)
The following representation formula analogous to that of Lemma 5.6 holds:

Lul + F'(u;) =A. + B, ae.in 27, (5.45)
where

AT(x,y) = / (v — D20 (x, y; %, Pu(k, §) dxdy,
Qf

BY = (Fwl ulP™ = J7 (wlul’™)

and ¢ = e7%j((x —x)/2)j((y — y) /e — n) is the kernel of J¥ appearing in (5.41). The proof is completely analogous to that
of Lemma 5.6 after one notes that for any v € C§°(§27) the function

* 1 X — y — - = - =
I oy = 7/ ,-(" X)j<u—n> v(®, 7) didy
&2 Jor & &

satisfies

];*v €C®(@) and J7v=0 on{(x,y) € R°:y>1—¢}foreacht e (=1,0).

That is,]s’* vely (£2) and hence one may apply Lemma 5.7 with];* v in place of v. Combining (5.43) with (5.45) and (5.44)
one has

(Dyu?, AT +BY) > % / Dl | dxdy. (5.46)
QT

Using Lemma 5.8, one has that

A;—)O D,&l;—)DXU .12 T +
{B§—>0 d {Dyuf—>Dyu inL°(2") fore - 0

&

and then taking the limit in (5.46) yields

1
0> 5/ |Dyu)? dxdy.

Hence Dyu = 0 a.e. in £27. However, since §27 is convex in the x-direction and u has zero trace along A*C, one has the
Poincaré inequality
lull2ry < V2%olIDxtll 2

by integrating along segments with y constant and using Hélder’s inequality. Hence u = 0in H'(£2%) for each T < 0, which
completes the proof.
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Appendix A. Proof of Lemma 3.3

We consider the integral operatorgo defined in (3.18) with kernel K (z';z) : A x A — R defined in (3.16) as the product
of Xafua; (z') (with AZ defined in (3.15)), C(z') defined in (3.14)and R(z'; z) : A} UA; x 22 — R the Riemann-Hadamard

function defined in (3.10) and (3.17). We want to show that S : C°(A) — C°(A) is well-defined, linear, continuous and
compact. To do this, it suffices to show that the map

z > ||K(:; 2)l.1z) is well-defined and continuous for z € A, (A.1)

as is well known (see Theorem 3’ of [30] for example).
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Proof. We will use standard properties of the hypergeometric functions involved in the kernel, elementary but careful
estimates and standard convergence theorems for the Lebesgue integral. To aid the reader, we briefly recall those known
properties of F(a, b, c, ; ¢) that we will use, all of which can be found in [31], for example. If c £ 0, —1, —2, ... then

+o0 .
Fabc =Y LNONE

~  (c,m) n!’
where (a,0) = 1and (a,n) = I'(a+n)/I'(a) =a(a+ 1)---(a+n— 1) forn € N and the series converges absolutely

for ¢ € Cwith |¢| < 1and also for [¢| = 1ifRe(c —a —b) > 0.1f =1 < Re(c — a — b) < 0 then the series converges
conditionally for |¢| = 1 with ¢ # 1 and the asymptotic behavior in ¢ = 1 given by

FOI@+b=0) 4 ye-ab ifRec —a—b) <0
F(a,b,c;¢) ~ r I“(a))]“(b) for¢ —» 1. (A.2)

(a+b e
mlog(l/(] —S)) ifc=a+b

We will consider only real values of ¢ of the form s or 1/s where s(z’; z) is defined in (3.11) so that

E—-&Ym—n)

1 forz = (&, n) e A A3
o —em—g ~ | rEEEmes (A3

0<s(Z;2) =

and

(' —&Nn—§)
E—-8Ym—n)
Hence the hypergeometric functions used in (3.10) and (3.17) to define R* are given by convergent power series with

a+ b = c in both cases. Consequently, the second asymptotic formula of (A.2) is relevant. Notice that s(z’; z) = 1 along the
interface between A} and A}, where ' = &. In addition, if Re(c) > Re(b) > 0 we have the Euler representation

0<1/s(z;2) = <1 forz = (&', n) € 4;. (A4)

I"(c) ! b—1 c—b—1 —a
Fa,b,c;8) = ——— 2 [ 771 -0 11— oy, (AS5)
rb)rc—>n Jo
which shows that if ¢ > b > 0 then
¢(r) := F(a, b, c; r) is an increasing function forr € (0, 1). (A.6)

