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Exploration on Bubble Entropy
George Manis, Dimitrios Platakis and Roberto Sassi

Abstract—Bubble entropy is a recently proposed entropy met-
ric. Having certain advantages over popular definitions, bubble
entropy finds its place in the research community map. It belongs
to the family of entropy estimators which embed the signal into
an m-dimensional space. Two are the main drawbacks for which
those methods are criticized: the high computational cost and the
dependence on parameters. Bubble entropy can be an answer to
both, since computation can be performed in linear time and the
dependence on parameters can be considered minimal in many
practical situations.

Popular entropy definitions, which are built over an embedding
of the signal, mainly rely on two parameters: the size of the
embedding space m and a tolerance r, which set a threshold
over the distance between two points in the m-dimensional space
to be considered similar. Bubble entropy totally eliminates the
necessity to define a threshold distance, while it largely decouples
the entropy estimation from the selection of the actual size of the
embedding space in stationary conditions.

Bubble entropy is compared to popular entropy definitions on
theoretical and experimental basis. Theoretical analyses reveal
significant advantages. Experimental analyses, comparing conges-
tive heart failure patients and controls subjects, show that bubble
entropy outperforms other popular, well established, entropy
estimators in discriminating those two groups. Furthermore,
machine learning-based feature ranking and experiments show
that bubble entropy serves as a valuable source of features for
AI decision-support algorithms.

Index Terms—bubble entropy; entropy estimator; embedding
space; elimination of parameters; fast computation; sample
entropy; permutation entropy; HRV analysis; Biomedical En-
gineering

I. INTRODUCTION

ENTROPY, as a pillar in information theory, was intro-
duced by Claude Shannon in 1948. Since then, it has

been a powerful tool in various areas of signal interpretation.
In biomedical engineering, entropy analysis has been used
to measure the irregularity of biomedical signals. Significant
applications of entropy included cardiovascular and neurosen-
sorial signal analysis, cancer research, sleep disorders, and gait
analysis.

Bubble entropy is a new entropy estimator with limited
dependency on parameters. In [1], it was introduced as almost
free of parameters. The word “almost” had been used
to express that bubble entropy had successfully eliminated
the most influential and, nevertheless, difficult to estimate
parameter: the threshold distance r. Still, bubble entropy did
not lack discriminating capability, compared to other standard,
widely accepted and used definitions of entropy.
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During these years, the research community has shown
interest in this new metric. Many papers appeared in the
literature employing bubble entropy in their methodological
pipeline [2]–[11]. Some of them used bubble entropy as feature
to train and test machine learning classifiers [2]–[4]. Others
used the method as the main means of analysis. In [5], in
order to examine the association between pressure injuries and
abdominal temperature, bubble entropy was used to assess the
irregularity of the temperature time series. Furthermore, bubble
entropy was used for an automated categorization of sleep
stages using electroencephalogram (EEG) signals [6], [12],
[13] or to discriminate between term and preterm births [8]. In
some papers bubble entropy or extensions of bubble entropy
appeared in the title [7]–[9] or in the keywords [11], [14]. It
was included in reviews [15], [16] and software libraries [17],
[18]. Extensions and modifications have also been proposed
in other works [10], [11].

We duly investigated the properties of bubble entropy,
employing theoretical [19]–[21] and experimental analyses
[22], [23]. These papers revealed interesting aspects, which
gave motivation for further analysis and exploration.

In this paper, we summarize the up-to-date research, we
investigate new challenges, present new ideas, and suggest
lines of research. The aim of the paper is multiple:

• It introduces an integrated depiction of bubble entropy,
summarizing in a single section the advantages of the
method and theoretical and experimental analyses which
supported them in earlier literature.

• It investigates why and how it is valuable to consider for
bubble entropy a spectrum of values of m at once, instead
of selecting a specific embedding space dimension, when
the series cannot be considered stationary.

• It illuminates the ability of the estimator to work and
retrieve information from high-dimensional spaces, ex-
tracting different information than that extracted in low-
dimensional spaces, still when the series cannot be con-
sidered stationary.

• It compares bubble entropy with popular definitions of
entropy, spotting the method on the research map. It
discusses where and how bubble entropy outperforms
sample entropy [24], [25], the most popular definition
of entropy during the last two decades. It also compares
bubble entropy with permutation entropy [26], a defini-
tion of entropy which superficially looks similar to bubble
entropy and often confused with. This paper clarifies the
relation between bubble entropy and permutation entropy
and presents a number of advantages of bubble entropy
over permutation entropy.

• It introduces a Python and Matlab library which provide
implementations of bubble entropy in linear time. The
core development has been done in C, which further

This article has been accepted for publication in IEEE Journal of Biomedical and Health Informatics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/JBHI.2025.3593153

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: UNIVERSITA DEGLI STUDI DI MILANO. Downloaded on December 01,2025 at 21:57:53 UTC from IEEE Xplore.  Restrictions apply. 



