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Abstract

We consider phase-field systems of Caginalp type on a three-dimensional bounded
domain. The order parameter v fulfills a dynamic boundary condition, while the
(relative) temperature 6 is subject to a boundary condition of Dirichlet, Neumann or
Robin type. Moreover, the two equations are nonlinearly coupled through a quadratic
growth function. Here we extend a number of results which have been proven by some
of the authors for the linear coupling. More precisely, we demonstrate the existence
and uniqueness of global solutions. Then we analyze the associated dynamical system
and we establish the existence of global as well as exponential attractors. We also
discuss the convergence of given solutions to single equilibria.

1 Introduction

A well-known system of partial differential equations which describes the behavior of a two-
phase material in presence of temperature variations, and neglecting mechanical stresses, is
the so-called Caginalp phase-field system (cf. [6, 11], see also [5, 38])

(e + X)) — A0 =0, '

in Q x (0, +00), where Q C R? is a bounded domain occupied by the material for any time
t > 0. Here ¢ is the order parameter (or phase-field), 6 denotes the (relative) temperature, §
and ¢ are given positive constants, while A is a function related to the latent heat. Moreover,
the function f : R — R accounts for the presence of different phases (typically f can be the
derivative of a double well potential, i.e., f (y) = y*(y — 1)).

The mathematical literature regarding system (1.1) is rather vast when A is assumed to
be linear. For instance, we recall that global well-posedness results can be found in [15]
(see also [12, 44, 45]). The analysis of the longtime behavior of solutions to equations like
(1.1) was also carried out in a number of papers mainly devoted to establish the existence of
global and/or exponential attractors (see, for instance, [2, 3, 4, 30, 31, 32]). Moreover, the
asymptotic behavior of single solutions has been investigated by means of suitable versions
of the Lojasiewicz-Simon inequality (cf., e.g., [9, 27, 53]). All the mentioned results are
essentially concerned with standard boundary conditions (that is, Dirichlet’s, Neumann’s or
Robin’s). More recently, in order to account for possible interactions with the walls, i.e.,
with the boundary I' := 92, some physicists proposed a dynamic boundary condition for 1
(cf., e.g., [16, 17, 33]). On account of this proposal, here we consider system (1.1) endowed
with the following boundary conditions

{ Uy — aAry + Onth + B + g () = 0,

bOLO + cf = 0, (1.2)
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onI'x (0, +00). Here «r, 5 > 0 are given constants, n is the outward normal to I', A denotes
the Laplace-Beltrami operator on I', and g : R — R is a given nonlinear function. I is always
supposed as smooth as is needed. The homogeneous boundary condition for # subsumes the
following cases: Dirichlet’s (b = 0 and ¢ > 0), Neumann’s (b > 0 and ¢ = 0), Robin’s (b > 0
and ¢ > 0).

Equations (1.1)-(1.2) are also subject to the initial conditions

@/J\t:o =1y, bj=0 = bo, in Q. (1.3)

Initial and boundary value problems (1.1)-(1.3), always in the case of a linear \, were first
analyzed in the case (b, c) = (1,0). More precisely, well-posedness and convergence to single
stationary states were demonstrated in [7] taking ¢ = 0 and assuming f with a polynomially
controlled growth of degree six. Existence of global and exponential attractors was proven
in [24], under rather weak assumptions on f and g (see also [22]). These results were further
generalized by assuming dynamic boundary conditions for 6 in [20] and [21].

Assuming A linear is satisfactory for solid-liquid phase transitions. However, when one
deals, for instance, with phase transitions in ferromagnetic materials, where 1) represents the
fraction of lattice sites at which the spins are pointing “up”, then a quadratic A is a more
appropriate choice (see [5] and references therein). In this paper, all the existing results (see
28, 34], cf. also [25], for memory effects, and [26, Sec. 7]) are concerned with homogeneous
Neumann boundary condition for ¢. Here we want to extend the results contained in [20]
and [21] to the case of a A\ with quadratic growth, under sufficiently general assumptions
on f and g, leaving the analysis of dynamic coupled boundary conditions (see [22]) and/or
singular potentials (cf. [8, 10]) to further investigations.

To be more precise, let us sketch the plan of the paper. In Section 2 we introduce the
functional framework associated with (1.1)-(1.3). Then we state and prove the well-posedness
results for our problems distinguishing between weak solutions (with growth restrictions on
f and g) and strong solutions (no growth restrictions on f and g). In Section 3 we first
demonstrate the existence of bounded absorbing sets and of compact absorbing sets. Hence,
we deduce the existence of global attractors either for weak solutions and for strong ones.
Section 4 is devoted to the existence of exponential attractors. Finally, in Section 5 we study
the convergence of solutions to single equilibria.

2 Well-posedness

Without loss of generality, from now on we let § = ¢ = 1. We denote by |-||, and [|-||,,
the norms on L () and L (I'), respectively. In the case p = 2, (-,-)3 (or (-,-)2r) stands
for the usual scalar product which induces the L? norm (even for vector-valued functions).
The norms on H* (Q2) and H* (') are indicated by ||| ;7. and ||-[| g« (r), respectively, for any
s > 0. In order to account for all the cases, we also introduce the family of linear operators



A := —A on the Banach space L?(Q) with domain

D(Ag) = Hy(Q) N H*(Q), ifK =D,

D(Ag) ={u € H*() : b0uf +c =0, ae. onl}, ifK € {N,R},
where K € {D,N,R} and D, N, R stand for Dirichlet, Neumann, or Robin boundary
conditions, respectively.

We recall that Ax generates an analytic semigroup e~45* on L? (). In addition, each
Af is nonnegative and self-adjoint on L? (2). For our convenience, we also set

Z, = H)(Q), Zi = H'(Q), if K € {N, R}
endowed with the norms defined by

;

V|3, if K=D,

1012, =< IVOl5 + ¢ [|oxlls, . if K =R,

IV6I5 + (6)o, if K =N,

where we have set
(v), = |Q|_1/v(x)d:c.
0
It is easy to check that, for each K € {D,N, R}, the norm in ZL is equivalent to the
standard H'-norm. On account of the dynamic boundary condition (see (1.2)), we also need

) _ —Illv,
to introduce the functional spaces V, = C* (Q) " where s > 0 and the norms [-lly, are
given by

1/2
lelly, = (103 + el ery) (2.1)

It easy to see that V, = H®(Q) & H*(T'). We also set Vo = L?(Q) & L*(T'). Further-
more, we notice that V, is compactly contained in V,_;, for all s > 1. We also recall that
we have the following continuous embeddings: H'(Q) c L°(Q), HY?(I') ¢ L*(I') and
HY(T) c L*(T), for any fixed s € [1,+00). For the latter embedding, note that 2 is a
smooth, compact 3-dimensional Riemannian manifold whose boundary I' is a 2 -dimensional
Riemannian manifold (see, e.g., [13, Chapter 2]).

Let K € {D, N, R}. We now restate problem (1.1)-(1.3) in weak and strong formulations.
In the case K = N we define the enthalpy

Iy (u,v) == (A (u) +v)q ,

a quantity which is conserved in time.

Problem PY. For any given pair of initial data (1y,0) € Vi x L?(Q), find

(1,0) € C ([0, +00); Vy x L* (Q)) ,
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with
Y, € L* ([0,400); Vo), VO € L ([0, +00); (L*(2))?)

such that

(Y, who +(VY, Vu)o + (f () = N (¥) 0, u)s
+ (Y, wor + a({Vr, Viuar + (B¢ + g (V) ,u)or =0, Vu € Vy, ae. in(0,00), (2.2)
(04 X)), v)2 + (VO, V) + d{f,v)9r =0, Vv € Zj, ae. in(0,00), (2.3)

which satisfies (1.3) and, if K = N,
In ($(1),0(t)) = In (¥g,00), ¥Vt =>0. (2.4)

Here d =7 if K =R, d=0 otherwise.

Problem P3;. For any given pair of initial data (14,00) € Vo X Z1, the weak solution
(1, 0) is such that
(1,0) € C ([0, +00); Vo X Zj ),
with
(104, 0) € L? ([0, +00); Vi x L*(Q))
Our goal is to prove that both P% and P have a unique global solution which contin-
uously depends on the initial data. However, we first need to specify some assumptions on

the nonlinearities f, g and .
Here below we list some assumptions on f, g, A which will be used in the sequel.

