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Classical-trajectory-based methods calculate the vibrational spectrum of a molecular sys-

tem as the Fourier transform of an appropriate time correlation function. In this paper, we

assess the quantumness of different approaches derived from the path-integral representa-

tion of quantum mechanics. We focus on power spectra obtained by means of semiclassical

(SC) dynamics, centroid molecular dynamics (CMD), ring polymer molecular dynamics

(RPMD) and its thermostatted version (TRPMD). Our calculations also include classical

and quasi-classical trajectory (QCT) simulations as examples of results based on a purely

classical propagator. Calculations are performed for a 3-dimensional anharmonic model

system, and the non-rotating gas-phase water molecule. We show that typical features

of classical calculations like sum-of-frequency combination bands and overtones, differ-

ence bands, and spectroscopic signals at negative frequencies are found for classical, QCT,

CMD and (T)RPMD spectra. Conversely, these features are basically absent in semiclas-

sical calculations, which show just a reminiscence of the underlying classical trajectory.

The overall accuracy of the results compared to quantum mechanical values is always bet-

ter for SC methods. Classical results depend on the initial sampling distributions, and

their accuracy is of the same order of CMD, RPMD, and TRPMD simulations, i.e. an

order of magnitude lower than for semiclassical approaches. Our main conclusion is that

when it comes to molecular vibrational spectroscopy calculations, semiclassical methods

have a predominant quantum character, being able to include also real-time coherence

effects, while CMD, RPMD and TRPMD are prevalently classical reproducing just the

anharmonicity related to the zero point energy or quantum statistical distribution.
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I. INTRODUCTION

The numerical complexity of quantum mechanics makes exact calculations of large or complex

systems unfeasible. This is true also in the field of vibrational spectroscopy, where quantum exact

calculations are limited to low-dimensional systems (up to a few atoms).1,2 Quantum methods

based on highly accurate approximations have been developed in both a time-independent3–5 and a

time-dependent fashion.6 However, they all face scalability issues, and treatment of larger systems,

if doable at all, requires the introduction of additional approximations at the cost of a reduction in

accuracy and precision.7,8

To overcome the curse of dimensionality, methods based on classical trajectories able to re-

gain approximate quantum effects have been developed.9–13 The rationale for such a choice lies

in the fact that classical trajectories are computationally affordable also for very large systems.

Therefore, the main challenge for classical-trajectory-based approaches is to reproduce accurately

quantum effects.

Imaginary-time path integral molecular dynamics (PIMD) methods,14 which include centroid

molecular dynamics (CMD),15,16 quasi-centroid molecular dynamics (QCMD),17,18 ring poly-

mer molecular dynamics (RPMD),19 its thermostatted version (TRPMD),20,21 and some recent

developments22 are among the most popular approaches when vibrational spectroscopy is the tar-

get of investigation. Due to their affordable computational times, they are often used for studying

condensed-phase systems, but numerous applications to isolated molecules have also been re-

ported,23–25 as well as comparative studies.26,27 In spite of their popularity, they present some

shortcomings in performing spectral evaluations.16 For instance, with limitation to frequency cal-

culations, signals approximating overtones and combination bands are known to be calculated as

more blue shifted than fundamentals.28 Fermi resonances are another potential source of inac-

curacy.28 In general, CMD and RPMD are methods able to include zero-point energy effects in

the calculation, but they neglect real-time quantum coherences. Plé and Althorpe (and their co-

workers), in separate studies,29,30 attributed the inaccuracy of PIMD-derived methods to the ap-

proximations they make to the underlying Matsubara dynamics, and, by correcting the Matsubara

dynamics, results closer to quantum exact ones can be recovered. However, the correction could

be unpractical and straightforward application of these methods in their original, uncorrected for-

mulation is still very much employed in studies of nuclear quantum effects (NQEs).31 Plé et al.29

also showed, through adoption of the adaptive quantum thermal bath method, that sampling can
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improve the description of the absorption intensity of the signals which approximate overtones

and combination bands, however without correcting the frequency blue shift issue.

If one wants to include approximate zero-point energy effects into a vibrational frequency cal-

culation in a simpler way, quasi-classical trajectory dynamics (QCT) is an option.32–35 In QCT,

the initial conditions of the dynamics are harmonically quantized. The following NVE dynam-

ics is purely classical, so that no real-time NQEs are found and the revealed anharmonicity is

related to the initial quantization of energy. Vibrational frequencies calculated through QCT are

energy-dependent (a typical feature of classical approaches),36 but the method can be accurate re-

garding fundamentals.37 Combination bands and overtones obtained from the same trajectory are

simply the sum of frequencies or multiple integers of fundamental frequencies, another character-

istic that QCT shares with purely classical and harmonic approaches (vide infra).38 Accuracy of

QCT results for fundamentals can be improved by tailoring a trajectory per mode with initial con-

ditions in which the specific mode under investigation is harmonically excited. However, if these

multiple trajectories are summed up and averaged, combination bands are no longer found at a

frequency exactly equal to the sum of the frequencies obtained for the contributing fundamentals.

This happens because different trajectories are employed for the different modes contributing to

the combination band. The dependence of QCT results on the trajectory energies is once more

evident.

