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A B S T R A C T

The aim of the present work is to design, analyze theoretically, and test numerically, a
generalized Dryja–Smith–Widlund (GDSW) preconditioner for composite Discontinuous Galerkin
discretizations of multicompartment parabolic reaction–diffusion equations, where the solution
can exhibit natural discontinuities across the domain. We prove that the resulting precondi-
tioned operator for the solution of the discrete system arising at each time step converges with
a scalable and quasi-optimal upper bound for the condition number. The GDSW preconditioner
is then applied to the EMI (Extracellular - Membrane - Intracellular) reaction–diffusion system,
recently proposed to model microscopically the spatiotemporal evolution of cardiac bioelectrical
potentials. Numerical tests validate the scalability and quasi-optimality of the EMI-GDSW
preconditioner, and investigate its robustness with respect to the time-step size as well as jumps
in the diffusion coefficients.

1. Introduction

In the present work, we construct and analyze a generalized Dryja–Smith–Widlund preconditioner for parabolic reaction–
diffusion problems where the equations present a low-order term that can lead to discontinuities in the solution on the considered
domain. Such problems arise in many applications, such as microscopic modeling in biomechanics, porous media [1,2], and
cardiac and excitable tissue modeling [3–5], where the low-order term represents a 3D-1D (or 3D-0D) poroelasticity network or
couples diffusive phenomena with microscopic ionic exchanges among cells. The numerical simulation of these phenomena presents
challenges because of the different physics and scales involved, which require spatial and time discretizations that lead to matrix
problems with very large dimensions. Common choices for space discretization are based on discontinuous Galerkin (DG) methods
(see [1,6]), which usually need to be coupled with efficient preconditioned solvers in order to tackle their computational complexity.

In the context of DG discretizations, several solvers have been proposed, ranging from block preconditioners [7] (which can be
tailored to each specific physics in the case of coupled problems) to two-level methods for second-order elliptic problems [8],
as well as iterative and multilevel methods for elliptic equations with coefficient jumps [9,10]. An extensive study on the
parallel performance of algebraic multigrid solvers on Graphics Processing Units (GPUs) can be found in [11]. In the Domain
Decomposition (DD) framework, numerous studies have addressed overlapping [12,13] and nonoverlapping [14–16] DD methods
for DG discretizations of elliptic problems. However, these works did not consider the specific challenges of reaction–diffusion
problems with discontinuous solutions which are the focus of this work, where the discrete solutions must preserve the discontinuities
of the continuous problem. Among the few works addressing this issue, we mention the two-level algebraic multigrid method
presented in [17], the analysis carried out in [18,19] and our previous work [20] on dual-primal preconditioners, in particular
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the Balancing Domain Decomposition by Constraints (BDDC) preconditioner. While these BDDC preconditioners have been proven
o be mathematically solid and to perform well on structured meshes or whenever the local connectivity graphs of the nodes are

simple [20,21], their implementation is not straightforward. Indeed, high-performance libraries such as PETSc [22], typically require
specific matrix and vector structures, which are not easily accessible to intermediate users. Moreover, the resulting reduced linear
system is typically quite dense and can pose challenges when simulating examples with computational domains obtained through
image segmentation, where the number of degrees of freedom is high and their distribution complex.

In order to overcome these issues, we consider here a DD method which presents the advantage of a simple nonoverlapping
coarse problem combined with the power and simplicity of local solvers based on an overlapping partition of the domain. This
method, known in the literature as generalized Dryja–Smith–Widlund (GDSW) preconditioner [23], has been largely studied for
standard finite element discretizations of elliptic problems and a parallel implementation can be found in [24]. Several variants
have been proposed by improving the construction of the coarse space [25,26] and by multilevel extensions [27].

In this paper, we extend the GDSW preconditioner to composite Discontinuous Galerkin discretizations of multicompartment
reaction–diffusion problems. Since the abstract problem can be formulated as a collection of many subproblems that interact
only on the interfaces of the related domain, there is a natural connection between the construction of the GDSW subspaces
and the subproblems definition, as we will show in the next section. The main result of this paper is the proof of a scalable
(i.e. independent of the number of subdomains 𝑁) and quasi-optimal (i.e. polylogarithmic in the ratio 𝐻∕ℎ between subdomain
and element sizes) upper bound for the condition number of the GDSW preconditioned operator for composite DG discretizations
of reaction–diffusion problems. The GDSW preconditioner is then applied to the recently proposed EMI (Extracellular - Membrane -
Intracellular) reaction–diffusion system, modeling microscopically the spatio-temporal evolution of cardiac bioelectrical potentials.

The work is structured as follows: we start by presenting a generalized problem formulation in Section 2, along with a possible
time discretization of its variational formulation. Section 3 introduces the standard GDSW preconditioner and the associated coarse
and local spaces. In particular, we propose a suitable formulation of space subdivision. The main convergence result is proven
in Section 4 and is confirmed numerically through extensive two-dimensional tests in Section 5. Several comments on further
evelopments are given in the conclusive Section 6.

2. A multicompartment parabolic reaction–diffusion problem

The continuous model problem. Given 𝑁 + 1 generic domains 𝛺𝑖 ⊂ R𝑑 with 𝑖 = 1,… , 𝑁 + 1 and 𝑑 = 2, 3, a time interval (0,T),
such that the union of all the {𝛺𝑖}𝑁+1

𝑖=1 domains forms a global domain 𝛺 and such that 𝛺𝑖 ∩𝛺𝑗 = ∅, with 𝑖 ≠ 𝑗, let us consider the
following multicompartment parabolic reaction–diffusion problem: find 𝑢 = {𝑢𝑖}𝑁+1

𝑖=1 such that it holds
⎧

⎪

⎪

⎨

⎪

⎪

⎩

− div(𝜎𝑖 ∇ 𝑢𝑖) = 0 in 𝛺𝑖, 𝑖 = 1,… , 𝑁 + 1,
−𝑛𝑇𝑖 𝜎𝑖 ∇ 𝑢𝑖 = 𝐶𝑚

𝜕[[𝑢]]𝑖𝑗
𝜕 𝑡 + 𝐹 ([[𝑢]]𝑖𝑗 ) on 𝐸𝑖𝑗 = 𝛺𝑖 ∩𝛺𝑗 ⊂ 𝜕 𝛺𝑖, 𝑖 ≠ 𝑗 ,

𝑛𝑇 𝜎𝑖 ∇ 𝑢𝑖 = 0 on 𝜕 𝛺𝑖 ∩ 𝜕 𝛺 ,
𝑢𝑖(0) = 𝑢𝑖,0 in 𝛺𝑖, 𝑖 = 1,… , 𝑁 + 1.

(1)

Here, 𝐹 is the reaction term and [[𝑢]]𝑖𝑗 = 𝑢𝑖 ⋅𝑛𝑖−𝑢𝑗 ⋅𝑛𝑗 the jump between the value of 𝑢𝑖 and its neighboring value 𝑢𝑗 from the adjacent
subdomain 𝛺𝑗 along the common boundary 𝐸𝑖𝑗 (𝑛𝑖 is the outward normal to the 𝑖th subdomain), since 𝑢𝑖 can be discontinuous across
the domains. The constant 𝐶𝑚 is the membrane capacitance for unit area of the membrane surface.

From an application viewpoint, this system could be seen as the union of (loosely) coupled problems: for instance, it can model the
o-existence and interaction of different pollution agents in different regions over a time period; or it can represent the propagation
f the electric potentials 𝑢𝑖 at a cellular scale and the time evolution of the coupling of several cellular dynamics within any organ
issue (being this the brain, the cardiac muscle, etc.).

