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Abstract

In this thesis, we deal with two physics-inspired structures on Riemannian mani-
folds, depending on a smooth map ¢ between Riemannian manifolds and several
other functions and constants; they are called Cotton ¢-Perfect Fluids (C-p-PF)
and @-static perfect fluids space-times (¢o-SPFST). The latter are special solutions
of the Einstein field equations on a static space-time with matter sources modelled
by a perfect fluid and a map ¢, while the former are the natural generalization
of p-SPFSTs in the framework of a gravitational theory of recent introduction,
called Cotton Gravity. We highlight the role of the Introduction in clarifying the
physical background of this work and the expected contributions that such struc-
tures might give to Riemannian Geometry. In Chapter 1 we fix the notations and
conventions and review some of the basics of Riemannian Geometry and General
Relativity.

We begin Chapter 2 by introducing the theory of Cotton Gravity and showing
how it preserves the solutions of General Relativity. We then derive the equations
of C-¢-PF and show their variational origin; the class of variations that we need
to consider is such that the connection, instead of the metric, is the fundamental
entity. To obtain the main result of this chapter, a rigidity result for a C-p-PF
under some curvature conditions which are inspired by the theory of Ricci solitons,
one needs to face a novel and specific property of Cotton Gravity, that of depend-
ing on third order derivatives of the metric tensor. In doing so, we will unveil the
special relevance that Codazzi tensors hold in this theory, as well as the important
relations between the equations of C-p-PF and the first integrability condition of
a @-SPFST. Inspired by some works in conformal geometry, we then conclude this
chapter by studying the obstruction to a C-o-PF to be a ¢p-SPFST and relating it
to some special algebraic properties of the Weyl tensor.

In Chapter 3 we deal with o-SPFSTs. We derive other rigidity results under
new curvature conditions, for both manifolds with and without boundary. The
proofs in the two cases are surprisingly different, but they both rely on some spe-
cial integral identities that make our assumptions effective. We then prove an
Obata-type theorem that characterizes the standard spheres as the only compact
manifolds supporting a closed, conformal vector field and a structure of generalized
Harmonic-Einstein manifold; we apply it to deduce a rigidity result for a closed
@-SPFST for which a suitable modification of the Schouten tensor is Codazzi and
has some elementary symmetric function in its eigenvalues which is positive and
constant.
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Introduction

In this thesis, we will deal with some special structures on a Riemannian m-
manifold (M, g) depending on several additional data: a smooth map ¢ : (M, g) —
(N, h), where (N, h) is a second Riemannian manifold, a coupling constant o €
R, v # 0, a "potential” U € C*°(N) and three smooth functions f, u,p € C*(M).
The two most important systems that we are going to discuss are the p-Static
Perfect Fluid System:

'Rlc@—FHessf df®df—¢(b;—¢—P+U(80))9:07

— |Vf]? = =5 [mp — mU(p) + 5257,
0= 7(90) —dp(Vf) — VU (p), (0.1)
1+ U(p) = 35,

Vp—(u+p)Vf=0

\

and the Cotton-p-Perfect Fluid system, which in local components read

(0= z]k+fzjk firg — fieli + fijfu
__[(fttk - 2ftftk>5ij - (fttj - 2ftftj)5ik]
+2m(m 5 (S%J S¥0i)
o Ua‘pa(s Ua‘P 0ij + 7 (N;ézk k0i5)
0= mmlfm mmzftfn (Af)fi + 5257 — fiRY,
+LU e — =Ly,
0= Vp—(n+pV/,
(0= 7(p) —dp(Vf) = 3VU(p).

Here, Ric?,S¥ and C¥ stand for the p-Ricci tensor, the p-Scalar curvature and
the ¢-Cotton tensor. They are examples of what are called -curvatures. They
are given by the expressions

Ric? := Ric — ap*h, 5% :=5 — a|dg|?
and

AP ¥
Azg k- A”ij’

CSD

ijk
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where
oo i O
A? := Ric 2<m_1)g

is the @-Schouten tensor. The expressions |dy|* and 7(¢) denote (twice of) the
energy density and the tension field of the map ¢, respectively, see Section 1.2
for more details. The genesis of (0.1) and (0.2) is rooted in concepts arising, par-
tially independently, in mathematical relativity and differential geometry. These
two tightly related fields have a long history of mutual contributions, where tools
developed to treat specific problems in one area reveal to be crucial also in the
other. To better highlight the importance of systems (0.1) and (0.2), we feel nec-
essary to give a brief overview of (a part of) the story. We hope that even the
experienced reader, to whom most of the following discussion will not be new, will
find some interesting insights. At the starting point there are of course Einstein’s
field equations

R ~
Ric — 58§ =T (0.3)

on a Lorentzian manifold (]\/4\ 9)- The meaning of (0.3) is well-known: the presence
of mass, encoded in the tensor T curves the space-time M by prescribing its
Einstein tensor £ := Ric — lS g. The gravitational field is just the effect of this
curvature. If we imagine, as a toy model, that the cosmological constant be the
only contribution to the field equations, then T" will have the form T" = —Ag, for
some A € R. If we trace (0.3) we get

~ 2n
S = — 2A,
n being the dimension of M , and plugging this information back in (0.3) we deduce
Ric = Ag, (0.4)
where A = %A. In other words, the Ricci tensor is a constant multiple of

the metric. Manifolds satisfying (0.4) are called Einstein metrics. While having
the fundamental feature of representing the vacua in Einstein’s theory of general
relativity, Einstein metrics are also intensively studied in Riemannian geometry
for totally independent reasons, the most important being that they are the fun-
damental example of a canonical metric on a manifold, that is, metrics whose
existence or non-existence influences the topology of the manifold. See the ex-
cellent [10] for a monograph on Einstein manifolds and the more recent [19] for
a discussion on the concept of canonical metric. Another important system of
equations can be derived from (0.4): assume that (M g) be a static space-time,
that is, it holds M= M x R,g = —e 2/ dt ® dt + g where (M, g) is a Riemannian
manifold, f € C*°(M) and ¢t : M x R — R is the projection. Then (0.4) reduces
on the Riemannian factor (M, g) giving rise to the system

{Ric—l—Hessf—df@df—%g:O,

VP = (0.5)
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A manifold (M, g) with a solution of (0.5) is called a Vacuum Static Space. It
is customary to perform the substitution v = e~/ so that (0.5) gives rise to the
equation

Hessu — uRic — Aug = 0. (0.6)

By construction, u > 0 on M, and one often adds a boundary component OM
to M requiring that u = 0 on M; OM can be used to model, for example, the
horizon of one or more black holes, according to whether the boundary is connected
or not. In the literature, triplets (M, g,u) satisfying (0.6) with u satisfying the
aforementioned condition on its sign are usually referred to as vacuum static spaces;
due to the possible presence of the boundary 0M, such manifolds are in general
different to those supporting a solution f of (0.5), but, in view of the substitution
u = e/, these two notions clearly agree on int M. In this thesis, apart from
Section 3.2, we will only deal with manifolds without boundary, so that there will
be no ambiguity in considering only solutions to (0.5). It is known from the work
of Fischer and Marsden, [43], [44], that (0.6) is tightly related to the deformation
of the scalar curvature: indeed, if we let M be the set of smooth Riemannian
metrics on M and

S M — C(M)

be the scalar curvature operator, that is, the map that associates to every metric g
its scalar curvature, then it turns out that the linearization D8} (u) of the adjoint of
S at the metric g evaluated at a function u € C*°(M) coincides with the left hand
side of (0.6). Later on, Herzlich, [56], was able to prove that on every Einstein
manifold (M, ¢g) endowed with a conformal vector field X, that is, a smooth vector
field satisfying

2
LXg: —leXg,
m

we have that u := div X belongs to ker DS} so that it solves (0.6). Then, Miao
and Tam, [75], by studying the critical points of a functional of the form

Fx(g) = /6M G(X,v), (0.7)

where G is a modification of the Einstein tensor and v is the normal to the bound-
ary, proved a partial converse to Herzlich’s result, that is, they showed that every
constant scalar curvature Riemannian manifold (M, ¢g) admitting a conformal vec-
tor field X such that div X' € ker DS} and satisfying some mild further assumptions
must be an Einstein manifold. The introduction of the functional (0.7) was moti-
vated by some earlier works on the notion of ADM mass.

Other interesting systems of equations can be derived from (0.3) by considering
different stress energy tensors. The first type that we will deal with is called the
perfect fluid stress-energy tensor. Its expression is

TF = ([ +p)X° © X’ +pg (0.8)
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where 1, € C’OO(]\/Z) and X is a time-like, unitary vector field on M, i.e. 9(X,X) =
—1. Note that such an X might not exist in general, [88, Chapter 8|, so that
assuming its existence already imposes some (physically reasonable) constraints on
the geometry of (Z\//j ,g). The vector field X has to be interpreted as the space-time
velocity of a fluid whose density and pressure are i and p, respectively. The fluid
being perfect means that we consider the contributions given by heat conduction
and viscosity to be neglectable. See [88, pag. 62], and [54, pag. 69]. Despite a
great number of exact solutions of (0.3) of perfect fluid type being known, [60], just
a small fraction of them is considered physically acceptable, see [32]. Nevertheless,
perfect fluid space-times have been vastly employed to build stellar models ([82],
[63], [87]) and to describe the large-scale behaviour of the universe ([88, Chapter
5] and [78]). For a static space-time, the perfect fluid stress-energy tensors that
we are going to consider have the form

TF = (i+pe Xt ®dt + pg (0.9)

where i = o Ty, p = po my for some smooth functions p,p € C*(M). It is
well-known, and we will prove it in Section 1.3, that equation

—_~ 1 ~ ~
Ric — 55@ =T7F
on a static space time M x; R decomposes in the following system
Ric + Hess f —df @ df — -5 (5 —p)g =0,
Af=|VIF = =5k [mp + 2528],
p=35,
Vp—(n+pVf=0

When the equation of state p = —p is satisfied, it is easy to prove that u is constant
and (0.10) becomes the system of a vacuum static space. Performing again the
substitution u = e~/, we have that (0.10) takes the form

(0.10)

Hessu—u{Ric— ﬁ(g —p)g} =0,
Au = 5 [mp + 2525,

p=55%,
(1 +p)Vu = —uVp,

(0.11)

which is a more common definition of static perfect fluid in the literature.

The second type of stress-energy tensor is described by a smooth map ¢ : (M, g) —
(N, h), where (N, h) is a Riemannian manifold, a constant a« € R,a # 0, and a
potential U € C*°(N). Its precise form is

A~ e o, O\
7% .= af'h — <§|dg0|2 + U(gp))g. (0.12)

When (N, h) = (R,dt?), @ is called a scalar field. When o > 0 one speaks of a
quintessence, while, if a < 0, @ is called a phantom field, see [31] and references
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therein. Tensors as (0.12) are often used to encode the (hypothetical) contribu-
tion of dark matter and dark energy on the field equations, [26], or to describe
the gravitational effects of some elementary particles during the early life of the
universe, [64]. The map @ is sometimes called the sigma model. When T=T ?,
Einstein’s field equations read

—~ O 1 ~~
Ric” — 55°9=U(@)3 (0.13)

with Ric” and S? defined as before. It can easily be seen, [13, Section 2.4.1], that
(0.13) are the Euler-Lagrange equations of the functional

59.8) = [ §-alda - 20(@)
M

with respect to compactly supported variations of the metric. Considering instead
variations of the field @, we get the further equation

(%) = VU(9),

where 7(9) is the tension field of @ (see Section 1.2) and VU is the gradient of U

with respect to the metric h. When U is constant, we get the system

ﬁi\c@ =Ag, AeR

{ ¢ =489 ’ (0.14)
() =0

which is called the Harmonic-Finstein system. Both static perfect fluid space-
times and Harmonic-Einstein manifolds fit in a more general theoretical framework
that mathematicians have been studying independently of their physical signifi-
cance. Recall that a Ricci soliton is a Riemannian manifold (M, ¢g) endowed with
a smooth vector field X such that it holds

Ric+ Lxg=Ag, A eR.

As it is well known, they often arise as limits of dilations of singularities of the
Ricci flow. If X = Vf, for some smooth function f € C*(M), then we say
that (M, g, f) is a gradient Ricci soliton. After their introduction by Hamilton,
[50], they raised an ever-growing interest in the mathematical community, leading
to a variety of different works, a complete summary of which would be a too
demanding task for us; the reader can consult the nice surveys [14] and [15]. They
also attracted attention to several related structures, namely Ricci almost solitons
[80], Yamabe solitons [23], [17], Yamabe quasi-solitons [57], [89], quasi Einstein
manifolds [18], [55] and p-Einstein solitons [22]. All of those are particular instances
of the more general notion of an Einstein-type structure, introduced in [21], given
by the equation

aRic + gLXg +uX’ @ X’ = (pS+N)g,
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where a, B, 1, p € R, (o, B, 1) # (0,0,0),A € C*°(M) and X € I'(TM). If X =
Vf, feC>®(M), then the latter becomes

aRic+ fHess f + pudf @ df = (pS + N)g, (0.15)

that is, a gradient Einstein-type structures. By looking at equations (0.8) the
reader will definitely be convinced that static perfect fluid space-times are partic-
ular instances of Einstein-type structures, at least when one neglects the presence
of the boundary.

Vacuum static spaces and perfect fluids space-times have been vastly analyzed in
the mathematical literature; what’s more, their study contributed to the develop-
ment of tools and ideas that revealed precious for more general classes of manifolds
such as (0.15). It is the case, for example, of [59], where techniques introduced
to deal with conformally flat vacuum static spaces have been rediscovered (maybe
independently) in the context of Ricci solitons, see [16], and their generalizations,
see [21], [6]. This circle of ideas, based on the detection of some ”integrability
conditions” for systems as (0.15), still finds as of today many applications and will
indeed be crucial also in the present work. A similar situation, where ideas from
the mathematical and physical communities influence each other, also arises in the
case of Robinson-type identities, originally used to prove the spherical symmetry
of static stellar models, [85], [63], and then employed in [86], [11] and [38]. We
also cite on passing the very recent [30], [29] and [4].

The appearance of the extra contribution given by a smooth map ¢ : (M,g) —
(N, h) in the present discussion is, from a purely mathematical point of view,
more natural than one might think. Indeed, a coupled flow that depends both on
a family of smooth metrics {¢g;} and smooth maps {p;} is already considered in
the seminal work of DeTurck, [35], on the short-time existence of the Ricci flow.
Later on, List, [65], introduced the following flow:

(0.16)

Orgr = —2Ricy, + 2apfh,
Orpr = T(1),

for a fixed constant « and scalar maps {¢;}, so that (N, h) = (R, geen) in this case.
Quite surprisingly, List’s original goal was to find good numerical approximations
of vacuum static spaces. The link between vacuum static spaces, system (0.16) and
Harmonic-Einstein manifolds is given by what is sometimes called the harmonic
map representation of a static triple: given a three dimensional, scalar-flat solution
of (0.6), it is easy to see that the conformal metric § = u?g satisfies

Ric = 2dlogu ® dlogu,
Alogu =0,

on int M, which is a Harmonic-Einstein structure; see also [84]. System (0.16)
was later generalized by Buzano, [76], by considering a time-dependent o and
a general target manifold (N, h); this is called the Ricci-Harmonic flow. It was
Buzano’s discovery that such a flow is sometimes better behaved than Ricci flow
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itself when it comes to the formation of singularities. These are now modelled by
the Ricci-Harmonic solitons, that is, solutions of

Ric* + Lxg=Xg, R
{ 1c” + x4 g, € ’ (017)

7(p) — dp(X) =0

for some smooth vector field X. These structures were later generalized, similarly
to what has been done in [21], to the notion of a ¢-Einstein type structure, which,
in the gradient case, is given by

Ric? + Hess f — pdf ® df = Ag,
() —de(Vf) =0,

for p € RN € C°(M). See [6]. Moreover, the Ricci-Harmonic flow appears
naturally when one considers Ricci flow on warped product manifolds with a circle
fiber S*, [68], or on a special class of vector bundles, namely, R"-vector bundles
over a Riemannian base with flat metrics on the fibers and such that the fiber-
wise volume form si preserved by the flat connection, [66], [67], [90]. This type of
bundles is particularly important for the study of immortal (that is, defined for all
positive times) solutions of the Ricci flow, see [61].

We now introduce the first class of spaces that we want to study, namely the
p-static perfect fluid space-times (¢-SPFST for short). They are obtained from a
static space-time satisfying

—_~ 1 ~ AN AN~
Ric — 555 =TF 417, (0.18)

that is, a static solution of Einstein’s field equations with matter contributions
given by both a perfect fluid and a field p. We will see in Section 1.3 how to reduce
(0.18) on the Riemannian factor (M, g) in order to obtain (0.1). It is interesting to
note that similar stress-energy tensors have been recently considered in relations
to the study of cosmological inflation, see [41] and [42].

The second class of manifolds that we want to deal with are named Cotton-¢-
perfect fluids, C-¢-PF for short.

With the previous discussion, we hope to have convinced the reader that physically
meaningful equations give rise to strong mathematical ideas. In recent times, the
physical literature has seen a number of new modifications of General Relativity;
this is mostly due to the general belief that dark matter and dark energy alone be
no more a sufficient paradigm to meet the experimental evidences so that some
deeper re-elaborations of Einstein’s theory are needed. The central part of this
thesis (Chapter 2) wants to be a first tentative approach to one of these theories,
namely, Cotton Gravity, [51], from a strictly mathematical point of view, hoping
that in the future it will successfully contribute to mathematical research. One of
the advantages of Cotton Gravity with respect to General Relativity stems from
the fact that the cosmological constant is no more a free parameter, but it is
now an integration constant of a more general system of equations. This feature
is considered desirable in that it should help us unveiling the true nature of the
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cosmological constant, especially in view of the discrepancy between its measured
value and the expected gravitational effect of the quantum vacuum, see [37] and
[24]. For this reason, it makes sense to consider also (covariant) derivatives of
the curvature tensor and of the stress-energy tensor into the field equations, while
possibly having all the solutions of Einstein’s General Relativity to be solutions of
this new theory. The equations that Harada proposed are the following

C=—(n-2)div;T (0.19)
where C is the Cotton tensor, T is defined by

~ 1

~ 1 ~
TOg— ——(tr;T)gD g

and divy T stands for the divergence of T with respect to the first index, which in
components read

(aiv, 7) = Py

The right hand side of (0.19) is chosen in a way to preserve all the solutions

of General Relativity. Some skepticism regarding the physical validity of CG has
been first raised by Bargueno, [9], but Harada was able to show that the galactic
rotation curves of 84 far away galaxies can be explained by his theory without the
need for dark matter contributions, [52]. Some other criticisms have been raised in
[27], where it is argued that the higher number of solutions of Cotton gravity with
respect to GR makes the theory unphysical, and in [3], where the authors claim
that, due to the vanishing of some conserved charges in the simplest models of the
theory, the formation of black holes without energy loss is likely to occur (see also
[2], where a similar framework, called Conformal Killing Gravity, is addressed).
These pessimistic conclusions were then confuted in [72], [24] and [73]. In any case,
Cotton gravity is presently an active field of research and, besides these controver-
sial disputes, it reveals to be certainly interesting from the purely geometric point
of view. The purpose of Chapter 2 is to use its field equations as a stepping stone
to derive meaningful generalizations of mathematical structures that, despite of
their physical origin, have been vastly analysed by the mathematical community.
We will therefore focus on the Cotton Gravity-version of p-static perfect fluids,
that is, the solutions of (0.19) for a stress-energy tensor T=TF+T%.
Let us now discuss in details the content of this thesis. Chapter 1 is an intro-
ductory chapter, without original material. In Section 1.1 we discuss some of the
basics of semi-Riemannian geometry, with a focus on the moving frame method.
In Section 1.2 we introduce the formalism of ¢-curvatures, that is, tensors that
encode both the classical curvature tensors and terms depending on the field .
They have already been discussed in [1] and [74]. Section 1.3 contains the deriva-
tions of the static perfect fluid system and the p-static perfect fluid system.

In Chapter 2 we discuss the notion of C-p-PF. Since every o-SPFST is also a
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C-p-PF, the rigidity results of this chapter also apply to this class of spaces; we
will delegate to Chapter 3 some rigidity results for p-SPFSTs that we have not
been able to generalize to the context of C-p-PFs. The material we present in
Chapter 2 is extracted from [46]. Firstly, we describe the field equations of Cotton
gravity and, through some elementary computations, we show that their solutions
include the solutions of Einstein’s General Relativity. Moreover, as in Einstein’s
theory, the conservation equation div7" = 0 is implied by the field equations. We
then show how, in this new theory, the field equations have a variational origin.
What’s important to note is that one needs to consider a specific class of vari-
ations, where the connection, instead of the metric, is the fundamental entity.
Indeed, Harada, [51], already proved how Cotton flat metrics on a Lorentzian
4-manifolds are critical points of the action functional

2
7= [ 7]
M

with respect to variations of the Levi-Civita connection that leave the metric g
fixed. Performing similar computations, we will show that, in any dimension
greater or equal than 3, the equation

C = —(n —2)divy T°

has a variational origin. We remark that the situation is different for the stress-
energy tensor 17 since, even in Einstein’s theory, it does not have a variational
origin in the strict sense. We then proceed to derive (0.2) from the field equations.
We also give an equivalent formulation of (0.2) which depends on two fundamental
tensors, namely

Dék :ﬁ {fkRZ- — [iRG + mfi 1 (R0 — Ri0ik)
- by~ o)
and
Dy - {fjfik — ffij + e Fiibin — fdis)
m—2 m—1
- %(fj@j - fkfsik)]-

These tensors were introduced in [16] for the study of Ricci solitons, where one has
the validity of DA = D?, and, in this context, they appear in the first integrabil-
ity condition of a Ricci soliton; as we will see, the same happens for a o-SPFST.
This leads to a first remarkable fact: the equations of C-¢-PF generalize the first
integrability condition of a ¢-SPFST, the main difference being that now D4 and
DP are, a priori, distinct. Therefore, one can hope to extend to this setting some
rigidity results for p-SPFSTs that rely on the integrability conditions of (0.1).
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This calls for a generalization of [16]: there, making use of the second integrabil-
ity condition of a Ricci soliton and of a suitable integral identity (in physicists’
language, a Robinson-type identity) the authors were able to classify Bach-flat,
complete shrinking Ricci solitons by proving the vanishing of D4 (and therefore
of DB). For this reason, in Section 2.3.1, we discuss how the vanishing of D
and D? affects the local geometry of a C-o-PF and in Section 2.3.2 we derive
the relevant Robinson-type identity. By doing so, we prove the main theorem of
this Chapter, namely Theorem 2.36. As a by-product of the previous analysis, we
show how a C-p-PF is tightly related to the existence of a Codazzi tensor. Finally,
in Section 2.4 we discuss some conditions under which a C-p-PF reduces to a (-
SPFST. A fundamental concept in this direction is that of Riemann compatibility,
introduced by Mantica and Molinari, [69], that, in this context, becomes a sort of
integrability condition for system (0.2). Elaborating on some ideas of Mantica and
Molinari, [69], [70] as well as of Gover, Nagy and Nurowski, [47], [48] we deduce
some natural conditions on the Weyl tensor under which every solution of (0.2)
gives rise to a solution of (0.1), giving a special emphasis to the case of dimension 4.

In Chapter 3, we deal with ¢-static perfect fluid space-times. The material pre-
sented here is taken from [13]. Out of all the results of [13], we chose to present
only those that are closer in spirit to those of Chapter 2; in particular, the main
assumptions concern the p-Cotton tensor, or the existence of a suitable Codazzi
tensor. Firstly, note that using (0.1).7v) and (0.1).7¢) into (0.1).7) we get that (0.1)
implies the validity of

{Ric“" +Hess f—df @df =Ag, A€ C>®(M),
(p) = dp(Vf) + VU(p).

We add a parameter n € R to obtain

{Ric“"+Hessf—77df®df=)\g, A€ C™(M), (0.20)

T(¢) = dp(Vf) + VU (p).

Chapter 3 actually deals with Riemannian manifolds supporting a solution of
(0.20), »-SPFSTs being a particular case of it. Equations (0.20) can be seen
as a generalization of the ¢-FEinstein type manifold system, the new ingredient
being the potential U. We begin by giving the first integrability condition of
(0.20). Then, similarly to the previous chapter, we derive several rigidity results
by proving the vanishing of the tensor D?. Most of the results of this Chapter
work under the assumption of vanishing of the total divergence of the p-Cotton
tensor, in components,

0=divdC?:=C?¥

ijk kit (0.21)

When ¢ is constant, assumption (0.21) has been considered in [20]. There, a
classification of complete, gradient, shrinking Ricci solitons satisfying (0.21) is
given. We extend their result to the present setting. As in [20], our approach
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depends on a suitable integral formula together with a tricky integration by part.
In Section 3.2, we also consider the case of manifolds with boundary. The presence
of boundary terms in our integral formulas calls for a much more involved proof,
which is actually entirely independent to the one of the previous section. Finally,
in Section 3.3, we deal with compact manifolds supporting a solution of (0.20) for
which a suitable modification of the p-Cotton tensor vanishes. We first recall a
classical Theorem of Obata, [77]: every compact Einstein manifold endowed with
a non-Killing conformal vector field is isometric to a standard sphere. In [1], the
authors were able to extend Obata’s theorem to some class of ¢-FEinstein type
manifolds. Using that result, they proved that every compact gradient p-Einstein
type manifold that’s p-Cotton flat and has some positive, constant higher order
elementary symmetric polynomial in the eigenvalues of the ¢-Schouten tensor is
isometric to a standard sphere. In Section 3.3, we extend their result to solutions
of (0.20). The main difference between our approach and theirs lie in the Obata-
type theorem: in order to take into account the presence of the potential U, we
need to perform some tricky computations. Unfortunately, to make our method
work, we were forced to make the further assumption that X be a closed vector
field. Luckily enough, this is always the case for our application, since we will
always deal with gradient vector fields.
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Chapter 1

Preliminaries

Throughout this thesis, every manifold is implicitly assumed to be smooth and
connected. We denote the vector bundle of smooth vector fields on a manifold M
by T'M, while T* M is be the co-tangent bundle. The vector bundle of tensor fields
of type (r,s) is denoted by T*) M. Given a vector bundle E on M and an open
subset U on M, we let I'(U, E') be the space of smooth sections of E supported
on U, and we set I'(E) := I'(M, E). Given a semi-Riemannian metric g on M,
we have that ¢ induces a linear isomorphism between T'M and T*M, called the
musical 1somorphism. Given a vector field X € I'(T'M), the associated 1-form is
denoted by X°, while, given a 1-form § € I'(T*M), its dual vector field is denoted
by 0#. The Lie derivative of a tensor 7' in the direction of a vector field X is
denoted by LxT'. Unless otherwise stated, Einstein summation convention over
repeated indexes is on force. Integration over a semi-Riemannian manifold (M, g)
will always be with respect to the standard volume measure, so that we will not
make any reference to the volume element dV,.

