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Abstract
In this work, we propose a novel discrete counterpart to the continuous exponential
random variable. It is defined on N0 = {0, 1, 2, . . . } and is constructed to have a
step-wise cumulative distribution function that minimizes the Cramér distance to the
continuous cumulative distribution function of the exponential random variable. We
show that its distribution is a particular case of the zero-modified geometric distribu-
tion. The probabilitymass function is analyzed in detail, and the characteristic function
is derived, from which the moments of the distribution can be readily obtained. The
failure rate function, the zero-modification index, Shannon’s entropy, and the stress-
strength reliability parameter are also derived and discussed. Parameter estimation is
examined, by considering the maximum likelihood method, the method of moments,
and the least-squares method. A two-parameter generalization is also introduced and
investigated. A real data analysis is provided, where the proposed distribution is fitted
to a data set and compared to a well-known counting distribution. Finally, an applica-
tion of the proposed discrete model is presented, focusing on the determination of the
distribution of a compound sum of i.i.d. continuous random variables, with a specific
application to the insurance field.
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1 Introduction

Discretization of continuous variables has received significant attention in different
fields, such as machine learning, reliability theory, and actuarial science (see, among
others, [1]). Many statistical models and techniques exist that potentially involve con-
tinuous random variables (rvs), but whose algorithms cannot be applied unless the
continuous features are first discretized. More generally, the discretization of con-
tinuous (random) quantities can help the researcher find an approximate solution to
the problem at hand if it cannot be solved analytically. In such circumstances, thanks
to the greatly increasing availability of computational power, one may also turn to
Monte Carlo simulation. However, as highlighted by [2, 3], this tool is not exempt
from flaws, as it inevitably involves a sampling error. Some simple statistical appli-
cations where the discretization approach is useful are discussed in [4], namely, the
determination of the distribution of the sum or of the product of two independent rvs
not belonging to the same parametric family. Moving to a real-life application, dis-
cretization is an important step in the numerical evaluation of the distribution of the
total claims amount of non-life portfolios in the so-called collective risk model, since
well-known results on recurrence relations for probabilities only apply to discrete dis-
tributions, whereas single claim sizes are typically modeled by continuous rvs [5].
In such cases, discretization represents a viable alternative to the inversion theorem
or the convolution integral. Another important application is scenario generation in
stochastic programming, where one deals with a decision problem that is subject to
uncertainty, typically modeled by a continuous probability distribution. For general
continuous distributions, the stochastic optimization model is not solvable in general;
many solution methods rely on approximating the underlying continuous probabil-
ity distribution by a probability measure based on a finite number of scenarios, also
termed realizations or atoms [6, 7]. Therefore, a crucial task for the researcher is to find
an appropriate discrete distribution generated from the underlying continuous model,
which possibly preserves one or more important features of it (see, for example, [8]).

Let us consider an absolutely continuous rv Y with cumulative distribution function
(cdf) F(y) = P(Y ≤ y) and probability density function (pdf) f (y). Let us denote
with X a discrete counterpart to Y . If the support of Y is the whole real lineR, then it is
reasonable to assume that the supportSX of X isZ; if the support ofY is the positive real
lineR+, then one can assume that SX = N = {1, 2, . . . } or SX = N0 = {0, 1, 2, . . . }.
Several proposals are available in the literature for constructing a discrete analog
to a continuous probability distribution. The most popular method is based on the
preservation of the survival function (sf) or, complementarily, of the cdf, at each
integer value. Focusing on the sf, if Y is a continuous positive rv, the probability mass
function (pmf) of the discrete analog is set equal to

pi = F(i + 1) − F(i), (1)

for i ∈ N0; if Y is real-valued, the definition of pi is still the same, with i ∈ Z. This
technique has the remarkable advantage that the resulting pmf always has a closed-
form expression, if this occurs for F(y), and that P(X ≥ i) = P(Y ≥ i) (thus the
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value of the sf is preserved at each integer value); in fact,

P(X ≥ i) =
∑

j≥i

p j =
∑

j≥i

[F( j + 1) − F( j)] = 1 − F(i) = P(Y ≥ i).

Examples of discrete analogs obtained using this procedure are the discreteWeibull [9],
the discrete Burr and Pareto [10], and the discrete normal distribution [11].

Another technique consists of resembling the pdf of Y directly by setting the pmf
of X equal, at each integer value, to the corresponding value of f , properly scaled by
a normalizing constant:

pi = f (i)/
∑

j∈SX

f ( j) (2)

(providing that f (i) is finite for all i). This technique, although intuitive, is not able,
in general, to produce a closed-form expression for the pi , since the infinite series
sum, representing the normalizing constant, cannot always be calculated analytically,
or it can be expressed just in terms of some special functions. A case where such a
technique yields an analytic expression for the probabilities is the Laplace or double
exponential distribution [12]. Only when one considers the exponential distribution,
the two techniques (i.e., preservation of the sf and resembling of the pdf) provide
the same discrete analog, which proves to be the geometric distribution. In fact, the
resulting pmf of the discrete analogue of an exponential rv with parameter λ obtained
by applying (1) is

pi = F(i + 1) − F(i) = e−λi (1 − e−λ
)
, i ∈ N0, (3)

which defines a geometric distribution, supported over N0, with parameter π = 1 −
e−λ. By applying the second technique summarized by (2), we obtain

pi = λe−λi
∑∞

j=0 λe−λ j
= λe−λi

λ/(1 − e−λ)
= e−λi (1 − e−λ

)
,

which coincides with (3). In this work, we present an alternative discrete exponen-
tial distribution, derived by minimizing the Cramér distance to its parent continuous
distribution. A preliminary version of this methodology was outlined in [13] and sub-
sequently discussed in [14].

