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1. Introduction

For n € N and 1 < p < n, the critical p-Laplace equation

Apu+uP "1 =0 inR" (1.1)
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arises as the Euler-Lagrange equation associated to the problem of finding the optimal
constant in the Sobolev inequality, that is

IVull Lo ()

S, =8 := min Tl .
ueDI,p(]R")\{O} ||IU’HLP*(]R")

(1.2)

This constant is attained by the functions belonging to the (n + 2)-dimensional manifold
of the Tulenti bubbles

_n—p
M= {Uase|[Vaselo) = a (1480 —2177) 7 L aer) (b >0z e B0,

as shown by Aubin [4] and Talenti [43]. Furthermore, M coincides with the space of all
weak solutions to

—p* "2 .
Apu+ S? ||u||’£pf(Rn) [ul’ “u=0 inR"

which do not change sign. Among these functions, a significant role is played by the
p-bubbles, defined as

n
p=1 P
1 1
No—Tqpp (2=2) 7
p—1

Atz — 2|7

Uplz, N(x) =

: (1.3)

where A > 0 and z € R"™ are the scaling and translation parameters, respectively, and
they satisfy (1.1). Moreover, we notice that any p-bubble U = U,[z, A] satisfies

||U||Z£p*(Rn) = HVUHZ)(RH) =5" (1~4)

In the case p = 2, the seminal works of Gidas, Ni & Nirenberg [29], Caffarelli, Gidas
& Spruck [9], and Chen & Li [11], established that these functions are the only positive
classical solutions to (1.1).

Moreover, for 1 < p < n, it is known from the more recent works of Damascelli,
Merchén, Montoro & Sciunzi [19], Vétois [46], and Sciunzi [39] that the p-bubbles (1.3)
are the only positive weak solutions to (1.1) in the energy space D*?(R™), where

DYP(R™) := {u € LP" (R™) | Vu € LP(R™)}.

See also [16] for the classification in an anisotropic setting. Finally, we also mention that
this classification result has recently been extended without the energy assumption for
certain values of p depending on n — see [10,37,47].

A related question to the study of the optimal constant in (1.2) is the stability of the
Sobolev inequality
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”u”LP* (R < S_IHVUHLP(R") for every u € 'DLP(RH)’ (15)
which is naturally associated with the p-Sobolev deficit

IVull Lo g
5sob(u) = L ( )

= ——"—2 8 forucD'PR"). (1.6)
l[wll 1o (Rm)

Clearly, dsop(u) > 0 and it vanishes only on the manifold of minimizers to the Sobolev
quotient (1.2), i.e., on M.

In Problem A of [7], Brezis & Lieb asked whether, for p = 2 and a function v €
DY2(R™), it is possible to control an appropriate distance between u and the manifold M
in terms of the 2-Sobolev deficit (1.6). This question was affirmatively answered by
Bianchi & Egnell [6], who proved that

2

¢, In <|VU—VU||L2(Rn)> < 050b(u), (1.7)
[Vull 2@

for some dimensional constant ¢, > 0. Moreover, the exponent at the left-hand side

of (1.7) is sharp.

The technique developed in [6] strongly relies on the Hilbert structure of DV2(R™),
making it unsuitable for addressing the problem in the general case 1 < p < n. Con-
sequently, the study of the stability issue for a general p has led to several significant
contributions — see, for instance, [12,25,26,36]. The final and sharp resolution of the prob-
lem, both in terms of the strength of the distance from M and the optimal exponent,
was provided by Figalli & Zhang [27]. Specifically, they showed that

, (IIVU = Voll g gn

C 1mn
L N 2 P

max{2,p}
)> < bgop(u) for all u € DVP(R™),
where the exponent is sharp, thereby fully settling the question of stability for (1.5) & la
Bianchi-Egnell.

Another relevant line of research concerns the stability issue for critical points of the
Sobolev quotient (1.2). In the case p = 2, Struwe [42] established a qualitative stability
result for (1.1). In particular, he showed that if a non-negative u almost solves (1.1),
then w is close to the sum of 2-bubbles in the D2-norm. This phenomenon is known as
bubbling. We also mention that an analogous compactness result in R™ was obtained by
Benci & Cerami [5].

From a PDEs perspective, this problem reduces to studying

Au+ k(z)u* 1 =0 inR", (1.8)

for k close to a constant, which can be regarded as a perturbation of (1.1) when p = 2.
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A quantitative version of Struwe’s theorem for (1.8) was studied by the first author,
Figalli & Maggi [15] under the a priori energy assumption

1
59" < /|Vu|2dx < SS". (1.9)
R~

Recalling (1.4), we see that (1.9) ensures that the energy of u is nearly that of a single 2-
bubble. Therefore, (1.9) is the main ingredient to prevent bubbling. A sharp study of
this phenomenon was subsequently carried out by Figalli & Glaudo [24] and Deng, Sun
& Wei [22] by assuming the counterpart of (1.9) for multiple bubbles.

In [15,22,24], the quantitative stability result is understood in the sense of D1:2(R"),
thus providing estimates on the L2-norm of the gradient of the difference between the so-
lution and a suitable sum of 2-bubbles in terms of some deficit def (u, k), which measures
how close is k to being constant.

The analyses conducted in [15,22,24] mainly rely on the knowledge of the fam-
ily (1.3), along with their spectral properties, and the Hilbert structure of the energy
space DL2(R™). To the best of our knowledge, these aspects have so far hindered the
extension of the techniques developed therein to the case p # 2.

For completeness, we also mention that the stability of the fractional Sobolev in-
equality in the space W*2(R"), following the approach of [15,22,24], has been studied
by Aryan [3] and De Nitti & Konig [21]. Moreover, stability issues for more general semi-
linear equations and for non-energy solutions have been investigated by the authors,
together with Cozzi, in [13].

1.1. Main results

We now return to the stability problem for (1.1) in the general case 1 < p < n and
present our main results, along with a rough outline of the proof.

When 1 < p < n, Alves [1] and Mercuri & Willem [35] extended Struwe’s result to
the p-Laplacian. Nevertheless, as mentioned above, its quantitative counterpart and the
stability of critical points of the Sobolev inequality (1.5) remain mostly unexplored.

In this case, in order to obtain quantitative stability results, one has to face

Apu + k(z)uP L =0 in R™, (1.10)

for k close to a constant, which can be seen as a perturbation of (1.1), with the a priori
energy assumption

1
5S" < / |Vul? dz < %S”. (1.11)
Rn

In particular, when s = kg, any solution u € DYP(R™) to (1.10) must be a Talenti
bubble and, by testing the equation with u, it follows that
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= Jgo s@) P dz o [Vul” da

= : = . 1.12
fo = mlu) = e T (1.12)
Thus, it is natural to measure the proximity of k to kg using the deficit
— _ p*—1
def(u, k) : H(K Ko) U HL(?W(R")' (1.13)

For further details regarding this choice, we refer to [15].

With this notation, the main result of [15] states that if p = 2 and u € DM2(R") is
a non-negative function satisfying (1.10)—(1.11), then there exists a 2-bubble Uy of the
form (1.3), i.e., Uy = Us[z, A] for some z € R™ and A > 0, such that

lu = Uollpi.2gny < cn def(u, 5),

for a dimensional constant ¢,, > 0.

In the present paper, we aim to establish a quantitative stability result for positive
weak solutions u € DVP(R™) to (1.10), under a condition that prevents bubbling. Our
main contributions are the following.

Theorem 1.1. Let n € N, 1 < p < n, and k € L*(R™") N Cllo’cl(R") a positive func-
tion. Let u € DYP(R™) be a positive weak solution to (1.10) satisfying (1.11). Moreover,
suppose that

where ko(u) s defined in (1.12).
Then, there exist a large constant C > 1, a small 9 € (0,1), and a p-bubble Uy, of the
form (1.3), such that

[u—Uollpr.pgny < C def(u, r)?. (1.14)
The constant C depends only on n, p, and ||"€||L°°(]R”)7 while ¥ depends only on n and p.

The general case can be reduced to kg(u) = 1 by scaling, as already noticed in [15].
Thus, we have the following corollary.

Corollary 1.1.1. Let n € N be an integer, 1 < p < n, and k € L®(R") N CLL(R") a

loc

positive function. Let u € D¥P(R™) be a positive weak solution to (1.10) satisfying

D

1 3
5 Ko(u)r=r* 8™ < /\Vu|p dr < 5 ko (u) 77 S, (1.15)
Rn

where ko(u) is defined in (1.12).
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Then, there exist a large constant C > 1, a small 9 € (0,1), and a function U €
DLP(R™) given by

U= Ko(u)ﬁ Uo,
for some p-bubble Uy of the form (1.3), such that
Hu - UH'DI’T’(R") é Cdef(u, K/)ﬁ.

The constant C depends only on n, p, ||I<J||L00(Rn), and ko(u), while ¥ depends only on n
and p.

While writing this paper we learned that, independently of us, Liu & Zhang [34] have
proved an alternative result, which will appear in a forthcoming paper. Their approach,
inspired by [27], allows them to catch the sharp exponent in (1.14).

As far as we know, Theorem 1.1 and Corollary 1.1.1, as well as the main result in [34],
are the first results establishing the quantitative closeness of a solution to (1.10), viewed
as a perturbation of the critical equation (1.1), to a p-bubble. The exponent ¥ in (1.14)
is far from optimal. However, we believe that our approach is suitable for being used in
more general contexts — such as in the anisotropic setting.

Our strategy to proving Theorem 1.1 follows a more PDE-oriented strategy compared
to that of [15]. Specifically, we employ a quantitative argument based on integral iden-
tities, similar to the one used in [16] as well as in [10,37,47], all of which are inspired by
the seminal work of Serrin & Zou [41]. However, in our case, instead of directly applying
an inequality for vector fields, we establish a different integral inequality tailored to our
setting — this is the content of Proposition 3.3 below. This new inequality is more in
the spirit of those used by the first author, Farina & Polvara [14] and Ou [37], and is
obtained by exploiting a positive subsolution to a suitable PDE — see Subsection 1.2
below.

In the following subsection, we describe the proof strategy in more detail.

1.2. Outline of the proof

The proof begins by applying the result in [35] to identify the p-bubble close to wu,
denoted by U. We then reduce the problem to the case where U = U, [0, 1]. This reduction
is possible due to the symmetries of (1.1) and the family (1.3) — see Section 2 and
Lemma 2.1 below. Once U is fixed, we establish upper and lower quantitative decay
estimates for v and derive an upper bound for its gradient in Step 2. Additionally, we
prove that there must be at least one point ¢y € R™ where u attains its maximum, which
will be further localized later in the proof.

Next, we introduce the fundamental auxiliary function v and the P-function, defined
as
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-1
vi=u "% and Pi=n2" 17}_1 [Vol? + <L>p vt (1.16)
p n—p
We also define the stress field associated with v by setting a (Vv) = |Vv\p72 Vv, the
tensor W := Va (Vv), and its traceless version W.

In Step 3, we show that v is trapped between two p-paraboloids, using terminology
analogous to the case p = 2 — see also Fig. 1. Thus, one heuristically expects v to be
close to a p-paraboloid. The key idea of the proof is to construct such an approximation
for v and then translate this information back to .

It is well established that v satisfies an elliptic equation involving P and a remain-
der term — see (3.32) below. Moreover, this equation can be rewritten in terms of W.
Exploiting this formulation, we deduce an integral inequality involving P and W — the
content of Proposition 3.3 below. This result is obtained through the rather technical
Step 4 and Step 5. Notice that this is where the regularity of k is required.