(H1) f,g € CY(R) satisfy
lim inf f'(y) >0, lim infg (y) > 0. (2.5)

[y|—+o0 ly|—+o0

(H2) f and g satisfy the growth assumptions

P @I <er (T+17), 19 W <eg(1+1y"), VyeR, (2.6)
for some positive constants ¢y, ¢,, where ¢ € [1,400) is arbitrary.
(H3) A € C* (R) satisfies
N (y)| <en VY ER, (2.7)
for some positive constant cy.
(H4) X has the form
Ay)=7(y) —ay’, VyeR,
where a > 0 and vy € C? (R) such that v/ € L* (R).

(H5) f satisfies
F@yzmlyl' —n, YyeRr,

for some constants n; > 0 and 7, > 0.



Remark 2.1 Assumption (H4) is needed only to handle the case K = N, otherwise (Hb5)
suffices. Note that (H4) is justified from a physical viewpoint (see, e.g., [5, Chap. 4]).

We now state and prove the first global existence result.

Theorem 2.2 Let f, g, A satisfy assumptions (H1)-(H3). Then, for each K € {D,N, R},
problem Pg admits a global weak solution.

Proof. A unique local (and sufficiently smooth) solution to problem P} can be found by
means of a suitable application of the Faedo-Galerkin approximation scheme (see [18], for a
similar problem). To apply such an argument to a problem with a dynamic boundary con-
dition, we need to construct suitable self-adjoint operators acting on V. Such constructions
have already appeared in [19]. To this end, let us consider the operator By given formally by

By () = (2w, (~2¢)) (2.8)
for functions ¢ € C? (Q) , with ¢ € C? ('), that satisfy the Wentzell boundary condition

AY — aArpp + Onth + BYp =0 on T'. (2.9)

Here (A@D)IF stands for the restriction of the Laplace operator A on the boundary I' and
it should not be confused with the Laplace-Beltrami operator Ar¢p. The domain of By is
D (By) = {0 = (¢¥,¢) : ¥ € C*(Q), (2.9) hold}. It is an easy exercise (cf. [19]) to show
that we have (By©, =)y, = (0,E)y, , for all © € D (By) and = € V;. It follows that By is
symmetric on Vy. Let us now consider a function f € C (ﬁ) such that F' = (fy, fo) with
f1:= flo and f5 := f|r. By the equality By© = F, we mean the following boundary value
problem:

—AY=f; in Q, (2.10)

—AyY =fy on I. (2.11)

Using the Wentzell boundary condition (2.9) and replacing f> by fir, the boundary condition
(2.11) becomes

—aArp + Ontp + Bhp = fron T (2.12)
We now define the ”Wentzell version of By”, go, by By© = F on

D(go) = {@ € Vy : © corresponds to 1 € H* (), Yr € H*(T),
and (2.10), (2.12) hold}.

Let B be the closure of By. Then, using the techniques in [19], we can check that B is
selfadjoint and positive on Vg, since 8 > 0; B is the operator associated with the positive
symmetric closed bilinear form (©, =)y . Also by [19], the following characterization of the
domain of B is given, provided that I' is smooth enough:

D(B)={¢y e H*(Q): ¢peH T)}.
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Thus, for i € N, we take a complete system of eigenfunctions {©;} of the problem BO; =
Xi6; in Vo with ©; € D (B). Moreover, recall that Ax = —A, when K € {D, N, R} is
nonnegative and self-adjoint operator on L? (2). Then, we have (for i € N) a complete
system of eigenfunctions {SZK} of the problem Ax&l* )\Kf in L2 () with ¢& € D (Ag).
According to the general spectral theory, the eigenvalues )\z and )\i , K € {D,N,R} can
be increasingly ordered and counted according to their multiplicities in order to form a real
divergent sequence. Moreover, the respective eigenvectors ©; and SZK turn out to form an
orthogonal basis in Vi, Vo and L?(Q), Z} respectively. The eigenvectors ©; and GZK may
be assumed to be normalized in the norm of Vy and L? (2) respectively. At this point, we

set the spaces
K, =span{01,0,,...,0,}, K =U2 K,

PE = span {¢F, 65, .., 5}, PE = P

Clearly, Ko, and PX K € {D,N,R,} are dense subspaces of V;, V, and Z%, D (Ag)
respectively. For any n € IN, we look for functions of the form

v=ga=)  di0)6, 0K =07=3 e (2.13)

solving the approximate problem that we will introduce below. In the definition of v,, and
0%, d; (t) and e; (t) are sought to be suitably regular real valued functions. As approximations
for the initial data (1, 00), we take (1,9, 0n0) € Vi X L*(Q), such that

lim (1,0, 6n0) = (i, 60) in Vy x L2 (). (2.14)

The problem that we must solve is given by Py", for a fixed K € {D, N, R} and for any
n>1,

{900l (B0 By, 41 0) s ). B =0 () RIS I
(0,65 ,0), +<AK0 ,0), = — (X (1,) Oy, 0)2, '
and
<wn (0) ’@>V0 - <wn0’@>vo ) <9nK (0) ’§>2 - <9”0>g>2 g (2.16)

for all © € K,,, 0 € PX.
We aim to apply the standard existence theorems for ODFE’s. For this purpose, if n is

fixed, let us choose © = ©,, and 0= §JK, 1 < j < n and substitute the expressions (2.13) to

the unknowns 1, and 0% in (2.15)-(2.16). After performing direct computations (and using
the above definitions), we can transform our problem and the initial conditions of Pg™ into
a Cauchy problem for a system of nonlinear ordinary differential equations:

{ (&e (t)) _ (Ul (t,d(t),e (t)))
d (1) Ua (t,d(t),e(t))
where U; : [0,t,] x R*" — R?* [ = 1,2, can be computed explicitly. Each function U,
[l = 1,2 is continuous with respect to its arguments, uniformly in ¢, by the continuity of
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the projections and the fact that f, g and A are continuous. Applying Cauchy’s theorem
for ODE’s, we find a small time ¢,, € (0,7) such that (2.15)-(2.16) holds for all ¢ € [0,1,].
This gives the desired local C*'-solution (¢n, n) to our problem. We will now deduce a
priori estimates for the solutions (@Z)n, n ) Such estimates, in particular, ensure that we can
take t,, = T, for every n. Throughout this proof, C' will denote a positive generic constant,
depending at most on the physical parameters of the problem, but independent of n. This
constant may vary even in the same line. Further dependence of the constants will be pointed
out if needed.

Let us fix K € {D, N, R} and consider our local (sufficiently smooth) continuous solutions
( n,Q,{f ) For the sake of exposition, we will drop the superscript K from 95 . We take

= 0,1, (t) and © = 0,,(t) in (2.15). We thus obtain

00, (1)1, + MMW O3+ 816, Ol +IVe, @13 (@217)

/f ) O, ( dx—l—/g ) 0w, (t) dS
Z@t%(% "W (1) 05 (1)),

S 18 O+ 198 DI + a6 (2 = = (X (0, (0) 0, (1), 00 (1)), (218)

Adding together the above equations, then integrating with respect to time and exploiting
(2.14), we get

t
I 015, + / o (9, ds + 10, (1)1

o\

(1982 93+ |6 ()3, ) ds+ [ F 0, 0o+ [ G0 0)as

Q T

IN

where
= /f('r’) dr, Gy) = /g(r) dr. (2.19)

Recalling that F' and G are bounded from below (independently of n) due to (2.5), we infer

t

o (013, + [ 1000 )1, ds+ 180 O3+ [ (198 91+ a0 (9)]3) ds < €, (220
0

0



for all ¢ > 0. Observe that in the case K = N (i.e., d = 0), we need also to control (,,(t))g.
Hence, recalling (2.4), (2.7) and (2.20), we have
2

9 [oaletydn | < B0+ CO+ o, 01 < C. (2.21)
Q

In particular, the above bounds imply that the local solution (¢, 6,,) to Pi" can be extended
up to time 7', that is, t,, = T, for every n.