The layout of the paper is the following: In the next section, we derive the discrete
analogue and present its main properties, especially related to reliability concepts.
Section 3 examines parameter estimation. Section 4 proposes and discusses a two-
parameter generalization of the discrete exponential distribution and updates the
estimation procedures. Section 5 fits the discrete exponential distribution to a real
dataset. Section 6 applies the proposed distribution for providing an approximate
solution to a well-known problem in the insurance field. The last section contains
some final remarks.

123



   39 Page 4 of 24 Journal of Statistical Theory and Practice            (2025) 19:39 

2 Derivation of a new discrete exponential distribution

2.1 Minimization of Cramér distance between continuous and step-wise cdfs

If one has to compare two rvs, one of which is absolutely continuous and the other
discrete, it can be convenient to use a discrepancymeasure based on the two cdfs,which
are continuous and piecewise constant, respectively. Letting Y be the continuous rv
with cdf F(y) and pdf f (y), and X a discrete rv with cdf G(x), a simple class of
discrepancy measures can be set up as follows:

d(F,G) =
∫

R

|F(x) − G(x)|rw(x)dx, (4)

wherew(x) is a positive weight function and r > 0 a positive parameter. When r = 2,
(4) originates several well-known statistical distances according to different choices
forw(x) (see, for example, [15]). In particular,w(x) = 1 leads to the Cramér distance.

Let us assume that the continuous rv Y is supported overR+ and its discrete analog
X is supported over N0. Then, an optimal discrete counterpart to F can be defined as
the cdf G, within the set of all the cdfs supported over N0, minimizing the selected
distance [13]. Now, a step-wise cdf G is fully identified by the values Qi = G(i),
i ∈ N0. Therefore, the distance (4) is actually an infinite sumof contributions; focusing
on the Cramér distance:

dC (F,G) =
∞∑

i=0

∫ i+1

i
|F(x) − Qi |2dx . (5)

The discrete counterpart minimizing (5) is then obtained by computing and equating
to zero its first-order derivative with respect to each Qi , then solving for the optimal
Qi , and finally checking for the second-order condition. The first-order condition on
the Qi is

∫ i+1
i (F(x) − Qi )dx = 0, which implies

Q∗
i =

∫ i+1

i
F(x)dx, i = 0, 1, 2, . . . . (6)

These Q∗
i actually represent an global minimum point; in fact, by computing the

second-order derivative of (5) we obtain ∂2dC (F,G)/∂Q2
i = 2 > 0 for all i =

0, 1, 2, . . . , ∂2dC (F,G)/∂Qi∂Q j = 0 for all i �= j . Clearly, if the primitive function
of F can be written in a closed form, so can the Q∗

i in (6) and the corresponding pmf.
It can be proved that F(i) < Q∗

i < F(i + 1) for any non-negative integer i [13].
The optimal probability p∗

0 equals Q
∗
0, whereas the other probabilities are obtained

by difference as p∗
i = Q∗

i − Q∗
i−1, i = 1, 2, . . . .

We note that since for a continuous positive rv Y with a finite first moment we can
write E(Y ) = ∫ +∞

0 (1 − F(y))dy, and similarly, for a non-negative count rv X with
cdf G and finite first moment, the following identity holds: E(X) = ∑∞

i=0(1−G(i)).
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Fig. 1 Graph of the pmf (8) for x = 0, 1, . . . , 10 and various values of λ

Then, for the discrete analog minimizing the Cramér distance, recalling (6), we derive
that

E(X)=
∞∑

i=0

[
1−

∫ i+1

i
F(y)dy

]
=

∞∑

i=0

∫ i+1

i
(1−F(y))dy=

∫ +∞
0

(1 − F(y))dy = E(Y );

the proposed discrete counterpart preserves the first raw moment of the parent rv.

2.2 A new discrete exponential distribution

The one-parameter exponential distribution is a very well-known continuous proba-
bility distribution; many popular stochastic models for lifetimes can be viewed as its
extensions, which exploit the nice mathematical properties of the exponential func-
tion [16]. The cdf is F(y) = 1 − e−λy for y > 0, where λ > 0 is the rate parameter;
the pdf is f (y) = λe−λy for y > 0. The expectation is 1/λ and the variance is 1/λ2.
For this rv, the first-order condition (6) becomes

Q∗
i =

∫ i+1

i
(1 − e−λx )dx = 1 − 1

λ

[
e−λi − e−λ(i+1)

]
= 1 − e−λi

λ
(1 − e−λ). (7)

The probabilities of the optimal discrete counterpart can then be derived as

⎧
⎪⎨

⎪⎩

p0 = 1 − 1 − e−λ

λ
= λ − 1 + e−λ

λ

pi = (1 − e−λ)2e−λ(i−1)

λ
, i = 1, 2, . . .

(8)

Figure 1 displays the pmf (8) for different values of λ (0.1, 0.2, 0.5, 1, and 2).
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Fig. 2 Graph of the cdf of an exponential rv with parameter λ = 1/3 and graphs of the step-wise cdfs of a
geometric rv with parameter π = 1 − e−λ ≈ 0.28347 and of a discrete exponential rv with parameter λ

After examining the expression of its pmf, one can note that the discrete exponential
rv with parameter λ can be regarded as a finite mixture between a degenerate rv
at 0, with weight 1 − (1 − e−λ)/λ, and a geometric rv sitting on N with success
parameter 1 − e−λ and weight (1 − e−λ)/λ. It turns out that (8) is a particular case
of the two-parameter modified geometric distribution, mentioned for example in [17],
equation (2.11), with the parameter π equal to (1 − e−λ)/λ; or, equivalently, (8)
is a particular case of a zero-modified geometric distribution [18, p.74] with α =
λ − 1 + e−λ

