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Abstract

A strong quasi-invariance principle and a finite-dimensional integration by parts
formula as in the Bismut approach to Malliavin calculus are obtained through a
suitable application of Lie symmetry theory to stochastic differential equations. The
main stochastic, geometrical and analytical aspects of the theory are discussed and
applications to some Brownian motion driven stochastic models are provided.
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1 Introduction

Born in 1970s Malliavin calculus very soon became an (infinite dimensional) analysis
on Wiener space (see, e.g., [11, 18, 25, 29, 31, 38]). The main tool of this calculus is
certainly the integration by parts formula, and while important applications are the
study of the regularity of the probability density of random variables and the related
computation of conditional expectations, nowadays many other applications to Stochas-
tic Partial Differential Equations (SPDEs) and to probabilistic numerical methods are
available (see, e.g., [30, 36]). Malliavin calculus has a deep connection with Wiener
chaos decomposition and can be introduced starting from it (see [18]). It was also
applied to diffusion processes which are solutions to Stochastic Differential Equations
(SDEs), obtaining the conditions (Hormander’s condition) under which the density of
the law of the process is smooth and satisfies exponential bounds together with its
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Integration by parts formulas

derivatives, and thus providing the famous probabilistic proof of Hormander theorem
(see, e.g., [18, 24]). Quasi-invariance properties of diffusion processes with respect to
flows generated by vector fields have been established in an abstract Wiener space by
[11] and in the classical path-space, e.g., by [5, 19], and [23]. Another fundamental
result in Malliavin calculus is the integration by parts formula for functional of Brownian
motion, through which it is possible to prove the closability of Malliavin derivatives
and the well-definition of the Ornstein-Uhlenbeck operator (see, e.g., [7, 31]). For this
reason, it is interesting to obtain (more or less explicit) integration by parts formulas
involving different stochastic processes or probability measures in infinite dimensional
spaces (see, e.g., [7] for the problem of integration by parts formula for generic measure
on infinite dimensional spaces, [3, 4, 41] for examples of integration by parts formulas of
stochastic processes, [20, 40] for the integration of Bessel process applied to the study
of SPDEs, and [7, 12, 22] for applications of integration by parts formula to quantum
field theory).

In the Bismut variational approach to this calculus (see [6]), the integration by parts
formula is derived from a fundamental (strong) quasi-invariance principle, which is
based on the well-known invariance property of Wiener law under a measure change
via Girsanov theorem. Indeed, the Brownian motion, the filtration generated by it and
the functionals of Brownian motion are at the core of Malliavin calculus. See [27] and
references therein for a recent review on Bismut way to Malliavin calculus.

In spite of the fact that we are dealing with an infinite-dimensional differential calcu-
lus, in the Bismut approach the infinite dimensional feature is absorbed by the Girsanov
formula, while the differential analysis has a strictly finite-dimensional character (see
[6]). We remark that the finite-dimensional Malliavin calculus still retains great interest,
firstly because both the finite-dimensional differential operators and the integration by
parts formula allow us to understand how to pass to the infinite-dimensional limit, and
secondly because the strategy mentioned could be useful for generalising the calculus
itself in other directions.

In this paper we propose a novel approach to finite-dimensional Malliavin-Bismut
calculus starting from Lie symmetries of a given SDE. The approach is based on the
recent (stochastic) Lie symmetry theory (see [1, 2, 13, 14, 16, 17]) according to which a
symmetry of an SDE is a (finite) stochastic transformation sending a solution process
to another solution process to the same SDE (see [10] and [9] for an application of Lie
symmetry methods for calculating an interesting class of expectations of Itô diffusions
starting from the deterministic Lie symmetries of the associated PDE, see also [21] and
references therein for recent developments). This invariance property of the law of
the solution process, which has a global character, allows us to directly formulate an
analogue of the quasi-invariance principle of the Malliavin-Bismut calculus (Theorem
5.1). Moreover, considering the same stochastic transformation as a perturbation
of the solution process and taking a functional of the diffusion process, we derive
a finite-dimensional integration by parts formula from the quasi-invariance principle
(see Theorem 5.5). Although the two results, the quasi-invariance principle and the
integration by parts formula, are intimately related, the first has a very elementary
formulation, while the last achievement requires much more calculations and some
suitable technical conditions which are typical of a stochastic variational framework.

