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Abstract

In this thesis, we deal with two physics-inspired structures on Riemannian mani-
folds, depending on a smooth map φ between Riemannian manifolds and several
other functions and constants; they are called Cotton φ-Perfect Fluids (C-φ-PF)
and φ-static perfect fluids space-times (φ-SPFST). The latter are special solutions
of the Einstein field equations on a static space-time with matter sources modelled
by a perfect fluid and a map φ, while the former are the natural generalization
of φ-SPFSTs in the framework of a gravitational theory of recent introduction,
called Cotton Gravity. We highlight the role of the Introduction in clarifying the
physical background of this work and the expected contributions that such struc-
tures might give to Riemannian Geometry. In Chapter 1 we fix the notations and
conventions and review some of the basics of Riemannian Geometry and General
Relativity.
We begin Chapter 2 by introducing the theory of Cotton Gravity and showing
how it preserves the solutions of General Relativity. We then derive the equations
of C-φ-PF and show their variational origin; the class of variations that we need
to consider is such that the connection, instead of the metric, is the fundamental
entity. To obtain the main result of this chapter, a rigidity result for a C-φ-PF
under some curvature conditions which are inspired by the theory of Ricci solitons,
one needs to face a novel and specific property of Cotton Gravity, that of depend-
ing on third order derivatives of the metric tensor. In doing so, we will unveil the
special relevance that Codazzi tensors hold in this theory, as well as the important
relations between the equations of C-φ-PF and the first integrability condition of
a φ-SPFST. Inspired by some works in conformal geometry, we then conclude this
chapter by studying the obstruction to a C-φ-PF to be a φ-SPFST and relating it
to some special algebraic properties of the Weyl tensor.
In Chapter 3 we deal with φ-SPFSTs. We derive other rigidity results under
new curvature conditions, for both manifolds with and without boundary. The
proofs in the two cases are surprisingly different, but they both rely on some spe-
cial integral identities that make our assumptions effective. We then prove an
Obata-type theorem that characterizes the standard spheres as the only compact
manifolds supporting a closed, conformal vector field and a structure of generalized
Harmonic-Einstein manifold; we apply it to deduce a rigidity result for a closed
φ-SPFST for which a suitable modification of the Schouten tensor is Codazzi and
has some elementary symmetric function in its eigenvalues which is positive and
constant.
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incombenza che sono i ringraziamenti sta già avendo la meglio su di me. Del resto,
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Introduction

In this thesis, we will deal with some special structures on a Riemannian m-
manifold (M, g) depending on several additional data: a smooth map φ : (M, g) →
(N, h), where (N, h) is a second Riemannian manifold, a coupling constant α ∈
R, α ̸= 0, a ”potential” U ∈ C∞(N) and three smooth functions f, µ, p ∈ C∞(M).
The two most important systems that we are going to discuss are the φ-Static
Perfect Fluid System:



Ricφ +Hess f − df ⊗ df − 1
m−1

(
Sφ

2
− p+ U(φ)

)
g = 0,

∆f − |∇f |2 = − 1
m−1

[
mp−mU(φ) + m−2

2
Sφ
]
,

0 = τ(φ)− dφ(∇f)− 1
α
∇U(φ),

µ+ U(φ) = 1
2
S,

∇p− (µ+ p)∇f = 0

(0.1)

and the Cotton-φ-Perfect Fluid system, which in local components read

0 = Cφ
ijk + fijk − fikj − fikfj + fijfk

− 1
m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+ 1
2m(m−1)

(
Sφ
k δij − Sφ

j δik
)

+ 1
m
Uaφa

j δik − 1
m
Uaφa

kδij +
1
m
(µjδik − µkδij),

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i − ftR

φ
it

+ 1
m
Uaφa

i − m−1
m

µi,

0 = ∇p− (µ+ p)∇f,

0 = τ(φ)− dφ(∇f)− 1
α
∇U(φ).

(0.2)

Here, Ricφ, Sφ and Cφ stand for the φ-Ricci tensor, the φ-Scalar curvature and
the φ-Cotton tensor. They are examples of what are called φ-curvatures. They
are given by the expressions

Ricφ := Ric− αφ∗h, Sφ := S − α|dφ|2

and

Cφ
ijk := Aφ

ij,k − Aφ
ik,j,

9
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where

Aφ := Ricφ − Sφ

2(m− 1)
g

is the φ-Schouten tensor. The expressions |dφ|2 and τ(φ) denote (twice of) the
energy density and the tension field of the map φ, respectively, see Section 1.2
for more details. The genesis of (0.1) and (0.2) is rooted in concepts arising, par-
tially independently, in mathematical relativity and differential geometry. These
two tightly related fields have a long history of mutual contributions, where tools
developed to treat specific problems in one area reveal to be crucial also in the
other. To better highlight the importance of systems (0.1) and (0.2), we feel nec-
essary to give a brief overview of (a part of) the story. We hope that even the
experienced reader, to whom most of the following discussion will not be new, will
find some interesting insights. At the starting point there are of course Einstein’s
field equations

R̂ic− 1

2
Ŝĝ = T̂ (0.3)

on a Lorentzian manifold (M̂, ĝ). The meaning of (0.3) is well-known: the presence

of mass, encoded in the tensor T̂ , curves the space-time M̂ by prescribing its
Einstein tensor Ê := R̂ic − 1

2
Ŝĝ. The gravitational field is just the effect of this

curvature. If we imagine, as a toy model, that the cosmological constant be the
only contribution to the field equations, then T̂ will have the form T̂ = −Λĝ, for
some Λ ∈ R. If we trace (0.3) we get

Ŝ =
2n

n− 2
Λ,

n being the dimension of M̂ , and plugging this information back in (0.3) we deduce

R̂ic = Λ̂ĝ, (0.4)

where Λ̂ := 2
n−2

Λ. In other words, the Ricci tensor is a constant multiple of
the metric. Manifolds satisfying (0.4) are called Einstein metrics. While having
the fundamental feature of representing the vacua in Einstein’s theory of general
relativity, Einstein metrics are also intensively studied in Riemannian geometry
for totally independent reasons, the most important being that they are the fun-
damental example of a canonical metric on a manifold, that is, metrics whose
existence or non-existence influences the topology of the manifold. See the ex-
cellent [10] for a monograph on Einstein manifolds and the more recent [19] for
a discussion on the concept of canonical metric. Another important system of
equations can be derived from (0.4): assume that (M̂, ĝ) be a static space-time,

that is, it holds M̂ = M ×R, ĝ = −e−2fdt⊗ dt+ g where (M, g) is a Riemannian
manifold, f ∈ C∞(M) and t : M × R → R is the projection. Then (0.4) reduces
on the Riemannian factor (M, g) giving rise to the system{

Ric + Hess f − df ⊗ df − S
m−1

g = 0,

∆f − |∇f |2 = S
m−1

.
(0.5)
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A manifold (M, g) with a solution of (0.5) is called a Vacuum Static Space. It
is customary to perform the substitution u = e−f so that (0.5) gives rise to the
equation

Hessu− uRic−∆ug = 0. (0.6)

By construction, u > 0 on M , and one often adds a boundary component ∂M
to M requiring that u ≡ 0 on M ; ∂M can be used to model, for example, the
horizon of one or more black holes, according to whether the boundary is connected
or not. In the literature, triplets (M, g, u) satisfying (0.6) with u satisfying the
aforementioned condition on its sign are usually referred to as vacuum static spaces;
due to the possible presence of the boundary ∂M , such manifolds are in general
different to those supporting a solution f of (0.5), but, in view of the substitution
u = e−f , these two notions clearly agree on int M . In this thesis, apart from
Section 3.2, we will only deal with manifolds without boundary, so that there will
be no ambiguity in considering only solutions to (0.5). It is known from the work
of Fischer and Marsden, [43], [44], that (0.6) is tightly related to the deformation
of the scalar curvature: indeed, if we let M be the set of smooth Riemannian
metrics on M and

S : M → C∞(M)

be the scalar curvature operator, that is, the map that associates to every metric g
its scalar curvature, then it turns out that the linearizationDS∗

g(u) of the adjoint of
S at the metric g evaluated at a function u ∈ C∞(M) coincides with the left hand
side of (0.6). Later on, Herzlich, [56], was able to prove that on every Einstein
manifold (M, g) endowed with a conformal vector field X, that is, a smooth vector
field satisfying

LXg =
2

m
divXg,

we have that u := divX belongs to kerDS∗
g so that it solves (0.6). Then, Miao

and Tam, [75], by studying the critical points of a functional of the form

FX(g) =

∫
∂M

G(X, ν), (0.7)

where G is a modification of the Einstein tensor and ν is the normal to the bound-
ary, proved a partial converse to Herzlich’s result, that is, they showed that every
constant scalar curvature Riemannian manifold (M, g) admitting a conformal vec-
tor fieldX such that divX ∈ kerDS∗

g and satisfying some mild further assumptions
must be an Einstein manifold. The introduction of the functional (0.7) was moti-
vated by some earlier works on the notion of ADM mass.
Other interesting systems of equations can be derived from (0.3) by considering
different stress energy tensors. The first type that we will deal with is called the
perfect fluid stress-energy tensor. Its expression is

T̂ F := (µ̂+ p̂)X♭ ⊗X♭ + p̂ĝ (0.8)
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where µ̂, p̂ ∈ C∞(M̂) andX is a time-like, unitary vector field on M̂ , i.e. ĝ(X,X) =
−1. Note that such an X might not exist in general, [88, Chapter 8], so that
assuming its existence already imposes some (physically reasonable) constraints on

the geometry of (M̂, ĝ). The vector field X has to be interpreted as the space-time
velocity of a fluid whose density and pressure are µ̂ and p̂, respectively. The fluid
being perfect means that we consider the contributions given by heat conduction
and viscosity to be neglectable. See [88, pag. 62], and [54, pag. 69]. Despite a
great number of exact solutions of (0.3) of perfect fluid type being known, [60], just
a small fraction of them is considered physically acceptable, see [32]. Nevertheless,
perfect fluid space-times have been vastly employed to build stellar models ([82],
[63], [87]) and to describe the large-scale behaviour of the universe ([88, Chapter
5] and [78]). For a static space-time, the perfect fluid stress-energy tensors that
we are going to consider have the form

T̂ F = (µ̂+ p̂)e−2f̂dt⊗ dt+ p̂ĝ (0.9)

where µ̂ = µ ◦ π̂M , p̂ = p ◦ π̂M for some smooth functions µ, p ∈ C∞(M). It is
well-known, and we will prove it in Section 1.3, that equation

R̂ic− 1

2
Ŝĝ = T̂ F

on a static space time M ×f R decomposes in the following system
Ric + Hess f − df ⊗ df − 1

m−1

(
S
2
− p
)
g = 0,

∆f − |∇f |2 = − 1
m−1

[
mp+ m−2

2
S
]
,

µ = 1
2
S,

∇p− (µ+ p)∇f = 0.

(0.10)

When the equation of state p = −µ is satisfied, it is easy to prove that µ is constant
and (0.10) becomes the system of a vacuum static space. Performing again the
substitution u = e−f , we have that (0.10) takes the form

Hessu− u
{
Ric− 1

m−1

(
S
2
− p
)
g
}
= 0,

∆u = u
m−1

[
mp+ m−2

2
S
]
,

µ = 1
2
Sφ,

(µ+ p)∇u = −u∇p,

(0.11)

which is a more common definition of static perfect fluid in the literature.
The second type of stress-energy tensor is described by a smooth map φ̂ : (M̂, ĝ) →
(N, h), where (N, h) is a Riemannian manifold, a constant α ∈ R, α ̸= 0, and a
potential U ∈ C∞(N). Its precise form is

T̂ φ̂ := αφ̂∗h−
(α
2
|dφ̂|2 + U(φ̂)

)
ĝ. (0.12)

When (N, h) = (R, dt2), φ̂ is called a scalar field. When α > 0 one speaks of a
quintessence, while, if α < 0, φ̂ is called a phantom field, see [31] and references
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therein. Tensors as (0.12) are often used to encode the (hypothetical) contribu-
tion of dark matter and dark energy on the field equations, [26], or to describe
the gravitational effects of some elementary particles during the early life of the
universe, [64]. The map φ̂ is sometimes called the sigma model. When T̂ = T̂ φ̂,
Einstein’s field equations read

R̂ic
φ̂
− 1

2
Ŝφ̂ĝ = U(φ̂)ĝ (0.13)

with R̂ic
φ̂
and Ŝφ̂ defined as before. It can easily be seen, [13, Section 2.4.1], that

(0.13) are the Euler-Lagrange equations of the functional

F(ĝ, φ̂) =

∫
M̂

Ŝ − α|dφ̂|2ĝ − 2U(φ̂)

with respect to compactly supported variations of the metric. Considering instead
variations of the field φ̂, we get the further equation

τ(φ̂) = ∇U(φ̂),

where τ(φ̂) is the tension field of φ̂ (see Section 1.2) and ∇U is the gradient of U
with respect to the metric h. When U is constant, we get the system{

R̂ic
φ̂
= Λĝ, Λ ∈ R,

τ(φ̂) = 0
(0.14)

which is called the Harmonic-Einstein system. Both static perfect fluid space-
times and Harmonic-Einstein manifolds fit in a more general theoretical framework
that mathematicians have been studying independently of their physical signifi-
cance. Recall that a Ricci soliton is a Riemannian manifold (M, g) endowed with
a smooth vector field X such that it holds

Ric + LXg = λg, λ ∈ R.

As it is well known, they often arise as limits of dilations of singularities of the
Ricci flow. If X = ∇f , for some smooth function f ∈ C∞(M), then we say
that (M, g, f) is a gradient Ricci soliton. After their introduction by Hamilton,
[50], they raised an ever-growing interest in the mathematical community, leading
to a variety of different works, a complete summary of which would be a too
demanding task for us; the reader can consult the nice surveys [14] and [15]. They
also attracted attention to several related structures, namely Ricci almost solitons
[80], Yamabe solitons [23], [17], Yamabe quasi-solitons [57], [89], quasi Einstein
manifolds [18], [55] and ρ-Einstein solitons [22]. All of those are particular instances
of the more general notion of an Einstein-type structure, introduced in [21], given
by the equation

αRic +
β

2
LXg + µX♭ ⊗X♭ = (ρS + λ)g,
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where α, β, µ, ρ ∈ R, (α, β, µ) ̸= (0, 0, 0), λ ∈ C∞(M) and X ∈ Γ(TM). If X =
∇f , f ∈ C∞(M), then the latter becomes

αRic + β Hess f + µdf ⊗ df = (ρS + λ)g, (0.15)

that is, a gradient Einstein-type structures. By looking at equations (0.8) the
reader will definitely be convinced that static perfect fluid space-times are partic-
ular instances of Einstein-type structures, at least when one neglects the presence
of the boundary.
Vacuum static spaces and perfect fluids space-times have been vastly analyzed in
the mathematical literature; what’s more, their study contributed to the develop-
ment of tools and ideas that revealed precious for more general classes of manifolds
such as (0.15). It is the case, for example, of [59], where techniques introduced
to deal with conformally flat vacuum static spaces have been rediscovered (maybe
independently) in the context of Ricci solitons, see [16], and their generalizations,
see [21], [6]. This circle of ideas, based on the detection of some ”integrability
conditions” for systems as (0.15), still finds as of today many applications and will
indeed be crucial also in the present work. A similar situation, where ideas from
the mathematical and physical communities influence each other, also arises in the
case of Robinson-type identities, originally used to prove the spherical symmetry
of static stellar models, [85], [63], and then employed in [86], [11] and [38]. We
also cite on passing the very recent [30], [29] and [4].
The appearance of the extra contribution given by a smooth map φ : (M, g) →
(N, h) in the present discussion is, from a purely mathematical point of view,
more natural than one might think. Indeed, a coupled flow that depends both on
a family of smooth metrics {gt} and smooth maps {φt} is already considered in
the seminal work of DeTurck, [35], on the short-time existence of the Ricci flow.
Later on, List, [65], introduced the following flow:{

∂tgt = −2Ricgt + 2αφ∗
th,

∂tφt = τ(φt),
(0.16)

for a fixed constant α and scalar maps {φt}, so that (N, h) = (R, gcan) in this case.
Quite surprisingly, List’s original goal was to find good numerical approximations
of vacuum static spaces. The link between vacuum static spaces, system (0.16) and
Harmonic-Einstein manifolds is given by what is sometimes called the harmonic
map representation of a static triple: given a three dimensional, scalar-flat solution
of (0.6), it is easy to see that the conformal metric g̃ = u2g satisfies{

R̃ic = 2d log u⊗ d log u,

∆̃ log u = 0,

on int M , which is a Harmonic-Einstein structure; see also [84]. System (0.16)
was later generalized by Buzano, [76], by considering a time-dependent α and
a general target manifold (N, h); this is called the Ricci-Harmonic flow. It was
Buzano’s discovery that such a flow is sometimes better behaved than Ricci flow
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itself when it comes to the formation of singularities. These are now modelled by
the Ricci-Harmonic solitons, that is, solutions of{

Ricφ + LXg = λg, λ ∈ R,
τ(φ)− dφ(X) = 0

(0.17)

for some smooth vector field X. These structures were later generalized, similarly
to what has been done in [21], to the notion of a φ-Einstein type structure, which,
in the gradient case, is given by{

Ricφ +Hess f − µdf ⊗ df = λg,

τ(φ)− dφ(∇f) = 0,

for µ ∈ R, λ ∈ C∞(M). See [6]. Moreover, the Ricci-Harmonic flow appears
naturally when one considers Ricci flow on warped product manifolds with a circle
fiber S1, [68], or on a special class of vector bundles, namely, Rn-vector bundles
over a Riemannian base with flat metrics on the fibers and such that the fiber-
wise volume form si preserved by the flat connection, [66], [67], [90]. This type of
bundles is particularly important for the study of immortal (that is, defined for all
positive times) solutions of the Ricci flow, see [61].

We now introduce the first class of spaces that we want to study, namely the
φ-static perfect fluid space-times (φ-SPFST for short). They are obtained from a
static space-time satisfying

R̂ic− 1

2
Ŝĝ = T̂ F + T̂ φ̂, (0.18)

that is, a static solution of Einstein’s field equations with matter contributions
given by both a perfect fluid and a field φ̂. We will see in Section 1.3 how to reduce
(0.18) on the Riemannian factor (M, g) in order to obtain (0.1). It is interesting to
note that similar stress-energy tensors have been recently considered in relations
to the study of cosmological inflation, see [41] and [42].
The second class of manifolds that we want to deal with are named Cotton-φ-
perfect fluids, C-φ-PF for short.
With the previous discussion, we hope to have convinced the reader that physically
meaningful equations give rise to strong mathematical ideas. In recent times, the
physical literature has seen a number of new modifications of General Relativity;
this is mostly due to the general belief that dark matter and dark energy alone be
no more a sufficient paradigm to meet the experimental evidences so that some
deeper re-elaborations of Einstein’s theory are needed. The central part of this
thesis (Chapter 2) wants to be a first tentative approach to one of these theories,
namely, Cotton Gravity, [51], from a strictly mathematical point of view, hoping
that in the future it will successfully contribute to mathematical research. One of
the advantages of Cotton Gravity with respect to General Relativity stems from
the fact that the cosmological constant is no more a free parameter, but it is
now an integration constant of a more general system of equations. This feature
is considered desirable in that it should help us unveiling the true nature of the
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cosmological constant, especially in view of the discrepancy between its measured
value and the expected gravitational effect of the quantum vacuum, see [37] and
[24]. For this reason, it makes sense to consider also (covariant) derivatives of
the curvature tensor and of the stress-energy tensor into the field equations, while
possibly having all the solutions of Einstein’s General Relativity to be solutions of
this new theory. The equations that Harada proposed are the following

Ĉ = −(n− 2) div1 T̂ (0.19)

where Ĉ is the Cotton tensor, T̂ is defined by

T̂ :=
1

n− 2

(
T̂ ? ĝ − 1

2(n− 1)
(trĝT̂ )ĝ ? ĝ

)
,

and div1 T̂ stands for the divergence of T̂ with respect to the first index, which in
components read (

div1 T̂
)
αβγ

:= T̂
ρ
αβγ,ρ.

The right hand side of (0.19) is chosen in a way to preserve all the solutions
of General Relativity. Some skepticism regarding the physical validity of CG has
been first raised by Bargueño, [9], but Harada was able to show that the galactic
rotation curves of 84 far away galaxies can be explained by his theory without the
need for dark matter contributions, [52]. Some other criticisms have been raised in
[27], where it is argued that the higher number of solutions of Cotton gravity with
respect to GR makes the theory unphysical, and in [3], where the authors claim
that, due to the vanishing of some conserved charges in the simplest models of the
theory, the formation of black holes without energy loss is likely to occur (see also
[2], where a similar framework, called Conformal Killing Gravity, is addressed).
These pessimistic conclusions were then confuted in [72], [24] and [73]. In any case,
Cotton gravity is presently an active field of research and, besides these controver-
sial disputes, it reveals to be certainly interesting from the purely geometric point
of view. The purpose of Chapter 2 is to use its field equations as a stepping stone
to derive meaningful generalizations of mathematical structures that, despite of
their physical origin, have been vastly analysed by the mathematical community.
We will therefore focus on the Cotton Gravity-version of φ-static perfect fluids,
that is, the solutions of (0.19) for a stress-energy tensor T̂ = T̂ F + T̂ φ̂.
Let us now discuss in details the content of this thesis. Chapter 1 is an intro-
ductory chapter, without original material. In Section 1.1 we discuss some of the
basics of semi-Riemannian geometry, with a focus on the moving frame method.
In Section 1.2 we introduce the formalism of φ-curvatures, that is, tensors that
encode both the classical curvature tensors and terms depending on the field φ̂.
They have already been discussed in [1] and [74]. Section 1.3 contains the deriva-
tions of the static perfect fluid system and the φ-static perfect fluid system.

In Chapter 2 we discuss the notion of C-φ-PF. Since every φ-SPFST is also a
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C-φ-PF, the rigidity results of this chapter also apply to this class of spaces; we
will delegate to Chapter 3 some rigidity results for φ-SPFSTs that we have not
been able to generalize to the context of C-φ-PFs. The material we present in
Chapter 2 is extracted from [46]. Firstly, we describe the field equations of Cotton
gravity and, through some elementary computations, we show that their solutions
include the solutions of Einstein’s General Relativity. Moreover, as in Einstein’s
theory, the conservation equation div T = 0 is implied by the field equations. We
then show how, in this new theory, the field equations have a variational origin.
What’s important to note is that one needs to consider a specific class of vari-
ations, where the connection, instead of the metric, is the fundamental entity.
Indeed, Harada, [51], already proved how Cotton flat metrics on a Lorentzian
4-manifolds are critical points of the action functional

ĝ →
∫
M̂

∣∣∣Ŵ ∣∣∣2
with respect to variations of the Levi-Civita connection that leave the metric g
fixed. Performing similar computations, we will show that, in any dimension
greater or equal than 3, the equation

Ĉ = −(n− 2) div1 T̂
φ̂

has a variational origin. We remark that the situation is different for the stress-
energy tensor T̂ F since, even in Einstein’s theory, it does not have a variational
origin in the strict sense. We then proceed to derive (0.2) from the field equations.
We also give an equivalent formulation of (0.2) which depends on two fundamental
tensors, namely

DA
ijk :=

1

m− 2

[
fkR

φ
ij − fjR

φ
ik +

ft
m− 1

(
Rφ

tkδij −Rφ
tjδik

)
− Sφ

m− 1
(fkδij − fjδik)

]
and

DB
ijk :=

1

m− 2

[
fjfik − fkfij +

ft
m− 1

(ftjδik − ftkδij)

− ∆f

m− 1
(fjδij − fkδik)

]
.

These tensors were introduced in [16] for the study of Ricci solitons, where one has
the validity of DA = DB, and, in this context, they appear in the first integrabil-
ity condition of a Ricci soliton; as we will see, the same happens for a φ-SPFST.
This leads to a first remarkable fact: the equations of C-φ-PF generalize the first
integrability condition of a φ-SPFST, the main difference being that now DA and
DB are, a priori, distinct. Therefore, one can hope to extend to this setting some
rigidity results for φ-SPFSTs that rely on the integrability conditions of (0.1).
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This calls for a generalization of [16]: there, making use of the second integrabil-
ity condition of a Ricci soliton and of a suitable integral identity (in physicists’
language, a Robinson-type identity) the authors were able to classify Bach-flat,
complete shrinking Ricci solitons by proving the vanishing of DA (and therefore
of DB). For this reason, in Section 2.3.1, we discuss how the vanishing of DA

and DB affects the local geometry of a C-φ-PF and in Section 2.3.2 we derive
the relevant Robinson-type identity. By doing so, we prove the main theorem of
this Chapter, namely Theorem 2.36. As a by-product of the previous analysis, we
show how a C-φ-PF is tightly related to the existence of a Codazzi tensor. Finally,
in Section 2.4 we discuss some conditions under which a C-φ-PF reduces to a φ-
SPFST. A fundamental concept in this direction is that of Riemann compatibility,
introduced by Mantica and Molinari, [69], that, in this context, becomes a sort of
integrability condition for system (0.2). Elaborating on some ideas of Mantica and
Molinari, [69], [70] as well as of Gover, Nagy and Nurowski, [47], [48] we deduce
some natural conditions on the Weyl tensor under which every solution of (0.2)
gives rise to a solution of (0.1), giving a special emphasis to the case of dimension 4.

In Chapter 3, we deal with φ-static perfect fluid space-times. The material pre-
sented here is taken from [13]. Out of all the results of [13], we chose to present
only those that are closer in spirit to those of Chapter 2; in particular, the main
assumptions concern the φ-Cotton tensor, or the existence of a suitable Codazzi
tensor. Firstly, note that using (0.1).iv) and (0.1).ii) into (0.1).i) we get that (0.1)
implies the validity of{

Ricφ +Hess f − df ⊗ df = λg, λ ∈ C∞(M),

τ(φ) = dφ(∇f) + 1
α
∇U(φ).

We add a parameter η ∈ R to obtain{
Ricφ +Hess f − ηdf ⊗ df = λg, λ ∈ C∞(M),

τ(φ) = dφ(∇f) + 1
α
∇U(φ).

(0.20)

Chapter 3 actually deals with Riemannian manifolds supporting a solution of
(0.20), φ-SPFSTs being a particular case of it. Equations (0.20) can be seen
as a generalization of the φ-Einstein type manifold system, the new ingredient
being the potential U . We begin by giving the first integrability condition of
(0.20). Then, similarly to the previous chapter, we derive several rigidity results
by proving the vanishing of the tensor DA. Most of the results of this Chapter
work under the assumption of vanishing of the total divergence of the φ-Cotton
tensor, in components,

0 = div3Cφ := Cφ
ijk,kji. (0.21)

When φ is constant, assumption (0.21) has been considered in [20]. There, a
classification of complete, gradient, shrinking Ricci solitons satisfying (0.21) is
given. We extend their result to the present setting. As in [20], our approach
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depends on a suitable integral formula together with a tricky integration by part.
In Section 3.2, we also consider the case of manifolds with boundary. The presence
of boundary terms in our integral formulas calls for a much more involved proof,
which is actually entirely independent to the one of the previous section. Finally,
in Section 3.3, we deal with compact manifolds supporting a solution of (0.20) for
which a suitable modification of the φ-Cotton tensor vanishes. We first recall a
classical Theorem of Obata, [77]: every compact Einstein manifold endowed with
a non-Killing conformal vector field is isometric to a standard sphere. In [1], the
authors were able to extend Obata’s theorem to some class of φ-Einstein type
manifolds. Using that result, they proved that every compact gradient φ-Einstein
type manifold that’s φ-Cotton flat and has some positive, constant higher order
elementary symmetric polynomial in the eigenvalues of the φ-Schouten tensor is
isometric to a standard sphere. In Section 3.3, we extend their result to solutions
of (0.20). The main difference between our approach and theirs lie in the Obata-
type theorem: in order to take into account the presence of the potential U , we
need to perform some tricky computations. Unfortunately, to make our method
work, we were forced to make the further assumption that X be a closed vector
field. Luckily enough, this is always the case for our application, since we will
always deal with gradient vector fields.
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Chapter 1

Preliminaries

Throughout this thesis, every manifold is implicitly assumed to be smooth and
connected. We denote the vector bundle of smooth vector fields on a manifold M
by TM , while T ∗M is be the co-tangent bundle. The vector bundle of tensor fields
of type (r, s) is denoted by T (r,s)M . Given a vector bundle E on M and an open
subset U on M , we let Γ(U,E) be the space of smooth sections of E supported
on U , and we set Γ(E) := Γ(M,E). Given a semi-Riemannian metric g on M ,
we have that g induces a linear isomorphism between TM and T ∗M , called the
musical isomorphism. Given a vector field X ∈ Γ(TM), the associated 1-form is
denoted by X♭, while, given a 1-form θ ∈ Γ(T ∗M), its dual vector field is denoted
by θ#. The Lie derivative of a tensor T in the direction of a vector field X is
denoted by LXT . Unless otherwise stated, Einstein summation convention over
repeated indexes is on force. Integration over a semi-Riemannian manifold (M, g)
will always be with respect to the standard volume measure, so that we will not
make any reference to the volume element dVg.

1.1 Semi-Riemannian Geometry

In this section, we develop the basic tools of Riemannian and Lorentzian geometry.
All the material presented here is classic, some references being [79] and [25]. See
also the more recent [1] and [19], in particular for what concerns the moving
frame formalism. Since at this level there is no substantial difference between the
Riemannian and the Lorentzian cases, we will treat the more general case of a
semi-Riemannian manifold (also called a pseudo-Riemannian manifold).

Definition 1.1. A semi-Riemannian manifold is a couple (M, g) where M is a
smooth m-dimensional manifold, m ≥ 2, and g is a symmetric, non-degenerate,
(0, 2)-tensor field on M of constant signature.

Given a coordinate chart (U, {xi}mi=1), the metric tensor can be expressed by

g = gijdx
i ⊗ dxj.

The Levi-Civita connection ∇ of (M, g) is the unique linear connection on TM
satisfying, for all vector fields X, Y ∈ Γ(TM), the following conditions:

21
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• ∇ is torsion-free, that is,

0 = ∇XY −∇YX − [X, Y ];

• ∇ is compatible with the metric, that is,

∇g = 0,

where ∇g denotes the covariant derivative of g, that will be defined in an
instant.

In a coordinate chart (U, {xi})mi=1, denoting ∂i :=
∂
∂xi , we have that ∇ is identified

by the Christoffel symbols, i.e.,

Γi
jk∂i := ∇∂j∂k.

One can easily prove that they satisfy

Γi
jk =

1

2
git(∂jgtk + ∂kgtj − ∂tgjk),

where the gijs are the components of the inverse g−1 of the metric. Given a tensor
T of type (r, s), its covariant derivative ∇T is a tensor of type (r, s + 1) whose
local components are given by

T j1...jr
i1...is,k

=∂kT
j1...jr
i1...is

− Γl
ki1

T j1...jr
li2...is

− ...− Γl
kisT

j1...jr
i1...is−1l

+ Γj1
kpT

pj2...jr
i1...is

+ ...+ Γjr
kpT

j1...jr−1p
i1...is

.

With these conventions in mind, we can define the (1, 3)-version of the Riemann
curvature tensor by

R(X, Y )Z := ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z, ∀X, Y, Z ∈ Γ(TM);

locally, it has components

R = Rt
kijdx

i ⊗ dxj ⊗ dxk ⊗ ∂

∂xt

satisfying
Rt

kij = ∂iΓ
t
jk − ∂jΓ

t
ik + Γl

jkΓ
t
il − Γl

ikΓ
t
jl. (1.1)

We will always use the metric tensor and its inverse to lower and raise indexes; in
particular, the (0, 4)-version of the Riemann curvature tensor is the tensor

Riem := Rijktdx
i ⊗ dxj ⊗ dxk ⊗ dxt

of components

Rijkt := gipR
p
jkt.
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It satisfies the relations

Rijkt = −Rjikt = Rjitk = Rktij

as well as the first and second Bianchi identities :

Rijkt +Riktj +Ritjk = 0,

Rijkt,l +Rijtl,k +Rijlk,t = 0.

Here and in the following, commas are used to denote covariant differentiation. In
particular, the covariant derivative of Riem is written by

∇Riem := Rijkt,ldx
i ⊗ dxj ⊗ dxk ⊗ dxt ⊗ dxl.

Before going on, we want to present a method to derive the Levi-Civita connection
and the curvature tensor of (M, g) which is alternative (but equivalent) to the one
just introduced. This is called the moving frame approach. It has the advantage
of considerably simplifying the computations, in some cases. Assume that the
signature of the metric g is (k,m− k). In a coordinate chart (U, {xi}mi=1), we can
always apply the Gram-Schmidt algorithm to extract, from the 1-forms {dxi}mi=1,
a family of orthonormal 1-forms {θi}mi=1 on U such that the metric tensor g can
be expressed by

g = −
k∑

i=1

θi ⊗ θi +
m∑

j=k+1

θj ⊗ θj;

therefore, the components gij of the metric on this co-frame form a diagonal matrix
whose first k diagonal terms are -1 and the remaining diagonal terms are +1.

Remark 1.2. When g is a Riemannian metric, we deduce that gij = δij, the
Kronecker delta. Due to this fact, the operation of lowering or raising indexes
does not change the value of the components of a tensor. Therefore, when we
will work with a Riemannian metric, we will consider every tensor to be purely
covariant.

Let us denote the dual frame to {θi} with {ei}. Differentiating the θis and using
Cartan’s Lemma (see [1], pag. 4), one can prove the existence, on U , of 1-forms
{θij}mi,j=1, called the Levi-Civita connection forms, satisfying{

dθi = −θij ∧ θj, (first structure equations)

θij + θji = 0,
(1.2)

where θij := gitθ
t
j. Defining

∇ej := θij ⊗ ei,

one can see that ∇ coincides with the Levi-Civita connection: indeed, equation
(1.2).ii) is equivalent to the compatibility of ∇ with the metric, while (1.2).i) is
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equivalent to∇ being torsion-free; see [19, pag. 6] for more details. The connection
satisfying these two conditions is unique, so that ∇ is indeed the Levi-Civita
connection; in particular, in this co-frame we have

Γi
kj = θij(ek).