Then, using (A.5), one has

W L I"(0) ! b—1 c—b—1 4, _ I'(0) _
PO = Fla,b.c;0) = o s X (=0 de = o s b)B[b, c—bl=1, (A7)

where
Blp. q] = / & (A8)
HE e — gy '

is the beta function. -
As a final preliminary regarding the map (A.1), for each z = (€, n) € A we denote by

I@) = IKC; Dl = ICORC Dl aftua;) = @) +1" (), (A9)
where
S 2
I (2) :/ (/nCo(n/ —&)73R" (7 2) dr/) d&’ (A.10)
0 &
and
§ /ot 5
I"(2) :/ (/ Co(n' —&N73R (71 2) dn/> d&’, (A11)
0 7

with Cy = 471(4/3)%/3 as defined in (3.9) and R* as defined for z € A in (3.10) and for z € 3A in (3.17) and the discussion
leading up to that formula.
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Step 1. (Estimates for R) Using the properties mentioned above, one has the following basic estimate. For each o > 0 there

exists C, > 0 such that for eachz = (§, n) € A one has

/ /l _ &N\O
(&) <1+(5, s)a) 2 e ar
R(Z:2)| <C, | M—8)° Y
(n —%‘3(0—%‘)35 (]+(n —5/) ) Zear.
(n—n)8(€ — €8 &=

(A.12)

In fact, for the first estimate, with z € A} we haves € (0, 1) by (A3)and RT(z';2) = ((n' = §)/(n — 5))%45(5) with

¢(s) =F(1/6,5/6, 1; s). Combining (A.2) with (A.6) and (A.7) shows that there exist C; and C; such that

o n —¢& ”6< (L)) 1 =& —§)
e (G2g) (oram (i) el - 503

but forz’ € A} onehas0 < (n — §)/(n — &’) < 1and hence

log (%) < log (’Z;/:?) = log (1 + i,__i’) =log (1+4¢t)

with t € (0, 400). Given o > 0, there exists C, > 0 such that

log(14+1t) < G (1+¢°).

Combining (A.13)-(A.15) yields the first estimate in (A.12). Notice thatin (A.14), § — &’ = 0 at the boundary point (¢', n’) =
(£,€) € A7 while n’ — & = 0 along the boundary segment (¢', ') = (§/,£) € A wheres = 1. A similar &rgument

starting from (A.4) yields the second estimate in (A.12).
Step 2. (Boundedness of I) One has sup,., I(z) < 4o0. In particular, there exists C > 0 such that

~ 2 1 2
I(z) < C(n—§)3(§2 +&3).
Indeed, splitting I as in (A.9)-(A.11) and using the estimates (A.12), for each o > 0 one has
§ 1 n 1 __£\O
@ < COCG/ 5 / - - (1 € %) dn’ d&’.
0 (E—E&NsJe (p —&)3(n—n)E ' —$)

Using that (1/(n' —&")) < 1/(§ —&')since0 < &' < &and & < i < nforz’ € Af, one has

+ g 1 6 3 O 1 d?’], /
rosac [ (Jo-pire-er [ - .
0o (E—£)2 \° £ m—n)sm —§)°

The change of variables t = (n’ — &)/(n — &) yields
N dn’ 5_, 1 dt 5_,
- = (n—£)8 ————— = — &5 B[1—0,5/6],
& (m—n)s(n —§)° 0 t7(1—1)5
with B defined by (A.8). Combining (A.17) and (A.18) yields the existence of E;r such that

@ <o -ai (g7,
A similar argument for I~ (z) yields the existence of Eg > 0 such that

_ ~_ 2/ 2 1.1

F@ =G o-9° (3 +nte?),
where 1'/6 < 1'/6, Choosing ¢ = 1/6 in (A.19) and combining with (A.20) yields (A.16).
Step 3. (Continuity of I for z = (£, n) € 0A with& = 0 or £ = n) In fact, from (A.16) one has

lim I(E,n)=0 Vnoel0,l
e é&.n no € [0,1]
lim I¢E,n)=0 V& €]0,1],
& m—(E0.50) €.m S0 €[0.1]

(A.13)

(A.14)

(A.15)

=

(A.16)

@03

(A17)

(A.18)

(A.19)

(A.20)

(A21)

Nonlinear Analysis (2014), http://dx.doi.org/10.1016/j.na.2014.05.009
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while
K(-,z) =0 ifz = (0, no) orz = (%o, &) (A22)

by the definition of K and R (see (3.16)—(3.17) and the discussion there). Combining (A.21) and (A.22) yields the claim.
Step 4. (Interior continuity of I) For z1, z, € A, one wants to show that |I(z;) — I(z1)| is small if |z, — z;| is small. Recall that