The main tool in Lie symmetry theory is provided by the determining equations,
whose solutions are vector fields corresponding to infinitesimal symmetries. Given a
(multi-component) infinitesimal symmetry of a SDE, the natural geometrical setting
allows us to introduce the one parameter group corresponding to each components,
which is nothing else that the one parameter flow associated with the symmetry. Since,
in order to obtain the integration by parts formula, we have to take suitable derivatives
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Integration by parts formulas

with respect to the flow parameters, we need first to establish the existence of such
flow components and then to assume all necessary analytical conditions permitting us
to take the derivatives with respect to the flow parameter inside the expectation. All
technical tools are faced and discussed in a dedicated section. We remark that the notion
of symmetry of an SDE, and in particular its invariance meaning, allows us to notably
simplify the analytical conditions (see Theorem 6.4 in Section 6).

The main advantage of our approach is that it easily includes, beside spatial and
measure change transformations, also time transformations (see [14] for the introduction
of random time change and of rotational transformation for Brownian motion driven
SDE, and [2] and [1] for a Lie symmetry of more general SDEs). Indeed, while spatial
transformation via diffeomorphisms gives rise to vector fields with a direct and natural
interpretation as generators of the associated flow, by introducing a more rich geo-
metrical setting both time and measure changes can be considered, even though their
interpretation sometimes can appear more complex. In other words, we are able to
provide a geometrical structure that unifies and puts on the same level all the main
transformations of a given SDE, beyond the original change of measure transformation,
and thus from this point of view our approach can be considered a generalization of
the Bismut way to Malliavin calculus. Furthermore, within the large class of Girsanov
measure transformations we privilege the subclass of quasi-Doob change of measures
because of their useful properties ([16], [17]). Indeed, stochastic models usually present
a sufficient number of quasi-Doob symmetries and for quasi-Doob transformations the
Dade-Doleans exponential reduces to a simpler form without stochastic integrals. Fi-
nally, the identification of the one parameter group associated with a given infinitesimal
symmetry of the SDE allows us to obtain, as in Bismut calculus, completely explicit
representations of the objects arising in the integration by parts formula.

We provide applications of our novel strategy to a one-dimensional Brownian motion, a
generalization of the one-dimensional Ornstein-Uhlenbeck process, the one-dimensional
Bessel process, and finally to a family of two-dimensional stochastic volatility models
(including Heston model). In order to help the reader, in the examples we show all
calculations and we discuss in detail all analytical conditions permitting us to derive the
related integration by parts formulas.

The plan of the paper is the following. In order to sketch the classical framework, in
Section 2 we recall the Bismut fundamental quasi-invariance principle and the associated
and celebrated Clark-Ocone theorem. A brief introduction to Lie symmetry analysis
of SDEs is provided in Section 3, including spatial transformations, deterministic time
change, and change of measure transformations of Girsanov and quasi Doob type.
Section 4 contains an elementary and self-contained geometric description of the Lie
group which arises from the set of stochastic transformations introduced in the previous
section. A quasi-invariance principle based on our Lie symmetry approach to diffusion
processes and a (finite-dimensional) integration by parts formula are proposed in Section
5. In Section 6 we provide a general scheme which could be useful to verify the technical
conditions of the main theorems. In the last section we discuss the fruitful applications
of our strategy to several stochastic models. In Appendix A a generalization of our
main result, Theorem 5.5, to the case of smooth cylindrical functionals of the process is
provided.

2 A brief recall of the fundamental invariance principle of
Malliavin-Bismut calculus

It is well-known that from the elementary invariance principle for the Lebesgue
integral one can easily deduce the integration by part formula. Indeed, since ∀ε > 0 by
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Integration by parts formulas

denoting with λ the usual Lebesgue measure we have∫ +∞

−∞
f(x)dλ(x) =

∫ +∞

−∞
f(x+ ε)dλ(x),

this implies that ∫ +∞

−∞
f ′(x)dλ(x) = 0.

Setting f = gh we get∫ +∞

−∞
g′(x)h(x)dλ(x) +

∫ +∞

−∞
g(x)h′(x)dλ(x) = 0.

At the basis of Malliavin-Bismut calculus lies an integration by parts formula which
generalizes the one for Lebesgue measure to the case of the Wiener measure (i.e.
an integration by parts formula involving functionals of a Brownian motion). For the
reader’s convenience, following [6, 35, 39], we briefly recall (formally) the fundamental
invariance principle of the Bismut approach to Malliavin calculus, which will be adapted
to the case of symmetric SDEs in the following sections.