Differently from harmonic approaches, which produce a stick spectrum, QCT, CMD, and

RPMD calculate the frequencies of vibration by Fourier transforming velocity (dipole) autocorre-

lation functions.39

Semiclassical (SC) dynamics approaches are also based on classical trajectories and can be de-

rived from a stationary phase approximation to the real-time path integral formulation of quantum

mechanics.40–42 Therefore, differently from previous methods, they are able to account for real-

time quantum coherences, and they reproduce approximate but very accurate NQEs. SC methods

adopt classical-trajectory-based quantities like the stability matrix and the classical action, which

are appropriately employed in the SC Herman-Kluk propagator.43 The way frequencies are cal-

culated by SC methods is through the Fourier transform of the survival amplitude of a quantum

reference state. The Herman-Kluk propagator is based on a multi-dimensional phase-space in-

tegration, which is difficult to converge as the dimensionality of the system increases. A way

to overcome the issue was introduced by Kaledin and Miller with the time average (TA) tech-

nique.44,45 In the last 10-15 years, constant theoretical developments of SC dynamics have opened
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the way to SC calculations based on on-the-fly dynamics,46,47 simulations of larger and larger

molecular systems including solvated ones,48,49 calculations of vibronic50–52 and IR spectra,53–56

and investigations of SC wavefunctions and nuclear densities.57,58 The field is still attracting much

interest as new theoretical approaches are being developed.59 Remarkably, a technique based on

filter diagonalization instead of time averaging has successfully been developed quite recently.60

The flexibility and wide range of applicability of SC methods is demonstrated by advances in

fields like chemical kinetics including tunneling of heavy atoms,61 where comparisons among SC

and RPMD methods have already been performed,62 and non-adiabatic dynamics.52,63–68 Current

perspectives in the semiclassical field can be found in Refs. 69,70. SC approaches are certainly

more elaborated and demand more human effort than CMD or RPMD ones. So, it is interesting to

examine whether the additional effort required by SC approaches is rewarded by better quantum

spectroscopic results or not.

In this manuscript, we compare the different accuracy and ability of SC, CMD and RPMD

methods to describe quantum anharmonic effects in vibrational spectroscopy when using an en-

semble of trajectories (in the case of SC we present calculations based also on a single repre-

sentative trajectory). We reach our goal by looking at the frequencies calculated with the different

approaches for fundamentals, combination bands, and overtones and comparing the results to clas-

sical and quantum estimates. Calculations are performed on a 3-dimensional model system and

on the isolated, non-rotating water molecule. Furthermore, we look for the presence of the finger-

prints of classical mechanics. In this way, we are able to provide a metric of the "quantumness" of

each approach we investigate (i.e. how close each method is to quantum approaches rather than to

classical ones).

The paper is organized as follows: We start by reminding the reader of some peculiar features

of spectra based on classical mechanics. Then, the several approaches we employ are described

in the Methodology Section. This is followed by the Results and Discussion Section where the

performance of SC, CMD, and RPMD is assessed and compared to classical and quantum exact

results for a model system and the water molecule. A Summary and Conclusions Section ends the

paper.
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II. FINGERPRINTS OF SPECTRA BASED ON CLASSICAL MECHANICS

In classical mechanics, the study of the equations of motion of a set of coupled anharmonic

oscillators leads to the determination of the classical fundamental frequencies. For a non-linear

molecule made of N atoms, 3N-6 classical fundamental frequencies of vibration are found. How-

ever, the classical mechanics of molecular vibrations is also characterized by other periodic mo-

tions superposed on the fundamental ones. Their frequencies are anticipated by the method of

successive approximations to be at the sums and differences of the fundamental frequencies.38 On

the one hand, classical signals are found at exact sums of the fundamental frequencies, i.e. they

are in a sense "harmonic". This is the meaning of expressions like "harmonic overtones" or "har-

monic combination bands". Often, these types of signals are (in our opinion improperly) labeled

as combination bands and overtones, which are purely quantum mechanical features and, opposite

to classical sums of frequencies, are anharmonic. On the other hand, classical signals related to

differences of fundamental frequencies are not present in quantum mechanical power spectra, so

their presence on a calculated power spectrum can reveal the classical character of the method

employed. Furthermore, a classical approach features peaks at negative frequencies, providing

another possible way to assess the classical character of the method.

In Figure 1 we anticipate the QCT simulation of a three-dimensional model presented below.

We employ a single classical trajectory where the lower frequency mode has been singly excited,

the second mode doubly excited, and the third mode initially contains just its contribution to the

harmonic zero-point energy. Using an arcsinh scale for the power spectrum, it is possible to appre-

ciate the numerous peaks present in this classical simulation. However, only the signals labeled as

100, 010, and 001 represent the 3 classical fundamental frequencies of vibration of the system. All

other frequencies are due to the anharmonicity of the potential and coupling between modes. As

anticipated, they are located at frequencies that can be obtained by algebraically combining integer

multiples of the 3 classical fundamental frequencies, including negative integers as indicated by a

bar on top of the excitation index. These combinations of frequencies are unrelated and generally

different from the quantum combination and overtone frequencies.