From Proposition 3.3, in Step 6 and Step 7, we infer an integral weighted estimate
for [W| — see (3.122). Notably, for a p-bubble, the P-function defined by (1.16) must be
constant and

P
W="1Id,.
n

Therefore, when u is close to a p-bubble, we expect P to be approximately constant and,
consequently, close to its mean on a small ball Bi(zq) — recall that x¢ is the point where u
attains its maximum and v its minimum — denoted by P. This observation suggests that
we should seek a weighted estimate for |W — p1d,|, where u € R is properly chosen.

It turns out that such an estimate holds if we set u = P/n — see (3.121) below.
However, we are only able to establish it within a large ball B,., with r to be determined
by the end of the proof.

Using (3.121), in Step 8, we construct a p-paraboloid Q centered at xo, with v(zg) as its
value at the center, such that both v — Q and Vo — VQ are small — see estimates (3.145)
and (3.151). Unfortunately, when going back to u, the p-paraboloid Q does not yield
a p-bubble of the form (1.3).

To fix this issue, we introduce a refined approximation. Specifically, we define a new p-
paraboloid Q, also centered at zq, ensuring that when inverted to recover u, it precisely
yields a p-bubble of the form (1.3). In practice, this requires selecting a parameter A,
which represents the bubble’s scaling factor, to uniquely determine Q. We impose the
condition VQ = VQ, thereby fixing A. Moreover, it turns out that, up to a factor, A =
1/P. Finally, we aim to keep v — Q small.

At first glance, it may seem that we have no remaining degrees of freedom to adjust Q.
Nevertheless, this poses no issue since v and Q are already comparable. To estimate v—Q,
it therefore suffices to control Q — Q. Moreover, since Q and Q coincide at the first order,
their difference is dictated by their zeroth-order terms. This reduces the problem to
comparing v(zo) and A, which, up to a factor, amounts to comparing v(xg) and 1/P.
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Such a comparison is possible by choosing the radius t sufficiently small — see also Fig. 1
for the heuristics.

Once we establish that both v— @ and Vv —V Q are small in the appropriate weighted
norm, we return to u by defining the p-bubble

n—

U=9 .

This allows us to conclude that Vu — VU is small in L?(B,). Finally, we select r such
that the decay estimates for Vu and VU ensure that [|[Vu — VU|| 1, g g, is also small.
The result then follows by reversing the initial reduction argument, with the aid of
Lemma 2.1.

1.8. Structure of the paper

In Section 2, we recall some symmetry properties of the equation (1.1) and prove
Corollary 1.1.1. Section 3 is dedicated to the proof of Theorem 1.1. In Section 4 we
present an example which provides insights on the optimal exponent. Finally, as an
application, we derive a quasi-symmetry result for solutions to (1.10) in Section 5.

2. Symmetries of the problem and proof of Corollary 1.1.1

This brief section is inspired by Section 2.1 in [24], where the analogous properties for
the case p = 2 are listed. Additionally, we provide the proof of Corollary 1.1.1.
Given A > 0 and z € R”, let T, » : C*(R™) — C°(R™) be the operator defined as

n

Toa(@)(@) = A7 ¢ (A\z —2)).

Clearly, this operator can be extended to functions which are non smooth with compact
support in the same fashion.

The following lemma provides some fundamental properties of the family of transfor-
mations T, » which will be useful in the following.

Lemma 2.1. The operator T,  enjoys the subsequent properties.

(1) For any ¢ € C*(R™), it holds that

[ 1z de = [ 10" da.
)

R~

(2) For any ¢ € C*(R™), it holds that

/|VTZ’)\(¢)|pdSU:/|V¢|p dzx.

R~ R~
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(3) For any ¢ € CX(R™), it holds that

Toxn (T-oxa/2(9) = Tooxayx (T 0 (9) = ¢.

(4) For any p-bubble U, T, » (U) is still a p-bubble.
(5) The p-bubbles satisfy

Uplz, ] = T. 12 (Up[0,1])  and Up[0,1] =T /5 x (Up[2, A]) .

Obviously all the properties of Lemma 2.1 hold also if the functions are non smooth
with compact support, provided that the involved integrals are finite.

We observe that both the quantities ko(u) and def(u, k), given in (1.12) and (1.13),
respectively, are invariant under the action of the operators 17 y.

More precisely, if u € DVP(R™) is a weak solution to (1.10) and v := T} (u), then v €
DLP(R™) clearly is a weak solution to

Apv+R(z)vP =0 inR"
where kK(z) = k(A(z — 2)), moreover
ke L®[R") with K| pecgny = &l oo (rn)s (2.1)
and also
ko(u) = ko(v) and def(u, k) = def(v, ). (2.2)

The transformations T ) play a central role in the study of the Sobolev inequality,
as they preserve the two quantities |||, (Rny and V-l Lo®ny- In particular, we will
use these symmetries to reduce the problem to the case where, instead of considering a
generic p-bubble, we can take the fundamental bubble U,[0, 1].

We conclude this section by providing the proof of Corollary 1.1.1.

Proof of Corollary 1.1.1. The proof is a direct consequence of Theorem 1.1 and a scaling
argument. Let us set kg = ko(u) and
1

p¥—p

wi=K§ F U

It is clear that w € DP(R™) is a positive weak solution to
Apw + kg t(z)wP Tt =0 in R™.

Furthermore, by (1.15), w satisfies (1.11) and, by (1.12), also
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Pd Pd
ro(w) = M — ,60—1 M —1.
fRn wP” dx f]R" uP”" dx

By applying Theorem 1.1, we infer that there exist a large C' > 1, a small ¢ € (0,1), and
a p-bubble Uy, of the form (1.3), such that

1w — Uollpr gy < C def (w, k)" (2.3)

where the constant C' depends only on n, p, ||&|| Lo (®rny» and Ko, whereas ¥ depends only
on n and p. Therefore, we define

1
U= rl" Uy € D'P(R™)
and observe that
def (w, kg 'k) = /<;0 = def(u, k).

PP

Hence, multiplying (2.3) by xJ™" , we conclude that

(p—1)9—1

[u = Ullp1ogny < Chy 7 def(u, k). O

3. Proof of Theorem 1.1

Since Kk € L*®(R™), it is well known, by the results of Peral [38], Serrin [40],
DiBenedetto [23], and Tolksdorf [45], that any solution u € DY?(R™) of (1.10) actu-
ally satisfies

e WH=(R™) N CL*(R™)  for some o € (0,1). (3.1)

loc

Moreover, by Vétois’ Lemma 2.2 in [46], we also have that u € LP+~1:°°(R™), where p, :=

p(n—1)

P ) . Hence, by interpolation,

ue LI(R"™) for every g € (ps — 1, +00]. (3.2)

Furthermore, Theorem 1.1 in [46] provides a priori estimate for u and its gradient, namely

u(z) < i and |Vu(z)| < Ll for every z € R" (3.3)

1+\x|;:f 14 |z|»=T

for some constant C,, > 0 depending on .

Concerning the regularity of the solution w to (1.10), further results have been estab-
lished by Antonini, the first author & Farina [2] — see also the references therein. Let us
define the critical set of u as
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Z, ={z € R"|Vu(z) =0},
and the stress field associated with u by
a(Vu) = |[Vu[’ ™ Vu,
which is extended to zero on Z,,. Then, the set Z, is negligible, i.e., |Z,| = 0, and

a(Vu) € Wh2(R™),
ue W22R™\ 2,) and |VuP ?VZuec L3 (R"\ Z,) foreveryl<p<n, (3.4)

loc

we W2HR™) and |Vul" ?V2ue L} (R") for every 1 <p < 2.

loc loc

Finally, as k € C’ll.gi(R”), by Theorem 6.4 on page 284 of Ladyzhenskaya & Ural’t-
seva [32], we have

we COY(R"\ Z,). (3.5)

loc

Of course, it suffices to prove the theorem under the assumption that
def(u, k) <+, (3.6)

for some small v € (0, 1), depending only on n, p, and ||/1||LOQ(RW,). Indeed, if def (u, k) > 7,
then it follows that

[|u *UOHDLP(RTL) < ”vu”LP(]Rn) + HVUOHLP(]R") <4Sv <

for any p-bubble Uy, using (1.4) and (1.11). Therefore, in what follows, we will assume
that (3.6) is in force.
To improve readability, we divide the proof into several steps.

Step 1. Application of the Struwe-type result and reduction. For any ¢ > 0, by the
Struwe-type result of Mercuri & Willem [35] — see also [1, Theorem 2] for the case p > 2

— and considering (1.11), there exists a 6 > 0, depending on ¢, and a p-bubble U, =
Uplze, Ae], for a couple of parameters z. € R” and A¢ > 0, such that if

def(u, k) < 4, (3.7)
then

IV (u— Ue)HDLp(Rn) <e (3.8)
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We now scale and translate our functions in order to lead U, to be the p-bubble with
center the origin and unit scale factor. Taking into account point (5) of Lemma 2.1, we
set

U=U,0,1] =T_, /. (Ue)

and define

Ue =T, /x 2 (u).

Therefore, by point (2) of Lemma 2.1 and (3.8), it follows that
IV (ue = U)lproogny < € (3.9)

As noticed above, u, is a weak solution to (1.10) for a different x satisfying (2.1)—(2.2)
and u. enjoys the regularity properties listed in (3.4).

Since, according to points (1)—(2) of Lemma 2.1 and (2.1)—(2.2), all the relevant quan-
tities are invariant, we will omit the subscript in what follows — writing therefore u instead
of u.. The subscript will be restored when needed in Step 10.

Step 2. Sharp decay estimates in quantitative form. We claim that, if € is properly
selected, there exist two constants cg, Cy > 0, depending only on n, p, and H,%HLOO(RH),
such that

C
o <u(z) < — % for every z € R™. (3.10)

n—p

— = Su(r) < g
14 |z|»1 14 |z|>T

Furthermore, there exists a constant C; > 1, depending only on n, p, and H/-@HLOO(RW),

such that

Vu() < —

< ———— forevery z € R™. (3.11)
1+ |z|?»—1T

Both the upper and lower bounds in (3.10) are essentially a consequence of (3.9) and the
fact that w solves (1.10). The upper bound is obtained via a quantification the proofs
of Lemma 3.1 and Theorem 1.1 in [46]. The lower bound is a consequence of this upper
bound via the quantitative argument of Lemma 5.2 in [28].

We start by proving a weaker version of the upper bound in (3.10) which is needed
to reach the final sharp estimate. In particular, we first show that

u(z) < C|:E|P% for every x € R" \ B, (3.12)

for some r; > 0 and a constant C' > 1, depending only on n, p, and [|K[|pw gny. and
where, from now on, we denote B, := B,.(0) for > 0. By (3.9) and Sobolev inequality,
we immediately get that
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[l o ) = 101 @y, | < = Ull o e, < 57

which, in turn, implies

/ uP dx < 20" ! / UP dx + 2P ~187P &P (3.13)
R"\ B, R™\ B,

for every r > 0. We now arbitrarily fix some y € (0,1). Since U € LP (R™), there exists
a sufficiently large 1 > 0, depending only on n and p, such that

. . Sm
op"—1 / U?r dmﬁXT for every r > r1.
R”\ B,

By further requiring that

1
. Sn+p* P
€< <21_p X T) = €0,

we infer from (3.13) that

/ uP dx < X % for every r > ry. (3.14)
R”\ B,

We can now conclude that (3.12) holds true by Lemma 3.1 in [46].

As second purpose, we shall prove a universal upper bound for u. By (3.2), we know
that u € L>(R™). Moreover, we have already shown that u must decay at infinity, thus
there exists a point xg € R™ where u attains its maximum. We now claim that

[ull oo () = w(zo) <M (3.15)

for some M > 1 depending only on n, p, and H“”Lw(Rn)' Our strategy to prove (3.15)
is that of exploiting (3.9) and the proof of Theorem E.0.20 in [38] in order to derive
a universal upper bound for a suitably large Lebesgue norm of u. Ultimately, we will
deduce (3.15) by applying Theorem 1 in [40]. For the sake of completeness we reproduce
the full argument in [38].