λ
. The pmf (8) can also be rewritten, following the reparametrization

π = 1 − e−λ, to which corresponds λ = − log(1 − π), as

⎧
⎪⎪⎨

⎪⎪⎩

p0 = 1 + π

log(1 − π)

pi = −π2(1 − π)i−1

log(1 − π)

(9)

Figure 2 displays the cdf of an exponential rv with rate parameter λ = 1/3; super-
imposed, the step-wise cdfs of a geometric distribution with parameter π = 1 − e−λ

(the “standard” discrete analogue of the exponential obtained by applying (1)) and
of a discrete exponential distribution with the same parameter λ. We notice that the
step-wise cdf of the geometric is always greater than the cdf of the exponential rv (the
former left-attains the latter at non-negative integers), whereas the step-wise cdf of the
discrete exponential “interpolates” the continuous cdf, as we showed algebraically in
the previous section.

Table 1 summarizes the main properties of the proposed discrete exponential dis-
tribution. Details about the algebraic derivations, as well as graphs of the relevant
functions, are available in the Appendix A.
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Table 1 Main properties of the discrete exponential distribution with pmf given by Eq. (8). See Appendix A
for details

Property Expression

Mode 0 if λ > λ∗; 1 if λ < λ∗; 0 and 1 if λ = λ∗ (λ∗ ≈ 1.151387)

Ch. function φX (t) = λ − 1 + e−λ

λ
+ (1−e−λ)2eλ

λ
eit−λ

1−eit−λ , i = √−1, t ∈ R

Expected value 1/λ

Variance e−λ(λ+1)+λ−1
λ2(1−e−λ)

Quantile function

⌈
− 1

λ log λ(1−u)

1−e−λ

⌉
, 0 < u < 1

Failure rate function r0 = p0 = (λ − 1 + e−λ)/λ, ri = 1 − e−λ for i = 1, 2, . . .

ZMI 1 + λ log λ−1+e−λ

λ

Stress-strength reliability R = P(X < Y ) = λ1−1+e−λ1
λ1

+ (1−e−λ1 )2(1−e−λ2 )
λ1λ2

1
1−e−(λ1+λ2)

Shannon entropy e−λ + log λ − λ−1+e−λ

λ log(λ − 1 + e−λ) − 2(1−e−λ)
λ log(1 − e−λ)

Right-tail deviation
√

λ(1−e−λ)

1−e−λ/2 − 1

3 Parameter estimation

As for any parametric family of (discrete) distributions, there are several methods that
can be employed for estimating the unknown parameter λ of the discrete exponential
distribution, based on an iid sample (x1, x2, . . . , xn).

3.1 Method of moment

Since E(X) = 1/λ, one can equate the sample mean x̄ to E(X) and obtain the method
of moment’s estimate as λ̂M = 1/x̄ .

3.2 Maximum likelihoodmethod

Recalling the expression of the pmf in (8) and denoting by ni the sample frequency
of the value i and by x(n) the largest observed value, the log-likelihood function takes
on the following expression:

�(λ) = n0 ln

[
λ − 1 + e−λ

λ

]
+

x(n)∑

i=1

ni
[− ln λ + 2 ln(1 − e−λ) − λ(i − 1)

]

= n0 ln

[
λ − 1 + e−λ

λ

]
+ (n − n0)

[− ln λ + 2 ln(1 − e−λ) + λ
] − nx̄λ
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and the first-order derivative is:

�′(λ) = n0
1 − e−λ

λ − 1 + e−λ
− n0

λ
+ (n − n0)

[
−1

λ
+ 2e−λ

1 − e−λ
+ 1

]
− nx̄

= n0
1 − e−λ

λ − 1 + e−λ
− n

λ
+ 2(n − n0)

e−λ

1 − e−λ
+ n − n0 − nx̄ .

One can find the MLE of λ numerically by either directly maximizing �(λ) or solv-
ing the equation �′(λ) = 0. Since �′(λ) is continuous and limλ→0+ �′(λ) = +∞
and limλ→+∞ �′(λ) = n(1 − x̄) − n0 < 0, if n0 + n1 < n, or limλ(λ) = 0−, if
n0 + n1 = n, there exists (at least) one positive value of λ where �′(λ) is zero (pro-
vided that n0 �= n). Now, the second order derivative of the log-likelihood function
is

�′′(λ) = n0
λe−λ + e−λ − 1

(λ − 1 + e−λ)2
+ n

λ2
− 2(n − n0)

e−λ

(1 − e−λ)2
.

It can be proven that limλ→0+ �′′(λ) = −∞ whereas limλ→+∞ �′′(λ) = 0+, since for
sufficiently large λ, the term n/λ2 in the expression of �′′ tends to dominate the two
other terms, which are both negative. Then, since �′′ is first negative and then positive,
we deduce that �′ is first decreasing and then increasing, and for what we said before,
we conclude that the log-likelihood function it admits a unique global maximum, and
then a unique MLE of λ, λ̂ML , exists.

The Fisher Information for the iid sample can be then computed as In(λ) =
−E(�′′(λ)). Since E(n0) = np0, we can write

In(λ) = −n
λ − 1 + e−λ

λ

λe−λ + e−λ − 1

(λ − 1 + e−λ)2
− n

λ2
+ 2n

1 − e−λ

λ

e−λ

(1 − e−λ)2

= n
e−λ(λ2 − 3λ − 2) + e−2λ(λ2 + 3λ + 1) + 1

λ2(λ − 1 + e−λ)(1 − e−λ)

It is quite easy to check that In(λ) ≈ n/λ2 if λ � 1. For any unbiased estimator λ̂ of
λ, by applying the Cramér-Rao inequality we have that Var(λ̂) ≥ 1/In(λ). The MLE

of λ is asymptotically normal: for n sufficiently large, λ̂ML
approx∼ N (λ0, 1/In(λ0)),

where λ0 > 0 is the true value of the parameter λ.