IEEE JOURNAL OF BIOMEDICAL AND HEALTH INFORMATICS 2

reduces the execution time. Even though bubble entropy
is based on sorting, its computation can be done by a
linear algorithm [1].

The rest of the paper is structured as follows. Section II
outlines bubble entropy and summarizes our previous work.
Section III discusses in detail an algorithm which allows
computation of bubble entropy in (mn) time. In section
IV bubble entropy is compared with other popular entropy
definitions. Then, in specific, section V shows why it is not
important to estimate the size of the embedding space, when
using bubble entropy with stationary series, and presents com-
parative experimental results on where it outperforms sample
entropy and permutation entropy. The last section concludes
this work.

II. BUBBLE ENTROPY

A time series x=x1, x2, . . . , xN of size N is embedded
into an m dimensional space leading to a second time series
of size N−m+1 of the vectors:

X1,X2, . . . ,XN , where Xj = (xj , xj+1, ..., xj+m−1).

Using bubble sort, the elements in each vector Xj are sorted,
counting the number of swaps performed. The probability
mass function (pmf ) pi of having i swaps is used to evaluate
the second-order Rényi entropy:

Hm
swaps = − log

(m2 )∑
i=0

p2i . (1)

Bubble entropy is the normalized difference of the entropy of
the sorting effort (swaps) required to sort vectors of length
m+1 and m:

bEn =
(
Hm+1

swaps −Hm
swaps

)
/Nm

norm, (2)

where Nm
norm is a normalization factor.

The normalization factor: Many different choices can be
performed (and indeed we proposed in our works different
alternatives). The most effective is to select the difference of
the values of Hm

swaps for White Gaussian Noise (WGN) in
these embedding spaces (which we termed Wm

swaps instead of
Hm

swaps for clarity):

Nm
norm = Wm+1

swaps −Wm
swaps. (3)

While an exact value of Wm
swaps and how it is derived can be

found in [21], an approximated estimate, displaying an error
<1‰ for m>30 [21], is:

Wm
swaps ≈

1

2
log

(
π
m(m− 1)(2m+ 5)

18

)
. (4)

In the first definition (“original”) of bubble entropy [1], the
normalization factor was instead set to:

Nm
norm = log

(
m+ 1

m− 1

)
, (5)

which is related to log[(m−1)m/2+1], the maximum value
that Hm

swaps can reach for a uniform distribution of swaps.
In the Python/Matlab library publicly available (please refer

to section III), the programmer can select among the exact, the
approximated or the original value of Nm

norm.

The two-step ahead estimator: In our paper [21] we showed
that, due to basic combinatorial reasons, for strongly an-
tipersistent stochastic processes (e.g., xn=axn−1+wn, where
a→−1 and wn is a white Gaussian noise), the pmf pi of
having i swaps displays two peaks when m is even, while
only one when it is odd. Thus, Hm+1

swaps<Hm
swaps and negative

values of bubble entropy are possible (as well as oscillations
between negative and positive values of bubble entropy while
m grows).

In these situations, a theoretically solid workaround is to
consider bubble entropy as the difference in swap entropy
between two embedding spaces of size m+2 and m, rather
than between m+1 and m:

bEn+2 =
Hm+2

swaps −Hm
swaps

Wm+2
swaps −Wm

swaps

. (6)

However, when the process is only mildly anti-correlated as
it happens in real-world signals, this effect is not significant,
since it does not affect the discriminating power of bubble
entropy.

Values for certain known stochastic processes: Our initial
experiments with bubble entropy were performed on heart rate
variability (HRV) time series, which are commonly modelled
with autoregressive (AR) processes, for their short-term be-
havior, or long memory processes, like fractional Brownian
motion (fBm) or fractional Gaussian noise (fGn), for their
long-term one. To better understand the characteristics of
bubble entropy we therefor studied the values it assumes
(theoretically) for these classes of stochastic processes. We
also verified with careful numerical simulations that these
results were holding in practice.

Summarizing, we verified that it is possible to derive
an analytical value of bubble entropy given by an integral
expression for any AR process. The formula in [19] is how-
ever computationally expensive when m grows, and only for
m≤3, given the existence of an analytical formulation for
the quadrant probability, an explicit formula can be derived.
As expected, when an analytical closed-form formula can
be computed, like for m=2, the theoretical value of bubble
entropy differs from the entropy rate of the AR process.
For example, for the AR process x[n]=ρx[n−1]+w[n] with
|ρ|<1 and w[n]∼WGN(0, σ2

w),

bEn =
log π2 − log

[(
arccos 1−ρ

2

)2
+ 4

(
arccos

√
1+ρ
2

)2]
log 9

5

,

while the entropy rate is 1
2 log

[
2πe(1−ρ2)

]
. Also, the value

of bubble entropy did not change much with growing values
of m, for a wide range of values of ρ (please refer to fig. 4
in [21]).

