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BOOTSTRAP ALGORITHMS FOR RISK MODELS WITH
AUXILIARY VARIABLE AND COMPLEX SAMPLES

Algoritmi Bootstrap per la Modellizzazione del Rischio in Presenza di
Variabile Ausiliaria e Campionamento Complesso
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Statistical modelling of the operational risk in the financial sector as well as in other private and
public sectors is receiving increasing attention  (De Fontnouvelle et al. 2003; Nystrom and
Skoglund, 2002; Risk Management Group, 2003).  Recent financial scandals leading to huge
bank losses and the case of the re-nationalisation of the British railways company Rail-Track in
2002 are emblematic examples often cited in literature. Since the operational risk management
influences strategies, decisions and policies, even  in non-banking fields the stability of
estimators of the model parameters represents a judicious issue. On the other hand the
estimation framework shows many difficulties, for instance data are often collected under
complex sampling plans and estimators are usually complex so that their accuracy can not be
analytically assessed. In this context, resampling methods for estimating the variance of
estimators of the model parameters  and for constructing confidence intervals appear for a
natural solution. Suitable modifications of the naïve Efron’s bootstrap are needed for addressing
the non-iid characteristics above. In the present work, bootstrap algorithms for finite population
sampling are considered in presence of auxiliary variable, i.e. past experience, and of complex
samples.  A simple ratio model, i.e. a linear regression without intercept, with heteroscedastic
errors is adopted as generating the N population values

iii xy εβ +=                                            (1)

Ni L1= , where iε  are independent random variables with  ( ) 0=iE ε  and ( ) 22
iiE σε = . We

assume that a sample s of size n  is selected under a  sampling design with probability
proportional to the auxiliary variable  and without replacement ( PSπ ). Note that this enables a
wide and more complete use of the auxiliary variable. Two classic estimators,  the ratio and the

regress ion  es t imator ,  a re  cons idered :   ∑∑ ∈∈
=

si isi iRA xyβ̂  and

∑∑ ∈∈
=

si isi iiRE xxy 2β̂ . In order to estimate the estimators variance, the so- called  wild

bootstrap  is generally proposed under simple random sampling (Helmers and Wegkamp,
1998). Under PSπ  we consider three bootstrap algorithms relying  upon a bootstrap population
to perform the resampling step. Bootstrap population is defined as a set of sampled units
suitably replicated so that the features of the actual population generating data are
acknowledged at a possibly large extent.
Starting from the Holmberg’s bootstrap (Holmberg, 1998), for which the bootstrap population

results calibrated with respect to both the size N and the  total ∑ =

N

i ix1  of the auxiliary variable

and which can be interpreted as design based , we propose two modifications:
i) a simplified Holmberg’s bootstrap, still design based, by performing the resampling

according to Mecatti (2000);



ii) a model assisted  PSπ  bootstrap, by assuming iii ux 21=ε  in model (1) and  by

estimating the finite population distribution according to Rao, Kovar and Mantel (1990).
Note that a ratio model is implicitly assumed when a PSπ sampling design is chosen. The
proposed model assisted PSπ bootstrap retains the design based properties by the original

Holmberg’s bootstrap and it is also calibrated with respect to the model assumption i

a

i xy ∝ .

A simulation study is conducted with the twofold purpose of investigating the empirical
performance of the PSπ  bootstrap algorithms and of comparing them with the wild bootstrap,
i.e. the methodology available in literature.
The simulation considers an artificial set up according to McCarthy and Snowden (1985) where

estimators RAβ̂  and REβ̂  are expected to have optimal analytical properties. Monte Carlo

estimator distributions are provided under the Rao-Sampford rejective PSπ  design, for
different values of finite sample size n. Empirical properties of the bootstrap variance estimators
are evaluated by using the Average Relative Error (Lahiri, 2003)
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where θ̂  denotes the estimator from the original sample, * denotes bootstrap quantities,
expectations and variances are provided via Monte Carlo.
Partial results from some preliminary simulations show that the simplified Holmberg’s bootstrap
performs better than the original Holmberg’s bootstrap, showing an overall lower ARE which

improves as the sample size increases, especially for the ratio estimator RAβ̂ . Preliminary
simulation results are also encouraging with  respect to the performance of the model assisted

PSπ  bootstrap  for both the estimators RAβ̂  and REβ̂ . Future empirical work shall consider

comparisons with the wild bootstrap and real data sets.
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