1.1 Semi-Riemannian Geometry

In this section, we develop the basic tools of Riemannian and Lorentzian geometry.
All the material presented here is classic, some references being [79] and [25]. See
also the more recent [1] and [19], in particular for what concerns the moving
frame formalism. Since at this level there is no substantial difference between the
Riemannian and the Lorentzian cases, we will treat the more general case of a
semi-Riemannian manifold (also called a pseudo-Riemannian manifold).

Definition 1.1. A semi-Riemannian manifold is a couple (M, g) where M is a
smooth m-dimensional manifold, m > 2, and g is a symmetric, non-degenerate,
(0,2)-tensor field on M of constant signature.

Given a coordinate chart (U, {z*},), the metric tensor can be expressed by

The Levi-Civita connection V of (M, g) is the unique linear connection on 7'M
satisfying, for all vector fields X,Y € I'(T'M), the following conditions:

21



22 CHAPTER 1. PRELIMINARIES

e V is torsion-free, that is,

0=VxY —-VyX —[X,Y];

e V is compatible with the metric, that is,

where Vg denotes the covariant derivative of g, that will be defined in an
instant.

In a coordinate chart (U, {'})™,, denoting 8; := 52, we have that V is identified
by the Christoffel symbols, i.e.,

One can easily prove that they satisfy
i L g
" = 59 0591k + Orgej — Ougiin),
where the ¢%s are the components of the inverse g~! of the metric. Given a tensor

T of type (r,s), its covariant derivative VT is a tensor of type (r,s + 1) whose
local components are given by

jl--~jr _ ]1]7‘ _ l JIJT _ _ ! ]1]7‘
Tz‘l...is,k _akTil...is r kilTlig...is o= T kisTil...z‘s,ll
J1 pj2---Jr Jr Jil--dr—1P
+ F kpﬂl...’is + + F kpq-vil...is :

With these conventions in mind, we can define the (1, 3)-version of the Riemann
curvature tensor by

R(X,Y)Z :=VxVyZ —VyVxZ —Vixy|Z, VX,Y,Z € (TM);

locally, it has components

i j 9
R=R dr'®d ®ds" ® e
satisfying

We will always use the metric tensor and its inverse to lower and raise indexes; in
particular, the (0,4)-version of the Riemann curvature tensor is the tensor

Riem := Rijktdxi ®de? @ da* @ dat
of components

— P
Rijre == gip R jkt:
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It satisfies the relations
Rijie = —Rjite = Rjir = Ripij
as well as the first and second Bianchi identities:

Rijie + Rigej + R = 0,
Rijkeq + Rijur + Rijiee = 0.

Here and in the following, commas are used to denote covariant differentiation. In
particular, the covariant derivative of Riem is written by

VRiem := Rijktvldxi ®dr? @ da* @ dat @ dat.

Before going on, we want to present a method to derive the Levi-Civita connection
and the curvature tensor of (M, g) which is alternative (but equivalent) to the one
just introduced. This is called the mowving frame approach. It has the advantage
of considerably simplifying the computations, in some cases. Assume that the
signature of the metric g is (k,m — k). In a coordinate chart (U, {z'}",), we can
always apply the Gram-Schmidt algorithm to extract, from the 1-forms {dx’}™,,
a family of orthonormal 1-forms {#°}™, on U such that the metric tensor g can
be expressed by

k m
g==) 000+ > a0
=1

j=k+1

therefore, the components g;; of the metric on this co-frame form a diagonal matrix
whose first k£ diagonal terms are -1 and the remaining diagonal terms are +1.

Remark 1.2. When g is a Riemannian metric, we deduce that g;; = d;;, the
Kronecker delta. Due to this fact, the operation of lowering or raising indexes
does not change the value of the components of a tensor. Therefore, when we
will work with a Riemannian metric, we will consider every tensor to be purely
covariant.

Let us denote the dual frame to {#'} with {e;}. Differentiating the 6’s and using
Cartan’s Lemma (see [1], pag. 4), one can prove the existence, on U, of 1-forms

{6”]- i1, called the Levi-Civita connection forms, satistying

{ do" = —0"; A 07, (first structure equations) (1.2)

91']‘ + jS = O,
where 05 := g;10';. Defining
Vej = Hij X €;,

one can see that V coincides with the Levi-Civita connection: indeed, equation
(1.2).47) is equivalent to the compatibility of V with the metric, while (1.2).7) is
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equivalent to V being torsion-free; see [19, pag. 6] for more details. The connection
satisfying these two conditions is unique, so that V is indeed the Levi-Civita
connection; in particular, in this co-frame we have

We can therefore re-write the definition of covariant derivative of a tensor T of
type (r,s) as
” k r ™ k r h
T 08 =dT e =TT o — =T 6 (1.3)

+Th12 ]rg]l TJ1 Jr— lhg,]r

i1...15s i1...05

where d denotes the exterior differential. The Riemann curvature tensor can be
expressed in terms of the Qijs in the following way: differentiate Qij to define a
2-form ©° ; by the expression

do’; = —6', N 0", +©',, (second structure equations)
which, as it is straightforward to check, also satisfies
©;; +0; =0,
where, again, ©;; := ;0" ;- Then, an easy computation gives the validity of

Oy = SR 0" NG

A first, fundamental, application of the Riemann curvature tensor are the Ricci
commutation relations for the second covariant derivatives of a tensor. In the next
proposition, we present them for a (0, 2)-tensor, the general formula for a tensor
of type (r, s) being deduced in a similar way.

Proposition 1.3. Let T be a twice covariant tensor field on (M, g). Then we have
Tijke = Tijor + TiPRpjk:t + T Ry (1.4)
Proof. By definition of covariant derivative we have
Tij0" = dT;; — Tiy6", — T, (1.5)
and
Tijiet = AT — Tyjn0"; — Ty p0'; — Tij0".- (1.6)
Differentiating (1.5) we find

ATy A 0* + T;5,,d0% = — ATy A 6% — Tp;d6% — dTy, A 67,
ikd6”;.
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Using (1.6), (1.5) and the second structure equations we have

Tijaa' A OF + Ty A O + Ty 05 A OF + Ty,00", A 6
+ Ty 140"
— Tyt N 0% — Ty N 0" — T, N 6",
+ Ty, A Htj — ik@’“j.
Using the first structure equations and simplifying we get
Tij,ktet NOF = _Tkj@ki — Tik@kj;

. . . k _ 1 k .
skew symmetrizing and recalling that ©% = 3R, 6 A 67 we obtain

%(sz,kt — Tyu)0" N OF = —%R’gqukjeP NG9 — %Rkjmﬂkm N
and we are done. O
We define the Ricci tensor by
Ri; = Rkikj .

Note that R;; = R;; as a consequence of the symmetries of Riem. Given a (0, 2)-
tensor P, we define its g-trace by

tryP = gijPij = Pii.
The scalar curvature of (M, g) is

S = tr,Ric = ¢" R;; .
We have the following, classical

Definition 1.4. A semi-Riemannian manifold (M, g) of dimension m > 2 is called
an Einstein manifold if it holds

Ric = Ag, (1.7)
on M, for some constant A € R.

When m > 3, one can see that any A € C°(M) satisfying (1.7) turns out to
be constant. This is a consequence of the classical Schur identity:

R] ;= _Sia

'L,J
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that is obtained by taking twice the contraction of the second Bianchi identity
with the metric. As such, it holds on any semi-Riemannian manifold. Given two
(0,2)-tensors P and @, their Kulkarni-Nomizu product P ® @ is
(PO Q)ijkt = PiQjr + PjQir — PuQjr — PjrQut -
With this notation in mind, the Weyl tensor of (M, g) is defined by
1
Wikt = Rijge — m(z‘l D g)ijt

where
1

2(m—1)
is the Schouten tensor. Some simple computations reveal that the Weyl tensor has
the same symmetries of the Riemann curvature tensor, and it has the additional
feature of being totally trace-free, that is, every contraction of W with the metric
is identically zero. The Cotton tensor of (M, g) is given by

Cijr. := Aijr — Airj -

Ajj = Rij — S Gij

When m > 4, ' can be alternatively, but equivalently, defined by

m—3

t

Cijk = ———
m

-9 ijk,t -
We define the 1-divergence of a p times covariant tensor P by
(diV1 P)z'l...z‘p,l = gjkpjil.“ipfl,k
so that, when m > 4,

m—3

C:— 2d1V1W

m —
It is easily seen that the Cotton tensor is skew-symmetric in the last two indexes,
ie.
Cijk = —Cirj
and totally trace-free; moreover, it satisfies the ”first Bianchi identity”
Cijk + Ciki + Crig = 0.
Its divergences satisfy the following properties:

i _ k _ k
Clii =0, Cipk=Cpk.

jl b
As a consequence of the second Bianchi identity of the Riemann tensor, one can
prove the following ”fake” second Bianchi identities:

Wikt e+ Wisie e + Wit (1.8)
1
= m(cikl(stj + CiutOrj + Citr01j — Cirrdri — Ciindri — Cirbis)

and
C@'jk,t + Cz’kt,j + Cz’tj,k = Wliktle + Wlithkl -+ Wliijtl. (19)

The geometric significance of W and C' comes from conformal geometry.
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Definition 1.5. Given a semi-Riemannian manifold (M, g) and another semi-
Riemannian metric g on M of the same signature as of g, we will say that g is a
pointwise conformal deformation of g if there exists a smooth function u € C°(M)

such that § = e*g.

Recall that a flat manifold is, by definition, a semi-Riemannian manifold (M, g)
with vanishing Riemann curvature tensor.

Definition 1.6. Let (M, g) be a semi-Riemannian manifold. We say that (M, g)
is locally conformally flat if, for every p € M, there exists an open neighbourhood
U of p and a function u € C*(U) such that (U, e*g) is flat.

The (0, 4)-version of the Weyl tensor is conformally invariant when m > 4: this

means that, for any pointwise conformal deformation g of g of Weyl tensor W, we
have

W =W

When m = 3, the algebraic symmetries of the Weyl tensor, together with the fact
that it is totally trace-free, imply that it has to vanish everywhere, i.e. W = 0.
When m = 3, and only in this dimension, it can be proven that the Cotton tensor
is conformally covariant of degree 3, that is, it satisfies

C = e 3uC,
where § = e?*g. Furthermore, we have the following deep theorem of Weyl and

Schouten.

Theorem 1.7. Let (M, g) be a semi-Riemannian manifold of dimension m > 3.
Then, (M, g) is locally conformally flat if and only if

em=3and C =0, or
e m>4and W =0.

The last protagonist of this section is the Bach tensor, that first appeared in
the physical literature, [7]. It has components

1

)

This is easily seen to be symmetric and trace-free. Moreover, when m = 4, it has
two important features, that account for its physical relevance: it is divergence
free and conformally covariant of degree two, that is,

B= e B,

for g = e*g. When m = 4 and (M, g) is a a Riemannian manifold, the Bach
tensor arises from the action functional

g%/ W%
M
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indeed, the critical points of the latter with respect to compactly supported vari-
ations of the metric are precisely the Riemannian metrics on M with vanishing
Bach tensor. These are called Bach-flat metrics. Recall the Chern-Gauss-Bonnet
formula: on a closed 4-dimensional Riemannian manifold it holds

87rzx(M):}l/M]W\2+/MSg(A) (1.10)

where x (M) is the Euler characteristic of M and Sy(A) := %[(trgA)2 - ]A|2] is
the second symmetric polynomial in the eigenvalues of the Schouten tensor A.
Since x(M) is a topological invariant, it is not detected by the variations of the
metric, so that, by (1.10), Bach-flat metrics on a Riemannian 4-manifold are also
the critical points of the functional

g— /MSQ(A).

1.2 p-curvatures

In this section, we will be interested in the data of a semi-Riemannian manifold
(M, g), a Riemannian manifold (N,h) and a smooth map ¢ : M — N. We fix
indexes ranges

1<4,0,k,... <m, 1<a,b,c,...<d=dimN.

Given two open subsets U C M,V C N such that ¢(U) C V, we consider on them
two local orthonormal bases {#°}™, and {FE,}¢_, of T*M and TN, respectively.
The tangent map dyp : M — N can be viewed as a section of T"M ® ¢*T'N so
that it has local components

dp = @?Qi ® @ E,.

In what follows, we will suppress the pull-back notation, when clear from the
context, and write F, = ¢*FE,. The energy density of ¢ is defined to be

1

1 ..
— Zldol? = =¥ p%0e.
e(p) 2| ol 59791

If we set {w?}?_, to denote the 1-forms which are h-dual to {F,}¢_,, then we will
write {w%}¢,_; for their connection forms. This allows us to define the covariant
derivative of a section v of *T'N by the expression

Vo = v0'® E,
where

020" = dv” + v’ws,.
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Moreover, the covariant derivative extends to any tensor bundle of the form 709 M ®
©*T'N. For the differential dy, its covariant derivative Vdg has components
Vdp = ¢};6' © ¢ ® E,

J

where

P07 = e} — 207, + P,
The following commutation relation is proved in a similar way to Proposition
1.3 (see [1, Section 1.7] for a proof):
80?]'1« = @?kj + gtlSO?Rlijk - NRabcdSDi?@;SOia (1.11)
where VR% , denote the components of the Riemann curvature tensor of (N, h).
The tensor Vdy is called the generalized second fundamental form of . It is easy
to see that oy, = ¢f;. The tension field of ¢ is defined to be
T(p) == tr,Vdy = gijgpija.
This has been defined (in the Riemannian case) in [36]. It can be easily checked
that, in a generic coordinate chart (U, z%), the tension field has components
a aﬁa_sob 8906
Ox® OxP

02 O
a __ af . aﬂr’y NFzz

() =9 ooz 7 B O + bed

where MT'%  denote the Christoffel symbols of the Levi-Civita connection of (N, h).

Definition 1.8. A smooth map ¢ : (M, g) — (N, h) is said to be harmonic if it
has vanishing tension field.

We underline that this terminology is somehow imprecise: it is more common,
in the literature, to call a map with vanishing tension field harmonic only when
(M, g) is a Riemannian manifold, while in Lorentzian signature such a map is
usually called a wave map. In order to give a unified treatment of both cases,
we will not make this distinction. It is possible to give the following variational
characterization of harmonic maps: for any relatively compact domain 2 C M,
consider the functional

Ealy) = [ elo)

then ¢ is harmonic if and only if, for every such Q, FEq(p) is stationary with
respect to variations of ¢ that agrees with ¢ on the boundary of 2. The stress-
energy tensor of ¢ is given by

o
ﬂwzwh—§wﬂﬁ;
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we already commented its physical meaning in the Introduction. It can be proved
with a simple computation that the divergence of T, is

divi T, = h(7(¢p), dp) = g” 06",

We say that ¢ is conservative if its stress-energy tensor is divergence-free. There-
fore, every harmonic map is conservative.
One can generalize the notion of a harmonic map. Consider a function G € C*°(N)
and a map ¢ : (M, g) — (N, h) satisfying

T(p) = VG(p) (1.12)

where VG(¢) denotes the pull-back on M via ¢ of the gradient of G in the h-
metric. Note that we are using the same symbol to denote both the connection on
(M, g) and that of (N, h); since they act on objects living on different manifolds, we
hope that this will not create any confusion in the reader, and that it will always
be clear from the context which one of the two we are using. In Riemannian
signature, a smooth map ¢ satisfying (1.12) is called G-harmonic. With a slight
abuse, we will use the same denomination also in arbitrary signature of the metric.
Note that, for U constant, we obtain the case of harmonic maps. The previous
definition goes back to the work of Fardoun, Ratto and Regbaoui ([39], [40], [83]);
it comes from a variational setting that has been vastly analyzed by Lemaire in
his Ph.D. Thesis, ([62]). Indeed, G-harmonic maps are the critical points of the
functional

1

E(p) = 5/ [ldel* + 2G ()] dV,

(see [62] for the details). A map that satisfies

0= h(r(p) — VG(p),dp)

is called G-conservative.

As we shall see, it is useful to encode some informations on the non-linear field ¢
into the curvature tensors of (M, g) in order to see, at the same time, both the
combined action of ¢ and that of the semi-Riemannian metric g of M. With these
motivations (other can be found in [6], [28], [74]) we introduce modified curvature
tensors depending on the map ¢ : (M, g) — (N, h). The first step in this direction,
that is, the definition of the ¢-Ricci tensor, is due to B. List, that merged the Ricci
flow with the harmonic map flow (for details and background see [65]). For some
fixed coupling constant o # 0 we set

Ric? := Ric — ap™h (1.13)

for the p-Ricci tensor and the (p-scalar curvature will be its contraction with the
metric g, that is,

59 =S — aldp|*. (1.14)
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In components, we have
R;’} = Rij — i (1.15)

(note that List uses the notation Sj; instead of RY;). The next formula (see [6] for
a simple proof) should be called the ¢-Schur’s identity and it will be repeatedly
used in the sequel

7 1 7 a , .a
9" Ry = 587 — ag" . (1.16)

From (1.16) we immediately infer that, for m > 3, if

Ric? =Ag, AeC™(M), (1.17)
then the function A satisfies

(m — 2)VA = 2ah(7(p), dp)*. (1.18)
In case ¢ is conservative we have

h(1(p),de) =0,

so that A is constant. This is, in particular, the case of a harmonic map, for which
7(p) = 0. Thus, if (M, g) is harmonic-Einstein with respect to ¢ for some a # 0,
that is, the system

{ Ric? = Ag, (119

T(p) =0
holds on M, then A is constant, or in other terms the ¢-scalar curvature S¥ is
constant. This also suggests the use of the term -Einstein manifold for (M, g),

but the previous terminology has been introduced before and we shall adhere to
it. In analogy with the classical case, the ¢-Schouten tensor is defined by setting

A¥ .:Riso_i (1.20)
: c 2(m—1)g :

and the ¢-Cotton tensor is given by

C’;;k =AY, — A%

i,k ik,
Recall the following

Definition 1.9. Let (M, g) be a semi-Riemannian manifold, and let P be a sym-
metric 2-covariant tensor on M. Then P is called a Codazzi tensor if it holds

0= Pijr — P,
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Therefore, the ¢-Cotton tensor measures the obstruction to A% being a Codazzi
tensor. The ¢-Weyl tensor is defined to formally respect the usual decomposition
of the Riemann tensor, that is,

W¢ := Riem —

A Dy (1.21)

where (N is the Kulkarni-Nomizu product. Although W¥ has the same algebraic
symmetries of the Riemann curvature tensor it is not totally trace free. Indeed,

g*Wi = apiol (1.22)

while the remaining traces are determined by (1.22) and by the algebraic symme-
tries of W¥. Note that, in terms of the classical counterparts, we have

A? = A —aA(g*h), (1.23)
and
W =W+ ——A(p"h) O g. (1.24)
where
2
A = th - 58 g

is the ”Schouten tensor” of the symmetric, 2-covariant tensor ¢*h. For the -
Cotton tensor C'¥ we have the symmetries

Ct=—Co

4. so that g"*C, =0, (1.25)

however it is not totally trace free, since

9" Ch, = ag™oh et (1.26)

It is easy to prove that C'¢ satisfies the Bianchi-type identity

+ 05,

Con+ Oy,

kij

=0. (1.27)

Again, from its definition it is immediate to see that

a
L2 — a  .a a , .a Sot
Oijlc = Cijp — Pik¥P; — PijPr — m—1

1gtp (gpgkém — 902]51].3) . (128)

The next two formulas are "fake” second Bianchi identities for the p-Weyl tensor
and the p-Cotton tensor. We have
Wit Wiien + Wi (1.29)
1

== m(cﬁcldtj + Cﬁtakj + Cﬁkdlj - Cﬁﬁti - Cflt(skz - C’ﬁk(Slz)
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and
!
C;j’k,t + Cﬁct,j + Czij,k =g p(m/}fktpr + Wi,

The following alternative definition of the ¢-Cotton tensor, for m > 4, points out
at deep differences between the classical and the g-curvatures (see Proposition
2.64 of [6])

m—3

T — 2kat = QSleﬁkt,l - O‘(SO?kSO? - w?twi) -

R7 + W7 RE). (1.30)

J P

ls, a

L (ORo5e — DFojk).
(1.31)

«

m— 2

The p-Bach tensor, B?, is not defined in analogy with the classical one; indeed,
for m > 3, we set

(m —2)Bf ==g"Cf, , + g™ g REW S

a a a a ’T(gp)|2
+a <9kt%‘j<ﬂkt - thSDktj% T m—9 0ij | -

— ag" Ryt (1.32)

Note that B¥ is a symmetric, 2-covariant tensor; for a proof see [6]. Contrary to
the Bach tensor, B¥ is not trace free in general. Indeed we have

Ol (1.33)

For what concerns the divergence of B¥, we have the next

iRy _
g Bij_a

Lemma 1.10. Let (M,g) be a semi-Riemannian manifold of dimension m > 3
and let ¢ : (M, g) — (N, h) be a smooth map. Then

m —4 j a a j a
(m—2)g™Bf, = (m) [(REY*CE, + ar(9)* (9"l + 9" REey)] (1.34)
m .
+ apf {(m ey A GO 209”7 () @50}

afm—2 ik a, _a a ik a
-3 (m)gﬂc% ¥ S}f - 2a90jk<R¢)Jk90i

— Ty (),
where
75(0) = 9" 9" Ol — R0 Ol T ()"

are the components of the bi-tension field of the map ¢ and VR4, ., are the compo-
nents of the curvature tensor of (N, h).

Remark 1.11. We recall that
T2<90) =0

is the Euler-Lagrange equation of the bi-energy functional E¥ given, on a relatively
compact domain €2 in M, by the prescription

B = 5 [ o)l
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Remark 1.12. Lemma 1.10 was first proved in [5], but note that the two formulas
are slightly different due to some minor typos that are present in [5]. The proof
that we give here is essentially the same as the one presented there, with some
small modifications.

Proof. Define the tensors of components

a, .a 1
Lij=T1(0)"0f — 9 ()93,
Mi; = (Rw)tkwtfkja
Nij = gkt [C:;'k,t — apy (Qpitj + R;’k@f)].

Then, using (1.32), it is immediate to see that

We compute separately the divergences of these three tensors. Using the commu-
tation formula (1.11), we have

) . 2
k k gl a a a , .a a a
9" Lijr = gt g’ (%kj%‘l + PPz — m—9 290tk¢90jl>

] a a m a , a a  .a a c a
= g"™g" |:(Ptkj90il + (ﬂ) PP + P Ris — "R il ol | -

Using the definition of Ric” we deduce

m) Pl + PP R + avheielel  (1.35)

g Lijr =g™g" [SO?kjSO?z + (
- NRabcd@?@f@?(pgk] .

Next, for the tensor M, we use the symmetries of W¢ and formula (1.31) to get

gjk:Mijyk _ gtk gjl g { RZ’} 7pW1§zq + RZ’; W,ﬁlm}
tkjllpq © © © m—3 © P . a a
=99 59 (Rtj,p - Rtp,j)Wkilq + m—2 Rtjckli + O‘Rtj@lz‘@k
a a o a a a
- @Rfjspkl@i] t— th’“sotk(S%i — "Ry 0y)-

Using the definition of C'¥ and equation (1.22) we obtain

A A 1 o , m—3
k _tk _jl k a, .a tk
9" Mijr =9"g’ gpqiof}pwxﬁzq + mgj ST Rl + <m) (R7)"Ch,
(1.36)
j a .a a ,_.a Q a a a
+ag" g [REeeh — Riehel] + —— " i (5797 — 9" Rrigy)
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For the tensor N, we use the p-Schur identity to compute
gjkNij,k :gjkgtl {C;;t,lk - O“P?j(@?zk + let@?) (1.37)

a j a 1 a j a j a
— ay (g]“”g“sojktl + 59" 576l — gt aviel + gj’“g”Rﬁsokz)-
From the Ricci commutation relations and the symmetries of C¥ we get

. 1 . 1 .
kil k il k il
9"g Ci?t,lk =59y (C;?t,lk - Cﬁj,lk) =599 (C;?t,lk - ij’t,kl)

2 2
1.

= Egjkgtlgpq (Rpijtcfkl + Rpjtkcx;l + Rpjktcgq)
Lok !

= 597" (9" RoiniCp, + RpiCroy — Rp; Oty
1.

= Egjkgtlngpithsz-

Using the definition of W¥ we deduce

) ) 1 1 o
k tl k tl a,.a
g’ gt C;;t,lk: =g’ gt {Qgpqngtcjkl + m—2 ZRﬁCIfil T m—2 235%1%}
aS? o a

Inserting this information into (1.37) we get
; , 1 1 o -
G*Nijr =g’ g" [gpq§W,f§thsz 5 R C — mR?%z%] (1.38)

1)
©
S ik t a

o= D= 2)7(90)“90? — ag”g" ol (i + Riel)

a 1 a 1 a 1 a 1 a
— agpigh* (gﬂsotkﬂ + 5570 - ag’ ot} + gﬂRﬁwm)-

Putting together equations (1.35), (1.36) and (1.38) we obtain equation (1.34).
]

Similarly to the classical case (that is, when ¢ is constant), when (M, g) is a
4-dimensional Riemannian manifold, the ¢-Bach tensor has a variational origin.
Consider the action functional

$u() = / $,(4%) — (). (1.39)

The functional 8,, has been introduced in [5] where it is shown that, in Riemannian
signature and for m = 4, the critical points of 8, with respect to compactly
supported variations of the metric have vanishing ¢-Bach tensor. Interestingly, in
contrast with the classical case, the functional

(9:0) = /M we? (1.40)

does not reproduce the same result, that is, its critical points are not ¢-Bach flat,
in general.
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1.3 Some concepts from General Relativity

In this section, we review the concepts from General Relativity that will be useful
in the rest of this thesis. From now on, (M, g) will be a fixed Lorentzian manifold,
that is, a semi-Riemannian manifold of signature (—,+,...,+). By contrast with
the previous sections, its dimension will be denoted with the letter n, while m =
n — 1 will be the dimension of its hypersurfaces. In general, expressions with a
hat will refer to quantities defined on (M, g), so that, for example, Ric and S will
be the Ricci tensor and the scalar curvature of (Z\//j ,g), respectively. We already
talked about the relevant physical background in the introduction; for the sake of
readability, we recall Einstein Field Equations:

—~ ]_/\A AN
Ric — ESg:T, (1.41)

for a stress-energy tensor f, as well as the following

Definition 1.13. Given a Lorentzian manifold (]\/4\ ,g) we say that (J\/f\ ,g) is a
static space-time if it satisfies the following two conditions:

1. as a differentiable manifold, M splits as M= M x R;

2. there exists a Riemannian metric g on M and a function f € C*°(M) such
that _
G=—cVYdtadt+g

where ¢ : M — R is the canonical projection onto the second factor and

fZ:fO/ﬂ\‘M.

We will denote the static space-time structure on M by the expression M =
M x¢R. Again, for a static space-time, we will consider perfect fluid stress-energy
tensors of the form

TF = (i+ple Xt ®dt + pg (1.42)

where 1 = poT s, p = pom ) for some smooth functions p, p € C°(M). The second
type of stress-energy tensor is described by a smooth map ¢ : (]\/4\ ,g) = (N, h),
where (N, h) is a Riemannian manifold, a constant « € R, v # 0, and a potential
U € C*°(N). Its precise form is

~— e o, o\
TY := ap*h — <§|dgo|2—|—U(<,0)>g. (1.43)

To study a static space-time, we will assume @ = @ o7y, with ¢ : (M, g) — (N, h)
a smooth map. The stress energy tensor that we will consider will be a combination
of TF and T9, i.e.