Considering fGn [20], which is a stationary process like
the AR process of the previous paragraph, bubble entropy
also showed a very small, if minimal, dependence on m.
Empirically, it scaled as H/2+3/4, where H is the Hurst or
scaling parameter. On the contrary, for fBm, a non-stationary
process, when m grew, bubble entropy approached a constant
(larger) value of 4/3. In fact, the continuously growing or
decaying ephemeral trends in fBm render the range of swaps
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necessary for sorting very broad, leading to values of swap
entropy Hm

swaps very close to the maximum possible value of
log[(m−1)m/2+1]. Therefor, bubble entropy behaves like a
scaling estimator for stationary Gaussian long-memory pro-
cesses, but this is not the case when non-stationarity becomes
relevant.

A physical meaning for the sorting effort: There is a
physical meaning behind the selection of the sorting effort as
the basis of the distribution. The sorting effort, as an amount,
expresses task or work. In Physics, work is responsible for
energy transfer or change. Energy is closely correlated to
entropy: the more “disordered” a system, the less of a system’s
energy is available to do work. Rényi entropy of order 2
counts and reports the logarithm of the energy of the system
(equation 1). If we consider that in a sorted vector the
“disorder” is minimal and in a unsorted one much larger,
the more effort/work we need to bring the vector into the
minimal “disorder”, the higher the “disorder” in it. Thus, the
distribution on which the entropy is computed is based on a
quantity closely related to what finally is estimated, giving a
physical meaning to the selection of the sorting tasks as the
basis of the distribution.

III. SOFTWARE LIBRARY WITH A LINEAR
IMPLEMENTATION OF BUBBLE ENTROPY

Bubble sort is an O(n2) algorithm. Even though sorting can
be performed in O(n log n) steps using Quick sort, sorting still
remains expensive.

The computation of bubble entropy requires only O(mn)
steps, where m is the size of the embedding space and n
the size of the signal. This is not a paradox, even though
bubble entropy depends on bubble sorting. Taking a closer
look at what is sorted, one can easily notice that sorting is
performed on the vectors and not on the whole signal. The
quadratic computation is on m and, based on this observation,
the algorithm complexity is O(m2n).

Even though m is very small, compared to n and in theory
we do not consider it significant, in practice the nested iteration
on m still consumes valuable processing resources. We can
exploit here, in an attempt to further reduce the computational
cost, that vectors vi and vi+1 have in common m−1 elements.
We call v ̸=i the element of vi which does not belong in vi+1.
The element v ̸=i is the first element of the vector vi. We call
v ̸=i+1 the element of vi+1 which does not belong in vi. This
element is the last element of the vector vi+1.

Having sorted the vector vi we have already done most
of the sorting effort for the vector vi+1. Let us assume that
sorting vi costs vcosti steps. If we move the element v ̸=i at the
beginning of the vector vi and count the required swaps, we
can subtract the necessary swaps from vcosti . The resulting
cost, let’s call it vcost−i , is the cost to sort the m−1 last
elements of vi, i.e. the first m−1 elements of vi+1. Having
sorted the m−1 first elements of vi+1 we insert v ̸=i+1 from
the right hand side of the m−1 sorted elements of vi+1 and
move it as many positions as necessary, until vi+1 is sorted.
We add the cost of this moving to the cost vcost−i and we get
the sorting effort vcosti+1 for the vector vi+1.

The above algorithm needs at maximum O(m) steps to
bring v ̸=i in the first position of vi and O(m) steps to bring
v ̸=i+1 at the required position. We have reduced the complexity
over m from quadratic to linear: O(mn). Since m≪n and m
is independent from the length of the signal, we can consider
the complexity as linear.

Fig. 1. A flowchart of the algorithm.

The algorithm is described in the flowchart on figure 1. In
block 1, the sorting of the first vector is performed. Apart
from this point, using bubble sort is no longer necessary,
only swaps between neighboring elements in the vector are
performed. In block 2, we initialize the list swap count list
with its first element, i.e. the cost to sort v0, performed in
block 1. After that, in blocks 3-9, we repeatedly remove from
sorted vector the first element of vi−1, i.e. vi−1[0] (block 6).
The variable swaps is initialized in block 4 with the number
of swaps necessary to sort element vi−1, i.e. the last element
in the swap count list. In block 5 we subtract the index of
vi−1[0] from the swaps counter. In block 7, the new element of
sorted vector is added at the last position of sorted vector.
At this point, all elements of the sorted vector are sorted,
except from the last one. To sort the vector sorted vector we
only have to move the most recently added element vi[−1]
in the proper position and count the necessary steps. This is
done in block 8 with the shift and count function. The list
swap count list is updated with the new element in block 9.
After the end of the loop, in block 10, the algorithm reports
the computed entropy.