Classical methods, as far as fundamental frequencies are concerned, are able to reproduce a

certain degree of anharmonicity, which depends on the trajectory energy (for instance the zero-

point energy in QCT) and related to the shape of the potential energy surface (PES). Nuclear

quantum effects which cannot be obtained with a classical propagator manifest themselves in two
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Figure 1. QCT spectra of model I (vide infra) from a single trajectory with energy corresponding to the

112230 energy shell. Intensities are in arcsinh scale for clarity. Each peak is marked with the corresponding 3

mode indexes, with negative numbers noted with a bar on the top. All peak positions are (within resolution)

equal to the sum of the corresponding integer multiples of the fundamental frequencies. The red vertical

dashed lines mark some of the quantum eigenvalues.

main ways: One is the possible presence of a tunnel effect between two molecular conformations

separated by a low-energy barrier. This case is usually associated with hydrogen(s) migration

(like in tropolone)71 or molecular structure inversions and torsions (like in ammonia and water

trimer),72,73 and the result is the splitting of the spectroscopic signal. The other common way in

which NQEs shape a vibrational spectrum is by means of an additional anharmonicity or frequency

shift of peaks compared to harmonic and classical estimates. Sometimes, this effect is labeled as

"quantum anharmonicity" meaning it is due to the quantum nature of molecules. Quantum anhar-

monicity, in the meaning we have just reported, can affect fundamental frequencies of vibration
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and it is responsible for the anharmonicity of spectral combination bands and overtones compared

to classical harmonic sum-of-frequency signals. Quantum anharmonicity can be essentially recon-

ducted to quantum nuclear delocalization, quantum coherence and quantum interference effects,

all of which can be described by trajectory-based methods only if they account for real-time quan-

tum coherences.

III. METHODOLOGY

For numerically exact benchmarks, we use the DVR method with harmonic oscillator basis

to solve the time-independent Schrödinger’s equation74. The basis is set according to the normal

modes and harmonic frequencies at the global minimum of the potential. The resulting coefficients

are then used to assign mode indexes to the eigenstates.

For semiclassical calculations, we use the Herman-Kluk propagator10,43,

e−iĤt/h̄ =
1

(2π h̄)D

∫
dp0

∫
dq0Ct (p0,q0)

× eiSt(p0,q0)/h̄ |pt ,qt⟩⟨p0,q0| ,
(1)

where St is the classical action of the trajectory,

St (p0,q0) =
∫ t

0
pt ′q̇t ′ −H (pt ′,pt ′)dt ′, (2)

and Ct is the pre-exponential factor

Ct (p0,q0) =

√
1

2D

∣∣∣∣ ∂qt

∂q0
+Γ−1 ∂pt

∂p0
Γ− ih̄

∂qt

∂p0
Γ+

i
h̄

Γ−1 ∂pt

∂q0

∣∣∣∣ (3)

of a D−dimensional system. The width matrix Γ of the coherent states |pt ,qt⟩ and ⟨p0,q0| is

chosen to be diagonal and to coincide with the harmonic one. The power spectrum of a chosen

reference state is

Iχ(E)≡
〈
χ
∣∣δ (E − Ĥ

)∣∣χ〉
=

1
π h̄

Re
∫

∞

0
dteiEt/h̄

〈
χ

∣∣∣e−iĤt/h̄
∣∣∣χ〉

≡ 1
π h̄

Re
∫

∞

0
dteiEt/h̄Aχ (t) .

(4)

where Aχ(t) is the autocorrelation of the reference state |χ⟩,

Aχ(t)≡
〈

χ

∣∣∣e−iĤt/h̄
∣∣∣χ〉=

1

(2π h̄)D

∫
dp0

∫
dq0Ct (p0,q0)

× eiSt(p0,q0)/h̄ ⟨χ|pt ,qt⟩⟨p0,q0|χ⟩ .
(5)
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The reference states are selected as linear combinations of multiple coherent states which have

different parities for easier recognition of peaks and enhancement of the signal75,76,

|χε⟩= ∏
i

(∣∣pi
eq,q

i
eq
〉
+ εi

∣∣pi
eq,q

i
eq
〉)

, (6)

where εi is the parity of the i-th mode, qeq is the equilibrium position and pi
eq =

√
ωi is the

harmonic zero-point momentum. This approach is denominated multiple coherent semiclassical

initial value representation (MC SCIVR).75 The phase space integration is done with Monte Carlo

sampling of the initial conditions from a Husimi distribution,

f (p0,q0) ∝
∣∣〈p0,q0

∣∣0,qeq
〉∣∣2 . (7)

From the same distribution of initial conditions, the classical (CL) spectra are obtained from the

velocity autocorrelation function or, as reported in the following, from the normal mode momen-

tum p autocorrelation function,

I (ω) =
∫ +∞

−∞

eiωt 〈Gpp(τ)
〉

dτ

Gpp(τ) =
1
T

∫ T

0
p(t + τ) ·p(t)dt,

(8)

where T is a sufficiently long time and ⟨·⟩ is the average over the trajectories. Both semiclassical

and classical autocorrelation functions can be calculated more efficiently with the time-averaging

(TA) technique, which adopts Liouville’s theorem to obtain a positive-definite spectrum from

fewer or shorter trajectories,44,45,77–80

Iχ(E) =
1

(2π h̄)D+1T

∫
dp0

∫
dq0

∣∣∣∣∫ T

0
ei[Et+St(p0,q0)+φt(p0,q0)]/h̄ ⟨χ|pt ,qt⟩dt

∣∣∣∣2 ,
I(ω) =

1
2T

〈∣∣∣∣∫ T

0
eiωtp(t)dt

∣∣∣∣2
〉
,

(9)

where the average in the second equation is over the several trajectories. We also test the cross-

correlation filter diagonalization (CCFD) method60, which is a semiclassical IVR-based method

featuring very efficient extraction of frequencies from short-time propagation.