~

T=TF+1° (1.44)

We will study how the presence of such a tensor influences the geometry of a static
space-time, both in Einstein’s theory (Chapter 3), and in the more recent theory



1.3. SOME CONCEPTS FROM GENERAL RELATIVITY 37

called Cotton Gravity (Chapter 2). We now compute, using the moving frame
method, how the Levi-Civita connection and the curvature tensor of a static space-
time reduce to its spatial and temporal components. In what follows, (M, g) will be

an n-dimensional static space-time M = M x ¢R for an m-dimensional Riemannian
factor (M, g) and f € C*°(M). As before, we have

G=—cHdtadt+yg

where t is the standard coordinate on R and f is identified with its lift to M. We
fix indexes conventions

0<a,8,7,...<m, and 1<i,5,k,... <m.

Given a local orthonormal co-frame {6}, on (M, g), we consider a local orthonor-
mal co-frame {6}, by the prescription

g0 .= e~dt, g =0

where, by abuse of notation, we identify the #’s with their pull-back 74,6 on M.
We let {00 5-0, 1©%} o 5o De the connection and curvature forms associated to

the 67s, while {0°;37521,{07;}7—, will be the connection and curvature forms of

the #'s. The components of the Riemann curvature tensors of (]\//7 ,g) and (M, g)
are therefore respectively given by the expressions

P P
@B:§R /377797/\977

and

i Lo ok s ot
Proposition 1.14. In the above setting, we have that

e the Levi-Civita connection forms {5‘15} satisfy

00, =0,=—f" =—fieldt,
-y (1.45)

v 3

—
e the non-vanishing components of the Riemann curvature tensor Riem satisfy

Jfoﬂ"fl iR o (1.46)
R j0k — fjk - fjflm
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e the Ricci curvature Ric and the scalar curvature S satisfy

and

where Af and |V f|?> are computed with respect to the metric g.

éij = fij — fifj + Ry :Ejia
Ry =—-Af+|VfI,
Rjo =0= Roj

S=S+2Af—2|VfJ

(1.47)

(1.48)

Proof. The validity of the first structure equations for g, (1.2), together with df =

f10% vields

Thus, defining

df' =o' = 0", NGT = —0" N 6",

AP’ = —eTdf Adt = —e T 1,08 Adt = — 0% A .

é\oi = é\io = _fz@) = —fie ldt,
9 =0

)

0

we have that (1.2) are satisfied. This gives (1.45). It follows that

@i‘:@i

J J?

0% = (fir — £ f)0° N OV

as a consequence, we have

and

We let

Then

1’\1' N0 A D 1i k !

1~ N~
530].(,“90 N = —(fir — f;11)0" A O

if 0 =0;

_ o
a’j”_{—(fjk—fjfk), if o= k.

1~ o~ o~ o~
i N O =007 N O

— Ujo00,0° N 0"
1 IR
= é(ajgéou — CL]'H(SUU)G A\ 9“,

(1.49)

(1.50)
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so that
ongu = @jo00u — ju000- (1.51)
In particular, we have
R, = jodou — Gju = —
and
R = =t = fix — fifi (1.52)
From (1.51) it also follows
0=R", (1.53)

and, from the symmetries of R/ie?n, one also gets,
0=R . (1.54)
From (1.50) and (1.54) we obtain
i k I _Pi  pa A 9B
R 0" N0 =R";,50% N0
:El]klek /\ el

so that
As far as the Ricci tensor is concerned, from equations (1.52) and (1.55) we have

Rij = fi; — fif; + Riy = Ry,
Rog = =Af +|V [,

Rjo =0 = Ry;.
Since
Ric = Ry’ @ 8° + R0 @ &7,
we deduce
Ric = Ric + Hess(f) — df @ df — (Af — [Vf]?)e ¥ dt @ dt. (1.56)
Taking the g-trace of the above equation, we conclude. O

As we previously announced, we derive the equations of a static perfect fluid
space-time from the field equations.
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Proposition 1.15. In the above setting, assume that (]\/4\7 g) solves

Ric — %§§ =T (1.57)
for T given by (1.42). Then, on (M,g), we have the validity of the system

Ric+Hessf—df®df—%l(g—p)g:O,

Af—|Vf]2:—ﬁ[mp+mT_25}, (1.58)
=19 '
p=1is,
Vp—(n+p)Vf=0.
Proof. From (1.42) we get
TY =poy, Too=p Ty =0. (1.59)
Using (1.57), (1.47) and (1.48) we deduce
1
Rij+ fij — Jifi — 5(5 +2Af - 2|Vf’2)5ij = poij
so that
S
Rij + fij — fifi = (§+Af— |Vf|2+p)5ij. (1.60)

Taking the trace, we find
2 S 2
S+Af—|V/f :m(§+Af— |V f] —i—p).
Simplifying, we get

1 m— 2
Af— |Vf|2:—m(mp+75)y

which is (1.42).i7). Inserting the latter in (1.60), we obtain (1.58).7). To deduce
(1.58).i74), use (1.57) to get

~ 1~ =~
Roo + 55 = Too;
from (1.42), (1.47) and (1.48) we have
1
—Af+ VP4 (S+20f =2)VI[) =p

so that

N | i
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To obtain the last equation, we compute the components of the covariant derivative
of TF

fF

i TF TF oy TF 7y
aﬂ’,ye,y — dTO&ﬂ - T 5070[ - T 07

¥ ay” g
Equations (1.59) and (1.45) imply
7§ —aft — 757, - TR
=600 — PO, — PO,
=0:pat”,
that is,
TF, = Pabyj. (1.61)
Using (1.59) we have
Th o =dTi — THO, — TiE0,
A
that is,
TE o = o (1.62)
Using (1.59) and (1.45) we get

Tr § —dTE - T50, - TEF,
=0 — 1/9\@0 - ﬁébz
== (AP = @+ P S
so that
foij =0, Toio=(i+D)f: (1.63)

Now, we compute the divergence of TF. This is
gaﬁﬁva,ﬁ = foljz - i%,0-
Using (1.63), (1.62) and (1.61) we get
(div1 fF)O T —TE ., =0—]ip=0
and

(divl fF> =T - Tho=pi— (u+p)f;

J
so that

divy TF = Vp— (i +p)VS. (1.64)

From the Schur’s identity, we know that the left hand side of (1.57) has vanishing
divergence; therefore, the same holds for the right hand side and from (1.64) we
obtain (1.58).iv). O
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Remark 1.16. Equation (1.58).iv) is equivalent to the requirement that TF be
divergence-free. This has the important physical meaning of an equation of motion.
However, its presence in (1.58) is slightly redundant: indeed, one can prove that its
validity follows from the first three equations of (1.58) alone, see [13, Proposition
3.3]. Moreover, using (1.58).i7) to eliminate p from (1.58).i), we find

Ric+ Hess f —df @ df = %(S-I—Af— |Vf|2)9

and, setting A := L(S+Af — |Vf|2), the latter becomes

1
Ric+ Hess f —df @ df = Ag.

The above equation is a special case of what is called a gradient Einstein-type
structure, that is,

aRic+ fHess f+ pdf @ df = (pS+ N)g, a,B,pu,p € RN C®(M)

these have been defined in [21]. One can interpret equation (1.58).¢) and (1.58).i47)
as being definitions for the functions p and p. In this sense, the system of static
perfect fluid space-time only depends on the derivatives of the metric g and of the
function f. As a consequence, static perfect fluid space-times are precisely the
Einstein-type structures with (a, 8, i, p) = (1,1, —1,0).

For what concerns the geometry of the map ¢ : (]\/4\ ,g) = (N, h) when (]\/4\ ,9)
is a static space-time, we have the next proposition.

Proposition 1.17. Let ¢ : (M,g) — (N,h) be a smooth map of Riemannian
manifolds. For some f € C*(M), consider the static space-time M x; R of
metric

§=—cYdteadt+g.

Let o = @ omy. Then, in the previous co-frames, we have

Pl = Pl
P50 =0, (1.65)
Poo = 5 fi
so that
(@) =7(p) — dp(V ). (1.66)
Proof. We recall that,
@ZVA” = dg;, — Aﬁ/\"” + @Zw“b; (1.67)
therefore, since pf = 0,
~a pv a nj a 0]7
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which implies
(ﬁ%:gpgj and @y = 0.

43

(1.68)

To compute the coefficients pf,, note that, again from (1.67) and (1.45), we have

~

14 Al/ a (Z/7C a
9381/9 = d(ﬁg - o0 ot @gw y = —piby = @kfk@)?

and thus
9/580 = kaO%

which immediately implies

7(?) = 7(p) — dp(V f).

(1.69)

(1.70)

[]

Putting together Propositions 1.15 and 1.17, it is easy to prove the following

Proposition 1.18. In the above setting, assume that (]\/4\, g) solves

—_~ 1/\/\ AN AN~
Ric—éSg:TF—i-T“’

(1.71)

for TF and T? given by (1.42) and (1.43), respectively. Assume that TF and T?

are divergence-free. Then, on (M, g), we have the validity of the system

(Ricsothessf df®df— (%— )g:O7
— |V = [mp mU(go) + 12 }
0=h(r(p) - dsO(Vf) VU(y), dso)
p+U(p) = 35,
Vp—(p+p)Vf=0.

(1.72)
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Chapter 2

Cotton-p-Perfect Fluids

Following [51] we define

1
n—2

T =

(T 05— Q(H—l_l)(trﬁ)g@ a) |
Then, the equations of Cotton gravity are

C=—(n—2)div, 7. (2.1)
We compute divy T explicitly. By definition,

~

Japrs =

~ ~ ~ ~ 1 -~
5 [ng@(s + Thsgory — Tas9sy — TsyGas — ——T" (Jar9ps — ga5957):|

n — n—1

so that

. - ]_ a e A~ A~ A~ ]_ o~
divy Tgys = 9" | Tonp985 + T5.p90r — Tas.098y — Tpy.pGas — —
n—2 n—1

1

:n —9 |:(diV1 T\),yggg — (diVl f)(;g@,y + j:'ggﬁ — fg,},’g

(2.2)

n—1 (Tnn,ygﬁfs - an],(?gﬂ’Y) .

Using (2.2) we can show that (2.1) implies div; 7' = 0. Indeed, substituting (2.2)
into (2.1) we get

. A A LA 1 N
Cons = (divi T)sgsy — (divi T)ags + Toys — Toso + ——= (175955 — 17, 5957)

and then contracting both sides of the resulting equality with ¢®7 we get
99 Cs5 = (n— 2)(div, T)s

Since C is totally trace-free, we deduce divy T = 0. In view of this, the previous
identity simplifies to

N . R 1~ N
Cons = Toys = Tpooy + —— (17,985 = T,598+) (2.3)

45

Tnn,p(ga'ygﬁtg - gaﬁgﬁ'y)

|
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Using equation (2.3) it is also easy to show how the solutions of Einstein equations,
(1.41), also solve (2.1). Indeed, tracing (1.41) one obtains (n —2)S = —2tr;7T" and
therefore

A~

1 ~

—~ —~ 1/\/\ ~
Ric=T+=Sg=T —
2 n

~ —~ 1 o~ ~ ~
“ 2(n—1) g n—1<r9 )9

yielding

N N . N N 1 - N
Cors = Apys = Aoy = Tons = Tpooy + —— (17 1985 = 17,598+)-

Our goal is to study, on a static space-time, the solutions of (2.1) for a stress-
energy tensor that encodes both the informations of a perfect fluid and those of a
nonlinear field ¢ with a self-interacting potential U, that is, we have

T=T°4+TF

for tensors 7%, T defined by (1.43) and (1.42), respectively.

2.1 Variational origin of the equations

As it is well-known, the stress energy tensor TF of a perfect fluid space-time is
not derived from a Lagrangian so that it does not have a (clear) variational origin.
A derivation of T which is variational, but only in a relaxed sense, is given in
[54, Chapter 3|, where one varies an appropriate functional depending on p with
respect to the flow lines of the velocity vector field. By contrast, the situation is
simpler for T?, since the equation

U I
Ric— =Sg=1T7
2
is the Euler-Lagrange equation of the functional
= [ §-aldgP - 20(p).
Similarly, in the regime of Cotton gravity, the system
C=—(n—2)div,T? (2.4)
has a variational origin. We need to set some notations first. Note that, in this

section, we don’t assume that (M, g) be a static space-time. By equation (2.3),
(2.4) implies

~ o~ o~ 1 A~ 1 o~
Cors = = (Tg&’)’ —Tgs = =7 (t1gT%)agss + — (tfaT“”)agﬁw) . (25)

n —
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From the definition of 7% we get

maa

o~ 1 "
Tﬂw(s,’y = 90/6’7%05 + gpﬁgp&y - (g Sop'ygon + EU @3) gﬁ5:|

and 9
A~ n — e P

try 1% = — 5 Oz|dg0|2 —nU(®)

so that R
(trgT%)y = —a(n — 2)g""%} @, — nU P, .
Defining
~ o~ A~ a
(CUW)W‘S = Cgys — @ (%5@ - %v@;) + n— 191)7,9/52 (@;595“/ - @37955)

- ﬁU“@?%w + ﬁU“sﬁigﬁ&
we have that (2.5) is equivalent to
CU% =0. (2.6)
Note that, setting

~ ~ N o o U(P)
AY? = A — ap*h + ——|dP|*g — —2£3, 2.7
¢ 2(n_1)!<ﬁ|g 19 (2.7)
then CU? measures the obstruction to AV? being a Codazzi tensor. Moreover, the
conservation equation .
0= diVl T% s
that is,
= ag"85,8s — U"dp,
is always implied by (2.5), as we already saw, and therefore also by (2.6), as it can
be verified with a direct computation. Indeed, one has

971(CY%) 05 = g™ 3. 0 — UGs . (2.8)

Now, to derive (2.6), following [51], we are interested in variations where the
connection V is varying while the metric g is fixed. To be more precise, recall
that the difference of two connections on T'M is a tensor, in particular, a section
of T2 M, the space of (1,2)-tensors

B=B% .00 @6

Therefore, the space of connections on TA]TZ is an affine space over TED]T. Having
fixed a section B of T2 M, we define V! = V + tB. In any arbitrary coordinate
system (U, {z*}"Z}) we have that the variation of the Christoffel symbols of V in
the direction of B is

0 lim 1(§t 0

a — —
Proge — iS0 ¢ 977 9o

~ 0 0
- V&BB _) y

o oz = Fovgga
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To derive (2.4), we modify the functional (1.39) of the Introduction in order to
take into account the contribution of the potential U. From (2.7) we have

~ o~ o~ UAA
AU,gozAcp_ (Sp)g
n—1

We will study the functional

~ VU, _

7(P) — 7(@)

«

Sue(@) = [ SaA°%) - 5

(2.9)

Proposition 2.1. Let (M g) be an n-dimensional Lorentzian manifold. Then,
equation (2.4) is satisfied by (M 9) if and only if (]\/[ 9) is a critical point of 8y5
with respect to compactly supported variations of V that leave § g fized.

Proof. We know from (1.1) that the Riemann curvature tensor can be expressed
using the Christoffel symbols by

D — le% n le% n «
Rﬁw 8F aPF 67+Fﬁpr WH_P,B’YF pn
so that its variation is
D a n o n a n a n a
5Rﬂ7p aB 8PB/BV+BBPF7n+FBpBW7_BB~/Fpn_Fﬁvan

where BY% = 51“"57 is the variation of the Christoffel symbols. Recalling the
expression for the covariant derivative of B

BOé

Bpyy —

= 8“/Baﬁp + Bnﬁpram - Banprnﬁv - Baﬁnrnm

this yields

D o
OR" Byp =B Bpry — By

Lowering an index and skew-symmetrizing we get
~ 1
5Ra/3w = §(Ba6pﬂ — Bgapy — Bapye + Bﬁa%p)-

Therefore, the variation of Ric is

~ 1
ORup = §<Bapp,6 — Bpap’ﬂ — B , T B’ b, p) (2.10)
and that of S is
ral 1 afB af af af af af
65 = ~(B*%, — B ,— B ,+ B y=B" —B . (211

2

Next, note that, since $*h, |dp|* and U(p) are independent from V, their variation
is zero, so that o R
SAY®P = A, (2.12)



2.1. VARIATIONAL ORIGIN OF THE EQUATIONS 49

By the definition of the tension field 7(®) one immediately gets

N a’\a o a’\a
57(P)* = —g** B" 9 _ _pes 9

— 2.1
B gy B oxe (2.13)

and therefore
2

VU 1 1 9z [ 1
5 = =921 a_ Z§5Ue a_ _[je :_QBaB_ a_ —pe) .
(@) - | =2 (5r(@r - 20 (@ - 2vt) = 28,57 (@1 - 1)
(2.14)
By the definition of AU® we compute
~ro ~s —2 ~ n
tr5 AV = try A7 — — L U(p) = — v — ?) . 2.1
Using (2.15) and (2.12) we get
085 (AU?) = (trgAV?)5(trgA%?) — (AV2)(SAVP),
= (tr5A%?)8(trgA) — (AV2)P(5A) 5,
n—2 ~os D ~r o —~ 1 ~ ~
= = _(tr;AU?)6S — (AU?)P(6Ri AV#Yge 6
s (trgAU9)88 — (V7Y (00, + 5 s (A7) 755,08
1 o~ -~ A~ o~ -~
= E(trgzw)css — (A5 Ry, .
Using (2.10) and (2.11) we get
7 1 7 « Q 1 O\
552(‘21]#) - E(trﬁA\U,cp)(B /Bﬁ,a_B ﬁa,ﬂ)_ﬁ(A\UW) IB(Bapp,B_Bpap,B_Bapﬁ,p+Bpa6,p)'

Integrating and using the divergence theorem we get

5 1 ~ 1 ~
/552(2(]’“") =/§(tf§1@’¢)63aﬂa - §(tf'g‘AU’“")aBaﬂﬁ

1 AU, o « 1 U5\«
3 [R5 [(AU9) (B, - B,

Using the @-Schur’s identity and (2.15) we get

+

. o~ 1 o~ 1
AUSY B _(RP) P _ ? _ asa
n 1

—9
— P _ ~aa Uese
=1y ar(9)@e — ——U"%
o 1
= (tr;AY9), — a (T(@)“ — —U“) o
o
and substituting the latter into the above integral identity we obtain

/652(121\&@) :% / _<A\U’¢) " (Bozpﬁ - Bpocﬁ)
e

o L a a
—04(7'(90) —EU)@Z(B " —B").
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Renaming indexes we get

~\a 1 a (03
va (7@ - 10°) (Bras -~ Phan) | B
Recalling that

AU7$ — AU7¢\ J— AU?@
Cﬁap - Aﬁmp Aﬁma

we get
P 1 ~U,p ~\a 1 a ~a ~a «
/582(2““") =§/ {nga(ﬂw) --U )(%gﬁp - @pgaﬁ):|Bp 7. (2.16)

Therefore, computing the variation of (2.9) and using (2.16) and (2.14) we find

2
68u.p = / §55(AVP) — 35( )
2 h
_ 1 6U153+ (A)a_ an (Aa _ ~a ) Bpa,B
- 9 Bap | T\¥ o Palsp SngOt,B
“\a 1 a a (0%
+Oz<7(g0) — EU )gopgaﬁBﬂ B

1 ~Us U S o
25/ {ng;+a(¢(¢) --U )(%gﬁﬁﬁﬁgaﬂ)}m g

. 1
T(p) — EVU

Therefore, the compactly supported variations of 8y with respect to v satisfy
0=CY% + o 7(p)* - Lie (P98 + P4ap) (2.17)
=Chsa +a|T(@)" - = Pagse T Pgap)- :
Contracting (2.17) with respect to g? and using (2.8) we deduce
~\a 1 a |\ ~a ~\a 1 a |\ xa
0=a(r(@)" - -U" |, +am+1)| (@)~ ~U" )@,

which implies

1
7(9)'¢Pa — —U'9, =0
a
so that (2.17) implies
0=CU%

which is (2.6). As we already discussed, this is equivalent to (2.5) and we are
done. O
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2.2 Deduction of the system

In this section, we show how the equations of Cotton gravity, for the stress energy
tensor T = TF + T % reduce on the components of a static space-time. Motivated
by physical reasons (see Remark 2.3), we will split the natural condition 0 = divy T
into the two conditions 0 = div, 7 = div, T%.

Theorem 2.2. Let M = M x s R be the static space-time with metric g given by
g= —e 2 qs? ¢ g

with [ € C“X’(M),f:: fomu, (M,g) an m-dimensional Riemannian manifold.
For u,p e C*(M), ¢ : (M,g) — (N, h) smooth, define
[= poTmu, p=pomu, p=poTum.
Define the stress-energy tensor T by
T=T?+TF
with
) e ~ Y] -
7 = ag'h— |U@) + S1deP| g
T = (i + pe 2 ar* + 53,
for some a € R\ {0}, and assume that both T? and TF are divergence free. In
this setting, Harada’s field equations yield, on M,
(0= Cow + fig — fins — funfi + fijfu
—L1(fue — 2fefo)0i; — (frej — 22 f25) 0]
+ o=y (S50 — S50
+ LU Q40 — U005 + = (1150 — f1r035),
0= —21fui+22ffu+ (Af)fi+ 3257 — [iR]
+%Ua90? - mT_llu’zu
0= Vp—(u+p)V/,
(0="h(r(p) —de(V[) = ;VU(p),dp).

(2.18)

Proof. Let {#"}™, be an orthonormal coframe on (M, g). Let {@\O‘}Z";O be an or-
thonormal coframe on (M, g) such that 0 = 74,0 for 1 <i < m and 0° = e~ /dt.
As in Section 1.3, {#";}7%_, and {#%} 7 ;_, will be the Levi-Civita connection forms

for the coframes {6'}7, and {5‘3‘}2‘:0, respectively. Then, by Proposition 1.14, we

have N
Ay
o,

Il
)

* 9i-,
V_J P (2.19)
0= —Jit".

I
)
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o2
The components of the Ricci tensor of (M, §) with respect to {6} are

Eij = Rij + fij — fifs:
Roo = —Af + V]2, (2.20)
ﬁOi = 07

By the definition of covariant derivative, we have
Rijykek - dRU - RkjekZ — leekj 5
fit = dfi = 16",
fijk‘gk =dfi; — fkjeki - fikekj 5
Rop 0" = dRop — R 507, — meﬂ :

Then, using (2.19) and (2.20) we get
R0 = dRy; — R,;6", — R,,0,
— dR” - Rkjekl - Rzkekj
= (Rijk + fise — fixfi — fifin)0",

that is, R
Ijij,k = Rijr + fije — finfj — fifin, (2.21)
Rij,() =0.
In the same fashion, we have
EOi,'yé\’y - dﬁol - ﬁfm‘é\’yo - ﬁové\’yi
- —Ekzé\ko - Eooébi
= (fkém + fiéoo)go
= (fuRui + fufrs — [V 2 fi = FAS + RIVE2)E°,
that is, R
R i, — 07
{ o (2.22)
Roio = Rijfj + fijfj — (Af) fi.
Lastly, from
Eooﬁé\v - d§00 - 2@07970 - déoo = —dAf + d’Vf‘z
we get N
Rooi = —Ji5i + 21ij [
{ AOO, fjj fjf] (2.23)
ROO,O - 0 .

Next, since
Sa = 976R'yﬁ,a = Ryo — Rooa
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we deduce

{ Si = Si+2f;; —4fii f, (2.24)

So=0.

We are ready to compute how the Cotton tensor of (M 9) sphts on the spatial and
the time components. Recalling that n = dim M=m+ 1, C reads, in components,

~

N . 1 -~ .
Capy = Rapy — Rayp — %(Sﬁygaﬂ - Sﬂgav) .
Therefore, from (2.21) and (2.24) we get
6z‘jk = Rijr — Rirj + fijk — fig — frfj + Jij[r
1 1
- %(S}ggij — Sigik) — E[(Af — [V 1P)kgis — (A = IV F?) ;9]
= Cyji + fijk — fig — facfj + fisfr

(ki — Sigu) — (A = IV P)agis — (AT~ [9P)s0u

* 2m(m — 1)

A direct computation yields @jo = @W = 0. Lastly, we have, from (2.23), (2.22)
and (2.24),
N N . 1 -~ N
Cooi = ROO,i - Roao - 2_(Si900 - Sogm)
m
1 1
= —(Af = V)i = Rijf; — fisfi + (Af) fi + ot —(Af = V%)
m — 1 m — 2 1
=—Rijfj — T(Af)i + Tfijfj +(Af)fi + %Si'

Putting together the above computations, we get

( Aijk = Cijk + fijk — firg — firfj + fij fr
_l[(fttk — 2fifie)0ij — (fiej — 2fe fr)0ir]
+2m (m— 1)(Sk521 Sjdik),

n G X (2.25)
Cooi = == foes + =2 f fr 4+ (Af) fi + 5-91 — [ Rit,
C{ijO = 07

. C()ij = 0.