Code for the linear algorithm is available at: [link]1 and can
be freely used. There are two libraries available there, one for
the Python programming language and one for Matlab. The
core implementation has been done in C, to ensure minimal
overhead. Wrappers on top of C provide the interfaces for
Python and Matlab. The C source code is also available. It
can also be called by C programs or additional wrappers
can be implemented for other language, according to the
programmers’ needs.

1link will be available when/if the paper is accepted
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IV. COMPARISON WITH POPULAR ENTROPY DEFINITIONS

Instead of summarizing the advantages of bubble entropy in
a dedicated section, we found it more interesting to illuminate
the advantages by comparison with other popular entropy
definitions. We selected two: (a) permutation entropy, since
both bubble entropy and permutation entropy are based on
sorting and present superficial similarities and, (b) sample
entropy, since it is the most popular definition of entropy,
especially in the biomedical engineering field.

Other interesting, but less popular, entropy definitions which
could constitute the basis for bubble entropy to establish its
position in the research field, include: corrected conditional
entropy [27], a measure which adjusts the calculation of
conditional entropy to account for biases that arise in finite
or noisy data; dispersion entropy [28], an entropy measure
which uses symbolization, grouping into patterns and Shannon
entropy to assess the probability of the occurrence of each
pattern; fuzzy entropy [29], where a fuzzy entropy function
is used to evaluate the similarity between points; distribution
entropy [30], where data points are assigned to bins and the
relative frequency of data points is assessed using Shannon en-
tropy; measures that modified permutation entropy [31]–[33].
Detailed comparison with the less popular entropy definitions
is in our plans for a future work. An interesting review of all
those methods and entropy analysis of univariate biomedical
signals can be found in [34]

A. Comparison with permutation entropy

Bubble entropy and permutation entropy might look quite
similar. However, even though they are based on sorting
elements inside the vectors, the two definitions present re-
markable differences, which are analyzed in the following.

Distribution of the sorting effort: permutation entropy esti-
mates the entropy on the distribution of the different sorting
patterns, formed by the initial positions of the elements in
the vector, i.e., the positions before sorting. Bubble entropy,
instead, computes the distribution of the sorting effort for each
vector and estimates the entropy on the distribution of these
efforts. This small difference is very important and affects the
discriminating capability and the range of m values, where
each method is applicable.

Employing the sorting effort results into grouping of several
sorting patterns under one common factor: the task performed.
This leads to more effective grouping. A swap between two
successive samples in the original signal, produces m−1
different sorting patterns, since these two samples are common
in m−1 vectors in the embedding space. In addition, a swap
between the ith and the ith+1 element of a vector or between
the jth and the jth+1 elements (i ̸= j) contribute towards dif-
ferent patterns, even though it is a swap between the same two
elements. The place in the signal, at which the swap has been
performed, is of less importance for the estimation of entropy
than the fact that this swap has been actually performed. In all
the above cases, permutation entropy produces patterns, while
bubble entropy just adds 1 to the sorting task of the vector,
estimating the energy necessary to reach the minimal entropy
state.

A physical meaning: As stated earlier, there is a physical
meaning behind the selection of the sorting task as the basis
of the distribution in bubble entropy. In contrary, employing
the sorting patterns is something with a less clear physical
meaning, which appears more clearly only when m→∞, as
permutation entropy then it provides an upper bounds for the
Kolmogorov-Sinai Entropy in several circumstances [35].

The number of states: Creating different patterns for simple
swaps has also one more effect: it increases the number of
possible states (the number of different possible patterns) in
the distribution. For permutation entropy and a vector or size
m the possible number of states is m!. This is a very large
number with more than 3 million states, for m=10. The
large number of possible states leads to a less descriptive
distribution for practical signals with a much smaller number
of samples, learning to low height, large width and relatively
equally distributed small number of patterns in each state.
On the other hand, bubble entropy performs at the maximum
m(m+1)/2 swaps for a vector of size m (55 states for m=10),
leading to a more descriptive distribution with frequent values
concentrated in the middle and rare ones at the sides.

Range of m: The large number of sorting patterns leads
to a limitation in the range of the examined values of m.
This is connected to the previous issue: it is simply practically
unfeasible to consider m! states when m is large. This is not
the case in bubble entropy where the range of useful values
can be much larger. For example, going back to HRV, when
on entire day of data is considered or about 105 samples,
probability mass functions for m=10 are estimated with
about 1.78×103 samples for possible swap (bubble entropy)
compared to 0.0276 samples per state (permutation entropy).
For nonstationary signals, with a larger m, it is possible to
explore a wider variety of embedding spaces and to produce a
larger number of features, when a machine learning classifier
is to be employed. The larger the number of features, the more
flexible the feature selection and the more likely the classifier
to approach the optimal solution.