From (2.20)-(2.21), we also learn that the sequence (1),,, 6,,) is uniformly bounded in norm
in the space Vi x L? () by a constant depending only on the size of initial data. In detail,
for each fixed T' > 0, we have

1©nll Lo o100y e (o,15v0) < Cs (2.22)
HQ"”L°°([O,T];LQ(Q))QLQ([O,T];Z}() <C. (2.23)

Exploiting the uniform bound of (2.22), we can also show
IV (9) Ol 2 (0,73 (21, )7 (2.24)
< & 10l oz (T + Il izgomyam @y) < C- (2.25)

Finally, exploiting the uniform bounds (2.23)-(2.25) once again, from the second equation of
(2.15), we deduce that

HQ”HHl([O,T];(Z}{)*) <C. (2.26)

We are ready to pass to the limit as n goes to +00. On account of the above uniform
inequalities, we can argue that, up to subsequences,

¥, — ¥ weakly™ in L* ([0,7T];Vy), (2.27)
Opb,, — Opp weakly in L? ([0,7]; Vo),

and

0, — 0 weakly™ in L ([0, T]; L* (), (2.28)
0, — 0 weakly in L* ([0,T];Zj) ,
N0, — 0,0 weakly* in L? ([0,T]; (Z})") .

Due to (2.27)-(2.28) and classical compactness theorems, we also have

Y, — ¢ strongly in C ([0, T];Vy_), (2.29)
6, — 0 strongly in L? ([O,T] ;Z}(_s) ,

for all s € (0,1]. By refining, ¢, converges to ¢ a.e. in Q (pointwise in [0,7]) and 6,
converges to 6 a.e. in Q2 x [0, 7], respectively. Having now the uniform bounds (2.22), (2.23)
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for the solutions (1,,, 8,,), we can easily control the nonlinear terms in the equations of (2.15).
Since ¢ € L™ ([0,T];V), it is easy to see, on the basis of assumption (H2), that

|f W)l rsaxpory < € 19 @l parxor) < C- (2.30)

Then, by means of known results of measure theory, the continuity of f, g and (2.29), (2.30),
we easily deduce that f (1,) converges weakly to f (1) in L° (Q x [0,7T]), and thus, weakly
star in L2 ([0,7]; (H' (2))"). Moreover, g (1,) converges weakly to g (¢) in L4 (I’ x [0,77),
and thus, weakly star in L7 ([0,77; (H* (T'))*). On the other hand, on account of (2.29) and
(2.27)-(2.28), it is not difficult to show

N (¥,) 0, — N (1) 0 weakly* in L? ([0, T]; (H" ())") (2.31)

and
N (¥,) O, — N (¥) Opp weakly™ in L2 ([0,T7]; (Z))") - (2.32)

By means of the above convergences properties (2.27)-(2.32), we can pass to the limit in
(2.15) to get all the equations of (2.2)-(2.3).

Finally, it is left to show that ¢ (0) = v, and 6 (0) = 6. But this follows from standard
arguments and the above convergence properties of the solutions (1,,,6,). We omit the
details. The proof of the theorem is finished. m

We now state and prove the existence of a global strong solution.

Theorem 2.3 Let f, g, \ satisfy (H1) and (H3). Then, for each K € {D,N, R}, problem

Py admits a global strong solution that satisfies
0 € L*([0,+00); D (Ak)) .

Proof. In Theorem 2.2, we have proved the existence of a sufficiently smooth global solution
(1, 0) that was obtained as a limit (in appropriate topologies) of the solutions (¢,,,6,) to
problem (2.15)-(2.16). We need to obtain higher order estimates. Note first that equations
(2.2)-(2.3) can be written now in the strong form and boundary conditions (1.2) hold almost
everywhere in I' x (0,7"). Then we differentiate the first equation of (2.15) with respect to
time. Moreover, we multiply the resulting equation by 0,1, (t), and integrate over €2 and T',
respectively. In addition, we multiply the second equation of (2.15) by 0,0,,(t) and integrate
over €2 as well. Adding all the obtained relations and using Green’s formula, we have

2 (10, O + 10, DI+ 196, (1) ||§+dH9n|r<t>H§,r)

o, (DI, + 196, ]2 + / 7 (W, () (Bt (£))? d + / J (0, (1)) (B, (1)) S
= (N (4, (1)) (But ( >2 (2.33)
Thanks to (2.5), there holds
/ 1 (W, () (Bt (£))? d — / § (W (1) (B, (0)2dS < C 0, D2, . (234)
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1/4 | 3/4

Moreover, using the interpolation inequality |jull, < cq |lull3" [|ul/5

equality with exponents (4/3,4), we estimate the term on the right-hand side of (2.33), as
follows (cf. (2.7))

[ (0,) (8:0)%,6,),| < C L1017 160l
< C 0,1y 110001571 16l
<0 (IV8:,|l5 + ||8twn||2) + O, 100,115 1015 (2.35)

@) then Young’s in-

for a sufficiently small n € (0, 1) and large positive constant C,. Then, on account of (2.20)-
(2.35), an integration of (2.33) with respect to time yields

t

01 ()1, + 1900 @15 + 0w (03, [ (100, (5113, + 10 (s)13) ds < ©, (236)

0

for all £ > 0. Note that, owing to (2.36), we can use the second equation of (2.2) to deduce
sup/ A8, (s)||5ds < C. (2.37)
>0

To prove the last bound on 1,,, we first need to apply the maximum principle to the following
system (see [39, Lemma A.2])

_Awn + f (wn) = hl = _atwn + )\I (wn> 0717 in € x (07T) 3 (2 38)
_QAFwn + 3111% + /61% + g (wn) = h2 = _atwnv on [' x (07 T) ) ‘

which yields

4 (V1P e (1P < € (14 W)+ a0 ) (2.30)
and, owing to (2.7), (2.20) and (2.36), it follows that
1 @)1 + 1, (D < C. (2.40)

It is worth recalling that [39, Lemma A.2] applies thanks to (2.5). On the other hand, using
an H?-regularity estimate (see, e.g., [39, Lemma A.1]), we have

16 @)y, < € (L@l + 1520l ) (2.41)

where
Thus, thanks to (2.20), (2.36) and (2.40), from (2.41) we infer

[0 By, < C. (2.43)

11



Finally, observe that in the case K = N we need to control also (6, (t))5. But this can be
done exactly as in (2.21).

It is easy to see that the local solution (¢,,,0,) to problem Pj; is indeed global. More-
over, on account of (2.20), (2.36), (2.40), (2.43) and (2.21), we can argue again that, up to
subsequences,

¥, — ¢ weakly™ in L™ ([0,7];Vs), (2.44)
iy, — Opp weakly in L* ([0, T]; V1),

and
0, — 0 weakly” in L™ ([0,T];Zy), (2.45)
0, — 6 weakly in L ([0, T]; D (Ak)),
0,0,, — 0,0 weakly in L? ([O,T] L2 (Q)) )

On the other hand, due to (2.44)-(2.45) and classical compactness theorems, we also have
Y, — 1 strongly in C ([0,7];Va_sg), (2.46)
0, — 0 strongly in C' ([O, T) ;Z}(_s) ,

for all s € (0, 1] . Furthermore, on account of (2.46) and the fact that f and g are continuously
differentiable, it is not difficult to show

f (W) —f (@) strongly in C ([0,T]; L*(Q)) (2.47)
9 () —g (¢) strongly in C ([0,T]; L*(I))..
Finally, each of the weak convergences of (2.32) and (2.44) are strong in the sense of
L*([0,T]; L*(2)). We can now pass to the limit to deduce the equations (2.2)-(2.3) in
the strong form. Note that the boundary conditions (1.2) for (¢, #) hold almost everywhere
in I" x (0, 7). We have finished the proof of the theorem. =

Uniqueness of solutions to both problems P} and Py follows from the following contin-
uous dependence estimates.