1(z) = / C(ZHR(Z'; 2)dZ .
Afua;

Since the form of R(z’; z) depends on whether z’ belongs to A} or A7, the increment

J(z1,23) == 1(z3) — 1(z1)

will take on various forms depending on how z;, = (&, ny) are situated relative to one another. We will decompose the
analysis into various pieces by splitting J into a sum of terms where the increment is taken in only one variable (£ or 1) and
the corresponding domains of integration are nested. Notice thatif A, C A, then

1@, 22) = / C(Z)R(Z'; z2) dz' + / C(@)[R(Z';z2) — R(Z';21)]1dzZ".
AZZ \ZZ] AZ]
We now discuss the reduction. By exchanging the roles of z; and z, we may assume that &; < &, and since z; € A we
have &, < n for k = 1, 2. There are four non equivalent possibilities:

(1) & <& and ny < my;

(2) & <&andnp < ;s

B)& =86 <nm <m;

4) & <& <m=mn.

In cases (3) and (4), the increment appears in only one variable and A,, C A4,,, while in the first cases, the insertion of a
z3 = (&1, 12) allows one to write

1(z1,22) = 1(z2) — 1(z3) +1(23) — I(21) = J(22, 23) + ] (23, 21) (A23)

where these two increments are with respect to a single variable and the domains are nested with A,; C A, and A;; C A,.
In the second case, picking zz = (&1, 172) also yields (A.23) where A,, C A,, and A,, C A4,,.
Hence it is enough to show that for each fixed z = (£, ) € A one has

F(5) := / C@ZNR(Z;z5)dzZ — 0 asd — 0T, (A24)
Azs \4;
G(5) := / C@)R(Z;zs) —R(Z';2)]dz — 0 as§ — 0™, (A.25)
Az
where
zs=(&,m) =(E+68,n) or zs=(&,n5) =&, n+9), (A.26)

with § > 0 and small enough so that zs € A. The limit claims (A.24)-(A.25) follow from standard analysis and the estimates
(A.12) on R where the details differ only slightly for the two cases of z5 given in (A.26).

The limit of F with zs = (&5, n): We split F(§) = F(§) + F~ (8) by integrating over A;; and Ay respectively; that is,

3
Fr(8) = / ' (/HC(Z’)RWZ’;Z,g)dn/) dg’ (A27)
& &
and
& &
F~(8) :/ (/ CZ)R (Z'; z5) dn’) dg’. (A.28)
g !
To estimate (A.27), we use both the first estimate of (A.12) and the relation (A.3) with z = z; = (&5, 1) to find
& _&1\o
FH(8) 5coq,/‘s ! ] (/n 11 1 (1+ (E‘j EL) dr;/) dg’. (A.29)
¢ &-80 Vo o —&)im-ms \ =&

Estimating as was done in (A.17)-(A.19), one finds

Fr(8) < CV(n—& — 5)8~ [8% n 3%+”] >0 asd— 0.
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To estimate (A.28), we use the second estimate of (A.12) with z = z; = (&5, n) and the fact that n’ < &; to find

5 [ 1 &s 1 _ £Nno
F*(&s@@(n—&)é/ (/ ( R e )dr/) &',
e G-t \Je \m—mb  m-miE-nr

Calculating the integral in #’ (which involves the beta function B[1/6, 1—o1), using the inequality (n —£')/6 — (n—£&;) /¢ <
/6 and then computing the integral in &’ yields

~(5) < COndn—e 53 [sh 152 +
FF) =Cns(m—§—68)3|82+63|—0 asd —0".

The limit of F withz; = (£, ns): In this case, there is no need to split F since " > £ everywhere on A \ A,. Proceeding as
was done to arrive at (A.29), one finds

& S A Y
H@f%@/ll</” ! IQ+@/SL)M>@a
0 (& —¢&)s \Jn (7 —€Y3(n—n)s ' —§)

Usingn’ — &' >n—& > &—&andny — & > n’ — none easily finds

F(§) < CPs50 [g%af’ +g%+”] >0 asé— 0%,

by choosing o < 5/6.
The limit of G with zs = (&5, n): Withz = (¢, n) € A fixed but arbitrary, we will verify that G(1/k) — 0 for k — +oo by
showing that the sequence of functions

fiu@) =CE)RE & +1/k,n)
satisfies

/ifk(z/) dz — /if(z’) dz’ wheref(z") .= C(Z)R(Z; &, n). (A.30)
AZ AZ

Indeed, fi are defined a.e. on A, (except for the segments ' = & + 1/k) and satisfy
@) = f(z)) forae.z € A,.