To this end, let us define, for k£ > 0, the functions Fy, Gy, : [0, +00) — R by

At tP if t <k,
k(t) =
BEPTL(t —k)+K° ift >k,

and
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@ t(B=Dp+1 ift <k,
Gr(t) ==
(B=1)p+1)BEB=VP (¢ — ) 4 KB-DPHL if ¢ >k,

for some 8 > 1 to be determined soon. Note that F, Gj € C%1([0,4+00)), moreover one
can check that the following inequalities hold true

Gi(t) < tGL(b), (3.16)
cpp (Fi (1) < G(t), (3.17)
tPLGR(t) < Cpp (Fr(1))P (3.18)

for a couple of constants cs,p,, C'3,, > 0 depending only on 5 and p. Fix 8 > 1, depending
on n and p, such that 8p < p*, and consider

&1 = ank (u) )

where n € C°(R™) will be chosen later. We can take & as a test function in (1.10), so
that

/ IVulP~2 (Vu, V&) da (3.19)
R"

= /p IVulP 2P G (u) (Vu, V) + |VulPnP Gl (u) do = /mtp*_lank(u) dx.

Rn R~

By exploiting (3.16) and Young’s inequality we get

/p |Vu|p_27]p71Gk(u) (Vu, Vn) dx

<p / Tul L (Gl () (@G () P V| da
R’n

1
<(p-— 1)0/ |Vu|"n? G (u) dz + = /upfle(u) |Vn|? dx.
o
]RTL R’n

By taking o = (2 (p— 1)), the latter, together with (3.19), yields
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/ |VulPnP Gl (u) dz

]Rn
<4(p=1) [ @G WVl do + 2l ey [0 TGP A (50
Rn R~
<4C,(p—1) / FY (w)|Vn|” dz + QCBWHKHLOO(R”) /up*_pFif(U)np dz,
R~ R

where we used (3.18) in the last line. Taking advantage of (3.17), we can estimate the
left-hand side of (3.20) getting

o [ VUl (Fi))” da
R~

<103y (0= 1) [ FE@IVA do + 20yl ey [ 0P EL P
R~ R~

which, in turn, implies
/|V (nFr(u ))|pd:c<Cg/Fp( )|V17\pd:c+03/up “PEP (u)n? dx
R» Rn

for some Co > 0, depending only on n and p, and with C3 = 2=£ ) By

Sobolev inequality we finally deduce

P
£3

/ FPl(un de | <SP0y / FF ()| VP dz + S7PCy / uP" "PFP (w)nP d. (3.21)
n ]Rn ]Rn

We now choose € C°(R™) such that suppn = Bay, (xg), for some universal ro > 0 to
be determined in such a way that

P
||u||Lp (32T2(z0)) > 203 (3.22)
To prove the existence of an 79 > 0 for which (3.22) holds true, we argue as above to

deduce

< gmax{0,p" —p—1} <||U||p —p Sp—p*ep*—p) for every r > 0.

HUHL;(B (z0)) = Lr* (By(w0)) T

We shall choose r» > 0 in such a way that

. P
7, oy < 208 T, < S (329
Lo (By(zo)) = B.0) = 40y
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and

Sp* p*—p
€= <2max{2’P*P+1} Cg) -

Since we can determine an ro > 0, depending only on n, p, and ||x]| Loo(R7) such that

N . P
P 4 P P
WOz (o) S WOz (o) < Gz i1y 65

the second inequality in (3.23) holds, and we conclude that (3.22) is verified. By Holder
inequality and (3.22), we finally infer form (3.21) that

p

p*

([R/ FP (w)n? da §2Sprg/F,f(u)|Vn|pdx,

Rn
and, taking the limit as k — 400, the monotone convergence theorem ensures that
£
p

/ uPP P dx < 287PC, / uPP| VP dx.
n Rn

If we now suppose that n = 1 in B,,(xg), recalling that 8p < p*, we deduce

[ull Lovs (8, (20)) < C

for some C' > 0 depending only on n, p, and |||« g~). With this estimate at hand, we
can apply Theorem 1 in [40], from which (3.15) directly follows.

As in the proof of Theorem 1.1 in [46], we now show that the upper bound (3.12) can
be promoted to the stronger one in (3.10). We first claim that

||UHLP**1(RH) <C, (3.24)

for some C' > 0 depending only on n, p, and |||/« g~). We immediately note that,
by (3.24) and Lemma 2.2 in [46], we have

HuHLp*fl,oe(]Rn) <C, (3.25)

for some C' > 0 depending only on n, p, and ||K[| e gn)-

We plan to achieve (3.24) by adapting to our case a procedure which originates from
Brezis & Kato [8]. To this aim, let ¢p € C°(R™) be a cut-off function such that ¢ =1
in B(—z.), ¥ = 0in R"\ By,(—2), and |V¢| < 2/r in Ba,(—2) \ By(—z¢). We now
test (1.10) with
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§o =uY

for o > 0, and get

/ VulP™? (Vu, V&) do
]Rn

= /0|Vu|pu"_1w+ (VP 2u (Vu, Vi) de = /nup*_1+”1/) dr.
R~

R~
Thus, we deduce

U(L> /’v e )‘ wdm+/|w\p 207 (Vu, Vi) dz

p+o—1
R~
= /nu”*fpraw dzx. (3.26)

Rn

We observe that, for r large enough, we have

/|vu|p*2u0 (Vu, Vi) dz| < (VP V| ul da

Bar(=2e)\Br(—zc)

d -

© e A T
.

n—p__ 1 —
=17 1

<

B2 (0)\B-(0) 1

for some C' > 0 depending on n, p, u, and €, where we used a properly rescaled and trans-
lated version of (3.3). Therefore, letting r — +o00 in (3.26) and taking into account (3.2)

the monotone convergence theorem ensures
p p pto—1 p 14
ol ——— / ‘V (u C ) de = /Hup . (3.27)
p+o—1

Since (p+ 0o —1)p* > (px — 1) p for every o > 0, as a consequence of (3.2) and (3.27),
pto—1
we deduce that u~ » € DVP(R™). Hence, Sobolev inequality and (3.27) yield

P

*

0_( - 1 / P+U 1 * S /Hup*71+a_ dm
pro—

Rn

Let 7 > 0 to be chosen shortly. By Holder inequality, the previous estimate entails
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%
/ p+a 1 *
o
p+a—1
L* b *P
S/mup*_1+"dx+||f<a||Loo(Rn) / uT P d / uP dx . (3.28)
Br n\BT n\BT

By taking advantage of the bound (3.15), for the first integral on the right-hand side
of (3.28) we deduce

/mP“HU dz <MY K| oo gy | Ba| 77 (3.29)
B,

To handle the second summand on the right-hand side of (3.28) we start by noticing
that

< gmax{0,p”—p—1} (||U\ P —p Sp—p*ep*—p> )

||U||Lp (R"\B,) Lr* (R™\B,) T

We now choose ¢ > 0 sufficiently small and r > 0 large enough in such a way that the
second term on the right-hand side of (3.28) can be reabsorbed. Specifically, we require
that

i . o pS P
gmax{0,p" —p— 1}||H||L00(Rn (HU| ]R“\B)+S P p) < 5 <p+a—1) . (3.30)

Note that we will choose ¢ > 0 shortly depending only on n and p. By assuming that

1
< o8P P pS i
€ = €9,
=\ 2Oy \p o1 :

which depends only on n, p, and ||/<V||L00(Rn)7 and since there exists r3 > 0, depending

ounly on n, p, and ||kl gny, such that

max{0,p" — - o pS
20X P 6| e ey N U1 f 5, < 1 (m) ’

we infer that (3.30) holds true. Therefore, combining (3.28), (3.29), and (3.30) we get

P
p*

g p+o' 1p*d <
2<p+a—1 (R/ v =G
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1/P\\*x

- 2 Br

Fig. 1. The functions considered and the region B, where the energy is concentrated. The dotted blue line
is 1/P up to the correct factor. (For interpretation of the colors in the figure, the reader is referred to the
web version of this article.)

for some C' > 0 depending only on n, p, and |||« gn). Hence, (3.24) follows by choos-
ing o =1-— 1% in the previous estimate. We remark that the above approximation
procedure used to obtain (3.27) is necessary.

As a consequence of (3.15), (3.25), and of the proof of Theorem 1.1 in [46], we deduce
the upper bound in (3.10).

Finally, the lower bound in (3.10) is obtained by noticing that, from (1.11), (3.14),

and the assumption kg = 1, we get

and arguing as in Lemma 5.2 of [28] — see also [41, Lemma 2.3].

Overall, by setting € := min {€g, €1, €2}, we deduce that (3.10) holds true. This also
fixes the value of § in (3.7). To prove the gradient bound, we observe that (3.15) and
Theorem 1 in [23] yield

||U||01(Rn) < Ch,

for some Cy > 1, depending only on n, p, and Hn||Loo(Rn). Therefore, the validity of (3.11)
follows from the proof of Theorem 1.1 in [46], up to possibly enlarging C;.

Step 3. Introduction of the P-function and of the relevant vector fields. As u > 0, we
now introduce the function

vi=u nop. (3.31)

A pictorial representation of the construction we consider is given in Fig. 1. From this
definition and (1.10), it follows that v weakly solves

Ayv=P+R inR", (3.32)
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where

-1 p—l
P=nl ’ v VolP + (%) v, (3.33)

p—1
R= ( P ) (k—1)v! (3.34)
n—p
The function defined in (3.33) is the so-called P-function exploited in [37,47] to obtain the
classification result for local weak solutions of the p-Laplace equation and in [14] for the
classification of solution to semilinear PDEs on Riemmanian manifolds. Whereas (3.34)
represents the remainder term arising from the perturbation, i.e., due to the fact that
is not necessarily constant.
We first observe that

u € DVP(R™) if and only if /v*” dx + /v*” |Vo|P do < +oo0. (3.35)
Rn R~

Furthermore, v inherits some regularity properties from those of w listed in (3.1) and
in (3.4)—(3.5), more precisely

Zy = 2y,
veCLt (RN NCEE (R™\ Z,) and  a(Vv) € Wo2(R™), (3.36)
vE Wif(R” \Z,) and |Vo["?V2ve L} (R"\ Z,) forevery1l<p<n,
v e W22(R") and Vo2 V20 e L} (R™) for every 1 < p < 2.

We claim that (3.10) and (3.11) give some pointwise bounds for v, its gradient, and the
P-function. Indeed, from the sharp decay estimates (3.10), we deduce

o (1 + |m|ﬁ) <w(z) < Cy (1 + |x|ﬁ) for every x € R", (3.37)

for a couple of constants &, Co > 0 depending only on n, p, and ”K‘HL’-’O(R")' Moreover,
by (3.11) and (3.37), we get

\Vu(z)| < Cy (1 n mﬁ) for every € R, (3.38)

for some C; > 1 depending only on n, p, and ”HHLOO(]R")' As a consequence of (3.37)
and (3.38), it follows that v > &, and

v Voul? € L®(R™) with v~ |VolP < CPe;t, (3.39)

thus
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1 - p—1
PeL®R") with |Pl|pwgm < npp CPest + (#ip) el (3.40)

p—1
oo MmN : p -
Re L¥(R") with ||R||Lm(Rn)§<n_p> & 1K = 1 oo geoy- (3.41)

For simplicity of notation, we also define the function V : R™ — [0, +00) by

V(€)= %

Note that a(§) = VV (). The chain rule, (3.1), (3.4)—(3.5), (3.33), and (3.36) entail

V (Vo) € WE(R™) N CRE(R™) NCES (R™\ 2,),

loc
P e WA R™) N CEYR™) NCEY R\ Z,). (3.42)

loc loc loc

Finally, we introduce the relevant vector field
W = Va (Vv),
and extend it to zero on Z,. We also define the associated traceless version as

_ trVa (Vo)

W = Va (Vv) = Va (Vv) -

Ida, (3.43)

where Id,, is the n-dimensional identity matrix. This vector field will play a central role
in our proof.
From (3.36), we deduce that
We L3 (RY)NCLY (R Z,).

loc loc

From the chain rule and (3.36), we can also write

A(x)D?v(x) if x e R"\ Z,,

Wiw) = {0 if z € Z,, (3.44)

where A is the matrix with components
A@)]; = ayy(@) = de.e,V (Vo) (2) for @ € R\ 2,
that is
A=|VolP?Id, + (p—2) Vo] Vo @ Vo on R"\ Z,. (3.45)

In particular, A is well defined and of class 01203 in R™\ Z,, which has full measure,
hence A is measurable and we extend it to zero on Z,.
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With this notation at hand, we can rewrite (3.32) as
tr W = ayv;; = P+ R ae. in R". (3.46)
We conclude by noticing that a direct computation — see also [37, Lemma 2.1] — reveals

P P
VP = % <va (Vo) — —~ Idn) Vo = % (WT - Idn> Vo onR"\ Z,.  (3.47)

Step 4. A differential identity. In this step, we prove a differential identity that holds for
sufficiently smooth functions. This identity will be used in Step 5.