In addition to the multiple-trajectory methods, it is possible to work also with a single, longer

trajectory. We do this for QCT simulations, where a single trajectory is run per each spectral fea-

ture to calculate the corresponding frequency of transition from the ground state. More specifically,

the QCT spectra are obtained by employing, for each spectral feature, a trajectory starting from
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qeq with initial momentum pi =
√

(2ni +1)ωi, which matches the energy level under harmonic

approximation (ni counts the quanta of excitation in the i-th normal mode and ωi is its harmonic

frequency). The QCT dynamics is performed in the NVE ensemble. Some ZPE leakage is present

since harmonic quantization applies only initially and is lost during trajectory propagation. The

initial parts of the same single trajectories are employed in single-trajectory time-averaged SC-

IVR calculations to verify their accuracy compared to the fully converged time-averaged SC-IVR

simulations introduced above.

Finally, for the non-rotating gas-phase water molecule we apply PIMD methods to investigate

their performance. Standard methods including CMD, RPMD and TRPMD are tested.12,13,20,81,82.

The finite-temperature PIMD calculations are carried out using the i-pi software,83 while the zero-

temperature limit of CMD can be obtained from the displacement of the ground state under linear

perturbation, which helps to calculate the otherwise computationally infeasible limit.84

IV. RESULTS AND DISCUSSIONS

To demonstrate the accuracy and the differences between each method, we test them on two

3-dimensional systems. The first one is a model (we call it model I) which has unit mass and an

analytic potential function,

V (x,y,z) =
0.04x2 +0.46y2 +0.60z2

2
−0.03xyz+0.0003x2y2z2. (10)

It is composed of a harmonic term, an anharmonic term, and a bounding term. All quantities

are in atomic units for this model. The vibrational frequencies calculated by several methods are

listed in Table I. For DVR calculations we use harmonic basis up to (25,10,8), which corresponds

to a maximum energy around 6 a.u. for each mode. The time step for propagation is 0.1 a.u.

and the length of trajectories is enough for convergence at 24 a.u. for CCFD, 600 a.u. for MC

SCIVR (shortly defined as IVR in Table I), 45000 a.u. for classical (CL) and QCT, and 900 a.u.

when applying the time-averaging filter to the classical (CL-TA) and semiclassical (TA for short)

calculations. We run 106 trajectories for MC SCIVR, 105 for classical and time averaged MC

SCIVR, and 5×105 for CCFD. The convergence with respect to sampling is reached.

In Table I mean absolute error (MAE)-DVR shows how much each approximate method is

overall accurate, while MAE-IVR how much methods other than MC SCIVR are approximate

compared to the full semiclassical approach. The MAE-DVR values clearly demonstrate that all
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Table I. Calculated vibrational frequencies (in a.u.) of model I. The labels IVR and TA refers respectively

to primitive and time-averaged MC-SCIVR results. The TA[1] label marks the single-trajectory, time-

averaged MC-SCIVR results. QCT calculations are also performed with a single trajectory. Other labels

are self-explanatory or defined in the text.

Mode Harm DVR CCFD IVR TA TA[1] CL CL-TA QCT

11 0.200 0.199 0.198 0.199 0.199 0.200 0.200 0.200 0.200

21 0.678 0.675 0.674 0.674 0.674 0.675 0.677 0.676 0.675

31 0.775 0.765 0.764 0.765 0.765 0.764 0.764 0.764 0.762

1121 0.878 0.880 0.879 0.880 0.880 0.880 0.887 0.887 0.883

1131 0.975 0.959 0.957 0.959 0.959 0.958 0.956 0.957 0.957

1221 1.078 1.085 1.084 1.085 1.085 1.084 1.091 1.095 1.087

2131 1.453 1.429 1.428 1.430 1.430 1.429 1.422 1.424 1.424

1122 1.556 1.560 1.560 1.560 1.559 1.559 1.570 1.570 1.560

MAE-DVR 0.0082 0.0000 0.0009 0.0004 0.0005 0.0006 0.0046 0.0045 0.0020

MAE-IVR 0.0081 0.0004 0.0009 0.0000 0.0001 0.0008 0.0049 0.0049 0.0023

semiclassical methods are an order of magnitude more accurate than the classical ones. Overall,

when one looks at the accuracy of the methods presented, as expected, it turns out that time

averaging does not affect accuracy too much, so it only increase numerical efficiency.

The spectra related to the values of the time-averaged classical (labeled as CL-TA Table I) and

MC-SCIVR (labeled as TA in Table I) methods are plotted in Figure 2 on the top and bottom

panels, respectively. We note here that the classical (CL) label refers to the calculation performed

according to Eq. (8) with initial conditions sampled from the Husimi distribution of Eq. (7). In

the bottom panel, we annotate the highest peak of each mode with the corresponding harmonic

quantum numbers for a clear comparison between time-averaged MC-SCIVR and quantum results.

Here, the horizontal position of the end point of each arrow is the exact quantum frequency of that

mode index, while the vertical position of the arrow is determined according to

habc =C max
i

∣∣〈ψDVR
abc

∣∣χi
〉∣∣2

wi
, (11)

where wi is the FWHM of the time-averaged MC-SCIVR peak, ψDVR
abc is the DVR vibrational

eigenfunction for the state characterized by indexes abc, χi is the semiclassical coherent reference
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state defined in Eq. (6), and C is a global scaling factor. In this way it is possible to compare, in a

mode-by-mode fashion, the calculated time-averaged MC-SCIVR intensity with the one expected

from the quantum overlap between the exact DVR wavefunction and the arbitrary reference state

|χi⟩ employed in time-averaged MC-SCIVR .