We can therefore re-write the definition of covariant derivative of a tensor T of
type (r, s) as

T j1...jr
i1...is,k

θk =dT j1...jr
i1...is

− T j1...jr
hi2...is

θki1 − ...− T j1...jr
i1...is−1h

θhis (1.3)

+ T hj2...jr
i1...is

θj1h + T
j1...jr−1h
i1...is

θjrh,

where d denotes the exterior differential. The Riemann curvature tensor can be
expressed in terms of the θijs in the following way: differentiate θij to define a
2-form Θi

j by the expression

dθij = −θik ∧ θkj +Θi
j, (second structure equations)

which, as it is straightforward to check, also satisfies

Θij +Θji = 0,

where, again, Θij := gitΘ
t
j. Then, an easy computation gives the validity of

Θi
j =

1

2
Ri

jktθ
k ∧ θt.

A first, fundamental, application of the Riemann curvature tensor are the Ricci
commutation relations for the second covariant derivatives of a tensor. In the next
proposition, we present them for a (0, 2)-tensor, the general formula for a tensor
of type (r, s) being deduced in a similar way.

Proposition 1.3. Let T be a twice covariant tensor field on (M, g). Then we have

Tij,kt = Tij,tk + TipR
p
jkt + TpjR

p
ikt (1.4)

Proof. By definition of covariant derivative we have

Tij,kθ
k = dTij − Tkjθ

k
i − Tikθ

k
j (1.5)

and

Tij,ktθ
t = dTij,k − Ttj,kθ

t
i − Tit,kθ

t
j − Tij,tθ

t
k. (1.6)

Differentiating (1.5) we find

dTij,k ∧ θk + Tij,kdθ
k =− dTkj ∧ θki − Tkjdθ

k
i − dTik ∧ θkj

− Tikdθ
k
j.
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Using (1.6), (1.5) and the second structure equations we have

Tij,ktθ
t ∧ θk + Ttj,kθ

t
i ∧ θk + Tit,kθ

t
j ∧ θk + Tij,tθ

t
k ∧ θk

+ Tij,kdθ
k

=− Tkj,tθ
t ∧ θki − Ttjθ

t
k ∧ θki − Tktθ

t
j ∧ θki

+ Tkjθ
k
t ∧ θti − TkjΘ

k
i

− Tik,tθ
t ∧ θkj − Ttkθ

t
i ∧ θkj − Titθ

t
k ∧ θkj

+ Tikθ
k
t ∧ θtj − TikΘ

k
j.

Using the first structure equations and simplifying we get

Tij,ktθ
t ∧ θk = −TkjΘ

k
i − TikΘ

k
j;

skew symmetrizing and recalling that Θk
i =

1
2
Rk

ipqθ
p ∧ θq we obtain

1

2
(Tij.kt − Tij,tk)θ

t ∧ θk = −1

2
Rk

ipqTkjθ
p ∧ θq − 1

2
Rk

jpqTikθ
p ∧ θq

and we are done.

We define the Ricci tensor by

Rij := Rk
ikj .

Note that Rij = Rji as a consequence of the symmetries of Riem. Given a (0, 2)-
tensor P , we define its g-trace by

trgP := gijPij = P i
i .

The scalar curvature of (M, g) is

S := trgRic = gijRij .

We have the following, classical

Definition 1.4. A semi-Riemannian manifold (M, g) of dimension m ≥ 2 is called
an Einstein manifold if it holds

Ric = Λg, (1.7)

on M , for some constant Λ ∈ R.

When m ≥ 3, one can see that any Λ ∈ C∞(M) satisfying (1.7) turns out to
be constant. This is a consequence of the classical Schur identity :

Rj
i,j =

1

2
Si,
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that is obtained by taking twice the contraction of the second Bianchi identity
with the metric. As such, it holds on any semi-Riemannian manifold. Given two
(0, 2)-tensors P and Q, their Kulkarni-Nomizu product P ? Q is

(P ? Q)ijkt := PikQjt + PjtQik − PitQjk − PjkQit .

With this notation in mind, the Weyl tensor of (M, g) is defined by

Wijkt := Rijkt −
1

m− 2
(A ? g)ijkt

where

Aij := Rij −
1

2(m− 1)
S gij

is the Schouten tensor. Some simple computations reveal that the Weyl tensor has
the same symmetries of the Riemann curvature tensor, and it has the additional
feature of being totally trace-free, that is, every contraction of W with the metric
is identically zero. The Cotton tensor of (M, g) is given by

Cijk := Aij,k − Aik,j .

When m ≥ 4, C can be alternatively, but equivalently, defined by

Cijk = −m− 3

m− 2
W t

ijk,t .

We define the 1-divergence of a p times covariant tensor P by

(div1 P )i1...ip−1 := gjkPji1...ip−1,k

so that, when m ≥ 4,

C = −m− 3

m− 2
div1W .

It is easily seen that the Cotton tensor is skew-symmetric in the last two indexes,
i.e.

Cijk = −Cikj

and totally trace-free; moreover, it satisfies the ”first Bianchi identity”

Cijk + Cjki + Ckij = 0.

Its divergences satisfy the following properties:

Ci
jk,i = 0, C k

ijk, = C k
jik, .

As a consequence of the second Bianchi identity of the Riemann tensor, one can
prove the following ”fake” second Bianchi identities:

Wijkl,t+Wijlt,k +Wijtk,l (1.8)

=
1

m− 2
(Ciklδtj + Ciltδkj + Citkδlj − Cjklδti − Cjltδki − Cjtkδli)

and

Cijk,t + Cikt,j + Citj,k = W l
iktRjl +W l

itjRkl +W l
ijkRtl. (1.9)

The geometric significance of W and C comes from conformal geometry.
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Definition 1.5. Given a semi-Riemannian manifold (M, g) and another semi-
Riemannian metric g̃ on M of the same signature as of g, we will say that g̃ is a
pointwise conformal deformation of g if there exists a smooth function u ∈ C∞(M)
such that g̃ = e2ug.

Recall that a flat manifold is, by definition, a semi-Riemannian manifold (M, g)
with vanishing Riemann curvature tensor.

Definition 1.6. Let (M, g) be a semi-Riemannian manifold. We say that (M, g)
is locally conformally flat if, for every p ∈ M , there exists an open neighbourhood
U of p and a function u ∈ C∞(U) such that (U, e2ug) is flat.

The (0, 4)-version of the Weyl tensor is conformally invariant when m ≥ 4: this

means that, for any pointwise conformal deformation g̃ of g of Weyl tensor W̃ , we
have

W̃ = W.

When m = 3, the algebraic symmetries of the Weyl tensor, together with the fact
that it is totally trace-free, imply that it has to vanish everywhere, i.e. W ≡ 0.
When m = 3, and only in this dimension, it can be proven that the Cotton tensor
is conformally covariant of degree 3, that is, it satisfies

C̃ = e−3uC,

where g̃ = e2ug. Furthermore, we have the following deep theorem of Weyl and
Schouten.

Theorem 1.7. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 3.
Then, (M, g) is locally conformally flat if and only if

• m = 3 and C ≡ 0, or

• m ≥ 4 and W ≡ 0.

The last protagonist of this section is the Bach tensor, that first appeared in
the physical literature, [7]. It has components

Bij :=
1

m− 2

(
C k

ijk, +RtkWtikj

)
.

This is easily seen to be symmetric and trace-free. Moreover, when m = 4, it has
two important features, that account for its physical relevance: it is divergence
free and conformally covariant of degree two, that is,

B̃ = e−2uB,

for g̃ = e2ug. When m = 4 and (M, g) is a a Riemannian manifold, the Bach
tensor arises from the action functional

g →
∫
M

|W |2;
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indeed, the critical points of the latter with respect to compactly supported vari-
ations of the metric are precisely the Riemannian metrics on M with vanishing
Bach tensor. These are called Bach-flat metrics. Recall the Chern-Gauss-Bonnet
formula: on a closed 4-dimensional Riemannian manifold it holds

8π2χ(M) =
1

4

∫
M

|W |2 +
∫
M

S2(A) (1.10)

where χ(M) is the Euler characteristic of M and S2(A) := 1
2

[
(trgA)

2 − |A|2
]
is

the second symmetric polynomial in the eigenvalues of the Schouten tensor A.
Since χ(M) is a topological invariant, it is not detected by the variations of the
metric, so that, by (1.10), Bach-flat metrics on a Riemannian 4-manifold are also
the critical points of the functional

g →
∫
M

S2(A).

1.2 φ-curvatures

In this section, we will be interested in the data of a semi-Riemannian manifold
(M, g), a Riemannian manifold (N, h) and a smooth map φ : M → N . We fix
indexes ranges

1 ≤ i, j, k, ... ≤ m, 1 ≤ a, b, c, ... ≤ d = dimN.

Given two open subsets U ⊂ M,V ⊂ N such that φ(U) ⊂ V , we consider on them
two local orthonormal bases {θi}mi=1 and {Ea}da=1 of T ∗M and TN , respectively.
The tangent map dφ : M → N can be viewed as a section of T ∗M ⊗ φ∗TN so
that it has local components

dφ = φa
i θ

i ⊗ φ∗Ea.

In what follows, we will suppress the pull-back notation, when clear from the
context, and write Ea = φ∗Ea. The energy density of φ is defined to be

e(φ) :=
1

2
|dφ|2 = 1

2
gijφa

iφ
a
j .

If we set {ωa}da=1 to denote the 1-forms which are h-dual to {Ea}da=1, then we will
write {ωa

b}da,b=1 for their connection forms. This allows us to define the covariant
derivative of a section v of φ∗TN by the expression

∇v := vai θ
i ⊗ Ea

where

vai θ
i := dva + vbωa

b.
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Moreover, the covariant derivative extends to any tensor bundle of the form T (0,q)M⊗
φ∗TN . For the differential dφ, its covariant derivative ∇dφ has components

∇dφ = φa
ijθ

i ⊗ θj ⊗ Ea

where

φa
ijθ

j := dφa
i − φa

jθ
j
i + φb

iω
a
b.

The following commutation relation is proved in a similar way to Proposition
1.3 (see [1, Section 1.7] for a proof):

φa
ijk = φa

ikj + gtlφa
tRlijk − NRa

bcdφ
b
iφ

c
jφ

d
k, (1.11)

where NRa
bcd denote the components of the Riemann curvature tensor of (N, h).

The tensor ∇dφ is called the generalized second fundamental form of φ. It is easy
to see that φa

ij = φa
ji. The tension field of φ is defined to be

τ(φ) := trg∇dφ = gijφa
ijEa.

This has been defined (in the Riemannian case) in [36]. It can be easily checked
that, in a generic coordinate chart (U, xα), the tension field has components

τ(φ)a = gαβ
∂2φa

∂xα∂xβ
− gαβΓγ

αβ

∂φa

∂xγ
+ NΓa

bcg
αβ ∂φ

b

∂xα

∂φc

∂xβ

where NΓa
bc denote the Christoffel symbols of the Levi-Civita connection of (N, h).

Definition 1.8. A smooth map φ : (M, g) → (N, h) is said to be harmonic if it
has vanishing tension field.

We underline that this terminology is somehow imprecise: it is more common,
in the literature, to call a map with vanishing tension field harmonic only when
(M, g) is a Riemannian manifold, while in Lorentzian signature such a map is
usually called a wave map. In order to give a unified treatment of both cases,
we will not make this distinction. It is possible to give the following variational
characterization of harmonic maps: for any relatively compact domain Ω ⊂ M ,
consider the functional

EΩ(φ) =

∫
Ω

e(φ);

then φ is harmonic if and only if, for every such Ω, EΩ(φ) is stationary with
respect to variations of φ that agrees with φ on the boundary of Ω. The stress-
energy tensor of φ is given by

Tφ := φ∗h− 1

2
|dφ|2g;
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we already commented its physical meaning in the Introduction. It can be proved
with a simple computation that the divergence of Tφ is

div1 Tφ = h(τ(φ), dφ) = gijφa
ijφ

a
kθ

k.

We say that φ is conservative if its stress-energy tensor is divergence-free. There-
fore, every harmonic map is conservative.
One can generalize the notion of a harmonic map. Consider a function G ∈ C∞(N)
and a map φ : (M, g) → (N, h) satisfying

τ(φ) = ∇G(φ) (1.12)

where ∇G(φ) denotes the pull-back on M via φ of the gradient of G in the h-
metric. Note that we are using the same symbol to denote both the connection on
(M, g) and that of (N, h); since they act on objects living on different manifolds, we
hope that this will not create any confusion in the reader, and that it will always
be clear from the context which one of the two we are using. In Riemannian
signature, a smooth map φ satisfying (1.12) is called G-harmonic. With a slight
abuse, we will use the same denomination also in arbitrary signature of the metric.
Note that, for U constant, we obtain the case of harmonic maps. The previous
definition goes back to the work of Fardoun, Ratto and Regbaoui ([39], [40], [83]);
it comes from a variational setting that has been vastly analyzed by Lemaire in
his Ph.D. Thesis, ([62]). Indeed, G-harmonic maps are the critical points of the
functional

E(φ) =
1

2

∫ [
|dφ|2 + 2G(φ)

]
dVg,

(see [62] for the details). A map that satisfies

0 = h(τ(φ)−∇G(φ), dφ)

is called G-conservative.
As we shall see, it is useful to encode some informations on the non-linear field φ
into the curvature tensors of (M, g) in order to see, at the same time, both the
combined action of φ and that of the semi-Riemannian metric g of M . With these
motivations (other can be found in [6], [28], [74]) we introduce modified curvature
tensors depending on the map φ : (M, g) → (N, h). The first step in this direction,
that is, the definition of the φ-Ricci tensor, is due to B. List, that merged the Ricci
flow with the harmonic map flow (for details and background see [65]). For some
fixed coupling constant α ̸= 0 we set

Ricφ := Ric− αφ∗h (1.13)

for the φ-Ricci tensor and the φ-scalar curvature will be its contraction with the
metric g, that is,

Sφ := S − α|dφ|2. (1.14)
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In components, we have

Rφ
ij = Rij − αφa

iφ
a
j (1.15)

(note that List uses the notation Sij instead of Rφ
ij). The next formula (see [6] for

a simple proof) should be called the φ-Schur’s identity and it will be repeatedly
used in the sequel

gikRφ
ij,k =

1

2
Sφ
j − αgikφa

ikφ
a
j . (1.16)

From (1.16) we immediately infer that, for m ≥ 3, if

Ricφ = Λg, Λ ∈ C∞(M), (1.17)

then the function Λ satisfies

(m− 2)∇Λ = 2αh(τ(φ), dφ)♯. (1.18)

In case φ is conservative we have

h(τ(φ), dφ) ≡ 0,

so that Λ is constant. This is, in particular, the case of a harmonic map, for which
τ(φ) ≡ 0. Thus, if (M, g) is harmonic-Einstein with respect to φ for some α ̸= 0,
that is, the system {

Ricφ = Λg,

τ(φ) = 0
(1.19)

holds on M , then Λ is constant, or in other terms the φ-scalar curvature Sφ is
constant. This also suggests the use of the term φ-Einstein manifold for (M, g),
but the previous terminology has been introduced before and we shall adhere to
it. In analogy with the classical case, the φ-Schouten tensor is defined by setting

Aφ := Ricφ − Sφ

2(m− 1)
g (1.20)

and the φ-Cotton tensor is given by

Cφ
ijk := Aφ

ij,k − Aφ
ik,j.

Recall the following

Definition 1.9. Let (M, g) be a semi-Riemannian manifold, and let P be a sym-
metric 2-covariant tensor on M . Then P is called a Codazzi tensor if it holds

0 = Pij,k − Pik,j.
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Therefore, the φ-Cotton tensor measures the obstruction to Aφ being a Codazzi
tensor. The φ-Weyl tensor is defined to formally respect the usual decomposition
of the Riemann tensor, that is,

Wφ := Riem− 1

m− 2
Aφ ⃝∧ g (1.21)

where ⃝∧ is the Kulkarni-Nomizu product. Although Wφ has the same algebraic
symmetries of the Riemann curvature tensor it is not totally trace free. Indeed,

gtkWφ
tikj = αφa

iφ
a
j (1.22)

while the remaining traces are determined by (1.22) and by the algebraic symme-
tries of Wφ. Note that, in terms of the classical counterparts, we have

Aφ = A− αA(φ∗h), (1.23)

and

Wφ = W +
α

m− 2
A(φ∗h)⃝∧ g, (1.24)

where

A(φ∗h) := φ∗h− |dφ|2

2(m− 1)
g

is the ”Schouten tensor” of the symmetric, 2-covariant tensor φ∗h. For the φ-
Cotton tensor Cφ we have the symmetries

Cφ
ijk = −Cφ

ikj so that gtkCφ
itk = 0, (1.25)

however it is not totally trace free, since

gtkCφ
tki = αgtkφa

tkφ
a
i . (1.26)

It is easy to prove that Cφ satisfies the Bianchi-type identity

Cφ
ijk + Cφ

kij + Cφ
jki = 0. (1.27)

Again, from its definition it is immediate to see that

Cφ
ijk = Cijk − α

[
φa
ikφ

a
j − φa

ijφ
a
k −

φa
t

m− 1
gtp
(
φa
pkδij − φa

pjδik
)]
. (1.28)

The next two formulas are ”fake” second Bianchi identities for the φ-Weyl tensor
and the φ-Cotton tensor. We have

Wφ
ijkl,t+Wφ

ijlt,k +Wφ
ijtk,l (1.29)

=
1

m− 2

(
Cφ

iklδtj + Cφ
iltδkj + Cφ

itkδlj − Cφ
jklδti − Cφ

jltδki − Cφ
jtkδli

)
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and

Cφ
ijk,t + Cφ

ikt,j + Cφ
itj,k = glp

(
Wφ

liktR
φ
jp +Wφ

litjR
φ
kp +Wφ

lijkR
φ
tp

)
. (1.30)

The following alternative definition of the φ-Cotton tensor, for m ≥ 4, points out
at deep differences between the classical and the φ-curvatures (see Proposition
2.64 of [6])

−m− 3

m− 2
Cφ

jkt = gslWφ
sjkt,l − α

(
φa
jkφ

a
t − φa

jtφ
a
k

)
− α

m− 2
glsφa

ls(φ
a
kδjt − φa

t δjk).

(1.31)

The φ-Bach tensor, Bφ, is not defined in analogy with the classical one; indeed,
for m ≥ 3, we set

(m− 2)Bφ
ij :=gktCφ

ijk,t + gkpgtqRφ
tkW

φ
piqj − αgtkRφ

tjφ
a
kφ

a
i (1.32)

+ α

(
gktφa

ijφ
a
kt − gktφa

ktjφ
a
i −

|τ(φ)|2

m− 2
δij

)
.

Note that Bφ is a symmetric, 2-covariant tensor; for a proof see [6]. Contrary to
the Bach tensor, Bφ is not trace free in general. Indeed we have

gijBφ
ij = α

m− 4

(m− 3)2
|τ(φ)|2. (1.33)

For what concerns the divergence of Bφ, we have the next

Lemma 1.10. Let (M, g) be a semi-Riemannian manifold of dimension m ≥ 3
and let φ : (M, g) → (N, h) be a smooth map. Then

(m− 2)gtkBφ
it,k =

(
m− 4

m− 2

)[
(Rφ)jkCφ

jki + ατ(φ)a
(
gtkφa

tki + gtjRφ
ijφ

a
t

)]
(1.34)

+ αφa
i

[
m

(m− 1)(m− 2)
τ(φ)aSφ + 2αgjkτ(φ)bφb

jφ
a
k

]
− α

2

(
m− 2

m− 1

)
gjkφa

iφ
a
jS

φ
k − 2αφa

jk(R
φ)jkφa

i

− αφa
i τ

a
2 (φ),

where

τa2 (φ) := gtkgslφa
tksl − NRa

bcdg
slφb

sφ
c
l τ(φ)

d

are the components of the bi-tension field of the map φ and NRa
bcd are the compo-

nents of the curvature tensor of (N, h).

Remark 1.11. We recall that

τ2(φ) = 0

is the Euler-Lagrange equation of the bi-energy functional Eφ
τ given, on a relatively

compact domain Ω in M , by the prescription

Eφ
τ (Ω) =

1

2

∫
Ω

|τ(φ)|2.
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Remark 1.12. Lemma 1.10 was first proved in [5], but note that the two formulas
are slightly different due to some minor typos that are present in [5]. The proof
that we give here is essentially the same as the one presented there, with some
small modifications.

Proof. Define the tensors of components

Lij = τ(φ)aφa
ij −

1

m− 2
|τ(φ)|2gij,

Mij = (Rφ)tkWφ
tikj,

Nij = gkt[Cφ
ijk,t − αφa

i

(
φa
ktj +Rφ

jkφ
a
t

)
].

Then, using (1.32), it is immediate to see that

(m− 2)Bφ
ij = αLij +Mij +Nij.

We compute separately the divergences of these three tensors. Using the commu-
tation formula (1.11), we have

gjkLij,k = gtkgjl
(
φa
tkjφ

a
il + φa

tkφ
a
ijl −

2

m− 2
φa
tkiφ

a
jl

)
= gtkgjl

[
φa
tkjφ

a
il +

(
m− 4

m− 2

)
φa
tkφ

a
jli + φa

tkφ
a
jRli − NRa

bcdφ
b
jφ

c
iφ

d
l φ

a
tk

]
.

Using the definition of Ricφ we deduce

gjkLij,k =gtkgjl
[
φa
tkjφ

a
il +

(
m− 4

m− 2

)
φa
tkφ

a
jli + φa

tkφ
a
jR

φ
li + αφa

tkφ
a
jφ

b
lφ

b
i (1.35)

− NRa
bcdφ

b
jφ

c
iφ

d
l φ

a
tk

]
.

Next, for the tensor M, we use the symmetries of Wφ and formula (1.31) to get

gjkMij,k =gtkgjlgpq
[
Rφ

tj,pW
φ
kilq +Rφ

tjW
φ
kilp,q

]
=gtkgjl

[
1

2
gpq
(
Rφ

tj,p −Rφ
tp,j

)
Wφ

kilq +

(
m− 3

m− 2

)
Rφ

tjC
φ
kli + αRφ

tjφ
a
liφ

a
k

− αRφ
tjφ

a
klφ

a
i

]
+

α

m− 2
gtkφa

tk

(
Sφφa

i − gpqRφ
piφ

a
q

)
.

Using the definition of Cφ and equation (1.22) we obtain

gjkMij,k =gtkgjlgpq
1

2
Cφ

tjpW
φ
kilq +

α

2(m− 1)
gjkSφ

j φ
a
kφ

a
i +

(
m− 3

m− 2

)
(Rφ)tkCφ

tki

(1.36)

+ αgtkgjl[Rφ
tjφ

a
liφ

a
k −Rφ

tjφ
a
klφ

a
i ] +

α

m− 2
gtkφa

tk

(
Sφφa

i − gpqRφ
piφ

a
q

)
.
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For the tensor N, we use the φ-Schur identity to compute

gjkNij,k =gjkgtl
[
Cφ

ijt,lk − αφa
ij(φ

a
tlk +Rφ

ktφ
a
l )

]
(1.37)

− αφa
i

(
gjkgtlφa

jktl +
1

2
gtlSφ

t φ
a
l − gtkgjlαφb

tkφ
b
jφ

a
l + gjkgtlRφ

jtφ
a
kl

)
.

From the Ricci commutation relations and the symmetries of Cφ we get

gjkgtlCφ
ijt,lk =

1

2
gjkgtl

(
Cφ

ijt,lk − Cφ
itj,lk

)
=

1

2
gjkgtl

(
Cφ

ijt,lk − Cφ
ijt,kl

)
=

1

2
gjkgtlgpq

(
RpijtC

φ
qkl +RpjtkC

φ
iql +RpjktC

φ
ilq

)
=

1

2
gjkgpq

(
gtlRpikjC

φ
qjk +RpjC

φ
iqk −RpjC

φ
ikq

)
=

1

2
gjkgtlgpqRpijtC

φ
qkl.

Using the definition of Wφ we deduce

gjkgtlCφ
ijt,lk =gjkgtl

[
1

2
gpqWφ

pijtC
φ
qkl +

1

m− 2
Rφ

jtC
φ
kil −

α

m− 2
Rφ

ijφ
a
tlφ

a
k

]
+

αSφ

(m− 1)(m− 2)
τ(φ)aφa

i .

Inserting this information into (1.37) we get

gjkNij,k =gjkgtl
[
gpq

1

2
Wφ

pijtC
φ
qkl +

1

m− 2
Rφ

jtC
φ
kil −

α

m− 2
Rφ

ijφ
a
tlφ

a
k

]
(1.38)

+
αSφ

(m− 1)(m− 2)
τ(φ)aφa

i − αgjkgtlφa
ij(φ

a
tlk +Rφ

ktφ
a
l )

− αφa
i g

tk

(
gjlφa

tkjl +
1

2
Sφ
t φ

a
k − αgjlφb

tkφ
b
jφ

a
l + gjlRφ

jtφ
a
lk

)
.

Putting together equations (1.35), (1.36) and (1.38) we obtain equation (1.34).

Similarly to the classical case (that is, when φ is constant), when (M, g) is a
4-dimensional Riemannian manifold, the φ-Bach tensor has a variational origin.
Consider the action functional

Sφ(g) :=

∫
S2(A

φ)− |τ(φ)|2. (1.39)

The functional Sφ has been introduced in [5] where it is shown that, in Riemannian
signature and for m = 4, the critical points of Sφ with respect to compactly
supported variations of the metric have vanishing φ-Bach tensor. Interestingly, in
contrast with the classical case, the functional

(g, φ) →
∫
M

|Wφ|2 (1.40)

does not reproduce the same result, that is, its critical points are not φ-Bach flat,
in general.
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1.3 Some concepts from General Relativity

In this section, we review the concepts from General Relativity that will be useful
in the rest of this thesis. From now on, (M̂, ĝ) will be a fixed Lorentzian manifold,
that is, a semi-Riemannian manifold of signature (−,+, ...,+). By contrast with
the previous sections, its dimension will be denoted with the letter n, while m =
n − 1 will be the dimension of its hypersurfaces. In general, expressions with a
hat will refer to quantities defined on (M̂, ĝ), so that, for example, R̂ic and Ŝ will

be the Ricci tensor and the scalar curvature of (M̂, ĝ), respectively. We already
talked about the relevant physical background in the introduction; for the sake of
readability, we recall Einstein Field Equations:

R̂ic− 1

2
Ŝĝ = T̂ , (1.41)

for a stress-energy tensor T̂ , as well as the following

Definition 1.13. Given a Lorentzian manifold (M̂, ĝ) we say that (M̂, ĝ) is a
static space-time if it satisfies the following two conditions:

1. as a differentiable manifold, M̂ splits as M̂ = M × R;

2. there exists a Riemannian metric g on M and a function f ∈ C∞(M) such
that

ĝ = −e−2f̂dt⊗ dt+ g

where t : M̂ → R is the canonical projection onto the second factor and
f̂ := f ◦ π̂M .

We will denote the static space-time structure on M̂ by the expression M̂ =
M ×f R. Again, for a static space-time, we will consider perfect fluid stress-energy
tensors of the form

T̂ F = (µ̂+ p̂)e−2f̂dt⊗ dt+ p̂ĝ (1.42)

where µ̂ = µ◦π̂M , p̂ = p◦π̂M for some smooth functions µ, p ∈ C∞(M). The second

type of stress-energy tensor is described by a smooth map φ̂ : (M̂, ĝ) → (N, h),
where (N, h) is a Riemannian manifold, a constant α ∈ R, α ̸= 0, and a potential
U ∈ C∞(N). Its precise form is

T̂ φ̂ := αφ̂∗h−
(α
2
|dφ̂|2 + U(φ̂)

)
ĝ. (1.43)

To study a static space-time, we will assume φ̂ = φ◦ π̂M , with φ : (M, g) → (N, h)
a smooth map. The stress energy tensor that we will consider will be a combination
of T̂ F and T̂ φ̂, i.e.

T̂ = T̂ F + T̂ φ̂. (1.44)

We will study how the presence of such a tensor influences the geometry of a static
space-time, both in Einstein’s theory (Chapter 3), and in the more recent theory
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called Cotton Gravity (Chapter 2). We now compute, using the moving frame
method, how the Levi-Civita connection and the curvature tensor of a static space-
time reduce to its spatial and temporal components. In what follows, (M̂, ĝ) will be

an n-dimensional static space-time M̂ = M×fR for anm-dimensional Riemannian
factor (M, g) and f ∈ C∞(M). As before, we have

ĝ = −e−2fdt⊗ dt+ g

where t is the standard coordinate on R and f is identified with its lift to M̂ . We
fix indexes conventions

0 ≤ α, β, γ, ... ≤ m, and 1 ≤ i, j, k, ... ≤ m.

Given a local orthonormal co-frame {θi}mi=1 on (M, g), we consider a local orthonor-

mal co-frame {θ̂α}mα=0 by the prescription

θ̂0 := e−fdt, θ̂i := θi

where, by abuse of notation, we identify the θis with their pull-back π̂∗
Mθi on M̂ .

We let {θ̂αβ}mα,β=0, {Θ̂α
β}mα,β=0 be the connection and curvature forms associated to

the θ̂αs, while {θij}mi,j=1, {Θi
j}mi,j=1 will be the connection and curvature forms of

the θis. The components of the Riemann curvature tensors of (M̂, ĝ) and (M, g)
are therefore respectively given by the expressions

Θ̂α
β =

1

2
R̂α

βγηθ̂
γ ∧ θ̂η

and

Θi
j =

1

2
Ri

jktθ
k ∧ θt.

Proposition 1.14. In the above setting, we have that

• the Levi-Civita connection forms {θ̂αβ} satisfy
θ̂0i = θ̂i0 = −fiθ̂

0 = −fie
−fdt,

θ̂i j = θi j,

θ̂00 = 0;

(1.45)

• the non-vanishing components of the Riemann curvature tensor R̂iem satisfy{
R̂i

jkl = Ri
jkl,

R̂0
j0k = fjk − fjfk;

(1.46)
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• the Ricci curvature R̂ic and the scalar curvature Ŝ satisfy
R̂ij = fij − fifj +Rij = R̂ji,

R̂00 = −∆f + |∇f |2,
R̂j0 = 0 = R̂0j

(1.47)

and

Ŝ = S + 2∆f − 2|∇f |2, (1.48)

where ∆f and |∇f |2 are computed with respect to the metric g.

Proof. The validity of the first structure equations for g, (1.2), together with df =
fkθ

k yields

dθ̂i = dθi = −θij ∧ θj = −θ̂iα ∧ θ̂α,

dθ̂0 = −e−fdf ∧ dt = −e−ffkθ
k ∧ dt = −fkθ̂

k ∧ θ̂0.

Thus, defining

θ̂0i = θ̂i0 = −fiθ̂
0 = −fie

−fdt, (1.49)

θ̂ij = θij,

θ̂00 = 0,

we have that (1.2) are satisfied. This gives (1.45). It follows that

Θ̂i
j = Θi

j,

Θ̂0
j = (fjk − fjfk)θ̂

0 ∧ θ̂k;

as a consequence, we have

1

2
R̂i

jσµθ̂
σ ∧ θ̂µ =

1

2
Ri

jklθ
k ∧ θl (1.50)

and

1

2
R̂0

jσµθ̂
σ ∧ θ̂µ = −(fjk − fjfk)θ̂

k ∧ θ̂0.

We let

ãjσ =

{
0, if σ = 0;

−(fjk − fjfk), if σ = k.

Then

1

2
R̂0

jσµθ̂
σ ∧ θ̂µ = ãjσθ̂

σ ∧ θ̂0

= ãjσδ0µθ̂
σ ∧ θ̂µ

=
1

2
(ãjσδ0µ − ãjµδ0σ)θ̂

σ ∧ θ̂µ,
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so that

R̂0
jσµ = ãjσδ0µ − ãjµδ0σ. (1.51)

In particular, we have

R̂0
j0µ = ãj0δ0µ − ãjµ = −ãjµ

and

R̂0
j0k = −ãjk = fjk − fjfk. (1.52)

From (1.51) it also follows

0 = R̂0
jkl (1.53)

and, from the symmetries of R̂iem, one also gets,

0 = R̂i
j0k. (1.54)

From (1.50) and (1.54) we obtain

Ri
jklθ

k ∧ θl =R̂i
jαβ θ̂

α ∧ θ̂β

=R̂i
jklθ̂

k ∧ θ̂l

=R̂i
jklθ

k ∧ θl

so that

R̂i
jkl = Ri

jkl. (1.55)

As far as the Ricci tensor is concerned, from equations (1.52) and (1.55) we have

R̂ij = fij − fifj +Rij = R̂ji,

R̂00 = −∆f + |∇f |2,
R̂j0 = 0 = R̂0j.

Since

R̂ic = R̂00θ̂
0 ⊗ θ̂0 + R̂ij θ̂

i ⊗ θ̂j,

we deduce

R̂ic = Ric + Hess(f)− df ⊗ df −
(
∆f − |∇f |2

)
e−2fdt⊗ dt. (1.56)

Taking the ĝ-trace of the above equation, we conclude.

As we previously announced, we derive the equations of a static perfect fluid
space-time from the field equations.
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Proposition 1.15. In the above setting, assume that (M̂, ĝ) solves

R̂ic− 1

2
Ŝĝ = T̂ F (1.57)

for T̂ F given by (1.42). Then, on (M, g), we have the validity of the system
Ric + Hess f − df ⊗ df − 1

m−1

(
S
2
− p
)
g = 0,

∆f − |∇f |2 = − 1
m−1

[
mp+ m−2

2
S
]
,

µ = 1
2
S,

∇p− (µ+ p)∇f = 0.

(1.58)

Proof. From (1.42) we get

T̂ F
ij = pδij, T̂ F

00 = µ, T̂ F
0i = 0. (1.59)

Using (1.57), (1.47) and (1.48) we deduce

Rij + fij − fifj −
1

2

(
S + 2∆f − 2|∇f |2

)
δij = pδij

so that

Rij + fij − fifj =

(
S

2
+ ∆f − |∇f |2 + p

)
δij. (1.60)

Taking the trace, we find

S +∆f − |∇f |2 = m

(
S

2
+ ∆f − |∇f |2 + p

)
.

Simplifying, we get

∆f − |∇f |2 = − 1

m− 1

(
mp+

m− 2

2
S

)
,

which is (1.42).ii). Inserting the latter in (1.60), we obtain (1.58).i). To deduce
(1.58).iii), use (1.57) to get

R̂00 +
1

2
Ŝ = T̂ F

00;

from (1.42), (1.47) and (1.48) we have

−∆f + |∇f |2 + 1

2

(
S + 2∆f − 2|∇f |2

)
= µ

so that

S

2
= µ.
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To obtain the last equation, we compute the components of the covariant derivative
of T̂ F

T̂ F
αβ,γ θ̂

γ = dT̂ F
αβ − T̂ F

γβ θ̂
γ
α − T̂ F

αγ θ̂
γ
β.