Lemma 2.4 Let the assumptions of Theorem 2.2 hold. Consider two global solutions (1,,;, Owi)
to PY corresponding to the initial data (o;, 00;) € Vi x L?(Q), i = 1,2. Then, for anyt > 0,
the following estimate holds

(@1 = Pu2) O, + 10ur = Ouz) (D)5

t

[ (1001 = 002 GV, + s = 802) ()1, ] s

0

< Cue™ (o1 — Yoall¥, + 11001 — Bo2l5) (2.48)

where Cy, and L,, are positive constants depending on the norms of the initial data in Vi X
L? (), on Q and on the parameters of the problem, but they are both independent of time.
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Proof. Let us set ¢ := 1, — ¥, and 0 := 0; — 65. Then we easily realize that (1, ) solves
the system

(U, u)e + (V, Vu)s + (T1,u)s + (U, u)ar
+ a(Vr, Vru)ar + (B + Yo, u)or = (Ls,u)e, Vu € Vy, ae. in(0,00), (2.49)
(0, 0)2 + (VO, V) + d(0,v)or = —(T4,v)2, Vv € Zj, a.e. in(0,00), (2.50)

where we have set

Ty(t):=f(r (1) = f (o (1), YToi=g(y () — g (1)), (2.51)

and

T3 (£) o= N (@1)01 (1) = N(1hjo)02 (1), La(t) := N (1) (1) = N (¥0a) (1) (2.52)

Taking u = 9,(¢) in (2.49), v = 6(t) in (2.50) and then adding the resulting equations, we
deduce that

o (12, + 10 @2+ d |0 2+ 5 (16 02, + 10 012 (2:53)

== (T ()0 (1))y = (T2 (1), 9, () p + (Y5 (1) s (£))y = (Ta (1), 0 (1))

We proceed as in [21, Proposition 3|. First, we notice that, thanks to (2.20), we have

sup (% ®)ll, + 116: (t)!\§+/|\ (), (5) %OdS) <Gy, 1=1,2, (2.54)
N 0

for some C, > 0 depending only on the V; x L? (2)-norm of the initial data. We need
to estimate all the remaining terms on the right-hand side of (2.53). To this end, observe
preliminarily that, owing to (2.6), we have

{ £ (1) = f (W)l < cp (T4 [l + lval) 1 — el (2.55)
l9(t1) — g (y2)| < cg (T4 |ya]* + [92]?) [y1 — 2!, '

where ¢ € [1, +00) is fixed, but otherwise arbitrary.
In order to estimate the first two terms on the right-hand side of (2.53), we use Young’s
inequality, Holder’s inequality, (2.51) and (2.55) as follows

[0 () ()] + (02 (8) 0 ()

< (I O+ 1T DIE2) + 5 [0 G + 11, 0]

< Ocq (14 [lon @)llg + 102 (Ol) v @)l
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40 (14 1 0L + I D120 ) B 20+ 3l I, (256)

Thanks to the continuous embeddings H! () — L5(Q), H' (I') — L*(T), for any s €
[1,4+00), we deduce from (2.56) that

T2 (60 )+ (T2 (), (D] < Corllo OIR, + 5 I (DI, (257)

where C,, > 0 depends only on the V; x L? (2)-norm of the initial data. Moreover, observe
that

(T (1) by (1)) = (Ta (1), 0 ()5 = (N (1) = X' (¥2) 4 () 02 (1))
— (N (1) = N (¥2) 0oy (1) 0 (1)) -

Then, on account of (2.7), we estimate the last two terms on the right-hand side of (2.53) as
follows:

(s (1) U> <u>ewn

< Cy ([(w 02 ())o] + (¥ (1), (1), ))al)

<C (w<nmm mﬂ%(waW(MMW>MM%L@M)

< O oy (16 Oy + 1), OIE) + 3 e DIE+ S 10O, . (259

Thus, combining (2.53) with (2.57)-(2.58), we obtain, for K € {D, R},

T O, + 10 1] + 5 1, ()]

N | —
Q.lg‘

3 1
+5 e Ol p + 5 10 @)1z < Gre () [0 @), » (2.59)

where

G (1) = Cu (1+ 1102 DI, + (), () -

It is not difficult to check, on account of (2.20) and (2.54), that G € L?*(0,t), for all
K € {D,N, R} and any fixed ¢ > 0. The proof of (2.48), in the cases K € {D, R}, follows
via Gronwall’s inequality. It is left to show (2.48) when K = N (we remind that d = 0 in
(2.53)). Recall that every weak solution satisfies (1;,6;) also satisfies (2.4). Then it easily
follows from (2.54) that

7

O <ClomlE, Vo (2.60)

Adding relation (2.60) to (2.53), then recalling the definition of the norm of ZY;, and arguing
as above in (2.59), we immediately obtain estimate (2.48) for K = N. m

A similar estimate holds for strong solutions.
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Lemma 2.5 Let the assumptions of Theorem 2.3 hold. Consider two global solutions (1, 0s:)
to Py corresponding to the initial data (Vy;,00;) € Vo X Zi;, t = 1,2. Then, for any t > 0,
the following estimate holds

@1 = s0) Oy, + 11051 = 0:2) (D3

t

+/ [H(wsl — ), (5)lly, + [1(0s1 — 02) (S)H%}{] ds
0
< Cse" ([t — Yoally, + 1601 — Ooal3) , (2.61)

where Cs and L, are positive constants depending on the norms of the initial data in Vo x Z1,
on §2 and on the parameters of the problem, but are both independent of time.

Proof. Here we use the same notation as in the proof of Lemma 2.4. Thanks to (2.40) and
(2.55), we have
T @O+ [T < Cslp ()], vE=0,

so that

[0 (0) 0 ()] + (02 (8) 0 ()
< 4 [19 Ol 10 Ol + 1 @)l 1 ()]
<L, 012, + e )R, (2.62)

Furthermore, since estimates (2.58) and (2.60) also hold for strong solutions, combining
(2.62) with (2.59), we obtain a similar inequality to (2.59), namely,

e O, + 10 013 + 5 e 02

3 1
20 O+ 5 10 @1, < Lllw @13, (263)

where L, > 0 depends only on the norm of the initial data in V, x Z}.. The proof follows
again via Gronwall’s inequality. m

Straightforward consequences of the above results are the following

Corollary 2.6 Let the assumptions of Theorem 2.2 hold. Then, for each K € {D, N, R},
we can define a strongly continuous semigroup

SE (1) :V, x L2 (Q) — V, x L2(9),

by setting, for all t > 0,
Sk (£) (Yo, 00) = (1, (1), 0w (1)) ,

where (1, 0y) is the unique solution to Py.
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Corollary 2.7 Let the assumptions of Theorem 2.8 hold. Then, for each K € {D, N, R},
we can define a semigroup
S5 (t) : Vo X Zye — Vo X Zie,

by setting, for all t > 0,
S;( (t) (2/}07 80) = (ws (t) ,93 (t» )

where (1, 05) is the unique solution to Py. Moreover, Si (t) is a closed semigroup in the

sense of [42].

3 Existence of global attractors

In this section we want to prove that S¥(t) and Sj(¢) have the global attractor. The
preliminary step is to prove the dissipativity of the semigroup, that is, the existence of a
bounded absorbing set. In the case K = N, due to the enthalpy conservation (2.4), we need
to put a constraint. More precisely, we set

(Ve x L2 = {(v,u) € V; x LX(Q) : |Iy (v,u)] < M},
(Vo x ZI) " o= {(v,u) € Vo x Z = |Iy (v,u)| < M},

where M > 0 is fixed. Note that both the spaces are complete metric spaces with respect to
the metrics induced by the norms. Therefore the phase-space of S} (t) will be

Yoo — vV, x L*(Q), if K €{D,R}, (3.1)
ORI (Ve x L2, if K =N, '
while S (t) will act on
[ VoxZy, if Ke{D,R},
Yoz = { (Vo x ZE)™, if K = N. (3:2)

The main results of this section are

Theorem 3.1 Let f, g, A satisfy assumptions (H1)-(H3) and (H5). If K = N suppose in
addition that \ fulfills (H4). Then S} (t) possesses the connected global attractor A% C Yo i
which is bounded in Vo x H? (Q).

Theorem 3.2 Let f, g, \ satisfy assumptions (H1), (H3) and (H5). If K = N suppose in
addition that \ fulfills (H4). Then Sj. (t) possesses the connected global attractor A5, C Y
which is bounded in V3 x H? (£2).

The first proposition is concerned with the existence of a bounded absorbing set in Y
for both the semigroups S¥ (t) and S5 ().
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Lemma 3.3 Let f, g satisfy assumptions (H1) and (H5). Suppose that ~y satisfies either
(H3), if K € {D,R}, or (H4), if K = N. Then, for any given initial data (v, 60) € Yo k.,
the following estimate holds

t+1

I (8), 6 @)1, , + / (I )13, + 10 )y, + 16 (5) [ 1agey ) s

t

< Crc (100 00)11%,  + (F (1) 1)y + (G (o) Dpp +1) €7+ Chry (3.3)

for each t > 0, where F' and G are defined as in (2.19). Here the constants p, Ck, C} are
independent of t and of the initial data.