In Figure 2 a very good agreement can be observed between the time-averaged MC-SCIVR

calculation and the quantum reference, and it takes much attention to tell the difference between

the peak and the arrow positions. This proves the ability of the semiclassical method to capture

quantum spectral features. For sake of clarity, we remark that all semiclassical peaks reported in

Figure 2 are very accurate and have a quantum counterpart even when the dashed line and arrow

have not been drawn to improve the readability of the figure.

Conversely, the classical approach reported on the top panel of Figure 2 returns a much different

spectrum. Since the Zero Point Energy (ZPE) value is absent in classical calculations, we have to

shift the frequency axis to align its zero with the ZPE value of the absolute eigenvalue scale of the

semiclassical and DVR calculations.

Furthermore, we have plotted in addition to the exact frequency values (vertical dashed lines)

the Fourier transform of the function

GQM
pp (τ) = Tr

[
e−Ĥ/kT eiĤτ p̂e−iĤτ p̂

]
, (12)

which is the quantum analog of the velocity-velocity autocorrelation in Eq. (8). Eq. (12) is evalu-

ated at kT/2 = 0.277, which is the expectation value of the kinetic energy per mode according to

the employed Husimi distribution. At such temperature, the quantum average energy is approxi-

mately equal to that of the trajectories employed in the CL calculation.

First, we note that the classical spectra do not recover the correct intensities, especially for

overtones and combination bands. However, one can see a good match (but worse than in the time

averaged MC-SCIVR case) between the trajectory-based calculation and the quantum one in the

region with positive frequencies, except for the left-most peak near 0.1. That peak is associated

with a hot band transition.

In the negative frequency region, the classical spectra are exactly symmetric both in frequency and

intensity with respect to the positive frequency region. This is due to the symmetry of the classical

correlation function. If one thinks that this is the emission part of the classical spectrum, then

the conclusion is that it deviates significantly from the quantum one, whose intensities are much

weaker, since the excited vibrational states are barely populated at kT/2 = 0.277.
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Figure 2. The vibrational power spectra of model I from time averaged (a) classical and (b) MC-SCIVR

calculations. The legend on the upper panel denotes the method and the quantity used for the autocorrelation

function before the Fourier transform, where Px,y,z refers to the momentum components along the 3 normal-

mode directions. The legend on the lower panel shows the parities of the reference states. The inset shows

the magnified spectrum in the low-energy region. The vertical dashed lines mark the DVR frequencies in

Table I. 12



We note again that we are using the Husimi distribution for the classical methods rather than the

Boltzmann distribution at some physical temperature. This is because if one had employed the

Boltzmann distribution at room temperature, the sampling would have fallen into the harmonic

part of the potential well. The results would have been harmonic, and even farther away from

quantum results, due to the trajectories being trapped in the vicinity of the global minimum.

If one zooms in the energy range just below the main features, small spurious peaks can be

observed also in the semiclassical spectra, which indicate that there are still classical features in

the method. However, the intensities of these spurious signals can be barely seen by the naked

eye and they are always negligible compared to the actual peaks, which, given also their high

accuracy in frequency, allow us to insert the semiclassical methods definitely in the group of

quantum approaches. Finally, for this first example, the semiclassical methods greatly surpass the

classical ones both in terms of accuracy of the frequencies and intensity of the spectra. These

conclusions are even more striking when considering the overtones and the combination bands,

where the semiclassical peaks are much easier to assign and closer in frequency to the quantum

benchmark.

The second investigation we perform concerns the isolated water molecule. Its 3-dimensional

PES can be approximated quite reliably and sufficiently for our goals (even if more sophisticated

PESs have been constructed) by means of a fourth-order force field,85

Vw (X) =
1
2
(

f200∆r2
OH1

+ f110∆rOH1∆rOH2 + · · ·
)
+

1
6
(

f300∆r3
OH1

+ · · ·
)
+

· · ·
24

= ∑
2≤i+ j+k≤4

fi jk

(i+ j+ k)!
(rOH1 (X)− re)

i (rOH2 (X)− re)
j (θHOH (X)−θe)

k ,
(13)

where X is the set of atomic Cartesian coordinates, re and θe are the equilibrium bond length and

bond angle, and i, j,k are the orders of the displacements in the series expansion. After mass

scaling and diagonalizing the Hessian matrix at the equilibrium geometry, the Hamiltonian can be

expressed in terms of normal-mode coordinates,

Ĥ =
9

∑
i=1

p̂2
i

2
+Vw

(
Qeq +

9

∑
i=1

xiQi

)
, (14)

where Qeq is the global minimum and Qi are unit vectors along the normal-mode directions with

descending frequencies. Therefore, x1−3 represents the displacements of asymmetric stretching,

symmetric stretching and bending modes, while x4−9 corresponds to translations and rotations.

Here we only keep the former so that the system has merely 3 vibrational degrees of freedom.
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The calculated vibrational frequencies are listed in Table II. For DVR calculations we use

harmonic basis up to (24,12,12), which corresponds to a maximum energy around 0.2 a.u. for

each mode. The time step and the length of trajectories are 100 times those of the first model since

the energy and frequency scale is completely different. For the sake of clarity, in this case we

report frequencies in wavenumbers. At a first glance, the behavior of the methods is similar in the

Table II. Calculated vibrational frequencies (in cm−1) for the isolated and non-rotating water molecule.