Difference of entropy between spaces with different embed-
ding dimensions: While permutation entropy computes and
reports the entropy of the distribution in the m-dimensional
space, bubble entropy follows the popular sample entropy
[24], [25] and approximate entropy [36], which both report
the difference between the entropy estimated in embedding
spaces with dimensions m+1 and m.

Bubble entropy computes the difference in the swap entropy,
or as expressed in equation 1, the entropy of the distribution
of swaps necessary to sort the vectors Xj of length m+1 and
m. In accordance with popular and well established entropy
definitions, Swap entropy expresses complexity in a way
similar to Permutation entropy, i.e. by examining ordering. In
our previous papers [1], [21] we showed that bubble entropy
is not the entropy rate of a stochastic process; also, it is
not maximal for white noise [21]. Nevertheless, similarly to
approximate entropy, sample entropy and sorting entropy, it
reflects the new information that is available in a embedding
space of size m+1, when the information in the embedding
space of size m is a given, or else, it reflects the average
uncertainty that remains in space m+1, with respect to the
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uncertainty of space m1. However, bubble entropy does not
directly quantify the conditional entropy (entropy rate) of the
series, like sample entropy and approximate entropy or the
corrected conditional entropy [27] and the equivalent measure
based on nearest neighbor metrics [37], but it is a practical
estimator which assesses the change in entropy of the ordering
of portions of the samples of length m, when an extra element
is added.

Sorting entropy [26] is a definition similar to permuta-
tion entropy. It estimates the difference between permutation
entropy computed in spaces with dimensions m+1 and m.
Theoretical comparison with bubble entropy is not necessary
here, due to the similarities between permutation entropy and
sorting entropy. We will include sorting entropy, though, in
our experimental analysis later in this paper.

Rényi entropy: How entropy is estimated from the distri-
bution is also an interesting difference. While permutation
entropy uses the definition of Shannon, bubble entropy prefers
the definition of Rényi of order 2 (equation 1), since: a) Rényi
entropy of order 2 expresses energy, in accordance to the rest
of the philosophy of bubble entropy and, b) Rényi entropy
suppresses the more rare instances and emphasizes on the most
frequent ones, minimizing the influence of rare occurrences
or noise, with the latter being very common in biomedical
signals.

Similarity - lack of r: Even though, at first sight, the most
important similarity between bubble entropy and permutation
entropy seems to be the use of sorting, this is not true. The dis-
cussion above shows that sorting is a non significant similarity,
since it is employed and exploited in a very different way in the
two definitions. The interesting common characteristic is the
lack of the threshold distance r, something that make them less
depended on parameters and human/subjective estimations.

B. Comparison with sample entropy

Sample entropy is the most popular definition of entropy and
more than a thousand of papers have based their scientific re-
sults on sample entropy. Nevertheless, bubble entropy present
some significant advantages over sample entropy, which are
listed below.

Dependency on parameters: sample entropy is heavily
based on parameters. The difficulty in estimating the parame-
ters has led to the common practice of using standard, stereo-
typed values, i.e. m=2, r=0.2, in all cases. On the other
hand, bubble entropy depends only on one integer parameter:
the dimension of the embedding space m, a fundamental
amount in all definitions. Later in this paper, we will show how
and why bubble entropy can be used, without the selection of
m being important.

Computational cost: A second disadvantage of sample
entropy is the high computational cost. The definition of the
method implies a quadratic algorithm: O(n2). Even though
fast implementations or implementations with smaller com-
plexity have been proposed in the literature [38], [39], the
computation of sample entropy is still very expensive. Bubble
entropy uses bubble sort, which is also a quadratic algorithm
O(m2). However, we showed earlier, in section III that bubble

entropy can be computed in linear time. A linear algorithm
allows experiments with a large number of different m values
and produce a large number of features for a machine learning
classifier, each describing the behavior in a different embed-
ding space. A fast algorithm also allows the computation
of all meaningful values of m, reducing or eliminating the
dependency of the method from parameter m.

Range of values of m: For a stationary process, also sample
entropy, like bubble entropy, would be independent from the
value of m selected. In practice, due to the slow convergence
of the estimator, with increasing value of m the value of
sample entropy diverges from its expected value (or cannot be
estimated). For example, for a white gaussian noise WGN(0,1)
and a sequence length of 105, values of sample entropy are
very difficult to obtain for m≥9 and r=0.2; when r=0.1,
already m=7 is critical. On the contrary, in the same situation,
bubble entropy can be estimated with ease still for m=50. A
workaround for sample entropy would be to increase further
the length of the series to foster convergence, but the high
computational costs limit substantially this possibility.