3.3 Least-squares method

For the proposed model, the survival function S(i) = P(X ≥ i) can be written as
S(i) = e−λ(i−1)(1 − e−λ)/λ, for i ≥ 1, or

ln S(i) = −λi + λ + log(1 − e−λ) − log λ

By letting y = ln S(i), x = i , b = −λ and a = λ + log(1 − e−λ) − log λ, the above
equation can be read as a simple linear equation, y = a+bx . The unknown parameter
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λ can be then estimated based on the observed sample (x1, x2, . . . , xn), considering
only the observations where x j > 0, by substituting the unknown values S(i) with
the sample version Ŝ(i) = ∑n

j=1 1(x j ≥ i)/n, and then computing b̂, the ordinary
least-squares estimate of the coefficient b for the model above. Then the estimate of
λ is simply λ̂LS = −b̂.

Another estimation method, the method of proportion, is described in Appendix B.

4 Generalization

The one-parameter model we introduced is quite easy to handle, yet it does not allow
a great level of flexibility. To widen its scope, one can think of extending it; to do this,
at least two ways are available. The first one consists of considering the generalized
exponential distribution, as defined in [19], and then applying the minimization crite-
rion resulting in (7) to it. The second one consists in directly generalizing the discrete
model in (8) by adding one parameter.

The first way is problematic; in fact, the cdf of the generalized exponential distri-
bution is F(x) = (1 − e−λx )α , with α > 0 being the additional shape parameter.
If we want to apply the proposed criterion, then we obtain the optimal Q∗

i as

Q∗
i = ∫ i+1

i (1 − e−λx )αdx , where the integral cannot be written down in a simple,
closed form.

If one pursues the second strategy, a generalized discrete exponential distribution
with parameters λ and α > 0 can be defined via its cdf, whose expression is

F(i; λ, α) =
[
1 − e−λi

λ
(1 − e−λ)

]α

, i = 0, 1, 2, . . . ; (10)

the probabilities are obtained as usual as p0 = F(0; λ, α) and pi = F(i; λ, α) −
F(i − 1; λ, α), i = 1, 2, . . . . Needless to say that despite the closed-form expression
of the pmf, the extended model is less manageable than the one-parameter model -
this is the cost one pays for adding flexibility. What can be still handled with relative
simplicity are the quantile function and parameter estimation, which we will describe
in the following.

Since F(x; λ, α1) > F(x; λ, α2) for all x if α1 < α2, the effect of the additional
parameterα is clear: increasingα, withλfixed, pushes the randomdistribution towards
larger values, as can be seen by considering Figure 3 where for each λ in {0.2, 0.5, 1}
and for each α in {0.5, 0.75, 1.25, 2} the pmf is displayed (limited to the first non-
negative integers).

Checking (10), a result is readily obtained. Assume that {Xi }, i = 1, 2, . . . , n, are
independent rvs following the same discrete exponential distribution with parameter
λ; then, the cdf of Xn:n = max {X1, . . . , Xn} is

P(Xn:n ≤ x)=P(X1 ≤ x, X2 ≤ x, . . . , Xn ≤ x)=
n∏

i=1

P(Xi ≤ x)=
[
1− e−λx

λ
(1−e−λ)

]n

,

123



   39 Page 10 of 24 Journal of Statistical Theory and Practice            (2025) 19:39 

0 5 10 15

0.
00

0.
10

0.
20

0.
30

pm
f

� � 0.5

� � 0.2

0 5 10 15

0.
00

0.
10

0.
20

0.
30

pm
f

� � 0.75

� � 0.2

0 5 10 15

0.
00

0.
10

0.
20

0.
30

pm
f

� � 1.25

� � 0.2

0 5 10 15

0.
00

0.
10

0.
20

0.
30

pm
f

� � 2

� � 0.2

0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

pm
f

� � 0.5

� � 0.5

0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

pm
f

� � 0.75

� � 0.5

0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

pm
f

� � 1.25

� � 0.5

0 5 10 15

0.
0

0.
1

0.
2

0.
3

0.
4

pm
f

� � 2

� � 0.5

0 5 10 15

0.
0

0.
2

0.
4

0.
6

pm
f

� � 0.5

� � 1

0 5 10 15

0.
0

0.
2

0.
4

0.
6

pm
f

� � 0.75

� � 1

0 5 10 15

0.
0

0.
2

0.
4

0.
6

pm
f

� � 1.25

� � 1

0 5 10 15

0.
0

0.
2

0.
4

0.
6

pm
f

� � 2

� � 1

Fig. 3 Graphs of the pmf of the generalized discrete exponential distribution for different value combinations
of its two parameters λ and α. Note that the scale for the y-axis is the same for the graphs on the same row,
but varies across the rows

which corresponds to the cdf of the generalized discrete exponential distribution with
parameters λ and n.

From (10), it is also easy to derive the quantile of level γ :

xγ (λ, α) =
⌈

− 1

λ
log

λ(1 − γ 1/α)

1 − e−λ

⌉
.