We now study the field equations. Having defined

~ 1 ~ trAT =R
Ji=——|TDOg— gy
m—1 2m

we have that the field equations of Cotton gravity are

C=—(m-— l)divl‘j'.
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As we already discussed in the beginning of this Chapter, the field equations imply
that T is divergence free. From our assumptions, we have @§ = 0, fip = po = 0.
Furthermore, we are also assuming that TF and T% are divergence-free, which, by
(the proofs of) Propositions 1.15 and 1.17, can be seen to be equivalent to

0 =(E+pVf-Vp
{o — ah (7(3) - L(VU)($),45) 220

o~

From equation (2.2) and since divy 7' = 0 we have

Since T="T% + TF we have
diVl ‘/J: = diVl ‘j\'@ —+ diVl %F

with an obvious meaning of notations. We compute the last two terms separately.
From the definition (1.43) of T one easily sees that

TC‘fB’7 = aPe, 05 + aPaPh, — (ozg”p@%g/ﬁz + U“{o\‘;)gag (2.28)

and

m—1

5 1d@|* — (m + 1)U(P). (2.29)

trgf(ﬁ = —




2.2. DEDUCTION OF THE SYSTEM 95

Therefore, from (2.27) we get
(m — 1) div, 3%, =T% 7% 2 {(trgfﬁ) Gorr — (trgf@) o 6]
m B8 Y
:a{%@z — Bl — LU B + Ui
= 9" PP Gar + 9" PP Gap
+ % {(m — 1)g" 8558, 9oy + mTHU “wﬁgm]

1 m+1__.
-— {(m — 1)gnp@zﬂ%gaﬂ + TU gﬁigag} }

a m—1
U @790&5 - (1 - T)gnp@;ﬁ(ﬁpgav

1

" 1 1
- %U P Gap — —g””songsopga7 + g"'”@iwpgag}

Set

A~

Popy = — (m — 1) divy f]'gﬁ,y
1 a
- a{%ﬁw'\/ SDaySDﬁ U @Bga,y mU @;gaﬁ
1 np ~e 1 np 70
- _g Spnﬁgopga’y + g 9077790/;9015

From Proposition 1.17 we have

9/0\80 = Sogfta

B =0, (2.30)
Py = el

Using (2.30) and @ = 0 the following are easily computed

Dijp =  —apliof + aplhp§ — ~U 404
+mUa9025zy + m‘Ptj O 0i — Pl 2Rl £0ij,
§ Pooi =  —apflfy — LU L + Lofof, (2.31)
Q0 = 0,
Do = 0.
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We now study the perfect fluid stress-energy tensor
TF = (i +ple 2 dt ® dt + 53.
As we already discussed, jigp = pp = 0 and

0o _pi _pi
{gbf _@.9" ff@% (2.32)

We compute the components of the covariant derivative of TF. Similar computa-

tions have been done in the proof of Proposition 1.15, but we repeat them for the

ease of the reader. Since
fF

i TF TF 7y TF 7y
OCB,’YH’Y - dTOtB _— Tvﬂeva — TO{ 07

v B

we get, from the definition of T,

TE = [idon
0o = /10002 (2.33)
iria = pfsioz
and
trsT" = mp — 7. (2.34)
Therefore (2.33) and (2.32) imply
TF pja _3pF _ pFp TF 7y
Tja0% =dT; — 10,67, = T,,67
- z‘jﬁaea - ﬁejz‘ - 1/7\923'
= ijﬁoceaa
that is,
TE, = Dabdij. (2.35)
Using (2.33) we have
:ﬁaé\aa
that is,
Th0.0 = Ha- (2.36)

Using (2.33) and (2.32) we get

TE 0 =dTE — The, — T o,
=0 — pd', — 16",

=~ (A+P)y = (A + D)0
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so that
TE =0, Too=[+D)f- (2.37)

From (2.27), (2.34) and (2.35) we deduce

~ 1 ~ ~ 1 ~ 1 ~
. F F F F F
i T =g (T = Ti) = gy (9) e+ =gy (1) 8

1 1
1 (pjdix — Prdij) — m(m — 1) [(mp; — pj)dir — (mpr — 11x)04;]
1
:m[ﬂj(Sik — pkdij,
that is,

From (2.35) and (2.37) we get
div, T :;(IATF»—’_Z?F ) S <trAfF> Jio — (trAfF> Jii
1 Y450 m— 1 10,5 i7,0 m(m — 1) g ; 10 g 07
=0
and, using (2.37),
div ﬁ'ﬂz;(fﬂ—fﬁj) S <trAfF> Joj — (trAfF> Joi
1 Y0ij m—1 07,7 02,7 m(m o 1) g i 07 g j 01
=0.

Using (2.34), (2.36) and (2.37) we obtain

S 1 ~ ~ 1 ~ ~
v T == [Tons = T = =gy [(t007") 0 = (o377
1 1
:m[ﬂi —(u+p)fil + m(mpi — M)
1 + 1
=— i — rrp Ji+ Di-
m m—1 m—1

Putting together these informations we get

diVl ‘j\d;k = m;(,uj(szk - /jlkéij)a

v (m—1)
divy Tgio = i + glpi — (n+p) i, (2.39)
diVl ‘I£J — 07
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Combining (2.25), (2.31) and (2.39) the field equations become

0 =Cijix + fijk — firy — JixS; + fij fu

Lk~ 20y — g — 26ui)ou
1
+ m(&c@j — Sjoir)

a a a a 1 a a 1 a a
T PP — QPP+ EU ©F0ik — EU ©r0ij
a a a a a a 1
= PO il 0+ E(Mjé““ — 10ij)

and

m m

-1 -2 1
frei + Jefvi + (Af)fi + =—5i — fiRu
m m 2m

0=—

a a 1 a a a a a
+ apipl fi + —U%0f — — 0}
m m
m—1
———mi+pi— (p+p)fi.
m

Using the definitions of the ¢-curvatures the above equations can be re-written as

(0= O;?'k + fije = firg — fan s + fij fr
—(fur — 2fufu)0i; — (fuy — 2f1f15) 0]

21m(m71) . . (240)
+-U 80 — - U055 + = (150ik — p1r0ij),
0= _mT_lftti + mT_thfti + (Af)fz + ﬁsz('p - ftsz:
\ +LU%8 — Ly 4 p — (n+p) fi
]

Remark 2.3. In what follows, we will replace condition (2.18).iv) with the stronger
1
7(p) =de(Vf) + EVU' (2.41)

This is motivated by the following reasoning: the stress-energy tensor T% is ob-
tained from the matter action

o~ N ~12 o~
1.2 = [ (ko +20(9))
by considering the critical points of its variations with respect to the metric.

As we discussed in the Introduction, the critical points for variations of the field
@ of this action are iU -harmonic, that is, they satisfy

"(#) = VU@ (2.42)
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see [62] for a proof in Riemannian signature, the Lorentzian case being identical.
As we just proved, (2.42) reduces to (2.41) on a static space-time, so that it is
natural to consider equation (2.41) instead of (2.43). This point of view also
motivates the splitting of the natural condition

~

0= diVlT

into the two conditions

0 = div, TF = div, T°.

Definition 2.4. Given a Riemannian manifold (M, g) and a smooth map ¢ :
(M, g) — (N, h) that targets another Riemannian manifold, and given o € R, o #
0,U € C®(N),u,p € C®°(M) and a function f € C®(M), we will say that
(M, g, f)is a C-¢-PF if it satisfies

(0= Co + figr — fins — finfi + fijfr
—L[(fur — 2fefx)0ij — (frg — 2fefij) 0]

2m(m—1)
) + U500 — 2U G055 + = (1100 — pkdis), (2.43)
0= —mT_lftti+mT_2ftfti+(Af)fi+#Sf—ftRﬁ

+%Ua(p? - %M’L?
0= Vp—(u+pVf,
L0=7(¢) —de(V[)— VU (p).

We want to write system (2.43) in an equivalent form, that will be useful in
the next section. From equation (2.43).i7) we get

m—1 m—1
ftti_2
m m

et =("o2 =2 o (AN 5

1 m—1
— LR+ U = T,
m m

Simplifying and dividing by m — 1 we deduce

1 1

[fefei — (AS)fi] + Qm—sﬁp

(ftti_thfti> = (m— 1) i

m—1
1
m—1

1
m

1 1
Rf + ———=U%! — —u;.
J ”er(m—l) it
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Using the latter into (2.43).7) we obtain

Cow+ figk — firj — finfi + fijfr

+ m(ftftk — (Af) fi)dij — WS%U + ftR“f(S”
— ﬁwwi% + %Mk%‘

—(ifs — (DS I+ m%k R
+ —m(ml— 1)Uag0?5ik - %Wsik
gt (560 = 5780) + U (50— i)

1
+ E(Njéik — 1k0i5).

Simplifying, the latter becomes

U - (ADSS; (244)

ft (Rzgé‘ij - Rfjfsik)

Cop + ka fieg + fijfe — fuefi +

1

1 [fefeg — (AF) filom + T

1 1
— ———U%6i; + ——U%% 0.
m—1 Sij—'—m—l 710

Using the Ricci commutation relations and the definition of W% we get

fijk — fig = [t Reijn (2.45)
1
= [V, m]k: "’ [fJRZ;c fkR;’;‘ + ftRfjéik - ftRfk(Sij]
Sso

T m—1)(m—2) (f30i — fr0is)-

Plugging (2.45) into (2.44) we deduce

1

Uk + ft tzgk + |:ij'(5€ fkR + ft - ftRfk(Szg}
S¢ @ ® 5
e ><f"‘5“f ~ fidu) + mft (Rhdy = Fiyou)
+ fijfr — fiefj — [ftftj (Af)fj]5ik + ml_ 1[ftftk - (Af)fk]5ij

1 1
——U“ 203 + U“ $Oik-
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Simplifying

1 f
’ij‘+ft tz]k+ |:fJR£€ fkR;’}+mi

Jﬁﬂﬁm—n%ﬂ

: (Rf 0w — Rj0;)  (2.46)

1 A
¥ gl fafy T iy — Fb) — 0y — i)
1 a a a
We define
1
D= [ RS — RS+ T (RE, — R56u) (2.47)
S
gn%—ﬁmﬂ
and
.

Df, = 1_ [fjfz‘k Tufij + (ft] it — fij) (2.48)

A
B m——f(fj @] fk51k>:|
so that (2.46) becomes

1
Chn+ W — Dijy, — (m —2)DJ — HUG(SO%(SU — ©30u).  (2.49)

System (2.43) is therefore equivalent to

(

0= z]k + fiW, tzgk nglk (m — 2)D5k ml_l u* (90%51'3‘ - 90?5ik)a
0= mmlfttz' mmetftl (Af)fi + 2me
— iR+ U] — "y, (2.50)

0= Vp—(n+p)V/,
0= 7(p) —dp(Vf) = 2VU().

Equation (2.50).7) has two important features, that are not seen in (2.43).7): on the
one hand, the tensors D4 and D? appear explicitly in it; as we will see in Section
2.3.1, these tensors are fundamental in the study of the geometry of the regular
level sets of f. On the other hand, (2.50).7) share some striking formal similarities
with the first integrability condition of a -static perfect fluid space-time. These
structures, introduced in [13], arise as solutions, on a static space-time M Xy R,
of the Einstein field equations

—_~ ]_ /\A AN AN~
Ric — 557 = "+ 17 (2.51)



62 CHAPTER 2. COTTON-p-PERFECT FLUIDS

with source given by the combination of a perfect fluid and a non-linear field,
subject to the further condition

divTF = 0,
{7(@ _w (2.52)

From Proposition 1.18, we know that equations (2.51) and (2.52) gives, on
(M, g),

Ric + Hess f —df @ df — == (£ —p+ U(yp))g =0,

Apf = =5t [mp —mU(p) + 75257,

(o) —dp(Vf) = 37, (2.53)
p+U(p) = 35%,

(VP = (p+p)Vf=0.

Here, we are using the notation
A¢h = Ah —g(Vh,Vf),

for any h € C°°(M). The operator Ay is often called the f-laplacian.
Performing the substitution u = e~/ system (2.53) becomes

Hess u — u {Ric? — m;(s_v —p+U(p))g} =0,

1\ 2
Au = —“=[mp — mU(p) + 525%],

ut(p) = —dp(Vu) + 2VU, (2.54)
p+Ulp) =35,

(i +p)Vu = —uVp.

\

From (2.54) one can see that, when ¢ is constant and U = 0, the system reduces
to that of a classical perfect fluid. Working as in Remark 1.16, and using (2.53).iv)
in (2.53).77), one easily sees that system (2.53) is equivalent to

4

Ric” + Hess f —df @ df = g,

Apf = 5187 = m(u +p)),

7(p) = dp(Vf) + 27, (2.55)
357 =U(p) +n,

(n+p)Vf—=Vp=0.

\

Definition 2.5. Let (M, g) be an m-dimensional Riemannian manifold and let
v :(M,g) — (N,h) be a smooth map that targets another Riemannian manifold.
Given o € Rya # 0,U € C®(N), pi,p, A € C®°(M) and f € C>(M), we will say
that (M, g) is a p-static perfect fluid space-time (¢-SPFST for short) if f is a
solution of (2.55).
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Remark 2.6. Recall that every solution of Einstein’s field equations for a stress
energy tensor 7' is also a solution of the Cotton gravity equations, for the same
stress-energy tensor. Therefore, we have that every o-SPFST is also a C-p-PF.

The next result, which corresponds to the case n = 1 of Proposition 4.1 of [13],
gives some integrability conditions for p-SPFSTs. We will prove a generalization
of its first part in Proposition 3.1.

Proposition 2.7. Let (M, g) be a manifold of dimension m > 3. Let p : (M,g) —
(N,h), U : (N,h) = R, A: (M,g) = R be smooth maps, « € R\ {0} and let
f e C>®(M); assume that equations (2.55).1) and (2.55).ii7) hold on M. We then
have

a

( - 1)D£k 'lec + ft tzgk + 1 (QOJ 5176 ‘PZ%) (256)
and
«Q m—3
(=285 ~(m = 1) D~ — it + B AT~ WE
(2.57)
“ a 1 a
+ m—1 (m - 2)§0zg - —_2§0535ij
Uab . .

R— [piordyy — meie]]
+ fiU%5.

Remark 2.8. 1t is easy to prove how, assuming the validity of (2.55).7), one has
DA = DB. Therefore, under this assumption, (2.50).i) becomes (3.3).

Equation (2.57) is important in order to obtain rigidity results for p-SPFSTs, see
Theorem 4.17 of [13]. A generalization of (2.57), with applications to C-p-PFs, is
given by Proposition 2.20 below.

2.3 Local structure and a rigidity result

In this section, we prove a rigidity result for a C-¢-PF (in fact, for a slightly more
general system). In Section 2.3.1 we study how the vanishing of D4 and D?, as
defined in (2.47) and (2.48), affects the geometry of regular level sets of f. Then
we find conditions that grant the validity of D4 = D? = 0. In doing so, we also
show how C-p-PFs are related to the existence of suitable Codazzi tensors.

2.3.1 The local structure of a C-p-PF

We are going to prove the next

Theorem 2.9. Let (M, g) be a smooth, m-dimensional Riemannian manifold and
let o : (M, g) — (N, h) be a smooth map that targets another Riemannian manifold
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(N,h). For a constant 0 # o € R and some functions U € C*(N), f € C*(M),
assume that the following system holds:

0= C;j'k + ftWtfjk - ﬁU%Z% + ﬁUGSD?éik - D{;’k —(m — 2)D5ka
T(p) = dp(V f) + 7.
(2.58)

Assume that D4 = DB = 0 and that ¢ is éU—harmom’c. Let c € R be a regular
value of f and let ¥ = Y. be the corresponding level set. Then, Vp € X, there exists
in M an open neighbourhood A of p such that gy, is a warped product (I x, (XN
A),dr* + p*(r)gs) where I is an open interval, v is the signed distance function

from 3 and p : I — R is the warping factor. Moreover U(p) is locally constant on
Y and (3, gs) satisfies

{ T Tk (2.59)

h(T(Qplz)v d(p|2) =0,

where Ric?'= and S¥'= denote the p-Ricci curvature and the p-scalar curvature of
(27 gZ) :

Remark 2.10. Theorem 2.9 is similar to Theorem 4.14 of [13]. There, (M, g)
satisfied

{Ric‘P—l—Hessf—ndf@df:)\g (2.60)

T(p) = dp(Vf) + 22

As we saw in Section 2.2, such a manifold satisfies (2.58) when n = 1, but this is
just a necessary condition, so that the present setting is more general. The proof
of Theorem 2.9 follows the same lines of that of Theorem 4.14 of [13] with some
small modifications. We will split the proof into several propositions.

From here on, ¢ will be a regular value of f, > will be the corresponding level
set and p € ¥. At such a p, {e;}I", will be an orthonormal frame such that

em = v/
"V
and upper case letters A, B, C, ..., will denote indexes ranging from 1 to m — 1.

The dual co-frame of {e;}", will be denoted by {6°}™,. For such a co-frame we
have

faB

0" (ep) = llap = Y

see Proposition 8.1 of [21].
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Proposition 2.11. Let (M,g) be a Riemannian manifold and let P be a 2-
covariant symmetric tensor field on M. For f € C*(M), define

fi

m—1

1
D(P)iji == o |l — il
Ptt
m— 2

(Pudij — Pijoir) (2.61)

(fudij — fidir) |-
Then D(P) = 0 if and only if we have that the two following conditions are satis-
fied:

i) at any regular point p € M of f, Vf is an eigenvector of P;

i) at any regular point p € M of f and for any orthonormal frame {e;}", at p
such that e, = VI we have

IV f]

Pec

-1

Pyp = dAB-

Remark 2.12. Proposition 2.11 implies that, when D(P) = 0, P has at most two
cigenvalues at any regular point p of f, with eigenspaces (V) and (Vf)*.

Proof of Proposition 2.11. For the time of this proof, we will set D = D(P) for
simplicity. The condition that V f be an eigenvector of P at p is equivalent to

fiftPie = frfePrj. (2.62)
Indeed, in the dual co-frame {6"}7, of {e;}, (2.62) is equivalent to
IV 1 Pk = [V [ [Py
therefore, since f4 = 0,VA € {1,...,m — 1} and f,, = |V f| # 0, we get
0= faPpnm = fmPma = |V[f|Pna

so that P4 = 0,VA € {1,...,m — 1}. Now, contracting (2.61) with f; we get

fiDijk Zﬁ [ftfkptj — fofi P + ml_ 1ft<Ptkfj — Pyifr)
— (i fkfj>]
1
P (fifuPej — fifiPu)

implying that (2.62) is equivalent to

Dy = 0. (2.63)
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Having the validity of (2.62), we also get

1 \V4
Dspec =—— | fcPap — fBPac + ﬂ(Pmc<5AB — Pnpdac)
m — 1 m — 1
Py
m— 1

=0

(fedap — fBOAC)

since fa = fp = fc = 0. We are only left to prove that, assuming (2.62), the
condition

DABm =0
is equivalent to
P,
Pip = (iCl5AB-
From (2.61), using fa = fg =0, fr, = |V f] and Pa,, = 0,V A, we deduce
1 \V4
DABm = 4 meAB - fBPAm + ’—fl(Pmm(SAB - PmB(SAm)
m— 2 m—1
Ptt
B = )
[V f] P 1
=———|P oap — — (P, Prm)o
9 AB+m_1AB m—l( cc + )0an
\Y% P
:—| PAB - o 5AB
m— 2 m—1
and we are done. O

Corollary 2.13. Let (M,g) be a Riemannian manifold and let f € C®(M).
Assume DB = 0. Then:

i) for every reqular point p of f, V f is an eigenvector of Hess f;

i1) for any reqular level set X of f, i : X < M is totally umbilical.

Proof. Since DP = D(— Hess f), the conclusion follows from Proposition 2.11 and
fAB = _lvf‘HAB D

Proposition 2.14. Let (M, g) be a Riemannian manifold and let f € C®(M).
Assume that, at any reqular point p of f,

DP =0, R% =0, VA, dp(Vf)=0. (2.64)

For a regular value ¢ € R of f, let X = f~Y(c) be the corresponding level set of
f. Then, Vp € X, 3A, p € A C M open in M such that g, is a warped product

(I x, (SN A),dr* + p*(r)gs) (2.65)

where I is an open interval, r is the signed distance function from ¥ N A and
p: I — R is the warping factor.
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Proof. First, we prove that the mean curvature H of ¥ is constant on it. Since
D? = 0 we have, by Corollary 2.13,

H

0AB.
048

Map =

Using Codazzi equations and R%, = 0 we get

Hp =1aap =lapa — Rnaas

Hpg o a
= —— Bt avne
o B a , a
and therefore
m— 2
Hp = ap® o%.
m — 1 B CYQOWQOB
From dp(Vf) =0 we get
P =0

so that Hg = 0 and H is constant on X.
Since D? = 0, we have, see Corollary 2.13,

SIVIE = Sl = [V fan = 0

so that |V f| is locally constant on each regular level set of f. As it is well-known,
this implies that, Vp € X, there exists an open neighbourhood A of p in M such
that fja only depends on 7. See the proof of the equivalence of item (ii) and item
(iii) of Lemma 4.4 of [13] for more details. By restricting A, we can assume that
it is made only of regular points of f, and it is a tubular neighbourhood of AN .
We can choose r so that

\Y
Vr = —f )
IV /]
Expressing ¢ in Fermi coordinates (z,...,2™ 1, r) we get, on A,

g=dr®@dr+ gap(z,r)de? @ da®

and
/
Hess f = f"dr @ dr + ]% Orgap(z,r)de? @ da®
where z = (z', ..., 2™ !). Therefore
f/
fap = 5 0rgap. (2.66)

2



68 CHAPTER 2. COTTON-p-PERFECT FLUIDS

Since ¢ : Xz — M is totally umbilical, for every ¢ sufficiently close to ¢, we get

H
fap _ g

f’ m—1
Comparing (2.66) and (2.67) we have

9gAB

H 1

= -0,
m_lgAB 5 9gAB

and integrating the above expression
gAB(Ea 7”) _ e—2(m—1)—1 fOTH(s)ds gAB(Ea 0);
since gap(x,0)dr? ® dr? = gy, we are done.

Proposition 2.15. Let (M, g) satisfy

{ 0=C+ Wi — mxUeidiy + U0 — Dijy — (m -

T(p) = dp(V f) + 22

Assume that

and

and let X2 be as before. Then,

R¥l» = f:7|21927
h(7(p)s), dejs) = 0.

Proof. From (2.68).i) and D4 = DP =0 we get

(2.67)

2)DJ,,

(2.68)

(2.69)

1 1
0=Chop +IVFIWh s — ———U080am + ——Upr0a8. (2.70)

m—1 m—1

We need to prove

WrﬁAmB =0.

Since D4 = 0, Proposition 2.11 implies

R% =0, VA
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and therefore
0=dR%,, = R%,. 0" + R0, + R4,0",
Since D4 = 0, Proposition 2.11 gives
S¥Y — R¥
R%, = ——— 1§ 2.71
AB m— 1 AB ( )
so that
1
RY 0F=_R? g™ — —— (S¥ — R g4
Am,k mm” A m — 1( mm) m
1 m
= m(sw —mRy )0
Recalling that 0™ (eg) = lap = —%, we get
1 faB
R% =——(SY —mR? ). 2.72
Am,B m — 1( m mm)|vf’ ( )

By the definition of the p-Cotton tensor, using (2.71) and (2.72) we obtain
1

OﬁBm :RjB,m - Rﬁm,B - m (5%5143 - SzﬁéAm)
= (8~ Rf)Oan + — (S° — mERS,) I@?I
.
- %@B
:ﬁs&m - %R;;m,maw + ﬁ (S¥ — mR?, ) ’J;“;.

By the p-Schur identity
1 a a 2
55;7’; =0 P, + le,l
:Oé@?l(pgm + Rﬁm,A + R;fr)zm,m

and, since ¢f; = iU ¢ we deduce

1 a, . a 1 1 fAB
Chm = ——Um0ap + ——— Rop c0ap + —— (5% —mAx,,)

Taking the trace of (2.72) we have

1 /BB
RS ,=——— (S —mRe, )L
Cm,C ( ) |Vf|

mm

VI
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and therefore

1 1 Jan fec
Chg, = ——U% "0 — (S¥Y —mR? — ) .
ABm m—1 Pm AB+m_1( m mm)(|vf| (m—1)|Vf AB)
Since ¢ : X — M is totally umbilical it holds
fap = Joo dAB

m—1
so that

Ua a

Cij - fquB?
from (2.70) we get
0=W¢%, 5 (2.73)

as we wanted to prove.
Using (2.73) and the definition of W% we deduce

1
RmAmB :WmAmB + m—<RL‘D 5AB + Ri‘:B(smm - R;iLB(SAm - RﬁmémB)
S

- (m — 1)(m — 2) (5mm5AB - 5mB(5mA)
1 o o S¥
:m<Rmm6AB + Ryp — o 15AB),
so that (2.71) implies
1
Royamp = ——R?, daB. (2.74)
m—1

From the Gauss equation and the fact that ¢ : ¥ — M is totally umbilical we
deduce

“Rac = Rac — Ramem + (m — 2)H*04c
so that, by the definition of Ric*’®, we obtain
Rf“g = “Rac — ap’pl = R4 — Ramem + (m — 2)H?*0 4c.
From (2.71) and (2.74) we have

S¥Y — R¥ 1
Rf}‘g = —_inm(;AC - mRmm(;AC + ( - 2)H26AC

1
= (S‘”—2R¢’ )+ (m — 2)H? 040

m —
Tracing the above equation, it holds

SPx = S§% —2R? + (m —2)(m— 1)H? (2.75)
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so that
S¥ls

@
RAg:m—l

AC)

which is (2.69).).
To prove (2.69).ii), we first need to prove that S¥Is is constant. Since D* = 0,
by its definition, (2.47), we get
S
fe(R.065 — REOin) — ———(fdiy — fi0ir)-

m—1

OzRf}fk—RZ‘;fjer_l

Taking the divergence of the latter with respect to ¢ and using the ¢-Schur identity

we obtain

0 =R2’},ifk + R;‘i‘fik — Rﬁmfj — R{ fi

1 1

— 1ft<R$§,j - Rj,)+ m(fthﬁc — fuRY;)
1 1

—— 1(5ffk: - S{f) — p— Tl )

1 m — 2
:§(Sffk — S7fi) — ol (95 fu — i f) + m(Rz’}fm — R fi;)
1 1

+
m

+— 1ft(Rfk,j — Rf ) — m(sffk — 5S¢ 1)-
Using the definition of C'¥ and
VU
() = o
we get
1l 1 1 o o m—2/_, v
- g ) (e st 2 - )
]' a a a
+ o 1ftcﬁj — U5 fr — o fs)-

From (2.58) and D# = DB = 0, we have

1 a, . a 1 a, a
1 = G q Vil = Ui

so that
O—M(S“’f —S“’f) +m_—2<R¢f —R“Of~>
_2(m_1)2 jJk kJi m— 1 tjJtk thJ tJ
1— — 1)
ﬁ[fm(%@?ﬁc — of)-

From Proposition 2.11, and since D4 = D? = 0, Ric¥ and Hess f have the same
eigenspaces so that they commute, i.e.