Labels are the same as in Table I

Mode Harm DVR CCFD IVR TA CL TA[1] QCT CL-TA

11 1650.7 1587.4 1582.6 1586.8 1590.0 1565.2 1586.8 1578.0 1567.1

21 3831.3 3716.3 3711.0 3711.3 3710.4 3704.7 3709.1 3704.7 3702.5

31 3942.5 3804.1 3808.4 3805.7 3805.7 3796.9 3807.9 3790.3 3796.9

12 3301.4 3139.5 3130.3 3142.9 3145.1 3083.6 3164.8 3083.6 3091.0

1121 5482.0 5293.0 5280.8 5291.5 5289.3 5257.5 5306.9 5267.4 5271.8

1131 5593.2 5351.7 5340.3 5353.0 5353.0 5327.0 5355.2 5295.9 5331.0

22 7662.6 7418.1 7413.3 7416.0 7414.7 7409.1 7418.2 7409.4 7408.6

2131 7773.8 7500.8 7499.4 7501.6 7495.0 7493.2 7502.7 7525.8 7494.2

32 7885.0 7588.8 7578.4 7587.2 7585.1 7580.7 7590.7 7580.6 7578.4

MAE-DVR 191.4 0.0 7.1 2.0 3.7 20.2 6.5 23.7 17.6

MAE-IVR 191.8 2.0 6.3 0.0 2.1 19.8 5.6 23.2 17.2

.

two investigated cases, except that QCT results are a bit less accurate than CL ones for the water

molecule. Once again, when looking at the MAE-DVR values, the semiclassical methods are an

order of magnitude more accurate than the classical ones.

We now turn to the PIMD category of methods in order to test their performance on exactly the

same ground as the semiclassical ones. The initial configurations are extracted from a long PIMD

trajectory with a time step of 10 a.u. and a pile_g thermostat. An initial evolution of 800,000

steps is undertaken for equilibration purposes, and then 10,000 snapshots are recorded at intervals

of 20 steps. The 10,000 configurations are then used in all three methods here tested as initial

configurations of the dynamics, with the initial velocities re-sampled thermally according to the

mass setting of each method.

For CMD simulations we use the partially adiabatic method with a normal-mode frequency of

14



ω = 0.2 a.u., a time step of 0.1 a.u., and a pile_l thermostat.

For RPMD we use a time step of 0.5 a.u. no thermostats in the production run. For TRPMD we

use a scaling factor of λ = 0.1 for the pile_l thermostat, which reduces significantly the spurious

resonances at low temperatures.

All trajectories are evolved for 90000 a.u., and the CL-TA method is applied to the centroid

momenta to extract the frequencies. The results of methods derived from PIMD are listed in Ta-

ble III with the temperature and the number of beads marked there. By inspection of MAE values

with respect to the DVR results reported in Table III, we can see that the 3 PIMD approaches have

quite comparable accuracy, and, upon testing, that it does not improve significantly by changing

the number of beads. MAE values are one order of magnitude larger than for SC simulations.

Since we have eliminated the rotational degrees of freedom, and the potential has a single global

minimum, the curvature problem typical of CMD is expected not to be substantial or not even to

arise in this case.

Table III. Calculated vibrational frequencies for the isolated and non-rotating water molecule with PIMD

methods. The second row shows the temperatures (in Kelvin) and the third one shows the numbers of beads

used in the simulations. The MAE is calculated with respect to DVR results.
Method CMD RPMD TRPMD

Temp. (K) 0 50 100 300 1000 2000 50 100 300 1000 2000 50 100 300

beads ∞ 128 64 16 8 8 128 64 16 8 8 128 64 16

11 1588.9 1591.2 1591.2 1595.6 1594.5 1580.2 1591.2 1591.2 1600.0 1593.4 1575.8 1591.2 1591.2 1593.4

21 3726.5 3722.3 3724.5 3728.9 3750.8 3728.9 3759.6 3764.0 3753.0 3764.0 3731.1 3759.6 3759.6 3755.2

31 3833.1 3827.6 3827.6 3832.0 3847.4 3823.2 3860.6 3860.6 3860.6 3858.4 3827.6 3860.6 3858.4 3858.4

12 3177.8 3182.4 3180.2 3185.7 3166.4 3124.1 3204.3 3179.2 3196.7 3173.6 3103.4 3180.2 3180.2 3183.2

1121 5315.4 5311.3 5313.5 5322.2 5337.6 5298.1 5350.8 5355.2 5350.8 5344.2 5289.3 5353.0 5350.8 5346.4

1131 5422.0 5417.8 5418.8 5421.0 5410.0 5372.7 5464.1 5451.7 5453.9 5435.0 5354.1 5449.5 5447.4 5446.2

22 7453.1 7442.4 7446.8 7453.3 7484.1 7453.3 7517.0 7534.5 7506.0 7512.4 7448.7 7523.6 7521.4 7506.0

2131 7559.7 7548.6 7549.9 7555.4 7569.7 7545.5 7639.8 7624.5 7602.6 7597.4 7543.3 7620.1 7615.8 7606.2

32 7666.3 7655.3 7657.5 7659.6 7682.6 7648.7 7718.9 7723.3 7716.7 7703.5 7653.1 7718.9 7714.5 7714.5