Remark 1. We consider 𝑁+ 1 domains (or problems) since in the numerical tests we will consider a particular application case where
e will benefit from this notation. Moreover, since the purpose of this work is to study the convergence rate of a preconditioner for

a composite Discontinuous Galerkin discretization of (1), we consider the simplified two-dimensional setting of our model problem
(𝑑 = 2), leaving the three-dimensional case for further numerical studies.

The weak formulation for the coupled problem on 𝛺, by summing all the contributions from the 𝑁 + 1 domains, reads: given
he initial data 𝑢𝑖,0 = 𝑢𝑖(0) for 𝑖 = 1,…𝑁 + 1, find 𝑢 = {𝑢𝑖}𝑁+1

𝑖=1 , 𝑢𝑖 ∈ 𝐿2(0, 𝑇 ;𝐻1(𝛺𝑖)), such that
𝑁+1
∑

𝑖=1
∫𝛺𝑖

𝜎𝑖 ∇ 𝑢𝑖 ∇𝜙𝑖 𝑑 𝑥 + 1
2

𝑁+1
∑

𝑖=1

∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

(

𝐶𝑚
𝜕[[𝑢]]𝑖𝑗
𝜕 𝑡 + 𝐹 ([[𝑢]]𝑖𝑗 )

)

[[𝜙]]𝑖𝑗 𝑑 𝑠 = 0, (2)

for suitable test functions 𝜙𝑖 ∈ 𝐻1(𝛺𝑖), 𝑖 = 1,… , 𝑁 + 1.
Semidiscretization in time. In order to ease the subsequent analysis, we consider an implicit–explicit (IMEX) time discretization,

here the diffusion term is treated implicitly and the reaction explicitly. Alternative implicit time discretizations could be considered
as well, analogously to the Bidomain implicit discretizations studies in [28,29].

The time interval (0, 𝑇 ) is subdivided into 𝐾 intervals and, by defining the time step 𝜏 = 𝑡𝑘+1 − 𝑡𝑘, the following scheme arises:
or 𝑘 = 1,… , 𝐾, find {𝑢𝑘+1}𝑁+1, with 𝑢𝑘+1 ∈ 𝐻1(𝛺 ) such that ∀𝜙 ∈ 𝐻1(𝛺 ), 𝑖 = 1,… , 𝑁 + 1
𝑖 𝑖=1 𝑖 𝑖 𝑖 𝑖

2 
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2

𝑁+1
∑

𝑖=1

∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

𝐶𝑚
[[𝑢𝑘+1]]𝑖𝑗 − [[𝑢𝑘]]𝑖𝑗

𝜏
[[𝜙]]𝑖𝑗 𝑑 𝑠 +

𝑁+1
∑

𝑖=1
∫𝛺𝑖

𝜎𝑖 ∇ 𝑢𝑘+1𝑖 ∇𝜙𝑖 𝑑 𝑥 = −1
2

𝑁+1
∑

𝑖=1

∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

𝐹 ([[𝑢𝑘]]𝑖𝑗 )[[𝜙]]𝑖𝑗 𝑑 𝑠,

or, equivalently,

1
2

𝑁+1
∑

𝑖=1

∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

𝐶𝑚[[𝑢𝑘+1]]𝑖𝑗 [[𝜙]]𝑖𝑗 𝑑 𝑠 + 𝜏
𝑁+1
∑

𝑖=1
∫𝛺𝑖

𝜎𝑖 ∇ 𝑢𝑘+1𝑖 ∇𝜙𝑖 𝑑 𝑥

= 1
2

𝑁+1
∑

𝑖=1

∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

𝐶𝑚[[𝑢𝑘]]𝑖𝑗 [[𝜙]]𝑖𝑗 𝑑 𝑠 − 𝜏 1
2

𝑁+1
∑

𝑖=1

∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

𝐹 ([[𝑢𝑘]]𝑖𝑗 )[[𝜙]]𝑖𝑗 𝑑 𝑠.

Let the above quantities be recast as follows:

𝑎𝑖(𝑢, 𝜙) ∶= ∫𝛺𝑖

𝜎𝑖 ∇ 𝑢𝑖 ∇𝜙𝑖 𝑑 𝑥

𝑝𝑖(𝑢, 𝜙) ∶= 1
2
∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

[[𝑢]]𝑖𝑗 [[𝜙]]𝑖𝑗 𝑑 𝑠

𝑓𝑖(𝜙) ∶= 1
2
∑

𝐸𝑖𝑗
∫𝐸𝑖𝑗

(

𝐶𝑚[[𝑢]]𝑖𝑗 [[𝜙]]𝑖𝑗 − 𝜏 𝐹 ([[𝑢]]𝑖𝑗 )[[𝜙]]𝑖𝑗
)

𝑑 𝑠

(3)

𝑑𝑖(𝑢, 𝜙) ∶= 𝜏 𝑎𝑖(𝑢, 𝜙) + 𝐶𝑚𝑝𝑖(𝑢, 𝜙). (4)

The semidiscrete problem at each time step can then be written in compact form as: find 𝑢 = {𝑢𝑘+1𝑖 }𝑁+1
𝑖=1 , with 𝑢𝑘+1𝑖 ∈ 𝐻1(𝛺𝑖) such

hat

𝑑(𝑢, 𝜙) ∶=
𝑁+1
∑

𝑖=1
𝑑𝑖(𝑢, 𝜙) = 𝑓 (𝜙) ∶=

𝑁+1
∑

𝑖=1
𝑓𝑖(𝜙), ∀𝜙 = {𝜙𝑖}𝑁+1

𝑖=1 , 𝜙𝑖 ∈ 𝐻1(𝛺𝑖). (5)

The discrete problem. On each subdomain 𝛺𝑖, we consider a standard local finite element space 𝑉 ℎ(𝛺𝑖), and we denote by
ℎ(𝛺) the product space of the 𝑉 ℎ(𝛺𝑖). The fully discrete problem at each time step is then given by: find 𝑢 = {𝑢𝑖}𝑁+1

𝑖=1 ∈ 𝑉 ℎ(𝛺)
uch that

𝑑(𝑢, 𝜑) = 𝑓 (𝜑), ∀𝜑 = {𝜑𝑖}𝑁+1
𝑖=1 ∈ 𝑉 ℎ(𝛺). (6)

Denoting by 𝐴𝑖 ∈ R𝑁dof×𝑁dof the local stiffness matrix associated with the bilinear form 𝑎𝑖(⋅, ⋅) and by 𝑀𝑖 ∈ R𝑁dof×𝑁dof the local
mass matrix associated with the bilinear form 𝑝𝑖(⋅, ⋅) (with 𝑁dof the total number of degrees of freedom), then (6) can be written in
matrix form as

𝐮 = 𝐟 , with  =
𝑁+1
∑

𝑖=1
𝑖, 𝑖 = 𝜏 𝐴𝑖 +𝑀𝑖 ∈ R(𝑁+1)×(𝑁+1). (7)

The right-hand side of the above system is updated at each time step, and the resulting linear system is solved by the Preconditioned
onjugate Gradient (PCG) method. We will design and analyze an efficient and scalable preconditioner in the next section.

3. The GDSW preconditioner

In the following, we consider and study the theoretical convergence of an overlapping Schwarz preconditioner, known in
he literature as the generalized Dryja–Smith–Widlund (GDSW) preconditioner, modified to comply with the structure of our
ulticompartment reaction–diffusion problem (1), where the solution on 𝛺 is allowed to be discontinuous across the different

subdomains 𝛺𝑖. The idea behind the GDSW algorithm is to combine a coarse space based on iterative substructuring techniques
with local components based on classical overlapping Schwarz techniques [23].