RY fu — Ry fij = 0.
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Therefore,

2)

0= [Lﬁsfﬂl—(m—l)?)wwﬂ fe— [%s&a—(m—n?)m@g] £l

Choosing j = A and k = B we get

0=["" gt 1 m - 00 g - [ s (- om0 £
[ 4 (- o 2],
so that )
0= @Sﬁ (1= (m— 1)) U%. (2.76)

Recall equation (2.75), that is,
SPx =S¥ —2R? + (m —2)(m — 1)H?
and differentiate

Sh® =S85 —2R? . +2(m—2)(m—1)HH,
:Sﬁ - QR;’;Lm,A?
where the last equality follows because H is constant on Y. Now,
erzm,A =Rimm.a — 20005, 0%m

:Rmm,A

since % = 0. Since g is a warped product metric, R,,,, is a function of r alone so
that it is locally constant on X, see chapter 1.7 of [1]. Therefore R, 4 = 0, and

Sy =53
so that (2.76) becomes

(m —2)*

0= 5

S 4 (1= (m — 1A U, (2.77)
By a direct computation, we have

(1) =7(@) = P + (m = L)ooy, H
=7(¢) — Prrim-

We want to prove that ¢g,, = 0. Since 7(¢) = Y&, (2.68).ii) gives

SO?ft =0.
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Differentiating, since fa, =0 = ¢,

0 :(ptamft + SO?ftm
=P VI |+ &0 fram + @54 fam

=Crm|V [
so that
u VU
T (p1s) = T(0) = —. (2.78)
Taking the divergence of (2.71) and using the ¢-Schur identity we get
o 1 o Y . S(p‘z
RA%,C = 55,4‘2 —at(p)ph = mA_ 1
so that 5
m— 1 a a a, .a
mSA‘E = 7)) 0% = U'%} (2.79)
Combining with (2.77) we get
(m - 2)2 QO‘E 2 m - 2 gpl
RS 1— (m— 122"~ g¥» _.
551 (1= m = DS =
since ( 2)? 5 ( 2)?
m — m — m —
1—(m—1)> = -
I Uk ey ST e Sl
we obtain
SiE =0
From (2.77) we also have
Uy =0 (2.80)
and from (2.78)
0=U"0% = at’(p),) ¢4
which is (2.69).i7). O

Proof of Theorem 2.9. This follows from Propositions 2.11 and 2.15 combined. [J

2.3.2 Cotton Gravity and Codazzi Tensors

It has been first pointed out by Mantica and Molinari, [71], how, on an n-dimensional
Lorentzian manifold (M,g), Cotton Gravity’s field equations

C=—-(n—2)div,T (2.81)
be equivalent to the requirement that the tensor

~ § — 2’51‘@7/—\’

Zocﬁ = Raﬁ — Taﬂ — mgaﬂ (282)
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be Codazzi. Indeed, by (2.82)

~ ~ ~ ~

Zaﬁ,w — Lav,B :Raﬂﬁ - Ra%ﬁ - Taﬁ,'y + Ta%ﬁ

- S’\,y . §5 . (tI‘gT)’y - <t1‘§T>B
2(n— )%P T o ) T T T T T Ty e

that is,

~ ~

. R R 1 A R
Zapey = Lo = Capy — Tapy + Tonp + —— [(tf§T> Jas — <tf§T> Bgav} :
(2.83)

By equation (2.3) we see that the right hand side of (2.83) vanishes if and only
if (2.81) holds, as we wanted to show. As we saw in the previous section, choosing,

on a static space-time M= M x ¢ R, the stress-energy tensor
~ ~ o~ e o, O\ R - o7 N
T=T'+T%=ap*h — <§|d<p\2 —|—U(g0)> G+ (i+Dp) e ¥dt®dt +pg, (2.84)

and assuming that divy 7F = div; 7% = 0 holds, we have that (2.81) breaks down
into system

(0= Cop + fige — fing — funfi + fijfo
— = ((fur — 21 fu)0ij — (ftt] 211 fij)0i]
_%UG (90251‘3' - 90?5%) + 2m(m 1) (Scp(sw S' 5*)
_l(“ 0ij = Ky, (2.85)
0= fttz+ "2 f fui 4+ (Af) fi + ngf fiRf,
+mUa ¢ —m=ly,
0= h(r(p) —dp(Vf) - IF,dyp),
(0= Vp—(u+p)V/

Define a 2-covariant symmetric tensor on M

Z :=Ric¥ + Hess f —df @ df — \g, (2.86)
for some A € C*°(M). In the following we will make different choices of . If

S+ 20¢f +2U(p) + 2
2m ’

>\:

then Z is the projection of Z on (M, g). Indeed, tracing (2.84) with respect to g
we find

~ ~ ’rL e PR ~ PR e
trg7 = ald@|® — a§|d90|2 —nU(P) — (i +P) +np
2—n

@)~ A+ (1P
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so that (2.82) becomes
~ ~ - oo R o o7
Zog =Rop — a"h+ S|d['G+ U(@)F — (A +pedt @ dt

. S — (2 —n)|d@)* + 2nU(P) + 21 — 2(n — 1)p
— PYap — Jap
2(n—1)

and, simplifying,

5% +2U() + 20

Zos = R25 — (A +Ple ¥t @ dt — "

Recall from Proposition 1.14 that
ﬁij = Ri; + fij — fif;
and
S =S+2Af;

since n = m + 1 we then have

S+ 20 f +2U(p) +2M5H
1]

Z = R‘P + fz] fzf] - m

as we claimed. A straightforward computation reveals that (2.85).1) is equivalent

to the requirement that Z be Codazzi for the choice A = ST T2 Recall

2m
that, using (2.85).ii) into (2.85).i), and elaborating a bit, the latter becomes

1 1
zgk + ft tz]k m— 1Ua (5zj + Ua 61,]6‘ (287)
— Dyjj, — (m = 2)Dfjy.

We want to characterize (2.87) in terms of the existence of a suitable Codazzi
tensor.

Proposition 2.16. Let (M,g) be an m-dimensional Riemannian manifold and
v : (M,g) = (N,h) a smooth map with (N,h) a second Riemannian manifold.
Let c e Rya # 0, f € C°(M). Assume that, for some A\ € C*°(M), the tensor

Z =Ric?+Hess f —df @df — \g

1s a Codazzi tensor. Then we have the validity of

Chp + Wi — —— (9l — @i fr) (910i5 — #50in) (2.88)

— Djjy, — (m = 2)Dj,

-1

on (M, g).

The proof of Proposition 2.16 relies on the following
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Lemma 2.17. Let Z be defined as in (2.86). Set

_ 1
Dijk = Zijk — Zinj — m[(zﬁ,k — Zikt)0ij — (Zuj — Ztji)Oir]- (2.89)
Then we have

Z]k’ + ft tzyk (gptt Pt ft) (ka ij ijézk) .

-1
Remark 2.18. From (2.90) we see that D is independent from the choice of .
Proof of Lemma 2.17. We expand (2.89) using (2.86). From (2.86)
Zijk = R+ fijk — funfy — fifir — Mdij,
so that
Zyy =SP4+ (A f), —mAg (2.91)
and

Lkt = Rfm + foe — (AF) o = fefw — M-

Using the ¢-Schur identity and the Ricci commutation relations

1
Lkt :é‘slf —alon + (Af)k + fiRu — (Af) fr

— JeStk — A
From the definition of Ric” we get
1
Zug =55% = api(ph — 91 fo) + (AP + filt, — (Af) fi (2.92)
— fefo — M-

Taking the difference of (2.91) and (2.92) we have

1
Ztt,k - Ztk,t 255;5 - 2ftftk - (m - 1))\k - ftRfk
+ ai(vy — oL fe) + (AF) fr + fefu
so that

Bues ~ Zo =5% — fofu — (m — e — i (2.93)
+ gl (o — i fe) + (Af) fr;
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then (2.89) becomes

Diji =R{ . — RY i+ fik — fig — fuefj + fisfu
1 1
— Akij + Ajdik — T (55;5 — Jefw + (Af)fk) 0ij
1
= —— (FfeB — (m = DA+ api(el; — 91 )0

b (357~ fuby + (A0~ S = 0= DA, + bt — 68) ),
that is,
Dijr =CFp + figk — frg — firfi + fisf (2.94)
—1[(Af)fk: — fefo — [l + (@ — 1 f)]6i
+ o [(ANfs = fufig — HRE + a9 — et
Using the Ricci commutation relations and the definition of W¥ we get
Jijk — Jirg =FtReiji (2.95)
=PVt s (RE — RS+ R0 — i5,)

T mo Srm —9) (f50i — frdij)-

Inserting (2.95) in (2.94) we find

_ 1
Djji, = zyk + fiW, twk + (ngZ[;§ fkRZ'} + ftRE-@'k — ftRﬁg(Sij)

- (m— jzom —2) (fi0i = frbig) = fir v + fisf
- —1_ (AR fi = oo — fiR + agi(f — @1 f))0s

m

b (AR~ fofus — FoRG + o0l — o1

Simplifying and rearranging

Eiﬂf zgk + ft tzyk + ! fJRZ?c fkaZ - fi 1 (Rfkél] - Rf]ézk)
T m= jjm ) (fi0ir — fx0i;) — faxfs + fijfr
Ry Fufigdat (A by — (A )

a

m—1 (vt — @i ft) (Spkfsij - Sﬂjfsik).
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From the definitions of D4 and D we deduce
ng + (m — 2)D5k + Diji
« a a a a
:C;?k + ftWtfjk - m(%t — ¢} ft) (S%%’ - 90j5ik)
which is (2.90). O

Proof of Proposition 2.16. From the definition of D it is clear that D = 0 if Z is
Codazzi so that (2.90) becomes (2.88). O

It is now clear how (2.87) generalizes (2.85).7): the former holds when there

exists a function A € C*°(M) such that Z is Codazzi, while the latter holds only
SY+2A ¢ f42U () +2p

makes Z Codazzi.

when \ = 5
The next result has (2.87) as the most important curvature assumption.

Theorem 2.19. Let (M, g) be a complete m-dimensional Riemannian manifold
and let ¢ : (M,g) — (N,h) be a smooth map of Riemannian manifolds. Let
acRa>0,feC®M),UecC®N). Assume that (M, g) satisfies

m—1

0=CF + Wi, — s U (910 — ¢§0u) — Dify, — (m — 2) D3, (2.96)
T(p) = dp(Vf) = 7.

Let S*(M) be the space of 2-covariant symmetric tensors on M and define a linear
map F : S>(M) — C(M) by setting, for B € T(S*(M)), 8 = Bud' ® 6% locally,

F(5) = (%U“w?fk + D fi - Wtfkjfifj) . (2.97)
Assume that
o f is proper;
o BY(Vf,Vf)=0;
® ©is éU—harmom’c;
e Vp € M regular for f, we have that V f is an eigenvector of Ric? at p;
e Ric? 4 Hess f € ker(F).

Then, for each regular level set X of f and for every p € X, there exists A € M
open such that p € A and g, is a warped product metric. Moreover, (3, gs)
satisfies

Riers = L
T(Wz) =0.

We divide the proof of Theorem 2.19 in several propositions.
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Proposition 2.20. Assume the validity of
VU

7(p) = dp(Vf) = —. (2.98)
Then we have
D+ (m—=2)D2 o+ Diji (2.99)
=(m = 2)Bj — (Rj, + fu)Wii; + (R + fij) @il
- U+ U 4 e Uiy
- Z—:gfﬁﬁi + ﬁfys@?s@?t — ﬁU oo dis.
Proof. Take the divergence of (2.90)
D+ (m—=2)D5 o+ Dije (2.100)

1 Qa a a
1 a a a
T 1U (@kkéij - %‘j)'

We will use equations (1.31) and (1.32), that is,

m— 3 a a a a
Wtfjk,t T — 2027;]' + a(%’j‘ﬁk - %‘k%‘)
Q a a a
+ m—2 290tt<90j Ok — @k‘sij)

and

Cinn =(m = 2)BS — REWi: + aRfoiel
a, a a,.a 1 2
- a(%j@tt — PiPuj — m‘T(S@)’ 5ij)
into (2.100) to get

Dfjyi + (m —2) Dy i + Dijie (2.101)

=(m — 2)Bf; — R Wi, + aR5 0!}

a a 1
- (%’j%ptt — 5 Py — mlT(%@)l%) - ftkWtfkj

m—3 a, .a a, a
+ I 2ft0ﬁi +af; (%’j%pt - %Djt‘Pi)
a a a a
m — 2ftgopp(g0i 5t] - Spt 51])

1 1 a a a
— Ui (@00 — 9j0u) — —U" (¢l — #5;)-

+
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Taking the covariant derivative of (2.98) we get

a a a 1 .
Pie; — Pyt = P = EU "05. (2.102)
Using (2.102) and (2.98) into (2.101) we obtain

Dljkk+(m 2)D'ijk+‘DUkk
:( - 2)B(p (Rzﬁc + ftk) tzkj RSO gpt 901

a, . a a a «Q
-U %’j +U b%‘ o5+ afierel + m— i7(¢)i25ij
@
ft ]tz m — (pttgoz f] ft(pt ('Dpp 1j
ab a a af, .a a
- mU i (9rdis — ¢5ou) — HU (hadis — &5)
=(m — 2)Bf — (Rj + fu) Wi, + a(RY + fig) 0i ot
m— 2 a, .a ab 1 a, .a
- mU Pij + —U ©; SOJ + mU ©3t0ij
1 a a 1 a, a
ft gti T 29%:% ifi— —_1U “ohp 2513 m— 1U ©0ij-

After some simpliﬁcations the latter becomes
Dz]kk+<m 2)Dzjkk+DUkk

:( - 2)B<p (Rfk + ftk’) tzk] + OZ(RZO] + ftj)SO?SO?

m—2 a, a ab a
—mU @+ ——=U" ol +

1 a, .a
(m—1)(m—2)" P

a, a 1 a
th jti T m— ij%' Pt — m—U b90k<Pk5

that is, (2.20). O
Let

— 1
Y = fif;(Dfj, + (m —2)DJ + Diji) — —U° (W2 fifr — IV fIP00); (2.103)
then we have

Proposition 2.21. In the assumptions of Proposition 2.20 and for Y defined in
(2.103), we have

aivy =" 2 (DA 4 (m - 2)|[DP) + DAy + BRS)  (210)
+Eijf]ka+< _Q)Bwfzfj (Ri"i_ftk) tzk]fzfj
+ (R + fi)elei fify — Ul fufy + Uil fif

V£ »
+m 2U ‘i‘—ivfi i fi

1 1
+ Ui fufiw — — U5 AT
m—1



2.3. LOCAL STRUCTURE AND A RIGIDITY RESULT 81

Proof. Taking the divergence of Y

_ 1
+ fifi (D + (m = 20Dy + Diger) — — U0 (45 fifio - IV F1%0%)

1 a a a a a a
- mU (0 fife + o finfu + OLLAF — [V 20k — 260 firfi);
using the symmetries of D4, D? and D we get

divy :flkfj (Df]‘k + (m - 2)Dz]k + Dljk) + flf]( ijk,k + (TTL Q)ngkk + DUk k‘)
(2.105)

1 e 2 a
— bSDZ(SD]fJfk IVf ka)

1
- mUa (O fife — o finfu + LLASF — [V P 0k)-

Using the definition of DB, its symmetries and the fact that it is totally trace-free
we get

1 —2 2
ffi D = 5 (finfs = Fisfe) Doy, = T|DB\ . (2.106)
In the same fashion we have
— 2, .
fk wk - T‘D | ’
so that

fliDjr = (fuf; + R, ])D;‘k R;; jD;;‘k (2.107)
(flkf]+R f]) 'ij f] ikj

:m—‘DA’ + (firf; + R, J)ng

Using (2.107), (2.106) and (2.99) in (2.105) we get

. m — 2 2
divy =———|D"|"+ (—|DB| + Digy(far s + RES5)
+ finfiDige + fif[(m — 2)Bf — (Rfk + fix) tzkj]
a a m— a, a a
+ fif; {Q(Rf} + fij)plei — m—_U vig +—U P} %]
1 " o)
+ fif; (m—l)(m—Q)U 5@]"‘ ft jti SOtt%fJ
|Vf|2 a a 1 a 2 a

1
— mUa(SO?kfjfk — O Sk G AS — |Vf’280%k)'
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Rearranging we get

-2
vy =2 (1D 4 = D[DPP) + DSy + B

+ fikfjbijk + (m — Q)Bgofzfy (R, + fue)W, tzkj
+ a(RZ’E + ftj)SOt i fif; = U fifi + + U w0 05 1

f a, a a a 1 a
+T|n | Utp +—‘Vf’290tt%fz+—U Sogfkfjk
1 a, a
— U LAS
which is (2.104). |
Proposition 2.22. In the assumptions of Proposition 2.20, assume also that D =
0 and that ¢ s %U—harmom‘c, that s,
VU
T(p) = —. (2.108)
«
Then we have
. |Vf|2 2 m — 2 A 2 B 2
divY =(m —2)Bf fif; + mlvm + T(‘D "+ (m —2)|D"| )
(2.109)
m a, a
-V fuRy
m a
+ mU ©i fe + thk @ tzkyfzfj (15 ik T o)
Proof. From (2.108) and (2.98) we get
dp(Vf) =0,
that is, in components
@ f; = 0. (2.110)

Therefore, from (2.104) and D = 0,

leY— <|DA| + m — 2 |DB| ) 1jk(flkfj+Rzka>
+( _Q)B(pf’ﬁf] (Rfk+ftk) tzk] a(pZ]flfJ
AZil U ;HLU“ b
m

Taking the covariant derivative of (2.110) we obtain

eifi +¢5fi; =0
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so that

1 a, . a
Ui s — Ut fifs =

1 —_1Ua¢?fjkfk + U fij fi

m a, a
T—1 1U ©5 fik e
using also (2.108) we get

|Vf|

a(m —2)
m a, a

-— Y ot R,

divY =(m —2)Bf f; f; + o+ = (\DA\ +( 2>‘DB‘2>

m
+{m_1Ua90gfk+D£kfl t@k]fzfj}( k+ftk)

which is (2.109). O

Proof of Theorem 2.19. By assumption we have
BY(Vf,Vf) =0 (2.111)

and

m
0= {—m — Ui fit Dy fi — tlk]fzf]} (R + fun) (2.112)
so that (2.109) becomes

-2
divy === (D" + (m = 2)| D"*) = U GRS, f

ik
+ o(m )|VU|

Since V f is an eigenvector of Ric¥ we get, at any regular point p € M of f,
Ui RE fr = AU f;,  for some A € R.
Since ¢ is %—harmonic, we get
pifi=0
and therefore
UGt R?, fi = 0
so that

V[

mww . (2.113)

iy = "2 (10 + (- 2| D) +
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Note that, by the definition (2.103) of Y, we get
Yifr = 0. (2.114)
Let 0,n € R, § < n be two regular values of f. Set
Qn={reM:6< f(x) <n};

then €, is compact since f is proper. Integrating (2.113) on €5,, using the
divergence theorem and (2.114) we obtain

o_/mMquk_/ m- (}DA} + (m—2)[DP[") + %\VU|2

where v = —% is the inward unit normal to 9€2s,. Letting 6 — —o0,n — 400,
U

we get DA = DB = 0 on M and VU = 0 at any regular point. Since ¢ is o
harmonic, we deduce that ¢ is harmonic at every point and since D4 = D? =0
we can use Theorem 2.9 to conclude. [

Remark. When U = 0, some of the assumptions of Theorem 2.19 are unnecessary.
Indeed, when U = 0, Proposition 2.21 gives the validity of

aivy =" 2 (1A 4 (m = )| DP) + D fy fa
+ (m —2)3“’f1fa+—!Vf\ (o)
(Rﬁc_'—flk)[fj ijk ftf] ztk]_'_&gpi(ptftfk]

for the same vector field Y. If, instead of studying the map F given by (2.97), one
asks that Ric¥ + Hess f € ker G, where G is the linear map G : S?*(M) — C*(M)
given by

G(B) = [fg e — Jifj ztk]+a90?¢?ftfk]5ik; B e D(S*(M)),

then the same conclusion of Theorem 2.19 is obtained following the same proce-
dure, without the need to assume that ¢ be éU—harmonic and that Vf be an
eigenvector of Ric”.

2.4 Riemann compatibility
The following definition has been given by Mantica and Molinari, [69], [70] :

Definition 2.23. Let (M, ¢g) be a semi-Riemannian manifold and P be a symmet-
ric 2-covariant tensor. We say that P is Riemann compatible if it holds
Ry P+ R ;Py+ R ;. Py = 0. (2.115)

it
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Contracting (2.115) with the metric and using the orthogonal decomposition
of Riem one easily sees that (2.115) is equivalent to the system

l l l —
{ P (2.116)

PyR'; = PR,
in particular P is Riemann compatible if and only if it is Weyl compatible and

it commutes with the Ricci tensor of (M, g). Every Codazzi tensor is Riemann
compatible as the next proposition shows.

Proposition 2.24 (Proposition 2.2 of [69]). Let (M, g) be a semi-Riemannian
manifold and P be a 2-covariant symmetric tensor on M. Set

C(P)ijk = Pijr — Pirj-
Then we have
C(P)ijuatC(P)irtj + C(P itk (2.117)
=Ry, P+ R itj it + R il
Proof. By the definition of C(P), the left hand side of (2.117) is
Pijkt — Pirjt + Pinti — Pit ki + Pitjie — Pijoak-
Rearranging terms and using the Ricci commutation relations, we get
Pij it — P jt + Pirgj — Pitgj + Piji — Pije
=Pijkt — Pijurx + Piktj — Pirjt + Bitjk — Pitkj
:Rliktpﬂ + Rlitjpkl + Rlijkptl
+ lek:tpil + le:tjpil + thjkpil'
Using the first Bianchi identity we conclude. O]
Corollary 2.25. FEvery Codazzi tensor is Riemann compatible.

Remark 2.26. Note that being Riemann compatible is a more general condition
than being Codazzi: for example, assuming that P is Riemann compatible, then
the tensor

P — g,

where A is an arbitrary smooth function on M, is still Riemann compatible, as a
consequence of the first Bianchi identity. However, if P is a Codazzi tensor, P — \g
will in general not be.

As we saw in Section 2.3.2, every n-dimensional Lorentzian manifold (]\/I\ ,9)
that solves Cotton gravity’s field equations for a stress-energy tensor 1" admits a
Codazzi tensor, namely

5~ S—otgT
7 =R T2 2mls
2(n—1)
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Moreover, every m-dimensional C-¢-PF admits a Codazzi tensor, that is,
SP 420 f +2U(p) + 21
2m g

Therefore, from Remark 2.26, both % and Ric” + Hess f — df ® df are Riemann
compatible.

¢ = Ric* + Hess f —df @ df —

Proposition 2.27. Let (M, g) be an m-dimensional Riemannian manifold. As-
sume that there exists f € C°°(M) that solves the system of C-p-PF. Then

Ric? + Hess f —df @ df
15 Riemann compatible.

We already saw in (2.116) that a Riemann compatible tensor is also Weyl
compatible and it commutes with the Ricci tensor. We want to show that, on a
C-p-PF, the same result holds for the ¢-curvatures. First, we have the following

Proposition 2.28. Let (M,g) be an m-dimensional Riemannian manifold and
v : (M, g) — (N,h) a smooth map that targets another Riemannian manifold. For
some f € C®(M),a € R,a # 0, set

P :=Ric* + Hess f —df ®df.

Assume the validity, on M, of

0= Z]k + ft tzjk ml an 6” + . Ua qéik - DZA;k ( 2)D£k7
0= =" fui + "2 fifu+ (Af)fi + 2me fiRE + LUepr — m=lyy,

0= (u+p)fi—pi,
0= 7(p) —dp(Vf) - VU.

(2.118)
for some p,p € C*°(M),U € C®(N). Then ¢*h commutes with P.
Proof. From the definition (2.47) of D# we immediately get
1
fiDy = ——(fiR fi — LRS- (2.119)

Indeed,

! (fthk 7 ftszk)

ftD;;k :ﬁ {ftRf}fk feRG. S +
Jiﬂﬁh—hﬂﬂ
:__{%}%Mﬁﬁ—ﬂﬁm]

= (LRGfi — R3S
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In the same fashion, we have

FiDB = (fufufy — filsi) (2:120)

We contract (2.118).7) with f; and we use (2.119) and (2.120) to get

1 1
0 =fiCh + oW — —— U eifi + —— Ui fi = fiD{ — (m —2) f: Dy,

1
(2 1 a, .a 1 a, .a 1 [2) %2}
:ftctjk T m_1 ot + mU @jfk: - m(fthjfk - fthkfj)

-2
= (fufuds = fifiide),

that is,
1
JChy =——= | Uity = Ui S + fu(RE fe — RES) (2.121)
+ (m =2)fi(fufi — [ fu) |

We will also need the following:

Take the covariant derivative of (2.118).7ii)

pifi +pifi +(p+p)fi; —pi; =0

and use (2.118).7i7) into the latter to obtain

pifi = —(u+p)fif; — (0 +p)fij + pij-

Since the right hand side of the equation above is symmetric in ¢ and j, the left
hand side has to be so, and we obtain (2.122). Now, take the covariant derivative
of (2.118)

m — 1 m— 2 m—2
0=———fuij + — fifu + ——fufey + (AS), [fi
m m m

1 1 ..

+ (Af) fi; + —2m5§§ — filRf; — Rf fij + — U5

1 b a m— 1

+ — U] — ——— ij;
m m

skew symmetrize the equation above, observing that f;f;; is skew symmetric by
the Ricci commutation identities,

0= (Af),fi — (Af),f; — £ (RE; — RE,) — Rifoy + R fu
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From the definition of C'¥ we get

0=(Af),fi = (Af).fy — [iCf; —
— sztj + Rfjftz

1 @ ¢ r
m<8j fi =S¢ 1)) (2.123)

Insert (2.121) in (2.123)

=(Af);fi — (Af):f —%[U“ of — Ui f; + fo(RES; — RE ) (2.124)
1

m(sfﬂ - Sffj)

+(m =2)fi(fi; fi — ftifj):| -
— Rf fij + Rfjfti-
Multiply (2.118).ii) by —5 and rearrange to deduce

m

(Af) == fufu+ (A i 587 = T fRE

2(m —1) "

1
U —
m—1

Use the latter in (2.124) to obtain

m — 2 m 1
= _1ftftjfi+m(Af)fjfi+ﬁ‘s@f@ fth]fz
b U i
m —
_m— 1
ftftzfj 1 (BNfifi - m —1) SEfi+ —— feBL S

- mUaSO?fj+Mifj
1
—m{Ua%’?fi— Up fi + fo(RE S — RE )

+ (m = 2)fi(fij fi — ftifj):| - (S2fi—S7 1)

Rf@ft] + R ftz

1
2(m —1)

Simplifying and using (2.122) we get
= —fiR{ fi + fiRE 5 — R fij + RE fui

Since Ric? clearly commutes with itself, the latter gives the commutativity of Ric”
and P. From Proposition 2.27, we have that P is Riemann compatible so that in
particular it commutes with the Ricci tensor. Combining these two informations
we deduce that P and ¢*h commute and we are done. O]
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Proposition 2.29. Let (M, g) be an m-dimensional C-p-PF. Set
P :=Ric* + Hess f —df @ df.
Then we have

litj

PR}, = PyRY

152

{ WiiePn + Wiy P + WigePu =0 (2.125)

that is, P is @-Weyl compatible and it commutes with Ric?.

Proof. From Proposition 2.27 we get that P commutes with Ric, while Proposition
2.28 tells us that P commutes with Ric” so that we have (2.125).ii). By Proposition
2.27, we obtain

0 = PyWiiji + PuWiitj + PyWiike. (2.126)

From (1.24) we have

a a a a a a a a a
Wik =W, — m(% P50k — O OR0i; + ©L R0 — PP o)

(m — 2)(m — 1)

Using the latter in (2.126) we deduce

+ |deo|* (810 — Ouwbi)-

Q a, a a, a a, a a, . a
0 =PuW5yy — —— (Pup o — Paiidij + Pyl el — Puief)
o 2
de|”(Pjtdix — Prtdij
+(m_2)(m_1)| g0| ( JtYik kt J)
& a, a a, a a, a a, a
+ PulWiiy = —— (Pupi @0y — Pl ¢j0u + Puplo] — Pirdi})
o 2
do|"(Pridij — Prjoi
+ (m_2)(m_1)‘ 90‘ ( ktCij kj t)
a a, a a, a a, . a a, a
+ PpWiike — —— (Pl ¢idie = Pl o0 + Prypioy — Pt o)
a 2
de|"(Pjrdie — Pjid;
+(m_2)(m_1)‘ 90| ( JkYit Jt k)
Using that P and ¢*h commute and simplifying we obtain (2.125).7). O

Before going on, let us set some notations. Consider the homomorphism
R:AN°TM — End TM
that sends X AY € T'(A*T'M) to the endomorphism of TM of local components

R(XAY), =X"Y'R' .
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Then, for any positive integer k, we can define a tensor field wy, of type (0, 4k) on
M by

wi (X1, ..o, Xyp) = Trace[R(X1 A Xo) o R(X3 A Xy)o...o R( X1 A Xup)]

where the composition and the trace operation are taken with respect to End T'M.
For 4k < m, the k-th Pontryagin form, Qx(R), of M is defined to be the total
anti-symmetrization of wy.