Proof. Let us take u = 2£y(t), for some £ > 0, in (2.2). Adding together the obtained
relationship with (2.17) and (2.18), we get

d
ZE@®) +RE(®#) =M (1), (3.4)

where x > 0 and
E () = [lv (D5, +2(F @ (£)), 1), +2(G (¢ (1)), 1)y + 10 )15 + € 1 (D)5, + C-

Here the constant C' > 0 is taken large enough in order to ensure that E (¢) is nonnegative
(recall that ' and G are both bounded from below). The function A; is given by

Ay (t) =26 [(F (1 (8) = [ (0 (1) ¥ (), 1)y + (G (0 (1) — g (v () ¥ (1), Vg
— (26— 1) [ O, =2 =) [(f (@ 0), 0 O+ (9 (6 ), ()]
— 2|, (I3, — 2[99 (1)]12 — 24 [|6rr (1)]|3,.
+ &k 0 (£)13, + 5 118 (D2 + KO + 26 (N (1 (£)) (), 8(1)), (3.5)

Let us first discuss the case when K € {D, R} . Observe preliminarily that, owing to
(H1), we have

F(y) <2f()y+Cr, |Gyl <29()y+Ca, (3.6)
F(y)—f W)y <Crlyl*>+Ck, Gy) —Gy)y < Cqlyl* + CL, (3.7)

for any y € R. All the above constants in (3.6)-(3.7) are positive, sufficiently large constants
that depend on F' and G, only. Moreover, using assumption (H3), standard Holder’s and
Young’s inequalities, we estimate the last term on the right-hand side of (3.5) as follows

26 [(N (1), 0] < 26ex ([, 161, + 26ex ([P, 16)),
< N1, +2¢2 (113, + 1903y ) - (3.8)

17



From (3.6)-(3.8) and assumption (H5), it follows
A (1) € = (26 =& =25 (Cp + Cg) — & = E¢) [0 (0)I[5, — 219, (D],

_Eg%mw@»m—@ﬂmmwm»mm

— (1 — kCy) HQH% —[&(ny — &) — rm] || (t)H4L4(Q) +C,

where Cy > 0 and C} > 0 depends on &, k and C%, C/, at most and ¢ > 0 depends only on
cx. From now on C; stands for a positive constant which is independent on the initial data
and on time.

It is thus possible to adjust £ < 1 small enough and x € (0,€) (possibly even smaller
than £?) in order to have

d

G E O +RE(2) + Co (Hw O)ll, + e Ollz, + 10 Ollzs, + Ilv (t)!\i4(g>>

+Cs (IF @ O); +1G (@ O)1r) < G (39)

from which we deduce that

B () +kE (1) < O, (3.10)

On the other hand, one can check that there exists a positive constant C}, independent of ¢
and on the initial data, such that

1@ (), 0 (), < CaE (1), VE20. (3.11)

Then, applying Gronwall’s lemma to (3.10) we deduce that

E(t)<CsE(0)e™+Cs,  Vt>0. (3.12)
Integrating (3.9) over (¢,¢ + 1) and employing estimate (3.12) we obtain

t+1

B+ [ (10O, + 10 ), + 1813, ) ds

t
t+1

[ (IF GO+ 1G 0 6Dllp + 1 9k ds

t

<CyE0)e ™+ Cs,  Vt>0. (3.13)

Finally, on account of (3.11), we easily obtain the required estimate (3.3) for K € {D, R}.
To prove a similar uniform inequality when K = N we need to use the enthalpy conser-
vation (cf. (2.4)). Observe that

26 (N () ¥, 0)y = 26(0 — (), X (1) ), + 26 |Q] In(thg, 00) (N (1) )
— 28 (W)g (N () ¥)q - (3.14)
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Employing a standard Poincaré’s inequality, we know that
2 2 2 2
[0 = (W)all; = llvll; = 9] (v)g < Ca Vol (3.15)

for some Cq > 0.
Let us rewrite A; defined by (3.5), taking (3.14) into account. We obtain

Ay (£) =26 [(F (0 (5) = £ (0 (1) ¥ (), 1)+ (G (& (8) = g (¥ (1) ¥ (1) Ly
= 26— w) [0 O, —2(6 = #) [{f (0 1), 6 O + (g (& (1) 0 ()]

=2l (Ol = 21V0 @)ll3 + 26x [|[¢ ()5, + < 116 (2)]15
+ 1O +26(0(t) — (1) g, N (¥(1)) (1)),
+ 2819 In (g, 00) (N ((1)) (1)) g — 26 [Q (A (W) (N (¥(1)) (). (3.16)

It is worth mentioning that, from (2.4), it is also not too difficult to deduce the following
estimate:

2 2
K10l = w110 = (0)q) + (D)ol
2 2

< 2610 = (D)o ll; + 26 |2 (In(1hg, Bo) — (A (¥))q)
<2610 = (O)all5 + e llwlls + well paq) + Cur, (3.17)
where the constant ¢ > 0 is independent of ¢, £, k, M and initial data, and C; > 0 depends
on M, &, k and 2, but is independent of time and initial data. From now on, ¢ will stand
for a positive constant having these properties. It remains to estimate all the terms on the

right-hand side of (3.14). We begin by estimating the first term, arguing exactly as in (3.8).
Recalling (H4), from (3.15) we obtain that

26 [0 — (0)q s N (V) ),| < 26C, {10 — (O], [9]), + 4a& (|6 — (B)g] %),
< (V0I5 + c€ 1¥lly, + € [l 14(q) - (3.18)
On the other hand,
26 |9 In (1, 60) (X' () ), = 26 |9 In (g, 00) (v () 1) — 4a€ [ In (0, 00) (¥°)g,
< E1ll; + E 11| 5aq) + Cwmrs (3.19)

where the positive constant C'; depends clearly on M. Finally, it is not difficult to show,
using standard Holder’s and Young’s inequalities, that

=28 QA () (N () ), = —4£ Q) 2<¢2>2 =261 (v (W) (V' () )q
+4ag |9 (v (¥))g (V7) g, + 2a€ |9 (), (¥ (V) ¥)q

< —4£19]a <w Yot (€+€) Iwli+Co. (320
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Combining estimates (3.18)-(3.20) together, it easily follows that

26 (N (1) 4, 0), < —4€1Q]a® (Yo + VO3 + € (¢ + 1) ||9[I3
+ [+ €+ €] 19l ue + i, (3.21)

for a new positive constant C,. Using (3.17), (3.6)-(3.7), (3.15) and (3.21), we infer from
(3.16)

Ai(t) < = [26 = K (1+¢) = 26 (Cp + C) = 265 = € (e + D] [w (B)]l5,
20w, O, ~ S @ @)1, - (€ - ) (G 6 ()] sy
— (1 —26Ca) [IVO (1)]3 - 4€ [2] @® (v7),,

— (&[m -0 +e+"] =k +9) ¢ Ol 1) + Cro, (3.22)

where C';p > 0 depends on M, &, k and €2, but is independent of time and initial data. It
is thus possible to adjust £ < 1 small enough and x € (0,€) in order to deduce (cf. (3.4),
(3.11), (3.22))

d

EB(@0)+1E 1)+ (0 O, + 10 Ollta) + " (e O, + 190 @)]2) < Cu. (323)

Applying a suitable version of Gronwall’s inequality to (3.23) and taking (3.11) into account,
we obtain the analogue of estimate (3.3) in the case K = N, except for the L? ([t,t + 1] ; H')-
norm of #. More precisely, we obtain

t+1

B+ [ (16 G, + 16 Ol + I I, + V8 (G)3) ds

t
S ClgE (0) G_Ht + 013, Vt Z 0. (324)

However, recalling (2.21) we easily obtain estimate (3.3) also for K = N. The proof is
finished. m

We now show the existence of a compact absorbing set, namely,
Lemma 3.4 Let the assumptions of Theorem 3.1 be satisfied. Then, there is a positive

nondecreasing monotone function Q) and, for any Ry > 0, there exists to = to(Ro) > 0 such
that

15% () (€0, 00) vy 2y < @(Ro), Vi = to, (3.25)
for any (¢, 00) € B(Ro) C Yok, where B(Ry) is a ball of radius Ry, centered at 0.
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Proof. We recall that all the following formal arguments can be justified by recalling that
the existence of a smooth local solution can be proven (see [20, Section 3]). Recall first that
(2.33) entails

& (I @ + 1 IE+ 198 @)IE + o (1))
+ e O3 + e O3+ V8 O3 +d |60 (0)]5.
+ 2%, (D13, + 216 O3 = Aa (1), (3.26)
where
Mg (t) = =2(f (1)) , 03 (8)), — 2 (g (W(D), Y1),
e I+ e O3+ 176 @15 + d |6 ()]
(@ () (1), 0(8),
Recalling (2.34)-(2.35) we have that

& (I O3 + e D120+ 190 1 + o 0)2,)

11, (0I5 + 1 Ol + V0 D13 + | @] 5.