MAE 38.2 33.2 34.5 39.4 49.3 24.5 78.5 76.1 71.2 64.7 25.5 73.0 71.1 67.8

MA shifts 0.0 1.1 1.8 4.8 20.1 15.2 9.7 2.0 4.6 16.1 24.4 2.2 1.8 4.2

For a deeper analysis of these results, we calculate the mean absolute value of the anharmonic

shifts. To do this, we define for each calculation a 6-dimensional array named "shifts" whose

components are defined in Eq. (15). The MA shifts metric is obtained as the average of the absolute

values of the six components. The MA shifts value for DVR is equal to 23.2 and it serves as a
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Figure 3. The vibrational power spectra of the isolated water molecule from (a) classical, (b) time-averaged

MC-SCIVR and (c) CMD and TRPMD (generically labeled as PIMD) calculations. The legends are in the

same convention as in Figure 2. The PIMD results are from simulations at 300K. The three vertical gray

dashed lines in panel (b) mark the horizontal positions of the three corresponding peaks in panel (a).

16



benchmark.

shifts =(ω200 −2ω1, ω110 −ω1 −ω2, ω101 −ω1 −ω3,

ω020 −2ω2, ω011 −ω2 −ω3, ω002 −2ω3)

MA shifts =
1
6 ∑

i
|shiftsi|

(15)

In Eq. (15), ωabc refers to the calculated frequency associated with the state labeled as 1a2b3c,

while ω1, ω2, and ω3 are the fundamental frequencies. We notice that for PIMD methods the

MA shifts value keeps small at ∼ 100K and grows towards the correct magnitude only beyond

1000K. However, at such high temperatures, the quantum correction on the potential typical of

CMD becomes small and the results tend to the classical ones. So, even if the MA shifts value

tends to the exact one, frequency values are not the exact ones but tend to the classical values found

at the same temperature (the MAE is still large, pointing to an inaccurate calculation). There exists

a competition between the gyration radius of the polymer (which increases at lower temperatures)

and the kinetic energy of the centroid (which increases at higher temperatures). They both provide

quantum features but are mutually exclusive, which makes it impossible to accurately describe

the quantum anharmonicity. Considering the fact that the characteristic vibrational frequencies of

most molecular systems are in the ∼ 1000-4000 cm−1 range, i.e. above 1400 K, the choice of

a “physical” temperature like 300K falls into the low-temperature regime in which the centroid

moves almost harmonically and the anharmonicity in the overtones and combination bands is lost.

This can be verified by the extremely sharp peaks in Figure 3, where, for a direct comparison on

this system between PIMD methods and the classical and semiclassical ones, the spectra from CL,

time-averaged MC SCIVR, CMD and TRPMD are plotted. For the classical case (top panel (a)),

individual trajectories contribute to the formation of the signal of each peak at different frequencies

with different intensities, which sum up to spectra with some anharmonicity (and also widened

peaks). We remark that the classical feature that a single classical trajectory provides spectroscopic

signals at the algebraic sum of the corresponding classical fundamental frequencies still holds.

However, when a number of classical trajectories is run, as we do here, another classical feature,

i.e. the dependence of results on the trajectory energy, is present. Therefore, different trajectories

lead to different classical estimates of the fundamental frequencies, so also to different sum-of-

frequency signals. This explains the amount of anharmonicity in overtones and combination bands

found in the calculations. Once again the classical spectra present the unphysical peaks at negative

frequencies, and high-energy sum-of-frequency signals have too low intensities to be detected.

17



Conversely, the semiclassical time-averaged MC-SCIVR spectrum (middle panel (b)) faithfully

reproduces, even when the signals are very close in frequency, the variegated quantum mechanical

features of the water molecule vibrational dynamics, which is composed of a series of fundamen-

tals, combination bands, and overtones. If one looked for classical reminiscences in panel (b) in

correspondence of the classical negative frequency peaks of panel (a), they would need to zoom

two orders of magnitude the intensity scale to see them, as highlighted in the inset. This definitely

confirms the quantum genuineness of semiclassical dynamics, where the classical contribution is

clearly negligible.

On the bottom panel the results of PIMD simulations (at 300K) are reported. The centroid po-

tential within reach is almost harmonic, and the trajectories return peaks at the same frequencies,

which stack up to a very sharp final result. Although the beads are exploring a range similar to

the CL case, the centroid average wipes out the necessary information to recover the spectroscopic

structure at higher energy than the fundamentals. Therefore, also in PIMD methods fundamental

frequencies are combined algebraically, as in the classical case, with just small deviations due to

the multi-trajectory simulation. The effect of the centroid average has been notably studied be-

fore29, and it was pointed out that at low temperatures CMD and RPMD give insufficient intensity

for the overtone and combination bands, while overestimating the difference bands, as shown in

the inset in panel (c) of Figure 3. In the quantum spectra, the former are enhanced by ZPE and the

latter is suppressed by the Boltzmann factor. Instead, in PIMD results all peaks behave classically.

For example, the intensities of the two peaks in the inset, i.e. the stretching-bending difference

band near 2100 cm−1 and the bending overtone at 3200 cm−1 are comparable, but only the last

one is physical. This issue could be misleading when simulating and assigning larger molecules

than water with PIMD.

Eventually, to provide a comprehensive picture of the simulations performed, we plot for com-

parison in Figure 4 the MAE of all these methods on the 3 fundamentals and the MAE on shifts

on 6 combination bands and overtones according to the following equation

MAE shifts j =
1
6 ∑

i

∣∣∣shifts j
i − shiftsDVR

i

∣∣∣ , (16)

where j indicates the specific calculation to which the MAE shifts value is referred to.