Proposition 3.1. Let 2 C R™ be an open set and w € C3(Q) be a positive function.
Let V: R™ — [0, +00) be of class C3(R™ \ {0}), and define

P:ZMV(W}H( L )p_ll

w n—op

Then, by setting

a(Vw) = VeV (Vw), [A]; = ay =0, V(Vw), and W:=Va(Vw),

the following differential identity holds in Q\ {z € Q| Vw(z) = 0}

div (w? "AVP) = w' " {—n (AVP, Vi) — Ptr W
+n(p—1) [T W2+ (V (tr W), a (Vw))] — Pw,dee,e,V (Vo) wk} (3.48)

Proof. In the proof all the calculations are done in the open set Q\ {z € Q| Vw(x) = 0},
where P is of class C2, thanks to our assumptions of w and V.
By the chain rule, we have

6j\7 (VU)) = ai (VU}) W (349)
Wi = Orai(Vw) = aijwjr, (3.50)

where a;(§) denotes the k-th component of a(&).
Then, we compute

n(p—1) P

ajP = (9]\7 (VU}) - E Wy, (351)

so that
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 OPw; P P n(p—1)

n(p—1)
aijP = w + W wW;W; — E Wij — T wﬁ]\?(Vw) =+ 8,-j\7(Vw)
Pw;  9;Pw; P -1
_ _OPwy OPw P =D g vvw), (3.52)
w w w w

where in the last equality we used (3.51).
Our goal is to compute

div (wzfndijc’)j P]) = wlin ['U.) d”awp —+ w &dljajP + (2 - n) widijaj P]

(3.53)
=l " [Al + Ag + (2 — n) widijﬁjP] .

We now proceed with the computation of A; and As. From (3.52), and using the sym-
metry property &;; = &j;, we obtain

A1 = — 20~éij8iP’U)j — Po?ijwij +n (p — 1) dmaw\?(Vw)

(3.54)
= —25[1‘]‘8“311)]‘ —Ptr'W+n (p — 1) d1]611\7<vw),

where in the last equality we used (3.50). For the last summand in (3.54), exploit-
ing (3.49), we get

d”@]V(Vw) = d”& (3JV(VM)) = 54”81 (ak (Vw) U)kj)
O O W W5 + QA (Vw) Wgj; = tr W2 4+ Q;jag (Vw) Wi

=trW? + Ok (dijwij) ai(Vw) — (8k&ij) ag (Vw) Wij-

Since
8k6¢1‘j = 8&5].51'\7 (Vw) Wik, (3.55)
from the previous equation, we obtain

dij&j\?(Vw) = tr W2 + Ok (tI‘ W) ak(Vw) - 3&5]@\7 (V’LU) Wk Ak (Vw) Wij
= tr W? + 0 (tr' W) ag(Vw) — O,e;6,V (Vw) OV (Vw) wij,

where in the last equality we used (3.49). Substituting this into (3.54), we get

A1 = —2&”61ij - PtI‘W
+n (p — 1) {tf W2 + Ok (tl" W) ak(Vw) — 8&5_7&\7 (Vw) oV (VU}) wl-j} . (356)

Now, from (3.51) and (3.55), we deduce that
Ay = (=Pwj +n(p —1) 9,V (Vw)) Og,¢,¢,V (Vw) wyi, (3.57)

therefore, inserting (3.56) and (3.57) into (3.53), we establish the validity of (3.48). O
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Step 5. The approximation procedure. In this step, we define an approximation for (3.32)
to ensure that solutions enjoy the necessary regularity to apply Proposition 3.1 of Step 4.
We aim to derive from this an integral identity valid for solutions of the approximate
problem — namely (3.69) below —, and ultimately take the limit to establish an integral
inequality for solutions of the original problem (3.32).

We begin by defining the approximation. First, let » > 0 be fixed. Given ¢ € (0,1)
and £ € R", we define

P
2

V() = [ leP]T and a©) = VYA,

Let v¢ = v=" € WYP(B,) be a weak solution to

{div (@*(Vv?))=P+R  inB, (3.58)

— on 0B,.

v

The direct method of the calculus of variations — see, for instance, [17, Theorem 3.30] —
applied to the functional

Fe(v) = /VE(VUE) +(P+ R)v dx

B,

ensures the existence of a unique minimizer v¢ € W?(B,), with v* — v € VVO1 P(B,),
satisfying (3.58) in the weak sense.
By the regularity of v, P, and &, classical elliptic estimates — see, for instance, [32] —

give that
ve € W22(B,) N CLe(B,), (3.59)
vt = in WH(B) N Gl (B, (3.60)

see also [2] for (3.60). Moreover, for any B, € B,, there exists a constant C' > 0,
independent of e, such that

-2
/[52+ |Wﬂp |D*v% || d < C, (3.61)
BP

[v*llcrap,) <C and  |a® (VO©)[y12p,) < C. (3.62)

Finally, by setting Z,- == {a € B, | Vv*(z) = 0}, we have

|Z,c| =0 and v° € C* (B, \ (2, UZ,)). (3.63)
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Taking advantage of the regularity of v and v®, by defining
We = Va® (Vo)

we have that W¢ € L2 (B,) and we can write

A% (z)D*v* (z if € B\ (Zp:UZ,),
e - { A @D @) \( ) 6
0 ifx e ZUE U ZU'
Here, A is the matrix with components
[A(2)];; = af;(x) = Og,e, VE (V0°) (2)  for @ € R™\ Z4e, (3.65)

that is

A° = [&: +|vv6|} T, +(p—2) [s +|vv6\] T Vet o Ve o B, \ Z,-. (3.66)

As for the matrix A defined in (3.45), we extend A€ to zero on Z,- and observe that it
is of class Cllog in B\ (2, UZ,). Hence, A® is measurable on B,. In addition, we also

have

trWe =ajv;; = P+ R ae in B,. (3.67)

We are now in a position to state and prove the fundamental integral identity related
to our approximation (3.58). This is exactly the content of the following result.

Proposition 3.2. Let v¢ = v=" be the unique weak solution of (3.58) and set

P MY e gy ( P ) L (3.68)
V& n—p Ve

Then, for any ¢ € C°(B,) and any t € R, the following identity holds
—/(vf)z—" (A°VP.,V(P'¢))dx = /div((vE)Q_"AEVPE) Pl¢dx
B,

/ n(A°V P.,Vo°) — P.tr W (3.69)

B,

+n(p-1) [tr[WEF (Y (W), 0 (Vo)) | = Pv§ Oeie,6, Vo (V7)o | Poda,

where P is the P-function defined in (3.33) and A® is the matriz given by (3.65).
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Proof. From (3.59), we know that v € W22(B,) is a strong solution to (3.67). Moreover,

loc
from the explicit expression of A® given by (3.66), we deduce that af; € Cl%(B,).
Since P € C%%(B,), by (3.42), and R € C%%(B,), by (3.36) and the regularity of x,
Theorem 9.19 in [30] yields
v° € CLY(By),

loc

which, in turn, implies af; € CL%(B,) and P. € CL%(B,).

Again, by Theorem 9.19 in [30], we have that v° € W?(B,), which implies that
Ve (Voe) € Wi’f(B,«), since, by the chain rule

VVe (Vo) = a® (VovF) D*0f.
As a consequence, from (3.68), we infer

P. € W22(B,),

loc

and thus (A°VP.), = o5,0;P. € WL (B,).

loc

Therefore, for any test function ¢ € C2°(B,.), integrating by parts, we deduce

—/(UE)H (A°VP.,V(P'¢))dx = /div((vE)Q’"AEVPE) Pl¢da.
B

B, r

Finally, taking advantage of (3.63), we apply Proposition 3.1 with w = v*, V = V=,
and Q = B, \ (Z,: U Z,) to conclude that (3.48) holds in €. Since both Z,. and Z,
are negligible sets in B,, we deduce that (3.48) holds a.e. in B,, and the conclusion
follows. O

We now extend Proposition 3.2 to a solution of (3.32) in order to derive the funda-
mental inequality required for our proof. This extension relies on a subtle argument to
obtain a meaningful inequality in its full strength. The key difficulty is that the tensor W
is not necessarily symmetric, except when p = 2.

Proposition 3.3. Let v be a weak solution of (3.32). Then, we have
AVP e I} (R™).

In addition, for every non-negative ¢ € C°(R™) such that supp ¢ C B, and any t € R,
it follows that

- /vQ—” (AVP,V(P'¢))dz > n(p—1)(1-c) /“1_" WI* P'o da

B, B
(3.70)

+(p-1) /1117” {n(VR,a(Vv)) + R(P+ R)} P'¢dx,
B,
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where ¢, € [0,1) is defined as

1 o)
= d-g) with 0, == (p—1)

sgn(2-p)
1+02

Cp

We first recall an elementary yet fundamental observation from Lemma 3.1 in [31],
due to Guarnotta & Mosconi, whose proof can be found therein.

Lemma 3.1. Let X = PSS, where P, S € Sym(n), with P being positive definite. Moreover,
let Amin and Amax denote the minimum and mazimum eigenvalues of P, respectively, and
define the ratio 0 '= Amin/Amax € (0,1]. Then, we have

X — X7 < 2¢| X
with

_(1-0?
e= o €l (3.71)

Additionally, the map o — ¢ = ¢(p) is decreasing on (0, 1].

Building on this, we establish the following algebraic lemma. Although this result is
also elementary, we provide a detailed proof due to its significance.

Lemma 3.2. Let X = PS, where P,S € Sym(n), with P being positive definite. Then,
the following inequality holds

tr X2 — |X|> > —c| X7,
where ¢ € [0,1) is the constant defined in (3.71).
Proof. We begin by computing

tr X2 | XP =tr X2 —tr [XXT | =tr [X (X — XT)] = 2tr [X X
| X [ ]
=2t [(Xs + Xa) Xa] = 2tr [Xs X + X3] (3.72)

where Xg and X denote the symmetric and the antisymmetric part of X, respectively.
Moreover, we have

AXsXa= (X +XT) (X =XT) = X2 - XX+ X"X — (x7)*,
whence, by the cyclic property of the trace, we have

tr [XSXA] =0. (373)
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Therefore, using (3.72), (3.73), and the antisymmetry of X, we deduce that
tr X2 — | X|° = —2tr [XaXX] = -2 |Xa”.