+ 21l (D5, +2116: ()]l

< C by (I, + e @113 + 1 OI 0 + 198 @3+ d [ O3

+ 0 (IV9l3 + [194l13) + Cy 1945 11611 - (3.27)
Since 7 is small (cf. (2.35)), then we get

& (I O + 1 I + 198 @I + d e )], )

e O + e O+ 198 O13 + |6 )3

+C (e I, + 16 0)13)

< Co ([l ()15, + 10 Oy, + [0 100)]5) = Aa(t). (3.28)

Due to (3.3) we easily deduce that

t+1

sup / (s (s) |ds
t

t>0

t+1 t+1

<Csup [ (1015, +16(5)13, ) ds + Csup [ 3sup [ us)|3ds
t>0 t>0 t>0 f

t

< Q (10, 80)I%, , + F ($6) 1)y + (G (1) Dy + 1) €7+ C, (3.20)
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Here and in the sequel C stands for a positive constant that is independent of ¢ and of
the initial data. This constant may vary from line to line. Besides, () denotes a positive
nondecreasing monotone function which is independent of ¢. Using the so-called uniform
Gronwall lemma (see, e.g., [47]), on account of (3.29), from (3.28) and the hypothesis of the
lemma, we infer the existence of ¢y > 0 such that

t+1

e (O3 + N1y @)l + 116 (D12, + / [llee ()5, + 16 (5)]12] ds

t

<Q(IWo 00, ) e +C, Vit (3.30)

Applying now the maximum principle to the boundary value problem (2.38), as in the proof
of Theorem 2.2, we infer from (2.39), (3.3) and (3.30) that

e (% + e )2 < € (1+ I3+ I02(0)l3)
<Q(IWo 00, ) ™ +C, V=t (3.31)

In order to get the estimate for ¢ (¢) in Vo, we rewrite problem (2.38) into the form

—A1/1 =hy:=—f (@D) + N (w) 0 — 7vZJta in 2, ae. in (t07 +OO)7 (3 32)
—aAr) + Og + B = hy = =0, —g (), onT, a.e. in (tg,+00), '

and apply the result of [20, Lemma 2.2, (2.11)]. We obtain

[0 @1, < (Iha @13+ 10 13
< C (I @ O)E + llg G DI+ 16 DI + e )T, + 1. DI, )
which yields, on account of (3.3), (3.30) and (3.31), the following estimate:

1 (Olly, < Q(Ro), V=t (3.33)

The proof is thus complete. =

Lemma 3.5 Let the assumptions of Theorem 3.2 be satisfied. Then, there is a positive
nondecreasing monotone function Q and, for any Ry > 0, there exists t; = t;(Ry) > 0 such
that

15% () (o, 00) by, sy < Q(R1), Vit >ty (3.34)
for any (g, 00) € B(Ry) C Y1 i, where B(Ry) is a ball of radius Ry, centered at 0.

Proof. Observe first that, on account of Lemmas 3.3 and 3.4, it is easy to realize that S% (¢)
has a bounded absorbing set in Y; k. Thus, without loss of generality, we assume that B(R;)
is such a bounded absorbing set.
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We need to obtain higher-order estimates. Even in this case we will proceed formally
recalling [20, Theorem 5, Section 3]. Let us differentiate (2.2) and (2.3) with respect to time.
Then, we take u = 1,,(t) and by v = 64(t), respectively. Adding up the resulting relations,
we obtain

5 (190 @I + @ lVew, Ol + 8, Ol + 16 (0)1E] (3:35)
e (D13 + e (D13 + V0 O3 + d || O1r)e O3
/ P @O0 00, (0 da~ [ g O 0B, (0)dS

r

(X' (W (8) Wy (8) 0 () 0 (1)), — (N (0 (1)), 45 (1) 00 (1)),

Using Holder’s and Young’s inequalities to estimate the last two terms on the right-hand
side of equality (3.35), exactly as in (2.35), we have, for ¢t > 0,

CY 0+ v 02, +2 (196 W1 +a]| @) 02,

< H () Y(t)+ Hy (1), (3.36)
where we have set
Y (t) =l 0I5, + 10 D]l5,
and
H,y (t) == C ([ )15 16: (0)]]3)
Hy (1) o= C (I @ () 6, (I + g (0 (0) 9 O3+ 160 (1) ey + 1 (DI 16 O)1E)

Observe now that, owing to (3.30) and (3.31), we infer that

t+1 t+1

sup / H(s)ds < Q(Ry) and sup / Hy(s)ds < Q(Ry) . (3.37)

t>0 >0

Then, using (3.37), we can apply to (3.36) the uniform Gronwall lemma once more and find
t, > 0, depending on Ry, such that

t+1

1y () ll, + 16 (D)5 + / [V ()15, ds < Q(Ry), Vit=>t.. (3.38)

Let us consider again equation (2.3) differentiated with respect to t and take v = 0y(t).
Then we get

1d

16 )13+ 52 (196, @13+ a0 O],

= N @)U (1) 0 (1), = (N () ¥y (£) , 00 (£))
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which yields, via standard Sobolev inequalities,

1 1d
S 100 13+ 52 (196 @13+ [ 0ar Dl5) (3.39)

< Cllve O ey + Q 1 (B)llo) 1402 DIl -
From (3.31), (3.36) and (3.38) we infer that

t+1

sup [ (196, +d @) (0)],) ds < QR

t

and
t+1

sup [ (16 ey + Q9 (5)].0) 2 ()13 ds < QR

t>t1
t

We can now apply the uniform Gronwall lemma once again and infer from (3.39) the existence
of t; > t, such that

V0, (0)]15+d [|0gr 05 < Q(Ry), ¥t >t (3.40)

Therefore, (3.38) and (3.40) allow us to deduce via standard elliptic regularity, the following
bound
10Ol g3y <@ (R1), K e{D,N,R}. (3.41)

for each t > t;.
Furthermore, with the help of estimates (3.31), (3.33) and (3.38), we also obtain from
[39, Corollary A.1] (see also [20, Lemma 2.2])

le )1, < € (IF @ Oy + g (@ 0)

+Q (1 (Olloo) 10 ) 17710y + 1 D)l + 1 (t)||3y1> : (3.42)

which yields, on account of the above estimates,

I ()3, <Q(Ro), Vit >t (3.43)

Summing up, we conclude by observing that (3.34) follows from (3.41) and (3.43). =

Proof of Theorem 3.1. On account of Corollary 2.6, Lemma 3.3 and Lemma 3.4 the proof
follows from well-known general results (see, e.g., [47]). B

Proof of Theorem 3.2. Thanks to Lemma 3.5 the dynamical systems (Y x, S5 (f)) has an
absorbing set in Y; x which is bounded in V3 x H? (Q2) . Moreover, recalling Corollary 2.7,
we have that S5 (t) is also a closed semigroup. Thus the proof follows from [42, Theorem 2
and Corollary 6]. B
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4 Existence of exponential attractors
We begin to prove the following

Theorem 4.1 Let f, g € C*(R) and X € C3(R) satisfy the assumptions of Theorem 3.1.
Then, SE(t) possesses an exponential attractor MY, bounded in Vo x H? (Q), namely,
(I) MY is compact and positively invariant with respect S (t), i.e.,

SE (1) (ME) € MY, Vit>0.

(II) The fractal dimension of MY with respect to the Y, x-metric is finite.
(I1I) There exist a positive nondecreasing monotone function Q., and a constant p,, > 0
such that
diStYo,K (S}g (t) B, Ml}%) < Qw(HBHYO,K)e_pwt’ vt >0, (41)

where B is any bounded set of initial data in Yo . Here disty, . denotes the non-symmetric
Hausdorff distance in Yo g and || B||y, . stands for the size of B in Yo k.