Equations (1.59) and (1.45) imply

T̂ F
ij,αθ̂

α =dT̂ F
ij − T̂ F

γj θ̂
γ
i − T̂ F

γi θ̂
γ
j

=δij p̂αθ̂
α − p̂θ̂ji − p̂θ̂ij

=δij p̂αθ̂
α,

that is,

T̂ F
ij,α = p̂αδij. (1.61)

Using (1.59) we have

T̂ F
00,α =dT̂ F

00 − T̂ F
γ0θ̂

γ
0 − T̂ F

0γ θ̂
γ
0

=µ̂αθ̂
α,

that is,

T̂ F
00,α = µ̂α. (1.62)

Using (1.59) and (1.45) we get

T̂ F
0i,αθ̂

α =dT̂ F
0i − T̂ F

γi θ̂
γ
0 − T̂ F

0γ θ̂
γ
i

=0− p̂θ̂i0 − µ̂θ̂0i

=− (µ̂+ p̂)θ̂i0 = (µ̂+ p̂)fiθ̂
0

so that

T̂ F
0i,j = 0, T̂0i,0 = (µ̂+ p̂)fi. (1.63)

Now, we compute the divergence of T̂ F . This is

gαβT̂ F
γα,β = T̂ F

0i,i − T̂ F
γ0,0.

Using (1.63), (1.62) and (1.61) we get(
div1 T̂

F
)
0
= T̂ F

0i,i − T̂ F
00,0 = 0− µ̂0 = 0

and (
div1 T̂

F
)
j
= T̂ F

ji,i − T̂ F
j0,0 = pj − (µ+ p)fj

so that

div1 T̂
F = ∇̂p̂− (µ̂+ p̂)∇̂f̂ . (1.64)

From the Schur’s identity, we know that the left hand side of (1.57) has vanishing
divergence; therefore, the same holds for the right hand side and from (1.64) we
obtain (1.58).iv).
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Remark 1.16. Equation (1.58).iv) is equivalent to the requirement that T̂ F be
divergence-free. This has the important physical meaning of an equation of motion.
However, its presence in (1.58) is slightly redundant: indeed, one can prove that its
validity follows from the first three equations of (1.58) alone, see [13, Proposition
3.3]. Moreover, using (1.58).ii) to eliminate p from (1.58).i), we find

Ric + Hess f − df ⊗ df =
1

m

(
S +∆f − |∇f |2

)
g

and, setting λ := 1
m

(
S +∆f − |∇f |2

)
, the latter becomes

Ric + Hess f − df ⊗ df = λg.

The above equation is a special case of what is called a gradient Einstein-type
structure, that is,

αRic + β Hess f + µdf ⊗ df = (ρS + λ)g, α, β, µ, ρ ∈ R, λ ∈ C∞(M)

these have been defined in [21]. One can interpret equation (1.58).ii) and (1.58).iii)
as being definitions for the functions µ and p. In this sense, the system of static
perfect fluid space-time only depends on the derivatives of the metric g and of the
function f . As a consequence, static perfect fluid space-times are precisely the
Einstein-type structures with (α, β, µ, ρ) = (1, 1,−1, 0).

For what concerns the geometry of the map φ̂ : (M̂, ĝ) → (N, h) when (M̂, ĝ)
is a static space-time, we have the next proposition.

Proposition 1.17. Let φ : (M, g) → (N, h) be a smooth map of Riemannian
manifolds. For some f ∈ C∞(M), consider the static space-time M ×f R of
metric

ĝ = −e−2fdt⊗ dt+ g.

Let φ̂ = φ ◦ π̂M . Then, in the previous co-frames, we have
φ̂a
ij = φa

ij,

φ̂a
i0 = 0,

φ̂a
00 = φa

i fi

(1.65)

so that

τ(φ̂) = τ(φ)− dφ(∇f). (1.66)

Proof. We recall that,

φ̂a
µν θ̂

ν = dφ̂a
µ − φ̂a

ν θ̂
ν
µ + φ̂b

µω
a
b; (1.67)

therefore, since φ̂a
0 = 0,

φ̂a
iν θ̂

ν = φa
ij θ̂

j = φa
ijθ

j,



1.3. SOME CONCEPTS FROM GENERAL RELATIVITY 43

which implies
φ̂a
ij = φa

ij and φ̂a
i0 = 0. (1.68)

To compute the coefficients φ̂a
00, note that, again from (1.67) and (1.45), we have

φ̂a
0ν θ̂

ν = dφ̂a
0 − φ̂a

ν θ̂
ν
0 + φ̂b

0ω
a
b = −φa

kθ̂
k
0 = φa

kfkθ̂
0,

and thus
φ̂a
00 = fkφ

a
k, (1.69)

which immediately implies

τ(φ̂) = τ(φ)− dφ(∇f). (1.70)

Putting together Propositions 1.15 and 1.17, it is easy to prove the following

Proposition 1.18. In the above setting, assume that (M̂, ĝ) solves

R̂ic− 1

2
Ŝĝ = T̂ F + T̂ φ̂ (1.71)

for T̂ F and T̂ φ̂ given by (1.42) and (1.43), respectively. Assume that T̂ F and T̂ φ̂

are divergence-free. Then, on (M, g), we have the validity of the system

Ricφ +Hess f − df ⊗ df − 1
m−1

(
Sφ

2
− p+ U(φ)

)
g = 0,

∆f − |∇f |2 = − 1
m−1

[
mp−mU(φ) + m−2

2
Sφ
]
,

0 = h
(
τ(φ)− dφ(∇f)− 1

α
∇U(φ), dφ

)
,

µ+ U(φ) = 1
2
S,

∇p− (µ+ p)∇f = 0.

(1.72)
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Chapter 2

Cotton-φ-Perfect Fluids

Following [51] we define

T̂ :=
1

n− 2

(
T̂ ? ĝ − 1

2(n− 1)
(trĝT̂ )ĝ ? ĝ

)
.

Then, the equations of Cotton gravity are

Ĉ = −(n− 2) div1 T̂ . (2.1)

We compute div1 T̂ explicitly. By definition,

T̂αβγδ =
1

n− 2

[
T̂αγgβδ + T̂βδgαγ − T̂αδgβγ − T̂βγgαδ −

1

n− 1
T̂ η

η(gαγgβδ − gαδgβγ)

]
so that

div1 T̂βγδ =
1

n− 2
gαρ
[
T̂αγ,ρgβδ + T̂βδ,ρgαγ − T̂αδ,ρgβγ − T̂βγ,ρgαδ −

1

n− 1
T̂ η

η,ρ(gαγgβδ − gαδgβγ)

]
=

1

n− 2

[
(div1 T̂ )γgβδ − (div1 T̂ )δgβγ + T̂βδ,γ − T̂βγ,δ

− 1

n− 1
(T̂ η

η,γgβδ − T̂ η
η,δgβγ)

]
.

(2.2)

Using (2.2) we can show that (2.1) implies div1 T̂ = 0. Indeed, substituting (2.2)
into (2.1) we get

Ĉβγδ = (div1 T̂ )δgβγ − (div1 T̂ )γgβδ + T̂βγ,δ − T̂βδ,γ +
1

n− 1
(T̂ η

η,γgβδ − T̂ η
η,δgβγ)

and then contracting both sides of the resulting equality with gβγ we get

gβγĈβγδ = (n− 2)(div1 T̂ )δ .

Since Ĉ is totally trace-free, we deduce div1 T̂ = 0. In view of this, the previous
identity simplifies to

Ĉβγδ = T̂βγ,δ − T̂βδ,γ +
1

n− 1
(T̂ η

η,γgβδ − T̂ η
η,δgβγ) . (2.3)

45
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Using equation (2.3) it is also easy to show how the solutions of Einstein equations,

(1.41), also solve (2.1). Indeed, tracing (1.41) one obtains (n− 2)Ŝ = −2trĝT̂ and
therefore

R̂ic = T̂ +
1

2
Ŝĝ = T̂ − 1

n− 2
(trĝT̂ )ĝ ,

Â = R̂ic− 1

2(n− 1)
Ŝĝ = T̂ − 1

n− 1
(trĝT̂ )ĝ ,

yielding

Ĉβγδ = Âβγ,δ − Âβδ,γ = T̂βγ,δ − T̂βδ,γ +
1

n− 1
(T̂ η

η,γgβδ − T̂ η
η,δgβγ).

Our goal is to study, on a static space-time, the solutions of (2.1) for a stress-
energy tensor that encodes both the informations of a perfect fluid and those of a
nonlinear field φ̂ with a self-interacting potential U , that is, we have

T̂ = T̂ φ̂ + T̂ F

for tensors T̂ φ̂, T̂ F defined by (1.43) and (1.42), respectively.

2.1 Variational origin of the equations

As it is well-known, the stress energy tensor T̂ F of a perfect fluid space-time is
not derived from a Lagrangian so that it does not have a (clear) variational origin.

A derivation of T̂ F which is variational, but only in a relaxed sense, is given in
[54, Chapter 3], where one varies an appropriate functional depending on µ with
respect to the flow lines of the velocity vector field. By contrast, the situation is
simpler for T̂ φ̂, since the equation

R̂ic− 1

2
Ŝĝ = T̂ φ̂

is the Euler-Lagrange equation of the functional

I[g] =

∫
Ŝ − α|dφ̂|2 − 2U(φ̂) .

Similarly, in the regime of Cotton gravity, the system

Ĉ = −(n− 2) div1 T̂
φ̂ (2.4)

has a variational origin. We need to set some notations first. Note that, in this
section, we don’t assume that (M̂, ĝ) be a static space-time. By equation (2.3),
(2.4) implies

Ĉβγδ = −
(
T̂ φ̂
βδ,γ − T̂ φ̂

βγ,δ −
1

n− 1
(trĝT̂

φ̂)γgβδ +
1

n− 1
(trĝT̂

φ̂)δgβγ

)
. (2.5)
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From the definition of T̂ φ̂ we get

T̂ φ̂
βδ,γ = α

[
φ̂a
βγφ̂

a
δ + φ̂a

βφ̂
a
δγ −

(
gρηφ̂a

ργφ̂
a
η +

1

α
Uaφ̂a

γ

)
gβδ

]
and

trĝT̂
φ̂ = −n− 2

2
α|dφ̂|2 − nU(φ̂)

so that
(trĝT̂

φ̂)γ = −α(n− 2)gρηφ̂a
ργφ̂

a
η − nUaφ̂a

γ .

Defining

(ĈU,φ̂)βγδ := Ĉβγδ − α
(
φ̂a
βδφ̂

a
γ − φ̂a

βγφ̂
a
δ

)
+

α

n− 1
gρηφ̂a

ρ

(
φ̂a
ηδgβγ − φ̂a

ηγgβδ
)

− 1

n− 1
Uaφ̂a

δgβγ +
1

n− 1
Uaφ̂a

γgβδ

we have that (2.5) is equivalent to

ĈU,φ̂ = 0 . (2.6)

Note that, setting

ÂU,φ̂ := Â− αφ̂∗h+
α

2(n− 1)
|dφ̂|2ĝ − U(φ̂)

n− 1
ĝ, (2.7)

then ĈU,φ̂ measures the obstruction to ÂU,φ̂ being a Codazzi tensor. Moreover, the
conservation equation

0 = div1 T̂
φ̂ ,

that is,
0 = αgγηφ̂a

γηφ̂
a
β − Uaφ̂a

β,

is always implied by (2.5), as we already saw, and therefore also by (2.6), as it can
be verified with a direct computation. Indeed, one has

gβγ(ĈU,φ̂)βγδ = αgβγφ̂a
βγφ̂

a
δ − Uaφ̂a

δ . (2.8)

Now, to derive (2.6), following [51], we are interested in variations where the

connection ∇̂ is varying while the metric ĝ is fixed. To be more precise, recall
that the difference of two connections on TM̂ is a tensor, in particular, a section
of T (1,2)M̂ , the space of (1, 2)-tensors

B = Bα
βγeα ⊗ θβ ⊗ θγ.

Therefore, the space of connections on TM̂ is an affine space over T (1,2)M̂ . Having
fixed a section B of T (1,2)M̂ , we define ∇̂t = ∇̂+ tB. In any arbitrary coordinate
system (U, {xα}n−1

α=0) we have that the variation of the Christoffel symbols of ∇̂ in
the direction of B is

δΓα
βγ

∂

∂xα
= lim

t→0

1

t
(∇̂t

∂xβ

∂

∂xα
− ∇̂∂xβ

∂

∂xα
) = Bα

βγ

∂

∂xα
.
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To derive (2.4), we modify the functional (1.39) of the Introduction in order to
take into account the contribution of the potential U . From (2.7) we have

ÂU,φ̂ = Âφ̂ − U(φ̂)

n− 1
ĝ .

We will study the functional

SU,φ̂(ĝ) =

∫
S2(Â

U,φ̂)− α

2

∣∣∣∣τ(φ̂)− ∇U

α
(φ̂)

∣∣∣∣2
h

. (2.9)

Proposition 2.1. Let (M̂, ĝ) be an n-dimensional Lorentzian manifold. Then,

equation (2.4) is satisfied by (M̂, ĝ) if and only if (M̂, ĝ) is a critical point of SU,φ̂

with respect to compactly supported variations of ∇̂ that leave ĝ fixed.

Proof. We know from (1.1) that the Riemann curvature tensor can be expressed
using the Christoffel symbols by

R̂α
βγρ = ∂γΓ

α
βρ − ∂ρΓ

α
βγ + Γη

βρΓ
α
γη − Γη

βγΓ
α
ρη

so that its variation is

δR̂α
βγρ = ∂γB

α
βρ − ∂ρB

α
βγ +Bη

βρΓ
α
γη + Γη

βρB
α
γη −Bη

βγΓ
α
ρη − Γη

βγB
α
ρη

where Bα
βγ = δΓα

βγ is the variation of the Christoffel symbols. Recalling the
expression for the covariant derivative of B

Bα
βρ,γ = ∂γB

α
βρ +Bη

βρΓ
α
ηγ −Bα

ηρΓ
η
βγ −Bα

βηΓ
η
ργ

this yields
δR̂α

βγρ = Bα
βρ,γ −Bα

βγ,ρ .

Lowering an index and skew-symmetrizing we get

δR̂αβγρ =
1

2
(Bαβρ,γ −Bβαρ,γ −Bαβγ,ρ +Bβαγ,ρ).

Therefore, the variation of R̂ic is

δR̂αβ =
1

2
(B ρ

α ρ,β −Bρ
αρ,β −B ρ

α β,ρ +Bρ
αβ,ρ) (2.10)

and that of Ŝ is

δŜ =
1

2
(Bαβ

β,α −Bαβ
α,β −Bαβ

α,β +Bαβ
β,α) = Bαβ

β,α −Bαβ
α,β . (2.11)

Next, note that, since φ̂∗h, |dφ̂|2 and U(φ̂) are independent from ∇̂, their variation
is zero, so that

δÂU,φ̂ = δÂ . (2.12)
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By the definition of the tension field τ(φ̂) one immediately gets

δτ(φ̂)a = −gαβBγ
αβ

∂φ̂a

∂xγ
= −Bαβ

β

∂φ̂a

∂xα
(2.13)

and therefore

δ

∣∣∣∣τ(φ̂)− ∇U

α

∣∣∣∣2
h

= 2

(
δτ(φ̂)a − 1

α
δUa

)(
τ(φ̂)a − 1

α
Ua

)
= −2Bαβ

β

∂φ̂a

∂xα

(
τ(φ̂)a − 1

α
Ua

)
.

(2.14)

By the definition of ÂU,φ̂ we compute

trĝÂ
U,φ̂ = trĝÂ

φ̂ − n

n− 1
U(φ̂) =

n− 2

2(n− 1)
Ŝφ̂ − n

n− 1
U(φ̂) . (2.15)

Using (2.15) and (2.12) we get

δS2(Â
U,φ̂) = (trĝÂ

U,φ̂)δ(trĝÂ
U,φ̂)− (ÂU,φ̂)βγ(δÂU,φ̂)βγ

= (trĝÂ
U,φ̂)δ(trĝÂ)− (ÂU,φ̂)βγ(δÂ)βγ

=
n− 2

2(n− 1)
(trĝÂ

U,φ̂)δŜ − (ÂU,φ̂)βγ(δR̂ic)βγ +
1

2(n− 1)
(ÂU,φ̂)βγgβγδŜ

=
1

2
(trĝÂ

U,φ̂)δŜ − (ÂU,φ̂)βγδR̂βγ .

Using (2.10) and (2.11) we get

δS2(Â
U,φ̂) =

1

2
(trĝÂ

U,φ̂)(Bαβ
β,α−Bαβ

α,β)−
1

2
(ÂU,φ̂)αβ(B ρ

α ρ,β−Bρ
αρ,β−B ρ

α β,ρ+Bρ
αβ,ρ) .

Integrating and using the divergence theorem we get∫
δS2(Â

U,φ̂) =

∫
1

2
(trĝÂ

U,φ̂)βB
αβ

α − 1

2
(trĝÂ

U,φ̂)αB
αβ

β

+
1

2

∫
(ÂU,φ̂) β

α ,β(B
αρ

ρ −Bρα
ρ)−

1

2

∫
(ÂU,φ̂)αβ,ρ(B

ρ
α β −Bρ

αβ) .

Using the φ̂-Schur’s identity and (2.15) we get

(ÂU,φ̂) β
α ,β = (R̂φ̂) β

α ,β −
1

2(n− 1)
Ŝφ̂
α − 1

n− 1
Uaφ̂a

α

=
n− 2

2(n− 1)
Ŝφ̂
α − ατ(φ̂)aφ̂a

α − 1

n− 1
Uaφ̂a

α

= (trĝÂ
U,φ̂)α − α

(
τ(φ̂)a − 1

α
Ua

)
φ̂a
α

and substituting the latter into the above integral identity we obtain∫
δS2(Â

U,φ̂) =
1

2

∫
−
(
ÂU,φ̂

)αβ
,ρ

(
B ρ

α β −Bρ
αβ

)
− α

(
τ(φ̂)a − 1

α
Ua

)
φ̂a
α

(
Bαρ

ρ −Bρα
ρ

)
.
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Renaming indexes we get∫
δS2(Â

U,φ̂) =
1

2

∫ ((
ÂU,φ̂

)
βα,ρ

−
(
ÂU,φ̂

)
βρ,α

)
Bραβ

+ α

[(
τ(φ̂)a − 1

α
Ua

)(
φ̂a
αgβρ − φ̂a

ρgβα
)]
Bραβ.

Recalling that

ĈU,φ̂
βαρ = ÂU,φ̂

βα,ρ − ÂU,φ̂
βρ,α

we get∫
δS2(Â

U,φ̂) =
1

2

∫ [
ĈU,φ̂

βαρ + α

(
τ(φ̂)a − 1

α
Ua

)(
φ̂a
αgβρ − φ̂a

ρgαβ
)]
Bραβ. (2.16)

Therefore, computing the variation of (2.9) and using (2.16) and (2.14) we find

δSU,φ̂ =

∫
δS2(Â

U,φ̂)− α

2
δ

(∣∣∣∣τ(φ̂)− 1

α
∇U

∣∣∣∣2
h

)

=

∫
1

2

[
ĈU,φ̂

βαρ + α

(
τ(φ̂)a − 1

α
Ua

)(
φ̂a
αgβρ − φ̂a

ρgαβ
)]
Bραβ

+ α

(
τ(φ̂)a − 1

α
Ua

)
φ̂a
ρgαβB

ραβ

=
1

2

∫ [
ĈU,φ̂

βαρ + α

(
τ(φ̂)a − 1

α
Ua

)(
φ̂a
αgβρ + φ̂a

ρgαβ
)]
Bραβ.

Therefore, the compactly supported variations of SU,φ̂ with respect to ∇̂ satisfy

0 =ĈU,φ̂
ρβα + α

(
τ(φ̂)a − 1

α
Ua

)(
φ̂a
αgβρ + φ̂a

βgαρ
)
. (2.17)

Contracting (2.17) with respect to gρβ and using (2.8) we deduce

0 = α

(
τ(φ̂)a − 1

α
Ua

)
φ̂a
α + α(n+ 1)

(
τ(φ̂)a − 1

α
Ua

)
φ̂a
α

which implies

τ(φ̂)aφ̂a
α − 1

α
Uaφ̂a

α = 0

so that (2.17) implies

0 = ĈU,φ̂

which is (2.6). As we already discussed, this is equivalent to (2.5) and we are
done.
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2.2 Deduction of the system

In this section, we show how the equations of Cotton gravity, for the stress energy
tensor T̂ = T̂ F + T̂ φ̂, reduce on the components of a static space-time. Motivated
by physical reasons (see Remark 2.3), we will split the natural condition 0 = div1 T̂

into the two conditions 0 = div1 T̂
F = div1 T̂

φ̂.

Theorem 2.2. Let M̂ = M ×f R be the static space-time with metric ĝ given by

ĝ = −e−2f̂dt2 + g

with f ∈ C∞(M), f̂ := f ◦ π̂M , (M, g) an m-dimensional Riemannian manifold.
For µ, p ∈ C∞(M), φ : (M, g) → (N, h) smooth, define

µ̂ = µ ◦ π̂M , p̂ = p ◦ π̂M , φ̂ = φ ◦ π̂M .

Define the stress-energy tensor T̂ by

T̂ = T̂ φ̂ + T̂ F

with

T̂ φ̂ = α φ̂∗h−
[
U(φ̂) +

α

2
|dφ̂|2

]
ĝ

T̂ F = (µ̂+ p̂)e−2f̂dt2 + p̂ĝ ,

for some α ∈ R \ {0}, and assume that both T̂ φ̂ and T̂ F are divergence free. In
this setting, Harada’s field equations yield, on M ,

0 = Cφ
ijk + fijk − fikj − fikfj + fijfk

− 1
m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+ 1
2m(m−1)

(
Sφ
k δij − Sφ

j δik
)

+ 1
m
Uaφa

j δik − 1
m
Uaφa

kδij +
1
m
(µjδik − µkδij),

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i − ftR

φ
it

+ 1
m
Uaφa

i − m−1
m

µi,

0 = ∇p− (µ+ p)∇f,

0 = h
(
τ(φ)− dφ(∇f)− 1

α
∇U(φ), dφ

)
.

(2.18)

Proof. Let {θi}mi=1 be an orthonormal coframe on (M, g). Let {θ̂α}mα=0 be an or-

thonormal coframe on (M̂, ĝ) such that θ̂i = π̂∗
Mθi for 1 ≤ i ≤ m and θ̂0 = e−f̂dt.

As in Section 1.3, {θij}mi,j=1 and {θ̂αβ}mα,β=0 will be the Levi-Civita connection forms

for the coframes {θi}mi=0 and {θ̂α}mα=0, respectively. Then, by Proposition 1.14, we
have {

θ̂ij = π̂∗
Mθij,

θ̂0i = θ̂i0 = −fiθ̂
0 .

(2.19)
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The components of the Ricci tensor of (M, ĝ) with respect to {θ̂α} are
R̂ij = Rij + fij − fifj,

R̂00 = −∆f + |∇f |2,

R̂0i = 0,

(2.20)

By the definition of covariant derivative, we have

Rij,kθ
k = dRij −Rkjθ

k
i −Rikθ

k
j ,

fijθ
j = dfi − fkθ

k
i ,

fijkθ
k = dfij − fkjθ

k
i − fikθ

k
j ,

R̂αβ,γ θ̂
γ = dR̂αβ − R̂γβ θ̂

γ
α − R̂αγ θ̂

γ
β .

Then, using (2.19) and (2.20) we get

R̂ij,γ θ̂
γ = dR̂ij − R̂γj θ̂

γ
i − R̂iγ θ̂

γ
i

= dR̂ij − R̂kjθ
k
i − R̂ikθ

k
j

= (Rij,k + fijk − fikfj − fifjk)θ
k ,

that is, {
R̂ij,k = Rij,k + fijk − fikfj − fifjk,

R̂ij,0 = 0 .
(2.21)

In the same fashion, we have

R̂0i,γ θ̂
γ = dR̂0i − R̂γiθ̂

γ
0 − R̂0γ θ̂

γ
i

= −R̂kiθ̂
k
0 − R̂00θ̂

0
i

= (fkR̂ki + fiR̂00)θ̂
0

= (fkRki + fkfki − |∇f |2fi − fi∆f + fi|∇f |2)θ̂0 ,

that is, {
R̂0i,j = 0,

R̂0i,0 = Rijfj + fijfj − (∆f)fi .
(2.22)

Lastly, from

R̂00,γ θ̂
γ = dR̂00 − 2R̂0γθ

γ
0 = dR̂00 = −d∆f + d|∇f |2

we get {
R̂00,i = −fjji + 2fijfj,

R̂00,0 = 0 .
(2.23)

Next, since
Ŝα = gγβR̂γβ,α = R̂tt,α − R̂00,α
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we deduce {
Ŝi = Si + 2fjji − 4fijfj,

Ŝ0 = 0 .
(2.24)

We are ready to compute how the Cotton tensor of (M̂, ĝ) splits on the spatial and

the time components. Recalling that n = dim M̂ = m+1, Ĉ reads, in components,

Ĉαβγ = R̂αβ,γ − R̂αγ,β −
1

2m
(Ŝγgαβ − Ŝβgαγ) .

Therefore, from (2.21) and (2.24) we get

Ĉijk = Rij,k −Rik,j + fijk − fikj − fikfj + fijfk

− 1

2m
(Skgij − Sjgik)−

1

m
[(∆f − |∇f |2)kgij − (∆f − |∇f |2)jgik]

= Cijk + fijk − fikj − fikfj + fijfk

+
1

2m(m− 1)
(Skgij − Sjgik)−

1

m
[(∆f − |∇f |2)kgij − (∆f − |∇f |2)jgik] .

A direct computation yields Ĉij0 = Ĉ0ij = 0. Lastly, we have, from (2.23), (2.22)
and (2.24),

Ĉ00i = R̂00,i − R̂0i,0 −
1

2m
(Ŝig00 − Ŝ0g0i)

= −(∆f − |∇f |2)i −Rijfj − fijfj + (∆f)fi +
1

2m
Si +

1

m
(∆f − |∇f |2)i

= −Rijfj −
m− 1

m
(∆f)i +

m− 2

m
fijfj + (∆f)fi +

1

2m
Si .

Putting together the above computations, we get

Ĉijk = Cijk + fijk − fikj − fikfj + fijfk

− 1
m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+ 1
2m(m−1)

(Skδij − Sjδik),

Ĉ00i = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Si − ftRit,

Ĉij0 = 0,

Ĉ0ij = 0.

(2.25)

We now study the field equations. Having defined

T̂ :=
1

m− 1

(
T̂ ? ĝ − trĝT̂

2m
ĝ ? ĝ

)
,

we have that the field equations of Cotton gravity are

Ĉ = −(m− 1) div1 T̂ .
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As we already discussed in the beginning of this Chapter, the field equations imply
that T̂ is divergence free. From our assumptions, we have φ̂a

0 = 0, µ̂0 = p̂0 = 0.

Furthermore, we are also assuming that T̂ F and T̂ φ̂ are divergence-free, which, by
(the proofs of) Propositions 1.15 and 1.17, can be seen to be equivalent to

{
0 = (µ̂+ p̂)∇̂f̂ − ∇̂p̂,

0 = αh
(
τ(φ̂)− 1

α
(∇U)(φ̂), dφ̂

)
.

(2.26)

From equation (2.2) and since div1 T̂ = 0 we have

div1 T̂αβγ =
1

m− 1

[
T̂αγ,β − T̂αβ,γ

]
− 1

m(m− 1)

(
trĝT̂

)
β
gαγ (2.27)

+
1

m(m− 1)

(
trĝT̂

)
γ
gαβ.

Since T̂ = T̂ φ̂ + T̂ F we have

div1 T̂ = div1 T̂
φ̂ + div1 T̂

F

with an obvious meaning of notations. We compute the last two terms separately.
From the definition (1.43) of T̂ φ̂ one easily sees that

T̂ φ̂
αβ,γ = αφ̂a

αγφ̂
a
β + αφ̂a

αφ̂
a
βγ −

(
αgηρφ̂a

ηγφ̂
a
ρ + Uaφ̂a

γ

)
gαβ (2.28)

and

trĝT̂
φ̂ = −α

m− 1

2
|dφ̂|2 − (m+ 1)U(φ̂). (2.29)
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Therefore, from (2.27) we get

(m− 1) div1 T̂
φ̂
αβγ =T̂ φ̂

αγ,β − T̂ φ̂
αβ,γ −

1

m

[(
trĝT̂

φ̂
)
β
gαγ −

(
trĝT̂

φ̂
)
γ
gαβ

]
=α

{
φ̂a
αβφ̂

a
γ − φ̂a

αγφ̂
a
β −

1

α
Uaφ̂a

βgαγ +
1

α
Uaφ̂a

γgαβ

− gηρφ̂a
ηβφ̂

a
ρgαγ + gηρφ̂a

ηγφ̂
a
ρgαβ

+
1

m

[
(m− 1)gηρφ̂a

ηβφ̂
a
ρgαγ +

m+ 1

α
Uaφ̂a

βgαγ

]
− 1

m

[
(m− 1)gηρφ̂a

ηγφ̂
a
ρgαβ +

m+ 1

α
Uaφ̂a

γgαβ

]}
=α

{
φ̂a
αβφ̂

a
γ − φ̂a

αγφ̂
a
β −

(
1− m+ 1

m

)
1

α
Uaφ̂a

βgαγ

+

(
1− m+ 1

m

)
1

α
Uaφ̂a

γgαβ −
(
1− m− 1

m

)
gηρφ̂a

ηβφ̂
a
ρgαγ

+

(
1− m− 1

m

)
gηρφ̂a

ηγφ̂
a
ρgαβ

}
=α

{
φ̂a
αβφ̂

a
γ − φ̂a

αγφ̂
a
β +

1

αm
Uaφ̂a

βgαγ

− 1

αm
Uaφ̂a

γgαβ −
1

m
gηρφ̂a

ηβφ̂
a
ρgαγ +

1

m
gηρφ̂a

ηγφ̂
a
ρgαβ

}
.

Set

Φαβγ :=− (m− 1) div1 T̂
φ̂
αβγ

=− α

{
φ̂a
αβφ̂

a
γ − φ̂a

αγφ̂
a
β +

1

αm
Uaφ̂a

βgαγ −
1

αm
Uaφ̂a

γgαβ

− 1

m
gηρφ̂a

ηβφ̂
a
ρgαγ +

1

m
gηρφ̂a

ηγφ̂
a
ρgαβ

}
.

From Proposition 1.17 we have 
φ̂a
00 = φa

t ft,

φ̂a
0i = 0,

φ̂a
ij = φa

ij.

(2.30)

Using (2.30) and φ̂a
0 = 0 the following are easily computed

Φijk = −αφa
ijφ

a
k + αφa

ikφ
a
j − 1

m
Uaφa

j δik

+ 1
m
Uaφa

kδij +
α
m
φa
tjφ

a
t δik − α

m
φa
tkφ

a
t δij,

Φ00i = −αφa
iφ

a
t ft − 1

m
Uaφa

i +
α
m
φa
tiφ

a
t ,

Φij0 = 0,

Φ0ij = 0.

(2.31)
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We now study the perfect fluid stress-energy tensor

T̂ F = (µ̂+ p̂)e−2f̂dt⊗ dt+ p̂ĝ.

As we already discussed, µ̂0 = p̂0 = 0 and{
θ̂ij = −θ̂ji = θij,

θ̂0i = θ̂i0 = −fiθ̂
0.

(2.32)

We compute the components of the covariant derivative of T̂ F . Similar computa-
tions have been done in the proof of Proposition 1.15, but we repeat them for the
ease of the reader. Since

T̂ F
αβ,γ θ̂

γ = dT̂ F
αβ − T̂ F

γβ θ̂
γ
α − T̂ F

αγ θ̂
γ
β,

we get, from the definition of T̂ F ,{
T̂ F
0α = µ̂δ0α,

T̂ F
iα = p̂δiα

(2.33)

and

trĝT̂
F = mp̂− µ̂. (2.34)

Therefore (2.33) and (2.32) imply

T̂ F
ij,αθ̂

α =dT̂ F
ij − T̂ F

γj θ̂
γ
j − T̂ F

γi θ̂
γ
j

=δij p̂αθ̂
α − p̂θ̂ji − p̂θ̂ij

=δij p̂αθ̂
α,

that is,

T̂ F
ij,α = p̂αδij. (2.35)

Using (2.33) we have

T̂ F
00,α =dT̂ F

00 − T̂ F
γ0θ̂

γ
0 − T̂ F

0γ θ̂
γ
0

=µ̂αθ̂
α,

that is,

T̂ F
00,α = µ̂α. (2.36)

Using (2.33) and (2.32) we get

T̂ F
0i,αθ̂

α =dT̂ F
0i − T̂ F

γi θ̂
γ
0 − T̂ F

0γ θ̂
γ
i

=0− p̂θ̂i0 − µ̂θ̂0i

=− (µ̂+ p̂)θ̂i0 = (µ̂+ p̂)fiθ̂
0



2.2. DEDUCTION OF THE SYSTEM 57

so that

T̂ F
0i,j = 0, T̂0i,0 = (µ̂+ p̂)fi. (2.37)

From (2.27), (2.34) and (2.35) we deduce

div1 T̂
F
ijk =

1

m− 1

(
T̂ F
ik,j − T̂ F

ij,k

)
− 1

m(m− 1)

(
trĝT̂

F
)
j
δik +

1

m(m− 1)

(
trĝT̂

F
)
k
δij

=
1

m− 1
(pjδik − pkδij)−

1

m(m− 1)
[(mpj − µj)δik − (mpk − µk)δij]

=
1

m(m− 1)
[µjδik − µkδij],

that is,

div1 T̂
F
ijk =

1

m(m− 1)
[µjδik − µkδij]. (2.38)

From (2.35) and (2.37) we get

div1 T̂
F
ij0 =

1

m− 1

(
T̂ F
i0,j − T̂ F

ij,0

)
− 1

m(m− 1)

[(
trĝT̂

F
)
j
gi0 −

(
trĝT̂

F
)
0
gij

]
=0

and, using (2.37),

div1 T̂
F
0ij =

1

m− 1

(
T̂ F
0j,i − T̂ F

0i,j

)
− 1

m(m− 1)

[(
trĝT̂

F
)
i
g0j −

(
trĝT̂

F
)
j
g0i

]
=0.