We observe that X, = X A, thus the latter implies

(3.74)

L2
tr X2 — | X|* = —2 ‘XA’

Since P € Sym(n) is positive definite, it admits an inverse P~! € Sym(n), allowing us
to write

. X X
X=pg_ Idn:P<S—tr P—1>,
n n

which is the product of two symmetric matrices with the first one being positive definite.
By applying Lemma 3.1, we obtain

. o2 .o
’X fXT‘ < 2| X2,
that is
.2 .o
2 ‘XA‘ <X
Combining this with (3.74), the conclusion easily follows. 0O
We are now in a position to proceed with the proof of Proposition 3.3.
Proof of Proposition 3.3. Let r > 0 be fixed and ¢ € C2°(R™) be non-negative and such
that supp ¢ C B,.
First, by (3.67), we observe that

V(trW®)=VP+ VR ae. in B,.

Therefore, from this, (3.69), and taking into account (3.67) once more, we deduce
- /(UE)Q_n (A°VP.,V(P'¢)) dx

B,
- /(08)1*” {~n(A°VP.,Vo*) = P.P — P.R+n(p—1) [tr[W?]? (3.75)
B,

+ (VP,a* (Vo)) + (VR, a* (Vv°))| — Pov§ Og,¢,6,VE (VU )vp,; } Ploda.
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We now shall let ¢ — 0 in (3.75). To this aim we study the convergence of the terms
on both sides of (3.75).
We first prove that

VE(VvF) = V (Vo) in CL%(B,) and VE (Vo) — V (Vo) weakly in WL (B,), (3.76)

a® (Vo) — a (Vo) in CL.(B,) and a° (Vv°) — a(Vv) weakly in Wlf)’f(Br), (3.77)
P. — P in C2%(B,) and P. — P weakly in W,-?(B,.). (3.78)

loc loc

The Holder and uniform convergences in (3.76) and (3.77) follow from (3.60) and
since V¢ € CH(R™).

Next, taking advantage of the uniform bound (3.62), we can extract a subsequence,
relabeled as a® (Vv*), such that

af (Vo) — a(Vv) weakly in W 2(B,).

Then, we have

—2

ay, (Vo®) = 0¢, VE (Vo©) = [62 + \Vvsﬂ = Vgs
where a,(§) denotes the k-th component of ax(§). By the chain rule
0;Ve (Vo) = aj, (Vv°) vy, ae.in B,, (3.79)
so that, using (3.61) and (3.62), we deduce
Ivve (VUE)HLZ(BP) < C forany p € (0,7),

and for some C' > 0 depending on p. Thus, the weak convergence in (3.76) follows, up to
a subsequence. Since the argument holds for any subsequence, it follows that the weak
convergences hold for the whole sequence.

Finally, the convergences in (3.78) are a consequence of the definition of P. in (3.68),
(3.60), and (3.76).

We now deal with the left-hand side of (3.75) and show that

A°VP. = AVP weakly in LY .(B,). (3.80)

Recall that the matrices A and A%, given in (3.45) and (3.66) respectively, are well defined
and of class C! in the set

BE =B, \ (Z,: UZ,),

which has full measure in B,.. By (3.51), we have
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P. ~1
(A°VP.), = af;0;P. = ——= a5 + — (p—1) 50,V (Vo°) i BE, (3.81)

VE 37 VE

where, thanks to (3.66), we have

232 p—d
of = [+ V0] T b+ -2 [ 490 T o i B
Let p € (0,7) be fixed. The latter, together with (3.62), implies
azv; <C in B, (3.82)

for some C' > 0 independent of e.
We now study the pointwise convergence of A°V P.. To this end, we extract a subse-
quence {&y, },,cn and define

which is a Borel set of full measure in B,..
Since VEV6 — VEV in R™\ {0}, form (3.60), we deduce

avi™ — aijuy i By
as m — +oo. Taking advantage of (3.82), the dominated convergence theorem entails
;' vi™ — v in L*(B,). (3.83)
By using (3.64) and (3.79), we obtain
a;;0;VE (Vo®) = o ap, (Vo) vg; = aj (Vo) (WF),,. in By, (3.84)
and, thanks to (3.77), that
a5, (Vo) (We),, — ar, (Vo) Wi weakly in L*(B,). (3.85)
Furthermore, from (3.44) and the chain rule 9;V (Vv) = aj (Vv) vk, we also get
a (V) Wi, = ai, (V) vk = a;0;V (Vo) in R™\ Z,,,

where we also used (3.36). The latter, together with (3.84) and (3.85), yields

a5:0;VE = a;;0;V (Vv)  weakly in L*(B,). (3.86)

)
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Piecing (3.60), (3.78), (3.83), and (3.86) with (3.81), we are led to

P -1
af;”(‘?jPEm — —; aijvj + % aijajV (Vv) = aijajP Weakly in L2(Bp),

where the last identity follows from (3.51). As a consequence, AVP € L?(B,) and (3.80)
follows since the previous argument hold for every subsequence {€,,},,cn-

We now handle the right-hand side of (3.75). First, by exploiting (3.60), (3.77), (3.78),
and (3.80), we infer

—n (A°VP., Vo) = —n (AVP,Vv) weakly in L2 _(B,), (3.87)
and
— P.P—P.R+n(p—1) [(VP,a* (Vo)) + (VR,a*(Vv))] —
— P>~ PR+n(p—1)[(VP,a(Vv)) + (VR,a(Vv))] in C).(B,). (3.88)
We shall now show that
U5 Og,e,6,VE (Voo )up;, = (p—2) (P+ R)  weakly in Lj, . (B,). (3.89)
We start by proving that

82

—— | (P+R 3.90
€2+\Vv€|2 ( ) ( )

UJE' 857151‘51@ VE(VUE)vzi = (p - 2) [1

2

e? vf v 2157
Lk {52 + |Vof| ] V5, in By \ Zye.

+2(p—2)m

In R™\ {0}, a direct computation reveals

ai©) = ovee) = [ +1e] e

p—2

0, VE(E) = [52 n |§|2} T S+ (p—2) [52 n |g|2} 7 &6, (3.91)

and

4

V(€)= (p—=2) [ +16F] T (&b + Eidju +Eida)

-9 [+ T Gga

The latter implies
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0 V()6 = (p—2) [e + 1] ] : (2£z§k+|§| m) (3.92)

Fo-20-[2+1e] T 666 R (o).

Finally, by (3.91), we can rewrite (3.92) in the form

8mw@%=@—%P-;{%%@MWO+a%£%%&FM%ﬂ2~
Therefore, by (3.65), we conclude that
2
V5 Og,e,6,VE (VoS )u; = (p— 2) [1 - W] QU5
g2 v§ v§ =5

+2(p—2) 24 [VoP] T vh i B\ 2,

2 2]?
g2 + |Vve|

from which (3.90) follows by (3.67).
Since P, R € L>°(R"), by the dominated convergence theorem

2
€
p-2[1-—— | (P+R)— (p—2)(P+R) inL%.(B, 3.93
( >l S| PR PR (B 39
Then, we simply have
2 |0)€ 0\E 2 €2
e” |vs v < e? | Ve <i
[62 + |Vv5\2} [52 + |Voe| }
Thus, taking advantage of (3.61), we deduce
_ *2 2
/{52 U5 U, {52 + |Vv5|2] {5 + |Vof] } fk} dx
Be (3.94)
_ 2
1 p=2
< — {52 + |Vv8|2] * D%yf <C.
16 12(B,)
As above, we extract a subsequence {&,, },, and notice that
€2 vm yim 5 01550
m% Yk [s + Ve } V0 in B, (3.95)
5, + 1vorel]

From (3.94), (3.95), and since the subsequence is arbitrary, we conclude that
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2 Em ,,Em p—2
2(p—2) —mYi T [a2+ |Wﬂ * 5 =0 weakly in L2 (B,).  (3.96)
|2, + [Voen ]

Hence, (3.89) immediately follows from (3.93) and (3.96).
We now handle the remaining term in (3.75), namely that involving tr[W¢]?, and
notice that we cannot directly conclude by (3.77). To this end, we write

tr[WEP? = [We? + te[We)? — (W)

and apply Lemma 3.2 to W¢ = A°D?v°. Note that all these computations hold on B, \
(Zy: U Z,) which has full measure in B,.. Therefore, we deduce that

tr[We? > [We* — ¢, [WEP (3.97)
In particular, the constant ¢, . given in (3.71) is determined by the ratio

._ )\min <AE>
e T N (A7)

Moreover, if g, denotes the same ratio referred to A, which is

min{1,p—1}

— (p— 1)&0(2-P)
max {1,p — 1} (p=1) ’

Op =

a straightforward computation reveals that g, . > 0,. As a consequence, Lemma 3.1
yields ¢ < ¢p, where ¢, is defined in (3.71) and referred to A, which depends only on p.
Combining this estimate with (3.97), we obtain

tr[We)? > [We)? — ¢, [WeP (3.98)
Now, we notice that

. 1 1
WP = [WeP? = = (e W)* = W —

n n

(P+R)® ae. in B, (3.99)

where we used (3.67). From (3.98) and (3.99), we conclude that

tr[We2 > (1 —¢,) |We> + ! (P+R)*. (3.100)

n

Finally, we shall show that

e—0

B, B

hminf/(uf)l*ﬂﬁ/fﬁptgbdx > /UH \W*P'¢ du. (3.101)

We first prove that
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limiglf/(vs)l_” |Vas (Vv)|* Pty dx > /ul—” \Va (Vo)[>Pl¢ da. (3.102)

B, B,
From this, (3.60), and (3.99), we infer the validity of (3.101).
We start by writing
/(UE)HL IVa® (Vo©)|* Pt dx — /7}*” \Va (Vo)|*Ptode = I + I5,
B, B
where

If = / [(v5)'7" —0'7"] |Va® (Vo) Pt¢ de,
B

r

5 = /UH [1Va (Vo) ~ [Va (Vo)*] P'o d.
B

T

Since v is bounded below, by (3.40), (3.60), and (3.62), we easily deduce that

lim I = 0. (3.103)

e—0

Then, the weak lower semicontinuity of the L?-norm, together with (3.77), yields

liminf/ ‘VaE (Vvs)v%(Pt¢)%

e—0

2
dz > /vl_”|Va(Vv)|2Pt¢d9c.

B,. B,
As a consequence, we infer that
liminf I5 > 0.
e—0
This, together with (3.103), implies the validity of (3.102).
By using (3.100), we can rewrite (3.75) as
— /(uf)2—” (A°VP.,V(P'¢))dx > /(vs)l—” {—n (A°VP.,Vv°) — P.P — P.R
B, B
. 1
F(= 1) (1= 6) W57+ % (P4 B+ (TP.a*(V6%) + (VR.a* (V)
— P a&gjngE(qu)v;i} Pt da. (3.104)

Thus, by (3.60), (3.80), (3.87), (3.88), (3.89), and (3.101), we let ¢ — 0 in (3.104) and
deduce
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—/UQ—” (AVP,V(P'¢))dz > n(p—1) (1 —cp)/vl—" W2 Pt da
B,

By

+ / ! =" {—n (AVP, Vo) + 1 (p — 1) [(VP,a(Vv)) + (VR,a(Vv))]  (3.105)
B,

+(p-1)(P+R)?—(p—1)P(P+R)} Plda.
To conclude, we observe that by p-homogeneity of V', we have
@ijvi = Og,e, V (Vo) vi = (p = 1) 0,V (Vo) = (p— 1) a; (Vo) inR™\ Z,,
therefore

—n(AVP,Vv) = —na;jv;0; P = —n(p — 1) 0; P a; (Vv)

(3.106)
=-n(p—1)(VP,a(Vv)) ae. inR"

From (3.105) and (3.106), we easily deduce (3.70). O

Step 6. Quantitative integral estimate. We now aim to derive a quantitative estimate for
an integral involving ||, the traceless tensor defined in (3.43), by exploiting Proposi-
tion 3.3. Specifically, for any ¢ > 1, we shall prove that

/UH \W|* P! da + /UH Vo2 PV PP de < Cy def (u, k), (3.107)
R~ R~

for some constant Cy > 0 depending only on n, p, ||/-§\|LOC(Rn), and t.
First, recalling (3.45), note that

AVP = |Vu|P VP + (p—2) |Vu|’*(Vo,VP) Vv a.e. in R”, (3.108)
therefore

(AVP,VP) = [VolP 2 |VP|* + (p — 2) [Vo” * |(Vu, VP)]* a.e. in R
Let us now define the annulus A, := Bs, \ B;. Moreover, let ¢ € C°(R™) be a cut-off

function such that 0 < ¢ < 1, with ¢ = 1in B,, ¢ = 0 in R" \ By, and |V¢| < 2/r
in A,. By using ¢? in (3.70) as a test function, we obtain

n(p—1) (1—cp)/v1*"|v‘i/|2pt¢2 dx+t/UQ*"\va—?Pt*va\%mx
B27- B2r

<IO+I+I5+1;, (3.109)
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where

I =(2-p)t / V2 VP P [(Vo, VPP ¢ de,

Ba,

Iy = -2 / v*"" (AVP,V¢) P'p dx,

A,

I5 = (1-p) / v'™" (R® + PR) P'¢* du,
B27‘
I =n(1-p) / v' " (VR,a(Vv)) P'¢” da.