The semiclassical methods have clearly lower errors than other methods in both aspects. The

drastic reduction to a single classical trajectory slightly deteriorates this accuracy only for the

combination and the overtone estimates. However, this is still overall more accurate than the
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Figure 4. The mean absolute error of different methods on the 3 fundamental frequencies and the 6 shifts

of overtones and combination bands. The harmonic approximation is at (105.6, 23.2) which is far away on

the right. The arrow and the dashed line mark its vertical position. The PIMD data come from Table III and

are connected by increasing temperature.

classical and PIMD simulations, with the QCT method is less accurate on the higher vibrational

levels.

As far as PIMD methods are concerned, the errors tend to the classical ones at high tempera-

tures, while at low temperatures they give different and less accurate estimates to the fundamentals

and they all become harmonic for the higher levels. We conclude from this bidimensional plot that

there does not exist some “optimal” temperature at which the PIMD methods behave better than

the classical ones.
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V. SUMMARY AND CONCLUSIONS

In this paper we have applied several different classical-trajectory-based methods to calcu-

late the vibrational power spectra of a model system and the water molecule to test the quan-

tum mechanical accuracy of each method. Classical simulations are known for returning energy-

dependent frequencies and to provide signals at high frequency which are algebraic combinations

of the fundamental frequencies,38 as also detailed in a recent preprint.86

Our results show that the methods based on the SC-IVR propagator give the most accurate re-

sults and capture the vast majority of the quantum features, while the classical and PIMD methods

experience issues due to spurious peaks and lost anharmonicity. Judging from the accuracy and the

structure of peaks, we conclude that the semiclassical methods have a quantum character, while

PIMD ones are closer to classical methods. This is particularly striking when one considers the

combination bands and the overtones. In this case, (PI)MD simulations at physical temperatures

are unreliable and give nearly harmonic spectral features.

We notice that spectral features like combination bands and overtones are purely quantum ones.

Therefore, while in the case of semiclassical IVR calculations these terms are properly adopted,

we notice that, in our opinion, it is inappropriate to use them in the case of classical or PIMD-based

simulations. These latter methods provide algebraic combinations of the fundamental frequencies

with some small deviations due to the use of several trajectories. However, they miss most of

the anharmonicity of overtones and combination bands, which is related to effects like real-time

coherence and quantum interference. They would miss it also on fundamentals in the case of

strong quantum effects. Among the methods explored in this paper, only SCIVR ones are able to

reproduce these quantum effects, while QCT or PIMD approaches include just the anharmonicity

related to the quantum statistics, for instance the anharmonicity due to the zero-point energy.

Finally, we remark that the semiclassical propagators employed in this work are complete and not

linearized. The linearized version of SCIVR cannot account for real-time coherences.

One criticism which is often moved against semiclassical methods is that they suffer from ZPE

leakage during the time evolution. This has been demonstrated to be false in the case of a con-

verged semiclassical calculation, i.e. based on many trajectories.87 In the case of single-trajectory

SC calculations, a certain amount of ZPE leakage is unavoidable but the issue is allievated by

the short propagation time. The results for single-trajectory SC methods presented here evidently

support this claim.
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One could notice that PIMD methods like those investigated here are able to account also for

the absorption intensities providing a direct comparison to experimental IR spectra. Specifically, it

has been shown that by means of appropriate corrections or sampling they can describe absorption

intensities quite accurately.28,29 Furthermore, PIMD methods are often employed when dealing

with solvated or condensed-phase systems. Non-linearized semiclassical approaches are able to

provide accurate absorption intensities too, and they have been adopted to study large dimensional

solvated systems.49,88 Several SC methods have been developed in our group to account for ab-

sorption intensites. In a first effort the IR spectrum was recollected upon determination of SC

wavefunctions as linear combination of a vibrational harmonic basis set.53 In a second method we

demonstrated how to take advantage of the power spectrum lineshape to move to the absorption

lineshape.54 Finally, very recently, we developed a new SC approach able to provide accurate IR

spectra based on the time average technique and capable, in principle, of application to systems

of any dimensionality.55,56 All these methods, besides providing an accurate absorption intensity,

preserve the quantum accuracy in frequency calculations demonstrated in this paper.

Clearly, we could not test all existing classical-trajectory-based methods here, and we limited

ourselves to the most popular ones. However, we have pointed out some features that allows one

to distinguish between a prevalently quantum approach and a classical one. These features can

be employed to determine the quantum character of a newly developed method. In a quantum

approach, combination bands and overtones are anharmonic and the MAE shifts metric can pro-

vide information about the quantum or classical nature of the method. Power spectra obtained

from classical methods present spectral features also at negative frequencies and with intensities

which poorly approximate those obtained from a quantum calculation. Furthermore, the presence

of unphysical difference bands is typical of classical methods. The classical difference bands are

sometimes used as a classical approximation (again missing anharmonicity) to the quantum hot

bands. However, when one looks at a power spectrum, it is the vibrational density of states which

is reproduced, and quantum mechanically there is generally no eigenvalue expected at the differ-

ence of two other eigenvalues (unless it happens by accident). So, the presence of difference bands

in a power spectrum calculations is a clue of the classical character of the calculation.

We conclude by stating that semiclassical methods provide a safe, robust and accurately approxi-

mate quantum framework for vibrational spectral analysis. Accurate calculations of this type can

be performed also on large dimensional systems.
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