Using (2.34), (2.36) and (2.37) we obtain

div1 T̂
F
0i,0 =

1

m− 1

[
T̂ F
00,i − T̂ F

0i,0

]
− 1

m(m− 1)

[(
trĝT̂

F
)
i
g00 −

(
trĝT̂

F
)
0
g0i

]
=

1

m− 1
[µi − (µ+ p)fi] +

1

m(m− 1)
(mpi − µi)

=
1

m
µi −

µ+ p

m− 1
fi +

1

m− 1
pi.

Putting together these informations we get
div1 T̂

F
ijk =

1
m(m−1)

(µjδik − µkδij),

div1 T̂
F
0i0 =

1
m
µi +

1
m−1

[pi − (µ+ p)fi],

div1 T̂
F
0ij = 0,

div1 T̂
F
ij0 = 0.

(2.39)
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Combining (2.25), (2.31) and (2.39) the field equations become

0 =Cijk + fijk − fikj − fikfj + fijfk

− 1

m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+
1

2m(m− 1)
(Skδij − Sjδik)

+ αφa
ijφ

a
k − αφa

ikφ
a
j +

1

m
Uaφa

j δik −
1

m
Uaφa

kδij

− α

m
φa
tjφ

a
t δik +

α

m
φa
tkφ

a
t δij +

1

m
(µjδik − µkδij)

and

0 =− m− 1

m
ftti +

m− 2

m
ftfti + (∆f)fi +

1

2m
Si − ftRit

+ αφa
iφ

a
t ft +

1

m
Uaφa

i −
α

m
φa
tiφ

a
t

− m− 1

m
µi + pi − (µ+ p)fi.

Using the definitions of the φ-curvatures the above equations can be re-written as

0 = Cφ
ijk + fijk − fikj − fikfj + fijfk

− 1
m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+ 1
2m(m−1)

(
Sφ
k δij − Sφ

j δik
)

+ 1
m
Uaφa

j δik − 1
m
Uaφa

kδij +
1
m
(µjδik − µkδij),

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i − ftR

φ
it

+ 1
m
Uaφa

i − m−1
m

µi + pi − (µ+ p)fi.

(2.40)

Remark 2.3. In what follows, we will replace condition (2.18).iv) with the stronger

τ(φ) = dφ(∇f) +
1

α
∇U. (2.41)

This is motivated by the following reasoning: the stress-energy tensor T̂ φ̂ is ob-
tained from the matter action

I(ĝ, φ̂) =

∫ (
α|dφ̂|2ĝ + 2U(φ̂)

)
by considering the critical points of its variations with respect to the metric.
As we discussed in the Introduction, the critical points for variations of the field
φ̂ of this action are 1

α
U -harmonic, that is, they satisfy

τ(φ̂) =
1

α
∇U(φ̂) (2.42)
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see [62] for a proof in Riemannian signature, the Lorentzian case being identical.
As we just proved, (2.42) reduces to (2.41) on a static space-time, so that it is
natural to consider equation (2.41) instead of (2.43). This point of view also
motivates the splitting of the natural condition

0 = div1 T̂

into the two conditions

0 = div1 T̂
F = div1 T̂

φ̂.

Definition 2.4. Given a Riemannian manifold (M, g) and a smooth map φ :
(M, g) → (N, h) that targets another Riemannian manifold, and given α ∈ R, α ̸=
0, U ∈ C∞(N), µ, p ∈ C∞(M) and a function f ∈ C∞(M), we will say that
(M, g, f) is a C-φ-PF if it satisfies



0 = Cφ
ijk + fijk − fikj − fikfj + fijfk

− 1
m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+ 1
2m(m−1)

(
Sφ
k δij − Sφ

j δik
)

+ 1
m
Uaφa

j δik − 1
m
Uaφa

kδij +
1
m
(µjδik − µkδij),

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i − ftR

φ
it

+ 1
m
Uaφa

i − m−1
m

µi,

0 = ∇p− (µ+ p)∇f,

0 = τ(φ)− dφ(∇f)− 1
α
∇U(φ).

(2.43)

We want to write system (2.43) in an equivalent form, that will be useful in
the next section. From equation (2.43).ii) we get

m− 1

m
ftti − 2

m− 1

m
ftfti =

(
m− 2

m
− 2

m− 1

m

)
ftfti + (∆f)fi +

1

2m
Sφ
i

− ftR
φ
ti +

1

m
Uaφa

i −
m− 1

m
µi.

Simplifying and dividing by m− 1 we deduce

1

m
(ftti − 2ftfti) =− 1

m− 1
[ftfti − (∆f)fi] +

1

2m(m− 1)
Sφ
i

− 1

m− 1
ftR

φ
ti +

1

m(m− 1)
Uaφa

i −
1

m
µi.
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Using the latter into (2.43).i) we obtain

0 =Cφ
ijk + fijk − fikj − fikfj + fijfk

+
1

m− 1
(ftftk − (∆f)fk)δij −

1

2m(m− 1)
Sφ
k δij +

1

m− 1
ftR

φ
tkδij

− 1

m(m− 1)
Uaφa

kδij +
1

m
µkδij

− 1

m− 1
(ftftj − (∆f)fj)δik +

1

2m(m− 1)
Sφ
j δik −

1

m− 1
ftR

φ
tjδik

+
1

m(m− 1)
Uaφa

j δik −
1

m
µjδik

+
1

2m(m− 1)

(
Sφ
k δij − Sφ

j δik
)
+

1

m
Ua
(
φa
j δik − φa

kδij
)

+
1

m
(µjδik − µkδij).

Simplifying, the latter becomes

0 =Cφ
ijk + fijk − fikj + fijfk − fikfj +

1

m− 1
[ftftk − (∆f)fk]δij (2.44)

− 1

m− 1
[ftftj − (∆f)fj]δik +

1

m− 1
ft
(
Rφ

tkδij −Rφ
tjδik

)
− 1

m− 1
Uaφa

kδij +
1

m− 1
Uaφa

j δik.

Using the Ricci commutation relations and the definition of Wφ we get

fijk − fikj = ftRtijk (2.45)

= ftW
φ
tijk +

1

m− 2

[
fjR

φ
ik − fkR

φ
ij + ftR

φ
tjδik − ftR

φ
tkδij

]
− Sφ

(m− 1)(m− 2)
(fjδik − fkδij).

Plugging (2.45) into (2.44) we deduce

0 =Cφ
ijk + ftW

φ
tijk +

1

m− 2

[
fjR

φ
ik − fkR

φ
ij + ftR

φ
tjδik − ftR

φ
tkδij

]
− Sφ

(m− 1)(m− 2)
(fjδik − fkδij) +

1

m− 1
ft
(
Rφ

tkδij −Rφ
tjδik

)
+ fijfk − fikfj −

1

m− 1
[ftftj − (∆f)fj]δik +

1

m− 1
[ftftk − (∆f)fk]δij

− 1

m− 1
Uaφa

kδij +
1

m− 1
Uaφa

j δik.
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Simplifying

0 =Cφ
ijk + ftW

φ
tijk +

1

m− 2

[
fjR

φ
ik − fkR

φ
ij +

ft
m− 1

(
Rφ

tjδik −Rφ
tkδij

)
(2.46)

− Sφ

m− 1
(fjδik − fkδij)

]
+ fijfk − fikfj +

1

m− 1
ft(ftkδij − ftjδik)−

∆f

m− 1
(fkδij − fjδik)

− 1

m− 1
Ua
(
φa
kδij − φa

j δik
)
.

We define

DA
ijk :=

1

m− 2

[
fkR

φ
ij − fjR

φ
ik +

ft
m− 1

(
Rφ

tkδij −Rφ
tjδik

)
(2.47)

− Sφ

m− 1
(fkδij − fjδik)

]
and

DB
ijk :=

1

m− 2

[
fjfik − fkfij +

ft
m− 1

(ftjδik − ftkδij) (2.48)

− ∆f

m− 1
(fjδij − fkδik)

]
so that (2.46) becomes

0 =Cφ
ijk + ftW

φ
tijk −DA

ijk − (m− 2)DB
ijk −

1

m− 1
Ua
(
φa
kδij − φa

j δik
)
. (2.49)

System (2.43) is therefore equivalent to

0 = Cφ
ijk + ftW

φ
tijk −DA

ijk − (m− 2)DB
ijk − 1

m−1
Ua
(
φa
kδij − φa

j δik
)
,

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i

−ftR
φ
ti +

1
m
Uaφa

i − m−1
m

µi,

0 = ∇p− (µ+ p)∇f,

0 = τ(φ)− dφ(∇f)− 1
α
∇U(φ).

(2.50)

Equation (2.50).i) has two important features, that are not seen in (2.43).i): on the
one hand, the tensors DA and DB appear explicitly in it; as we will see in Section
2.3.1, these tensors are fundamental in the study of the geometry of the regular
level sets of f . On the other hand, (2.50).i) share some striking formal similarities
with the first integrability condition of a φ-static perfect fluid space-time. These
structures, introduced in [13], arise as solutions, on a static space-time M ×f R,
of the Einstein field equations

R̂ic− 1

2
Ŝĝ = T̂ F + T̂ φ̂ (2.51)
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with source given by the combination of a perfect fluid and a non-linear field,
subject to the further condition {

div T̂ F = 0,

τ(φ̂) = ∇U
α
.

(2.52)

From Proposition 1.18, we know that equations (2.51) and (2.52) gives, on
(M, g), 

Ricφ +Hess f − df ⊗ df − 1
m−1

(
Sφ

2
− p+ U(φ)

)
g = 0,

∆ff = − 1
m−1

[
mp−mU(φ) + m−2

2
Sφ
]
,

τ(φ)− dφ(∇f) = ∇U
α
,

µ+ U(φ) = 1
2
Sφ,

∇p− (µ+ p)∇f = 0.

(2.53)

Here, we are using the notation

∆fh := ∆h− g(∇h,∇f),

for any h ∈ C∞(M). The operator ∆f is often called the f -laplacian.
Performing the substitution u = e−f , system (2.53) becomes



Hessu− u
{
Ricφ − 1

m−1

(
Sφ

2
− p+ U(φ)

)
g
}
= 0,

∆u = u
m−1

[
mp−mU(φ) + m−2

2
Sφ
]
,

uτ(φ) = −dφ(∇u) + u
α
∇U,

µ+ U(φ) = 1
2
Sφ,

(µ+ p)∇u = −u∇p.

(2.54)

From (2.54) one can see that, when φ is constant and U ≡ 0, the system reduces
to that of a classical perfect fluid. Working as in Remark 1.16, and using (2.53).iv)
in (2.53).ii), one easily sees that system (2.53) is equivalent to

Ricφ +Hess f − df ⊗ df = λg,

∆ff = 1
m−1

[Sφ −m(µ+ p)],

τ(φ) = dφ(∇f) + ∇U
α
,

1
2
Sφ = U(φ) + µ,

(µ+ p)∇f −∇p = 0.

(2.55)

Definition 2.5. Let (M, g) be an m-dimensional Riemannian manifold and let
φ : (M, g) → (N, h) be a smooth map that targets another Riemannian manifold.
Given α ∈ R, α ̸= 0, U ∈ C∞(N), µ, p, λ ∈ C∞(M) and f ∈ C∞(M), we will say
that (M, g) is a φ-static perfect fluid space-time (φ-SPFST for short) if f is a
solution of (2.55).
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Remark 2.6. Recall that every solution of Einstein’s field equations for a stress
energy tensor T is also a solution of the Cotton gravity equations, for the same
stress-energy tensor. Therefore, we have that every φ-SPFST is also a C-φ-PF.

The next result, which corresponds to the case η = 1 of Proposition 4.1 of [13],
gives some integrability conditions for φ-SPFSTs. We will prove a generalization
of its first part in Proposition 3.1.

Proposition 2.7. Let (M, g) be a manifold of dimension m ≥ 3. Let φ : (M, g) →
(N, h), U : (N, h) → R, λ : (M, g) → R be smooth maps, α ∈ R \ {0} and let
f ∈ C∞(M); assume that equations (2.55).i) and (2.55).iii) hold on M . We then
have

(m− 1)DA
ijk = Cφ

ijk + ftW
φ
tijk +

Ua

m− 1

(
φa
j δik − φa

kδij
)

(2.56)

and

(m− 2)Bφ
ij =(m− 1)

[
Dφ

ijk,k −
α

m− 2
φa
ssφ

a
i fj

]
+

m− 3

m− 2
fkC

φ
jik −Wφ

tijkftfk

(2.57)

+
Ua

m− 1

[
(m− 2)φa

ij −
1

m− 2
φa
ssδij

]
+

Uab

m− 1

[
φa
kφ

b
kδij −mφa

iφ
b
j

]
+ fjU

aφa
i .

Remark 2.8. It is easy to prove how, assuming the validity of (2.55).i), one has
DA = DB. Therefore, under this assumption, (2.50).i) becomes (3.3).
Equation (2.57) is important in order to obtain rigidity results for φ-SPFSTs, see
Theorem 4.17 of [13]. A generalization of (2.57), with applications to C-φ-PFs, is
given by Proposition 2.20 below.

2.3 Local structure and a rigidity result

In this section, we prove a rigidity result for a C-φ-PF (in fact, for a slightly more
general system). In Section 2.3.1 we study how the vanishing of DA and DB, as
defined in (2.47) and (2.48), affects the geometry of regular level sets of f . Then
we find conditions that grant the validity of DA ≡ DB ≡ 0. In doing so, we also
show how C-φ-PFs are related to the existence of suitable Codazzi tensors.

2.3.1 The local structure of a C-φ-PF

We are going to prove the next

Theorem 2.9. Let (M, g) be a smooth, m-dimensional Riemannian manifold and
let φ : (M, g) → (N, h) be a smooth map that targets another Riemannian manifold
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(N, h). For a constant 0 ̸= α ∈ R and some functions U ∈ C∞(N), f ∈ C∞(M),
assume that the following system holds:{

0 = Cφ
ijk + ftW

φ
tijk − 1

m−1
Uaφa

kδij +
1

m−1
Uaφa

j δik −DA
ijk − (m− 2)DB

ijk,

τ(φ) = dφ(∇f) + ∇U
α
.

(2.58)

Assume that DA ≡ DB ≡ 0 and that φ is 1
α
U-harmonic. Let c ∈ R be a regular

value of f and let Σ = Σc be the corresponding level set. Then, ∀p ∈ Σ, there exists
in M an open neighbourhood A of p such that g|A is a warped product (I ×ρ (Σ ∩
A), dr2 + ρ2(r)gΣ) where I is an open interval, r is the signed distance function
from Σ and ρ : I → R is the warping factor. Moreover U(φ) is locally constant on
Σ and (Σ, gΣ) satisfies {

Ricφ|Σ = S
φ|Σ

m−1
gΣ,

h
(
τ(φ|Σ), dφ|Σ

)
= 0,

(2.59)

where Ricφ|Σ and Sφ|Σ denote the φ-Ricci curvature and the φ-scalar curvature of
(Σ, gΣ).

Remark 2.10. Theorem 2.9 is similar to Theorem 4.14 of [13]. There, (M, g)
satisfied {

Ricφ +Hess f − ηdf ⊗ df = λg

τ(φ) = dφ(∇f) + ∇U
α
.

(2.60)

As we saw in Section 2.2, such a manifold satisfies (2.58) when η = 1, but this is
just a necessary condition, so that the present setting is more general. The proof
of Theorem 2.9 follows the same lines of that of Theorem 4.14 of [13] with some
small modifications. We will split the proof into several propositions.

From here on, c will be a regular value of f , Σ will be the corresponding level
set and p ∈ Σ. At such a p, {ei}mi=1 will be an orthonormal frame such that

em =
∇f

|∇f |

and upper case letters A,B,C, ..., will denote indexes ranging from 1 to m − 1.
The dual co-frame of {ei}mi=1 will be denoted by {θi}mi=1. For such a co-frame we
have

θmA(eB) = ΠAB = − fAB

|∇f |
,

see Proposition 8.1 of [21].
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Proposition 2.11. Let (M, g) be a Riemannian manifold and let P be a 2-
covariant symmetric tensor field on M . For f ∈ C∞(M), define

D(P )ijk :=
1

m− 2

[
fkPij − fjPik +

ft
m− 1

(Ptkδij − Ptjδik) (2.61)

− Ptt

m− 2
(fkδij − fjδik)

]
.

Then D(P ) ≡ 0 if and only if we have that the two following conditions are satis-
fied:

i) at any regular point p ∈ M of f , ∇f is an eigenvector of P ;

ii) at any regular point p ∈ M of f and for any orthonormal frame {ei}mi=1 at p
such that em = ∇f

|∇f | we have

PAB =
PCC

m− 1
δAB.

Remark 2.12. Proposition 2.11 implies that, when D(P ) ≡ 0, P has at most two
eigenvalues at any regular point p of f , with eigenspaces ⟨∇f⟩ and ⟨∇f⟩⊥.

Proof of Proposition 2.11. For the time of this proof, we will set D = D(P ) for
simplicity. The condition that ∇f be an eigenvector of P at p is equivalent to

fjftPtk = fkftPtj. (2.62)

Indeed, in the dual co-frame {θi}mi=1 of {ei}, (2.62) is equivalent to

|∇f |fjPmk = |∇f |fkPmj;

therefore, since fA = 0,∀A ∈ {1, ...,m− 1} and fm = |∇f | ≠ 0, we get

0 = fAPmm = fmPmA = |∇f |PmA

so that PmA = 0,∀A ∈ {1, ...,m− 1}. Now, contracting (2.61) with fi we get

fiDijk =
1

m− 2

[
ftfkPtj − ftfjPtk +

1

m− 1
ft(Ptkfj − Ptjfk)

− Ptt

m− 1
(fjfk − fkfj)

]
=

1

m− 1
(ftfkPtj − ftfjPtk)

implying that (2.62) is equivalent to

Dmjk = 0. (2.63)
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Having the validity of (2.62), we also get

DABC =
1

m− 1

[
fCPAB − fBPAC +

|∇f |
m− 1

(PmCδAB − PmBδAC)

− Ptt

m− 1
(fCδAB − fBδAC)

]
=0

since fA = fB = fC = 0. We are only left to prove that, assuming (2.62), the
condition

DABm = 0

is equivalent to

PAB =
PCC

m− 1
δAB.

From (2.61), using fA = fB = 0, fm = |∇f | and PAm = 0,∀A, we deduce

DABm =
1

m− 2

[
fmPAB − fBPAm +

|∇f |
m− 1

(PmmδAB − PmBδAm)

− Ptt

m− 1
(fmδAB − fBδAm)

]
=

|∇f |
m− 2

[
PAB +

Pmm

m− 1
δAB − 1

m− 1
(PCC + Pmm)δAB

]
=

|∇f |
m− 2

[
PAB − PCC

m− 1
δAB

]
and we are done.

Corollary 2.13. Let (M, g) be a Riemannian manifold and let f ∈ C∞(M).
Assume DB ≡ 0. Then:

i) for every regular point p of f , ∇f is an eigenvector of Hess f ;

ii) for any regular level set Σ of f , i : Σ ↪→ M is totally umbilical.

Proof. Since DB = D(−Hess f), the conclusion follows from Proposition 2.11 and
fAB = −|∇f |ΠAB.

Proposition 2.14. Let (M, g) be a Riemannian manifold and let f ∈ C∞(M).
Assume that, at any regular point p of f ,

DB = 0, Rφ
Am = 0, ∀A, dφ(∇f) = 0. (2.64)

For a regular value c ∈ R of f , let Σ = f−1(c) be the corresponding level set of
f . Then, ∀p ∈ Σ, ∃A, p ∈ A ⊂ M open in M such that g|A is a warped product(

I ×ρ (Σ ∩ A), dr2 + ρ2(r)gΣ
)

(2.65)

where I is an open interval, r is the signed distance function from Σ ∩ A and
ρ : I → R is the warping factor.
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Proof. First, we prove that the mean curvature H of Σ is constant on it. Since
DB = 0 we have, by Corollary 2.13,

ΠAB =
H

m− 1
δAB.

Using Codazzi equations and Rφ
Am = 0 we get

HB = ΠAA,B = ΠAB,A −RmAAB

=
HB

m− 1
+Rφ

mB + αφa
mφ

a
B

=
HB

m− 1
+ αφa

mφ
a
B

and therefore

m− 2

m− 1
HB = αφa

mφ
a
B.

From dφ(∇f) = 0 we get

φa
m = 0

so that HB = 0 and H is constant on Σ.
Since DB = 0, we have, see Corollary 2.13,

1

2
|∇f |2A = ftfAt = |∇f |fAm = 0

so that |∇f | is locally constant on each regular level set of f . As it is well-known,
this implies that, ∀p ∈ Σ, there exists an open neighbourhood A of p in M such
that f|A only depends on r. See the proof of the equivalence of item (ii) and item
(iii) of Lemma 4.4 of [13] for more details. By restricting A, we can assume that
it is made only of regular points of f , and it is a tubular neighbourhood of A∩Σ.
We can choose r so that

∇r =
∇f

|∇f |
.

Expressing g in Fermi coordinates (x1, . . . , xm−1, r) we get, on A,

g = dr ⊗ dr + gAB(x, r) dx
A ⊗ dxB

and

Hess f = f ′′ dr ⊗ dr +
f ′

2
∂rgAB(x, r) dx

A ⊗ dxB

where x = (x1, . . . , xm−1). Therefore

fAB =
f ′

2
∂rgAB. (2.66)
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Since i : Σc ↪→ M is totally umbilical, for every c sufficiently close to c, we get

fAB

f ′ = −ΠAB = − H

m− 1
gAB (2.67)

Comparing (2.66) and (2.67) we have

− H

m− 1
gAB =

1

2
∂rgAB

and integrating the above expression

gAB(x, r) = e−2(m−1)−1
∫ r
0 H(s) ds gAB(x, 0);

since gAB(x, 0) dx
A ⊗ dxB = gΣ, we are done.

Proposition 2.15. Let (M, g) satisfy{
0 = Cφ

ijk + ftW
φ
tijk − 1

m−1
Uaφa

kδij +
1

m−1
Uaφa

j δik −DA
ijk − (m− 2)DB

ijk,

τ(φ) = dφ(∇f) + ∇U
α
.

(2.68)
Assume that

DA ≡ DB ≡ 0

and

τ(φ) =
∇U

α

and let Σ be as before. Then,{
Rφ|Σ = S

φ|Σ
m−1

gΣ,

h(τ(φ|Σ), dφ|Σ) = 0.
(2.69)

Proof. From (2.68).i) and DA ≡ DB ≡ 0 we get

0 = Cφ
AmB + |∇f |Wφ

mAmB − 1

m− 1
Uaφa

BδAm +
1

m− 1
Uaφa

mδAB. (2.70)

We need to prove

Wφ
mAmB = 0.

Since DA = 0, Proposition 2.11 implies

Rφ
Am = 0, ∀A
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and therefore

0 = dRφ
Am = Rφ

Am,kθ
k +Rφ

kmθ
k
A +Rφ

Akθ
k
m

= Rφ
Am,kθ

k +Rφ
Bmθ

B
A +Rφ

mmθ
m
A +Rφ

ABθ
B
m +Rφ

Amθ
m
m

= Rφ
Am,kθ

k +Rφ
mmθ

m
A +Rφ

ABθ
B
m.

Since DA = 0, Proposition 2.11 gives

Rφ
AB =

Sφ −Rφ
mm

m− 1
δAB (2.71)

so that

Rφ
Am,kθ

k = −Rφ
mmθ

m
A − 1

m− 1
(Sφ −Rφ

mm)θ
A
m

=
1

m− 1
(Sφ −mRφ

mm)θ
m
A.

Recalling that θmA(eB) = ΠAB = − fAB

|∇f | , we get

Rφ
Am,B = − 1

m− 1
(Sφ −mRφ

mm)
fAB

|∇f |
. (2.72)

By the definition of the φ-Cotton tensor, using (2.71) and (2.72) we obtain

Cφ
ABm =Rφ

AB,m −Rφ
Am,B − 1

2(m− 1)
(Sφ

mδAB − Sφ
BδAm)

=
1

m− 1
(Sφ −Rφ

mm)m δAB +
1

m− 1
(Sφ −mRφ

mm)
fAB

|∇f |

− Sφ
m

2(m− 1)
δAB

=
1

2(m− 1)
Sφ
mδAB − 1

m− 1
Rφ

mm,mδAB +
1

m− 1
(Sφ −mRφ

mm)
fAB

|∇f |
.

By the φ-Schur identity

1

2
Sφ
m =αφa

llφ
a
m +Rφ

lm,l

=αφa
llφ

a
m +Rφ

Am,A +Rφ
mm,m

and, since φa
ll =

1
α
Ua, we deduce

Cφ
ABm =

1

m− 1
Uaφa

mδAB +
1

m− 1
Rφ

Cm,CδAB +
1

m− 1
(Sφ −mRφ

mm)
fAB

|∇f |
.

Taking the trace of (2.72) we have

Rφ
Cm,C = − 1

m− 1
(Sφ −mRφ

mm)
fBB

|∇f |
,
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and therefore

Cφ
ABm =

1

m− 1
Uaφa

mδAB +
1

m− 1
(Sφ −mRφ

mm)

(
fAB

|∇f |
− fCC

(m− 1)|∇f
δAB

)
.

Since i : Σ ↪→ M is totally umbilical it holds

fAB =
fCC

m− 1
δAB

so that

Cφ
ABm =

Uaφa
m

m− 1
δAB;

from (2.70) we get

0 = Wφ
mAmB (2.73)

as we wanted to prove.
Using (2.73) and the definition of Wφ we deduce

RmAmB =Wφ
mAmB +

1

m− 2
(Rφ

mmδAB +Rφ
ABδmm −Rφ

mBδAm −Rφ
AmδmB)

− Sφ

(m− 1)(m− 2)
(δmmδAB − δmBδmA)

=
1

m− 2
(Rφ

mmδAB +Rφ
AB − Sφ

m− 1
δAB),

so that (2.71) implies

RmAmB =
1

m− 1
Rφ

mmδAB. (2.74)

From the Gauss equation and the fact that i : Σ ↪→ M is totally umbilical we
deduce

ΣRAC = RAC −RAmCm + (m− 2)H2δAC

so that, by the definition of Ricφ|Σ , we obtain

R
φ|Σ
AC = ΣRAC − αφa

Aφ
a
C = Rφ

AC −RAmCm + (m− 2)H2δAC .

From (2.71) and (2.74) we have

R
φ|Σ
AC =

Sφ −Rφ
mm

m− 1
δAC − 1

m− 1
Rφ

mmδAC + (m− 2)H2δAC

=

[
1

m− 1
(Sφ − 2Rφ

mm) + (m− 2)H2

]
δAC .

Tracing the above equation, it holds

Sφ|Σ = Sφ − 2Rφ
mm + (m− 2)(m− 1)H2 (2.75)
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so that

R
φ|Σ
AC =

Sφ|Σ

m− 1
δAC ,

which is (2.69).i).
To prove (2.69).ii), we first need to prove that Sφ|Σ is constant. Since DA ≡ 0,

by its definition, (2.47), we get

0 = Rφ
ijfk −Rφ

ikfj +
1

m− 1
ft(R

φ
tkδij −Rφ

tjδik)−
Sφ

m− 1
(fkδij − fjδik).

Taking the divergence of the latter with respect to i and using the φ-Schur identity
we obtain

0 =Rφ
ij,ifk +Rφ

ijfik −Rφ
ik,ifj −Rφ

ikfij

+
1

m− 1
ft(R

φ
tk,j −Rφ

tj,k) +
1

m− 1
(ftjR

φ
tk − ftkR

φ
tj)

− 1

m− 1
(Sφ

j fk − Sφ
k fj)−

1

m− 1
Sφ(fjk − fkj)

=
1

2

(
Sφ
j fk − Sφ

k fj
)
− αφa

tt

(
φa
jfk − φa

kfj
)
+

m− 2

m− 1
(Rφ

ijfik −Rφ
ikfij)

+
1

m− 1
ft(R

φ
tk,j −Rφ

tj,k)−
1

m− 1
(Sφ

j fk − Sφ
k fj).

Using the definition of Cφ and

τ(φ) =
∇U

α

we get

0 =
[1
2
+

1

2(m− 1)2
− 1

m− 1

](
Sφ
j fk − Sφ

k fj

)
+

m− 2

m− 1

(
Rφ

tjftk −Rφ
tkftj

)
+

1

m− 1
ftC

φ
tkj − Ua

(
φa
jfk − φa

kfj
)
.

From (2.58) and DA ≡ DB ≡ 0, we have

ftC
φ
tkj =

1

m− 1
Uaφa

jfk −
1

m− 1
Uaφa

kfj,

so that

0 =
(m− 2)2

2(m− 1)2

(
Sφ
j fk − Sφ

k fj

)
+

m− 2

m− 1

(
Rφ

tjftk −Rφ
tkftj

)
+

1− (m− 1)2

(m− 1)2
Ua
(
φa
jfk − φa

kfj
)
.

From Proposition 2.11, and since DA ≡ DB ≡ 0, Ricφ and Hess f have the same
eigenspaces so that they commute, i.e.

Rφ
tjftk −Rφ

tkftj = 0.
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Therefore,

0 =
[(m− 2)2

2
Sφ
j +(1−(m−1)2)Uaφa

j

]
fk−

[(m− 2)2

2
Sφ
k +(1−(m−1)2)Uaφa

k

]
fj.

Choosing j = A and k = B we get

0 =
[(m− 2)2

2
Sφ
A + (1− (m− 1)2)Uaφa

A

]
fm −

[(m− 2)2

2
Sφ
m + (1− (m− 1)2)Uaφa

m

]
fA

=|∇f |
[(m− 2)2

2
Sφ
A + (1− (m− 1)2)Uaφa

A

]
,

so that

0 =
(m− 2)2

2
Sφ
A + (1− (m− 1)2)Uaφa

A. (2.76)

Recall equation (2.75), that is,

Sφ|Σ = Sφ − 2Rφ
mm + (m− 2)(m− 1)H2

and differentiate

S
φ|Σ
A =Sφ

A − 2Rφ
mm,A + 2(m− 2)(m− 1)HHA

=Sφ
A − 2Rφ

mm,A,

where the last equality follows because H is constant on Σ. Now,

Rφ
mm,A =Rmm,A − 2αφa

mφ
a
Am

=Rmm,A

since φa
m = 0. Since g is a warped product metric, Rmm is a function of r alone so

that it is locally constant on Σ, see chapter 1.7 of [1]. Therefore Rmm,A = 0, and

S
φ|Σ
A = Sφ

A

so that (2.76) becomes

0 =
(m− 2)2

2
S
φ|Σ
A + (1− (m− 1)2)Uaφa

A. (2.77)

By a direct computation, we have

τa(φ|Σ) =τa(φ)− φa
mm + (m− 1)φa

mH

=τa(φ)− φa
mm.

We want to prove that φa
mm = 0. Since τ(φ) = ∇U

α
, (2.68).ii) gives

φa
t ft = 0.
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Differentiating, since fAm = 0 = φa
m

0 =φa
tmft + φa

t ftm

=φa
mm|∇f |+ φa

mfmm + φa
AfAm

=φa
mm|∇f |

so that

τa(φ|Σ) = τ(φ) =
∇U

α
. (2.78)

Taking the divergence of (2.71) and using the φ-Schur identity we get

R
φ|Σ
AC,C =

1

2
S
φ|Σ
A − ατa(φ|Σ)φ

a
A =

S
φ|Σ
A

m− 1

so that
m− 2

2(m− 1)
S
φ|Σ
A = τa(φ|Σ)φ

a
A = Uaφa

A (2.79)

Combining with (2.77) we get

(m− 2)2

2
S
φ|Σ
A + (1− (m− 1)2)

m− 2

2(m− 1)
S
φ|Σ
A = 0;

since
(m− 2)2

2
+ (1− (m− 1)2)

m− 2

2(m− 1)
= − (m− 2)2

2(m− 1)
< 0

we obtain
S
φ|Σ
A = 0.

From (2.77) we also have
Uaφa

A = 0 (2.80)

and from (2.78)
0 = Uaφa

A = ατa(φ|Σ)φ
a
A

which is (2.69).ii).

Proof of Theorem 2.9. This follows from Propositions 2.11 and 2.15 combined.

2.3.2 Cotton Gravity and Codazzi Tensors

It has been first pointed out by Mantica and Molinari, [71], how, on an n-dimensional

Lorentzian manifold (M̂, ĝ), Cotton Gravity’s field equations

Ĉ = −(n− 2) div1 T̂ (2.81)

be equivalent to the requirement that the tensor

Ẑαβ := R̂αβ − T̂αβ −
Ŝ − 2trĝT̂

2(n− 1)
gαβ (2.82)
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be Codazzi. Indeed, by (2.82)

Ẑαβ,γ − Ẑαγ,β =R̂αβ,γ − R̂αγ,β − T̂αβ,γ + T̂αγ,β

− Ŝγ

2(n− 1)
gαβ +

Ŝβ

2(n− 1)
gαγ +

(
trĝT̂

)
γ

n− 1
gαβ −

(
trĝT̂

)
β

n− 1
gαγ,

that is,

Ẑαβ,γ − Ẑαγ,β = Ĉαβγ − T̂αβ,γ + T̂αγ,β +
1

n− 1

[(
trĝT̂

)
γ
gαβ −

(
trĝT̂

)
β
gαγ

]
.

(2.83)

By equation (2.3) we see that the right hand side of (2.83) vanishes if and only
if (2.81) holds, as we wanted to show. As we saw in the previous section, choosing,

on a static space-time M̂ = M ×f R, the stress-energy tensor

T̂ = T̂ F + T̂ φ̂ = αφ̂∗h−
(α
2
|dφ̂|2 + U(φ̂)

)
ĝ + (µ̂+ p̂) e−2f̂dt⊗ dt+ p̂ĝ, (2.84)

and assuming that div1 T̂
F = div1 T̂

φ̂ = 0 holds, we have that (2.81) breaks down
into system 

0 = Cφ
ijk + fijk − fikj − fikfj + fijfk

− 1
m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

− 1
m
Ua
(
φa
kδij − φa

j δik
)
+ 1

2m(m−1)

(
Sφ
k δij − Sφ

j δik
)

− 1
m
(µkδij − µjδik),

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i − ftR

φ
ti

+ 1
m
Uaφa

i − m−1
m

µi,

0 = h
(
τ(φ)− dφ(∇f)− ∇U

α
, dφ

)
,

0 = ∇p− (µ+ p)∇f.