We recall that the global domain 𝛺 is the union of nonoverlapping (sub)domains 𝛺𝑖, 𝑖 = 1,… , 𝑁+ 1, and we have a finite element
discretization on each subdomain; in the following we will denote with 𝛤 =

(

∪𝑁+1
𝑖=1 𝜕 𝛺𝑖

)

∖𝜕 𝛺 the interface between all subdomains.
Our problem formulation allows also for non-matching discretizations across the subdomains (since the solution 𝑢 = {𝑢𝑖}𝑁+1

𝑖=1 can be
discontinuous), but for simplicity we analyze the case with matching nodes on the interface 𝛤 between the subdomains. In a two-
dimensional situation, this interface is composed of edges  𝑖𝑗 and vertices  𝑙: the first are open subset of the interface 𝛤 , containing
all the degrees of freedom shared by two subdomains 𝛺𝑖 and 𝛺𝑗 , while the latter are endpoints of such edges. In three-dimensions,
the interface would consist of faces (two-dimensional entities shared by two subdomains), edges (one-dimensional entities shared
by more than two subdomains) and vertices (endpoints of edges).

Let us then construct an overlapping subdomain partition {𝛺′
𝑗}𝑗 of 𝛺, for 𝑗 = 1,… , 𝑁 + 1, where each 𝛺𝑗 is extended by a strip

of depth 𝛿 > 0 (called overlap) of finite elements. Let us denote by 𝛤𝑗 ,𝛿 this strip. Then 𝛺′
𝑗 = 𝛺𝑗 ∪ 𝛤𝑗 ,𝛿 . In the numerical tests in

Section 5, we will consider only the case of minimal overlap, i.e. 𝛿 = ℎ (see Fig. 1 on the left).
3 
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Fig. 1. Overlap between two overlapping subdomains 𝛺′
𝑗1

and 𝛺′
𝑗2

for the multicompartment problem described in system (1), 1-dimensional example. On the
left, representation of the current minimal overlapping situation. On the right, the considered partition of unity basis function 𝜒𝑗1 for subdomain 𝛺′

𝑗1
.

Fig. 2. Vertex and edge sharing, 2-dimensional example. On the left, the vertex  𝑙 is shared by five nonoverlapping subdomains, therefore the set 0
𝑙 contains

five indices 0
𝑙 = {𝑘1 , 𝑘2 , 𝑘3 , 𝑘4 , 𝑘5}. On the right, the vertices  𝑙

𝑖 ,  𝑙
𝑗 and 

𝑙
𝑖 , 

𝑙
𝑗 represent the same geometric endpoints of the edge 𝐸𝑖𝑗 ⊂ 𝜕 𝛺𝑖, but are referred

to different subdomains.

3.1. GDSW coarse space

The coarse space 𝑉 𝐶
0 is chosen as the space spanned by the vertex and edges functions, described below, extended as discrete

harmonic functions inside each subdomain 𝛺𝑖. These functions provide a partition of unity on the interface 𝛤 . For each vertex  𝑙 we
have as many vertex functions as the number of subdomains that share that vertex. Denote by 0

𝑙 the set of indices 𝑘 of subdomain
𝛺𝑘 that share vertex  𝑙, for all 𝑙 = 1,… , 𝑁vertices, where 𝑁vertices is the total number of vertices (see Fig. 2, left). Then the vertex
functions associated with vertex  𝑙 are given by

𝜗𝑙(𝑥) = {𝜗𝑙𝑘(𝑥)}𝑘∈0
𝑙
,

where 𝜗𝑙𝑘 is the coarse function associated to  𝑙 that has support in 𝛺𝑘. The edge functions 𝜗𝐸𝑖𝑗
(𝑥) (represented in Fig. 2, right) are

instead unique for each edge 𝐸𝑖𝑗 , and are equal 1 on edge 𝐸𝑖𝑗 and extended harmonically elsewhere.
Thus, the coarse component 𝑢0 ∈ 𝑉 𝐶

0 can be written as

𝑢0 =
∑

 𝑙

∑

𝑘∈0
𝑙

𝑢𝑘( 𝑙) 𝜗𝑙𝑘(𝑥) +
∑

𝐸𝑖𝑗

𝑢̄𝐸𝑖𝑗
𝜗𝐸𝑖𝑗

(𝑥), (8)

where 𝑢̄𝐸𝑖𝑗
is the average of 𝑢 over the edge 𝐸𝑖𝑗 . The projection 𝑃0 onto the coarse space 𝑉 𝐶

0 is defined as

𝑑(𝑃0𝑢, 𝑣) = 𝑑(𝑢, 𝑣), ∀𝑣 ∈ 𝑉 𝐶
0 .

3.2. GDSW local spaces

We recall that the local nonoverlapping finite element spaces have been denoted by 𝑉𝑖 = 𝑉 ℎ(𝛺𝑖), while the product space can
be written as 𝑉 = 𝑉1 ×⋯ × 𝑉𝑁+1. We then define the local space

𝑉 ′
𝑖 = {𝑣 ∈ 𝑉 ∶ 𝑣 = 0 in 𝛺∖𝛺′

𝑖}.

This space can also be written as
𝑉 ′
𝑖 = 𝑉𝑖 × {𝜙𝑗 ∶ 𝜙𝑗 ≠ 0 on 𝜕 𝛺𝑖, 𝜙𝑗 ∉ 𝑉𝑖}.

4 
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Since 𝑉 ′
𝑖 ⊂ 𝑉 , any function 𝑢′𝑖 ∈ 𝑉 ′

𝑖 can be written as 𝑢′𝑖 = {𝑢′𝑖,𝑗}𝑁+1
𝑗=1 , where 𝑢′𝑖,𝑗 denotes the projection of function 𝑢′𝑖 on the subdomain

𝛺′
𝑗 . Let 𝜒𝑖, 𝑖 = 1,… , 𝑁 + 1 be a partition of unity as defined in [23]. We recall that these functions vary between 0 and 1, their
radients are bounded by 𝐶∕𝛿𝑗 and vanish outside the overlap 𝛤𝑗 ,𝛿 . Any function 𝑢 ∈ 𝑉 can be written as

𝑢 = 𝑢0 +
𝑁+1
∑

𝑖=1
𝑢′𝑖 , 𝑢0 ∈ 𝑉 𝐶

0 , 𝑢′𝑖 ∈ 𝑉 ′
𝑖 , for 𝑖 = 1,… , 𝑁 + 1.

where 𝑢0 ∈ 𝑉 𝐶
0 has been defined in (8) and 𝑢′𝑖 ∈ 𝑉 ′

𝑖 are given by 𝑢′𝑖 = 𝐼ℎ(𝜒𝑖(𝑢− 𝑢0)) ∈ 𝑉 ′
𝑖 ⊂ 𝑉 , where 𝐼ℎ interpolates into the product

space 𝑉 ℎ(𝛺). The projection-like operators 𝑃𝑖 onto the local space 𝑉 ′
𝑖 are defined as 𝑃𝑖 = 𝐼𝑖𝑃𝑖 (with 𝐼𝑖 being the local interpolant),

where

𝑑(𝑃𝑖𝑢, 𝑣𝑖) = 𝑑(𝑢, 𝑣𝑖), ∀𝑣𝑖 ∈ 𝑉 ′
𝑖 .

Our GDSW preconditioned operator is then defined as

𝑃𝑎𝑑 = 𝑃0 +
𝑁+1
∑

𝑖=1
𝑃𝑖. (9)

Remark 2 (Technical Assumptions). We will consider domains with the same geometrical properties as in Ref. [23] (namely, 𝛺𝑖 are
John domains, each with a shape-regular triangulation), in order to consider the same technical results stated in that work. The
numerical tests presented in Section 5 consider simpler and more trivial domains, and in that case some of the assumptions can
be dropped and the convergence result may be sharpened. Nevertheless, to enhance readability, we will not include here these
echnical tools, but we will refer to the specific Lemmas whenever required.

We prove here an auxiliary result that will be used in the proof of the convergence rate bound; this is an adaptation of the bound
4.3) from [23].