As a consequence, sample entropy computation usually
involves small values of m, m=1 or m=2, even m=3,
but for m>4 the discriminating capability is significantly
reduced or lost, with the typical length of practical signals.
Thus, sample entropy is estimated based on very small vectors,
which describe very local information. On the other hand,
bubble entropy can extract information based on both short
and larger vectors, extending the base of the analysis to longer
relations between samples. While this might be irrelevant in
stationary situations, it otherwise opens up new exploratory
scenarios.

Tolerance to spikes: In [23] sample entropy is claimed to
be more robust to noise and spikes than approximate entropy.
Presented in [23] is a thorough tolerance to spikes comparison
between sample entropy and bubble entropy. Spikes were
artificially and randomly inserted into HRV series and the
values of the two metrics were compared before and after the
insertion. The mean relative error for sample entropy ranged
from 0.084 to 0.435, while the corresponding mean relative
error for bubble entropy was much lower, between 0.069 and
0.122. This is a strong hint that bubble entropy might present
an increased tolerance to spikes compared to sample entropy.

V. DEPENDENCE AND INDEPENDENCE ON THE SIZE OF
THE EMBEDDING SPACE

Commonly, studies employing popular definitions of en-
tropy investigate the time series dynamics in relatively small
embedding spaces. Increasing the size of the embedding space,
after a certain value, decreases the discriminating power of the
method (unless un-practically long signals are considered) due
to some of the limitation highlighted in the previous sections.

For nonstationary signals, investigating the relations in
larger dimensions could reveal much different information.
For example, in a heartbeat time series, a value of m=2
captures inner-vector relationships only between neighboring
beats. However, when m=30 is considered, the base of the
comparison is a window of approximately 30 seconds, in
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Fig. 2. Comparison of discriminating capability of the four examined entropy definitions.

which more complicated relations may be hidden and more
interested phenomena may be encrypted.

The analysis of time series in larger dimensions has signif-
icant advantages, which makes bubble entropy especially in-
teresting. On the other hand, the dependence on m is contrary
to the initial and fundamental target of bubble entropy, i.e.,
the independence from the parameters. But in nonstationary
conditions, m is an inherent quantity that cannot be eliminated,
therefor it could be beneficial not having to select a specific
value for the size of the embedding space, while using multiple
values of m. Combined with a feature selection method, we
can produce a vector with all entropy values in the range
between m=2 and a large value of m. Using this vector,
we can choose as many features as we think fit, picking the
most valuable ones. In doing so, the selection of a specific m
is no more necessary.

Machine learning technology can be part of the solution.
Computing bubble entropy for all reasonable values of m
and stacking these values to a machine learning classifier can
lead to accurate classifications, investigating various possible
complex relations. Of course, any definition of entropy can
be used to provide features to a classifier. However, bubble
entropy has again some interesting advantages. Using sample
entropy as reference, bubble entropy can:

• investigate all reasonable values of m, without having to
deal also with an infinite number of pairs m, r.

• be computed in reasonable time, since the algorithm
is O(n), when the computation of sample entropy is
O(n2). The high complexity of sample entropy makes the
computation of a large number of m, r pairs expensive
or even impossible .

• employ a large range of values of m possibly providing
more independent features, when both sample entropy
(and also permutation entropy) are limited in much
smaller ranges and possibly less independent features.

In the following, we will present experimental results to
support the above claims. As test data, we used HRV series
from two groups of subjects. The first consists of 44 patients
with congestive heart failure (CHF group). The second con-
sists of 72 controls in normal sinus rhythm (NSR group). Data
are publicly available on Physionet [40] (such as chf, chf2,
nsr and nsr2 data sets).

We trained and tested the accuracy of four machine learn-

TABLE I
CLASSIFICATION ACCURACY FOR EXAMINED DEFINITIONS

GNB SVM k-NN LR

Sample entropy 67.27% 71.55% 75.90% 70.53%
Permutation entropy 69.84% 74.31% 73.33% 71.66%
Sorting entropy 69.09% 72.27% 74.16% 68.93%
Bubble entropy 90.53% 88.93% 88.86% 87.80%

All 89.27% 88.93% 89.69% 88.10%

ing models: Gaussian Naive Bayes classifier (GNB), Support
Vector Machine (SVM) [41], k-Nearest Neighbor (k-NN) [42]
and Logistic Regression (LR) [43]. In an attempt to make a
fair comparison, we selected standard classifiers, decoupling
the problem from the classifier and the estimation of the
classification parameters. Thus, we used the default or rea-
sonably simple values for all classification parameters (GNB:
no parameters; SVM: Linear, Sigmoid, Radial Basis Function
Kernels, gamma=”scale” and C = 1; k-NN: k=3, · · · , 25,
odd values only; LR: C=1, penalty=none). The optimal
number and set of features was selected by checking the
classification accuracy, after examining all possible feature
subsets and all parameters, where necessary. Even though a
high amount of features may lead to over-fitting, we used 10-
Fold Cross-Validation in order to verify its absence through
the insignificant variance of test accuracy throughout the 10
folds, paired with proper training accuracy. 49 features were
computed for bubble entropy (2≤m≤50). 14 features were
computed for permutation entropy and sorting entropy (2≤
m≤15), although the discriminating power of the methods
was significantly reduced after m=10, as our experiments
showed. 12 features were selected for sample entropy (all m, r
pairs when m=1, . . . , 4 and r=0.15, 0.2, 0.25).