By the dominated convergence theorem, one has (A.30) if there exist gy and g € L! (Azi) such that

[fe(@)] < gk(z)) ae.onA; (A31)
f ) |gk(@) —g(@)| dZ — 0 ask — +oo. (A.32)
4z

We define foreachk > d .= (n — &)/2

: < (' —&)° ) 7 e At
CoCs (n—&—d)s [n —§& —1/k|°
1

(@) = - ,eno (A33)
(T’]/ _ E/)j - (1 + (77 E ) ) , Z/ c AZ—
(n—¢&—1/k)s &+ 1/k=n)
CoC . 1 <1+((n’:€;)):>7 e 4y,
g@) = — 2 L —g—dp o _’é,)a (A.34)
(" —§)2 - (1+ ) 7 € A;
(n— £)s E—-n)°

where in A}, each gy is defined a.e. (for z’ # & + 1/k), Cy and C, are as above and o > 0 will be chosen suitably to ensure
(A.32).Indeed, the estimates (A.12) imply that (A.31) holds and the claim that g, — g a.e.in Azi is obvious from the defini-
tions (A.33) and (A.34). On A}, the needed limit (A.32) follows by the dominated convergence theorem since in A; one has

lgk(@)] < & 1[ ! -+ 1] l/a}evmz),
n—&—ds [ —&)2  ( —g)27 E=1)

provided that one chooses ¢ < 1/4.0n A}, one needs only verify that

/ 1 1 1
o (o — )1

I —&—=1/kl |n"—&I°
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We are free to choose ¢ = 1/2 and we have
h (@) = v — h(Z) = _ ae. inAf (A.35)
C =& = 1/kl° Sy =gl '

Using the “missing term in the Fatou lemma” (see p. 21 of [32]) it is enough to show that

/ h(z')dz' — h(z') dZ', (A.36)
Af Af

where we note that hy, h > 0 by (A.35). One merely calculates the integrals to verify that (A.36) holds.
The limit of G with zs = (€, ns): The analogous argument in this case is somewhat simpler since

fi@) = CE@RE" &, 1+ 1/k)

has its only singularity along the interface ’ = & between A} and A} . The limit f is as in the previous case and one easily
checks that by defining

CC —I—%, 7 e At
g(z) = 1 e i X En/:?))"
' —ENz+1/k—E5 |14 L7570 e a-
E—-n)
e 1+ ﬂ Z e Af
g@) = 01 - RS gn/ _ g’))”
—erzm—8s |14 L2750 s
& —n)°

one has the bounds (A.31) and the limit (A.32) in this case by choosing o > 0 suitably small.

Step 5. (Continuity of I for z = (&9, n) € dA with &, € (0, 1))
This is now easy since we can embed A in a larger triangle (by taking | > [ in place of [) and use the interior continuity
of I on the larger triangle. O

Appendix B. Proof of Lemma 3.5

We will first justify parts (a) and (b) of the l}\emma; thatis, ifu € C2(£2) N C°(£2) satisfies (3.22) and

Tu—Au=f in£
u=y onl,

with 0 < f € CJ(£2) and A € [—5/(16y?%), 0], then the minimum m of u on £2 be realized on I" = AC U ABif m < 0 and
hence (3.23) holds. An analogous argument shows that when f < 0 then the maximum M of u must be realized on I" if
M > 0 and hence (3.24) holds.

In what follows, if P and Q are points in the half-space y < 0 that are connected by a characteristic of positive/negative
slope and whose y-coordinates satisfy yp < yq < 0, we will denote by ard [P, Q] the characteristic segment joining them
(including the endpoints) and (P, Q). the segment with endpoints removed. We will also denote by 77ki (P) the flow from
P € £2 U AC U BC along the characteristic of positive/negative slope e arc length k > 0. The key point is to integrate the
following differential identity over characteristic segments:

D, (gD_u) = g(—Tu) +DygD u whereg(y) = (—y)~"/*, (B.1)
and the differential operators D+ = D, + ./—yD, have been introduced in (3.21). In this context, one has the following
version of the fundamental theorem of calculus

S
/ Diwdy =wly =w(S) —w®), weC(R,S]), (B.2)
R

where by f; o we intend the line integral of the differential 1-form « along the oriented characteristic interval [R, S],.
Formula (B.2) gives rise to the integration by parts formula

s s
/ vDiwdy = vw Iz —/ wDyvdy, v,we C([R, S1+). (B.3)
R R
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Proof of part (a). Assume the contrary; that is, there exists Q € 2 U (C, B); such that u(Q) = mingu < 0andu(Q) < y.
Case 1. (Q € 2)