The next theorem shows how the existence of a Riemann compatible tensor can
constrain the geometry of (M, g).

Theorem 2.30 (Theorem 5.3 of [69]). Let (M, g) be an m-dimensional Rieman-
nian manifold. Suppose that there exist on M a Riemann compatible symmetric
tensor P and a point x € M such that P has m distinct eigenvalues at x. Then
every Pontryagin form of M wvanishes at x.

As we will see, Theorem 2.30 can be strengthened when m = 4. Indeed, we
have

Theorem 2.31. Let (M, g) be a compact, orientable Riemannian manifold of di-

mension 4 and let P be a Weyl compatible tensor on M. If, on a dense open subset

of M, it holds

try P
4

P
then the signature T(M) of M 1is zero.

9;

Theorems 2.30 and 2.31 generalize two results of Derdzinski and Shen, see [34],
valid under the assumption that P be Codazzi. In the case of a ¢-SPFST, the
tensor

Ric” + Hess f —df @ df

is proportional to the metric so that it is clearly Riemann compatible. This sug-
gested to us that, in some way, one might try to use Riemann compatibility (and
Weyl compatibility) to study how far solutions of the Cotton gravity equations
are from classical solutions (that is, of Einstein field equations). In this direction,
in the next subsection, inspired by works of Gover, Nurowski and Nagy, [48],[47],
we show how the existence of a non-trivial Weyl-compatible tensor constrains the
algebraic structure of the Weyl tensor, giving a special emphasis to the case m = 4.
This will gives us natural conditions on the Weyl tensor under which any solution
of the C-¢-PF equations gives rise to a solution of the o-SPFST system.

2.4.1 Weyl compatibility and the case of dimension 4

Let us introduce some notations. Let (M, g) be an m-dimensional Riemannian
manifold and assume that it is orientable; let ¢ be its volume form. In an or-
thonormal co-frame, its components are given by the so called Levi-Civita symbol.
Define an m-times covariant tensor

*

— . pq
i119.dim_2jk €irig...im_opgV ik
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Let SZ(M) be the space of traceless symmetric 2-covariant tensors on M, while
TOm=2) M will be the space of (m — 2)-covariant tensors on M. Then W* induces
a linear map

W, o Sp(M) — TOm 2 M

3
by sending P € T'(S3(M)) of components P,; to the tensor W’;Q (P) of components
0
ng (P)221m72] = ttg..im_gkjptk’

When m = 4, as it is well-known, W* is an algebraic Weyl tensors and W’;Z is
0
an endomorphism of SZ(M). It is clear how, in a similar way, the Weyl tensor

also gives rise to a linear map W), which, in any dimension m > 4, is actually
0

an endomorphism of SZ(M). The following simple lemma is probably well-known
among experts.

Lemma 2.32. Let (M, g) be an m-dimensional orientable Riemannian manifold
and let P belong to T(S3(M)). Then P lies in the kernel of VV[;Q if and only if P
0

1s Weyl compatible.
Proof. Let p € M be fixed and let {#'}™, be a positively oriented orthonormal

co-frame at p. Then, at p, we have
e=0"NOP A . AOT
First, note that, by the obvious symmetries of ¢ and by the definition of W* we

have

Wk

1192...8m—27q

=0

whenever there are two coinciding indices among 1, @s, ..., 7, _2. Assume now that
11,19, ..., iy, are distinct indices. Suppressing the Einstein summation convention
for the time of this proof, we have

*
2 :Pthtiz---im—zjq
t,q
—_— . * . * . *
- E : (‘P'quVVil’L'g...im,qu + RmfquimfliQ.“im,qu + quWimiQ...im,qu)
q

=+ (PiaWinsimia + PrnsaWiniria + PiraWirini-1ja)
q

where the last equality follows from the definition of W* and the sign & coincides
with the determinant of 0t A 02 A ... A 0. Using the symmetries of the Weyl
tensor we get

*
E : Pthtiz...im—zjq
t,q

=+ Z (Piquqjim—zim + Pim—1qujimi1 + Piquqjhim_l)
q

which gives the desired result. O]
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From Lemma 2.32 we deduce that if VV|*2 is injective, then there exists no
S,

non-zero trace-free Weyl compatible tensor. Before proving the main result of this

section, that is, Proposition 2.36 below, we provide, for m = 4, simple conditions

on the Weyl tensor under which T/Vl’"2 is injective. When m = 4 it is well-known
50

that the space of 2-forms on M decomposes in the spaces of self-dual and anti-self
dual forms, i.e.

A*(M) = A2 (M) @ A% (M).

Moreover, the Weyl tensor also decomposes in self-dual and anti-self dual parts,
which take the form

1 1
W= §(W+W*), W= = é(W—W*)
These define endomorphisms

VVC\F2 :Ai—)Ai, VV‘;2 A2 5 A2
1 2

which assign to a 2-form w € T'(A2) of components w;; the two form I/Vﬁ[2 (w) of
AL
components

1

WE (W)ij = Wit

With these notations in mind, it is proved in [47] that the injectivity of wr, holds
0

under the assumptions

W+ =0, det Wl}z £ 0, (2.127)

where det VV‘;2 is the determinant of VV‘;2 . More in depth, it is proved there,
see also [49, Section 4], that the endomorphism VV\Zg is completely determined by
the endomorphisms VV|JA“2 and VV|Z2 . Indeed, consider at a given point p € M, an
orthonormal basis w', w?, w? of A% (_T;M ) made of eigenforms of I/Vliri of respective

eigenvalues Af, A\J, A\5. Similarly, consider at p an orthonormal basis 7!, 7% 7* of
A% (T;; M) made of eigenforms of VV&2 of respective eigenvalues A\;, Ay, A\;. Then

it is proved in Item iv) of Proposition 4.1 of [49] that the nine 2-covariant tensors
a,B [ a, B
hij T wipnpja aaﬂ S {17273}

are symmetric, trace-free and they form a basis of S3(M) at p. Moreover, W, is
0

diagonalized on this basis and the eigenvalue corresponding to h®? is

A+ g,
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see Proposition 4.3 of [49]. Similarly, Wy, is diagonalized by {h*"}, 3-123 and
0

h®# has eigenvalue
+ —
)\a - Aﬁ .

From this we see that VV‘*2 fails to be injective at p if and only if, for some
S,

a, € {1,2,3} we have ’

+_ —
A=

In particular, this cannot happen if (2.127) holds.

Remark 2.33. 1t is possible to give a more precise characterization of the relation
between W and W~ on a four-manifold admitting a non-trivial Weyl compatible
tensor. Indeed, we have the validity of the following

Lemma 2.34. Let (M, g) be a Riemannian four-manifold and let P be a Weyl

compatible tensor on M. Then, at any point x € M such that

try P
4

P#——g

holds at x, we have that the spectras of I/V|+2 and VV‘_2 coincide, with equal mul-
A% A2
tiplicities.
The above result has been proved in Lemma 2 of [33] under the stronger as-

sumption that P be Codazzi. The same argument used there works in this situation
if one applies Proposition 2.4 of [70] instead of Theorem 1 of [34].

Remark 2.35. From Lemma 2.34 one can also give a simple proof of Theorem
2.31. Indeed, it is well known, see equation (2.21) of [12], that, on an orientable
4-manifold, the first Pontryagin form is

(R = (W =W [")e,

where € is again the volume form of (M, g). From the Hirzebruch signature formula
one gets

(M) :/M (jw+? = w= ).

Under the assumptions of Theorem 2.31 and using Lemma 2.34 we obtain |W*|* =
[W~|* on a dense open subset of M, so that 7(M) = 0 and we are done.

In the next Theorem, we apply the discussion above to the setting of C-p-PF,
showing how, under suitable conditions on the Weyl tensor, every solution of the
C-p-PF system also solves that of ¢-SPFST.
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Theorem 2.36. Let (M, g) be an orientable Riemannian manifold; assume that
there exists f € C*(M) that solves the C-p-PF system. Assume that VVF;Q 5
0

injective. Then, there exist two constants Ay, Ay € R such that (M, g, f) satisfies

(

Ric” + Hess f —df @ df = g,

Apf = 75187 = m(p+p)] + Are?,

¢ 7)) =de(V) + 37, (2.128)
557 =U(p) + 1+ As,

| (u+p)Vf—=Vp=0.

Remark 2.37. Assume that (2.128) holds. Consider the substitution

ﬁ:M+A2,
ﬁ:p—mT_IAlef—AQ;

(2.129)

then, we have

Ric” + Hess f —df @ df = Ag,

Asf = 5159 —m(i +p)),

(o) = dp(V f) + 37, (2.130)
352 =U(p) + i,

(+p)Vf—Vp=0.

Indeed, a quick computation reveals that equations (2.128).17),iv),v) give equa-

tions (2.130).7i), iv), v) respectively. From this we see that every solution of (2.128)
is a -SPFST, for a different choice of pressure and density.

\

Proof of Theorem 2.36. From Proposition 2.27, we have that
P :=Ric* + Hess f —df ® df

is a Riemann compatible tensor, so that it is also Weyl compatible. From Lemma
2.32 we deduce that

Wi, (P) =0

where P denotes the trace-less part of P. Therefore, since I/V|*2 is injective, there
85

exists A € C*°(M) such that
Ric” + Hess f —df @ df = Ag.
From the equation above and the equations of C-p-PF we deduce the validity of
(Ric? 4+ Hess f — df @ df = Ag,
0= _mT_lftti + %ftfti +Affi+ #Sf
¢ —RRE A+ U = e, (2.131)
7(p) = dp(Vf) + (9,
| (u+p)Vp =V [f=0.
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We are going to prove that (2.131) implies (2.128). We first show the validity of

LS~ (m— DA = FRE A fufu— (AN - UL (2132
Tracing (2.131).7) we get
mA =S¥+ Asf; (2.133)
taking the covariant derivative of (2.133) we deduce
S{ —mAi = — fui + 2fifu. (2.134)
Computing the divergence of (2.131).7)
R+ fijg — fifis — fifig =N
and using the p-Schur identity and the Ricci commutation relations we obtain
%S;p — il + fui + filli — fifu — fifu = A
from the definition of Ric? and (2.131).i7i) we deduce

—apnpl 4 [iRy = — avlof + iR + ol fuof
=—-Upi + fth;

and therefore
%Sf = Upf + fi R+ fui — fifi — fifu = Nic
Rearranging we get
%52" —Ni = —fiR] — fui + fifu + LAS + UL (2.135)

Subtracting (2.135) from (2.134) we obtain (2.132).
From (2.132) we obtain the validity of (2.128).iv) in the following way: first,
rearrange (2.132) to deduce

FoRE — (AJ)fy = 57— (m = DA — fufia + U"gE.

Insert the latter into (2.131).44):

m — 1
0= fttz ftftz — ésf + (m— 1)\ + fifu
1 -1
U ‘-’+—S*’+—Ua ‘?—m—ui
m m
m — m — m—1
= T A - T ST (- DA = T

m—l
- M
m
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that is,
1 a, a
0= (Aff)Z + 55’2’0 — m)\z +U ©; + U;.
Integrating the latter, we get
1
OzAff+§S‘p—m)\+U‘p+u+A2
for some Ay € R. Use (2.133) to obtain
1
Ay =Apf =587 = A f+Ulp) + 1
1
== 35+ U(p) +u

and therefore (2.128).iv).
Take the covariant derivative of (2.128)./v) and rearrange

1
SOZ 2 (A ILL
use the latter in (2.131).77)

m—1 m— 2

0=-— frei + fefui + (Af)f;

m m
1 1 —1
587 = FiRG+ U = ———p,
2m m m
m—1 m— 2 1
E— fri + - ftfti+(Af)fi+Esf_Rﬁft_ﬂi-

From (2.131).7) we obtain

m m

0=-—

Lt " ok (AN SP

m m
+ fifi — VP fi = i
—1 —1 1
= 2 T (AL i+ —SF
m m m
— M — i

m—1

1
== (Apf)i + (Bpf) fit —SF = pi = Afi.

Use (2.133) to get

m—1 1 o
OZ—T(Aff)i+(Aff)fi+ESi — Wi

S (A
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that is,
m—1 m—1 1 1
0=———Asf)i+ ——(Qsf)fi+ =57 = —57fi -
m m m m
Using (2.131).v), the latter can be re-written
m — 1 m — 1 1 1
0=———(Apf); + ——(Ap)fi+ =57 = —5%f;
m m m m

— i — pi + (1 +p) fi.
Multiply by —*- to deduce

1 1
—(Arf) + B it =57 = =57

S 1(Mz+pz) + Ll(;wp)f

which is equivalent to

oz—{e—f[Aff—ml_ S¢+L1(u+p)]}z.

Integrating the latter we deduce, for some A; € R,

1
Aef = Agf - E[S*’ —m(u+p)]

which is (2.128).ii).

97

-

]

In the proof of Theorem 2.36, the validity of (2.128) is obtained as a conse-
quence of system (2.131). In the next proposition we are going to show that they

are actually equivalent.

Proposition 2.38. Let (M, g) be an m-dimensional Riemannian manifold and let

feC>(M). Then f solves

Ric? + Hess f —df @ df = Ag,

0= __fttz+ ftftz (Af)fi+ ngf Rﬁft‘f‘%UaSO?
T(p) =de(Vf) +

(h+p)Vf—=Vp=0,

if and only if it solves

(

Ric? + Hess f —df @ df = Ag,
Asf = 5089 —m(u+p)] + Avel,
T(p) = dp(Vf) + 37,

387 =U(p) + p+ As,

( (u+p)Vf—=Vp=0,

for some constants Ay, As.

m—1
= o i

(2.136)

(2.137)
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Proof. That (2.137) be implied by (2.136) follows from the proof of Theorem 2.36
. For the converse, assume that (2.137) holds. We first prove, as an intermediate
step, that (2.18).7) holds; that is, we prove the validity of

O:Ci?k—i_fijk — fig — fieli + fijfu (2.138)
1
- E[(fttk — 2fifie)0ij — (fuj — 2fef2j) 0]
1 a a a 1
_ EU (Sok(sz] - Spjézk) + m(S}f% - Sfézk)

1
— —(urbij — 150i)-
m(,uk J T My k)
Tracing (2.137).i) we get
1
A=—(S*+A
— (57 A,
so that (2.137).i) can be re-written as
1
Ric“"+Hessf—df®df—E(SW—}—Aff):O. (2.139)
Using (2.137).iv) we rewrite (2.139):

1/1
Ric? + Hess f —df @ df — E<§S“"+Aff+u+U(gp)+A2> =0. (2.140)

Equation (2.138) is obtained from (2.140) taking its covariant derivative

R+ fige — fafy — fifin (2.141)

1/1 0w
—E(§S,f+(Aff)k+uk+U gOk)(Sij =0

and skew symmetrizing with respect to j and k. Indeed, we have

0 :Ré,k - Ri,j + fijk — fig — farfj + fijfr (2.142)
1
- E[(fttk; — 2fefur)0iy — (frg — 22 f5)0ir]
1 1 1 a a a a
— 5.~ (SF0i = S70) — —(ediy — 50u) — —(U*plidiy = U"pfou).

Using the definition of C¥ in (2.142) we get
0 =C¥y + fisr — fig — fuxfi + fij [

_ %[(fttk - thftk)éij — (fttj — 2ftft])6zk;]
1 1

(UQQDZ(SU — Ua@?éik)

1
m
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which is (2.138). Tracing (2.138) with respect to ¢ and j and using (1.26) we get

0 =avney + fur — fee — fefu + (AF) fu (2.143)

m—1 m— 1

m—1 1
— 2 Y _ a a'
(frer fefue) + 5 Sy - Mk Ui

m

Using the Ricci commutation relations and the definition of Ric? we get
Jtk — fiwe = —Rufr = _Rfkft — iy fi
so that (2.143) becomes

0 =apy(vly — oifi) — R fo — fufu + (Af) fr

m—1 m—1 1 m—1 m—1
fre + 2 fefe +=—5S7 — pp — ———U%p5.
m m 2m m

Using (2.137).i4i) and simplifying we get

m—1
0=U%% — R fr — fifur + (Af) fr — fitk
m—1 1 m—1 m—1
+2 fnfe + =5 — Hi — Ui
m 2m m m
| R o m — 2
=—U"y — R, [i + Jeefe + (Af) fr
m m
m—1 1 m—1
- for + =—S¢ — ke
m 2m
m—1 m — 2 1
= - fttk:+ ftkft+(Af)fk+_Slf_Rﬁcft
m m 2m
1 m—1
+ —=U — 7
m

and (2.137).v) is (2.136).7v) we conclude.

which, up to reordering, is equivalent to (2.136).77). Since (2.137).7i7) is (2.136).i47)

]
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Chapter 3

0-SPFST

In this chapter, we deal with ¢-static perfect fluid space-times, that is, solutions
to

Ricg"—l—Hessf—df@)df—%I(SQ—w—p-i”U(@))g:Oa

m

Af = V[P ==L [mp — mU(p) + 2525%],
T(p) = dp(Vf) + LVU(y), (3.1)
1+ U(p) = 55,

Vp—(p+p)Vf=0.

\

We already met them in (2.53). Working as in Remark 1.16, we can see that
(3.1).i), .3i) and (3.1).i4i) combined imply the validity of

i) Ric? 4+ Hess(f) — df @ df = Ag,
i) 7(p) = dp(V f) + 2 (VU)(),

with A== L(S? + Af — |Vf|2). We add a parameter n € R to obtain

{ i) Ric” + Hess(f) —ndf ®@ df = Ag, (3.2)

i) (@) = dp(V f) + 2(VU)(p).

When U = 0, structures as (3.2) are called ¢-Finstein-type structures, see [5]. We
will be interested in rigidity results for manifolds supporting a solution f € C*(M)
of (3.2). The first fundamental tool for this investigation is the following first
integrability condition, that we already met in Proposition 2.7 for n = 1, and that
we Now prove.

Proposition 3.1. Let (M, g) be a Riemannian manifold of dimension m > 3. Let
w:(M,g9) = (N,h), U :(N,h) = R, \: (M,g) = R be smooth maps, « € R\ {0}
and let f € C®°(M) be a solution of (3.2) on M. We then have

Ua a a
(14 n(m = 2)|Dfj = O+ Wiy + — (950 — ¢idg). (33

-1

101
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Proof. To obtain equation (3.3), we need to find a “good” expression for C¥.
We use the first equation of system (3.2) and the Ricci commutation relations to
deduce

1
~ Rl gy (505 = S7)
= — fiji + firg ¥ 0(fief; + fifie — fisfo — fifix)

C;‘?k :Rfj’k

St

2(m —1)
1

= — foRpiji +0(firf; — fijfe) + (>\k - —_DS,f> 0ij

2(m
1 o
a ()\j a 2(m— —1)Sj)5ik’

that is,

! )s;:> Sy (34)

C;?k = — [oRuijk + 0 finfy — fij fr) + ()\k B 2(77”&——1

1 ¥
- (v gy o

Now we contract (3.4) with respect to ¢ and j and recall that Cf, = apfpf, to
obtain

oplpt = foBu+ (i~ M)+ (m— 1) - 5 5.
Using the definition of Ric? and rearranging the terms we get
55T~ (m— D\ = G+ nlfufs — AFJ) — agilel — 6 fo).
Inserting the second equation of (3.2) into the above formula we deduce

557~ (m— VAo = LB+ nfude — Affi) — U, (3.5)

=

while using (3.5) into (3.4) we obtain

(Jg;k = — fpRpiji + n(ficfj — fijfr) (3.6)
5@']’ a,.a
- [fiRY, +n(fufe — Af fi) — U]
6ik © a, .a
+ =[RS + n(fuife = M) = U],

We now multiply the first equation of system (3.2) by 71 f, that is

nfijfr = =B fu +nfifi fr + 0\ firdij,



and skew-symmetrize the latter equation, in order to deduce
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U(fz’kfj - fz‘jfk) = U(R;-’}fk - Rfk i+ Afi0ik — )\fk%); (3.7)

contracting (3.7) with respect to ¢ and j we also have

n(fofi — Af fe) = n(S? fi — ftRfk — (m = 1)Afr). (3.8)

Using (3.7) and (3.8) into (3.6) we obtain
Cry = — fpRpiji + (R fe — R fi + M0 — Afidij)
51 a, . a
(1= )R + 1S fi — (m — DuAfy — U]

0i a
(L= ARG +0S7f; — (m = 1A f; = U%gS],

+

which can be written as

Cii'k = — JoRpijk + U(R;’}f’f — R f7) (3.9)
(Si' a, .a
(1= ) feBtf + 1S7 fi = U]
5’L a, a
+— = T [(L=mfRE +nS% f; = U],

Now we use the definition of W¥ to get

fi foly; r
FoRopiie =foWoig + —5 Ri + —— 50w — —— R
folt, S
Ly L S — F.8:0).
m— 9 i (m—l)(m—?)(fj ik fk z])

Inserting the previous relation into (3.9) we obtain, after some simplifications,

1+n(m—2) f
C:jk = m— 2 Rka - Rﬁg i m—il(R;@de — Rfkéij)
L+n(m—2) ., . Ue
Pl Dm0 ) = oW+ 5 910
v
- 190j5z‘k-

Using the definition (2.138) of D4 we get

U U
_ A a a
ijk = [1+n(m— 2)]Dijk - pr;fijk + m— 1@k5ij T — 190j5ik’

and therefore (3.3).
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It is easy to prove that, when (3.2).1) holds, then we have D4 = D®. Therefore,
from (3.3), one can see that, if (3.2) holds, if D* = 0 and if ¢ is 1U-harmonic,
then the assumption of Theorem 2.9 are satisfied, so that we have local rigidity of
(M, g). In this spirit, similarly to Theorem 2.19, one can prove the next result

Theorem 3.2 (Theorem 4.17 of [13]). Let (M, g) be a complete Riemannian man-
ifold of dimension m > 3. Let ¢ : (M,g) — (N,h), U : N — R be smooth maps,
A€ C®(M) and let f € C®(M) be a solution of (3.2). Let ¥ be a regular level
set of f. Assume that:

1. f is proper;

2. either a >0 andn > —— ora <0 andn < —

m—2

1 .
m—2’

3. we have the validity of

B?(Vf,Vf)=0; (3.10)

4. for each regular p € M, V f, is an eigenvector of Ric};
5. p s iU—harmom’c

Then, for each p € X, there exists p € A C M, A open in M such that g, is a
warped product metric. Moreover, U(p) is constant on ¥ and (3, gs) salisfies

Ric = 2
(1) =0

and S¥'= is constant.

One can easily show that, when n = 1, Theorem 2.19 generalizes Theorem 3.2.

Indeed, under the validity of (3.2) and from (3.3), we see that (2.96) is satisfied.
Moreover, when (3.2) holds and ¢ is éU -harmonic, we immediately deduce that
de(V f) = 0; this, and equation Ric? +Hess f —df ®df = Ag, imply the condition
on the operator F' given in Theorem 2.19. Therefore, when 1 = 1, the assumptions
of Theorem 3.2 imply the validity of those of Theorem 2.19. When n # 1, the proof
of Theorem 3.2 is still pretty similar to that of Theorem 2.19, so that we have not
felt it necessary to include it in the present discussion. Instead, we refer to [13,
Theorem 4.17] for the full proof.
In the next Section, we deal with two further rigidity results for system (3.2),
the conclusion being again the vanishing of the tensor D#. We remark here that
we have not been successful in providing meaningful generalizations of them for
C-p-PFs.

3.1 Other Rigidity Results

In this Section, we deal with the next two theorems, that are inspired by [20].
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Theorem 3.3. Let (M, g) be a complete Riemannian manifold satisfying system
(3.2), where f is a proper function and n # —ﬁ. If M is non-compact, we will
also require

f(z) = +o0  asz — +oo.
Assume that

div® 0¥ =0, (3.11)
h(7(p),dp) = 0. (3.12)

Then we have two possibilities:

i) if n # 0 and we further assume

We(NVf, - -) =0, (3.13)
then we have
Cc¥ =0 (3.14)
and
D4 = 0; (3.15)
ii) if n =0 we have
c¥=0

and, if we further assume (3.13), also

DA = 0.

Theorem 3.4. Let (M, g) be a complete Riemannian manifold satisfying system
(3.2), where f is a proper function and n # —ﬁ. If M is non-compact, we also
require

f(z) = 400  asz — +00.

Assume that

div? C¥ =0, (3.16)
1

¢ is —U-harmonic, (3.17)
Q

V fp is an eigenvector of Ric) for every reqular point p of f. (3.18)

Then we have two possibilities:



106 CHAPTER 3. ¢-SPFST

i) if n # 0 and we further assume

WSO(Vf,',',‘) = O’ (319)
then we have
1
sz_ﬂgjﬁmmaﬂwg@g) (3.20)
and
it) if n =0 we have
1
(y:_ﬂgjﬁ&mwww@m

and, if we further assume (3.19), also

DA = 0.

Remark 3.5. Condition (3.18) is necessary for (3.21), as observed in Proposition
2.11.

Although the assumptions of the two Theorems that we have presented are
different, the techniques of their proofs are similar and we get the same conclusion
(further comments are given, after their proofs, in Remark 3.10).

To prove Theorems 3.3 and 3.4 we will need some preliminary results.
We begin with a very general lemma.

Lemma 3.6. If w € A2(M) is a 2-form, its total divergence div’w vanishes. In
components,

Wikt = 0.

Proof. The proof is a simple application of the Ricci commutation formulas. Indeed

Wik kt = E(Wtk,kt - Wkt,kt)

1
= é(wtk,kt - wtk,tk)

1
= §(Rptktwpk + Rpkkiwip)
= LppWpk = 0.

The core of the proof of Theorem 3.4 lies in the next Proposition.
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Proposition 3.7. Let (M, g) be a Riemannian manifold admitting a solution f €
C>®(M) of

Ric? + Hess(f) — ndf @ df = Ag, (3.22)
forn # —ﬁ. Then we have the validity of the following formula:

1 n(m —2)

2
2[(m — 2)n + 1] |C?|” = ftC;’;'k,jk - 2(m — 2y + thW;ijkC;fjk (3.23)
1 1
T m {)‘k - 2(m _ l)Slf - U)\fk} Cgk
— # P SY ©
(m - 2)7] +1 lfthk (m — 1) fk} Cttk:'

Proof. We apply Lemma 3.6 to the 2-form of components
fiCEy,
to obtain
0= (fiCu) 1 = FisnCin + fisCliene + feCiu + T
= ftjkC;?k + ftCé’}k,jk,
that is,
0= ftjkO;?k + ftC'f;-ka. (3.24)

We claim the validity of the equation

1
0=FCF i — 5|O¢y2 +nfiRECE, (3.25)
1

¥ -

Sy — 77>\fk>-

To prove it, take covariant derivative of equation (3.22) and skew symmetrize with
respect to the last two indexes to deduce

fige = fng = =R+ Ri 5+ nfwfi — nfejfe + My — Ay
Using the definition of C'¥ we get

1
fejk = Joj = — Cék - 2(m——1)(

+ )\kétj - )\jétk.