A comparison of the discriminating capability of each
feature, when used independently of the others, is contained
in figure 2. For each feature, we reported the average value for
each of the two populations (with confidence bars) to quickly
highlight those metrics for which the two distributions are
distinct.

Bubble entropy presents an interesting behavior throughout
different values of m. Starting off with low m-values the
means of the entropy values of the NSR patients are higher
than those of CHF. Around m=10 those two means intersect
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making this area the least valuable in terms of discriminatory
ability. For even higher m-values, the means of the groups
switch, bringing the CHF means to the top and the NSR means
underneath. Additionally, around the area of m=20, bubble
entropy reaches its peak in discriminating the two classes. We
cannot say if bubble entropy is higher or lower, since there is
different behavior in small and in large spaces. In small values
of m the behavior is similar to all other entropy metrics. For
large numbers of m the means of the groups switch, suggesting
changes on the HRV series itself at larger scales.

Our results are, however, not in contradiction with the
statement that Bubble Entropy is only mildly dependent on
m. As we showed for AR processes in [1] (fig. 4) and
for fractional Gaussian noises in [20] (fig. 1), when the
process is stationary the dependence on m is very weak and
bubble entropy converges quickly. For example, for a white
Gaussian noise, for growing values of m and using the first
normalization we proposed in [1], the difference in bubble
entropy between two nearby scales m and m+1 is asymptotic
to ≈ 3

4m2 which for m=7 and m=8 is about 2% off the
theoretical value 3/4.

On the other hand, when the process is nonstationary or
a composition of processes acting at different scales, it is
reasonable that any metric, if capable of exploring that range
of scales, might be able to detect the changes in complexity
which might happen with m. For example, with respect to
HRV of CHF patients, the short term fractal exponent DFAα1

computed with detrended fluctuation analysis (DFA) is smaller
for CHF patients who are less likely to survive (thus more
“far” apart from normal subjects) [44], while the long term
DFA fractal exponent DFAα2 (which is linked to the α power-
law exponent in the low frequencies by the algebraic scaling
relation α=2DFAα2−1) is larger for CHF patients [45].
Thus, the fractality of HRV is higher at larger scales for CHF
patients with respect to normal (the Hurst exponent grows),
while the opposite is true when considering scales smaller than
about 11 beats. A similar variation with scales happens with
respect to the complexity of the HRV series when analyzed
with bubble entropy (or other metrics capable of exploring a
large range of scales like multi-scale entropy [46]).

The best accuracy achieved for each classifier and each
entropy definition is reported in table I. Please note that bubble
entropy reached remarkably better accuracy levels than all
other metrics. When all the features pooled together were fed
to the classifier (last line of the table), best accuracy slightly
differed from bubble entropy, suggesting that bubble entropy
had been considered significant.

To further support elaborate on this last conclusion, we
provided in table II the number of features selected and used
in the classification, when the best accuracy (as presented
in table I) for each method was achieved. Please note that
the features extracted from bubble entropy being considered
together are more likely to be independent among them, than
those derived by the other definitions, reinforcing our claim
that the investigation of the problem in large dimensions
reveals valuable information.

In an attempt to further evaluate the 89 features, we used
two feature ranking methods: ANOVA and mutual informa-

TABLE II
NUMBER OF FEATURES SELECTED FOR EACH DEFINITION

GNB SVM k-NN LR

Sample entropy 1 12 4 7
Permutation entropy 1 11 5 1
Sorting entropy 3 12 2 12
Bubble entropy 48 33 11 2

TABLE III
PUBLISHED LITERATURE

Study ML Models Features Accuracy

[47] SNN, kNN, DT T-F Domain, Entropy 93.10%
[48] RF, SVM plus more AR Burg 100%
[49] kNN T-F Domain and more 96.39%
[50] SONN Spectral Analysis 83.65%

This work GNB,SVM,kNN,LR Bubble entropy 90.53%

tion. Based on them, each feature was given a rank between
1 and 89. The inverse of this ranking was plotted in figure 3,
grouping together the features of each definition. We used dif-
ferent colors for each definition and similar colors for ANOVA
and mutual information. We noted that bubble entropy ranked
the highest with a remarkably higher concentration of relevant
values than other definitions, suggesting that: (a) with bubble
entropy more useful for classification and more independent
features had been extracted, and (b) computing features in
higher embedding spaces is an advantage and enrich the
description of the series.