Expectation and variance cannot be determined as easily as for the one-parameter
discrete exponential distribution. However, one can use the practical formulas reported
in [20] and write

E(X; λ, α) =
∞∑

i=0

(1 − F(i; λ, α)) (11a)

E(X2; λ, α) =
∞∑

i=0

(2i + 1) (1 − F(i; λ, α)) . (11b)

The infinite series sum in (11a) and (11b) can be truncated to some appropriate upper
bound; one can choose a priori a high-order quantile, or determine it a posteriori
as the limit beyond which the sum converges reliably and stably. If λ is small, the
infinite series sums above can be approximated by the following integrals, where the
cumulative probabilities are substituted by (1 − e−λx )α , the cdf of the generalized
exponential rv with parameters λ and α:

E(X; λ, α) ≈
∫ ∞

0

[
1 − (1 − e−λx )α

]
dx

E(X2; λ, α) ≈
∫ ∞

0

[
2x(1 − (1 − e−λx )α)

]
dx
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These integrals can be numerically computed using, for example, the integrate
function in the R programming environment [21].

4.1 Estimation

The method of moments is no longer straightforward since there are no closed-form
expressions for the first two moments. Hence, a numerical root-search or a numerical
minimization must be implemented for finding the couple (λ̂M , α̂M ) ensuring the
matching of theoretical and sample moments. One can consider the loss-type function

L(λ, α; x1, . . . , xn) = [E(X; λ, α) − x̄]2 + [E(X2; λ, α) − μ̂2]2,

where x̄ = ∑n
i=1 xi/n and μ̂2 = ∑n

i=1 x
2
i /n, and find its global minimum point

(λ̂M , α̂M ), where the function is expected to equal zero, numerically.
The maximum likelihood method increases in analytic complexity; however, it is

quite easy to derive the maximizer (λ̂, α̂) of the log-likelihood function numerically,
for example using the mle2 function in the bmle package of R. Along with the
point estimates, mle2 is able to calculate a (1 − α) · 100% confidence interval for λ

and α separately, based on inverting a spline fit to the likelihood profile (the default).
Appendix B describes the method of proportion for the generalized model.

5 Data analysis

We consider the data set summarized in Table 5.3 in [22], which reports the observed
frequencies of home injuries of 122 experienced men during the period 1937-1947.
For these data, the mean is about 0.984, the variance 1.557, the skewness 1.347, and
the kurtosis 4.120. We first fit the one-parameter exponential distribution to the data,
followed by the generalized discrete exponential distribution. The fitted frequencies
obtained by plugging in the MLEs of λ (and α) are displayed in Table 2, where sum-
mary goodness-of-fit indexes are also displayed along with the MLEs. It is evident
that the one-parameter model does not provide an adequate fit for the data: simply
comparing the observed and theoretical frequencies for values 0 and 1 reveals notable
discrepancies. When moving to the generalized model, we observe a significantly
improved fit: the theoretical and observed frequencies differ only slightly. This quali-
tative assessment is confirmed by numerical goodness-of-fitmeasures. TheAIC for the
generalized discrete exponential distribution is 339.35; the chi-squared test statistic
(after aggregating the last two counts) is 0.42, and the corresponding p-value is 0.809,
so quite close to 1. We also fit another very common discrete distribution, the negative
binomial (see the last column of Table 2). It turns out to provide a slightly better, yet
comparable, fit than the generalized discrete exponential distribution in terms of AIC,
which equals 338.36, whereas the chi-squared statistic suggests a slightly better fit for
the proposed discrete distribution.

Figure 4 displays in the same graph the empirical cdf and the estimated cdf for the
data set, fitted by the generalized discrete exponential distribution.
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Table 2 Home injuries of 122 experienced men during the period 1937-1947 (from Table 5.3 in [22])

xi ni D.Exp D.Gen.Exp. Neg.Bin

0 58 43.78 57.42 57.54

1 34 48.45 36.19 33.78

2 14 18.44 14.79 16.73

3 8 7.02 6.91 7.77

4 6 2.67 3.36 3.49

(≥)5 2 1.64 3.32 2.70

total 122 122 122 122

λ̂ 0.966(0.092) 0.689(0.114) -

α̂ - 0.588(0.103) -

n̂ - - 1.454(0.561)

p̂ - - 0.597(0.097)

�max −172.64 −167.67 −167.18

AIC 347.29 339.35 338.36

X2 (p-value) 10.80(0.013) 0.42(0.809) 0.46(0.794)

The third column displays the theoretical frequencies for the discrete exponential distribution (D.Exp);
the fourth column for the generalized discrete exponential distribution (D.Gen.Exp); the last column for
the negative binomial distribution (Neg.Bin). The MLEs estimates of the parameter(s) of the discrete
distributions are also reported along with their standard errors and some goodness-of-fit measures
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Fig. 4 Empirical and estimated cdfs for the home injures data set fitted by the generalized discrete expo-
nential distribution

6 Application

In situationswhere it ismuch easier to handle a discrete rather than a continuous rv, one
can consider replacing the latter with a discrete approximation or counterpart thereof.
In the insurance sector, the collective risk model is used to construct aggregate losses
from a claim count distribution and a claim size distribution. Consider the aggregate
loss SN = ∑N

i=1 Xi , where the Xi are iid rvs modeling the N claim amounts occurring
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over a fixed time window, with N being a count rv independent from the Xi . The
exact distribution of SN , which is a compound sum, is generally difficult to derive
analytically, since it involves integrals that can be solved only numerically. One can
resort to Monte Carlo simulation, but simulating individual claims can be a lengthy
process when the expected number of claims is large. Alternatively, one may resort
to approximation via the normal or three-parameter Gamma distribution, etc., but
the approximation may be not satisfactory if the claim size distribution is heavy-
tailed. Alternatively, if N belongs to the (a, b, 0) class of discrete distributions (which
comprises the Poisson, the binomial, and the negative binomial), one can think of
discretizing the Xi (which are typically continuous) into, say, X̃i , and calculate the
(approximate) distribution of SN , say S̃N , by resorting to Panjer recursive formula:

gx = P(S̃N = x) = 1

1 − ap0

x∑

k=1

(
a + bk

x

)
pkgx−k, x = 1, 2, . . . , (12)

where a and b are the parameters of the (a, b, 0) class and pk is the pmf of the discrete
X̃ [23]. We recall that the pmf of a distribution belonging to the (a, b, 0) class satisfies

fk =
(
a + b

k

)
fk−1, k = 1, 2, . . .