Theorem 4.2 Let f, g € C*(R) and X € C3(R) satisfy the assumptions of Theorem 3.2.
Then, S5.(t) possesses an exponential attractor M3, bounded in Vi x H? (), namely,
(I) M5, is compact and positively invariant with respect S (t), i.e.,

S5 (1) (M5) © M, Yt >0.

(II) The fractal dimension of M3, with respect to the Y1 k-metric is finite.
(I1I) There exist a positive nondecreasing monotone function Qs and a constant p, > 0
such that
disty,  (Sic (1) B, M) < Qul| Bl e, Y120, (4.2)

where B is any bounded set of initial data in Yy . Here disty, ,. denotes the non-symmetric
Hausdorff distance in Y1 g and || B||y, . stands for the size of B in Y1 k.

The proofs are based on a fundamental result on discrete semigroups (see [14]) which is
reported here below for the reader’s convenience.

Theorem 4.3 Let V and W be two Banach spaces such that W is compactly embedded in
V. Let X be a bounded subset of VW and consider a nonlinear map ¥ : X — X satisfying the
smoothing property

13 (1) = 2 (2)[lyy < Clar = 22l (4.3)

for all x1, 29 € X, where C' > 0 depends on X. Then the discrete dynamical system (X, %")
possesses a discrete exponential attractor M* C V), that is, a compact set with finite fractal
dimension such that

5 (M*) C M, (4.4)
disty (X" (X) , M*) < Cxe ", neN, (4.5)

where C'x and p, are positive constants independent of n, with the former depending on X.
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Remark 4.4 Theorems 4.1 and 4.2 entail that Ay, and Aj; have finite fractal dimension.
Note that if K = N then Q., Qs, ps and p,, depend on M.

The validity of the smoothing property as well as the extension of the discrete case to
the continuous one are consequences of the following lemmas.

Lemma 4.5 Let the assumptions of Theorem 4.1 be satisfied. Suppose that B(Ro) is an
absorbing ball of Yo i such that there is to > 0 such that S} (t) (B(Ry)) C B(Ry) for all
t>t. Set

(djia 02) = Slué (t) (wow 901) )

where (Vy;,00i) € B(Ry), i = 1,2. Then the following estimate holds

11 = ) ()l + 1161 = b2) (D]l

14+t 5 _
< Q(Ro) : e’ (I1hor — Yoall5, + 1001 — bo2ll3) , vt >0, (4.6)

where t ==t — ty. Here L is a positive constant and Q) is a monotone increasing function
which only depend on Ry, 2, I' and on the structural parameters of the problem.

Proof. Let us consider (2.49)-(2.50) and recall that there we have set ¢ = ¥; — 1, and
0 = 0, — 5. We proceed as in [21] by differentiating (2.49) with respect to ¢ and then taking
u = 1, (t), adding the resulting relationship to (2.50) where we take v = 6, (¢). Hence we
have

I O, + 190 @B + o 0] + 2110 IR, + 216, (]
= =20, (01 (£)) 0 (£); + 20 (T2 (1)) 0 (8)3
£2(0, (03 (8)) 0 (£), — 2(Ta (1), 60 (8); (47)

We recall that Ty, To and T3 are defined by (2.51)-(2.52). Moreover, we have

01 = [ (¥y) 0hy — [' (¥3) Othy = [" (1) Oth + [f' (¥01) — ' (q)] Ost)y,

where a similar formula holds for 9,Ts. Moreover, it is easy to check that

0Ly = X' (V1) b1+ N (1) Vo0 + [N (1) = N (h3)] 100,02
+ N (1/11) 0; + [X (¢1) -\ (¢1)] Ot (4'8)

Consequently, from (3.25) and the (local) Lipschitz continuity of f" and ¢’ it follows that

19: (C1 ()Ml + 100 (T2 (E) o r < Q(Ro) (10 W)y, + 180 Dlly, 10 Dly,), (49)

26



for all t > t,. Here we have also used the embedding H'(Q2) — L*(Q2). Moreover, owing to
(3.25), (3.38)-(3.41), the (local) Lipschitz continuity of A" also implies that

2100 (X5 (1)), 0 (1) = (L4 (6), 6, (1)
< Q (Ro) [ ()10 (I )y + 10 013

+QRo) 1 (D3 + € 100y 19 (1) 3

10O + 19 Ol o). (110)

for all t > t,. Consequently, owing to (4.8)-(4.10) and (3.38)-(3.40), from (4.7) we infer

& I O, + 190 @B + o 0] + s OIF, + 162 ()]

< @ (Ro) (16 () sioy + 10 DI + 102 ()]2) (4.11)
for all ¢ > #,. Multiply now inequality (4.11) by ¢ := ¢ — o and integrate over (ty,t) the
resulting relation. Then we deduce that

¢

fn@+/ﬂwwwa+mwmws

to
t t

<QR) [5 (106 ip + 163+ 0 () ds+ [Val)ds, (@12

to to

for all t > tg, where s := s — ty and Y5 is defined as
2
Ya (8) == [l (DI, + IV0 @5 + ][0 ()5 -

Finally, exploiting inequality (2.48) once more to estimate the right-hand side of (4.12), it is
not difficult to show

t

%n@+/ﬂwww§+mwmms

< Q(Ro) (L+7) e (o — Coolly, + 601 — Oo2ll3) , ¥t > to,

which yields the following estimate

t

1 [_
[ (£)lI5, + 116 (ﬂ“%}( + g/s [y ()15, + 116: (s)13] ds
ty
< Q(Ro) =€ (Vo1 — Yoally, + 1601 — bo2ll3) , Wt > to. (4.13)
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Here we have also used (2.48). On account of (4.13), we can argue exactly as in the proof of
Lemma 3.4 (see (3.33)) to get the required estimate on the Vy -norm of ¢ (t). The desired
inequality (4.6) then follows immediately from (4.13). We leave the rigorous details to the
reader. m

The following lemma is a straightforward consequence of Lemma 4.5.
Lemma 4.6 Let the assumptions of Theorem 4.2 be satisfied. Suppose that B(Ry) is an
absorbing ball of Y1 i such that there is t; > 0 such that S5, (t) (B(Ry)) C B(Ry) for all
t>t. Set
(%, ‘92) = S}S( (t) (@Z)Oi’ 001) )

where (Yy;, 00;) € B(Ry), i = 1,2. Then the function (1; — 14,0, — 02) satisfies the same
estimate of (4.6), with t :==t —ty, and L, Q depending on Ry, Q, T' and on the structural
parameters of the problem.

The following lemmas are concerned with the time regularity of S¥%(¢) and S%(t), respec-
tively.

Lemma 4.7 Let the assumptions of Lemma 3.4 hold. Then, there is a positive monotone
increasing function ) such that

1820w 00) — SEE) W0 )y, < QR — 112, (1.14)
for all t,t € [ty, +00) and any (Y, 0s) € B(Ry).

Proof. From (3.27) we deduce

+o0
/ 10253 () (W0, 00) |13, . 2y 5 < Q (o). (4.15)
Observing that
S1e(8) (0, 00) — ST (D) (i, B0) = / 0,S(5) (o, 00)ds, (4.16)

thanks to (4.15), we deduce (4.14). =

Lemma 4.8 Let the assumptions of Lemma 3.5 hold. Then, there is a positive monotone
increasing function ) such that

H&?(ﬂ@m 90) - S;((E)(wm HO)HYLK < Q(Rl) (|t - 5’1/6 + ’t - 5’1/4) ) (417)
for all t,t € [t1,+00) and any (Y, 0) € B(Ry).
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Proof. We still have (4.15). Moreover, from (3.34) holds. Thus, using standard interpolation
inequalities and Holder’s inequality, from (4.16) we deduce

S5(t) (. 60) = Sic(D) (W, 60)3,
=)~ O, + o ) —0 @),

< Qo) ([lo ) - v D2+ o) -0 (7))
< Q(Ro) (|t —1"*+ [t —1['?),

for all £ > t;, that is, (4.17). =

Proof of Theorem 4.1. Using Lemma 3.3, Lemma 3.4 and Lemma 4.5, we can find a
bounded subset X of Yg N (Vo x H*(Q)) and t* > 0 such that, setting X = S¥(¢*), the
mapping Yk : X — X enjoys the smoothing property (4.6). Therefore Theorem 4.3 applies
to Yk and there exists a compact set M7 € X of finite fractal dimension (with respect to
Yo c-metric) that satisfies (4.4) and (4.5). Hence, setting