The key factor in our choice to limit the number of features
for sample entropy to 12 was the execution time. Please recall
that the computation of sample entropy needs O(n2) time.
Indicatively, for the whole data set of 116 signals with a
maximum size 100.000 samples, the computation of sample
entropy for 12 pairs of m and r values took approximately
64 minutes, while the computation of bubble entropy for
the same signals and m=2, · · · , 50 required only about 1.5
minutes. Please also note that for the computation of sample
entropy the fastest available implementation [38] was used
(written in C programming language), while a straightforward
implementation would require significantly more time. The
implementation of bubble entropy was also in C.

Many recent studies have tried to investigate how well
we can discriminate patients using various feature extraction
methods and machine learning models, often using more than
one feature in classification. In our paper, the purpose was
not to study the NSR-CHF problem, but to examine the
significance of the features extracted from bubble entropy and
compare them with the features extracted from other entropy
definitions. Furthermore, the machine learning models and
parameters we chose were as simple as possible, to decouple
our investigation from parameters selection. We successfully
proved, though, that bubble entropy produces more significant
features compared to its competitors.

VI. DISCUSSION ON THE CONCLUSIONS

Bubble entropy is a recently proposed definition of entropy,
which presents significant advantages over popular definitions,
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Fig. 3. Visualization of feature ranking. The features with the best ranking have been extracted with bubble entropy.

both in theoretical and experimental analyses. We showed that
there is a physical meaning behind each fundamental structural
point of the method, i.e., the selection of the sorting task as the
basis of the distribution and the selection of Rényi entropy as
an estimator. Apart from other advantages, they both express
energy, a physical quantity closely connected to entropy. We
compared bubble entropy with popular entropy definitions. We
pointed out that the similarity with permutation entropy is only
superficial, since the distributions on which the computations
are based are quite different and express completely different
descriptors. We emphasized on the reduced dependence on
parameters, since bubble entropy, not only has eliminated
the parameter r, as we have showed in our previous works,
but also does not require the selection of the parameter m,
as we extensively discuss in this paper. Using experimental
analyses, and two data sets with HRV series of healthy
controls and congestive heart failure patients, we compared
the classification accuracy reported by four classifiers, where
bubble entropy outperformed sample entropy, permutation
entropy and sorting entropy. We ranked the features extracted
from the four examined entropy definitions and concluded
that the features extracted from bubble entropy were the most
significant ones. In order to facilitate the researchers in using
bubble entropy, we provide a Matlab / Python library. The
library, can be freely downloaded and used. It provides a fast
linear implementation of bubble entropy, the core of which is
written in C, to ensure minimal overhead.

After having discussed the main points of the paper, we
would like, once more, to illuminate the main contributions.
In our previous work we emphasized on the importance of
limiting the dependence on parameters, focusing on r, but not
giving enough attention to m. Bubble entropy computation
was based on a single value, by selecting one value of m.
In this paper we move to a more thorough investigation, in
which all reasonable values of m are considered, significantly
improving the discriminating power.

In this paper, we explain why and how the selection
of m can be avoided. The parameter m is important and
fundamental for bubble entropy and for any similar entropy
definition. However, with bubble entropy, we do not need to
estimate the optimal value of m or select specific sizes for
the m-dimensional space. The idea is to consider all possible
reasonable values of m, as this is a small, finite set, and the
computational overhead is minimal.

Another significant contribution is the software library dis-
tributed with the paper. This is also important and interesting
to the research community, since the several implementations
of bubble entropy supported by available software libraries
are slow and written in Python or other not fast languages.
We provide a fast algorithm in C language, wrapped up in
Python and Matlab for convenience, the two most popular
languages for applications in which bubble entropy can be
useful. Something also interesting for the research community,
which has not been investigated in our previous work and
which will reinforce the value of the method and significantly
increase its impact, is the study on the feature selection.
Feature importance is used to compare bubble entropy and
other entropy definitions. We show, in this paper, that the
features extracted with bubble entropy were proved much more
significant than the corresponding features of other entropy
definitions. We have also investigated a wider range of m than
the values of m we chose in our previous work. This led to
new important results, since we noticed that there is valuable
information in these high embedding dimensions.

Given all the above, we believe that bubble entropy is a
very promising definition of entropy, the limits of which have
not been extensively examined yet. Currently we are working
on different HRV data sets and electroencephalograms. Our
future research directions include investigating bubble entropy
in embedding spaces with huge dimensions. Given that entropy
estimation can extract information from diverse scientific
fields, including several biomedical signals, the challenge to
investigate the specific problem seems especially interesting.
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