(2.85)

Define a 2-covariant symmetric tensor on M

Z := Ricφ +Hess f − df ⊗ df − λg, (2.86)

for some λ ∈ C∞(M). In the following we will make different choices of λ. If

λ =
Sφ + 2∆ff + 2U(φ) + 2µ

2m
,

then Z is the projection of Ẑ on (M, g). Indeed, tracing (2.84) with respect to ĝ
we find

trĝT̂ = α|dφ̂|2 − α
n

2
|dφ̂|2 − nU(φ̂)− (µ̂+ p̂) + np̂

= α
2− n

2
|dφ̂|2 − nU(φ̂)− µ̂+ (n− 1)p̂,
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so that (2.82) becomes

Ẑαβ =R̂αβ − αφ̂∗h+
α

2
|dφ̂|2ĝ + U(φ̂)ĝ − (µ̂+ p̂)e−2f̂dt⊗ dt

− p̂gαβ −
Ŝ − α(2− n)|dφ̂|2 + 2nU(φ̂) + 2µ̂− 2(n− 1)p̂

2(n− 1)
gαβ

and, simplifying,

Ẑαβ = R̂φ̂
αβ − (µ̂+ p̂)e−2f̂dt⊗ dt− Ŝφ̂ + 2U(φ̂) + 2µ̂

2(n− 1)
gαβ.

Recall from Proposition 1.14 that

R̂ij = Rij + fij − fifj

and

Ŝ = S + 2∆ff ;

since n = m+ 1 we then have

Ẑij = Rφ
ij + fij − fifj −

Sφ + 2∆ff + 2U(φ) + 2µ

2m
δij

as we claimed. A straightforward computation reveals that (2.85).i) is equivalent

to the requirement that Z be Codazzi for the choice λ =
Sφ+2∆ff+2U(φ)+2µ

2m
. Recall

that, using (2.85).ii) into (2.85).i), and elaborating a bit, the latter becomes

0 =Cφ
ijk + ftW

φ
tijk −

1

m− 1
Uaφa

kδij +
1

m− 1
Uaφa

j δik (2.87)

−DA
ijk − (m− 2)DB

ijk.

We want to characterize (2.87) in terms of the existence of a suitable Codazzi
tensor.

Proposition 2.16. Let (M, g) be an m-dimensional Riemannian manifold and
φ : (M, g) → (N, h) a smooth map with (N, h) a second Riemannian manifold.
Let α ∈ R, α ̸= 0, f ∈ C∞(M). Assume that, for some λ ∈ C∞(M), the tensor

Z = Ricφ +Hess f − df ⊗ df − λg

is a Codazzi tensor. Then we have the validity of

0 =Cφ
ijk + ftW

φ
tijk −

α

m− 1
(φa

tt − φa
t ft)
(
φa
kδij − φa

j δik
)

(2.88)

−DA
ijk − (m− 2)DB

ijk

on (M, g).

The proof of Proposition 2.16 relies on the following
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Lemma 2.17. Let Z be defined as in (2.86). Set

Dijk = Zij,k − Zik,j −
1

m− 1
[(Ztt,k − Ztk,t)δij − (Ztt,j − Ztj,t)δik]. (2.89)

Then we have

DA
ijk + (m− 2)DB

ijk +Dijk (2.90)

=Cφ
ijk + ftW

φ
tijk −

α

m− 1
(φa

tt − φa
t ft)
(
φa
kδij − φa

j δik
)
.

Remark 2.18. From (2.90) we see that D is independent from the choice of λ.

Proof of Lemma 2.17. We expand (2.89) using (2.86). From (2.86)

Zij,k = Rφ
ij,k + fijk − fikfj − fifjk − λkδij,

so that

Ztt,k = Sφ
k + (∆ff)k −mλk (2.91)

and

Ztk,t = Rφ
tk,t + ftkt − (∆f)fk − ftftk − λk.

Using the φ-Schur identity and the Ricci commutation relations

Ztk,t =
1

2
Sφ
k − αφa

ttφ
a
k + (∆f)k + ftRtk − (∆f)fk

− ftftk − λk;

From the definition of Ricφ we get

Ztk,t =
1

2
Sφ
k − αφa

k(φ
a
tt − φa

t ft) + (∆f)k + ftR
φ
tk − (∆f)fk (2.92)

− ftftk − λk.

Taking the difference of (2.91) and (2.92) we have

Ztt,k − Ztk,t =
1

2
Sφ
k − 2ftftk − (m− 1)λk − ftR

φ
tk

+ αφa
k(φ

a
tt − φa

t ft) + (∆f)fk + ftftk

so that

Ztt,k − Ztk,t =
1

2
Sφ
k − ftftk − (m− 1)λk − ftR

φ
tk (2.93)

+ αφa
k(φ

a
tt − φa

t ft) + (∆f)fk;
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then (2.89) becomes

Dijk =Rφ
ij,k −Rφ

ik,j + fijk − fikj − fikfj + fijfk

− λkδij + λjδik −
1

m− 1

(
1

2
Sφ
k − ftftk + (∆f)fk

)
δij

− 1

m− 1
(−ftR

φ
tk − (m− 1)λk + αφa

k(φ
a
tt − φa

t ft))δij

+
1

m− 1

(
1

2
Sφ
j − ftftj + (∆f)fj − ftR

φ
tj − (m− 1)λj + αφa

j (φ
a
tt − φa

t ft)

)
δik,

that is,

Dijk =Cφ
ijk + fijk − fikj − fikfj + fijfk (2.94)

− 1

m− 1
[(∆f)fk − ftftk − ftR

φ
tk + αφa

k(φ
a
tt − φa

t ft)]δij

+
1

m− 1

[
(∆f)fj − ftftj − ftR

φ
tj + αφa

j (φ
a
tt − φa

t ft)
]
δik.

Using the Ricci commutation relations and the definition of Wφ we get

fijk − fikj =ftRtijk (2.95)

=ftW
φ
tijk +

1

m− 2

(
fjR

φ
ik − fkR

φ
ij + ftR

φ
tjδik − ftR

φ
tkδij

)
− Sφ

(m− 1)(m− 2)
(fjδik − fkδij).

Inserting (2.95) in (2.94) we find

Dijk =Cφ
ijk + ftW

φ
tijk +

1

m− 2

(
fjR

φ
ik − fkR

φ
ij + ftR

φ
tjδik − ftR

φ
tkδij

)
− Sφ

(m− 1)(m− 2)
(fjδik − fkδij)− fikfk + fijfk

− 1

m− 1
[(∆f)fk − ftftk − ftR

φ
tk + αφa

k(φ
a
tt − φa

t ft)]δij

+
1

m− 1

[
(∆f)fj − ftftj − ftR

φ
tj + αφa

j (φ
a
tt − φa

t ft)
]
δik.

Simplifying and rearranging

Dijk =Cφ
ijk + ftW

φ
tijk +

1

m− 2

[
fjR

φ
ik − fkR

φ
ij −

ft
m− 1

(
Rφ

tkδij −Rφ
tjδik

)]
− Sφ

(m− 1)(m− 2)
(fjδik − fkδij)− fikfj + fijfk

− 1

m− 1
(−ftftkδij + ftftjδik + (∆f)fkδij − (∆f)fjδik)

− α

m− 1
(φa

tt − φa
t ft)
(
φa
kδij − φa

j δik
)
.
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From the definitions of DA and DB we deduce

DA
ijk + (m− 2)DB

ijk +Dijk

=Cφ
ijk + ftW

φ
tijk −

α

m− 1
(φa

tt − φa
t ft)
(
φa
kδij − φa

j δik
)

which is (2.90).

Proof of Proposition 2.16. From the definition of D it is clear that D ≡ 0 if Z is
Codazzi so that (2.90) becomes (2.88).

It is now clear how (2.87) generalizes (2.85).i): the former holds when there
exists a function λ ∈ C∞(M) such that Z is Codazzi, while the latter holds only

when λ =
Sφ+2∆ff+2U(φ)+2µ

2m
makes Z Codazzi.

The next result has (2.87) as the most important curvature assumption.

Theorem 2.19. Let (M, g) be a complete m-dimensional Riemannian manifold
and let φ : (M, g) → (N, h) be a smooth map of Riemannian manifolds. Let
α ∈ R, α > 0, f ∈ C∞(M), U ∈ C∞(N). Assume that (M, g) satisfies{

0 = Cφ
ijk + ftW

φ
tijk − 1

m−1
Ua
(
φa
kδij − φa

j δik
)
−DA

ijk − (m− 2)DB
ijk,

τ(φ)− dφ(∇f) = ∇U
α
.

(2.96)

Let S2(M) be the space of 2-covariant symmetric tensors on M and define a linear
map F : S2(M) → C∞(M) by setting, for β ∈ Γ(S2(M)), β = βtkθ

t ⊗ θk locally,

F (β) :=

(
m

m− 1
Uaφa

t fk +DA
tikfi −Wφ

tikjfifj

)
βtk. (2.97)

Assume that

• f is proper;

• Bφ(∇f,∇f) = 0;

• φ is 1
α
U-harmonic;

• ∀p ∈ M regular for f , we have that ∇f is an eigenvector of Ricφ at p;

• Ricφ +Hess f ∈ ker(F ).

Then, for each regular level set Σ of f and for every p ∈ Σ, there exists A ∈ M
open such that p ∈ A and g|A is a warped product metric. Moreover, (Σ, gΣ)
satisfies {

Ricφ|Σ = S
φ|Σ

m−1
gΣ,

τ(φ|Σ) = 0.

We divide the proof of Theorem 2.19 in several propositions.
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Proposition 2.20. Assume the validity of

τ(φ)− dφ(∇f) =
∇U

α
. (2.98)

Then we have

DA
ijk,k + (m− 2)DB

ijk,k +Dijk,k (2.99)

=(m− 2)Bφ
ij − (Rφ

tk + ftk)W
φ
tikj + α(Rφ

tj + ftj)φ
a
tφ

a
i

− m− 2

m− 1
Uaφa

ij +
m

m− 1
Uabφa

iφ
b
j +

1

(m− 1)(m− 2)
Uaφa

ttδij

+
m− 3

m− 2
ftC

φ
jti +

α

m− 2
fjφ

a
iφ

a
tt −

1

m− 1
Uabφa

kφ
b
kδij.

Proof. Take the divergence of (2.90)

DA
ijk,k + (m− 2)DB

ijk,k +Dijk,k (2.100)

=Cφ
ijk,k + ftkW

φ
tijk + ftW

φ
tijk,k −

1

m− 1
Uabφb

k

(
φa
kδij − φa

j δik
)

− 1

m− 1
Ua
(
φa
kkδij − φa

ij

)
.

We will use equations (1.31) and (1.32), that is,

Wφ
tijk,t =

m− 3

m− 2
Cφ

ikj + α
(
φa
ijφ

a
k − φa

ikφ
a
j

)
+

α

m− 2
φa
tt

(
φa
j δik − φa

kδij
)

and

Cφ
ijk,k =(m− 2)Bφ

ij −Rφ
tkW

φ
tikj + αRφ

tjφ
a
tφ

a
i

− α

(
φa
ijφ

a
tt − φa

iφ
a
ttj −

1

m− 2
|τ(φ)|2δij

)
into (2.100) to get

DA
ijk,k + (m− 2)DB

ijk,k +Dijk,k (2.101)

=(m− 2)Bφ
ij −Rφ

tkW
φ
tikj + αRφ

tjφ
a
tφ

a
i

− α

(
φa
ijφ

a
tt − φa

iφ
a
ttj −

1

m− 2
|τ(φ)|δij

)
− ftkW

φ
tikj

+
m− 3

m− 2
ftC

φ
jti + αft

(
φa
ijφ

a
t − φa

jtφ
a
i

)
+

α

m− 2
ftφ

a
pp(φ

a
i δtj − φa

t δij)

− 1

m− 1
Uabφb

k

(
φa
kδij − φa

j δik
)
− 1

m− 1
Ua
(
φa
kkδij − φa

ij

)
.
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Taking the covariant derivative of (2.98) we get

φa
ttj − φa

tjft − φa
t ftj =

1

α
Uabφb

j. (2.102)

Using (2.102) and (2.98) into (2.101) we obtain

DA
ijk,k + (m− 2)DB

ijk,k +Dijk,k

=(m− 2)Bφ
ij − (Rφ

tk + ftk)W
φ
tikj + αRφ

tjφ
a
tφ

a
i

− Uaφa
ij + Uabφa

iφ
b
j + αftjφ

a
tφ

a
i +

α

m− 2
|τ(φ)|2δij

+
m− 3

m− 2
ftC

φ
jti +

α

m− 2
φa
ttφ

a
i fj −

α

m− 2
ftφ

a
tφ

a
ppδij

− 1

m− 1
Uabφb

k

(
φa
kδij − φa

j δik
)
− 1

m− 1
Ua
(
φa
kkδij − φa

ij

)
=(m− 2)Bφ

ij − (Rφ
tk + ftk)W

φ
tikj + α

(
Rφ

tj + ftj
)
φa
tφ

a
i

− m− 2

m− 1
Uaφa

ij +
m

m− 1
Uabφa

iφ
b
j +

1

m− 2
Uaφa

ttδij

+
m− 3

m− 2
ftC

φ
jti +

α

m− 2
φa
ttφ

a
i fj −

1

m− 1
Uabφa

kφ
b
kδij −

1

m− 1
Uaφa

ttδij.

After some simplifications, the latter becomes

DA
ijk,k + (m− 2)DB

ijk,k +Dijk,k

=(m− 2)Bφ
ij − (Rφ

tk + ftk)W
φ
tikj + α(Rφ

tj + ftj)φ
a
tφ

a
i

− m− 2

m− 1
Uaφa

ij +
m

m− 1
Uabφa

iφ
a
j +

1

(m− 1)(m− 2)
Uaφa

ttδij

+
m− 3

m− 2
ftC

φ
jti +

α

m− 2
fjφ

a
iφ

a
tt −

1

m− 1
Uabφa

kφ
b
kδij.

that is, (2.20).

Let

Yk := fifj
(
DA

ijk + (m− 2)DB
ijk +Dijk

)
− 1

m− 1
Ua
(
φa
jfjfk − |∇f |2φa

k

)
; (2.103)

then we have

Proposition 2.21. In the assumptions of Proposition 2.20 and for Y defined in
(2.103), we have

div Y =
m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)+DA

ijk(fikfj +Rφ
ikfj) (2.104)

+Dijkfjfik + (m− 2)Bφ
ijfifj − (Rφ

tk + ftk)W
φ
tikjfifj

+ α(Rφ
tj + ftj)φ

a
tφ

a
i fifj − Uaφa

ijfifj + Uabφa
iφ

b
jfifj

+
|∇f |2

m− 2
Uaφa

tt +
α

m− 2
|∇f |2φa

ttφ
a
i fi

+
1

m− 1
Uaφa

jfkfjk −
1

m− 1
Uaφa

jfj∆f.
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Proof. Taking the divergence of Y

div Y =fikfj
(
DA

ijk + (m− 2)DB
ijk +Dijk

)
+ fifjk

(
DA

ijk + (m− 2)DB
ijk +Dijk

)
+ fifj

(
DA

ijk,k + (m− 2)DB
ijk,k +Dijk,k

)
− 1

m− 1
Uabφb

k

(
φa
jfjfk − |∇f |2φa

k

)
− 1

m− 1
Ua
(
φa
jkfjfk + φa

jfjkfk + φa
jfj∆f − |∇f |2φa

kk − 2φa
kfjkfj

)
;

using the symmetries of DA, DB and D we get

div Y =fikfj
(
DA

ijk + (m− 2)DB
ijk +Dijk

)
+ fifj

(
DA

ijk,k + (m− 2)DB
ijk,k +Dijk,k

)
(2.105)

− 1

m− 1
Uabφb

k

(
φa
jfjfk − |∇f |2φa

k

)
− 1

m− 1
Ua
(
φa
jkfjfk − φa

jfjkfk + φa
jfj∆f − |∇f |2φa

kk

)
.

Using the definition of DB, its symmetries and the fact that it is totally trace-free
we get

fikfjD
B
ijk =

1

2
(fikfj − fijfk)D

B
ijk =

m− 2

2

∣∣DB
∣∣2. (2.106)

In the same fashion we have

Rφ
ijfkD

A
ijk =

m− 2

2

∣∣DA
∣∣2,

so that

fikfjD
A
ijk = (fikfj +Rφ

ikfj)D
A
ijk −Rφ

ikfjD
A
ijk (2.107)

= (fikfj +Rφ
ikfj)D

A
ijk +Rφ

ikfjD
A
ikj

=
m− 2

2

∣∣DA
∣∣2 + (fikfj +Rφ

ikfj)D
A
ijk.

Using (2.107), (2.106) and (2.99) in (2.105) we get

div Y =
m− 2

2

∣∣DA
∣∣2 + (m− 2)2

2

∣∣DB
∣∣2 +DA

ijk(fikfj +Rφ
ikfj)

+ fikfjDijk + fifj
[
(m− 2)Bφ

ij − (Rφ
tk + ftk)W

φ
tikj

]
+ fifj

[
α
(
Rφ

tj + ftj
)
φa
tφ

a
i −

m− 2

m− 1
Uaφa

ij +
m

m− 1
Uabφa

iφ
b
j

]
+ fifj

[
1

(m− 1)(m− 2)
Uaφa

ttδij +
m− 3

m− 2
ftC

φ
jti +

α

m− 2
φa
ttφ

a
i fj

]
− |∇f |2

m− 1
Uabφa

kφ
b
k −

1

m− 1
Uabφb

k

(
φa
jfjfk − |∇f |2φa

k

)
− 1

m− 1
Ua
(
φa
jkfjfk − φa

jfjkfk + φa
jfj∆f − |∇f |2φa

kk

)
.
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Rearranging we get

div Y =
m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)+DA

ijk(fikfj +Rφ
ikfj)

+ fikfjDijk + (m− 2)Bφ
ijfifj − (Rφ

tk + ftk)W
φ
tikj

+ α
(
Rφ

tj + ftj
)
φa
tφ

a
i fifj − Uaφa

ijfifj + Uabφa
i fiφ

a
jfj

+
|∇f |2

m− 2
Uaφa

tt +
α

m− 2
|∇f |2φa

ttφ
a
i fi +

1

m− 1
Uaφa

jfkfjk

− 1

m− 1
Uaφa

jfj∆f

which is (2.104).

Proposition 2.22. In the assumptions of Proposition 2.20, assume also that D ≡
0 and that φ is 1

α
U-harmonic, that is,

τ(φ) =
∇U

α
. (2.108)

Then we have

div Y =(m− 2)Bφ
ijfifj +

|∇f |2

α(m− 2)
|∇U |2 + m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)
(2.109)

− m

m− 1
Uaφa

t fkR
φ
kt

+

{
m

m− 1
Uaφa

t fk +DA
tikfi −Wφ

tikjfifj

}
(Rφ

tk + ftk).

Proof. From (2.108) and (2.98) we get

dφ(∇f) = 0,

that is, in components

φa
i fi = 0. (2.110)

Therefore, from (2.104) and D ≡ 0,

div Y =
m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)+DA

ijk(fikfj +Rφ
ikfj)

+ (m− 2)Bφ
ijfifj − (Rφ

tk + ftk)W
φ
tikj − Uaφa

ijfifj

+
|∇f |2

m− 2
Uaφa

tt +
1

m− 1
Uaφa

jfkfjk.

Taking the covariant derivative of (2.110) we obtain

φa
ijfj + φa

jfij = 0
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so that

1

m− 1
Uaφa

jfjkfk − Uaφa
ijfifj =

1

m− 1
Uaφa

jfjkfk + Uaφa
jfijfi

=
m

m− 1
Uaφa

jfjkfk;

using also (2.108) we get

div Y =(m− 2)Bφ
ijfifj +

|∇f |2

α(m− 2)
|∇U |2 + m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)

− m

m− 1
Uaφa

t fkR
φ
kt

+

{
m

m− 1
Uaφa

t fk +DA
tikfi −Wφ

tikjfifj

}
(Rφ

tk + ftk).

which is (2.109).

Proof of Theorem 2.19. By assumption we have

Bφ(∇f,∇f) = 0 (2.111)

and

0 =

{
m

m− 1
Uaφa

t fk +DA
tikfi −Wφ

tikjfifj

}
(Rφ

tk + ftk) (2.112)

so that (2.109) becomes

div Y =
m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)− m

m− 1
Uaφa

jR
φ
jkfk

+
|∇f |2

α(m− 2)
|∇U |2.

Since ∇f is an eigenvector of Ricφ we get, at any regular point p ∈ M of f ,

Uaφa
jR

φ
jkfk = ΛUaφa

jfj, for some Λ ∈ R.

Since φ is U
α
-harmonic, we get

φa
i fi = 0

and therefore

Uaφa
jR

φ
jkfk = 0

so that

div Y =
m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)+ |∇f |2

α(m− 2)
|∇U |2. (2.113)
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Note that, by the definition (2.103) of Y , we get

Ykfk = 0. (2.114)

Let δ, η ∈ R, δ < η be two regular values of f . Set

Ωδ,η = {x ∈ M : δ ≤ f(x) ≤ η} ;

then Ωδ,η is compact since f is proper. Integrating (2.113) on Ωδ,η, using the
divergence theorem and (2.114) we obtain

0 =

∫
∂Ωδ,η

Ykνk =

∫
Ωδ,η

m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)+ |∇f |2

α(m− 2)
|∇U |2

where ν = − ∇f
|∇f | is the inward unit normal to ∂Ωδ,η. Letting δ → −∞, η → +∞,

we get DA = DB = 0 on M and ∇U = 0 at any regular point. Since φ is U
α
-

harmonic, we deduce that φ is harmonic at every point and since DA ≡ DB ≡ 0
we can use Theorem 2.9 to conclude.

Remark. When U ≡ 0, some of the assumptions of Theorem 2.19 are unnecessary.
Indeed, when U ≡ 0, Proposition 2.21 gives the validity of

div Y =
m− 2

2

(∣∣DA
∣∣2 + (m− 2)

∣∣DB
∣∣2)+Dijkfjfik

+ (m− 2)Bφ
ijfifj +

α

m− 2
|∇f |2|τ(φ)|2

+ (Rφ
ik + fik)

[
fjD

A
ijk − ftfjW

φ
itkj + αφa

iφ
a
t ftfk

]
for the same vector field Y . If, instead of studying the map F given by (2.97), one
asks that Ricφ +Hess f ∈ kerG, where G is the linear map G : S2(M) → C∞(M)
given by

G(β) :=
[
fjD

A
ijk − ftfjW

φ
itkj + αφa

iφ
a
t ftfk

]
βik, β ∈ Γ(S2(M)),

then the same conclusion of Theorem 2.19 is obtained following the same proce-
dure, without the need to assume that φ be 1

α
U -harmonic and that ∇f be an

eigenvector of Ricφ.

2.4 Riemann compatibility

The following definition has been given by Mantica and Molinari, [69], [70] :

Definition 2.23. Let (M, g) be a semi-Riemannian manifold and P be a symmet-
ric 2-covariant tensor. We say that P is Riemann compatible if it holds

Rl
iktPjl +Rl

itjPkl +Rl
ijkPtl = 0. (2.115)
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Contracting (2.115) with the metric and using the orthogonal decomposition
of Riem one easily sees that (2.115) is equivalent to the system{

W l
iktPjl +W l

itjPkl +W l
ijkPtl = 0,

PjlR
l
i = PilR

l
j,

(2.116)

in particular P is Riemann compatible if and only if it is Weyl compatible and
it commutes with the Ricci tensor of (M, g). Every Codazzi tensor is Riemann
compatible as the next proposition shows.

Proposition 2.24 (Proposition 2.2 of [69]). Let (M, g) be a semi-Riemannian
manifold and P be a 2-covariant symmetric tensor on M . Set

C(P )ijk := Pij,k − Pik,j.

Then we have

C(P )ijk,t+C(P )ikt,j + C(P )itj,k (2.117)

=Rl
iktPjl +Rl

itjPkl +Rl
ijkPtl.

Proof. By the definition of C(P ), the left hand side of (2.117) is

Pij,kt − Pik,jt + Pik,tj − Pit,kj + Pit,jk − Pij,tk.

Rearranging terms and using the Ricci commutation relations, we get

Pij,kt − Pik,jt + Pik,tj − Pit,kj + Pit,jk − Pij,tk

=Pij,kt − Pij,tk + Pik,tj − Pik,jt + Pit,jk − Pit,kj

=Rl
iktPjl +Rl

itjPkl +Rl
ijkPtl

+Rl
jktPil +Rl

ktjPil +Rl
tjkPil.

Using the first Bianchi identity we conclude.

Corollary 2.25. Every Codazzi tensor is Riemann compatible.

Remark 2.26. Note that being Riemann compatible is a more general condition
than being Codazzi: for example, assuming that P is Riemann compatible, then
the tensor

P − λg,

where λ is an arbitrary smooth function on M , is still Riemann compatible, as a
consequence of the first Bianchi identity. However, if P is a Codazzi tensor, P −λg
will in general not be.

As we saw in Section 2.3.2, every n-dimensional Lorentzian manifold (M̂, ĝ)

that solves Cotton gravity’s field equations for a stress-energy tensor T̂ admits a
Codazzi tensor, namely

Ẑ := R̂ic− T̂ − Ŝ − 2trĝT̂

2(n− 1)
ĝ.
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Moreover, every m-dimensional C-φ-PF admits a Codazzi tensor, that is,

C := Ricφ +Hess f − df ⊗ df − Sφ + 2∆ff + 2U(φ) + 2µ

2m
g.

Therefore, from Remark 2.26, both C and Ricφ + Hess f − df ⊗ df are Riemann
compatible.

Proposition 2.27. Let (M, g) be an m-dimensional Riemannian manifold. As-
sume that there exists f ∈ C∞(M) that solves the system of C-φ-PF. Then

Ricφ +Hess f − df ⊗ df

is Riemann compatible.

We already saw in (2.116) that a Riemann compatible tensor is also Weyl
compatible and it commutes with the Ricci tensor. We want to show that, on a
C-φ-PF, the same result holds for the φ-curvatures. First, we have the following

Proposition 2.28. Let (M, g) be an m-dimensional Riemannian manifold and
φ : (M, g) → (N, h) a smooth map that targets another Riemannian manifold. For
some f ∈ C∞(M), α ∈ R, α ̸= 0, set

P := Ricφ +Hess f − df ⊗ df.

Assume the validity, on M , of
0 = Cφ

ijk + ftW
φ
tijk − 1

m−1
Uaφa

kδij +
1

m−1
Uaφa

j δik −DA
ijk − (m− 2)DB

ijk,

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i − ftR

φ
ti +

1
m
Uaφa

i − m−1
m

µi,

0 = (µ+ p)fi − pi,

0 = τ(φ)− dφ(∇f)− 1
α
∇U.

(2.118)

for some µ, p ∈ C∞(M), U ∈ C∞(N). Then φ∗h commutes with P .

Proof. From the definition (2.47) of DA we immediately get

ftD
A
tjk =

1

m− 1

(
ftR

φ
tjfk − ftR

φ
tkfj
)
. (2.119)

Indeed,

ftD
A
tjk =

1

m− 2

[
ftR

φ
tjfk − ftR

φ
tkfj +

1

m− 1

(
ftR

φ
tkfj − ftR

φ
tjfk
)

− Sφ

m− 1
(fjfk − fkfj)

]
=

1

m− 2

[
m− 2

m− 1

(
ftR

φ
tjfk − ftR

φ
tkfj
)]

=
1

m− 1

(
ftR

φ
tjfk − ftR

φ
tkfj
)
.
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In the same fashion, we have

ftD
B
tjk =

1

m− 1
(ftftkfj − ftftjfk). (2.120)

We contract (2.118).i) with fi and we use (2.119) and (2.120) to get

0 =ftC
φ
tjk + fsftW

φ
stjk −

1

m− 1
Uaφa

kfj +
1

m− 1
Uaφa

jfk − ftD
A
tjk − (m− 2)ftD

B
tjk

=ftC
φ
tjk −

1

m− 1
Uaφa

kfj +
1

m− 1
Uaφa

jfk −
1

m− 1

(
ftR

φ
tjfk − ftR

φ
tkfj
)

− m− 2

m− 1
(ftftkfj − ftftjfk),

that is,

ftC
φ
tjk =

1

m− 1

[
Uaφa

kfj − Uaφa
jfk + ft

(
Rφ

tjfk −Rφ
tkfj
)

(2.121)

+ (m− 2)ft(ftkfj − ftjfk)

]
.

We will also need the following:

µjfi − µifj = 0. (2.122)

Take the covariant derivative of (2.118).iii)

µjfi + pjfi + (µ+ p)fij − pij = 0

and use (2.118).iii) into the latter to obtain

µjfi = −(µ+ p)fifj − (µ+ p)fij + pij.

Since the right hand side of the equation above is symmetric in i and j, the left
hand side has to be so, and we obtain (2.122). Now, take the covariant derivative
of (2.118)

0 =− m− 1

m
fttij +

m− 2

m
ftftij +

m− 2

m
ftiftj + (∆f)jfi

+ (∆f)fij +
1

2m
Sφ
ij − ftR

φ
ti,j −Rφ

tiftj +
1

m
Uaφa

ij

+
1

m
Uabφa

iφ
b
j −

m− 1

m
µij;

skew symmetrize the equation above, observing that ftftij is skew symmetric by
the Ricci commutation identities,

0 = (∆f)jfi − (∆f)ifj − ft
(
Rφ

ti,j −Rφ
tj,i

)
−Rφ

tiftj +Rφ
tjfti.
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From the definition of Cφ we get

0 =(∆f)jfi − (∆f)ifj − ftC
φ
tij −

1

2(m− 1)

(
Sφ
j fi − Sφ

i fj
)

(2.123)

−Rφ
tiftj +Rφ

tjfti.

Insert (2.121) in (2.123)

0 =(∆f)jfi − (∆f)ifj −
1

m− 1

[
Uaφa

jfi − Uaφa
i fj + ft

(
Rφ

tifj −Rφ
tjfi
)

(2.124)

+ (m− 2)ft(ftjfi − ftifj)

]
− 1

2(m− 1)

(
Sφ
j fi − Sφ

i fj
)

−Rφ
tiftj +Rφ

tjfti.

Multiply (2.118).ii) by m
m−1

and rearrange to deduce

(∆f)i =
m− 2

m− 1
ftfti +

m

m− 1
(∆f)fi +

1

2(m− 1)
Sφ
i − m

m− 1
ftR

φ
ti

+
1

m− 1
Uaφa

i − µi.

Use the latter in (2.124) to obtain

0 =
m− 2

m− 1
ftftjfi +

m

m− 1
(∆f)fjfi +

1

2(m− 1)
Sφ
j fi −

m

m− 1
ftR

φ
tjfi

+
1

m− 1
Uaφa

jfi − µjfi

− m− 2

m− 1
ftftifj −

m

m− 1
(∆f)fifj −

1

2(m− 1)
Sφ
i fj +

m

m− 1
ftR

φ
tifj

− 1

m− 1
Uaφa

i fj + µifj

− 1

m− 1

[
Uaφa

jfi − Uaφa
i fj + ft

(
Rφ

tifj −Rφ
tjfi
)

+ (m− 2)ft(ftjfi − ftifj)

]
− 1

2(m− 1)

(
Sφ
j fi − Sφ

i fj
)

−Rφ
tiftj +Rφ

tjfti.

Simplifying and using (2.122) we get

0 = −ftR
φ
tjfi + ftR

φ
tifj −Rφ

tiftj +Rφ
tjfti.

Since Ricφ clearly commutes with itself, the latter gives the commutativity of Ricφ

and P . From Proposition 2.27, we have that P is Riemann compatible so that in
particular it commutes with the Ricci tensor. Combining these two informations
we deduce that P and φ∗h commute and we are done.
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Proposition 2.29. Let (M, g) be an m-dimensional C-φ-PF. Set

P := Ricφ +Hess f − df ⊗ df.

Then we have {
Wφ

liktPjl +Wφ
litjPkl +Wφ

lijkPtl = 0,

PjlR
φ
li = PilR

φ
lj,

(2.125)

that is, P is φ-Weyl compatible and it commutes with Ricφ.

Proof. From Proposition 2.27 we get that P commutes with Ric, while Proposition
2.28 tells us that P commutes with Ricφ so that we have (2.125).ii). By Proposition
2.27, we obtain

0 = PtlWlijk + PklWlitj + PjlWlikt. (2.126)

From (1.24) we have

Wlijk =Wφ
lijk −

α

m− 2

(
φa
l φ

a
j δik − φa

l φ
a
kδij + φa

iφ
a
kδlj − φa

iφ
a
j δlk
)

+
α

(m− 2)(m− 1)
|dφ|2(δljδik − δlkδij).

Using the latter in (2.126) we deduce

0 =PtlW
φ
lijk −

α

m− 2

(
Ptlφ

a
l φ

a
j δik − Ptlφ

a
l φ

a
kδij + Ptjφ

a
iφ

a
k − Ptkφ

a
iφ

a
j

)
+

α

(m− 2)(m− 1)
|dφ|2(Pjtδik − Pktδij)

+ PklW
φ
litj −

α

m− 2

(
Pklφ

a
l φ

a
t δij − Pklφ

a
l φ

a
j δit + Ptkφ

a
iφ

a
j − Pjkφ

a
iφ

a
t

)
+

α

(m− 2)(m− 1)
|dφ|2(Pktδij − Pkjδit)

+ PjlW
φ
likt −

α

m− 2
(Pjlφ

a
l φ

a
kδit − Pjlφ

a
l φ

a
t δik + Pkjφ

a
iφ

a
t − Ptjφ

a
iφ

a
k)

+
α

(m− 2)(m− 1)
|dφ|2(Pjkδit − Pjtδik)

.

Using that P and φ∗h commute and simplifying we obtain (2.125).i).

Before going on, let us set some notations. Consider the homomorphism

R : Λ2TM → End TM

that sends X ∧ Y ∈ Γ(Λ2TM) to the endomorphism of TM of local components

R(X ∧ Y )i j = XkY tRi
jkt.
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Then, for any positive integer k, we can define a tensor field ωk of type (0, 4k) on
M by

ωk(X1, ..., X4k) = Trace[R(X1 ∧X2) ◦R(X3 ∧X4) ◦ ... ◦R(X4k−1 ∧X4k)]

where the composition and the trace operation are taken with respect to End TM .
For 4k ≤ m, the k-th Pontryagin form, Ωk(R), of M is defined to be the total
anti-symmetrization of ωk.
The next theorem shows how the existence of a Riemann compatible tensor can
constrain the geometry of (M, g).