The starting value for the evaluation of the approximate distribution of SN through (12)
is g0, whose value is equal to g0 = f0 + ∑∞

j=1 f j p
j
0 .

In our application, we examine the combination of Xi ∼ Exp(λ) with N ∼
Geom(θ). In this case, the distribution of SN can be determined exactly: SN is a
mixed-type rv, with a discrete mass at 0 and a still exponentially distributed continu-
ous component:

P(SN ≤ x) =
{
0 x < 0

θ + (1 − θ)(1 − e−θλx ) x ≥ 0.

Therefore, for this particular case, there is noneedoffinding an approximation since the
exact distribution is readily available in a closed-form. Nevertheless, we performed
discretization followed by application of Panjer’s formula in order to evaluate its
performance. We considered the two discretizations of an exponential rv X discussed
in this work and determined the pmf and the cdf of S̃N , obtained as S̃N = ∑N

i=1 X̃i ,
using (12), with a = 1 − θ and b = 0 (the class parameters corresponding to the
geometric distribution). We used λ ∈ {1/8, 1/4, 1/2} and θ ∈ {0.1, 0.2}. Figure 5,
where the absolute error between the true and the approximated cdfs are compared
for all the six artificial scenarios, show that the proposed discretization (the discrete
exponential distribution) performs better than the existent one (the geometric). In fact,
for each scenario, the former, plugged in Panjer recursive formula, leads to absolute
errors uniformly smaller than the geometric, i.e., for any x , the absolute error induced
by the new discrete exponential distribution is dominated by the absolute error induced
by the geometric. In particular, the absolute error for the new discrete exponential
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is strictly monotonically decreasing to zero and tends to zero much faster than the
geometric as x goes to ∞. This confirms that the discrete exponential distribution
introduced in this work is a valid substitute or proxy of the continuous exponential
distribution.

We note that the approximation improves as λ decreases for a fixed θ , which is
expected: for small values of λ, the discrete analogues more closely resemble the
parent exponential random variable. Additionally, decreasing the parameter θ while
keeping λ fixed in the geometric distribution of N also improves the approximation
(i.e., reduces absolute errors), particularly for the one resulting from the proposed
discretization.

7 Final remarks

We derived a discrete exponential distribution supported on the set of non-negative
integers, obtained by minimizing the Cramér distance from the continuous exponen-
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tial distribution. The random distribution has a simple closed-form expression for
the probabilities and other relevant functions, and its pseudo-random simulation is
straightforward. A two-parameter generalization is also explored, which offers greater
flexibility for fitting real data. The distance-based derivation applied to the exponen-
tial model can also be extended to other continuous random distributions, allowing for
the construction of discrete analogs that may serve as approximations of the original
models.

Appendix A Properties of the discrete exponential distribution

A.1 Mode(s)

From (8), it is easy to see that pi > pi+1 for all i = 1, 2, . . . . Moreover, it can be
numerically proven that p0 > p1 if and only if λ > λ∗ ≈ 1.151387, whereas p0 < p1
if and only if λ < λ∗. Therefore, for λ > λ∗ the distribution has a unique mode at 0
and has a decreasing pmf; for λ < λ∗ the distribution has a unique mode at 1; and if
λ = λ∗ the distribution has modes at 0 and 1.

A.2 Characteristic function andmoments

The expression of the characteristic function for the proposed discrete exponential
distribution can be obtained by applying its definition for discrete rvs, φX (t) =∑∞

j=0 p j eit j , where i is now the imaginary unit: i = √−1. Then, after some steps,
we derive:

φX (t) = p0 +
∞∑

j=1

(1 − e−λ)2e−λ( j−1)

λ
eit j = p0 + (1 − e−λ)2eλ

λ

∞∑

j=1

e(i t−λ) j

= λ − 1 + e−λ

λ
+ (1 − e−λ)2eλ

λ

eit−λ

1 − eit−λ
.

If we compute the first-order derivative of φX (t) with respect to t , we obtain

φ′
X (t) = ieit−λ

(1 − eit−λ)2

(1 − e−λ)2eλ

λ
,

which, evaluated at zero, provides

φ′
X (0) = i

λ
= iE(X);

therefore, the expectation is 1/λ: this result confirmswhatwementioned in Section 2.1.
The second-order derivative of the cf is

φ′′
X (t) = −eλ(1 − e−λ)2

λ

eit−λ(1 + eit−λ)

(1 − eit−λ)3
,
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Fig. 6 Graph of the DI for the discrete exponential distribution as a function of λ

from which the second moment can be easily obtained:

E(X2) = φ′′
X (0)/i2 = 1 + e−λ

λ(1 − e−λ)
;

the variance is therefore Var(X) = E(X2) − [E(X)]2 = e−λ(λ+1)+λ−1
λ2(1−e−λ)

, and the

dispersion index DI = e−λ(λ+1)+λ−1
λ(1−e−λ)

. The plot of DI is reported in Figure 6. For
λ < λd = 1.256438, DI is larger than 1 (and as λ goes to 0, it tends monotonically to
∞) thus indicating overdispersion; for λ > λd , DI is between 0 and 1, thus indicating
underdispersion, and tends asymptotically to 1 as λ goes to ∞. This is a notable dif-
ference with respect to the geometric distribution, which is overdispersed (DI = 1/π )
for any value of its parameter π ∈ (0, 1).