Lemma 1. Let 𝑢0 be the GDSW coarse function defined in (8). Then, for the multicompartment problem defined in (6), it holds
‖𝑢 − 𝑢0‖

2
𝐿2(𝛺𝑖)

≤ 𝐶
(

1 + log 𝐻
ℎ

)2
𝐻2

|𝑢|2
𝐻1(𝛺𝑖)

,

with 𝐻 and ℎ the maximum subdomain and finite element diameters, respectively.

Proof. By adding and subtracting 𝑢̄𝛺𝑖
, the average of 𝑢 on the subdomain 𝛺𝑖, it remains to bound only ‖𝑢0 − 𝑢̄𝛺𝑖

‖𝐿2(𝛺𝑖), since
‖𝑢 − 𝑢̄𝛺𝑖

‖𝐿2(𝛺𝑖) can be bounded with the energy norm of 𝑢 by a Poincaré inequality type. The first term can be written as the sum
of three parts, each with support in 𝛺𝑖,

𝑢0 − 𝑢̄𝛺𝑖
=
∑

 𝑙

(

𝑢𝑖( 𝑙) − 𝑢̄𝛺𝑖

)

𝜗𝑙𝑖(𝑥) (10)

+
∑

 𝑙

∑

𝑘∈0𝑙
𝑘≠𝑖

(

𝑢𝑘( 𝑙) − 𝑢̄𝛺𝑖

)

𝜗𝑙𝑘(𝑥) (11)

+
∑

𝐸𝑖𝑗

(

𝑢̄𝐸𝑖𝑗
− 𝑢̄𝛺𝑖

)

𝜗𝐸𝑖𝑗
(𝑥), (12)

containing contributions from the vertices of 𝛺𝑖 themselves (line Eq. (10)), the adjacent vertices to each vertex of 𝛺𝑖 (line Eq. (11))
and the edges of 𝛺𝑖 (line Eq. (12)) respectively. The term (10) can be bounded by using [23, Lemma 3.2] as follows:

‖

∑

 𝑙

(

𝑢𝑖( 𝑙) − 𝑢̄𝛺𝑖

)

𝜗𝑙𝑖(𝑥)‖
2
𝐿2(𝛺𝑖)

≤ 𝐶
∑

 𝑙
∫𝛺𝑖

|𝑢𝑖( 𝑙) − 𝑢̄𝛺𝑖
|

2
|𝜗𝑙𝑖(𝑥)|

2 𝑑 𝛺

≤ 𝐶
(

1 + log 𝐻
ℎ

)2
|𝑢|2

𝐻1(𝛺𝑖)

∑

 𝑙
∫𝛺𝑖

|𝜗𝑙𝑖(𝑥)|
2 𝑑 𝛺 ≤ 𝐶

(

1 + log 𝐻
ℎ

)2
𝐻2

|𝑢|2
𝐻1(𝛺𝑖)

.

The remaining terms (11) and (12) can be treated analogously. □

4. Theoretical convergence rate bounds

We are now ready to prove the convergence of GDSW preconditioners for the considered composite discontinuous Galerkin
iscretization of problem (1).

Theorem 1. The condition number of the GDSW preconditioned operator 𝑃𝑎𝑑 defined in (9) for the discrete problem (6), when considering
a coarse space with vertex and edge basis functions, as described in Section 3, satisfies the bound

( 𝐻 ) ( 𝐻 )2

cond (𝑃𝑎𝑑 ) ≤ 𝐶 𝛷𝜏 ,𝜎𝑀 ,𝜎𝑚 1 +

𝛿
1 + log

ℎ
,
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where 𝛷 depends on the conductivity coefficients, the time-step size 𝜏, the subdomain diameter 𝐻 and finite element size ℎ
𝛷𝜏 ,𝜎𝑀 ,𝜎𝑚 =

(

𝜎𝑀 +
𝐶𝑚
𝜏 𝜎𝑚

)

𝜎𝑚 = min
𝑖

|𝜎𝑖|, 𝜎𝑀 = max
𝑖

|𝜎𝑖|, (13)

and 𝐶 is a positive constant independent of 𝑁 , ℎ, 𝐻 , 𝜏.

Remark 3. The dependence of 𝛷𝜏 ,𝜎𝑀 ,𝜎𝑚 on the time-step size 𝜏, 𝜎𝑀 and 𝜎𝑚 is not observed in the results of the numerical tests in
ection 5, indicating that the theoretical bound might not be sharp in 𝜏, 𝜎𝑀 and 𝜎𝑚. We remark that, by assuming continuity across

the interface, the same result obtained in [23] would hold.

Proof. The proof is based on general abstract Schwarz theory as well as previous works on GDSW preconditioners, see [23,25,26,30].
In particular, we are required to verify three assumptions known as strengthened Cauchy–Schwarz inequality, local stability and
table decomposition, see [30]. However, by considering a standard coloring argument, the strengthened Cauchy–Schwarz inequality

can be satisfied with a constant upper bound. Moreover, the local stability assumption holds true, since we use exact local solvers.
herefore, we will only need to prove a stable decomposition for the considered subspace decomposition.

We proceed as in standard Schwarz theory by estimating the constant 𝐶2
0 required by the stable decomposition [30] and by

considering the coarse and local solvers separately.
Coarse solver. As usually done in domain decomposition algorithms, we work with one subdomain 𝛺𝑖 per time. We consider

𝑢 − 𝑢̄𝛺𝑖
, and instead of (8) we consider 𝑢0 − 𝑢̄𝛺𝑖

, being 𝑢̄𝛺𝑖
the average of 𝑢 over subdomain 𝛺𝑖:

𝑢̄𝛺𝑖
(𝑥) = 𝑢̄𝛺𝑖

⎛

⎜

⎜

⎝

∑

 𝑙

∑

𝑘∈0
𝑙

𝜗𝑙𝑘(𝑥) +
∑

𝐸𝑖𝑗

𝜗𝐸𝑖𝑗
(𝑥)

⎞

⎟

⎟

⎠

.

Thus we want to bound the energy

𝑑𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

) = 𝜏 𝑎𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

) + 𝑝𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

).

The first term can be treated in the following way: recalling the coarse decomposition (8), let us write explicitly 𝑢0 − 𝑢̄𝛺𝑖
:

𝑢0 − 𝑢̄𝛺𝑖
=
∑

 𝑙

(

𝑢𝑖( 𝑙) − 𝑢̄𝛺𝑖

)

𝜗𝑙𝑖(𝑥) +
∑

 𝑙

∑

𝑘∈0𝑙
𝑘≠𝑖

(

𝑢𝑘( 𝑙) − 𝑢̄𝛺𝑖

)

𝜗𝑙𝑘(𝑥) +
∑

𝐸𝑖𝑗

(

𝑢̄𝐸𝑖𝑗
− 𝑢̄𝛺𝑖

)

𝜗𝐸𝑖𝑗
(𝑥).