If u assumes its negative minimum at Q in the hyperbolic interior §2, one joins Q to some P € AC\{A, C} with a
characteristic segment [P, Q].. We will show that D_u(Q) < 0, and hence Q cannot be a location of a minimum. One
multiplies the identity (B.1) by the 1-form dy and integrates along the oriented characteristic segment [P, Q] by splitting
the line integral into two pieces at an intermediate point S close enough to P so that S is outside the support of f. The proof
of Lemma 3.4 of [ 10] shows that the integral along [P, S]; is a convergent (perhaps improper) integral while the other is a
proper integral. This yields

Q Q Q
/D+(gD7u)dy=/ g(—Tu)dy+f D.gD,udy
P P P

Q Q
5/ g(—ku)dy+/ D,gDiudy,
P P

sinceg > 0in §2 and —Tu = —Au — f < —Auin £2. Integration by parts (B.3) on the last integral above yields

Q Q Q
f D+(gD_u)dy§/ g(—Au)dy +uD.,g If-?—/ uD’ g dy,
P P p

which by the fundamental theorem of calculus (B.2) gives

Q
£QD_u(Q) < / u(—Ag — D2g) dy + u(Q)Dsg(Q) — u(P)D: g (P). (B.4)
P
Noticing that
u(Q)D1£(Q) = u(Q) / (rg +D2g) dy — Au(Q) / g dy +u(Q)D; & (P) (B5)

and inserting (B.5) into (B.4) one obtains

£(QD_u(Q) < / Q) — w (g + D’.g) dy — u(Q) / gdy + Q) — uP)Dsg(P). (BS6)

If u has a minimum in Q, then D_u(Q) = 0 and hence the right hand side of (B.6) must be non negative. However, the third
term on the left is negative since u(Q) — u(P) = u(Q) — )5‘ < 0.The second term is non positive sinceg > 0, —A > 0 and
u(Q) < 0.The first term is also non negative since u(Q) — u < 0 provided that

_ 5 _
0<ig+Dg=xr(-y) "+ il o

which happens precisely when A > —5/(16y§).
Case2.(Q € (C,B)4)

Assuming that u assumes a non positive minimum on at Q on the characteristic arc (C, B) 4, one can integrate dy times
the identity (B.1) along a characteristic segment [P, Q']+ where Q' = #,7 (Q) and P = F, (C) with k chosen small enough
so that [P, Q']y N supp(f) = @. One obtains

Q/
D_u(@) = [/ (4(Q)) — 1) (hg + D2g) dy — Au(Q) / gdy+(u(Q’)—u(P))D+g(P)] (B7)
P

g(Q")

by repeating the argument leading to (B. 6) One can view (B.7) as a family of formulas in terms of the characteristic distance
k from BC; that is

()
/ (u(F,(Q) — ) (g + D2g) dy

F (©

D_u F Q = ————————
3]:((2)

—Au(F, Q) gdy + w(F Q) — u(?}((C)))D+g(ﬂ(C))} , (B.8)
F (©)

for k € (0, k] and k small enough as to ensure that [F, (O), F, (Q)]+ lies outside of the support of f. Since all of the relevant
objects on the right hand side of (B.8) are continuous, one finds that

kE%LDf('ﬁ’(Q)) / Q) —u) (Ag + D2g)dy — Au(Q)/ gdy+(u(Q)—u(C))D+g(C)} (B.9)

|
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where again the right hand side of (B.9) must be strictly negative. Indeed, u(Q) — u(C) = u(Q) —y < 0andD,g(C) > 0
makes the third term negative, while the first two terms are non positive as in case 1. Hence u is strictly increasing as R
tends to Q along I'_(Q), which contradicts u having a minimuminQ. O

Finally, we justify part (c) of the lemma, where again it suffices to consider the case when f > 0.
A

Proof of part (c). If A = 0 we merely repeat the argument above. In Case 1, the formula (B.6) becomes

Q
2(Q)D_u(Q) = f (u(Q) —wDigdy + (u(Q) — u(P))D,g(P). (B.10)
IJ

If u has aminimum in Q € £2, the left hand side of (B.10) vanishes while the right hand side is negative since u(Q) — u(P) =
u(Q) —y <0andu(Q) — u < 0along [P, Q]. In case 2, formula (B.9) becomes

. _ 1 <
Jim D_(F7(Q) = 7@ [ fc Q) —uw D’gdy + Q) — u(C))D+g(C)} ,

which is negative. Hence Q cannot be a location of a minimum. O
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