The third-order derivative of the cf is

φ′′′
X (t) = −eλ(1 − e−λ)2

λ

ieit−λ(4eit−λ + e2(i t−λ) + 1)

(1 − eit−λ)4
,

therefore the third moment is equal to

E(X3) = φ′′′(0)/i3 = 4e−λ + e−2λ + 1

λ(1 − e−λ)2
.

The fourth-order derivative of the cf is

φ
(4)
X (t) = eλ(1 − e−λ)2

λ

eit−λ(11eit−λ + 11e2(i t−λ) + e3(i t−λ) + 1)

(1 − eit−λ)5
,

and then the fourth moment is

E(X4) = 11e−λ + 11e−2λ + e−3λ + 1

λ(1 − e−λ)3
.
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Fig. 7 Graph of skewness and kurtosis of the discrete exponential distribution as functions of λ

From the results above, it is easy, though algebraically cumbersome, to find the
expressions of the usual measures of skewness and kurtosis. The graphs of skewness
and kurtosis as functions of λ are displayed in Figure 7. From them, one can see that for
any value of the parameter λ, the discrete model is positively skewed and leptokurtic.
We notice that when λ tends to zero, the values of skewness and kurtosis converge to
the corresponding values of the exponential distribution (2 and 9, respectively).

A.3 Quantile function

From the espression of the cdf (7), it is easy to derive that the quantile of level u,
0 < u < 1, is given by

xu(λ) =
⌈

− 1

λ
log

λ(1 − u)

1 − e−λ

⌉
,

where
⌈ · ⌉

denotes the ceiling function. Based on this expression, it is then straight-
forward to generate a random number from the proposed distribution with assigned
parameter λ. It is sufficient to generate a random number from a standard uniform
distribution, say u, and compute the quantile xu(λ).

A.4 Failure rate function

For a count rv X , a naïve failure rate function can be defined as

ri = pi/P(X ≥ i) = pi/(1 − F(i − 1)).

For the proposed distribution, since for i ≥ 1, 1− F(i − 1) = (1− e−λ)2e−λ(i−1)/λ,
it can be shown that r0 = p0 = (λ − 1 + e−λ)/λ and ri is constant and equal to
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1 − e−λ > r0 for i ≥ 1. So the property of constant failure rate holding for the
exponential (and also for the geometric) distribution is somewhat kept or, better, is
kept for all the positive values of the support. This was expected, as we observed
in Section 2.2 that this rv can be viewed as a mixture of a degenerate rv at 0 and a
geometric rv on N.

A.5 ZMI

The Zero Modification Index (ZMI) for a discrete random distribution is defined as
ZMI = 1 + log p0/E(X). According to whether ZMI > 0 or ZMI < 0, we say
that the distribution is zero-inflated or zero-deflated. For the proposed distribution, its
expression is equal to

ZMI = 1 + λ log
λ − 1 + e−λ

λ
.

ZMI is a decreasing-increasing function with λ, satisfying limλ→0+ ZMI = 1, taking
on the zero value at λ = 1, and asymptotically tending to 0 as λ goes to ∞. Its
minimum value is approximately −0.1444245, which is attained at λm ≈ 2.664476.
The graph of ZMI is displayed in Figure 8.

We remark that the expression for the ZMI of the geometric distributionwith param-
eter π = 1− e−λ is 1+ π

1−π
logπ or, equivalently, 1+ 1−e−λ

e−λ log(1− e−λ), which is
strictly decreasing with π (or λ) and takes values in the unit interval.

A.6 Stress-strength reliability

In a stress-strength model, we consider a mechanical or electrical component that
exhibits an intrinsic strength Y and is subjected to an external stress X . The component
works as long as X does not exceed Y . X and Y are assumed to be rvs and the
probability that the component works is given by the reliability parameter R = P(X ≤
Y ). Typically, X and Y are assumed to be independent and are often modeled by
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continuous rvs, although discrete distributions can sometimes be employed (see [24]
for geometric, [25] for Poisson, [26] for negative binomial stress and strength, [27]
for geometric stress and Poisson strength). If we assume that X and Y are independent
discrete exponential rvs with parameter λ1 and λ2, respectively, then R takes on the
following expression

R =
∞∑

x=0

∞∑

y=x

p1(x; λ1) · p2(y; λ2) =
∞∑

x=0

p1(x; λ1)

∞∑

y=x

p2(y; λ2)

=
∞∑

x=0

p1(x; λ1)[1 − F2(x − 1; λ2)]

= λ1 − 1 + e−λ1

λ1
+

∞∑

x=1

(1 − e−λ1)2e−λ1(x−1)

λ1

e−λ2(x−1)

λ2
(1 − e−λ2)

= λ1 − 1 + e−λ1

λ1
+ (1 − e−λ1)2(1 − e−λ2)

λ1λ2

1

1 − e−(λ1+λ2)
.

If X and Y are identically distributed with a common parameter λ = λ1 = λ2, then

R = λ − 1 + e−λ

λ
+ (1 − e−λ)3

λ2(1 − e−2λ)
= 1 − 1 − e−λ

λ
+ (1 − e−λ)2

λ2
· 1

1 + e−λ
,

which is clearly greater than 0.5 for any λ > 0.