The energy norm induced by the bilinear form 𝑎𝑖(⋅, ⋅) can be estimated by

𝑎𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

) = ∫𝛺𝑖

𝜎𝑖 ∇(𝑢0 − 𝑢̄𝛺𝑖
) ⋅ ∇(𝑢0 − 𝑢̄𝛺𝑖

)

≤ 𝐶
∑

 𝑙
∫𝛺𝑖

𝜎𝑖
(

𝑢𝑖( 𝑙) − 𝑢̄𝛺𝑖

)2
|∇ 𝜗𝑙𝑖(𝑥)|

2 +
∑

 𝑙

∑

𝑘∈0𝑙
𝑘≠𝑖

∫𝛺𝑖

𝜎𝑖
(

𝑢𝑘( 𝑙) − 𝑢̄𝛺𝑖

)2
|∇ 𝜗𝑙𝑘(𝑥)|

2 +
∑

𝐸𝑖𝑗
∫𝛺𝑖

𝜎𝑖
(

𝑢̄𝐸𝑖𝑗
− 𝑢̄𝛺𝑖

)2
|∇ 𝜗𝐸𝑖𝑗

(𝑥)|2

(𝐴)
≲ |𝜎𝑖|

(

1 + log 𝐻
ℎ

)

|𝑢|2
𝐻1(𝛺𝑖)

⎛

⎜

⎜

⎜

⎜

⎝

∑

 𝑙

|𝜗𝑙𝑖|
2
𝐻1(𝛺𝑖)

+
∑

 𝑙

∑

𝑘∈0𝑙
𝑘≠𝑖

|∇ 𝜗𝑙𝑘(𝑥)|
2 +

∑

𝐸𝑖𝑗

|𝜗𝐸𝑖𝑗
|

2
𝐻1(𝛺𝑖)

⎞

⎟

⎟

⎟

⎟

⎠

(𝐵)
≲ |𝜎𝑖|

(

1 + log 𝐻
ℎ

)2
|𝑢|2

𝐻1(𝛺𝑖)
≤
(

1 + log 𝐻
ℎ

)2
𝑎𝑖(𝑢, 𝑢) (14)

For inequality (𝐴), the terms 𝑢𝑘( 𝑙) − 𝑢̄𝛺𝑖
and 𝑢̄𝐸𝑖𝑗

− 𝑢̄𝛺𝑖
can be bounded using [23, Lemma 3.2], while (𝐵) is obtained thanks to the

fact that the first seminorm in the brackets is bounded and the second is zero by definition, while the last term can be bounded
considering [23, Lemma 3.4].

Regarding the jump term 𝑝𝑖(⋅, ⋅), it is useful to write explicitly the average 𝑢̄𝛺𝑖
over the edge 𝐸𝑖𝑗 in terms of edge basis functions

(see Fig. 2 for the notation):

𝑢̄𝛺𝑖
(𝑥) =

⎧

⎪

⎨

⎪

⎩

𝑢̄𝛺𝑖

(

𝜗̄𝑙𝑖(𝑥) + 𝜗𝐸𝑖𝑗
(𝑥) + 𝜗𝑙𝑖(𝑥)

)

𝑢̄𝛺𝑖

(

𝜗̄𝑙𝑗 (𝑥) + 𝜗𝐸𝑖𝑗
(𝑥) + 𝜗𝑙𝑗 (𝑥)

)

We need to focus on the jump

[[𝑢0 − 𝑢̄𝛺𝑖
]]𝑖𝑗 =

(

𝑢0,𝑖 − 𝑢̄𝛺𝑖

)

−
(

𝑢0,𝑗 − 𝑢̄𝛺𝑖

)

,

being
𝑙 𝑙
𝑢0,𝑖 = 𝑢( 𝑖) 𝜗̄
𝑙
𝑖(𝑥) + 𝑢( 𝑙

𝑖) 𝜗
𝑙
𝑖(𝑥) + 𝑢̄𝐸𝑖𝑗

𝜗𝐸𝑖𝑗
(𝑥) , 𝑢0,𝑗 = 𝑢(𝑗 ) 𝜗̄

𝑙
𝑗 (𝑥) + 𝑢( 𝑙

𝑗 ) 𝜗
𝑙
𝑗 (𝑥) + 𝑢̄𝐸𝑖𝑗

𝜗𝐸𝑖𝑗
(𝑥)
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The inner edge contribution 𝑢̄𝐸𝑖𝑗
𝜗𝐸𝑖𝑗

(𝑥) can be neglected, since it appears from both sides of 𝐸𝑖𝑗 . Thus, if we focus on only one

endpoint of 𝐸𝑖𝑗 (for instance 
𝑙
), we need to estimate the jump of 𝑤̄ = (𝑢(𝜗̄𝑙𝑖) − 𝑢̄𝛺𝑖

) 𝜗̄𝑙𝑖(𝑥) − (𝑢(𝜗̄𝑙𝑗 ) − 𝑢̄𝛺𝑖
) 𝜗̄𝑙𝑗 (𝑥):

𝑝𝑖(𝑤̄, 𝑤̄) ≲ 𝐶𝑚
∑

𝐸𝑖𝑗

(

1 + log 𝐻
ℎ

)

|𝑢|2
𝐻1(𝛺𝑖)

(

‖𝜗̄𝑙𝑖(𝑥)‖
2
𝐿2(𝐸𝑖𝑗 )

+ ‖𝜗̄𝑙𝑗 (𝑥)‖
2
𝐿2(𝐸𝑖𝑗 )

)

≲ 𝐶𝑚

(

1 + log 𝐻
ℎ

)

|𝑢|2
𝐻1(𝛺𝑖)

≲
𝐶𝑚
|𝜎𝑖|

(

1 + log 𝐻
ℎ

)

𝑎𝑖(𝑢, 𝑢)

(15)

In the same fashion, it is possible to estimate the jump for the term 𝑤 = (𝑢(𝜗𝑙𝑖) − 𝑢̄𝛺𝑖
) 𝜗𝑙𝑖(𝑥) − (𝑢(𝜗𝑙𝑗 ) − 𝑢̄𝛺𝑖

) 𝜗𝑙𝑗 (𝑥). By definition,

𝑑𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

) = 𝜏 𝑎𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

) + 𝑝𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

).

We can estimate the energy of the first term with the bound obtained in (14) while the second term can be bounded by (15).
Therefore,

𝑑𝑖(𝑢0 − 𝑢̄𝛺𝑖
, 𝑢0 − 𝑢̄𝛺𝑖

) ≤ 𝐶
(

1 + 𝐶𝑚
𝜏|𝜎𝑖|

)

(

1 + log 𝐻
ℎ

)2
𝑑𝑖(𝑢, 𝑢),

thus leading to
𝑑(𝑢0 − 𝑢̄𝛺𝑖

, 𝑢0 − 𝑢̄𝛺𝑖
) ≤ 𝐶

(

1 + 𝐶𝑚
𝜏 𝜎𝑚

)

(

1 + log 𝐻
ℎ

)2
𝑑(𝑢, 𝑢), where 𝜎𝑚 = min

𝑖=1,…,𝑁+1
|𝜎𝑖|.

Local solvers. In Section 3.2 we have defined 𝑢 = 𝑢0 +
∑𝑁+1

𝑖=1 𝑢′𝑖 for 𝑢0 ∈ 𝑉 𝐶
0 and 𝑢′𝑖 = 𝐼ℎ(𝜒𝑖(𝑢 − 𝑢0)) =∶ 𝐼ℎ𝜒𝑖𝑤 ∈ 𝑉 ′

𝑖 , with
𝑖 = 1,… , 𝑁 + 1. We recall that, for all 𝑢′𝑖 , 𝑣

′
𝑖 ∈ 𝑉 ′

𝑖 , 𝑢′𝑖 = {𝑢′𝑖,𝑗}𝑁𝑗=0,

𝑑𝑖(𝑢′𝑖 , 𝑣′𝑖) ∶= 𝑑(𝑢′𝑖 , 𝑣′𝑖) = 𝜏
𝑁+1
∑

𝑘=1
𝜎𝑘 ∫𝛺𝑘

∇ 𝑢′𝑖,𝑘 ∇ 𝑣′𝑖,𝑘 +
∑

𝐸𝑘𝑗

𝐶𝑚 ∫𝐸𝑘𝑗

(𝑢′𝑖,𝑘 − 𝑢′𝑖,𝑗 )(𝑣
′
𝑖,𝑘 − 𝑣′𝑖,𝑗 )

= 𝜏 𝜎𝑖 ∫𝛺𝑖

∇ 𝑢′𝑖,𝑖 ∇ 𝑣′𝑖,𝑖 + 𝜏
∑

𝑗 ∶𝛺𝑗∩𝛤𝑖,𝛿≠∅
𝜎𝑗 ∫𝛺𝑗∩𝛤𝑖,𝛿

∇ 𝑢′𝑖,𝑗 ∇ 𝑣′𝑖,𝑗 (16)