B27*

Now, we shall estimate each of these integrals. In the following calculations C' and C’
will be positive constants, possibly differing from line to line, which do not depend on 7,
but only on n, p, [|&[| .« gn), and t.

For the first integral, we trivially have

I[<(2-p),t / V2" VP 2P VPP ¢? da, (3.110)
B2'r'
and notice that 1 — (2 —p) = min{p—1,1}.
For I3, taking advantage of (3.46) and (3.47), we deduce

VP| < C (v [W|[Vo] +v7" [Vol[RI)

Therefore, by exploiting (3.108) and applying Young’s inequality, we get

Bl<C [ o Vol [TP|VelP oda
A,

< C/ful*”WuVH \V‘V||V¢|Pt¢dx+c'/vI*”|W|p*1 |Vo||R| P da
A, A,
< g(p— 1)(1-cp) /vl_” W |* Pt 2 dm+C/vl_" IVo|* P~ | V2Pt d
B2'r Ar

+C”/v1_" IVul|P ™" |Vo||R| Pt d. (3.111)
A,

We then observe that, for r large enough, by exploiting (3.33), (3.35), (3.38), (3.40)
and since t > 1, we have
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/vl—" IVo]P7D |V Pt da < C/”_" +o7" [ VolP dz — 0,
A, Ar

37

(3.112)

as r — 400, and analogously, by exploiting (3.34), (3.35), (3.38), and (3.40), we get

/1117” IVolP~ ! [Vo||R| P! ¢ dx < C/v’” dx — 0,
A, A,

as r — +o0.
For the third integral I7, since P satisfies (3.40), we start by writing

I <C / IR p? da + C / o™ |R|P ¢* da.
BQT B2r
Then, by (3.34), (3.40), and Holder inequality, we have

/Ul_”|R|P¢2dx§C/v_”|fi—1\dx

B27‘

1
(*)’

Analogously, exploiting also (3.41), we deduce
/ v R? ¢* dx < C def(u, k).
Bar
As a result,
|I5] < Cdef(u, k).
For I} we perform an integration by parts to obtain
Ip=n(1-p) (T +J3+J5+J1),
where

Ji = (l—n)/v_” (Vv,a(Vv)) RP'¢? d,

BQT‘

It / VI (VP a (Vo)) RP¢2 da,

Ba,

BQT
<C (B/ v " dx (B/ v |k — 1% dg < Cdef(u, k).
2r 2r

(3.113)

(3.114)

(3.115)

(3.116)
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J5 = 2/u1—" (Vo,a(Vv)) RP'¢ dx,
Ay

Jp= [ v [tr W] RP'¢?* do = /vk" (P + R) RP'¢? da.

BQT BZr

For J] we exploit (3.34), (3.39), and (3.40) to deduce

|7 < C / v |k — 1o [ Vo|P de < O def(u, k), (3.117)

Ba,

arguing as for (3.114).
For the second integral we have

|J5| <t / v VP VolP R P WP de < € v VPVt [k — 1| P g% da
Bo,.

n_

Ba,
2-n P=2 e _n_y 2 =1
=C [ v2 |Vy| 2 P2 |[VPlpv 27" |Vv|? |[k—1|P 2 ¢dx
B27‘

< min{p_1,1}/UQ*"\W\P—QPFHVPF&M

By,

N |

+C/v’"’2|Vv|p|n—1|2Pt’1¢2dx

Ba,

< = min {p . 17 1} / ,UQ—n ‘V’U‘p72pt_1 |VP|2 ¢2 dr

B27‘

N =+

Ol =1 ey /U—Q VP o=" [k — 1| P'162 da.

By
Hence, using (3.39) and that v is bounded below in the last inequality, we obtain
t _
51 < ¢ min{p 1,1} / V2 VP 2P VPP de 4+ Cdef(u, k). (3.118)
B27‘
For J§ we exploit (3.34), (3.35), (3.38), and (3.40) to deduce that, for r sufficiently
large,
|5 < c/v*” Vol V| de < c/v*” dz — 0, (3.119)
A, Ar

as r — +4o00.
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The fourth term can be handled in a completely analogous way to I3, yielding
|J;] < Cdef(u, k). (3.120)

By collecting (3.109)—(3.113) with (3.115)—(3.120), letting » — +o0, and applying
Fatou’s lemma, we infer (3.107).

Step 7. Fundamental estimate for W. Let r > 1 to be determined later in dependence
of def(u, k). We will choose r in such a way that r — +o0 as def(u, k) — 0.

We aim to derive an estimate for Va (Vo) in L (B,) with ¢ € [1,2] and weight w =
v~ ™. Specifically, we will show that, by appropriately selecting a constant pu, it follows
that

/v_” |Va (Vo) — pld,|"dx < C, F, for every ¢ € [1,2], (3.121)
B
for some C, > 0 and some function of the deficit J,.
Notice that, by definition of the P-function (3.33), (3.107) with ¢t = 1 easily yields
/ o WP de < Cy def(u, k), (3.122)
R~

for some Cy > 0 depending only on n, p, and ||| Lo (®rn)- Lherefore, by Holder inequality,
we deduce

/v_"\VoV|qu§ (R/v_"ﬂ/iffdx

R~

q

(R/ v " dx < Csdef(u, k)%,  (3.123)

for some C5 > 0 depending only on n, p, ||£| ;= gy, and g¢.

Recall that in Step 2 we have identified a point zy € R™ where u attains its maxi-
mum. Consequently, v attains its minimum at z,. By taking advantage of (3.37), we can
quantitatively locate this point, indeed we must have

v(zo) < v(0) < Co. (3.124)
Hence, by setting
N p=1
R = (Cofc(’) : (3.125)
Co

which depends only on n, p, and ||/£||L00(Rn), we can conclude that xg € Bg. Let t € (0,1)
to be determined later on. From this, we have Bi(zg) C B, provided that
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r>R4+2. (3.126)

We now define

P = ][ Pdx
Bi(z0)
and observe that, by exploiting (3.46), we can write

[

By

q

W—Eldn dx
n

§4q*1/v7"\ﬁ/|qu+4q71/v7” |P*F|qd$+4q71/vfn |R|* dz

B, B

B,
= 491 {B/U_n |W|q de+11 +1s ;. (3.127)

We shall proceed with the estimate of both Z; and Z,. In the subsequent calculations C
will denote a positive constant, possibly differing from line to line, which depends only
on n, p, ||k e gn), and g.

By (3.42), the Poincaré inequality of Equation (7.45) in [30], (3.37), and since v is
bounded below, we get

I, < Cro-iCp(r,1)? /U”L |VP|"dz, (3.128)
B,
where
Cp (r,t) = 2"yt (3.129)

From (3.46) and (3.47), we deduce

/}f%|vpﬁdxg<7/}rﬂ*ﬂﬁqﬂvuwdx+ca/v*"w|vmﬂRde
B, B, B

= i + J- (3.130)

Exploiting the definition of the remainder (3.34), (3.39), and that v is bounded below,
we have

J2 < C’/Ufnv_zq*'% vr [Vl k — 1|9 da < C’/vfn |k — 1| dx

B, B
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< Cdef(u, k), (3.131)

where for the last inequality one argues as for (3.114). In a similar fashion, we get
Ji < C’/U*"Uﬂ”% o7 Vol |W |9 de < Cdef(u, k)?, (3.132)
B,

where we also used (3.123).
For the second integral, by (3.34) and since v is bounded below, we have

Iy < C’/Qf"*q |k — 1| dx < C/vfn |k — 1| dz < C def(u, k). (3.133)
B, B,

Since (3.6) is in force and we may assume r > 1, combining (3.127) with (3.123),
(3.128), and (3.130)—(3.133), we deduce that

J

B,

q

Va (Vv) — %Idn dz < Cyro-1 [1+Cp (1) def(u, k)3,

for some C, > 0, depending only on n, p, |||/« ®n), and g. This is precisely (3.121)
with

F,=rr1 [1+Cp (r,t)"] def(u, k)% and p=

)

S|

where Cp (r,t) is given by (3.129).

Step 8. Construction of the approximating functions. Our first goal here is to construct
a function Q that approximates v in LP(B,), for w = v=""PT!1 and whose gradient
approximates Vv in L, (B,), with w = v~". This will mainly follow from (3.121). Indeed,
it captures proximity information between W and a suitable multiple of Id,, which is
arguably the strongest information one might hope to obtain.
We start by defining the function
— L
D P\ " _p_
z) =v(zo) +—— | — T — To|Pt
Q) = v(a) + 2 (2) 7 o - ol
which is of class C°(R™ \ {z¢}) with Zq = {x¢}. Moreover, up to uniquely extending
the stress field on Zq, we notice that

a(VQ) (z) = g (x —x9) forxzeR”, (3.134)

Va(VQ) (z) = L Id, for xz € R".
n
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Therefore, we have a (VQ) € C*°(R"™) and, from (3.121), we deduce that

/U_” |Va (V) —Va(VQ)|Ydx < C,F, for every q € [1,2]. (3.135)

By

For convenience of notation, we set

¢=a(Vv)—a(VQ),

which is well defined in R™ since a (Vv) has been extended to zero on Z,, and notice
that we can rewrite (3.135) as

/v*" V¢|"dx < C,F, for every q € [1,2], (3.136)

Br

with ¢ € W,22(R™) by (3.36).

loc
We now introduce the small parameter 7 € (0,1), to be chosen later, and define, for

each component of (,

(= ][ Gidr = ][ a; (Vv)dz,
B (x0) B (w0)

where we used that, by (3.134), each component of a (VQ) is harmonic in R™. Therefore,
we get

|G| < ][ la; (V)| da. (3.137)

Br(xo)

Furthermore, we also have

-1 —1

||a(VU)HL1(B.,.(IO)) < ||VUHI£p71(BT(mO)) = [[Vv - VU(QTO)Hip—l(BT(mO))

(3.138)
< CTn-‘ra(P—l),

for some C' > 0 depending only on n, p, and ||&[| e gn)-

Note that this is the only one of two points in the proof where we exploit O esti-
mates in a quantitative form. We remark that this is possible since, by taking advantage
of (3.36)—(3.37), of the fact that xg € Bg, and of Theorem 1.1 in [23], there exist C' > 0
and a € (0, 1), depending at most on n, p, and ”””Lw(R")v such that

|Vo(x) — Vo(xg)| < Clx — x9|*  for every z € Ba(zo).
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Additionally, by Theorem 3 in [44], we can assume that a € (0, apy), where aps € (0,1)
is the maximal exponent of Holder regularity for the gradient of p-harmonic functions,
which depends only on n and p. As a consequence, « depends only on n and p.