A.7 Shannon entropy

Shannon entropy is a measure of uncertainty of a rv; for a discrete rv X with pmf
px , it is defined as H(X) = −∑

px log px [28] and for the proposed distribution we
can then write H(X) = −p0 log p0 − ∑∞

i=1 pi log pi , and then, by substituting the
expression in (8) into the formula above,

H(X; λ) = −λ − 1 + e−λ

λ
log

λ − 1 + e−λ

λ

− (1 − e−λ)2

λ

∞∑

x=1

e−λ(i−1)
[
−λ(i − 1) + log

(1 − e−λ)2

λ

]

= −λ − 1 + e−λ

λ
log

λ − 1 + e−λ

λ

− (1 − e−λ)2

λ

[
− λe−λ

(1 − e−λ)2
+ 1

1 − e−λ
log

(1 − e−λ)2

λ

]

= −λ − 1 + e−λ

λ
log

λ − 1 + e−λ

λ
+ e−λ − 1 − e−λ

λ
log

(1 − e−λ)2

λ

= e−λ + log λ − λ − 1 + e−λ

λ
log(λ − 1 + e−λ) − 2(1 − e−λ)

λ
log(1 − e−λ)
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By graphing Shannon entropy as a function of the parameter λ, one notices
that it is strictly decreasing with λ, and that limλ→0+ H(X; λ) = +∞ and
limλ→+∞ H(X; λ) = 0.

We recall that for a geometric rv with parameter π = 1 − e−λ, Shannon entropy
takes on the expression

H(X;π) = −(1 − π) log(1 − π) − π logπ

π
.

A.8 Right-tail deviation

To capture the tail behaviour of a non-negative rv X with survival function S(x) =
P(X ≥ x), [29] proposed a tail index, called right-tail deviation, defined as

T (X) =
∑∞

i=1
√
S(i)

E(X)
− 1.

For the discrete exponential rv, its expression turns out to be

T (X; λ) =
∑∞

i=1

√
e−λ(i−1)(1 − e−λ)/λ

1/λ
− 1 =

√
λ(1 − e−λ)

1 − e−λ/2 − 1

T (X; λ) is strictly increasing with λ; limλ→0+ T (X; λ) = 1 and limλ→+∞ T (X; λ) =
+∞.

Appendix B Parameter estimation

B.1 Method of proportion

For the discrete exponential distribution with pmf (8), one can think of equating the
probability of a given value of the support (e.g., 0 or 1, which are the only two candi-
dates for being the mode of the theoretical distribution) to the corresponding sample
proportion, and solve the resulting equation with respect to the unknown parameter λ.
The solution (if it exists and is unique) is indicated as λ̂P .

If we consider the value 0, then, after denoting the proportion of zeros in the sample
as p̂0, we obtain the following equation

p0(λ) = λ − 1 + e−λ

λ
= p̂0.

p0(λ) is a continuous and strictly increasing functionwithλ, satisfying limλ→0+ p0(λ)

= 0 and limλ→+∞ p0(λ) = 1, so the method of proportion always returns a feasible
estimate λ̂, providing that 0 < p̂0 < 1. To see that p0(λ) is strictly increasing, we just
need to compute its first-order derivative, which is equal to

p′
0(λ) = 1 − (1 + λ)e−λ

λ2
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and is strictly positive for λ > 0.
If we consider the value 1 and its probability, p1(λ) = (1 − e−λ)2/λ, as a func-

tion of λ, one can easily prove that it is continuous, with limλ→0+ p1(λ) = 0,
limλ→+∞ p1(λ) = 0, and that it has an absolute maximum at λ1,M ≈ 1.256432,
whose value is p1,max ≈ 0.4072644. In fact, the first-order derivative of p1(λ) is

p′
1(λ) = −e−2λ(eλ − 1)(−2λ + eλ − 1)

λ2

which is null only if λ = λ1,M . Therefore, denoting with p̂1 the sample proportion of
ones, the method of proportion does not return a feasible estimate if p̂1 > p1,max; it
returns two different estimates if 0 < p̂1 < p1,max; it returns λ1,M if p̂1 = p1,max.

Themethod of proportion can still be applied to the generalized discrete exponential
model (10). However, since the parameters to be estimated are now two, one needs
to consider two values and the corresponding probabilities and sample proportions. If
we consider the values 0 and 1, since

{
Q0 = p0 amp;= [

1 − 1
λ
(1 − e−λ)

]α

Q1 = p0 + p1 amp;=
[
1 − e−λ

λ
(1 − e−λ)

]α

,
(13)

then, by taking the logarithm of both sides of the first equation and solving for α, we
obtain

α = log p0
/

log

[
1 − 1

λ
(1 − e−λ)

]
.

By dividing the second equation by the first in (13), we derive

(
p1 + p0

p0

)1/α

= λ − e−λ(1 − e−λ)

λ − (1 − e−λ)
,

and taking the logarithm of both sides and plugging-in the expression for α derived at
the previous step we obtain

log

[
1 − 1

λ
(1 − e−λ)

]
log(p0 + p1) − log p0

log p0
= log

λ − e−λ(1 − e−λ)

λ − (1 − e−λ)
,

from which
λc

[
λ − e−λ(1 − e−λ)

] = [λ − (1 − e−λ)]c+1,

with c = [log(p0 + p1) − log p0]/ log p0. Then, in order to find an estimate for λ,
one has to solve the equation

g(λ) = λĉ[λ − e−λ(1 − e−λ)] − [λ − (1 − e−λ)]ĉ+1 = 0

where ĉ = [log( p̂0 + p̂1) − log p̂0]/ log p̂0. Let us denote the root of the equation
above as λ̂P ; it exists and is unique providing that p̂0 > 0, p̂1 > 0, and p̂0 + p̂1 < 1 –
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Fig. 9 Example of graph of the function g(λ) employed in the estimation through the method of proportion

in this case,−1 < ĉ < 0. The estimate ofα is finally obtained as α̂P = log p̂0/ log[1−
(1 − e−λ̂P )/λ̂P ].

Figure 9 displays the graph of g(λ) and the estimate λ̂P for a sample whose propor-
tion of zeros and ones are 0.15 and 0.4, respectively. It turns out that λ̂P ≈ 0.8078636
and α̂P ≈ 1.637782.
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