+
∑

𝑗 ∶ 𝜕 𝛺𝑖∪𝜕 𝛺𝑗≠∅
𝐶𝑚 ∫𝐸𝑖𝑗

(𝑢′𝑖,𝑖 − 𝑢′𝑖,𝑗 )(𝑣
′
𝑖,𝑖 − 𝑣′𝑖,𝑗 ). (17)

Here the same considerations made in the proof of [23, Theorem 3.1] hold. Thus, the energy norms in line (16) (consider for instance
he first term — the second follows analogously) can be bounded as in the proof of [30, Lemma 3.10]:

|𝑢′𝑖,𝑖|
2
𝐻1(𝛺𝑖)

≤ |𝐼ℎ(𝜒𝑖𝑤)|2𝐻1(𝛺𝑖)
≤ 𝐶

[(

1 + 𝐻
𝛿

)

|𝑤|

2
𝐻1(𝛺𝑖)

+ 1
𝐻 𝛿 ∥ 𝑤 ∥2

𝐿2(𝛺𝑖)

]

,

where 𝛿 is the common overlap parameter. Each of the above contributions can be bounded as follows.

(i) By considering the triangle inequality and the result obtained in the coarse solver for the energy norm, it holds

|𝑤|

2
𝐻1(𝛺𝑖)

≲
(

1 + log 𝐻
ℎ

)2
|𝑢|2

𝐻1(𝛺𝑖)
.

(ii) Thanks to Lemma 1, we have

∥ 𝑤 ∥2
𝐿2(𝛺𝑖)

≤ 𝐶
(

1 + log 𝐻
ℎ

)2
𝐻2

|𝑢|2
𝐻1(𝛺𝑖)

.

Collecting the above contributions leads to the following bound for the energy norms of line (16):

|𝜎𝑖||𝑢
′
𝑖,𝑖|

2
𝐻1(𝛺𝑖)

≤ 𝐶|𝜎𝑖|
(

1 + log 𝐻
ℎ

)2 [(
1 + 𝐻

𝛿

)

|𝑢|2
𝐻1(𝛺𝑖)

+ 𝐻
𝛿
|𝑢|2

𝐻1(𝛺𝑖)

]

≤ 𝐶|𝜎𝑖|
(

1 + log 𝐻
ℎ

)2 (
1 + 𝐻

𝛿

)

|𝑢|2
𝐻1(𝛺𝑖)

.

Regarding the jump contributions in line (17), it holds

𝑝𝑖(𝑢′𝑖 , 𝑢′𝑖) = 𝑝𝑖(𝐼ℎ𝜒𝑖𝑤, 𝐼ℎ𝜒𝑖𝑤) ≲ 𝑝𝑖(𝑢, 𝑢) + 𝑝𝑖(𝑢0, 𝑢0).

The first term appears in the bilinear form 𝑑𝑖(⋅, ⋅), while the bound for the second term follows the same proof procedure as in the
oarse solver by adding and subtracting the average 𝑢̄𝛺𝑖

, see Eq. (15). Therefore, the local solvers satisfy the bound

𝑑𝑖(𝑢′𝑖 , 𝑢′𝑖) = 𝑑𝑖(𝐼ℎ𝜒𝑖𝑤, 𝐼ℎ𝜒𝑖𝑤) ≤ 𝐶
[

𝜎𝑀
(

1 + 𝐻
𝛿

)

+
𝐶𝑚
𝜏 𝜎𝑚

]

(

1 + log 𝐻
ℎ

)2
𝑑𝑖(𝑢, 𝑢),

where 𝜎𝑀 = max𝑖=1,…,𝑁+1 |𝜎𝑖| and 𝜎𝑚 = max𝑖=1,…,𝑁+1 |𝜎𝑖|.
In conclusion, by collecting the above result and the coarse solver estimate,

𝑑(𝑢0, 𝑢0) +
𝑁+1
∑

𝑖=1
𝑑𝑖(𝑢′𝑖 , 𝑢′𝑖) ≤ 𝐶

(

𝜎𝑀 +
𝐶𝑚
𝜏 𝜎𝑚

)

(

1 + 𝐻
𝛿

) (
1 + log 𝐻

ℎ

)2
𝑑(𝑢, 𝑢). □
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Fig. 3. Left: representation of the situation described in system (1), with only one cell 𝛺1 (green) immersed in the extracellular liquid (light blue); the external
boundary of the extracellular space 𝛺2 is divided into 𝛤𝐷

2 (black, dashed) and 𝛤𝑁
2 (black, solid), with boundary conditions given in (19). Right: representation

of the situation described in system (1) considering two neighboring cells 𝛺1 and 𝛺2, with common boundary 𝐸1,2. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

Remark 4. In Section 5, the numerical tests consider a minimal overlap, thus 𝛿 = ℎ, due to the considered model example. Therefore,
the expected theoretical convergence estimate is given by

cond (𝑃𝑎𝑑 ) ≤ 𝐶 𝛷𝜏 ,𝜎𝑀 ,𝜎𝑚

(

1 + 𝐻
ℎ

) (
1 + log 𝐻

ℎ

)2
,

with 𝛷 defined in (13).

5. An application to the cardiac EMI model

We now consider a particular application from the field of electrophysiology to numerically tests the proposed preconditioner.
Our focus is the so-called cardiac EMI model1 [3–5,31], which provides a microscopic representation of the electrical propagation
in the cardiac tissue by means of diffusion equations for each single cell coupled through a (possibly nonlinear) reaction term
on the boundaries (cell membranes). This innovative model overcomes the well-established cardiac Bidomain model [32], since
it represents the extracellular space as well as the intracellular space and the cell membrane as individuals, allowing for realistic
characterization of each. While for the Bidomain equations we can find several works related to its mathematical properties [32–35]
and solution strategies [28,29,36–42], these various aspects for the cardiac EMI model are still open problems.

5.1. The EMI microscopic description of cardiac electrical propagation

We consider 𝑁 connected cells immersed in the extracellular liquid, which altogether form the cardiac tissue 𝛺, where generally
𝛺 ⊂ R𝑑 , with 𝑑 ∈ {2, 3}; in the following numerical experiments we will consider 𝑑 = 2, in compliance with the proposed
convergence analysis. It is straightforward to visualize the parallelism between these 𝑁 + 1 objects and the nonoverlapping partition
{𝛺𝑖}𝑖, with 𝑖 = 1,… , 𝑁+ 1 (by denoting with 𝛺𝑁+1 the extracellular subdomain). The interaction between each cell, the extracellular
media and their neighbors happens by means of ionic exchanges, which provide the reaction term on the boundaries 𝜕 𝛺𝑖. These
currents are allowed to propagate among the intracellular spaces through the gap junctions, special protein channels which allow

the passage of ions directly between two intracellular environments, [43].
The situation depicted on the left of Fig. 3 can be modeled by system (1), where we need to add the ionic equations

𝜕 𝑐
𝜕 𝑡 − 𝐶([[𝑢]]𝑖𝑗 , 𝑤, 𝑐) = 0, 𝜕 𝑤

𝜕 𝑡 − 𝑅([[𝑢]]𝑖𝑗 , 𝑤) = 0, (18)

that model the ion flow dynamic by means of ordinary differential equations, describing the time evolution of ion concentrations 𝑐
and gating variables 𝑤 by means of given functions 𝐶 and 𝑅 respectively. Here, the transmembrane voltage [[𝑢]]𝑖𝑗 = 𝑢𝑖−𝑢𝑗 represents
the jump in the values of the electric potentials between two neighboring cells 𝑖 and 𝑗. Thus, the reaction term 𝐹 (⋅) will depend also
on the gating and concentration variables, representing either the ionic current 𝐼ion([[𝑢]]𝑖𝑗 , 𝑐 , 𝑤) or the gap junctions 𝐺([[𝑢]]𝑖𝑗 ) (which
we assume here to be linear in the potential jump). We assume that the (extracellular) potential is fixed on part of the external
boundary 𝛤𝐷

𝑁+1 while the remaining 𝛤𝑁
𝑁+1 = 𝛤∖𝛤𝐷

𝑁+1 is insulated:

𝑢𝑁+1 = 0 on 𝛤𝐷
𝑁+1, −𝑛𝑇𝑁+1 ⋅ 𝜎𝑁+1 ∇ 𝑢𝑁+1 = 0 on 𝛤𝑁

𝑁+1. (19)

1 The acronym EMI stands for Extracellular, cell Membrane and Intracellular spaces, since this formulation takes into account each of these three separate
fields.
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In this framework, 𝜎𝑖 is the conductivity coefficient2 in 𝛺𝑖 and 𝑛𝑇𝑖 the outward normal on 𝜕 𝛺𝑖. We refer to [4,31] for a formal
derivation of the complete EMI system.