As a result, (3.137) simplifies to

|G| < crer=b), (3.139)

for some C' > 0 depending only on n, p, and [|&[| e gn)-
Observe that (3.126) yields that B,(xg) C By, hence, by applying once more the
Poincaré inequality of Equation (7.45) in [30], we get

||CZ — CH%ZJ(BT) < CT% Cp (’I", T)q/v—" ‘qu drx < CT% Cp (T, T)q S:'q7 (3140)
B,

where Cp (r,7) is given by (3.129) and we used (3.136).
Since for each component of ¢ we have

||<1| LZ,(B7 < 2(]*1”41 <Z|

from (3.139) and (3.140), we conclude that

acan + 2 G 0 e

1< %a, 5,y < Co ro1 Cp (r, 7)1 F,y + Taq(p—l)} =: Cg Gy, (3.141)

for some Cg > 0 depending only on n, p, ||I€||L00(Rn), and gq.

Note that (3.141) encloses a smallness information at the level of the stress field. We
aim to transfer it at the level of the gradient first and of the function v — Q later.

It is well known — see, for instance, [33, (I), Chapter 12] — that for p > 2 it holds

|b—al’ <2r2 <|b\p_2 b—la|’ ?a,b— a> for every a,b € R",

from which

( _o |PZT
|bfa|p<2ppp ’|b|p *b—laf? za‘p " for every a,b € R™.

Thus, for p > 2, (3.141) entails

/u*" IV (v — Q) dz < 255" C S o (3.142)

Br

For 1 < p < 2, it is well established — see, for instance, [33, (VII), Chapter 12] — that

(p— )(1+|a\+|b|) —af < (P2 b~ Jal"a,b —a)

for all a,b € R™\ {0},
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from which

p(2=p)
2

|b|P—2 b— |a|p_2a P for all a,b e R"” \ {0} .

1 2 2
TS R
—al” < oo (1 bl + 1o

We also notice that, taking advantage of (3.38) and of the definition of Q, it holds
Vol < 2C4 r1  and IVQ| < Cr#7 in B,, (3.143)

for some C' > 0 depending only on n, p, and ||/1||L00(Rn). As a consequence, by exploit-
ing (3.141) and (3.143), we get

B 1 B 9 9 P(ZQ*P)
n _ Pd < - n 1 Pd
[P - Qi < o [o (L VP 4 9QP) T (¢ ds
B, B
SCTP(PQ:IP)/ P de < C O™t G, (3.144)
B,

for some C' > 0 depending only on n, p, and ||/$HLOC(R,,L). Thus, from (3.142) and (3.144),
we read

(2-p)4

/v_” V(0= QP do < Crr' 7 Sinp, 2, (3.145)

By

for some C7 > 0 depending only on n, p, and [|&| e gn)-
By (3.37) and the fact that z9 € B, we easily deduce that

(1+|x—x0|)P 1 <v( ) < Cy(1+ |z —a0|) 77 "I for every z € R", (3.146)

~

¢ (1+ |:c|) T<oplx)<Ci(1+ |x\)ﬁ for every z € R™, (3.147)

for a couple of constants &, 61 > 0 depending only on n, p, and ||/1HLOO(Rn).
Let 0 > p — 1 to be determined soon. Since v(xo) = Q(xg), the fundamental theorem
of calculus and Jensen inequality yield

[ @@= Q@ dr= [0 @0~ Q) @) - (0 Q) (@) da (3.148)
B, B,

1
d
/ /d_ v—=Q) (tx + (1 —t)xo) dt| dx
0

B,

1

< /Uﬁg(aj) |z — a:o|p/|V (v —Q) (tz + (1 — t)xo)|? dt dz.
B. 0
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By (3.146), we also have

v (z) |z —zff <C(1+ |z — x0|)_oﬁ+p (1+ |z —x0]) P |2 — 20]”

<C(1+ |z —m|) 771tP,

for some C' > 0 depending only on n, p, and |||« gn, therefore

/v_”(x) & — ao” / IV (v — Q) (t2 + (1 — £)z0)[” dt da (3.149)

BT

1
§C// (1+ |z —20|) 71 |V (0 — Q) (tz + (1 — t)z0) [P dt da.
B, 0

T

On the other hand, by taking advantage of the fact that x¢y € Bg, one can directly verify
that

1+|$—l‘0| 1 > 1
T+ |tz4+ (1 —t)xg] ~ 1+|zo] 1+ R

for every t € [0, 1].

This, together with (3.147), (3.148), (3.149), and Tonelli’s theorem, gives

/v*”(aﬂ) (v — Q) (2)|" dx (3.150)

B,

(I+te+(1- t)ac0|)_ap_fl+p IV (v— Q) (tz + (1 — t)z0)|” dt dx

IA
Q

IN
Q
— o P
o _

L+ Jy) 7P |V (0 - Q) (y) | dy dt

ool

r

IN

C [ =P () [V (0 = Q) (y)I" dy,

oo}

r

for some C' > 0 depending only on n, p, ||I€|‘L°C(Rn), and 0. By choosing o =n+p—1
in (3.150) and using (3.145), we deduce

p(2—p)
/v—n—p—H (v — Q)P dz < Cgr - a2 S 9min{p L}v (3.151)
32T
B,

for some Cg > 0 depending only on n, p, and ||H||L00(Rn).
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Note that (3.145) and (3.151) imply that Q approximates v both at the zero and first
order in an appropriate sense. However, when inverting Q through the transformation
in (3.31), to go back to u, the result is not a p-bubble of the form (1.3), but only a function
belonging to the manifold of Talenti bubbles. This suggests that a further approximation
is required.

To this purpose, we define

N2
)\ﬁ+|m—xo\”_fl 1 » \V" i /n-p -5
Qz) = — with A== <—) nr (
\itt s (n=2) 7 P\p-—1 p—1
i (52)
A direct computation reveals that
VQ=vVQ inR", (3.152)
therefore (3.145) holds with @ in place of Q, that is
p(2—p) 4
/U—" V(- Q)Pdz<Crr oG . (3.153)
! mm{p,ﬁ}
Moreover, we have
1 P p=1
Q(z) — Q(x) = v(zo) — 5 (n — p> for every z € R", (3.154)

and we shall now show that the right-hand side is quantitatively small. To this aim, we
compute

e (5)”

- ][ W@VU—VU(%)V”-( P )plmdl’.

n—mp v
Bt(lL’o)

Thus, by exploiting (3.36), (3.38), as well as the fact that v is bounded below, and
arguing as in the deduction of (3.138), we obtain

- (55)”

for some C' > 0 depending only on n, p, and [|&[| .« gn)- See, in particular, Theorem 3
in [44]. Moreover, since we have already proven that zg € By, with R defined in (3.125),
the bounds (3.38) and (3.124) give that v < C'in By(xg), for some C > 0 depending only
on n, p, and ||“||Lw(Rn)- As a consequence,

< ¢ ymin{apital (3.155)
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p—1
ﬁz( P ) ][ v ldz > C, (3.156)

n—p
By (z0)

for some C > 0 depending only on n, p, and ||/£HL0C(RW,). This, together with (3.40), also
implies that

A <A< Ay, (3.157)

for some A1, As > 0 depending only on n, p, and ||/1||L00(Rn). In addition, dividing both
sides of (3.155) by P, and exploiting (3.156), we conclude that

w3 (:5)

for some C' > 0 depending only on n, p, and |[K|| ;e gn)- From the latter and (3.154), we
read off

i 1
< Ctmm{ap’ +o¢}’

HQ - Q”Loo(Rn) < Ctmin{aP71+a}’
WhiCh, in turn7 lmphes
Q= Qlzaery <19 = Ay /“_n_p“ dr < Cypmin{ondtal (3 158)
R~

for some Cy > 0 depending only on n, p, and ||H||L00(Rn).
Taking advantage of (3.151) and (3.158), we deduce

p(2—p) .
/v—"—PH o= QP de <P LCsr 2D G\ 4P Lo pmin{oplia)
mm{p,ﬁ}
B
r(2—p) 4 .
— pmin{ap,1+a}
<Co |r 71 9min{p7#} +t ) (3.159)

for some C1g9 > 0 depending only on n, p, and H/@HLOC(Rn).

Step 9. Going back to u. We are now ready to return to the level of u by defining the
approximation for our original function and showing the smallness of the D'P-norm.
Finally, we will adjust the parameter introduced so far in terms of def(u, k).

For this purpose, we define the function which approximates u by

U = 97%7

inverting Q through (3.31). In such a way, U is a p-bubble of the form (1.3), in particu-
lar U = U,[xo, \]. Moreover, a direct computation reveals that
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p—n
p

Vu=

v FVu and VU=L""0"%VQ inR"
p
Therefore, we see that

n

—p\? n P
19 =, = (22 [ |08 vo- @8 v as
B’V‘

< op-1 (";py) {B/UHW(U Q)|pda:+/

By

n n|P
vF = Q‘E‘ IVO[Pda §. (3.160)
We now aim to estimate both terms on the right-hand side of (3.160).

By taking advantage of (3.152) and (3.157), we easily see that

Qv <,

for some C > 0 depending only on n, p, and ||"€||L°°(]Rn)> from which

_n _n|P P N n |P P
v —Q p |VQ| =0 "Q ve — Qr |VQ|
n n p
<Cv Qe — QF (3.161)
Then, the fundamental theorem of calculus and Jensen inequality entail
1 P
n n|P d n
ve — Qv | = /a(thr(l—t)Q)P dt (3.162)
0

< (g)po/l(twr (1-1)Q)" P dt|v— Q.

In light of (3.146) and (3.157), we have
v <9< @,u in R",
for a couple of constants ¢, Cs > 0 depending only on n, p, and ||HHLDO(RR). Therefore,

1
v QT / (tv+(1—)Q)" Pdtlv—Qf <v Q" ?lv—QJFf (3.163)
0
<o " Py — QP on {v<Q},

and
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1
v [ (ot (1= 9Q) 7 delo - QFF < vTQ M o - Of

0

49

(3.164)

< 657” v Py — QP on {Q <w}.

Piecing (3.161)—(3.164), it follows that

/‘Uf% ok
B’V‘

for some constant C' > 0 depending only on n, p, and ||I€||L00(Rn).
Combining (3.160) with (3.153), (3.159), and (3.165), we conclude that

’ VO dx < C/v_"_p'*'1 lv — Q| dz,

B’V‘

r(2—p) 4

IV (u = U)|[% 05y < O {r g

. . + tpmin{ap,lJra} ,
mln{p,ﬁ}

for some C71; > 0 depending only on n, p, and H/{HLOC(RH), with

2np

9q =re-t CP (7"7 T)q [1 + CP (7"7 t)q] def<u7 H>% + Taq(p_l)

and where Cp (r,-) is defined in (3.129).

Moreover, by (3.126), it holds that B (zo) C By, therefore, exploiting also (3.

have

IVU(z)| < Clz|7F forz € R"\ By,

(3.165)

(3.166)

157), we

for some C' > 0 depending only on n, p, and |||« gn). The latter and (3.11) imply

p n—p
—1

||v (U/ _u)‘lip(R"\Br) S C / |./L'|_p7(n—1) dx S Cr* p—1 ,

R™\B,

for some C > 0 depending only on n, p, and [|&| e ga)-
We finish this step by adjusting the parameters. We choose

. (p—1)2
r == def(u, /i)fmm{ﬁ’ww} = def(u, k)™,

t =71 :=def(u, k) SGi-D ,

where

q ‘= min {Pale} and p = 2nq+}% 2n+(2—p),].