Theorem 2.30 (Theorem 5.3 of [69]). Let (M, g) be an m-dimensional Rieman-
nian manifold. Suppose that there exist on M a Riemann compatible symmetric
tensor P and a point x ∈ M such that P has m distinct eigenvalues at x. Then
every Pontryagin form of M vanishes at x.

As we will see, Theorem 2.30 can be strengthened when m = 4. Indeed, we
have

Theorem 2.31. Let (M, g) be a compact, orientable Riemannian manifold of di-
mension 4 and let P be a Weyl compatible tensor on M . If, on a dense open subset
of M , it holds

P ̸= trgP

4
g,

then the signature τ(M) of M is zero.

Theorems 2.30 and 2.31 generalize two results of Derdzinski and Shen, see [34],
valid under the assumption that P be Codazzi. In the case of a φ-SPFST, the
tensor

Ricφ +Hess f − df ⊗ df

is proportional to the metric so that it is clearly Riemann compatible. This sug-
gested to us that, in some way, one might try to use Riemann compatibility (and
Weyl compatibility) to study how far solutions of the Cotton gravity equations
are from classical solutions (that is, of Einstein field equations). In this direction,
in the next subsection, inspired by works of Gover, Nurowski and Nagy, [48],[47],
we show how the existence of a non-trivial Weyl-compatible tensor constrains the
algebraic structure of the Weyl tensor, giving a special emphasis to the case m = 4.
This will gives us natural conditions on the Weyl tensor under which any solution
of the C-φ-PF equations gives rise to a solution of the φ-SPFST system.

2.4.1 Weyl compatibility and the case of dimension 4

Let us introduce some notations. Let (M, g) be an m-dimensional Riemannian
manifold and assume that it is orientable; let ϵ be its volume form. In an or-
thonormal co-frame, its components are given by the so called Levi-Civita symbol.
Define an m-times covariant tensor

W ∗
i1i2...im−2jk

:= ϵi1i2...im−2pqW
pq
jk.
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Let S2
0(M) be the space of traceless symmetric 2-covariant tensors on M , while

T (0,m−2)M will be the space of (m− 2)-covariant tensors on M . Then W ∗ induces
a linear map

W ∗
|
S2
0

: S2
0(M) → T (0,m−2)M

by sending P ∈ Γ(S2
0(M)) of components Pij to the tensor W ∗

|
S2
0

(P ) of components

W ∗
|
S2
0

(P )i2...im−2j = W ∗
ti2..im−2kj

Ptk.

When m = 4, as it is well-known, W ∗ is an algebraic Weyl tensors and W ∗
|
S2
0

is

an endomorphism of S2
0(M). It is clear how, in a similar way, the Weyl tensor

also gives rise to a linear map W|
S2
0

which, in any dimension m ≥ 4, is actually

an endomorphism of S2
0(M). The following simple lemma is probably well-known

among experts.

Lemma 2.32. Let (M, g) be an m-dimensional orientable Riemannian manifold
and let P belong to Γ(S2

0(M)). Then P lies in the kernel of W ∗
|
S2
0

if and only if P

is Weyl compatible.

Proof. Let p ∈ M be fixed and let {θi}mi=1 be a positively oriented orthonormal
co-frame at p. Then, at p, we have

ϵ = θ1 ∧ θ2 ∧ ... ∧ θm.

First, note that, by the obvious symmetries of ϵ and by the definition of W ∗ we
have

W ∗
i1i2...im−2jq

= 0

whenever there are two coinciding indices among i1, i2, ..., im−2. Assume now that
i1, i2, ..., im are distinct indices. Suppressing the Einstein summation convention
for the time of this proof, we have∑

t,q

PtqW
∗
ti2...im−2jq

=
∑
q

(
Pi1qW

∗
i1i2...im−2jq

+ Pim−1qW
∗
im−1i2...im−2jq

+ PimqW
∗
imi2...im−2jq

)
= ±

∑
q

(
Pi1qWim−2imjq + Pim−1qWimi1jq + PimqWi1im−1jq

)
where the last equality follows from the definition of W ∗ and the sign ± coincides
with the determinant of θi1 ∧ θi2 ∧ ... ∧ θim . Using the symmetries of the Weyl
tensor we get∑

t,q

PtqW
∗
ti2...im−2jq

= ∓
∑
q

(
Pi1qWqjim−2im + Pim−1qWqjimi1 + PimqWqji1im−1

)
which gives the desired result.
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From Lemma 2.32 we deduce that if W ∗
|
S2
0

is injective, then there exists no

non-zero trace-free Weyl compatible tensor. Before proving the main result of this
section, that is, Proposition 2.36 below, we provide, for m = 4, simple conditions
on the Weyl tensor under which W ∗

|
S2
0

is injective. When m = 4 it is well-known

that the space of 2-forms on M decomposes in the spaces of self-dual and anti-self
dual forms, i.e.

Λ2(M) = Λ2
+(M)⊕ Λ2

−(M).

Moreover, the Weyl tensor also decomposes in self-dual and anti-self dual parts,
which take the form

W+ :=
1

2
(W +W ∗), W− :=

1

2
(W −W ∗).

These define endomorphisms

W+
|
Λ2
+

: Λ2
+ → Λ2

+, W−
|
Λ2
−
: Λ2

− → Λ2
−

which assign to a 2-form ω ∈ Γ(Λ2
±) of components ωij the two form W±

|
Λ2
±
(ω) of

components

W±
|
Λ2
±
(ω)ij = W±

ijktωkt.

With these notations in mind, it is proved in [47] that the injectivity of W ∗
|
S2
0

holds

under the assumptions

W+ = 0, detW−
|
Λ2
−
̸= 0, (2.127)

where detW−
|
Λ2
−

is the determinant of W−
|
Λ2
−
. More in depth, it is proved there,

see also [49, Section 4], that the endomorphism W ∗
|
S2
0

is completely determined by

the endomorphisms W+
|
Λ2
+

and W−
|
Λ2
−
. Indeed, consider at a given point p ∈ M , an

orthonormal basis ω1, ω2, ω3 of Λ2
+(T

∗
pM) made of eigenforms of W+

|
Λ2
+

of respective

eigenvalues λ+
1 , λ

+
2 , λ

+
3 . Similarly, consider at p an orthonormal basis η1, η2, η3 of

Λ2
−(T

∗
pM) made of eigenforms of W−

|
Λ2
−
of respective eigenvalues λ−

1 , λ
−
2 , λ

−
3 . Then

it is proved in Item iv) of Proposition 4.1 of [49] that the nine 2-covariant tensors

hα,β
ij := ωα

ipη
β
pj, α, β ∈ {1, 2, 3}

are symmetric, trace-free and they form a basis of S2
0(M) at p. Moreover, W|

S2
0

is

diagonalized on this basis and the eigenvalue corresponding to hα,β is

λ+
α + λ−

β ,
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see Proposition 4.3 of [49]. Similarly, W ∗
|
S2
0

is diagonalized by {hα,β}α,β=1,2,3 and

hα,β has eigenvalue

λ+
α − λ−

β .

From this we see that W ∗
|
S2
0

fails to be injective at p if and only if, for some

α, β ∈ {1, 2, 3} we have

λ+
α = λ−

β .

In particular, this cannot happen if (2.127) holds.

Remark 2.33. It is possible to give a more precise characterization of the relation
between W+ and W− on a four-manifold admitting a non-trivial Weyl compatible
tensor. Indeed, we have the validity of the following

Lemma 2.34. Let (M, g) be a Riemannian four-manifold and let P be a Weyl
compatible tensor on M . Then, at any point x ∈ M such that

P ̸= trgP

4
g

holds at x, we have that the spectras of W+
|
Λ2
+

and W−
|
Λ2
−
coincide, with equal mul-

tiplicities.

The above result has been proved in Lemma 2 of [33] under the stronger as-
sumption that P be Codazzi. The same argument used there works in this situation
if one applies Proposition 2.4 of [70] instead of Theorem 1 of [34].

Remark 2.35. From Lemma 2.34 one can also give a simple proof of Theorem
2.31. Indeed, it is well known, see equation (2.21) of [12], that, on an orientable
4-manifold, the first Pontryagin form is

Ω1(R) =
(∣∣W+

∣∣2 − ∣∣W−∣∣2)ϵ,
where ϵ is again the volume form of (M, g). From the Hirzebruch signature formula
one gets

τ(M) =

∫
M

(∣∣W+
∣∣2 − ∣∣W−∣∣2).

Under the assumptions of Theorem 2.31 and using Lemma 2.34 we obtain |W+|2 =
|W−|2 on a dense open subset of M , so that τ(M) = 0 and we are done.

In the next Theorem, we apply the discussion above to the setting of C-φ-PF,
showing how, under suitable conditions on the Weyl tensor, every solution of the
C-φ-PF system also solves that of φ-SPFST.
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Theorem 2.36. Let (M, g) be an orientable Riemannian manifold; assume that
there exists f ∈ C∞(M) that solves the C-φ-PF system. Assume that W ∗

|
S2
0

is

injective. Then, there exist two constants Λ1,Λ2 ∈ R such that (M, g, f) satisfies

Ricφ +Hess f − df ⊗ df = λg,

∆ff = 1
m−1

[Sφ −m(µ+ p)] + Λ1e
f ,

τ(φ) = dφ(∇f) + ∇U
α
,

1
2
Sφ = U(φ) + µ+ Λ2,

(µ+ p)∇f −∇p = 0.

(2.128)

Remark 2.37. Assume that (2.128) holds. Consider the substitution{
µ̃ = µ+ Λ2,

p̃ = p− m−1
m

Λ1e
f − Λ2;

(2.129)

then, we have 

Ricφ +Hess f − df ⊗ df = λg,

∆ff = 1
m−1

[Sφ −m(µ̃+ p̃)],

τ(φ) = dφ(∇f) + ∇U
α
,

1
2
Sφ = U(φ) + µ̃,

(µ̃+ p̃)∇f −∇p̃ = 0.

(2.130)

Indeed, a quick computation reveals that equations (2.128).ii), iv), v) give equa-
tions (2.130).ii), iv), v) respectively. From this we see that every solution of (2.128)
is a φ-SPFST, for a different choice of pressure and density.

Proof of Theorem 2.36. From Proposition 2.27, we have that

P := Ricφ +Hess f − df ⊗ df

is a Riemann compatible tensor, so that it is also Weyl compatible. From Lemma
2.32 we deduce that

W ∗
|
S2
0

(
P̊
)
= 0

where P̊ denotes the trace-less part of P . Therefore, since W ∗
|
S2
0

is injective, there

exists λ ∈ C∞(M) such that

Ricφ +Hess f − df ⊗ df = λg.

From the equation above and the equations of C-φ-PF we deduce the validity of

Ricφ +Hess f − df ⊗ df = λg,

0 = −m−1
m

ftti +
m−2
m

ftfti +∆ffi +
1
2m

Sφ
i

−ftR
φ
ti +

1
m
Uaφa

i − m−1
m

µi,

τ(φ) = dφ(∇f) + ∇U
α
(φ),

(µ+ p)∇p−∇f = 0.

(2.131)
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We are going to prove that (2.131) implies (2.128). We first show the validity of

1

2
Sφ
i − (m− 1)λi = ftR

φ
ti + ftfti − (∆f)fi − Uaφa

i . (2.132)

Tracing (2.131).i) we get

mλ = Sφ +∆ff ; (2.133)

taking the covariant derivative of (2.133) we deduce

Sφ
i −mλi = −ftti + 2ftfti. (2.134)

Computing the divergence of (2.131).i)

Rφ
ij,j + fijj − fjfij − fifjj = λi

and using the φ-Schur identity and the Ricci commutation relations we obtain

1

2
Sφ
i − αφa

ttφ
a
i + ftti + ftRti − ftfti − fiftt = λi;

from the definition of Ricφ and (2.131).iii) we deduce

−αφa
ttφ

a
i + ftRti =− αφa

ttφ
a
i + ftR

φ
ti + αφa

t ftφ
a
i

=− Uaφa
i + ftR

φ
ti

and therefore

1

2
Sφ
i − Uaφa

i + ftR
φ
ti + ftti − ftfti − fiftt = λi.

Rearranging we get

1

2
Sφ
i − λi = −ftR

φ
ti − ftti + ftfti + fi∆f + Uaφa

i . (2.135)

Subtracting (2.135) from (2.134) we obtain (2.132).
From (2.132) we obtain the validity of (2.128).iv) in the following way: first,
rearrange (2.132) to deduce

ftR
φ
ti − (∆f)fi =

1

2
Sφ
i − (m− 1)λi − ftfti + Uaφa

i .

Insert the latter into (2.131).ii):

0 =− m− 1

m
ftti +

m− 2

m
ftfti −

1

2
Sφ
i + (m− 1)λi + ftfti

− Uaφa
i +

1

2m
Sφ
i +

1

m
Uaφa

i −
m− 1

m
µi

=− m− 1

m
(∆ff)i −

m− 1

2m
Sφ
i + (m− 1)λi −

m− 1

m
Uaφa

i

− m− 1

m
µi,
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that is,

0 = (∆ff)i +
1

2
Sφ
i −mλi + Uaφa

i + µi.

Integrating the latter, we get

0 = ∆ff +
1

2
Sφ −mλ+ Uφ + µ+ Λ2

for some Λ2 ∈ R. Use (2.133) to obtain

−Λ2 =∆ff − 1

2
Sφ −∆ff + U(φ) + µ

=− 1

2
Sφ + U(φ) + µ

and therefore (2.128).iv).
Take the covariant derivative of (2.128).iv) and rearrange

Uaφa
i =

1

2
Sφ
i − µi;

use the latter in (2.131).ii)

0 =− m− 1

m
ftti +

m− 2

m
ftfti + (∆f)fi

+
1

2m
Sφ
i − ftR

φ
ti +

1

m
Uaφa

i −
m− 1

m
µi

=− m− 1

m
ftti +

m− 2

m
ftfti + (∆f)fi +

1

m
Sφ
i −Rφ

itft − µi.

From (2.131).i) we obtain

0 =− m− 1

m
ftti +

m− 2

m
ftfti + (∆f)fi +

1

m
Sφ
i − µi

+ ftfti − |∇f |2fi − λfi

=− m− 1

m
ftti + 2

m− 1

m
ftfti + (∆ff)fi +

1

m
Sφ
i

− µi − λfi

=− m− 1

m
(∆ff)i + (∆ff)fi +

1

m
Sφ
i − µi − λfi.

Use (2.133) to get

0 =− m− 1

m
(∆ff)i + (∆ff)fi +

1

m
Sφ
i − µi

− 1

m
Sφfi −

1

m
(∆ff)fi,
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that is,

0 = −m− 1

m
(∆ff)i +

m− 1

m
(∆ff)fi +

1

m
Sφ
i − 1

m
Sφfi − µi.

Using (2.131).v), the latter can be re-written

0 =− m− 1

m
(∆ff)i +

m− 1

m
(∆ff)fi +

1

m
Sφ
i − 1

m
Sφfi

− µi − pi + (µ+ p)fi.

Multiply by m
m−1

to deduce

0 =− (∆ff)i + (∆ff)fi +
1

m− 1
Sφ
i − 1

m− 1
Sφfi

− m

m− 1
(µi + pi) +

m

m− 1
(µ+ p)fi

which is equivalent to

0 = −
{
e−f

[
∆ff − 1

m− 1
Sφ +

m

m− 1
(µ+ p)

]}
i

.

Integrating the latter we deduce, for some Λ1 ∈ R,

Λ1e
f = ∆ff − 1

m− 1
[Sφ −m(µ+ p)]

which is (2.128).ii).

In the proof of Theorem 2.36, the validity of (2.128) is obtained as a conse-
quence of system (2.131). In the next proposition we are going to show that they
are actually equivalent.

Proposition 2.38. Let (M, g) be an m-dimensional Riemannian manifold and let
f ∈ C∞(M). Then f solves

Ricφ +Hess f − df ⊗ df = λg,

0 = −m−1
m

ftti +
m−2
m

ftfti + (∆f)fi +
1
2m

Sφ
i −Rφ

tift +
1
m
Uaφa

i − m−1
m

µi,

τ(φ) = dφ(∇f) + ∇U
α
,

(µ+ p)∇f −∇p = 0,

(2.136)

if and only if it solves

Ricφ +Hess f − df ⊗ df = λg,

∆ff = 1
m−1

[Sφ −m(µ+ p)] + Λ1e
f ,

τ(φ) = dφ(∇f) + ∇U
α
,

1
2
Sφ = U(φ) + µ+ Λ2,

(µ+ p)∇f −∇p = 0,

(2.137)

for some constants Λ1,Λ2.
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Proof. That (2.137) be implied by (2.136) follows from the proof of Theorem 2.36
. For the converse, assume that (2.137) holds. We first prove, as an intermediate
step, that (2.18).i) holds; that is, we prove the validity of

0 =Cφ
ijk + fijk − fikj − fikfj + fijfk (2.138)

− 1

m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

− 1

m
Ua
(
φa
kδij − φa

j δik
)
+

1

2m(m− 1)

(
Sφ
k δij − Sφ

j δik
)

− 1

m
(µkδij − µjδik).

Tracing (2.137).i) we get

λ =
1

m
(Sφ +∆ff),

so that (2.137).i) can be re-written as

Ricφ +Hess f − df ⊗ df − 1

m
(Sφ +∆ff) = 0. (2.139)

Using (2.137).iv) we rewrite (2.139):

Ricφ +Hess f − df ⊗ df − 1

m

(
1

2
Sφ +∆ff + µ+ U(φ) + Λ2

)
= 0. (2.140)

Equation (2.138) is obtained from (2.140) taking its covariant derivative

Rφ
ij,k + fijk − fikfj − fifjk (2.141)

− 1

m

(
1

2
Sφ
k + (∆ff)k + µk + Uaφa

k

)
δij = 0

and skew symmetrizing with respect to j and k. Indeed, we have

0 =Rφ
ij,k −Rφ

ik,j + fijk − fikj − fikfj + fijfk (2.142)

− 1

m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

− 1

2m

(
Sφ
k δij − Sφ

j δik
)
− 1

m
(µkδij − µjδik)−

1

m

(
Uaφa

kδij − Uaφa
j δik
)
.

Using the definition of Cφ in (2.142) we get

0 =Cφ
ijk + fijk − fikj − fikfj + fijfk

− 1

m
[(fttk − 2ftftk)δij − (fttj − 2ftftj)δik]

+
1

2m(m− 1)

(
Sφ
k δij − Sφ

j δik
)
− 1

m
(µkδij − µjδik)

− 1

m

(
Uaφa

kδij − Uaφa
j δik
)
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which is (2.138). Tracing (2.138) with respect to i and j and using (1.26) we get

0 =αφa
ttφ

a
k + fttk − ftkt − ftftk + (∆f)fk (2.143)

− m− 1

m
(fttk − 2ftftk) +

1

2m
Sφ
k − m− 1

m
µk −

m− 1

m
Uaφa

k.

Using the Ricci commutation relations and the definition of Ricφ we get

fttk − ftkt = −Rtkft = −Rφ
tkft − αφa

tφ
a
kft

so that (2.143) becomes

0 =αφa
k(φ

a
tt − φa

t ft)−Rφ
tkft − ftftk + (∆f)fk

− m− 1

m
fttk + 2

m− 1

m
ftkft +

1

2m
Sφ
k − m− 1

m
µk −

m− 1

m
Uaφa

k.

Using (2.137).iii) and simplifying we get

0 =Uaφa
k −Rφ

tkft − ftftk + (∆f)fk −
m− 1

m
fttk

+ 2
m− 1

m
ftkft +

1

2m
Sφ
k − m− 1

m
µk −

m− 1

m
Uaφa

k

=
1

m
Uaφa

k −Rφ
tkft +

m− 2

m
ftkft + (∆f)fk

− m− 1

m
fttk +

1

2m
Sφ
k − m− 1

m
µk

=− m− 1

m
fttk +

m− 2

m
ftkft + (∆f)fk +

1

2m
Sφ
k −Rφ

tkft

+
1

m
Uaφa

k −
m− 1

m
µk

which, up to reordering, is equivalent to (2.136).ii). Since (2.137).iii) is (2.136).iii)
and (2.137).v) is (2.136).iv) we conclude.
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Chapter 3

φ-SPFST

In this chapter, we deal with φ-static perfect fluid space-times, that is, solutions
to 

Ricφ +Hess f − df ⊗ df − 1
m−1

(
Sφ

2
− p+ U(φ)

)
g = 0,

∆f − |∇f |2 = − 1
m−1

[
mp−mU(φ) + m−2

2
Sφ
]
,

τ(φ) = dφ(∇f) + 1
α
∇U(φ),

µ+ U(φ) = 1
2
S,

∇p− (µ+ p)∇f = 0.

(3.1)

We already met them in (2.53). Working as in Remark 1.16, we can see that
(3.1).i), .ii) and (3.1).iii) combined imply the validity of{

i) Ricφ +Hess(f)− df ⊗ df = λg,

ii) τ(φ) = dφ(∇f) + 1
α
(∇U)(φ),

with λ := 1
m

(
Sφ +∆f − |∇f |2

)
. We add a parameter η ∈ R to obtain{

i) Ricφ +Hess(f)− ηdf ⊗ df = λg,

ii) τ(φ) = dφ(∇f) + 1
α
(∇U)(φ).

(3.2)

When U ≡ 0, structures as (3.2) are called φ-Einstein-type structures, see [5]. We
will be interested in rigidity results for manifolds supporting a solution f ∈ C∞(M)
of (3.2). The first fundamental tool for this investigation is the following first
integrability condition, that we already met in Proposition 2.7 for η = 1, and that
we now prove.

Proposition 3.1. Let (M, g) be a Riemannian manifold of dimension m ≥ 3. Let
φ : (M, g) → (N, h), U : (N, h) → R, λ : (M, g) → R be smooth maps, α ∈ R\{0}
and let f ∈ C∞(M) be a solution of (3.2) on M . We then have

[1 + η(m− 2)]DA
ijk = Cφ

ijk + ftW
φ
tijk +

Ua

m− 1

(
φa
j δik − φa

kδij
)
. (3.3)

101
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Proof. To obtain equation (3.3), we need to find a “good” expression for Cφ.
We use the first equation of system (3.2) and the Ricci commutation relations to
deduce

Cφ
ijk =Rφ

ij,k −Rφ
ik,j −

1

2(m− 1)

(
Sφ
k δij − Sφ

j δik
)

=− fijk + fikj + η(fikfj + fifjk − fijfk − fifjk)

+ λkδij − λjδik −
1

2(m− 1)

(
Sφ
k δij − Sφ

j δik
)

=− fpRpijk + η(fikfj − fijfk) +

(
λk −

1

2(m− 1)
Sφ
k

)
δij

−
(
λj −

1

2(m− 1)
Sφ
j

)
δik,

that is,

Cφ
ijk =− fpRpijk + η(fikfj − fijfk) +

(
λk −

1

2(m− 1)
Sφ
k

)
δij (3.4)

−
(
λj −

1

2(m− 1)
Sφ
j

)
δik.

Now we contract (3.4) with respect to i and j and recall that Cφ
ttk = αφa

ttφ
a
k, to

obtain

αφa
ttφ

a
k = ftRtk + η(ftkft −∆ffk) + (m− 1)λk −

1

2
Sφ
k .

Using the definition of Ricφ and rearranging the terms we get

1

2
Sφ
k − (m− 1)λk = ftR

φ
tk + η(ftkft −∆ffk)− αφa

k(φ
a
tt − φa

t ft).

Inserting the second equation of (3.2) into the above formula we deduce

1

2
Sφ
k − (m− 1)λk = ftR

φ
tk + η(ftkft −∆ffk)− Uaφa

k, (3.5)

while using (3.5) into (3.4) we obtain

Cφ
ijk =− fpRpijk + η(fikfj − fijfk) (3.6)

− δij
m− 1

[ftR
φ
tk + η(ftkft −∆ffk)− Uaφa

k]

+
δik

m− 1

[
ftR

φ
tj + η(ftjft −∆ffj)− Uaφa

j

]
.

We now multiply the first equation of system (3.2) by ηfk, that is

ηfijfk = −ηRφ
ijfk + ηfifjfk + ηλfkδij,
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and skew-symmetrize the latter equation, in order to deduce

η(fikfj − fijfk) = η(Rφ
ijfk −Rφ

ikfj + λfjδik − λfkδij); (3.7)

contracting (3.7) with respect to i and j we also have

η(ftkft −∆ffk) = η(Sφfk − ftR
φ
tk − (m− 1)λfk). (3.8)

Using (3.7) and (3.8) into (3.6) we obtain

Cφ
ijk =− fpRpijk + η(Rφ

ijfk −Rφ
ikfj + λfjδik − λfkδij)

− δij
m− 1

[(1− η)ftR
φ
tk + ηSφfk − (m− 1)ηλfk − Uaφa

k]

+
δik

m− 1

[
(1− η)ftR

φ
tj + ηSφfj − (m− 1)ηλfj − Uaφa

j

]
,

which can be written as

Cφ
ijk =− fpRpijk + η(Rφ

ijfk −Rφ
ikfj) (3.9)

− δij
m− 1

[(1− η)ftR
φ
tk + ηSφfk − Uaφa

k]

+
δik

m− 1

[
(1− η)ftR

φ
tj + ηSφfj − Uaφa

j

]
.

Now we use the definition of Wφ to get

fpRpijk =fpW
φ
pijk +

fj
m− 2

Rφ
ik +

fpR
φ
pj

m− 2
δik −

fk
m− 2

Rφ
ij

−
fpR

φ
pk

m− 2
δij −

Sφ

(m− 1)(m− 2)
(fjδik − fkδij).

Inserting the previous relation into (3.9) we obtain, after some simplifications,

Cφ
ijk =

1 + η(m− 2)

m− 2

[
Rφ

ijfk −Rφ
ikfj −

ft
m− 1

(
Rφ

tjδik −Rφ
tkδij

)]
+

1 + η(m− 2)

(m− 1)(m− 2)
Sφ(fjδik − fkδij)− fpW

φ
pijk +

Ua

m− 1
φa
kδij

− Ua

m− 1
φa
j δik.

Using the definition (2.138) of DA we get

Cφ
ijk = [1 + η(m− 2)]DA

ijk − fpW
φ
pijk +

Ua

m− 1
φa
kδij −

Ua

m− 1
φa
j δik,

and therefore (3.3).
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It is easy to prove that, when (3.2).i) holds, then we have DA ≡ DB. Therefore,
from (3.3), one can see that, if (3.2) holds, if DA ≡ 0 and if φ is 1

α
U -harmonic,

then the assumption of Theorem 2.9 are satisfied, so that we have local rigidity of
(M, g). In this spirit, similarly to Theorem 2.19, one can prove the next result

Theorem 3.2 (Theorem 4.17 of [13]). Let (M, g) be a complete Riemannian man-
ifold of dimension m ≥ 3. Let φ : (M, g) → (N, h), U : N → R be smooth maps,
λ ∈ C∞(M) and let f ∈ C∞(M) be a solution of (3.2). Let Σ be a regular level
set of f . Assume that:

1. f is proper;

2. either α > 0 and η > − 1
m−2

or α < 0 and η < − 1
m−2

;

3. we have the validity of

Bφ(∇f,∇f) = 0; (3.10)

4. for each regular p ∈ M , ∇fp is an eigenvector of Ricφp ;

5. φ is 1
α
U-harmonic

Then, for each p ∈ Σ, there exists p ∈ A ⊂ M , A open in M such that g|A is a
warped product metric. Moreover, U(φ) is constant on Σ and (Σ, gΣ) satisfies{

Ricφ|Σ = S
φ|Σ

m−1
gΣ,

τ(φ|Σ) = 0

and Sφ|Σ is constant.

One can easily show that, when η = 1, Theorem 2.19 generalizes Theorem 3.2.
Indeed, under the validity of (3.2) and from (3.3), we see that (2.96) is satisfied.
Moreover, when (3.2) holds and φ is 1

α
U -harmonic, we immediately deduce that

dφ(∇f) = 0; this, and equation Ricφ+Hess f−df⊗df = λg, imply the condition
on the operator F given in Theorem 2.19. Therefore, when η = 1, the assumptions
of Theorem 3.2 imply the validity of those of Theorem 2.19. When η ̸= 1, the proof
of Theorem 3.2 is still pretty similar to that of Theorem 2.19, so that we have not
felt it necessary to include it in the present discussion. Instead, we refer to [13,
Theorem 4.17] for the full proof.
In the next Section, we deal with two further rigidity results for system (3.2),
the conclusion being again the vanishing of the tensor DA. We remark here that
we have not been successful in providing meaningful generalizations of them for
C-φ-PFs.

3.1 Other Rigidity Results

In this Section, we deal with the next two theorems, that are inspired by [20].
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Theorem 3.3. Let (M, g) be a complete Riemannian manifold satisfying system
(3.2), where f is a proper function and η ̸= − 1

m−2
. If M is non-compact, we will

also require

f(x) → +∞ as x → +∞.

Assume that

div3Cφ = 0, (3.11)

h(τ(φ), dφ) = 0. (3.12)

Then we have two possibilities:

i) if η ̸= 0 and we further assume

Wφ(∇f, ·, ·, ·) = 0, (3.13)

then we have

Cφ = 0 (3.14)

and

DA = 0; (3.15)

ii) if η = 0 we have

Cφ = 0

and, if we further assume (3.13), also

DA = 0.

Theorem 3.4. Let (M, g) be a complete Riemannian manifold satisfying system
(3.2), where f is a proper function and η ̸= − 1

m−2
. If M is non-compact, we also

require

f(x) → +∞ as x → +∞.

Assume that

div3Cφ = 0, (3.16)

φ is
1

α
U-harmonic, (3.17)

∇fp is an eigenvector of Ricφp for every regular point p of f. (3.18)

Then we have two possibilities:
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i) if η ̸= 0 and we further assume

Wφ(∇f, ·, ·, ·) = 0, (3.19)

then we have

Cφ = − 1

2(m− 1)
div1 (U(φ)g ⃝∧ g) (3.20)

and

DA = 0; (3.21)

ii) if η = 0 we have

Cφ = − 1

2(m− 1)
div1 (U(φ)g ⃝∧ g)

and, if we further assume (3.19), also

DA = 0.

Remark 3.5. Condition (3.18) is necessary for (3.21), as observed in Proposition
2.11.

Although the assumptions of the two Theorems that we have presented are
different, the techniques of their proofs are similar and we get the same conclusion
(further comments are given, after their proofs, in Remark 3.10).
To prove Theorems 3.3 and 3.4 we will need some preliminary results.
We begin with a very general lemma.

Lemma 3.6. If ω ∈ Λ2(M) is a 2-form, its total divergence div2 ω vanishes. In
components,

ωtk,kt = 0.

Proof. The proof is a simple application of the Ricci commutation formulas. Indeed

ωtk,kt =
1

2
(ωtk,kt − ωkt,kt)

=
1

2
(ωtk,kt − ωtk,tk)

=
1

2
(Rptktωpk +Rpkktωtp)

= Rpkωpk = 0.

The core of the proof of Theorem 3.4 lies in the next Proposition.
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Proposition 3.7. Let (M, g) be a Riemannian manifold admitting a solution f ∈
C∞(M) of

Ricφ +Hess(f)− ηdf ⊗ df = λg, (3.22)

for η ̸= − 1
m−2

. Then we have the validity of the following formula:

1

2[(m− 2)η + 1]
|Cφ|2 = ftC

φ
tjk,jk −

η(m− 2)

2(m− 2)η + 2
ftW

φ
ptjkC

φ
pjk (3.23)

+
1

(m− 2)η + 1

[
λk −

1

2(m− 1)
Sφ
k − ηλfk

]
Cφ

ttk

− η

(m− 2)η + 1

[
ftR

φ
tk −

Sφ

(m− 1)
fk

]
Cφ

ttk.

Proof. We apply Lemma 3.6 to the 2-form of components

ftC
φ
tjk

to obtain

0 =
(
ftC

φ
tjk

)
jk

= ftjkC
φ
tjk + ftjC

φ
tjk,k + ftkC

φ
tjk,j + ftC

φ
tjk,jk

= ftjkC
φ
tjk + ftC

φ
tjk,jk,

that is,

0 = ftjkC
φ
tjk + ftC

φ
tjk,jk. (3.24)

We claim the validity of the equation

0 =ftC
φ
tjk,jk −

1

2
|Cφ|2 + ηfkR

φ
tjC

φ
tjk (3.25)

+ Cφ
ttk

(
λk −

1

2(m− 1)
Sφ
k − ηλfk

)
.

To prove it, take covariant derivative of equation (3.22) and skew symmetrize with
respect to the last two indexes to deduce

ftjk − ftkj = −Rφ
tj,k +Rφ

tk,j + ηftkfj − ηftjfk + λkδtj − λjδtk.

Using the definition of Cφ we get

ftjk − ftkj =− Cφ
tjk −

1

2(m− 1)

(
Sφ
k δtj − Sφ

j δtk
)
+ ηftkfj − ηftjfk (3.26)

+ λkδtj − λjδtk.

From the skew-symmetry of the last two indexes of Cφ and equation (3.24) we
obtain

0 = ftC
φ
tjk,jk +

1

2
(ftjk − ftkj)C

φ
tjk.
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Inserting (3.26) into the above formula we have

0 =ftC
φ
tjk,jk −

1

2
|Cφ|2 − 1

2(m− 1)
Sφ
kC

φ
ttk + λkC

φ
ttk

+ ηftkfjC
φ
tjk.

Using again equation (3.22), which we rewrite as

ftk = −Rφ
tk + ηftfk + λδtk,

into the latter, we obtain (3.25).
The last formula that we will need to conclude is

(m− 2)η + 1

(m− 2)
fkR

φ
pjC

φ
pjk =

1

2
|Cφ|2 − 1

2
ftW

φ
ptjkC

φ
pjk (3.27)

− Cφ
ttk

(
λk −

1

2(m− 1)
Sφ
k − ηλfk +

1

m− 2
ftR

φ
tk −

Sφ

(m− 1)(m− 2)
fk

)
.

To deduce it, we apply the Ricci commutation rules to obtain

ftC
φ
tjk,jk =

1

2
ft
(
Cφ

tjk,jk − Cφ
tjk,kj

)
=

1

2
ftRptjkC

φ
pjk +

1

2
ftRpjjkC

φ
tpk +

1

2
ftRpkjkC

φ
tjp

=
1

2
ftRptjkC

φ
pjk + ftR

φ
pkC

φ
tpk

=
1

2
ftRptjkC

φ
pjk.