S}f(stj - Sffstk) +nfafi — nfeifr (3.26)

From the skew-symmetry of the last two indexes of C¥ and equation (3.24) we
obtain

1
0= ftcék,jk + §(ftjk - ftkj)ctgj‘k'
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Inserting (3.26) into the above formula we have
ozﬂﬂ.—lwﬁ———L—$@@+MW
tik,jk 9 2(m o 1) k ~ttk ttk
0 fufiCly
Using again equation (3.22), which we rewrite as

Joe = =R, +nfefr + Now,

into the latter, we obtain (3.25).
The last formula that we will need to conclude is

(m—2)n+1
ﬁf R:]O;O]k - —|O(p| - Wlﬁ]kC’mk (327)
oz (A LSE Mt o LR A
th\ % T 5 — 1)k T TR =~ o ym =)
To deduce it, we apply the Ricci commutation rules to obtain
1
[t Ot]k ik T th( tik,jk C;;k lcj)
1 1
2ft ptjkop]k + ft pj]k tpk + §ftRpkjkCZ§‘p
1
2ft ptjk pjk—i_ft tpk
1
ft ptjkcp]k
Using the definition of W into the above equation we get
1
1€, tﬂwk’ ft ptjk‘ p3k+ 2( )(ftRw Cppk fth]O;?OJP
1
+ Z(m — 2) (fkRZJOka fJ pjk)
5 @ @
- 2(m — 1)<m — ) (fk‘cttk - fjctjt)
1
- ft ptjkcmk + (m )ftRfk ppk
S
Nl @
* (m —oy KB i = G Ty — 2y /G
that is,
1
f tjk]k ft ptjk p]k ﬁftR C;)opk (328)
s

e L e
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Inserting (3.28) into (3.25) and rearranging we get (3.27). Using (3.27) into (3.25)
we obtain

1
0=FfCly ik — §|C“O|2 + Ci ()\k - mszf - n)‘fk)

n(m —2)
g (21T 5
_ n(m - )ngk(A 2(1 5¢

(m—2)n+1 m—1)
A R? 57
which, after some simplifications, becomes (3.23). O

Proposition 3.8. Let (M, g) be a Riemannian manifold admitting a solution of

Ric? + Hess(f) — ndf @ df = Ag,

form # ——=. Let z : R — R be a smooth function such that z(f) is compactly
supported on M Then we have the validity of the following integral formula:
=g L ICTED =20l = = [ e 629)

—277+2/ FiWoiinCol [2(f) = 2" (e’

*m/M (- ﬁs ~ A ) Gl - (e
i (ftRfk m )fk) Clale(D) = 2 (D],

Proof. Integrating by parts, we have

/ ftcgk,kiz<f)6_f_/ Cgk,kitz(f)e_f
M M
‘I’/ ftczk’kiz/(f)e_f,
M

which implies
[ 5Ciletn) =2t = [ acospet (3.30)

2(f) — 2 (f)]e”’, integrating on M and using (3.30) we

Multiplying (3.23) by |
(3.29).

immediately obtain
O
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As a computational short-hand, we define
© 1 a, .a 1 a, .a
Eijr = Cijp — o 1U Piij + T 1U @5 0. (3.31)
Then, if we assume the validity of (3.17), we have

2m 2 4 a, a
|F|* = |C** + V(U (p) - VU@ - —— Cin(U%pidi5)

(m—1) (m—1)
2 oo, L
= 0P + —= VU )]’ = — el

2
YR - 2 (U 2
C7F = —— IV(U(9))]
where we have used
Ciix = a0l oi
and (3.17). Thus we have
PP =107 = VU le)f (3.32)
— . .
Corollary 3.9. Let (M, g) satisfy system (5.2) with n # ——. Assume that
1 ‘
¢ is —U-harmonic, (3.33)
@
V [y is an eigenvector of Ricy, for every reqular point p of f. (3.34)
Moreover, when n # 0, also assume
WV f,---)=0.

Let z : R — R be a smooth function such that z(f) is compactly supported on M.
Then

1 20 0F) — (e = — B Pl Fre—
2[1+(m—2)77]/M|F‘ 2(f) =2 (] /Md Cez(fle!,  (3.35)

where the components of F' have been defined in (3.31).

Proof. From the second equation of (3.2) and since ¢ is éU -harmonic we get

o fr = 0.

Since

© a, .a
Clix = apyok,
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we obtain that, from assumptions (3.33) and (3.34), equation (3.29) reduces to

1 P f) = 2 (Flef = — v Cez(fe !
o= g T . IO =0 = - [ awtess)

# [ ot | g (= gy ) | B - e,

To deal with the last term, we apply (3.5), that is,

55T = Rifit nlfifi— Affi) + (m— D — agf(eh — wif). (3:30)

This, together with assumptions (3.33) and (3.34), implies

Py Py {m ()"“ - 2(m—1—l)slf)}

a?

o a .a, b b
1

= - Dim a1 V@l

and therefore

v -f— _ div3 C¥ —f
ST /| ) = 2Pl = = [t eepe
+ VU (p —2(f)le”’.
T e /| [/~ 2 ()]
Rearranging and using equation (3.32) we conclude. [

We are ready for the proof of Theorem 3.4. We will use equation (3.35) together
with a trick taken from [20].

Proof (of Theorem 3./). From equation (3.35) and assumption (3.16) we get
1 2 ¢ . B
s L PP e =) = (357

If M is compact, set z(f) = 1 to obtain F' = 0 and therefore (3.20). If M is
non-compact, let

1 t e[k kK,
2k-+t ok _
wlt) = Lt e -2k, -kl
g 2t ¢ e [k, 2K,

0 t € (—o0, —2k] U [2k, +00)

for a positive natural number k. Since f(z) — 400 as * — 400 by assumptions,
there exists A € R such that

f(z) > —2A on M.
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Let k > 2A. Then, for f(z) € [-2k,—k], we have

/ B flr) -1 2A+1 1
wlf@) - AUy =2+ O >0 - 25 > 1o
and, for f(z) € [k, 2k], we have
/ o f(x> —1 1
a(f@)) =2 (f@) =2 - ——— = 1.

Therefore, from (3.37) we deduce

0= [ PP ) - A z g [ (PP

Qo Qop,

where

Qo = {z € M : f(z) € [-2k, 2K]}.

Letting & — 400 we get F = 0 and therefore equation (3.20). To conclude,
if ' =0 and f{W3; = 0, the first integrability condition (3.3) of system (3.2)
implies D4 = 0. [

Proof (of Theorem 3.3). Assumption (3.12) reads, in components,
oher =0, YVi=1,....,m.
Since C};, = apf i we deduce
cr,. =0.

Therefore, when either 7 = 0 or the zero radial Weyl curvature condition (3.13)
holds, using (3.12) and (3.29), we deduce that, for any smooth, compactly sup-
ported function z : R — R, we have

! PR = 2 (Alef = — o (e
2[(m —2)n + 1] /M|C "l=(f) (f)] /Mctgk,kgt (f)

The proof now continues as that of Theorem 3.4, replacing F' with C'¥?, to give

Cc?=0.
From the first integrability condition (3.3), we deduce

Uagpa Uagpcp
u+nwy—mu@k:ﬁwgk—m_ﬁ@f+m_a@h

If we are assuming (3.13), then we have

g
wﬁém. (3.38)

UGQO(I
[1+n(m —2)]Dg, = - _"iéij +
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Since D? is totally trace-free, tracing the above equation with respect to i and j
gives

m a, a 1 a, a a, a
0= [1+n(m—2)]Df, = — Ukt U = U

From equation (3.38) and assumption n # —— we deduce D* = 0, and this

m—2
concludes the proof. n

Remark 3.10. Before concluding this section, we want to further discuss the
differences and the similarities of Theorems 3.3 and 3.4; indeed, we will see in
Proposition 3.13 below, that, assuming that (3.2) holds, then assumptions (3.17)
and (3.18) together imply (3.12), that is, ¢ is conservative, on the set of regular
points of f. However, this is not enough to deduce that Theorem 3.4 is a conse-
quence of Theorem 3.3; indeed, when one runs the argument used in the proof of
Theorem 3.3, the validity of (3.12) on the set of regular points of f is not enough
to conclude, unless one assumes that this set is dense in M. This can be seen
directly from formula (3.29): assuming the existence of an open set at which f is
constant, we have that ¢ need not be conservative there, so that C¥ need not be
totally traceless (see equation (1.26)); therefore, the last two lines of (3.29) will in
general be non-zero.

Proposition 3.11. Let (M, g) be an m-dimensional Riemannian manifold, m > 3.
Assume that f € C®°(M) solves

{ Ric” + Hess f —ndf ® df = Ag, (3.39)

7(p) = dp(Vf) + 37
for some A € C°(M),n € R, ¢:(M,g) = (N,h) smooth and U € C*(N). Then:

o ifn=——= then U(p) is constant on the regqular level sets of f;

m—2’

o ifn=1, then %0 — U(p) is constant on the regular level sets of f;

o ifn#1,——L5, then

14+ n(m—2)
2

is constant on the regular level sets of f if and only if V f is an eigenvector
of Ric? at every regular point of f.

S+ (1 —=nm)U(p)

Proof. From the definition (2.47) of D4, one immediately gets

1
DA —
JiDiji m

— (B fe = RES), (3.40)

see also the proof of Proposition 2.11. From the definition of C'?; one easily proves
that

Y a, .a

Cfhir = a{ Riwi o] — RE, 010} + ph0t — ofh 08 } (3.41)
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see also equation (2.27) of [5]. We compute the 1-divergence of D:

1
Dy = |Biafs + B fe = Ripifi — Rifig

| |
g (B = fuRG) + -
| 5%

- m(sffk — 8P f;) — m(fkj = fi)|

ft(ch,j - Ré,k)

Using the ¢-Schur’s identity, the definition of C¥ and (3.39).7) we get

1 |1 a« a 1 a a
Dém R [ésffk — oy i — §Slffj + apuPrl;

m— 2 1
+ H(Rfjfkt - R;pkftj) + mftq;i,j

1 1
+ m(kaf = 135F) = — (7 fi = S;ffj)]

1 1 11 .
e [Crav R ST [CARE 40

a a a a 1
— a(hel fr — ohorfi) + mftcﬁcj

02 (RE fofi Raftfj)} ,

that is,
1 (m — 2)2 a a a
Dz’ékai “m—2 2(m —1)2 (Sffk — 8¢ fi) — avi (25 fu — i ts) (3.42)
+ ft0¢-+ﬁm—_2(R¢-ftfk—watf') :
m — 1 tkj m — 1 tj tk J

We compute the 1-divergence of the first integrability condition (3.3) and use
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(3.42), (3.41) and (1.31):

0 :C;;k,i + ftWtfjk,i + ftthfjk — (1 +n(m — 2))D£'k,i
Ue ab a ab
S\ S L7 a 4 a b
P R e B R ¥ LI

=a[R%piot — RE ool + o0t — 0]

m—3 a  a a, a o a a a
+ 5 il + afi(Pind] — i) + ——5ei(Pifi — 9] )

_ _9)\2
_1+$?22W§2_%J$ﬂ_gmw_aﬁ@&m—%ﬁ)

1 m— 2
+ mftctij + ﬁm (Rfjftfk - Rﬁ;ftfj)}

=a[RGpior — REWHOS + 050k — oiot + fi(oht — onoh)]
1 1+n(m—2)

j
m—3 1+n(m—2)
+[ }ftcﬁk—i_a{m—Q m— 2

m—2 (m—1)(m—2)

o (o fi — 5 1)

— 1+ nm = 2)} 57— (ST o = SEF)

_ %(1 +n(m —2)) (R} fufie — R Jof5),

that is,
0 =a[Rfeiei — Ripie] + ey — el + Ji(ole] — eiet)] - (343)
+m%§;%m@—awﬂﬁﬁ—%h)
—[1+n(m - 2)]%(Sffk )
— %(1 +n(m —2))(RE fufs — R fif5)-

We take the covariant derivative of (3.39).i7)

ab
0=y — @ift — ¢ fri — 7%?

using this identity and (3.39).7) we find

RY otk — R0t ol + ofioh — Ot + fi(ohe] — of0h)
= RE,0iop — RE i o] + frjpl ol — fupl e

ab Uab
+ ok — —— e

o ik a kY

= n(fifieleh = fifeptes);
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therefore, using (3.39).ii) again, (3.43) becomes

a a a a m_2+
0 =na(feprerf; — frore fr) + m—_ﬂftcf}k
— anly (@i f; — 95 fr)
1+n(m-—2
- - (S i SEA) — 0k 0l = 20) (RER S - RESS)
a a a m_2+
=nU° (¢ fr — o1 fi) + m—_ﬂftctﬁk
1+ n(m-—2)

S = = D7 i = S0) = L (= 20) (B fufic = RESS)

that is,

af .a a m_2+77
0 =nU* (&5 fr — ¢if;) t— 1
_1+p(m—2)

2(m — 1)?

FCE (3.44)
(m = 2)(S7 fi = S{ 1) = —= (1 +nlm = 2))(RE fufi = RiSo5):
From (3.3) we get

FiCEx = (1 nlm —2) fDjh + U (g f; — 5 fo):

using this relation and (3.40) in (3.44) we have

0 =nU* (@i~ ) + T 20 g (m — 2) DR
m_—wU”(waj — 4 fi) = n(1+n(m —2))fiDy,
(m—1)
1+ n(m —2 . .
_%(m—m(% fi =S¢ 1)
—2+n— —1)?
e S C TR
+ (14 n(m —2 m—2+n _ A
nim ) m— 1 n| feDyjy
_14+p(m—2)

that is,

0 :ﬁ(l — nm)U (@ f; — 03 fr)

(U nim = 2) =21~ ) D},
~1+n(m=2)
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and therefore

(14 nlm — )= (1 = ) D}y

—fi (W&f +(1- nm)U%Z)] :

e if = ——L, the equation above becomes

m — 2

(m—1)2 (1 + mﬂz 2)U“(<p;‘fk — ifi);

therefore V(U (p)) and V f are proportional and if V f # 0, we get that U(yp)
is constant on the regular level set of f.

0=

o Ifn=1, we get

1 a a 1 a, a

so that % — U(yp) is constant on the regular level sets of f.

o If n # 1, ——L- we deduce that

m—27

B D 6o 4 (1= ym)U ()

is constant on the regular level sets of f if and only if we have fth}k = 0; by
Proposition 2.11, this happens if and only if V f is an eigenvector of Ric?.

]

Proposition 3.12. Let (M, g) be an m-dimensional Riemannian manifold, m > 3.
Assume that f € C>(M) solves

{Ric‘P+Hessf—77df®df: g,

() = dp(Vf) + U (3.45)

for some A\ € C*(M), n € R, ¢ : (M,g) — (N,h) smooth and U € C®(N).
Assume that, at any regular point of f, V f be an eigenvector of Ric?. Then U(p)
15 constant on the reqular level sets of f.

Proof. From equation (3.36) we get

557 — (m— DA = fiBf +nfifa — AFJ) — Ul
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Tracing (3.45).7) we have
1
A= — (87 +Af = n|VfP),
m
so that

1 m—1 m—1
55?5 - TSLO - T(Af) +2n ftftk

=fiRf, +n(fifue — Affk) U

that we re-write

m— 2 . a

_ftRfk"'_ - (Af) _277 ftftk+77(ftftk—Affk)

Let {e;}™, be an orthonormal frame such that e,, =
dual co-frame. Then

W and let {0}, be its

fa=0, YAe{l,..,m—1}.

From Proposition 2.11, we deduce that V f is an eigenvector of Ric? if and only if
|V f |2 is constant on the regular level sets of f; this happens if and only if f locally
depends only on the distance function . This implies that

Ry = fam = (Af) 4 =

Therefore, (3.46) becomes

m— 2 o a
the previous proposition also gives
14+n(im-—2
77(2 >Sﬁ + (1 —nm)U%% = 0. (3.48)
Solving the system given by (3.47) and (3.48) we deduce U%p% = S% = 0. O

Proposition 3.13. Let (M, g) be an m-dimensional Riemannian manifold, m > 3.
Assume that f € C*(M) solves

{Ric‘p+Hessf—77df®df:)\g, (3.49)

7(p) = dp(Vf) + 57

for some A\ € C*(M), n € R, ¢ : (M,g) — (N,h) smooth and U € C®(N).
Assume that the following hold:

o ¢ is LU-harmonic:
(0%
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e at every reqular point of f, we have that V f is an eigenvector of Ric?.

Then, U(p) is locally constant on the set of reqular values of f. In particular, ¢
s conservative there.

Proof. By the previous proposition
Uty =0, VAe{l,..,m—1}.
Since (3.49).ii) holds and since ¢ is ~U-harmonic, we have

0=¢ifi =[Vflem

so that U%p% = 0. Therefore V(U(p)) vanishes at every regular point of f; form
this fact and (3.49).i7) we deduce ¢f¢? = 0, Vi, so that ¢ is conservative. O

3.2 The Boundary Case

In this subsection we prove a rigidity result for Riemannian manifolds with non-
empty boundary.

Before focusing on manifolds with boundary, we highlight some facts concerning
system (3.2), that is,

i) Ric? + Hess(f) — ndf @ df = Ag,
i) (0) = deo(V f) + L(VU)(9),

where
mA =S¥+ Af —n|Vf.
If we let
w=e", (3.50)

then system (3.2) transforms into

{ i) unRic? — Hess(u) = = (nuS?® — Au)g (3.51)

i) nut(p) = —dp(Vu) + L(VU)(p).

Note that looking for solutions of system (3.2) is equivalent to finding positive
solutions of system (3.51); however, the latter system can be considered an exten-
sion of (3.2) if one looks for possibly changing-sign solutions u. In our setting,
system (3.51) will play a fundamental role in the study of manifolds with bound-
ary, OM = u~1({0}).

From now on, let (M, g) be a connected Riemannian manifold of dimension m > 3
with non-empty boundary; let ¢ : (M, g) — (IV, h), where (N, h) is a Riemannian
manifold of dimension n, be a smooth map, let U : (N,h) — R be a smooth
function and let w € C*°(M) be a solution of (3.51) such that v > 0 on int(M)
and OM = u~'({0}). In this setting, we have the following
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Theorem 3.14. Let (M,g) be a connected Riemannian manifold of dimension
m >3 and let uw € C°(M) be a solution of system (3.51), with « € R\ {0} and

n# == 2, 0. Assume that

div? C¥ = 0; (3.52)

@ is éU—harmom’c; (3.53)

V [y is an eigenvector of Ricy, for every reqular point p of f; (3.54)

WV f,---)=0. (3.55)
Then

€% =~y A V(2 ) (3.50)
and
DA =0.

For the proof of Theorem 3.14 we need some preliminary results. First we
introduce the (0, 3)-tensor D¥, whose components are

Au
1 (i — wkbiz) + m(uk@j — U0k

(3.57)

Lemma 3.15. Let (M, g) be a connected Riemannian manifold of dimension m >

Ut
[
(m — 2)D7,jk = UipU; — UijUE + m—

3, letu € C*°(M) be a solution of system (3.51), with a € R\{0} andn # —-,0
and let D¥ be the tensor field on M defined in (3.57). Then,
1 n(m — 2) |
DY — o _ e o | '
” nuC? —W#(Vu,-, -, )+77u2(m_ Ty divi (U(p)g ® 9)
(3.58)
on int(M).

Proof. Note that, when we consider the change of variable (3.50), the first inte-
grability condition (3.58) of system (3.51) can be easily obtained by (3.3). Indeed,
by (2.47), we have

ng“k = (un)” 2D2§k5

hence, by (3.3), we deduce (3.58). O
Lemma 3.16. Let (M, g) be a connected Riemannian manifold of dimension m >

3 and let u € C®(M) be a solution of system (3.51), with a € R\ {0} and
nF# ——= 2, 0. Define the vector field Z on M of components

m—4 o a
_U{Rw Wtfk]} (m — Q)URfkoﬁci + 20up; ‘ijRfk a{uR} (¢ O )k }

1 a a a a
— Oz{ (252”%90, - wss@i’s@t%) }

+ {u (so?kU ¢ —Uhpf — 2\7(90)!25m) ] (3.59)
k
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and assume that ¢ is éU—harmom‘c and Vu is an eigenvector of Ric?, for every

regular point of u (that are assumptions (3.53) and (3.54), respectively). Then, on
int(M), we have

) 1 14+ n(m — 2)] 9

divZ = —uW? | ———D¥ RY. — D¥ 3.60

1v Uy tijk (2(77U)2 ijk + z],k) (nu)g | | ( )
m—4 ol Lo b a

(%

a m a5 4 20Ut ) — (M2 sauge
+{%((m—1)(m—2)Us i &U%%) 2(m—1 AR

— 205, RE 0 — apiTy (90)} u.

%

If we further assume

utWtfjk - 0,
equation (3.60) becomes
. 1+ -2 —4
divZ — | 7(77%3 ) |D?* —uCy, i+ (2 — 2)u[Ua(Ua”go§? +R50%)].

(3.61)

am—2

m
a USY +2aU°%pbp% | — ———Z %8¢
+{%((m—1)(m—2) e %%) 2m — 17177

— 205, RE, 07 — apiTy (90)} u.

7

Proof. Let X be the vector field of components

m—4 a, .a
Xi = u{REW3, ), — (m) uRg Ol + 20up] 05 R

computing its divergence and using 0 = 7(p) — £(VU)() and hence dp(Vu) =0,
we obtain

m —4 m—4 m —4
Xo={ulrawg, ]} - (2= )urach - (5o JuhCh— (2 ) uRiCh,

m — 2 2 2
(3.62)
+ 2007 05 R, + 200505, R+ 20up] o, R + 2aup] o, RY,
m—4 m—4 m—4
:{U[Rﬁswtfkjh}i - (m — Q)Uinkcﬁﬂi - (m — Q)URﬁc,ioﬁci - (m — Q)Uchcﬁci,i

+ 20upph R, + 20upf o, R+ 20up] o5 RY,

m — 4 m — 4 . a
{ulrgwi),}, - (55 Jwhich — (g el RACE), + 2ol pteiurt,

Since ¢ is ~U-harmonic, equation (1.34) rewrites as
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m 4 a 1 a
m
a U*S% 4+ 207000 0%
+‘Pz<(m_1)(m—2) e 903901)
am—2 a a,_a
— ST oesSY — 20 Rt — agimi(p);

therefore, taking its divergence, we obtain
m—4 m —4 arloo
=285 =225 ) @5ch), + (203 ) (Gt + Reep) ) (o)

+

m
a G¥ 4+ 2aUb b2
S”2(<m—1><m—2>“ 2ol W@)

am —

2
- §m% SOGS@ - QOé%kR]k% CW?T;(SO)] .

i

To simplify the writing we set

= — @ m age 4 9 b b a
A [%((m—l)(m—Q)US + 2aU 90]901)

am—2

- §m90790a5¢ — apiTy ()

As a consequence, using (3.64), we have

m 4

:u(m—Q)B;;,M—< ) (aUa (U0t +R]¢]))'+Au.

Using the first equation of (3.51) into (3.57), we get

1 1
=nuRfu; — E(nuS“" — Au)dipu; — nuBiuy, + — (nuS‘p Au)d;juy,

(3.66)

(m —2)DF

m —

1
i N lRfj(Lknu — E(nuS‘O — Au)did; — RY.0imu

_I_

1
(nuSw — AU)51]5tk:| + — 1AU(U1€(S” — UJ(SZk)

3=

=nu< RHu; — R“’uk + —(RSD(S Rfkéij)

—N

S¥

+m—1

(ukéij — UJ(SZk)} .
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Hence, by (3.53), (3.54) and (3.66), we deduce
(m —2)D7 Cfy = —2nuu RECY (3.67)

ijk g ijk"
Thus, inserting (3.67) and (3.65) into (3.62), we get the validity of

m—4
X ={ulREW, ], + 5 DxCle = ulm = 2) B,

m—4 a 1 ab, b a
+( )U{U (EU goi+R§’}g0j)} — Au (3.68)

m— 2

on int(M).
Next, using the definition of B¥ and that ¢ is éU -harmonic, we obtain

u(m — 2)Bﬁc,ki :ucﬁcj,jki + u(REW S ki — au(RE07 07 ki

arra ab, b a o 2
+ U(S%U — UTprei — m—2 ()] 5z‘k> y
:“Cﬁqj,jki + [U(Rﬁtwitk)k]i — ui(REW S )k

— a[u(Rieiei )kl + aui(RE 0107k

arra _ yrab, b a o 2¢
+|:u(90ikU Uprpi — ——5I7(0)] 6k)J

a a a a Q
— <30ikU = Ui — ——Ir()6; > :
k

Inserting the latter into (3.68), we obtain, on int(M),

m — 4
X ® ¥

(0
— au; (R7. 0707 ) — [u (w?kU“ — Uit — —— 2|T(so>|25ik) }
kdq

—uC?,

ikj ki T ui{RﬁtWitk}k + a[U(RﬁcSOg@?)k]i (3.69)

; qUa_Uabbq_ 25i
+U(%k orpi — 5T (@)[ o )

m—4 1
+ (m — 2>u [Ua<aUab<p§? + R;f;gp;)] - Au.