The solution obtained from such problem is defined up to an arbitrary constant: in order to ensure uniqueness from a numerical
point of view, we impose zero average for the extracellular component 𝑢𝑁+1 over the domain.

In conclusion, the cardiac EMI model reads
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

− div(𝜎𝑖 ∇ 𝑢𝑖) = 0 in 𝛺𝑖 ∀𝑖 = 1,… , 𝑁 + 1,
𝑢𝑖 − 𝑢𝑗 = [[𝑢]]𝑖𝑗 on 𝐸𝑖𝑗 ,

−𝑛𝑇𝑖 𝜎𝑖 ∇ 𝑢𝑖 = 𝐶𝑚
𝜕[[𝑢]]𝑖𝑗
𝜕 𝑡 + 𝐹 ([[𝑢]]𝑖𝑗 , 𝑐 , 𝑤) on 𝐸𝑖𝑗 ,

𝜕 𝑐
𝜕 𝑡 − 𝐶([[𝑢]]𝑖𝑗 , 𝑤, 𝑐) = 0, 𝜕 𝑤

𝜕 𝑡 − 𝑅([[𝑢]]𝑖𝑗 , 𝑤) = 0 on 𝐸𝑖𝑗 ,

𝑢𝑖(0) = 𝑢𝑖,0, 𝑤(0) = 𝑤0, 𝑐(0) = 𝑐0, in 𝛺𝑖 ∀𝑖 = 1,… , 𝑁 + 1.

(20)

We consider a splitting strategy for the time solution of system (20). At each time step, we solve first the ionic model, given
the jump [[𝑢]]𝑖𝑗 from the previous time step; then, we update the cell-by-cell model with the newly computed 𝑐 and 𝑤, and solve it

ith respect to the electric potential. With this approach, we can easily refer to the discretized formulation derived in Section 2 and
he preconditioning technique introduced in Sec. 3, obtaining an EMI-GDSW preconditioner. Another recently proposed approach
onsiders a boundary integral formulation of system (20), see [44].

5.2. Numerical tests

We consider a Matlab implementation of our EMI-GDSW preconditioner for a two-dimensional rectangular geometry where the
extracellular domain frames a group of cells. Each cell (subdomain) presents an aspect ratio of 6:1 finite elements, in order to
correctly represent the average aspect ratio of an actual cardiac myocyte. Our code considers a linear gap junction between cells,
each coinciding with an edge 𝐸𝑖𝑗 , and the Aliev–Panfilov ionic model [45] for the update of the gating variables; this model does
not include concentration variables. We fix the time-step size to 𝜏 = 0.05 ms, except for Section 5.2.3, where the parameter 𝜏 is
varied between 0.005 and 0.1 ms in order to study its effects on the EMI-GDSW convergence rate. The external current needed for
the activation is applied at the bottom-left corner of the domain for 1 ms, with an intensity of 50 mA/cm2; the total simulation time
is of [0, 5] ms. The initial value for the potential 𝑢𝑖(0) is set to −85 mV, while the initial gating 𝑤0 value is set to 0. Unless otherwise
pecified, the conductivity coefficients are 𝜎𝑖 = 3 × 10−3 in all cells.

The discrete linear system (7) arising at each time step is solved through an iterative Conjugate Gradient method, either
npreconditioned (CG) or with preconditioning. The stopping criterion compares the 𝐿2-norm of the relative (preconditioned)
esidual with a fixed tolerance of 10−6. We implemented a GDSW preconditioner with a coarse problem spanned by the subdomain

vertex and edge basis functions, see Sec. 3.1 for further details. For comparison, we also consider the classical one-level Additive
Schwarz algorithm (AS) without coarse space; see [30, Chapters 1-3] for further details. Both algorithms consider a minimal overlap
of 𝛿 = ℎ, in order to exploit the overlap between cells that follows from the EMI formulation.

All the tests have been performed on a Linux workstation equipped with an Intel i9-10980XE CPU with 18 cores running at
3.00 GHz.

5.2.1. Scalability tests
We start with numerical results investigating the scalability of the proposed EMI-GDSW preconditioned solver. We consider a

ime interval of [0, 5] ms, for a total of 100 uniform time steps. The number of cells (subdomains) considered varies from 𝑁 = 2 × 2
o 𝑁 = 32 × 32, each one discretized by 24 × 4 finite elements. We report the condition number (𝑘2) and the number of linear
terations (𝑖𝑡) at the final time step of the simulation; see Fig. 4(a) and Fig. 4(b). Fig. 4(a) reports also dimensions and number of

nonzero (nnz) entries of the EMI-GDSW coarse solver matrix, while Fig. 5 (top row) shows its sparsity pattern. If compared to the
EMI-BDDC coarse solver matrices (Fig. 5, bottom row) proposed in [20], given the same number of cells, we note that, in addition
o the obvious difference of the two coarse space sizes, the number of nonzero entries for the EMI-GDSW coarse matrices is more

than three times higher, and the sparsity pattern is less compact. The results show that the GDSW preconditioner has a scalable
performance in all the cases considered, in terms of both number of linear iterations and condition numbers. Both these parameters
mildly increase while initially increasing the number of cells 𝑁 , but they approach a constant upper bound afterwards, in agreement

ith the main bound of Theorem 1, since the ratio 𝐻∕ℎ is kept constant in these tests. On the other hand, for both unpreconditioned
CG as well as AS, the iteration counts and condition numbers increase with increasing 𝑁 .

2 In general 𝜎𝑖 are tensors; however, in this work, we have treated them as scalar since the EMI model assumes isotropic diffusion in the cells and in the
extracellular matrix. This is motivated by the fact that the pronounced anisotropy in the homogenized bidomain model is an effect of the cellular geometry,
which here in the EMI model is resolved explicitly.
9 
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Fig. 4. EMI-GDSW Scalability tests on [0, 5] ms. Condition number (𝑘2) and linear iterations (𝑖𝑡) at final time 𝑡 = 5 ms. Fixed time step 𝜏 = 0.05. Increasing number
of cells from 4 to 1024, each discretized with 24 × 4 finite elements.

5.2.2. Optimality tests
We then test the quasi-optimality of our method by fixing the number of cells (subdomains) to be 𝑁 = 4 × 4) and decrease the

mesh size ℎ, i.e. increase the ratio 𝐻∕ℎ. In these tests, the EMI-GDSW coarse solver has dimensions 112 × 112 and 1844 nonzero
entries. Fig. 6(a) and Fig. 6(b) show again that EMI-GDSW has a much better performance of both AS and unpreconditioned CG. The
olylogarithmic growth of the EMI-GDSW condition number is not easily detectable for this range of 𝐻∕ℎ, but the growth seems
efinitely less than linear, as shown in Fig. 6(b). In order to detect the asymptotic behavior of the EMI-GDSW condition number,
igher values of 𝐻∕ℎ should be explored as in [46], but this was currently beyond our actual computational capability using a

Matlab implementation on a workstation.