Let (Ω,F ,Ft,P) be a filtered probability space. We assume that Ω = C([0, T ]) with a
fixed time horizon T <∞, P is the Wiener measure and W a standard Wiener process.
Let u be a predictable bounded and smooth stochastic process and set φ(t) =

∫ t

0
usds,∀t ∈

[0, T ]. For ε ∈ R+ let us consider the following Doleans-Dade exponential process

Zε := exp

(
ε

∫ T

0

usdWs −
ε2

2

∫ T

0

u2sds

)
.

By Radon-Nikodym theorem we can introduce on (Ω,F) a new measure Qε, equivalent
to the original one on the Brownian natural filtration, such that

dQε

dP
= Zε.

As well-known, Girsanov theorem implies that W − εφ is a Qε− Wiener process. Since
the expectation depends only on the law of the process, for all strongly differentiable
function g on Ω we have

EP[g(W )] = EQε

[
g

(
W − ε

∫ ·

0

usds

)]
.

This formula states in particular that both the quantities do not depend on the param-
eter ε. By applying a Radon-Nikodym change of measure we obtain the well-known
fundamental quasi-invariance principle

EP[g(W )] = EP

[
g

(
W − ε

∫ ·

0

usds

)
exp

(
ε

∫ T

0

usdWs −
ε2

2

∫ T

0

u2sds

)]
. (2.1)

Considering the simplest case g(W ) := g(WT ), where g : R → R is a smooth bounded
function, deriving, at least formally, both sides of equation (2.1) with respect to ε and
evaluating at ε = 0 we get

0 = −EP
[
g′(WT )

(∫ ·

0

usds

)]
+ EP

[
g(WT )

(∫ T

0

usdWs

)]
, (2.2)

which gives an integration by parts formula for the function g(WT ). If we take g as
a generic function of the Brownian motion W , we can replace the derivatives g′ with
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the Malliavin derivatives Dt(g) obtaining the general integration by parts formula of
Malliavin calculus (see, e.g., [39]).

The mentioned integration by parts formula permits to prove both the closability
of Malliavin derivatives and, when applied to regular solutions to SDEs (i.e. under
suitable conditions on the coefficients), the smoothness of their transition probabilities.
A similar but slightly different approach to the same problem was proposed by Bismut in
[6] permitting to generalize formula (2.2) to a pathwise unique strong solution X of a
Brownian motion driven SDE with smooth coefficients by considering the geometrical
structure associated with the flow generated by the SDE itself. For convenience of the
reader we sketch here the presentation given in ([5, Chapter 3]) as a very short and
formal introduction to Bismut work.

Consider the equation of the flow ϕt(ω, x) associated with the one dimensional SDE
with (smooth) coefficient µ, σ, i.e. the process solving the equation

ϕt(ω, x) = x+

∫ t

0

µ(ϕs(ω, x))ds+

∫ t

0

σ(ϕs(ω, x))dWs. (2.3)

If us is a predicable stochastic process which is square integrable with respect to time,
we introduce the process

ηut (x) = ∂xϕt(ω, x)

∫ t

0

σ(ϕs(ω, x))

∂xϕs(ω, x)
usds.

It is interesting to note that

(ϕ∗)−1(σ(x)∂x) =
σ(ϕs(ω, x))

∂xϕs(ω, x)
∂x,

where (ϕ∗)−1(ω, ·) is the inverse of the push-forward associated with the diffeomorphism
ϕt(ω, ·). If Xt is a solution to the SDE (2.3) (i.e. Xt = ϕt(·, X0)), then, under suitable
conditions on the regularity and bounds of the coefficients µ and σ, one gets the following
generalization of equation (2.2) involving the process Xt on the time horizon [0, T ]

0 = −EP [g′(XT )η
u
T ] + EP

[
g(XT )

(∫ T

0

usdWs

)]
. (2.4)

In the special case where µ = 0 and σ = 1 formula (2.4) coincides with formula (2.2).
Furthermore, the possibility of iterating (2.4) for obtaining the higher order derivatives
g(n)(Xt) of g in terms of g itself, permits to prove both the existence of a smooth density
for the random variable g(Xt) and a related martingale representation theorem ([6]).