Thus, by summing (3.166) with (3.167), we deduce

(3.167)
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IV (u = U)o (gny < Cdef(u, k)?,

for some € > 0, depending only on n, p, and |||« gx), and some J € (0,1), depending
only on n and p. In addition, we observe that the above requirements on the parameters,
in particular (3.126), are verified provided that

1 1
v < min{Q,é,(RH) }
where v and § verifies (3.6) and (3.7), respectively.

Step 10. Conclusion. Here, we need to restore the subscript, as announced at the end of
Step 1, and therefore write u. instead of u.
In Step 9, we have proven that

IV (e =U)| Lo gy < € def(u, )" (3.168)
Recall that we set w. = T_. /5 . (u). Hence, point (3) of Lemma 2.1 implies

that u = T;_ . (uc). Defining Uy == T_ . (i), which remains a p-bubble by point (4) of
Lemma 2.1, (3.168) reads as

IV (0= o) ey < € e, ),
which is the desired conclusion.
4. On the optimal stability result
In the paper [34], the authors prove that for any non-negative u € DYP(R"™) satisfy-

ing (1.11), there exist a large constant C' > 1 and a p-bubble Uy, of the form (1.3), such
that the estimate

min{l,ﬁ}

_ p*—1
o= Uollpn sy < € gt a2 | 20

(4.1)

holds. Hereafter, D=1 (R") denotes the dual space of D?(R™).
Truthfully, the estimate in (4.1) is stronger than that in (1.14). Indeed, by Sobolev
embedding and duality, we have

L®Y (R") — D17 (RY),

which allows us to control the norm on the right-hand side of (4.1) via def(u, k) for a
solution to (1.10). Moreover, the proof of Theorem 1.1 fundamentally relies on the fact
that w is a solution to (1.10).
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In the remainder of this section, we provide an example which shows the optimality
of (4.1) for 1 < p < 2. To this aim, we adapt to our setting the approach used in [15] to
show the optimality of the result therein — see [15, Remark 1.2]. Essentially, we construct
a suitable perturbation of a p-bubble by adding a small cut-off function, which does not
significantly perturb the energy and ensures that the new function remains close to being
a solution of (1.1).

Let us fix U = Up[0, 1] and consider a non-negative, radially symmetric, and radially
decreasing cut-off function ¢ € C2°(By). For € € (0,1), define

ue = U + €9,

which is a small, non-negative perturbation of U. Since ¢ is radial with respect to the
origin, it easily follows that Z, = {0} and that u. € C°*(R"\ {0}) N C*(R"™).

We shall show that u. € DVP(R™) verifies (1.11) provided ¢ is sufficiently small, and
we will provide precise estimates for both sides of (4.1).

We start by noticing that

VU (z) = —|VU(z)| and V¢(x) = —|Vo(x)] for every x € R™ \ {0},

xT T
|| ||

therefore
IVue|? = [VU? + 26 (VU, Vo) 4 €2 |Vo|* = [VU|* + 2 |[VU||V¢| 4 €2 |[Vo|?

=(VU| +¢|Vé|)* inR", (4.2)

since the latter holds trivially at the origin. Notice that (4.2) is geometrically obvious,
as VU and V¢ are parallel at each point and both vanish at the origin, thanks to our
definition of ¢. By Holder inequality

/ VU V6l do < VU250 IVl 1o e
Rn

hence a Taylor expansion, together with (1.4) and (4.2), yields

S" = / |VUP dz < / |Vue|? doe = / |VU|P dz + O(e) = S™ + O(e).

Rn ]Rn ]Rn

As a result, u. satisfies (1.11) provided ¢ is small enough.
By taking Uy = U, for the left-hand side of (4.1) we trivially have

e — U”Dl,p(Rn) = HV¢||Lp(Rn)~ (4.3)

We then claim that
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HApug + ug*—alflﬁp,(Rn) = 0(e). (4.4)

By duality and density, we have

Ayu +up*_1H = su <A ue +uP >’ 4.5
H p~e € D*LP'(R”') neDLPIZ]R") pe € n ( )
anHLP(Rn)zl

) *_ 1
= sup /— <|Vu5|p VUE,VT]> +u? ~'ndx|,
n€C (R™)
”VWHLP(Rn):l R™

and we notice that, by testing (1.1) with n € C°(R™), we can write

/ - <|Vu5|p72 Ve, Vn> +uf "lndx
R~

= / <|VU|”’2 VU — |V P2 VuE,Vn> n (ufg*—l - UP*—l) ndzr. (4.6)
s

We shall now estimate both terms on the right-hand side of (4.6).
For the second term, Holder and Sobolev inequalities entail that
*_ *_9 _ *—2
/ ur 2¢ |77| dr < ||U||ip* (R™) ||¢||LP* (Rm™) ||77||LP* (R™) <S 2||U||ip* (R™) ||V¢HLP(R”)
R~

for every n € C°(R™) with ||V7n]| r»(rny = 1. Consequently, a Taylor expansion gives
that

sup / (u’e’*_l - Up*_l) ndz| = O(e). (4.7)
nECe (R™)
IVl Lp mny=1

Exploiting the well-known inequality — see, for instance, [18, Lemma 2.1] —
‘|b|’”*2 b—la’ *a| < C, (o] + |a])?"*|a —b| for every a,b € R™ with [b] 4 |a| > 0,
we can estimate the first term on the right-hand side of (4.6) deducing

/<|VU|p_2VU— Va7 Vu., V) de| < C’p/(|Vug|+|VU\)p_25\V¢||Vn|dx
n R»

whence, by means of Holder inequality, we get
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/(qusl + VU 2|Vl [Vl de < | Vel oo | Veie] + VU 5 Gy
Rn

for every n € C2°(R™) with [|Vn| ,,gn) = 1. Taking into account that both u. and U
satisfy (1.11) for e small enough, we conclude that

sup / <|VU|”’2 VU — |[Vue|P % Va, vn> dz| = O(e). (4.8)
neCge(RM)
IVl p mny=1

As a result, (4.5)—(4.8) imply the validity of (4.4).
Finally, assuming that (4.1) holds for some exponent 1, the estimates (4.3) and (4.4)
lead to a contradiction unless 0 < ¢ < 1.

5. An application to quasi-symmetry

In the recent paper [28], extending the work in [13], the second author proved quasi-
symmetry for non-negative, non-trivial weak solutions to (1.10) using a quantitative
version of the moving plane method. Unfortunately, the dependence on the deficit, which
is precisely (1.13), is of logarithmic-type due to technical issues in the propagation of
the weak Harnack inequality — see also [13].

Here, we show that by exploiting Corollary 1.1.1 and the analytic tools developed
in [20] and further analyzed in [28], we can derive an approximate symmetry result
for (1.10) under perhaps more natural assumptions than those of Theorem 1.3 in [28]
and with a power-like dependence on the deficit (1.13). Specifically, we will prove the
following result.

Theorem 5.1. Let n € N be an integer, 2 < p < n, and let x € L(R™) N CLL(R™) be a
positive function. Let u € DVP(R™) be a positive weak solution to (1.10) satisfying (1.15),
where ko(u) is defined in (1.12), and the bound

[ull oo gy < Co, (5.1)

for some Cy > 1.
Then, there exist a point O € R™, a large constant C > 0, and a constant ¥ € (0, 1)
such that

lu(z) — u(y)| < C def(u, k) (5.2)
for every x,y € R™ satisfying |x — O] = |y — O|. Moreover, if ug denotes any rotation

of u centered at O, we also have

= 16| prp gy < Cdef(u, k)" (5.3)
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The constant C' depends only on n, p, Cy, ||f$HLOC(R,,L), and ko(u), while ¥ depends only
on n and p.

As mentioned, Theorem 5.1 should be compared with Theorem 1.3 in [28]. Clearly,
condition (5.1) is a necessary assumption to fix the scale of u and is present in both
results — explicitly here and implicitly in [28] through the global decay assumption. The
decay assumption in [28] is replaced here by the energy bound (1.11). Both serve to
prevent the occurrence of bubbling phenomena and are therefore needed in some form.
Finally, apart from the improvement in the estimates, another novelty in Theorem 5.1
is that the lower bound for the gradient of u is no longer required. This condition was
derived in [39] as part of the proof of the symmetry result and imposed a priori in [28]
for quantitative reasons. Here, however, this assumption is unnecessary since (5.2) is
obtained by comparing u with a multiple of a p-bubble, whose gradient is explicitly
known.

Proof of Theorem 5.1. Let us set kg = ko(u). By applying Corollary 1.1.1, there exists
a function U € DVP(R™) of the form

U= Ho(u)ﬁ Z/[o,
for some p-bubble Uy := U,[O, A, such that
lu—=Ullprogny < Cdef(u, r)?. (5.4)

The constant C' depends only on n, p, H/{HLOO(R,,L), and kg, while ¢ depends only on n
and p. Moreover, as follows from the proof of Theorem 1.1, the scaling factor A > 0
depends only on n, p, and ||&| e ga)-

From now on, the constant C' will denote a quantity that may vary from line to line,
but depends only on n, p, ||/£||LOO(R,7,), and kg.

Let © be any rotation centered at O and define ug(z) = u(Ox) and Ug (z) == U(Ox)
for every x € R™. Since U is radially symmetric with respect to O we clearly have
that Ug = U. Therefore, a change of variables gives

lue —Ullprrny = llue —Uellprowny < C def (u, k)"

Combining the latter with (5.4) via the triangle inequality, we infer (5.3).

We plan to prove (5.2) by applying the local boundedness comparison inequality of
Theorem 2.3 in [28] — see also [20, Theorem 3.2] for the original result. More precisely,
we will show that

sup (u—U), < Cdef(u, k)" for every z € R, (5.5)
B ()

for some ¥’ € (0,1) depending only on n and p.
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To this end, we observe that

Apu+ kuP” "= AU+ koUP T in R™. (5.6)
Defining
W) )
if U(x) # u(x),
c(x) = U(z) — u(z)
0 if U(x) = u(x),

and setting g == (k — ko) u? ~! € L®)'(R™) N L>°(R™), we can rewrite (5.6) as
Apu+kocu+g=AU+kocU inR"™ (5.7)

Now, we note that |||« gn) < C and also [ VU|| . gn) < C. Moreover, by Theorem 1
in [23] and assumption (5.1), we deduce that ||Vul|;«g.) < C. Consequently, we have

ce L®R™) with0<c¢< (p* — 1) max{u, U}’ 2<C. (5.8)

By (5.1), we can establish (5.2) assuming that def(u,x) < ~ for some v € (0,1)
depending only on n, p, ||/£HLQO(R”), and k. Moreover, up to a translation, we may also
assume that O is the origin. Thus, by repeating the argument in Step 2 of the proof of
Theorem 1.1, we deduce that

u(z) < ¢ for every x € R". (5.9)

n—p

14+ || »=1

Now, we observe that

VU(z)| = C (A% + mﬁ)_z 2|77 for every = € R™.

Fixing Ry = A and R > 0, and setting By := Br(0), this enables us to conclude that

1
4z <C, (5.10)
|Vu|(P—1)T
BRO
1 n+(n—1)r p—2
71dm§CR for everyr € ( ——, 1,
|vu|(1’* r p—1
Br\Br,

where C now depends on r as well.

Since (5.7)—(5.10) suffice to repeat the argument in Step 3 of the proof of Theorem 1.3
in [28], we infer the validity of (5.5). Furthermore, applying the same reasoning to the
function U — u, we obtain
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sup (U —wu), < C def(u, n)ﬂ/ for every z € R",
Bl(w)

possibly for a smaller ¢'. The latter, together with (5.5), entails
1w = Ul oo () < C def(u, )" (5.11)
Since this argument also applies to the function ug — Ug, we similarly get
ue —UHLw(Rn) = |lue —u@HLoo(Rn) < C’def(u,n)ﬂ/,

possibly for a smaller ¢/. Combining this with (5.11) via the triangle inequality, we
establish (5.2). This concludes the proof. O
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