Using the definition of Wφ into the above equation we get

ftC
φ
tjk,jk =

1

2
ftW

φ
ptjkC

φ
pjk +

1

2(m− 2)

(
ftR

φ
tkC

φ
ppk − ftR

φ
tjC

φ
pjp

)
+

1

2(m− 2)

(
fkR

φ
pjC

φ
pjk − fjR

φ
pkC

φ
pjk

)
− Sφ

2(m− 1)(m− 2)

(
fkC

φ
ttk − fjC

φ
tjt

)
=
1

2
ftW

φ
ptjkC

φ
pjk +

1

(m− 2)
ftR

φ
tkC

φ
ppk

+
1

(m− 2)
fkR

φ
pjC

φ
pjk −

Sφ

(m− 1)(m− 2)
fkC

φ
ttk,

that is,

ftC
φ
tjk,jk =

1

2
ftW

φ
ptjkC

φ
pjk +

1

(m− 2)
ftR

φ
tkC

φ
ppk (3.28)

+
1

(m− 2)
fkR

φ
pjC

φ
pjk −

Sφ

(m− 1)(m− 2)
fkC

φ
ttk.
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Inserting (3.28) into (3.25) and rearranging we get (3.27). Using (3.27) into (3.25)
we obtain

0 =ftC
φ
tjk,jk −

1

2
|Cφ|2 + Cφ

ttk

(
λk −

1

2(m− 1)
Sφ
k − ηλfk

)
+

η(m− 2)

(m− 2)η + 1

(
1

2
|Cφ|2 − 1

2
ftW

φ
ptjkC

φ
pjk

)
− η(m− 2)

(m− 2)η + 1
Cφ

ttk

(
λk −

1

2(m− 1)
Sφ
k

−ηλfk +
1

m− 2
ftR

φ
tk −

Sφ

(m− 1)(m− 2)
fk

)
,

which, after some simplifications, becomes (3.23).

Proposition 3.8. Let (M, g) be a Riemannian manifold admitting a solution of

Ricφ +Hess(f)− ηdf ⊗ df = λg,

for η ̸= − 1
m−2

. Let z : R → R be a smooth function such that z(f) is compactly
supported on M . Then we have the validity of the following integral formula:

1

2[(m− 2)η + 1]

∫
M

|Cφ|2[z(f)− z′(f)]e−f = −
∫
M

Cφ
tjk,kjtz(f)e

−f (3.29)

− η(m− 2)

2(m− 2)η + 2

∫
M

ftW
φ
ptjkC

φ
pjk[z(f)− z′(f)]e−f

+
1

(m− 2)η + 1

∫
M

(
λk −

1

2(m− 1)
Sφ
k − ηλfk)

)
Cφ

ttk[z(f)− z′(f)]e−f

− 1

(m− 2)η + 1

∫
M

(
ftR

φ
tk −

Sφ

(m− 1)
fk

)
Cφ

ttk[z(f)− z′(f)]e−f .

Proof. Integrating by parts, we have∫
M

ftC
φ
tik,kiz(f)e

−f =

∫
M

Cφ
tik,kitz(f)e

−f

+

∫
M

ftC
φ
tik,kiz

′(f)e−f ,

which implies ∫
M

ftC
φ
tik,ki[z(f)− z′(f)]e−f =

∫
M

div3Cφz(f)e−f . (3.30)

Multiplying (3.23) by [z(f) − z′(f)]e−f , integrating on M and using (3.30) we
immediately obtain (3.29).
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As a computational short-hand, we define

Fijk = Cφ
ijk −

1

m− 1
Uaφa

kδij +
1

m− 1
Uaφa

j δik. (3.31)

Then, if we assume the validity of (3.17), we have

|F |2 = |Cφ|2 + 2m

(m− 1)2
|∇(U(φ))|2 − 2

(m− 1)2
|∇(U(φ))|2 − 4

m− 1
Cφ

ijk(U
aφa

kδij)

= |Cφ|2 + 2

m− 1
|∇(U(φ))|2 − 4α

m− 1
φa
ttφ

a
kU

bφb
k

= |Cφ|2 − 2

m− 1
|∇(U(φ))|2

where we have used

Cφ
ttk = αφa

ttφ
a
k

and (3.17). Thus we have

|F |2 = |Cφ|2 − 2

m− 1
|∇(U(φ))|2. (3.32)

Corollary 3.9. Let (M, g) satisfy system (3.2) with η ̸= − 1
m−2

. Assume that

φ is
1

α
U-harmonic, (3.33)

∇fp is an eigenvector of Ricφp , for every regular point p of f. (3.34)

Moreover, when η ̸= 0, also assume

Wφ(∇f, ·, ·, ·) = 0.

Let z : R→ R be a smooth function such that z(f) is compactly supported on M .
Then

1

2[1 + (m− 2)η]

∫
M

|F |2[z(f)− z′(f)]e−f = −
∫
M

div3Cφz(f)e−f , (3.35)

where the components of F have been defined in (3.31).

Proof. From the second equation of (3.2) and since φ is 1
α
U -harmonic we get

φa
t ft = 0.

Since

Cφ
ttk = αφa

ttφ
a
k,
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we obtain that, from assumptions (3.33) and (3.34), equation (3.29) reduces to

1

2[(m− 2)η + 1]

∫
M

|Cφ|2[z(f)− z′(f)]e−f = −
∫
M

div3Cφz(f)e−f

+

∫
M

αφa
ttφ

a
k

[
1

(m− 2)η + 1

(
λk −

1

2(m− 1)
Sφ
k

)]
[z(f)− z′(f)]e−f .

To deal with the last term, we apply (3.5), that is,

1

2
Sφ
k = Rφ

ikfi + η(fikfi −∆ffk) + (m− 1)λk − αφa
k(φ

a
tt − φa

t ft). (3.36)

This, together with assumptions (3.33) and (3.34), implies

αφa
ttφ

a
k

[
1

(m− 2)η + 1

(
λk −

1

2(m− 1)
Sφ
k

)]
=

α2

(m− 1)[(m− 2)η + 1]
φa
ttφ

a
kφ

b
ppφ

b
k

=
1

(m− 1)[(m− 2)η + 1]
|∇U(φ)|2,

and therefore

1

2[(m− 2)η + 1]

∫
M

|Cφ|2[z(f)− z′(f)]e−f = −
∫
M

div3Cφz(f)e−f

+
1

(m− 1)[(m− 2)η + 1]

∫
M

|∇U(φ)|2[z(f)− z′(f)]e−f .

Rearranging and using equation (3.32) we conclude.

We are ready for the proof of Theorem 3.4. We will use equation (3.35) together
with a trick taken from [20].

Proof (of Theorem 3.4). From equation (3.35) and assumption (3.16) we get

1

2[1 + (m− 2)η]

∫
M

|F |2e−f (z(f)− z′(f)) = 0. (3.37)

If M is compact, set z(f) ≡ 1 to obtain F ≡ 0 and therefore (3.20). If M is
non-compact, let

zk(t) =


1 t ∈ [−k, k],
2k+t
k

t ∈ [−2k,−k],
2k−t
k

t ∈ [k, 2k],

0 t ∈ (−∞,−2k] ∪ [2k,+∞)

for a positive natural number k. Since f(x) → +∞ as x → +∞ by assumptions,
there exists A ∈ R such that

f(x) ≥ −2A on M.
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Let k ≥ 2A. Then, for f(x) ∈ [−2k,−k], we have

zk(f(x))− z′k(f(x)) = 2 +
f(x)− 1

k
≥ 2− 2A+ 1

k
≥ 1− 1

k

and, for f(x) ∈ [k, 2k], we have

zk(f(x))− z′k(f(x)) = 2− f(x)− 1

k
≥ 1

k
.

Therefore, from (3.37) we deduce

0 =

∫
Ω2k

|F |2e−f (zk(f)− z′k(f)) ≥
1

k

∫
Ω2k

|F |2e−f

where

Ω2k = {x ∈ M : f(x) ∈ [−2k, 2k]}.

Letting k → +∞ we get F ≡ 0 and therefore equation (3.20). To conclude,
if F ≡ 0 and ftW

φ
tijk = 0, the first integrability condition (3.3) of system (3.2)

implies DA ≡ 0.

Proof (of Theorem 3.3). Assumption (3.12) reads, in components,

φa
ttφ

a
k = 0, ∀i = 1, ...,m.

Since Cφ
ttk = αφa

ttφ
a
k we deduce

Cφ
ttk = 0.

Therefore, when either η = 0 or the zero radial Weyl curvature condition (3.13)
holds, using (3.12) and (3.29), we deduce that, for any smooth, compactly sup-
ported function z : R→ R, we have

1

2[(m− 2)η + 1]

∫
M

|Cφ|2[z(f)− z′(f)]e−f = −
∫
M

Cφ
tjk,kjtz(f)e

−f .

The proof now continues as that of Theorem 3.4, replacing F with Cφ, to give

Cφ ≡ 0.

From the first integrability condition (3.3), we deduce

[1 + η(m− 2)]DA
ijk = ftW

φ
tijk −

Uaφa
k

m− 1
δij +

Uaφa
j

m− 1
δik.

If we are assuming (3.13), then we have

[1 + η(m− 2)]DA
ijk = − Uaφa

k

m− 1
δij +

Uaφa
j

m− 1
δik. (3.38)
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Since DA is totally trace-free, tracing the above equation with respect to i and j
gives

0 = [1 + η(m− 2)]DA
ttk = − m

m− 1
Uaφa

k +
1

m− 1
Uaφa

k = −Uaφa
k.

From equation (3.38) and assumption η ̸= − 1
m−2

we deduce DA ≡ 0, and this
concludes the proof.

Remark 3.10. Before concluding this section, we want to further discuss the
differences and the similarities of Theorems 3.3 and 3.4; indeed, we will see in
Proposition 3.13 below, that, assuming that (3.2) holds, then assumptions (3.17)
and (3.18) together imply (3.12), that is, φ is conservative, on the set of regular
points of f . However, this is not enough to deduce that Theorem 3.4 is a conse-
quence of Theorem 3.3; indeed, when one runs the argument used in the proof of
Theorem 3.3, the validity of (3.12) on the set of regular points of f is not enough
to conclude, unless one assumes that this set is dense in M . This can be seen
directly from formula (3.29): assuming the existence of an open set at which f is
constant, we have that φ need not be conservative there, so that Cφ need not be
totally traceless (see equation (1.26)); therefore, the last two lines of (3.29) will in
general be non-zero.

Proposition 3.11. Let (M, g) be an m-dimensional Riemannian manifold, m ≥ 3.
Assume that f ∈ C∞(M) solves{

Ricφ +Hess f − ηdf ⊗ df = λg,

τ(φ) = dφ(∇f) + ∇U
α

(3.39)

for some λ ∈ C∞(M), η ∈ R, φ : (M, g) → (N, h) smooth and U ∈ C∞(N). Then:

• if η = − 1
m−2

, then U(φ) is constant on the regular level sets of f ;

• if η = 1, then Sφ

2
− U(φ) is constant on the regular level sets of f ;

• if η ̸= 1,− 1
m−2

, then

1 + η(m− 2)

2
Sφ + (1− ηm)U(φ)

is constant on the regular level sets of f if and only if ∇f is an eigenvector
of Ricφ at every regular point of f .

Proof. From the definition (2.47) of DA, one immediately gets

ftD
A
tjk =

1

m− 1
ft
(
Rφ

tjfk −Rφ
tkfj
)
, (3.40)

see also the proof of Proposition 2.11. From the definition of Cφ, one easily proves
that

Cφ
tij,t = α

{
Rφ

itφ
a
tφ

a
j −Rφ

jtφ
a
tφ

a
i + φa

ttiφ
a
j − φa

ttjφ
a
i

}
(3.41)
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see also equation (2.27) of [5]. We compute the 1-divergence of D:

DA
ijk,i =

1

m− 2

[
Rφ

ij,ifk +Rφ
ijfik −Rφ

ik,ifj −Rφ
ikfij

+
1

m− 1

(
ftjR

φ
tk − ftkR

φ
tj

)
+

1

m− 1
ft
(
Rφ

tk,j −Rφ
tj,k

)
− 1

m− 1

(
Sφ
j fk − Sφ

k fj
)
− Sφ

m− 1
(fkj − fjk)

]
.

Using the φ-Schur’s identity, the definition of Cφ and (3.39).i) we get

DA
ijk,i =

1

m− 2

[
1

2
Sφ
j fk − αφa

ttφ
a
jfk −

1

2
Sφ
k fj + αφa

ttφ
a
kfj

+
m− 2

m− 1

(
Rφ

tjfkt −Rφ
tkftj

)
+

1

m− 1
ftC

φ
tkj

+
1

2(m− 1)2
(
fkS

φ
j − fjS

φ
k

)
− 1

m− 1

(
Sφ
j fk − Sφ

k fj
)]

=
1

m− 2

[(
1

2(m− 1)2
+

1

2
− 1

m− 1

)(
Sφ
j fk − Sφ

k fj
)

− α
(
φa
ttφ

a
jfk − φa

ttφ
a
kfj
)
+

1

m− 1
ftC

φ
tkj

+ η
m− 2

m− 1

(
Rφ

tjftfk −Rφ
tkftfj

)]
,

that is,

DA
ijk,i =

1

m− 2

[
(m− 2)2

2(m− 1)2
(
Sφ
j fk − Sφ

k fj
)
− αφa

tt

(
φa
jfk − φa

kfj
)

(3.42)

+
1

m− 1
ftC

φ
tkj + η

m− 2

m− 1

(
Rφ

tjftfk −Rφ
tkftfj

)]
.

We compute the 1-divergence of the first integrability condition (3.3) and use
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(3.42), (3.41) and (1.31):

0 =Cφ
ijk,i + ftW

φ
tijk,i + ftiW

φ
tijk − (1 + η(m− 2))DA

ijk,i

− Ua

m− 1
φa
kj −

Uab

m− 1
φa
kφ

b
j +

Ua

m− 1
φa
jk +

Uab

m− 1
φa
kφ

b
j

=α
[
Rφ

jtφ
a
tφ

a
k −Rφ

ktφ
a
tφ

a
j + φa

ttjφ
a
k − φa

ttkφ
a
j

]
+

m− 3

m− 2
ftC

φ
tjk + αft

(
φa
tkφ

a
j − φa

tjφ
a
k

)
+

α

m− 2
φa
tt

(
φa
kfj − φa

jfk
)

− 1 + η(m− 2)

m− 2

[
(m− 2)2

2(m− 1)2
(
Sφ
j fk − Sφ

k fj
)
− αφa

tt

(
φa
jfk − φa

kfj
)

+
1

m− 1
ftC

φ
tkj + η

m− 2

m− 1

(
Rφ

tjftfk −Rφ
tkftfj

)]
=α
[
Rφ

jtφ
a
tφ

a
k −Rφ

ktφ
a
tφ

a
j + φa

ttjφ
a
k − φa

ttkφ
a
j + ft

(
φa
tkφ

a
j − φa

tjφ
a
k

)]
+

[
m− 3

m− 2
+

1 + η(m− 2)

(m− 1)(m− 2)

]
ftC

φ
tjk + α

[
1

m− 2
− 1 + η(m− 2)

m− 2

]
φa
tt

(
φa
kfj − φa

jfk
)

− [1 + η(m− 2)]
m− 2

2(m− 1)2
(
Sφ
j fk − Sφ

k fj
)

− η

m− 1
(1 + η(m− 2))

(
Rφ

tjftfk −Rφ
tkftfj

)
,

that is,

0 =α
[
Rφ

jtφ
a
tφ

a
k −Rφ

ktφ
a
tφ

a
j + φa

ttjφ
a
k − φa

ttkφ
a
j + ft

(
φa
tkφ

a
j − φa

tjφ
a
k

)]
(3.43)

+
m− 2 + η

m− 1
ftC

φ
tjk − αηφa

tt

(
φa
kfj − φa

jfk
)

− [1 + η(m− 2)]
m− 2

2(m− 1)2
(
Sφ
j fk − Sφ

k fj
)

− η

m− 1
(1 + η(m− 2))

(
Rφ

tjftfk −Rφ
tkftfj

)
.

We take the covariant derivative of (3.39).ii)

0 = φa
tti − φa

tift − φa
t fti −

Uab

α
φb
i ;

using this identity and (3.39).i) we find

Rφ
jtφ

a
tφ

a
k −Rφ

ktφ
a
tφ

a
j + φa

ttjφ
a
k − φa

ttkφ
a
j + ft

(
φa
tkφ

a
j − φa

tjφ
a
k

)
= Rφ

jtφ
a
tφ

a
k −Rφ

ktφ
a
tφ

a
j + ftjφ

a
tφ

a
k − ftkφ

a
tφ

a
j

+
Uab

α
φa
jφ

b
k −

Uab

α
φa
kφ

b
j

= η
(
ftfjφ

a
tφ

a
k − ftfkφ

a
tφ

a
j

)
;
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therefore, using (3.39).ii) again, (3.43) becomes

0 =ηα
(
ftφ

a
tφ

a
kfj − ftφ

a
tφ

a
jfk
)
+

m− 2 + η

m− 1
ftC

φ
tjk

− αηφa
tt

(
φa
kfj − φa

jfk
)

− 1 + η(m− 2)

2(m− 1)2
(m− 2)

(
Sφ
j fk − Sφ

k fj
)
− η

m− 1
(1 + η(m− 2))

(
Rφ

tjftfk −Rφ
tkftfj

)
=ηUa

(
φa
jfk − φa

kfj
)
+

m− 2 + η

m− 1
ftC

φ
tjk

− 1 + η(m− 2)

2(m− 1)2
(m− 2)

(
Sφ
j fk − Sφ

k fj
)
− η

m− 1
(1 + η(m− 2))

(
Rφ

tjftfk −Rφ
tkftfj

)
that is,

0 =ηUa
(
φa
jfk − φa

kfj
)
+

m− 2 + η

m− 1
ftC

φ
tjk (3.44)

− 1 + η(m− 2)

2(m− 1)2
(m− 2)

(
Sφ
j fk − Sφ

k fj
)
− η

m− 1
(1 + η(m− 2))

(
Rφ

tjftfk −Rφ
tkftfj

)
.

From (3.3) we get

ftC
φ
tjk = (1 + η(m− 2))ftD

A
tjk +

1

m− 1
Ua
(
φa
kfj − φa

jfk
)
;

using this relation and (3.40) in (3.44) we have

0 =ηUa
(
φa
jfk − φa

kfj
)
+

m− 2 + η

m− 1
(1 + η(m− 2))ftD

A
tjk

+
m− 2 + η

(m− 1)2
Ua
(
φa
kfj − φa

jfk
)
− η(1 + η(m− 2))ftD

A
tjk

− 1 + η(m− 2)

2(m− 1)2
(m− 2)

(
Sφ
j fk − Sφ

k fj
)

=
m− 2 + η − η(m− 1)2

(m− 1)2
Ua
(
φa
kfj − φa

jfk
)

+ (1 + η(m− 2))

[
m− 2 + η

m− 1
− η

]
ftD

A
tjk

− 1 + η(m− 2)

2(m− 1)2
(m− 2)

(
Sφ
j fk − Sφ

k fj
)

that is,

0 =
m− 2

(m− 1)2
(1− ηm)Ua

(
φa
kfj − φa

jfk
)

+ (1 + η(m− 2))
m− 2

m− 1
(1− η)ftD

A
tjk

− 1 + η(m− 2)

2(m− 1)2
(m− 2)

(
Sφ
j fk − Sφ

k fj
)
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and therefore

(1 + η(m− 2))
m− 2

m− 1
(1− η)ftD

A
tjk

=
m− 2

(m− 1)2

[
fk

(
1 + η(m− 2)

2
Sφ
j + (1− ηm)Uaφa

j

)
− fj

(
1 + η(m− 2)

2
Sφ
k + (1− ηm)Uaφa

k

)]
.

• if η = − 1
m−2

, the equation above becomes

0 =
m− 2

(m− 1)2

(
1 +

m

m− 2

)
Ua
(
φa
jfk − φa

kfj
)
;

therefore ∇(U(φ)) and ∇f are proportional and if ∇f ̸= 0, we get that U(φ)
is constant on the regular level set of f .

• If η = 1, we get

0 =
m− 2

m− 1

(
1

2
Sφ
j fk − Uaφa

jfk −
1

2
Sφ
k fj + Uaφa

kfj

)
so that Sφ

2
− U(φ) is constant on the regular level sets of f .

• If η ̸= 1,− 1
m−2

, we deduce that

1 + η(m− 2)

2
Sφ + (1− ηm)U(φ)

is constant on the regular level sets of f if and only if we have ftD
A
tjk = 0; by

Proposition 2.11, this happens if and only if ∇f is an eigenvector of Ricφ.

Proposition 3.12. Let (M, g) be an m-dimensional Riemannian manifold, m ≥ 3.
Assume that f ∈ C∞(M) solves{

Ricφ +Hess f − ηdf ⊗ df = λg,

τ(φ) = dφ(∇f) + ∇U
α

(3.45)

for some λ ∈ C∞(M), η ∈ R, φ : (M, g) → (N, h) smooth and U ∈ C∞(N).
Assume that, at any regular point of f , ∇f be an eigenvector of Ricφ. Then U(φ)
is constant on the regular level sets of f .

Proof. From equation (3.36) we get

1

2
Sφ
k − (m− 1)λk = ftR

φ
tk + η(ftftk −∆ffk)− Uaφa

k.
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Tracing (3.45).i) we have

λ =
1

m

(
Sφ +∆f − η|∇f |2

)
,

so that

1

2
Sφ
k − m− 1

m
Sφ
k − m− 1

m
(∆f)k + 2η

m− 1

m
ftftk

=ftR
φ
tk + η(ftftk −∆ffk)− Uaφa

k

that we re-write

−m− 2

2m
Sφ
k + Uaφa

k (3.46)

=ftR
φ
tk +

m− 1

m
(∆f)k − 2η

m− 1

m
ftftk + η(ftftk −∆ffk).

Let {ei}mi=1 be an orthonormal frame such that em = ∇f
|∇f | and let {θi}mi=1 be its

dual co-frame. Then

fA = 0, ∀A ∈ {1, ...,m− 1}.

From Proposition 2.11, we deduce that ∇f is an eigenvector of Ricφ if and only if
|∇f |2 is constant on the regular level sets of f ; this happens if and only if f locally
depends only on the distance function r. This implies that

Rφ
Am = fAm = (∆f)A = 0.

Therefore, (3.46) becomes

−m− 2

2m
Sφ
A + Uaφa

A = 0; (3.47)

the previous proposition also gives

1 + η(m− 2)

2
Sφ
A + (1− ηm)Uaφa

A = 0. (3.48)

Solving the system given by (3.47) and (3.48) we deduce Uaφa
A = Sφ

A = 0.

Proposition 3.13. Let (M, g) be an m-dimensional Riemannian manifold, m ≥ 3.
Assume that f ∈ C∞(M) solves{

Ricφ +Hess f − ηdf ⊗ df = λg,

τ(φ) = dφ(∇f) + ∇U
α

(3.49)

for some λ ∈ C∞(M), η ∈ R, φ : (M, g) → (N, h) smooth and U ∈ C∞(N).
Assume that the following hold:

• φ is 1
α
U-harmonic:
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• at every regular point of f , we have that ∇f is an eigenvector of Ricφ.

Then, U(φ) is locally constant on the set of regular values of f . In particular, φ
is conservative there.

Proof. By the previous proposition

Uaφa
A = 0, ∀A ∈ {1, ...,m− 1}.

Since (3.49).ii) holds and since φ is 1
α
U -harmonic, we have

0 = φa
i fi = |∇f |φa

m

so that Uaφa
m = 0. Therefore ∇(U(φ)) vanishes at every regular point of f ; form

this fact and (3.49).ii) we deduce φa
ttφ

a
i = 0,∀i, so that φ is conservative.

3.2 The Boundary Case

In this subsection we prove a rigidity result for Riemannian manifolds with non-
empty boundary.
Before focusing on manifolds with boundary, we highlight some facts concerning
system (3.2), that is,{

i) Ricφ +Hess(f)− ηdf ⊗ df = λg,

ii) τ(φ) = dφ(∇f) + 1
α
(∇U)(φ),

where

mλ = Sφ +∆f − η|∇f |2.

If we let

u = e−ηf , (3.50)

then system (3.2) transforms into{
i)uηRicφ − Hess(u) = 1

m
(ηuSφ −∆u)g

ii) ηuτ(φ) = −dφ(∇u) + ηu
α
(∇U)(φ).

(3.51)

Note that looking for solutions of system (3.2) is equivalent to finding positive
solutions of system (3.51); however, the latter system can be considered an exten-
sion of (3.2) if one looks for possibly changing-sign solutions u. In our setting,
system (3.51) will play a fundamental role in the study of manifolds with bound-
ary, ∂M = u−1({0}).

From now on, let (M, g) be a connected Riemannian manifold of dimension m ≥ 3
with non-empty boundary; let φ : (M, g) → (N, h), where (N, h) is a Riemannian
manifold of dimension n, be a smooth map, let U : (N, h) → R be a smooth
function and let u ∈ C∞(M) be a solution of (3.51) such that u > 0 on int(M)
and ∂M = u−1({0}). In this setting, we have the following
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Theorem 3.14. Let (M, g) be a connected Riemannian manifold of dimension
m ≥ 3 and let u ∈ C∞(M) be a solution of system (3.51), with α ∈ R \ {0} and
η ̸= − 1

m−2
, 0. Assume that

div3Cφ = 0; (3.52)

φ is
1

α
U-harmonic; (3.53)

∇fp is an eigenvector of Ricφp , for every regular point p of f ; (3.54)

Wφ(∇f, ·, ·, ·) = 0. (3.55)

Then

Cφ = − 1

2(m− 1)
div1 (U(φ)g ⃝∧ g) (3.56)

and

DA ≡ 0.

For the proof of Theorem 3.14 we need some preliminary results. First we
introduce the (0, 3)-tensor Dφ, whose components are

(m− 2)Dφ
ijk := uikuj − uijuk +

ut

m− 1
(utjδik − utkδij) +

∆u

m− 1
(ukδij − ujδik).

(3.57)

Lemma 3.15. Let (M, g) be a connected Riemannian manifold of dimension m ≥
3, let u ∈ C∞(M) be a solution of system (3.51), with α ∈ R\{0} and η ̸= − 1

m−2
, 0

and let Dφ be the tensor field on M defined in (3.57). Then,

[1 + η(m− 2)]

ηu
Dφ = ηuCφ −Wφ(∇u, ·, ·, ·) + ηu

1

2(m− 1)
div1 (U(φ)g ⃝∧ g).

(3.58)

on int(M).

Proof. Note that, when we consider the change of variable (3.50), the first inte-
grability condition (3.58) of system (3.51) can be easily obtained by (3.3). Indeed,
by (2.47), we have

DA
ijk = (uη)−2Dφ

ijk;

hence, by (3.3), we deduce (3.58).

Lemma 3.16. Let (M, g) be a connected Riemannian manifold of dimension m ≥
3 and let u ∈ C∞(M) be a solution of system (3.51), with α ∈ R \ {0} and
η ̸= − 1

m−2
, 0. Define the vector field Z on M of components

Zi =u
{
Rφ

tkW
φ
tikj

}
j
−
(
m− 4

m− 2

)
uRφ

tkC
φ
tki + 2αuφa

iφ
a
jkR

φ
jk − α{uRφ

tk(φ
a
tφ

a
i )k}

− α

{
u

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i

)}
+

[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
, (3.59)
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and assume that φ is 1
α
U-harmonic and ∇u is an eigenvector of Ricφ, for every

regular point of u (that are assumptions (3.53) and (3.54), respectively). Then, on
int(M), we have

divZ =− utW
φ
tijk

(
1

2(ηu)2
Dφ

ijk +Rφ
ij,k

)
− [1 + η(m− 2)]

(ηu)3
|Dφ|2 (3.60)

− uCφ
ikj,jki +

(
m− 4

m− 2

)
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

+

{
φa
i

(
m

(m− 1)(m− 2)
UaSφ + 2αU bφb

jφ
a
i

)
− α

2

(
m− 2

m− 1

)
φa
iφ

a
jS

φ
j

− 2αφa
jkR

φ
jkφ

a
i − αφa

i τ
a
2 (φ)

}
i

u.

If we further assume
utW

φ
tijk = 0,

equation (3.60) becomes

divZ =− [1 + η(m− 2)]

(ηu)3
|Dφ|2 − uCφ

ikj,jki +

(
m− 4

m− 2

)
u
[
Ua
(
Uabφb

i +Rφ
ijφ

a
j

)]
i

(3.61)

+

{
φa
i

(
m

(m− 1)(m− 2)
UaSφ + 2αU bφb

jφ
a
i

)
− α

2

m− 2

m− 1
φa
iφ

a
jS

φ
j

− 2αφa
jkR

φ
jkφ

a
i − αφa

i τ
a
2 (φ)

}
i

u.

Proof. Let X be the vector field of components

Xi = u
{
Rφ

tkW
φ
tikj

}
k
−
(
m− 4

m− 2

)
uRφ

tkC
φ
tki + 2αuφa

iφ
a
jkR

φ
jk;

computing its divergence and using 0 = τ(φ)− 1
α
(∇U)(φ) and hence dφ(∇u) = 0,

we obtain

Xii =
{
u
[
Rφ

tkW
φ
tikj

]
k

}
i
−
(
m− 4

m− 2

)
uiR

φ
tkC

φ
tki −

(
m− 4

m− 2

)
uRφ

tk,iC
φ
tki −

(
m− 4

m− 2

)
uRφ

tkC
φ
tki,i

(3.62)

+ 2αuiφ
a
iφ

a
jkR

φ
jk + 2αuφa

iiφ
a
jkR

φ
jk + 2αuφa

iφ
a
jkiR

φ
jk + 2αuφa

iφ
a
jkR

φ
jk,i

=
{
u
[
Rφ

tkW
φ
tikj

]
k

}
i
−
(
m− 4

m− 2

)
uiR

φ
tkC

φ
tki −

(
m− 4

m− 2

)
uRφ

tk,iC
φ
tki −

(
m− 4

m− 2

)
uRφ

tkC
φ
tki,i

+ 2αuφa
iiφ

a
jkR

φ
jk + 2αuφa

iφ
a
jkiR

φ
jk + 2αuφa

iφ
a
jkR

φ
jk,i

=
{
u
[
Rφ

tkW
φ
tikj

]
k

}
i
−
(
m− 4

m− 2

)
uiR

φ
tkC

φ
tki −

(
m− 4

m− 2

)
u{Rφ

tkC
φ
tki}i + 2αu

{
φa
iφ

a
jkR

φ
jk

}
i
.

Since φ is 1
α
U -harmonic, equation (1.34) rewrites as



122 CHAPTER 3. φ-SPFST

(m− 2)Bφ
ik,k =

m− 4

m− 2

[
Rφ

jkC
φ
jki + Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
(3.63)

+ φa
i

(
m

(m− 1)(m− 2)
UaSφ + 2αU bφb

jφ
a
i

)
− α

2

m− 2

m− 1
φa
iφ

a
jS

φ
j − 2αφa

jkR
φ
jkφ

a
i − αφa

i τ
a
2 (φ);

therefore, taking its divergence, we obtain

(m− 2)Bφ
ik,ki =

(
m− 4

m− 2

)(
Rφ

jkC
φ
jki

)
i
+

(
m− 4

m− 2

)(
Ua(

1

α
Uabφb

i +Rφ
ijφ

a
j )

)
i

(3.64)

+

[
φa
i

(
m

(m− 1)(m− 2)
UaSφ + 2αU bφb

jφ
a
i

)

− α

2

m− 2

m− 1
φa
iφ

a
jS

φ
j − 2αφa

jkR
φ
jkφ

a
i − αφa

i τ
a
2 (φ)

]
i

.

To simplify the writing we set

A =−

[
φa
i

(
m

(m− 1)(m− 2)
UaSφ + 2αU bφb

jφ
a
i

)

− α

2

m− 2

m− 1
φa
iφ

a
jS

φ
j − αφa

i τ
a
2 (φ)

]
i

.

As a consequence, using (3.64), we have

u
m− 4

m− 2
(Rφ

jkC
φ
jki)i − 2αu(φa

jkR
φ
jkφ

a
i )i (3.65)

= u(m− 2)Bφ
ik,ki −

(
m− 4

m− 2

)
u

(
1

α
Ua(Uabφb

i +Rφ
ijφ

a
j )

)
i

+Au.

Using the first equation of (3.51) into (3.57), we get

(m− 2)Dφ
ijk =ηuRφ

ikuj −
1

m
(ηuSφ −∆u)δikuj − ηuRφ

ijuk +
1

m
(ηuSφ −∆u)δijuk

(3.66)

+
ut

m− 1

[
Rφ

tjδikηu− 1

m
(ηuSφ −∆u)δikδtj −Rφ

tkδijηu

+
1

m
(ηuSφ −∆u)δijδtk

]
+

1

m− 1
∆u(ukδij − ujδik)

=ηu

{
Rφ

ikuj −Rφ
ijuk +

ut

m− 1

(
Rφ

tjδik −Rφ
tkδij

)
+

Sφ

m− 1
(ukδij − ujδik)

}
.
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Hence, by (3.53), (3.54) and (3.66), we deduce

(m− 2)Dφ
ijkC

φ
ijk = −2ηuukR

φ
ijC

φ
ijk. (3.67)

Thus, inserting (3.67) and (3.65) into (3.62), we get the validity of

Xii =
{
u
[
Rφ

tkW
φ
tikj

]
j

}
i
+

m− 4

2ηu
Dφ

ijkC
φ
ijk − u(m− 2)Bφ

ik,ki

+

(
m− 4

m− 2

)
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au (3.68)

on int(M).
Next, using the definition of Bφ and that φ is 1

α
U -harmonic, we obtain

u(m− 2)Bφ
ik,ki =uCφ

ikj,jki + u(Rφ
stW

φ
sitk)ki − αu(Rφ

tkφ
a
tφ

a
i )ki

+ u

(
φa
ijU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
ki

=uCφ
ikj,jki + [u(Rφ

stW
φ
sitk)k]i − ui(R

φ
stW

φ
sitk)k

− α[u(Rφ
tkφ

a
tφ

a
i )k]i + αui(R

φ
tkφ

a
tφ

a
i )k

+

[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

− ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

.