My = Useppe 264 Sk (1) v

we have that (I) and (I11) of Theorem 4.1 are fulfilled, while (I7) is a consequence of (2.48)
and (4.14). W

Proof of Theorem 4.2. Set now V := V; x L?(Q) and W := V, x Z}; in Theorem
4.3. Using Lemma 2.5, Lemma 3.5 and Lemma 4.6, we can find a bounded subset X of
Yi6N (Vs x H3(Q)) and tT > 0 such that, setting Xx = S5 (t7), the mapping Xx : X — X
enjoys the smoothing property (4.6). Therefore Theorem 4.3 applies to X and there exists a
compact set M7 € X of finite fractal dimension (with respect to Yq -metric) that satisfies
(4.4) and (4.5). Hence, setting as above,

Mie= Useppr o+ Sge (£) MY,

we have that (I), (II) and (I1I) of Theorem 4.2 are fulfilled, but with the metric of Y;
being replaced by that of Yy, . More precisely, M3 has finite fractal dimension (with respect
to the metric of Y i), whereas only the following inequality is valid:

disty, . (Sk (t) B, M) < Qs(||Blly, e ", Vi > 0. (4.18)

In order to obtain the finite-dimensionality and the required exponential convergence (4.2)
of M3 in the required metric of Y; g, it remains to recall that S% (f), ¢ > ¢, possesses

the smoothing property (3.34) and to use the standard interpolation inequalities ||-||y, <
C H”%/éz HHi/j, [-llz < C |H|§/2 ||H}1{22 , where the constant C'is independent of ¢. The proof
of Theorem 4.2 is now complete. B
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5 Convergence to single equilibria

Here we work within the framework used in [20]. Therefore, we do not make any growth
assumption on f and g and we consider solutions given by Theorem ??. However, Theorem
5.8 below also holds for solutions considered in the previous sections, thanks to the smoothing
effects (see Lemma 3.4).

Let us begin by recalling the following proposition (see [20, Remark 15]).

Proposition 5.1 Fix K € {D,N, R, Wy, Wi}, and let the hypotheses of Theorem ?? hold.
The semigroup S%(t) has a (strict) Lyapunov functional defined by the free energy, namely,

1 a
L (1o, 00) = = [IVoll5 + @ Vel - + B ¢l + 1160ll5 + — 100l5 1
2 b

+ [Fgdes [Gwas (5.1
Q T
where F' and G are primitives of f and g, respectively. In particular, we have, for allt > 0,

LS00, 00)) = — [0 (I~ [ (DI~ 190 2~ £ e D2, (52

We also have (cf. [20, Lemma 11])

Proposition 5.2 Let o > 0 and suppose that f,g € CY(R) satisfying assumptions (77)
and (?7?) when K € {N,Wy}. Then, for each K € {D, N, R,Wy, W1}, the semigroup S&(t)
acting on the complete metric space W, i := (V2 X Z}.) N Y44 has a bounded absorbing set.

Let us now examine more closely the set of equilibria. We observe first that (¢, 0) €
W,k is an equilibrium for P¢% if and only if it is a solution to the boundary value problem

_QAF¢OO + anwoo + B¢m +9 (1/100) - 07 on Fa
A0, =0, Q.
bOnls + s = 0, onI'.

Then, it is not difficult to realize that when K € {D, R, W}, then 6, = 0. Otherwise, when
K € {N,Wy}, 05 must be equal to a constant which is uniquely determined from (3.14) or
(3.15). Thus, the above stationary problem reduces to the following

—AY+ f (Yy) — Mbs = 0, in €, (5.3)
—QAF¢m + 8nwoo + 6¢oo + g (djoo) = O? on FJ .

where

p 0, for K € {D, R, W1},
* 7\ Ik (W0, 00) = e Woodas  for K € {N, Wi},
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and (-), stands for the spatial average over Q. It is not difficult to check that (5.3) possesses
at least one solution (i.e., there exists at least one stationary solution) by means of standard
arguments (see, e.g., [7, 10, 48]).

We now recall a further result that can be inferred from [20, Lemma 13 and Remark 14]
which yields the relative compactness in W, x of any trajectory.

Lemma 5.3 Let the assumptions of Proposition 5.2 hold. For any initial datum (1, 0p) €
Wk, the corresponding solution to P satisfies the following estimates, namely, for any
€ > 0 there exists C. > 0 such that

(& (£), 0 (£)) lvg xz, + 100 (&) vy, + 1162 (£) |z, < T, > € >0, (5.5)

where C. > 0 depends only on € and on the norm of the initial datum in V2 X Zi.. Here,

l=2if K e {Wy, Wi} and | = 3 otherwise.

Remark 5.4 We recall that in [20] we proved the existence of a compact absorbing set
(compare with Lemma 3.4). Therefore, in the hypotheses of Proposition 5.2, the semigroup
Se(t) has a connected global attractor AKX which, due to Proposition 5.1, coincides with the
unstable manifold of the set Py of the stationary points (cf., e.g., [47, Chap.7, Sec.4]).

Therefore, on account of the above results, we report some standard implications.

Lemma 5.5 For any (¢, 00) € W, k, the set w(iy,0p) is a nonempty compact connected
subset of W, k. Furthermore, we have:

(1) w1y, 00) is fully invariant for S%(t);

(ii) Lk 1is constant on w(y,0o);

(iii) disty, , (Sg(t) (g, 00) ,w (g, 00)) — 0 as t — +o0;

(1v) w(thy, 0p) consists of equilibria only.

Next, following an argument in [7], without loss of generality, we assume that (¢, 0p) sat-
isfies the condition Ik (1, 0y) = 0, whenever K € {N,Wj}. Indeed it suffices to replace the
solution (1, #) corresponding to (¥, 6o) by (¢ — ¢,8) with ¢ = (|Q| + % |I'|) Ix (¥,0) / (|2 Xo)
and to note that (¢ — ¢, 0) satisfies the phase-field equations (??)-(1.3) with f (y) and g (y)
replaced by f (y + ¢) and ¢ (y + ¢), respectively. The convergence of (¢(t),6(t)) converges
as t — 400 is not affected by this normalization. Thus, recalling (3.18), from now on we
will consider Y, , with M = 0 if K € {N,W,}. Therefore Y,, is a Hilbert space and we
will indicate by Y, , its dual. Moreover, if K € {N,W;}, in the functional Lx : Yo, — R
we will replace F' (y) and G (y) by F (y+ ¢) and G (y + ¢), respectively.

The version of the Lojasiewicz-Simon inequality we need is given by

Lemma 5.6 Let (¢, 0) € W, i satisfy (5.3)-(2.36), that is, (¢, 0x) is a critical point
of L. Assume that F' and G are real analytic. There exist constants £ € (0,1/2) and
CL >0, ¢ >0 depending on (¢, 0s) such that, for any (¢¥,0) € W, k., if

1(1,0) = (Yoo, Oo) lvz xzy. <G
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denoting by L% the Fréchet derivative of Lk, we have

CL H‘C/K <w7 9) Y% o > “CK (1/17 6) - ‘CK (1/1007 900) ‘175' (56)

Remark 5.7 The proof of Lemma 5.6 is based on the same arguments used in [7] (see also
[10]). Indeed, 1 is bounded so that the nonlinearities f (1), g(v) as well as their higher-order
deriwatives are bounded too.

We can now state the main result of this section.

Theorem 5.8 Fiz K € {D,N, R, Wy, W1 }. Let the assumptions of Proposition 5.2 hold and
suppose, in addition, that the nonlinearities F' and G are real analytic. For any given initial
datum (1, 00) € Wq i, the solution (¢ (t),0(t)) = Sg(t)(g, 6o) to PG converges to a single
equilibrium (¢, 0) in the topology of W, i, that is,

Jim () = vcllvz + 102) = 0z, ) = 0. (5.7)
Moreover, there exist C' > 0 and £ € (0,1/2) depending on (¢, 0s) such that

1 (t) = Yoollva + 110(t) = Ousllzy, + N1ty (1) [lvg, < C(1+1)74/0729), (5:8)

for allt > 0.
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