7

Observe that by (1.31), since ¢ is =U-harmonic and Vu is an eigenvector of Ric?
for every regular point of u, we get

1P _ ® ® 1P
ui{Rsthitkz}k = uiRst,szsz’tk + uiRsthitk,k

m—3 a a
= uw; Ry, Wiy + (m Q)UiR;’}Cfsi + au; Ry, ¢80t

which by (3.67), on int(M), can be rewritten as

m— 3 o a
u{ RGW by, = “iRZ,kWim + (m — z)uiRﬁthi + au; RY (97 951
m P—

= wiRY Wiy — %—UD;@Z‘C;ZZ‘ + au R (075
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Therefore, on int(M), we have

1
alu (Rtkﬁot O )k ] auz(Rtk@t O )k

— {u (w?kU“ — Ut — 2\7(90)I25ik) ]
kdq

) arra _ rrab b a 2¢
+u@(somU Uit — ——5Im(9)] 5m)k
—14 1
. w|U —Ue? + REp? )| — Au;
m— 2 a aEVAp

using the -Schur’s identity, we have

—uC?,

ikj,7ki + uiRst kWsztk + OJUthS(QO?QOg)t

1
_ ®
Xii - 277u ZJkCZJk

+ a{U( SY et — 04%&?@?90?) } + a{uR(Piei )L}

uC?

ikj,jki + ulet kWsztk + aulRts(SOz ¢s)

— aui( Sferet — apd pholel + R (0roh), )

) |

) arra _ yrab, b a 2¢
(0" = Uit — el )
4 1
(2 o Zuetet £ REe) | — Aug
m —2 o A ;

since ¢fu; = 0 we deduce

- [U(QO?kUa Uab%% ¥i —

i~ UG rs T W BG Wi + a{ < Steiel - 04%&?@%@?) }

(3.70)
) |

+ a{uR;. (¢} oi),}, — [u (w?kU“ — U™t —

+ u; <90?kUa - Uab@i‘ﬂ? - 5 |7'(90)|25¢k)

4 |
D[ ZUttet + REGe )| — Au
m—2 o A ;

k
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on int(M) and

a a a a a
Uu; (g@ikU - U bgpﬁgpi - — 2\7'(90)’25114)
m k

= (@?kkU “+ QR UPOE — U oiphot — U8
a a 2 a a
— U — Oém%@tm@ss)

a a 2 a a
= U (%kkU - am%ti%s> :
Using (1.11), that is, the commutation rule

Pl = i + Rugepl — VR0l 0504

we get
afrra ab, b, _a o 2
Ui (%‘kU — Ui — m— 2’7'(%0” 5ik>
k
m—4 a a a a a c a
= u; Km)me + U Ryl — "Ry gorionlU }

m —4 a a a a a c a
Zui(m[] QU + U RE 8 _NRbcdSOZ%‘PzU)

= uanngo‘; == 0,

where the last equality follows by (3.54). As a consequence, (3.70) becomes

1
o @ ¢
Xy =— 277_uDijkCijk — uCl i

1 a, . a a, a a, a
+ oz{u(iSZ"% Pf — e 1P %) } + a{uRf(910) ),

)

PR (4
+ UZRst,kWsitk

(6%
- lu (w?kU“ —U"gipf — —— |T(<P)|25ik) }
kdq

m —4
+

— 27UL[UCL(UC“’¢§? + R7p5)] — Au.

On int(M), since u > 0, by (3.58), we obtain

1
o Y _ ®
Cz‘jsz‘jk: = n_uDijk

ve o, . [1+n(m —2)]
{utWtfjk - num (90j5¢k - 80k5ik) + nu D;”}k
(3.71)

1 1 —2

2
nu tijk—ijk (nu)g |D<,0| )
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where the last equality is a consequence of the fact that D¥ is totally trace-free
(since D¥ = (un)zDA). It follows that, on int(M), we have the validity of

[L+nim=2)] o0
Xii = ( ) tfjkDZk (nu)3 | D7~ Czirj Jki

{ ( SY w?so?—wssw?w?w?)} + of{uR} (pF ¢!}
— {u (so?kU“ — Ut — 2!T(¢)\25zk> 1
kdiq

m—4 a 1 ab
2U|:U (EU RZ]QOJ)L Au.

m —

Y ®
+u; Rst7kWsitk

Therefore, we have

X — a{u( S{ oot — wsswi’m@?)} — o{uR{ (ie]), ),

1
2
5|79l 5ik) k] = _WutwtfjkD;?k

+ {u (w?kU“ — Ul ol —

[1+n(m —2)]
- (nu)g ’Dg}’ ucﬁc] jki + ulth,ksttk
m—4 a 1 ab
m— QU[U (EU +R”%>] A
and substituting the expression of A into the latter, we get (3.60). O

Proof (of Theorem 3.14). Let Z be the vector field defined in (3.59); from Lemma
3.16 and assumptions (3.52) and (3.55) we get

divz—_ U +Z§$3— 2)]|Ds0|2 n (Z—:;l) [U( Ut ngpjﬂzu (3.72)

a m age 4 9 b b a o m—2 a, aQy
A e e LR R e R

— 205, R5, 07 — as@?é’(s@)} u.

)

Let
M. ={zxe M :ulx)>c}, OM.:={xeM: ulx)=c}.

Then, using the divergence theorem, we deduce
/ —g(Z,v) = / div Z,
M. g

~ Vu
V|

where
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is the inward unit normal. For the boundary part, we have, from the definition
(3.59) of the vector field Z, that

m —4 a
/ g(Z,v) :g/ {(R,ﬁCWtfk]) R;‘ZC’;‘ZZ + 200 goijfk}yi
O, O, m—

—¢ /a {Rfk(soﬁw?) ( SEeEel — a%ﬁf)i@@?@?)}
Mg

a a a a
ve [ { (-t - i) o

and this term vanishes as ¢ — 0%. For the left hand side, we integrate by parts
equation (3.72) to obtain

/Edin——[lJrn(m_Q)]/ e L pep
S e G mi )|
(e

|
a0 (Gue e o)
/M “Z’(@n— =3
/,

SPU* + 204Ubg0290?> o}

— SPU" + 2aU° g0} | v
/Me(<m—1<m—z> e W’JW

am — 2 . a
+ U; (Ems;p@]g@l + 205()0ij]]€()01)

am—2
(Em—sw%% + 204%0]1@Rjk%0@)

€

+ 5/
M.

+ / Ty ()i + € / Ty (P)vi.

e OMe
Using (3.54) and (3.53) we deduce
1

divZ =—[1+n(m—2 / D?J?

/. tenm=2) [ i

and therefore, letting € tend to zero, we conclude

D¥ = 0.
O
3.3 Some Conditions on the Cotton Tensor
For the ease of readability, we recall here system (3.2):
i) Ric? 4+ Hess(f) —ndf @ df = Ag, (3.73)
i) () = dp(Vf) + +(VU)(). '
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As we have seen in Theorems 3.4 and 3.14, a condition that is often met for a
system of the type (3.73) is
Ua(pa Ua(pq
Cfp = —E5; — —L 6. 3.74
ik =1 =1 ( )

It is immediate to see that condition (3.74) is satisfied if and only if the modi-
fication of the ¢-Schouten tensor given by

AP _ T[rj_(f)lg (3.75)

is a Codazzi tensor. We will prove the following

Theorem 3.17. Let (M, g) be compact with empty boundary and satisfy system
(3.73), for some non-constant function f and o > 0. Assume that (3.74) holds and
that the (normalized) k-th elementary symmetric polynomial oy in the eigenvalues

of A¥ — Mg 1s constant. If k > 2, assume, moreover, that oy, is positive and that

there exists a point of M at which all the eigenvalues of A¥ — %

Then ¢ is constant and (M, g) is isometric to a Euclidean sphere.

g are positive.

Before proceeding, we recall some results on the elementary symmetric polyno-
mials, then we will prove an Obata-type result which will be instrumental in the
proof of Theorem 3.17.

3.3.1 On the elementary symmetric polynomials

Here we collect some well-known facts about elementary symmetric polynomials
and we fix the notation. Given m real numbers A{, \o, ..., A, We set

11<...<tp

for the k-th elementary symmetric polynomial and

-1
o) = (7]?) Sk

for its normalization. Then we have the validity of Newton’s inequality,
Or_10%11 < 0}

where, provided o1 # 0, the equality is obtained if and only if all the \;’s coincide
(see [53] for a proof). Moreover, we have Garding’s inequalities ([45])

N o=
T =

01205 2 ...20],

which hold when all of the 0;’s, j = 1, .., k, are positive. Again, equality is obtained
if and only if all the \;’s are equal. Combining them, one can prove the validity
of the next lemma, which is Lemma 5.33 of [6].
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Lemma 3.18. Let A be a 2-covariant symmetric tensor on (M,g) with m =
dim M > 3. Let o; be the k-th normalized symmetric function in the eigenvalues
of A; if k > 2, assume that it is positive on M and assume that there exists a point
p € M at which all the eigenvalues of A are positive. Then

010 — Oy > 0, (3.76)

with equality holding at a point x € M if and only if the eigenvalues of A at x
coincide.

Proof of Lemma 3.18. For k =1, (3.76) coincides with the Newton’s inequality so
that the conclusion immediately follows.
For k > 2, note that, by assumptions, the set

{( A\ (x), Ao (x), oo, Ap(2)) € R™ : 2z € M}

is contained in the connected component of {z € R™ : ox(z) > 0} that contains
the positive orthant

{(z1, 29, .., 2) € R™ 1 ; > 0,Vi =1,..,m}.
As it is well-known, this connected component coincides with the set
{r e R" :04(x) >0,Vi=1,..,k}

so that Garding’s inequalities can be applied. Moreover, since o;_; > 0, we obtain
from Newton’s inequalities that, for k > 2,

2
Ok+10k—1 < Ok Ok
Ok+1 = > = Ok .
Ok—1 Ok—1 Ok—1
We claim
Ok
<o
Ok—1

which, since o > 0, would imply (3.76). To prove the claim we use Garding’s
inequalities and the positivity of o1, 0} and o1 to deduce

O = U;/ka,(fk_l)/k < ala,gk_l)/k < 010%_1.

This proves the claim. Moreover, equality at a point x € M of (3.76) would
imply equality in the Newton’s inequalities and in Garding’s inequalities and this
happens if and only if all of the eigenvalues of A at x coincide. m

In the following, we will fix a symmetric 2-covariant tensor A on M. The o;’s
will be intended as functions of the eigenvalues of A. The Newton endomorphisms
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associated to A are inductively defined by
P():id, Pk:Skid—AOPk_h 1§k:§m (377)

Here A is identified with the corresponding endomorphism A : TM — T M. Note
that, by Cayley-Hamilton’s Theorem, we have P,, = 0. It is well known that the
Py’s satisfy the following formulas (see [8]):

tl"Pk = (m - k’)Sk, (378)

Setting

o = (m—k) (Tg) , (3.80)

a simple computation shows that equations (3.78) and (3.79) become

tI‘Pk = COgk, (381)
tr(Ao Py) = cpog1- (3.82)

As a last well-known fact, we recall that if A is a Codazzi tensor, then all of the
P;’s are divergence-free; this is a consequence of the following

Lemma 3.19. Let A be a 2-covariant symmetric tensor and let Py, denote the k-th
symmetric Newton operator given by (3.77). Then the following formula holds:

div(Py); = —Aij div(Pr—1); — C(A)jit(Pe—1) jt, (3.83)
where
C(A)jit = Ajie — Ajui
is the obstruction to A being a Codazzi tensor.

Proof. From (3.77) we deduce
(Pr)ijg = (Sk)i = Aipj(Pe-1)pj — Aip(Pr1)pjj-
To obtain (3.83) from it, we only need to prove the validity of
(Sk)i = Apji(Phet)p- (3.84)

To deduce it, we fix p € M such that each eigenvalue of A is smooth at p. As
it is well-known (see Paragraph 16.10 of [10]), the set of points at which all the
eigenvalues of A are smooth is dense in M, so that it is enough to prove the validity
of (3.84) at p.

We choose a local reference frame in a neighbourhood of p that diagonalizes A:
from the definition of Si, we immediately obtain

(Sk)i = (M) iSk—1]x=0 + (A2)iSk—1]rs=0 + - + (An)iSk—1|r=0
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where S_1| »;=0 denotes the sum of those summands of S;_; in which A; does not

appear. With this notations in mind, a simple mathematical induction that uses

only the definition (3.77) of Py gives that, in the chosen frame, P;_; takes the form
Py = diag(Sk—1]x,=0, Sk—1|22=0, -, Sk—1|am=0)-

Therefore we have

Apji(Pr—1)pj =(AM1)iSk—1]x=0 + (A2)iSk—1[ro=0 + -+ + (An)iSk—1]xnm=0
and (3.84) follows. O

Corollary 3.20. Let A be a 2-covariant symmetric Codazzi tensor. Then all of
the Newton operators in the eigenvalues of A are divergence-free. Moreover, we
also have

(Per)o Al ="K (sy), (3.85)

Ck
= E(Uk)j
fork=1,....m—1, where
: 1
[(Pk—l) @) A] = (Pk—l) oA — Etr[(Pk_1> ¢) A]g
Proof. Since A is Codazzi, we have
= Ajji — Aij; =0,
and therefore the first part of the statement follows by induction on k, using (3.83).
To prove (3.85), we use (3.79) to deduce

(P)o Al = (Pn)o A~ S8y

Taking the divergence of the above expression we get

o k
[(Pe-1) 0 Alyjs = (Pim1)igiAv + (Po1)igAvia — —(Sk);-

Using div (Py) = 0, the fact that A is Codazzi and (3.84) we deduce

[(Pee1)pAss], = mT_k(Sk)ja

that is, (3.85). O

Remark 3.21. Symmetrizing the last term of (3.83) we get

C(A)jit(Pe-1)je = %(Pk—l)jt[C(A)jz‘t + C(A) 1]

Reasoning as in the first part of the proof of Corollary 3.20, we deduce that P is
divergence-free assuming only

C(A)jit + C(A)tm = 0.
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The Newton endomorphisms give rise to a family of second order differential
operators, L = Li(A), defined as follows: let v € C?(M) and set Hess(u) to
denote both the 2-covariant tensor and the corresponding endomorphism; we set

Lju = tr(Py o Hess(u)), (3.86)

that we also rewrite in the useful form

k

Liu = Z(_l)isk_itr(Ai o Hess(u)),

=0

where A% = id and, for ¢ > 1, A’ is the i-th iterated composition of A with itself.
A computation shows that L,u can also be expressed in the form

Liu = div (P (Vu)) — g(div Py, Vu).

From the above formula we see that L; is semielliptic whenever P, is positive
semidefinite and it is in divergence form when div P, = 0. From Corollary 3.20 we
see that the second condition is satisfied when A is a Codazzi tensor.

Suppose now that, for some

p(x), q(x), l(x) € C*(M),
we can express Hess(u) in the form
Hess(u) = p(z)g + ¢(x)du ® du — [(x) A. (3.87)

Then from equations (3.82), (3.81) and (3.86) we obtain, after some algebraic
manipulations,

Liu = c[p(x)or — U(x)oks1] + q(2)g(Pe(Vu), Vu) (3.88)

for 1 <k<m-—1.

3.3.2 An Obata-type result
Recall that a vector field X on (M, g) is said to be conformal if

2div X

Lxg= g, (3.89)

where £ xg is the Lie derivative of the metric in the direction of X, while X is
Killing when it is conformal and div X = 0. Moreover, X is closed when, in an
orthonormal coframe,

Xij - Xﬂ

We now prove the next result, which is inspired by a classical theorem of Obata

([77]).
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Proposition 3.22. Let (M, g) be a closed, connected Riemannian manifold sup-
porting the structure

Ric? = S—nfg,
{T@)—IVUW) (390

T«

Assume that there ezists a closed, conformal, non-Killing vector field X on (M, g)
and assume

dp(X) = 0. (3.91)
Then ¢ is constant and (M, g) is isometric to a Fuclidean sphere.

When U is constant, the above result has been proved, without assuming that
X is closed, in Lemma 5.2 of [6]. We first prove the following

Lemma 3.23. Let (M, g) be a Riemannian manifold of dimension m > 3 and X
a conformal vector field on (M,g). Let ¢ : (M,g) — (N, h) be a smooth map and
a € R\{0}. Set

v = div X.
Then
S¥ m m
= P _ PP
Hess(7) (m—l)(m—2)79+2( _1)(m_2)g(VS , X)g — L xRic
m * 1 *
In particular,
Ay—— ™ yse x) - (Lx(o'h)).  (3.93)
T T T 2m - o(m— 1) XY '

Proof. We first prove

m

H p—
ess(7) "

g(VS, X)g — L xRic.

(3.94)

79 +
)

(m—1)(m —2 2(m —1)(m —2)

We apply Ricci commutations rules twice to deduce

Vij = Xutig = Xtitj + XpjRprts + XpRpti
= Xtijt + XpiRpttj + tiRpitj - ijRpi - XpRpi,j
= Xtijt - XpiRpj + tiRpitj - ijsz’ - XpRpi,j'

Since X is conformal, we have

2
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From (3.95) and the Ricci commutation rules we deduce

2
Yij = = Xitje + — Kutji = Xpiltpj + Xoplpirj = XpjItpi = Xp Lty g

2
= — Xiju — XpeRpitj — XpRpirjr + EXttji — XpiRpj + Xip Ry
- ijRm' - XpRpi,j-
Using the first and second Bianchi identities we obtain
2
Yig = = Xiju + - Xuji = Xyl — Xplijp + Xplpji — Xpliyi g
= Xpiltpj — Xpj Rpi-
Recalling that
(LxRiC)zj = XtPLZ‘j,t + XtiRtj + thRit

we obtain, rearranging some terms,
2 .
Vij = —Xijet T EXttji — XpRpij + X (Reji — Ruij) — (LXRlc)ij-

Symmetrizing the above expression and using (3.95) we deduce

1 2 }
i = = 5(Xiy + Xji)u + i — (LxRic),

1 2 .
==l + iy — (LxRic)y,

which, after some simplifications, becomes, in global notation,

A m )
Hess(v) = - j2 e 2LXR1C. (3.96)
Tracing (3.96) and simplifying we get
S m
Ay = — — S, X).
V=7 2(m_l)g(V , X)

Substituting it into (3.96) we obtain (3.94). From the definitions of Ric? and S¥
we immediately get

LxRic = LxRic? + alx(¢*h) (3.97)
and
m m
Svg + 59(VS, X) =S5%yg + EQ(VS“", X)g (3.98)
m
+astr(Lx(¢h))g.

Using (3.97) and (3.98) into (3.94) we obtain (3.92), while tracing (3.92) we obtain
(3.93). O
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Remark 3.24. Assume now that X € Ker(dy), that is,
eiX; = 0.
Taking the covariant derivative of the above equation we get
i Xi + i Xiy =0,
which implies £ x(¢*h) = 0. Therefore, (3.92) and (3.93) reduce, respectively, to

S m m

Hess(v) "= 1m=2)"" 2m = 1)(m = 2>g(VS‘P, A s
(3.99)
and
S® m
Ay =— — g(X,VS?). (3.100)

m—1 2(m—1)
Suppose now
Ric? = %g
X € Ker(dyp).

Then, taking the divergence of the first of the above equations and using the
w-Schur’s identity, we get

%5?5 — gl = Ry, = 5

and
25t = et

Since X € Ker(dy), it follows that

m—2

WS;:Xk = PurpXe =0,
that is, since m > 3,

S?X, = 0. (3.101)

Furthermore, using Ric¥ = %g and (3.101),

(LxRic?),; =X, R, + XuRf, + Xy Ry,

1 S¥ S¥
=—X;S/6ij + —Xui0ij + —Xij0ui

m m m

1
:E(Sthéw + S‘Pin + SsﬂXij)
S¥ 2
:E(LXQ)U = WS@’Y%,
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that is,
R 2 ®

Hence, (3.99) and (3.100) become, respectively,

Hess (v) = —ﬁ&”’m (3.103)

and

1
A~y = — . 104
v=——75" (3.104)

Remark 3.25. From equation (3.104) we deduce (see Appendix A of [81] or [58])
that v satisfies the unique continuation property. In particular, it vanishes on some
open subset of M if and only if it vanishes on the connected components of M
containing it.

Remark 3.26. Since we do not know wether S¥ is constant or not, it seems hard
to prove Proposition 3.22 from equation (3.103) using the original ideas of Obata,
or those used in [6]. Instead, to prove Proposition 3.22, we will prove the constancy
of U under the further assumption that X is closed and then apply Lemma 5.2 of
[6] to conclude. In this direction, the next Lemma will prove to be useful.

Lemma 3.27. Let (M,g) be a Riemannian manifold, let ¢ : (M,g) — (N,h)
be a smooth map with target another Riemannian manifold (N,h) and let X be a
smooth, closed, conformal vector field on M. Assume that, for somen € R, (M, g)
supports the structure

Ric? + %Lxg —nX’® X" = \g,
() = VU (), (3.105)
dp(X) =0,

where A = = (59 4 div.X — 77]X]2). Then 7(p) vanishes identically on the set
{r e M : (divX)(z) # 0}.
Proof. The third equation of (3.105) reads, in components,
eiX; = 0. (3.106)
Setting
v =div X,
since X is conformal and closed we have

~
ijzgd

- (3.107)



3.3. SOME CONDITIONS ON THE COTTON TENSOR 137

Take the covariant derivative of (3.106) and use (3.107) to deduce

7 pa

0= ¢ Xi + ¢ Xy = 5, X + ¥

Compute the divergence of the expression above and use (3.107) to get
a a f}/ a 1 a
0 =i Xi + ¢ Xi; + T ¥ii + il
a ,Y a 1 a
=X + ZESOjj + ol SREE
that is,

a 7 a L,

Since X is conformal and A = L(S¥ + div X — n|X|?), the first equation of (3.105)
becomes

1
Ric? — X" ® X" = E(S‘P —n|X[*)g. (3.109)

Taking the divergence of (3.107) we have

Vi
inj = E
Applying the Ricci commutation relations and using dp(X) = 0 we deduce

% = Xthi + iji = Xtsz + Yi-

Rearranging and using (3.109) we get
mT_l%- =-R{X, = —%Xi - an_l|X|2X¢. (3.110)

From equations (3.110) and (3.106) we deduce

©iv; = 0. (3.111)
We want to prove

P X = 0. (3.112)
We exploit the commutation relation (1.11), i.e.

Pl = Pl T 1 Ruigi — "Rpea0i 0505,

which implies

s = iy = P3i + 08 Rei — "Ry 05050
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Contracting the above with X; we get

@%sz’ = @?jz‘Xi + i Ry X — NRchSOSSOESDdX'- (3.113)

7 2
From (3.106) we deduce
Y Ry Xi = 0,

J

and using (3.106) and (3.109) we obtain
S¥ m — 1
PiRuX; = PfREX; = — o X, + n——|X|*¢{ X, = 0.
m m
On the other hand, differentiating the second equation of (3.105) we have

1
—— L
Pui = Y i
and contracting with X; and using (3.106) we deduce
a 1 ab, b
P Xi = —U%p; X; = 0.
a
Inserting in (3.113) we obtain
pijXi =0,
that is, equation (3.112). Using (3.112) and (3.111) into (3.108) we deduce
i
0 =2—¢7,. 3.114
m(ptt ( )

Therefore, on the set where v = div X does not vanish, we have that 7(¢) vanishes.
O

Proof (of Proposition 3.22). Since X is conformal and closed, we are in the as-
sumptions of Lemma 3.27, that is, we are in the case n = 0 of that Lemma.
Applying it, we deduce that 7(p) vanishes on the set

A:={x e M :~(z) #0}.

From Remark 3.25, we deduce that v satisfies the unique continuation property;
therefore, it vanishes on an open subset of M if and only if it vanishes identically.
Since X is non-Killing by assumption, this cannot happen so that the zero set of
~ does not contain any open subset of M. As a consequence, A is dense in M.
Since 7(p) vanishes there, we deduce that, by continuity, 7(¢) = 0 on all of M.
Therefore (M, g) is a harmonic-Einstein manifold and we are in the conditions to
apply Lemma 5.2 of [6] to conclude. O
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3.3.3 Proof of the Main Theorem

From our assumptions, we know that

e U

m—1

is a Codazzi tensor; in the following, P, will be the k-th Newton operator “in its
eigenvalues”, which is divergence free by Corollary 3.20. Therefore

[(Pe)ij fili = (Pr)ii fis
that is
div(P(V f)) = tr(Py o Hess(f)). (3.115)
We first prove the validity of the following identity:
tr{ (Pk - %ak id) o Hess(u)} - g(V logu' ™7, (Pk - %O’k id) (Vu)) (3.116)
=crfu(ogr1 — 010%),

where u = e7#/, for some 8 € R, 3 # 0. Note that, to prove it, we will only use
the constancy of oy, equation (3.74) and the first equation of (3.73).
Rewriting (3.73) 1) we get

Uly) 1 U(e)
L= f. A¥ . L iy .
fig=nfifi — A+ - 15, 2m 1)3 05 - 15” + Ay (3.117)

We perform the substitution © = e=#/ to obtain

Hess(u) :Bu<% — MNx) + %)g + (1 — %) idu ® du (3.118)

U9,

m—1

+ fu <A“’ —
which is a structure of the form (3.87) for the choices
S U 1
plz) = Bu(m — A+ %) (), qlz) = (1 - %) E(@,
I(z) = —Bu(x)

and A = A% — % g. From equation (3.88) we deduce

Lt —exfu K% S+ ﬁ>ak + akﬂ}

4 (1 _ %) %g(Pk(Vu),Vu).
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A simple computation gives the validity of

Ul =~ m—2

- g¥ _
m—1 2m(m—1) 1

and, therefore,

iSS]

)

Lku :Ckﬁu(—OjO'k + O'k+1> + g<Pk(Vu), V10g ul_

)
+ CkBUO'k— — CkﬁUO'k)\.
m

Tracing equation (3.118) we obtain

_— 1
Au :2<mm_ 1)5uS“’ - mﬂz 15uU(g0) — mpBul(x) + (1 _ %) ayvuyz
m— 2 m
+ 2(m — 1)5%9@ Com— 1BUU(¢)
—5%5u = mpur(e) + (1= 3 ) 119l
so that

Liu — %akAu — g<Pk(Vu), V log u17%> - %ng <Vu, Vlog u17%>
= crPu(og1 — 0101);
since oy, is constant, the above equation can be rewritten as
tr{ (Pk — %O’k id> o Hess(u)} — g(V log ul_%, (Pk — %ak id) (Vu))
= Su(0k 41 — 010%),

which is (3.116). The importance of (3.116) stems from the fact that, when P is
divergence-free, its left-hand side becomes a weighted divergence; indeed we have

tr{ (Pk . %ak id) 0 Hess(u)} - g<v logu'™ 3, (P,c - %ak id) (W))

—u'"% div (u%_l (Pk — %O'k id) (Vu))

Therefore, multiplying (3.116) by u%_l, integrating the result over M, using the
divergence theorem and [ # 0 we obtain

/ u%(akﬂ — oy0) = 0.
M
From u > 0 and (3.76) we get

Ok+1 — 010 = 07
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so that the equality case in (3.76) is satisfied. Therefore, all the eigenvalues of

AP — %9 coincide so that A¥ is proportional to the metric, and hence Ric? is

too. We then have that
Ric” = ~g
holds, for some v € C*°(M). Tracing the equation above, we deduce
my = 5%
and
g%

Ric¥ = —yg
m

so that the first equation of a harmonic-Einstein manifold is satisfied. From equa-
tion
Chi = iy

and (3.74) we deduce

1
QP = EU“%-

Contracting the above equation with f; and using the second equation of (3.73)
we deduce

2

0= it - 7U°) = alrte) - 2T

In particular, we have that ¢ is %—harmonie and, again from the second equation
of (3.73), Vf € Ker(dy). In other words, we have proved the validity of

Ric? = %g
{ 7(p) = 2VU(p) (3:19)

and
dp(Vf) =0 =dp(Vu).

Moreover, when n = 0, since A¥ is proportional to the metric, (3.117) tells us
that also Hess(f) is, so that V f is a closed conformal vector field. When 7 # 0,
choosing 8 = n in (3.118) shows us that Vu is a closed conformal vector field. In
both cases, we are in the assumptions of Proposition 3.22, and we can use it to
conclude.
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