Inserting the latter into (3.68), we obtain, on int(M),

Xii =
m− 4

2ηu
Dφ

ijkC
φ
ijk − uCφ

ikj,jki + ui{Rφ
stW

φ
sitk}k + α[u(Rφ

tkφ
a
tφ

a
i )k]i (3.69)

− αui(R
φ
tkφ

a
tφ

a
i )k −

[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

+ ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

+

(
m− 4

m− 2

)
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au.

Observe that by (1.31), since φ is 1
α
U -harmonic and ∇u is an eigenvector of Ricφ

for every regular point of u, we get

ui{Rφ
stW

φ
sitk}k = uiR

φ
st,kW

φ
sitk + uiR

φ
stW

φ
sitk,k

= uiR
φ
st,kW

φ
sitk +

(
m− 3

m− 2

)
uiR

φ
stC

φ
tsi + αuiR

φ
tsφ

a
tiφ

a
s

which by (3.67), on int(M), can be rewritten as

ui{Rφ
stW

φ
sitk}k = uiR

φ
st,kW

φ
sitk +

(
m− 3

m− 2

)
uiR

φ
stC

φ
tsi + αuiR

φ
ts(φ

a
iφ

a
s)t

= uiR
φ
st,kW

φ
sitk −

m− 3

2ηu
Dφ

tsiC
φ
tsi + αuiR

φ
ts(φ

a
iφ

a
s)t.
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Therefore, on int(M), we have

Xii =− 1

2ηu
Dφ

ijkC
φ
ijk − uCφ

ikj,jki + uiR
φ
st,kW

φ
sitk + αuiR

φ
ts(φ

a
iφ

a
s)t

+ α[u(Rφ
tkφ

a
tφ

a
i )k]i − αui(R

φ
tkφ

a
tφ

a
i )k

−
[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

+ ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

+

(
m− 4

m− 2

)
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au;

using the φ-Schur’s identity, we have

Xii =− 1

2ηu
Dφ

ijkC
φ
ijk − uCφ

ikj,jki + uiR
φ
st,kW

φ
sitk + αuiR

φ
ts(φ

a
iφ

a
s)t

+ α

{
u

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i

)}
i

+ α{uRφ
tk(φ

a
tφ

a
i )k}i

− αui

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i +Rφ

tk(φ
a
tφ

a
i )k

)
−
[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

+ ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

+

(
m− 4

m− 2

)
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au;

since φa
i ui = 0 we deduce

Xii =− 1

2ηu
Dφ

ijkC
φ
ijk − uCφ

ikj,jki + uiR
φ
st,kW

φ
sitk + α

{
u

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i

)}
i

(3.70)

+ α{uRφ
tk(φ

a
tφ

a
i )k}i −

[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

+ ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

+
m− 4

m− 2
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au
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on int(M) and

ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

= ui

(
φa
ikkU

a + φa
ikU

abφb
k − Uabcφc

kφ
b
kφ

a
i − Uabφb

kkφ
a
i

− Uabφb
kφ

a
ik − α

2

m− 2
φa
ttiφ

a
ss

)

= ui

(
φa
ikkU

a − α
2

m− 2
φa
ttiφ

a
ss

)
.

Using (1.11), that is, the commutation rule

φa
ijk = φa

ikj +Rtijkφ
a
t − NRa

bcdφ
b
iφ

c
jφ

d
k,

we get

ui

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

= ui

[(
m− 4

m− 2

)
φa
kkiU

a + UaRsiφ
a
s − NRa

bcdφ
b
kφ

c
iφ

d
kU

a

]
= ui

(
m− 4

α(m− 2)
Uabφb

iU
a + UaRφ

siφ
a
s − NRa

bcdφ
b
kφ

c
iφ

d
kU

a

)
= uiU

aRφ
siφ

a
s = 0,

where the last equality follows by (3.54). As a consequence, (3.70) becomes

Xii =− 1

2ηu
Dφ

ijkC
φ
ijk − uCφ

ikj,jki + uiR
φ
st,kW

φ
sitk

+ α

{
u

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i

)}
i

+ α{uRφ
tk(φ

a
tφ

a
i )k}i

−
[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

+
m− 4

m− 2
u
[
Ua
(
Uabφb

i +Rφ
ijφ

a
j

)]
i
−Au.

On int(M), since u > 0, by (3.58), we obtain

Cφ
ijkD

φ
ijk =

1

ηu
Dφ

ijk

{
utW

φ
tijk − ηu

Ua

m− 1

(
φa
j δik − φa

kδik
)
+

[1 + η(m− 2)]

ηu
Dφ

ijk

}
(3.71)

=
1

ηu
utW

φ
tijkD

φ
ijk +

[1 + η(m− 2)]

(ηu)2
|Dφ|2,
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where the last equality is a consequence of the fact that Dφ is totally trace-free
(since Dφ = (uη)2DA). It follows that, on int(M), we have the validity of

Xii =− 1

2(ηu)2
utW

φ
tijkD

φ
ijk −

[1 + η(m− 2)]

(ηu)3
|Dφ|2 − uCφ

ikj,jki + uiR
φ
st,kW

φ
sitk

+ α

{
u

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i

)}
i

+ α{uRφ
tk(φ

a
tφ

a
i )k}i

−
[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

+
m− 4

m− 2
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au.

Therefore, we have

Xii − α

{
u

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ssφ
b
tφ

a
tφ

a
i

)}
i

− α{uRφ
tk(φ

a
tφ

a
i )k}i

+

[
u

(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

]
i

= − 1

2(ηu)2
utW

φ
tijkD

φ
ijk

− [1 + η(m− 2)]

(ηu)3
|Dφ|2 − uCφ

ikj,jki + uiR
φ
st,kW

φ
sitk

+
m− 4

m− 2
u

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
i

−Au,

and substituting the expression of A into the latter, we get (3.60).

Proof (of Theorem 3.14). Let Z be the vector field defined in (3.59); from Lemma
3.16 and assumptions (3.52) and (3.55) we get

divZ =− [1 + η(m− 2)]

(ηu)3
|Dφ|2 +

(
m− 4

m− 2

)[
Ua

(
1

α
Uabφb

i −Rφ
ijφ

a
j

)]
i

u (3.72)

+

{
φa
i

(
m

(m− 1)(m− 2)
UaSφ + 2αU bφb

jφ
a
i

)
− α

2

(
m− 2

m− 1

)
φa
iφ

a
jS

φ
j

− 2αφa
jkR

φ
jkφ

a
i − αφa

i τ
a
2 (φ)

}
i

u.

Let

Mε := {x ∈ M : u(x) ≥ ε}, ∂Mε := {x ∈ M : u(x) = ε}.

Then, using the divergence theorem, we deduce∫
∂Mε

−g(Z, ν) =

∫
Mε

divZ,

where

ν =
∇u

|∇u|
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is the inward unit normal. For the boundary part, we have, from the definition
(3.59) of the vector field Z, that∫

∂Mε

g(Z, ν) =ε

∫
∂Mε

{(
Rφ

tkW
φ
tikj

)
j
− m− 4

m− 2
Rφ

tkC
φ
tki + 2αφa

iφ
a
jkR

φ
jk

}
νi

− ε

∫
∂Mε

{
Rφ

tk(φ
a
iφ

a
t )k + α

(
1

2
Sφ
t φ

a
tφ

a
i − αφb

ttφ
b
sφ

a
sφ

a
i

)}
νi

+ ε

∫
∂Mε

{(
φa
ikU

a − Uabφb
kφ

a
i −

α

m− 2
|τ(φ)|2δik

)
k

}
νi

and this term vanishes as ε → 0+. For the left hand side, we integrate by parts
equation (3.72) to obtain∫

Mε

divZ =− [1 + η(m− 2)]

∫
Mε

1

(ηu)3
|Dφ|2

− m− 4

m− 2

∫
Mε

ui

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
− m− 4

m− 2
ε

∫
∂Mε

[
Ua

(
1

α
Uabφb

i +Rφ
ijφ

a
j

)]
νi

−
∫
Mε

ui

(
m

(m− 1)(m− 2)
SφUa + 2αU bφb

jφ
a
j

)
φa
i

− ε

∫
∂Mε

(
m

(m− 1)(m− 2)
SφUa + 2αU bφb

jφ
a
j

)
φa
i νi

+

∫
Mε

ui

(
α

2

m− 2

m− 1
Sφ
j φ

a
jφ

a
i + 2αφa

jkR
φ
jkφ

a
i

)
+ ε

∫
∂Mε

(
α

2

m− 2

m− 1
Sφ
j φ

a
jφ

a
i + 2αφa

jkR
φ
jkφ

a
i

)
νi

+

∫
Mε

αφa
i τ

a
2 (φ)ui + ε

∫
∂Mε

αφa
i τ

a
2 (φ)νi.

Using (3.54) and (3.53) we deduce∫
Mε

divZ = −[1 + η(m− 2)]

∫
Mε

1

(ηu)3
|Dφ|2

and therefore, letting ε tend to zero, we conclude

Dφ ≡ 0.

3.3 Some Conditions on the Cotton Tensor

For the ease of readability, we recall here system (3.2):{
i) Ricφ +Hess(f)− ηdf ⊗ df = λg,

ii) τ(φ) = dφ(∇f) + 1
α
(∇U)(φ).

(3.73)
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As we have seen in Theorems 3.4 and 3.14, a condition that is often met for a
system of the type (3.73) is

Cφ
ijk =

Uaφa
k

m− 1
δij −

Uaφa
j

m− 1
δik. (3.74)

It is immediate to see that condition (3.74) is satisfied if and only if the modi-
fication of the φ-Schouten tensor given by

Aφ − U(φ)

m− 1
g (3.75)

is a Codazzi tensor. We will prove the following

Theorem 3.17. Let (M, g) be compact with empty boundary and satisfy system
(3.73), for some non-constant function f and α > 0. Assume that (3.74) holds and
that the (normalized) k-th elementary symmetric polynomial σk in the eigenvalues

of Aφ− U(φ)
m−1

g is constant. If k ≥ 2, assume, moreover, that σk is positive and that

there exists a point of M at which all the eigenvalues of Aφ − U(φ)
m−1

g are positive.
Then φ is constant and (M, g) is isometric to a Euclidean sphere.

Before proceeding, we recall some results on the elementary symmetric polyno-
mials, then we will prove an Obata-type result which will be instrumental in the
proof of Theorem 3.17.

3.3.1 On the elementary symmetric polynomials

Here we collect some well-known facts about elementary symmetric polynomials
and we fix the notation. Given m real numbers λ1, λ2, ..., λm, we set

Sk :=
∑

i1<...<ik

λi1 · .. · λik

for the k-th elementary symmetric polynomial and

σk :=

(
m
k

)−1

Sk

for its normalization. Then we have the validity of Newton’s inequality,

σk−1σk+1 ≤ σ2
k

where, provided σk−1 ̸= 0, the equality is obtained if and only if all the λi’s coincide
(see [53] for a proof). Moreover, we have G̊arding’s inequalities ([45])

σ1 ≥ σ
1
2
2 ≥ ... ≥ σ

1
k
k ,

which hold when all of the σj’s, j = 1, .., k, are positive. Again, equality is obtained
if and only if all the λi’s are equal. Combining them, one can prove the validity
of the next lemma, which is Lemma 5.33 of [6].
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Lemma 3.18. Let A be a 2-covariant symmetric tensor on (M, g) with m =
dimM ≥ 3. Let σk be the k-th normalized symmetric function in the eigenvalues
of A; if k ≥ 2, assume that it is positive on M and assume that there exists a point
p ∈ M at which all the eigenvalues of A are positive. Then

σ1σk − σk+1 ≥ 0, (3.76)

with equality holding at a point x ∈ M if and only if the eigenvalues of A at x
coincide.

Proof of Lemma 3.18. For k = 1, (3.76) coincides with the Newton’s inequality so
that the conclusion immediately follows.
For k ≥ 2, note that, by assumptions, the set

{(λ1(x), λ2(x), ..., λm(x)) ∈ Rm : x ∈ M}

is contained in the connected component of {x ∈ Rm : σk(x) > 0} that contains
the positive orthant

{(x1, x2, .., xm) ∈ Rm : xi > 0,∀i = 1, ..,m}.

As it is well-known, this connected component coincides with the set

{x ∈ Rm : σi(x) > 0, ∀i = 1, .., k}

so that G̊arding’s inequalities can be applied. Moreover, since σk−1 > 0, we obtain
from Newton’s inequalities that, for k ≥ 2,

σk+1 =
σk+1σk−1

σk−1

≤ σ2
k

σk−1

= σk
σk

σk−1

.

We claim

σk

σk−1

≤ σ1

which, since σk > 0, would imply (3.76). To prove the claim we use G̊arding’s
inequalities and the positivity of σ1, σk and σk−1 to deduce

σk = σ
1/k
k σ

(k−1)/k
k ≤ σ1σ

(k−1)/k
k ≤ σ1σk−1.

This proves the claim. Moreover, equality at a point x ∈ M of (3.76) would
imply equality in the Newton’s inequalities and in G̊arding’s inequalities and this
happens if and only if all of the eigenvalues of A at x coincide.

In the following, we will fix a symmetric 2-covariant tensor A on M . The σi’s
will be intended as functions of the eigenvalues of A. The Newton endomorphisms

Pk = Pk(A) : TM → TM



130 CHAPTER 3. φ-SPFST

associated to A are inductively defined by

P0 = id, Pk = Sk id−A ◦ Pk−1, 1 ≤ k ≤ m. (3.77)

Here A is identified with the corresponding endomorphism A : TM → TM . Note
that, by Cayley-Hamilton’s Theorem, we have Pm ≡ 0. It is well known that the
Pk’s satisfy the following formulas (see [8]):

trPk = (m− k)Sk, (3.78)

tr(A ◦ Pk) = (k + 1)Sk+1. (3.79)

Setting

ck = (m− k)

(
m
k

)
, (3.80)

a simple computation shows that equations (3.78) and (3.79) become

trPk = ckσk, (3.81)

tr(A ◦ Pk) = ckσk+1. (3.82)

As a last well-known fact, we recall that if A is a Codazzi tensor, then all of the
Pi’s are divergence-free; this is a consequence of the following

Lemma 3.19. Let A be a 2-covariant symmetric tensor and let Pk denote the k-th
symmetric Newton operator given by (3.77). Then the following formula holds:

div(Pk)i = −Aij div(Pk−1)j − C(A)jit(Pk−1)jt, (3.83)

where

C(A)jit = Aji,t − Ajt,i

is the obstruction to A being a Codazzi tensor.

Proof. From (3.77) we deduce

(Pk)ij,j = (Sk)i − Aip,j(Pk−1)pj − Aip(Pk−1)pj,j.

To obtain (3.83) from it, we only need to prove the validity of

(Sk)i = Apj,i(Pk−1)pj. (3.84)

To deduce it, we fix p ∈ M such that each eigenvalue of A is smooth at p. As
it is well-known (see Paragraph 16.10 of [10]), the set of points at which all the
eigenvalues of A are smooth is dense inM , so that it is enough to prove the validity
of (3.84) at p.

We choose a local reference frame in a neighbourhood of p that diagonalizes A:
from the definition of Sk, we immediately obtain

(Sk)i = (λ1)iSk−1|λ1=0 + (λ2)iSk−1|λ2=0 + ....+ (λm)iSk−1|λm=0
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where Sk−1|λj=0 denotes the sum of those summands of Sk−1 in which λj does not
appear. With this notations in mind, a simple mathematical induction that uses
only the definition (3.77) of Pk gives that, in the chosen frame, Pk−1 takes the form

Pk−1 = diag(Sk−1|λ1=0, Sk−1|λ2=0, ..., Sk−1|λm=0).

Therefore we have

Apj,i(Pk−1)pj =(λ1)iSk−1|λ1=0 + (λ2)iSk−1|λ2=0 + ....+ (λm)iSk−1|λm=0

and (3.84) follows.

Corollary 3.20. Let A be a 2-covariant symmetric Codazzi tensor. Then all of
the Newton operators in the eigenvalues of A are divergence-free. Moreover, we
also have

˚[(Pk−1) ◦ A]ij,i =
m− k

m
(Sk)j (3.85)

=
ck
m
(σk)j

for k = 1, ...,m− 1, where

˚[(Pk−1) ◦ A] := (Pk−1) ◦ A− 1

m
tr[(Pk−1) ◦ A]g.

Proof. Since A is Codazzi, we have

div(P1)i = (S1)i − Aij,j

= Ajj,i − Aij,j = 0,

and therefore the first part of the statement follows by induction on k, using (3.83).
To prove (3.85), we use (3.79) to deduce

˚[(Pk−1) ◦ A] = (Pk−1) ◦ A− k

m
Skg.

Taking the divergence of the above expression we get

˚[(Pk−1) ◦ A]ij,i = (Pk−1)it,iAtj + (Pk−1)itAtj,i −
k

m
(Sk)j.

Using div (Pk) = 0, the fact that A is Codazzi and (3.84) we deduce

˚[(Pk−1)itAtj]i =
m− k

k
(Sk)j,

that is, (3.85).

Remark 3.21. Symmetrizing the last term of (3.83) we get

C(A)jit(Pk−1)jt =
1

2
(Pk−1)jt[C(A)jit + C(A)tij].

Reasoning as in the first part of the proof of Corollary 3.20, we deduce that Pk is
divergence-free assuming only

C(A)jit + C(A)tij = 0.
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The Newton endomorphisms give rise to a family of second order differential
operators, Lk = Lk(A), defined as follows: let u ∈ C2(M) and set Hess(u) to
denote both the 2-covariant tensor and the corresponding endomorphism; we set

Lku = tr(Pk ◦ Hess(u)), (3.86)

that we also rewrite in the useful form

Lku =
k∑

i=0

(−1)iSk−itr
(
Ai ◦ Hess(u)

)
,

where A0 = id and, for i ≥ 1, Ai is the i-th iterated composition of A with itself.
A computation shows that Lku can also be expressed in the form

Lku = div (Pk(∇u))− g(divPk,∇u).

From the above formula we see that Lk is semielliptic whenever Pk is positive
semidefinite and it is in divergence form when divPk = 0. From Corollary 3.20 we
see that the second condition is satisfied when A is a Codazzi tensor.

Suppose now that, for some

p(x), q(x), l(x) ∈ C∞(M),

we can express Hess(u) in the form

Hess(u) = p(x)g + q(x)du⊗ du− l(x)A. (3.87)

Then from equations (3.82), (3.81) and (3.86) we obtain, after some algebraic
manipulations,

Lku = ck[p(x)σk − l(x)σk+1] + q(x)g(Pk(∇u),∇u) (3.88)

for 1 ≤ k ≤ m− 1.

3.3.2 An Obata-type result

Recall that a vector field X on (M, g) is said to be conformal if

LXg =
2divX

m
g, (3.89)

where LXg is the Lie derivative of the metric in the direction of X, while X is
Killing when it is conformal and divX ≡ 0. Moreover, X is closed when, in an
orthonormal coframe,

Xij = Xji.

We now prove the next result, which is inspired by a classical theorem of Obata
([77]).
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Proposition 3.22. Let (M, g) be a closed, connected Riemannian manifold sup-
porting the structure {

Ricφ = Sφ

m
g,

τ(φ) = 1
α
∇U(φ).

(3.90)

Assume that there exists a closed, conformal, non-Killing vector field X on (M, g)
and assume

dφ(X) = 0. (3.91)

Then φ is constant and (M, g) is isometric to a Euclidean sphere.

When U is constant, the above result has been proved, without assuming that
X is closed, in Lemma 5.2 of [6]. We first prove the following

Lemma 3.23. Let (M, g) be a Riemannian manifold of dimension m ≥ 3 and X
a conformal vector field on (M, g). Let φ : (M, g) → (N, h) be a smooth map and
α ∈ R\{0}. Set

γ = divX.

Then

Hess(γ) =
Sφ

(m− 1)(m− 2)
γg +

m

2(m− 1)(m− 2)
g(∇Sφ, X)g − m

m− 2
LXRic

φ

− m

m− 2
α

[
LX(φ

∗h)− 1

2(m− 1)
tr(LX(φ

∗h))g

]
. (3.92)

In particular,

∆γ = − Sφ

m− 1
γ − m

2(m− 1)
g(∇Sφ, X)− m

2(m− 1)
αtr(LX(φ

∗h)). (3.93)

Proof. We first prove

Hess(γ) =
S

(m− 1)(m− 2)
γg +

m

2(m− 1)(m− 2)
g(∇S,X)g − m

m− 2
LXRic.

(3.94)

We apply Ricci commutations rules twice to deduce

γij = Xttij = Xtitj +XpjRptti +XpRptti,j

= Xtijt +XpiRpttj +XtpRpitj −XpjRpi −XpRpi,j

= Xtijt −XpiRpj +XtpRpitj −XpjRpi −XpRpi,j.

Since X is conformal, we have

Xij +Xji =
2

m
γδij. (3.95)
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From (3.95) and the Ricci commutation rules we deduce

γij =−Xitjt +
2

m
Xttji −XpiRpj +XtpRpitj −XpjRpi −XpRpi,j

=−Xijtt −XptRpitj −XpRpitj,t +
2

m
Xttji −XpiRpj +XtpRpitj

−XpjRpi −XpRpi,j.

Using the first and second Bianchi identities we obtain

γij =−Xijtt +
2

m
Xttji −XptRptij −XpRij,p +XpRpj,i −XpRpi,j

−XpiRpj −XpjRpi.

Recalling that

(LXRic)ij = XtRij,t +XtiRtj +XtjRit

we obtain, rearranging some terms,

γij = −Xijtt +
2

m
Xttji −XptRptij +Xt(Rtj,i −Rti,j)− (LXRic)ij.

Symmetrizing the above expression and using (3.95) we deduce

γij =− 1

2
(Xij +Xji)tt +

2

m
γij − (LXRic)ij

=− 1

m
γttδij +

2

m
γij − (LXRic)ij,

which, after some simplifications, becomes, in global notation,

Hess(γ) = − ∆γ

m− 2
g − m

m− 2
LXRic. (3.96)

Tracing (3.96) and simplifying we get

∆γ = − S

m− 1
γ − m

2(m− 1)
g(∇S,X).

Substituting it into (3.96) we obtain (3.94). From the definitions of Ricφ and Sφ

we immediately get

LXRic = LXRic
φ + αLX(φ

∗h) (3.97)

and

Sγg +
m

2
g(∇S,X) =Sφγg +

m

2
g(∇Sφ, X)g (3.98)

+ α
m

2
tr(LX(φ

∗h))g.

Using (3.97) and (3.98) into (3.94) we obtain (3.92), while tracing (3.92) we obtain
(3.93).
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Remark 3.24. Assume now that X ∈ Ker(dφ), that is,

φa
iXi = 0.

Taking the covariant derivative of the above equation we get

φa
ijXi + φa

iXij = 0,

which implies LX(φ
∗h) = 0. Therefore, (3.92) and (3.93) reduce, respectively, to

Hess(γ) =
Sφ

(m− 1)(m− 2)
γg +

m

2(m− 1)(m− 2)
g(∇Sφ, X)g − m

m− 2
LXRic

φ

(3.99)

and

∆γ = − Sφ

m− 1
− m

2(m− 1)
g(X,∇Sφ). (3.100)

Suppose now {
Ricφ = Sφ

m
g

X ∈ Ker(dφ).

Then, taking the divergence of the first of the above equations and using the
φ-Schur’s identity, we get

1

2
Sφ
k − αφa

ttφ
a
k = Rφ

tk,t =
Sφ
k

m

and

m− 2

2m
Sφ
k = φa

ttφ
a
k.

Since X ∈ Ker(dφ), it follows that

m− 2

2m
Sφ
kXk = φa

ttφ
a
kXk = 0,

that is, since m ≥ 3,

Sφ
kXk = 0. (3.101)

Furthermore, using Ricφ = Sφ

m
g and (3.101),

(LXRic
φ)ij =XtR

φ
ij,k +XtiR

φ
tj +XtjR

φ
ti

=
1

m
XtS

φ
t δij +

Sφ

m
Xtiδtj +

Sφ

m
Xtjδti

=
1

m
(Sφ

t Xtδij + SφXji + SφXij)

=
Sφ

m
(LXg)ij =

2

m2
Sφγδij,
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that is,

(LXRic
φ)ij =

2

m2
Sφγδij. (3.102)

Hence, (3.99) and (3.100) become, respectively,

Hess (γ) = − 1

m(m− 1)
Sφγg (3.103)

and

∆γ = − 1

m− 1
Sφγ. (3.104)

Remark 3.25. From equation (3.104) we deduce (see Appendix A of [81] or [58])
that γ satisfies the unique continuation property. In particular, it vanishes on some
open subset of M if and only if it vanishes on the connected components of M
containing it.

Remark 3.26. Since we do not know wether Sφ is constant or not, it seems hard
to prove Proposition 3.22 from equation (3.103) using the original ideas of Obata,
or those used in [6]. Instead, to prove Proposition 3.22, we will prove the constancy
of U under the further assumption that X is closed and then apply Lemma 5.2 of
[6] to conclude. In this direction, the next Lemma will prove to be useful.

Lemma 3.27. Let (M, g) be a Riemannian manifold, let φ : (M, g) → (N, h)
be a smooth map with target another Riemannian manifold (N, h) and let X be a
smooth, closed, conformal vector field on M . Assume that, for some η ∈ R, (M, g)
supports the structure 

Ricφ + 1
2
LXg − ηX♭ ⊗X♭ = λg,

τ(φ) = 1
α
∇U(φ),

dφ(X) = 0,

(3.105)

where λ = 1
m

(
Sφ + divX − η|X|2

)
. Then τ(φ) vanishes identically on the set

{x ∈ M : (divX)(x) ̸= 0}.

Proof. The third equation of (3.105) reads, in components,

φa
iXi = 0. (3.106)

Setting

γ = divX,

since X is conformal and closed we have

Xij =
γ

m
δij. (3.107)
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Take the covariant derivative of (3.106) and use (3.107) to deduce

0 = φa
ijXi + φa

iXij = φa
ijXi +

γ

m
φa
j .

Compute the divergence of the expression above and use (3.107) to get

0 =φa
ijjXi + φa

ijXij +
γ

m
φa
jj +

1

m
φa
jγj

=φa
ijjXi + 2

γ

m
φa
jj +

1

m
φa
jγj,

that is,

0 = φa
ijjXi + 2

γ

m
φa
jj +

1

m
φa
jγj. (3.108)

Since X is conformal and λ = 1
m
(Sφ + divX − η|X|2), the first equation of (3.105)

becomes

Ricφ − ηX♭ ⊗X♭ =
1

m

(
Sφ − η|X|2

)
g. (3.109)

Taking the divergence of (3.107) we have

Xjij =
γi
m
.

Applying the Ricci commutation relations and using dφ(X) = 0 we deduce

γi
m

= XtRti +Xjji = XtR
φ
ti + γi.

Rearranging and using (3.109) we get

m− 1

m
γi = −Rφ

tiXt = −Sφ

m
Xi − η

m− 1

m
|X|2Xi. (3.110)

From equations (3.110) and (3.106) we deduce

φa
jγj = 0. (3.111)

We want to prove

φa
ijjXi = 0. (3.112)

We exploit the commutation relation (1.11), i.e.

φa
ijk = φa

ikj + φa
tRtijk − NRa

bcdφ
b
iφ

c
jφ

d
k,

which implies

φa
ijj = φa

jij = φa
jji + φa

tRti − NRa
bcdφ

b
jφ

c
iφ

d
j .
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Contracting the above with Xi we get

φa
ijjXi = φa

jjiXi + φa
tRtiXi − NRa

bcdφ
b
jφ

c
iφ

d
jXi. (3.113)

From (3.106) we deduce

NRa
bcdφ

b
jφ

c
iφ

d
jXi = 0,

and using (3.106) and (3.109) we obtain

φa
tRtiXi = φa

tR
φ
tiXi =

Sφ

m
φa
tXt + η

m− 1

m
|X|2φa

tXt = 0.

On the other hand, differentiating the second equation of (3.105) we have

φa
tti =

1

α
Uabφb

i ,

and contracting with Xi and using (3.106) we deduce

φa
ttiXi =

1

α
Uabφb

iXi = 0.

Inserting in (3.113) we obtain

φa
ijjXi = 0,

that is, equation (3.112). Using (3.112) and (3.111) into (3.108) we deduce

0 = 2
γ

m
φa
tt. (3.114)

Therefore, on the set where γ = divX does not vanish, we have that τ(φ) vanishes.

Proof (of Proposition 3.22). Since X is conformal and closed, we are in the as-
sumptions of Lemma 3.27, that is, we are in the case η = 0 of that Lemma.
Applying it, we deduce that τ(φ) vanishes on the set

A := {x ∈ M : γ(x) ̸= 0}.

From Remark 3.25, we deduce that γ satisfies the unique continuation property;
therefore, it vanishes on an open subset of M if and only if it vanishes identically.
Since X is non-Killing by assumption, this cannot happen so that the zero set of
γ does not contain any open subset of M . As a consequence, A is dense in M .
Since τ(φ) vanishes there, we deduce that, by continuity, τ(φ) = 0 on all of M .
Therefore (M, g) is a harmonic-Einstein manifold and we are in the conditions to
apply Lemma 5.2 of [6] to conclude.
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3.3.3 Proof of the Main Theorem

From our assumptions, we know that

Aφ − U(φ)

m− 1
g

is a Codazzi tensor; in the following, Pk will be the k-th Newton operator “in its
eigenvalues”, which is divergence free by Corollary 3.20. Therefore

[(Pk)ijfi]j = (Pk)ijfij,

that is

div(Pk(∇f)) = tr(Pk ◦ Hess(f)). (3.115)

We first prove the validity of the following identity:

tr
{(

Pk −
ck
m
σk id

)
◦ Hess(u)

}
− g
(
∇ log u1− η

β ,
(
Pk −

ck
m
σk id

)
(∇u)

)
(3.116)

=ckβu(σk+1 − σ1σk),

where u = e−βf , for some β ∈ R, β ̸= 0. Note that, to prove it, we will only use
the constancy of σk, equation (3.74) and the first equation of (3.73).
Rewriting (3.73) i) we get

fij = ηfifj − Aφ
ij +

U(φ)

m− 1
δij −

1

2(m− 1)
Sφδij −

U(φ)

m− 1
δij + λδij. (3.117)

We perform the substitution u = e−βf to obtain

Hess(u) =βu

(
Sφ

2(m− 1)
− λ(x) +

U(φ)

m− 1

)
g +

(
1− η

β

)
1

u
du⊗ du (3.118)

+ βu

(
Aφ − U(φ)

m− 1
g

)
,

which is a structure of the form (3.87) for the choices

p(x) = βu

(
Sφ

2(m− 1)
− λ+

U(φ)

m− 1

)
(x), q(x) =

(
1− η

β

)
1

u
(x),

l(x) = −βu(x)

and A = Aφ − U(φ)
m−1

g. From equation (3.88) we deduce

Lku =ckβu

[(
Sφ

2(m− 1)
− λ(x) +

U(φ)

m− 1

)
σk + σk+1

]
+

(
1− η

β

)
1

u
g(Pk(∇u),∇u).
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A simple computation gives the validity of

U(φ)

m− 1
=

m− 2

2m(m− 1)
Sφ − σ1

and, therefore,

Lku =ckβu(−σ1σk + σk+1) + g
(
Pk(∇u),∇ log u1− η

β

)
+ ckβuσk

Sφ

m
− ckβuσkλ.

Tracing equation (3.118) we obtain

∆u =
m

2(m− 1)
βuSφ +

m

m− 1
βuU(φ)−mβuλ(x) +

(
1− η

β

)
1

u
|∇u|2

+
m− 2

2(m− 1)
βuSφ − m

m− 1
βuU(φ)

=Sφβu−mβuλ(x) +

(
1− η

β

)
1

u
|∇u|2,

so that

Lku− ck
m
σk∆u− g

(
Pk(∇u),∇ log u1− η

β

)
+

ck
m
σkg
(
∇u,∇ log u1− η

β

)
= ckβu(σk+1 − σ1σk);

since σk is constant, the above equation can be rewritten as

tr
{(

Pk −
ck
m
σk id

)
◦ Hess(u)

}
− g
(
∇ log u1− η

β ,
(
Pk −

ck
m
σk id

)
(∇u)

)
=ckβu(σk+1 − σ1σk),

which is (3.116). The importance of (3.116) stems from the fact that, when Pk is
divergence-free, its left-hand side becomes a weighted divergence; indeed we have

tr
{(

Pk −
ck
m
σk id

)
◦ Hess(u)

}
− g
(
∇ log u1− η

β ,
(
Pk −

ck
m
σk id

)
(∇u)

)
=u1− η

β div
(
u

η
β
−1
(
Pk −

ck
m
σk id

)
(∇u)

)
.

Therefore, multiplying (3.116) by u
η
β
−1, integrating the result over M , using the

divergence theorem and β ̸= 0 we obtain∫
M

u
η
β (σk+1 − σ1σk) = 0.

From u > 0 and (3.76) we get

σk+1 − σ1σk = 0,
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so that the equality case in (3.76) is satisfied. Therefore, all the eigenvalues of

Aφ − U(φ)
m−1

g coincide so that Aφ is proportional to the metric, and hence Ricφ is
too. We then have that

Ricφ = γg

holds, for some γ ∈ C∞(M). Tracing the equation above, we deduce

mγ = Sφ

and

Ricφ =
Sφ

m
g

so that the first equation of a harmonic-Einstein manifold is satisfied. From equa-
tion

Cφ
iik = αφa

kφ
a
ii

and (3.74) we deduce

αφa
kφ

a
ii =

1

α
Uaφa

k.

Contracting the above equation with fk and using the second equation of (3.73)
we deduce

0 = αφa
kfk

(
φa
tt −

1

α
Ua

)
= α

∣∣∣∣τ(φ)− 1

α
(∇U)(φ)

∣∣∣∣2.
In particular, we have that φ is U

α
-harmonic and, again from the second equation

of (3.73), ∇f ∈ Ker(dφ). In other words, we have proved the validity of{
Ricφ = Sφ

m
g

τ(φ) = 1
α
∇U(φ)

(3.119)

and

dφ(∇f) = 0 = dφ(∇u).

Moreover, when η = 0, since Aφ is proportional to the metric, (3.117) tells us
that also Hess(f) is, so that ∇f is a closed conformal vector field. When η ̸= 0,
choosing β = η in (3.118) shows us that ∇u is a closed conformal vector field. In
both cases, we are in the assumptions of Proposition 3.22, and we can use it to
conclude.
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