5.2.3. Dependence on the time-step size
Here we study the convergence rate dependence of the proposed solver on the time-step size 𝜏. We consider 𝑁 = 12 × 12 cells,

each one discretized with 24 × 4 Q1 finite elements. The time interval is [0, 5] ms, where we vary 𝜏 from 0.005 to 0.1 ms. As in our
previous study [20], we observe that the condition number (𝑘2) and the iteration counts (𝑖𝑡) for both unpreconditioned CG and AS
solvers increase when the time-step size 𝜏 is decreased, see Fig. 7(a) and Fig. 7(b). On the other hand, the EMI-GDSW preconditioner
is only marginally affected by the reduction of 𝜏, yielding almost bounded 𝑘2 and it values. We remark that the unpreconditioned
discrete problem already shows an increasing condition number and iteration counts for decreasing values of 𝜏, see Fig. 7(b), even
if we would expect the problem to be mass dominated. One reason for this could be that the mass matrix of the EMI problem is
ssociated only to the potential jumps on subdomains/cells interfaces, which is different from the standard case.
10 
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Fig. 5. Sparsity pattern of EMI-GDSW (top row, red) and EMI-BDDC (bottom row, blue) coarse solver matrices for increasing number of cells. Each cell is
discretized with 24 × 4 finite elements. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

This test shows that the reduction of the time-step size 𝜏 does not impair the performance of the GDSW solver, indicating that
the bound in Theorem 1 might not be sharp in 𝜏.

We show in Fig. 8 the solver performance over a time interval of [0, 300] ms, simulating an heartbeat cycle. Except for a single
peak in the EMI-GDSW condition number when the action potential is at rest (see Fig. 8 for its evolution in two different points
of the considered domain), we observe that the EMI-GDSW is robust both in terms of condition number 𝑘2 and number of linear
iterations it, presenting lower values with respect to the AS and CG cases.

5.2.4. EMI-GDSW robustness varying the conductivity coefficients
This set of tests investigates the robustness of the EMI-GDSW solver with respect to heterogeneous distributions of intracellular

diffusion coefficients 𝜎𝑖, for 𝑖 = 1,… , 𝑁 . In particular, we consider three different distributions with 𝑁 = 8 × 8 cells, each discretized
with 48 × 8 Q1 finite elements:
- checkerboard distribution, where the conductivities alternate between two values 𝜎𝑖 and 𝜎⋆𝑖 in a checkerboard fashion;
- capsule distribution, where we include a inner square block of 4 × 4 cells with conductivity 𝜎⋆𝑖 , while in the surrounding cells
the conductivity remain 𝜎𝑖;
- random distribution, where we randomly generate for each cell the coefficient 𝜎⋆𝑖 .

The value 𝜎⋆𝑖 is obtained by scaling 𝜎𝑖 by a factor 𝛼 of 10−1, 10−2, 10−3 and 10−4, except for the random setting, where
𝜎⋆𝑖 = (scaling factor) × (𝜎𝑖 + 𝑛rand), with 𝑛rand a randomly generated number between 0 and 10−3 (in order to perturb 𝜎𝑖 of a value
with the same order of magnitude). In Figs. 9 and 10, we report three different time snapshots for each distribution, and also include
for comparison the homogeneous distribution (normal) with 𝜎𝑖 = 3 × 10−3 in all cells.

Fig. 11(a) reports both condition number (𝑘2) and number of linear iterations (𝑖𝑡) at 𝑡 = 5 ms, while the boxplot in Fig. 11(b)
shows the distribution of several tests related to the random case. The results show the robustness of EMI-GDSW, since 𝑘2 and 𝑖𝑡
remain fairly unchanged, with only a slight decrease in the former when reducing 𝜎⋆𝑖 . This is to be expected, since decreasing the
diffusion coefficient 𝜎⋆𝑖 and considering enough modified subdomains, the mass term with the potential jump would prevail.

6. Conclusions

We have designed a generalized Dryja–Smith–Widlund (GDSW) preconditioner for the solution of composite Discontinuous
Galerkin discretizations of parabolic reaction–diffusion problems, where the solution can present discontinuities across the domain.
11 
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Fig. 6. EMI-GDSW optimality tests on [0, 5] ms. Condition number 𝑘2 and linear iterations (𝑖𝑡) at the final time 𝑡 = 5 ms. Fixed time-step size 𝜏 = 0.05 and number
of 4 × 4 cells, each discretized with increasing number of finite elements.

These situations arise naturally, for instance, in the context of microscopic biomechanics modeling or in multiscale problems
where model order-reduction techniques lead to face coupling of different dimensionalities. We mathematically prove a scalable
(i.e. independent of the number of subdomains 𝑁 + 1) and quasi-optimal (i.e. polylogarithmic in the ratio 𝐻∕ℎ) convergence rate
bound for the proposed GDSW preconditioner, which depends on the time-step size and the magnitude of the diffusion coefficients.
Extensive two-dimensional numerical tests confirm this theoretical result for the solution of the cardiac EMI reaction–diffusion
model. Possible future work should address the extension of this result to the three-dimensional setting as well as larger overlaps,
while investigating the design and analysis of advanced GDSW variants based on adaptive, reduced and multilevel techniques in
the challenging composite Discontinuous Galerkin framework required by the EMI and other multicompartment reaction–diffusion
problems.

The comparison of the current GDSW preconditioner with the BDDC preconditioner, as introduced in our previous paper [24],
shows that the coarse solver of GDSW is larger and less sparse than that of BDDC. Moreover, GDSW requires more iterations to
chieve convergence. However, we believe that GDSW is easier to implement in parallel, and since it is an overlapping method,

inexact local solvers may be more effective compared to the BDDC case. A fair comparison between the two solvers should be
erformed on parallel architectures, but this is beyond our current capabilities, so we reserve it for a future study.
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Fig. 7. EMI-GDSW dependence on the time-step size. Condition numbers 𝑘2 and linear iterations (𝑖𝑡) at the final time 𝑡 = 5 ms, when the time-step size 𝜏 is
increased from 0.005 to 0.1. Fixed number of 12 × 12 cells, each discretized with 24 × 4 finite elements (𝑁dof = 21440).

Fig. 8. Action potential propagation from two different points of the domain (bottom) and EMI-GDSW solver performance (top) over an heartbeat cycle of
[0, 300] ms.
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Fig. 9. Snapshots at times 𝑡 = 1, 15, 30 ms of the EMI electric potentials for the normal distribution (top) with 𝜎𝑖 = 3 × 10−3 and the capsule distribution
(bottom) with an inner block of 4 × 4 cells with 𝜎⋆

𝑖 = 10−4𝜎𝑖.
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Fig. 10. Snapshots at times 𝑡 = 1, 10, 19 ms of the EMI electric potentials for the checkerboard distribution (top) with checkerboard-like alternating cells with
𝜎⋆
𝑖 = 10−4𝜎𝑖 and random distribution (bottom) with 𝜎⋆

𝑖 = 10−4 ⋅ (𝜎𝑖 + 𝑛rand), where 𝑛rand is randomly generated between 0 and 10−3.
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Fig. 11. EMI-GDSW robustness tests. EMI-GDSW condition numbers 𝑘2 and linear iterations (𝑖𝑡) at time 𝑡 = 5 ms with three different distributions (checkerboard,
capsule, random) of the conductivity coefficients 𝜎𝑖. Fixed time step 𝜏 = 0.05 on the interval [0, 5] ms. Fixed number of 8 × 8 cells, each discretized with 48 × 8
finite elements (𝑁dof = 36576). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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