One of the main differences between formula (2.2) and formula (2.4) is that while
equation (2.2) involves only a local and explicit expression of the Brownian motion Wt

(or, more generally, of the SDE dXt = dWt), in order to calculate the integration by
parts formula (2.4) we need to compute the highly non-local expression ηut (x) involving
the derivatives of the flow ∂ϕt. This means that we have to know the solution to the
SDE (2.3) starting from different initial spatial points x, which generically cannot be
expressed by a closed formula involving only the processes Xt,Wt and ut. In the rest
of the paper we show how, with a direct generalization of the reasoning used to obtain
(2.2), it is possible to simplify formula (2.4) exploiting the symmetries of the SDE (µ, σ)

and the related invariance properties. Our new direct proof of the integration by parts
formula for solutions to Brownian motion driven SDEs allows us to avoid the (generically
necessary) regularity and growth assumptions on the coefficients µ, σ, essentially by
using the important invariance properties of the process.
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3 A class of Lie symmetries of a SDE

In this section we recall a particular class of symmetries of a SDE which will be used
in the following. For more general classes and for all the proofs see [16] and [17]. A very
general settings including SDEs driven by semimartingales with jumps can be found in
[1, 2, 15].

For simplicity, the Einstein summation convention on repeated indices is used through-
out the paper. LetM,M ′ be open subsets of Rn and let us fix a finite time horizon [0, T ]

with T ≥ 0.

In this paper we consider the following weak solutions to the class of general SDEs.

Definition 3.1. We say that a SDE (µ, σ) admits a weak solution with initial distribution
ν if there exists a probability space

(
Ω,F , (Ft)t∈[0,T ]),P

)
satisfying the usual conditions,

and a couple of semimartingales (X,W ) (taking values in Rn and Rm respectively) such
that for all t ∈ [0, T ],

i) W is an Ft Brownian motion;
ii) X0 has law ν;
iii)
∫ t

0
|σσT (Xs, s)|(ω) + |µ(Xs, s)| (ω) ds <∞ for almost every ω ∈ Ω;

iv)

Xt −X0 =

∫ t

0

µ (Xs, s) ds+

∫ t

0

σα (Xs, s) dW
α
s (3.1)

If there exists a weak solution for each initial distribution ν, then we say that there is a
weak solution to (3.1).

Let Ωn ≡ C([0, T ],Rn) be the path-space and consider the filtrationHn
t = σ (Xs, s ≤ t).

Suppose that (X,W ) is a weak solution to (3.1) starting at x ∈ Rn and let Px be the
law of X. We know that Px is a probability measure on (Ωn,Hn) and that Px solves the
martingale problem for (σσT , µ) starting at x, according to the following definition.

Definition 3.2 (Martingale problem solution). Let σ and µ be previsible path functionals.
Then for x ∈ Rn we say that the probability measure Px is a solution to the martingale
problem for (σσT , µ) starting at x if the following conditions holds

i) Px(X0 = x) = 1;
ii) for each g ∈ C∞(Rn ×R+), under Px,

Cg
t = g(Xt, t)− g(X0, 0)−

∫ t

0

(∂tg + Lg)(Xs, s)ds

is an Hn
t − martingale, where

L =
1

2

(
σσT

)ij
∂i∂j + µi∂i. (3.2)

Remark 3.3. It is well-known that the previous martingale-problem formulation is
equivalent to the weak-solution one.

3.1 Spatial transformations via diffeomorphisms

The most natural transformation of a SDE is a diffeomorphism Φ :M →M ′ acting on
the process component X. Denoting with ∇Φ :M → Mat (n) the Jacobian matrix

(∇Φ)ij = ∂jΦ
i.

and applying Itô formula (see, e.g., [35] Section 32 or [32] Chapter 4) we prove the
following result.
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Proposition 3.4. Given a diffeomorphism Φ :M →M ′, if the process (X,W ) is solution
to the SDE (µ, σ), then the process (Φ (X) ,W ) is solution to the SDE (µ′, σ′) with

µ′ = L (Φ) ◦ Φ−1

σ′ = (∇Φ · σ) ◦ Φ−1

where L is the infinitesimal generator given in (3.2).

Remark 3.5. Proposition 3.4 can be easily extended to the case where Φ is a non
autonomous transformation, namely where Φ is of the form Φ :M ×R+ →M ′ ×R+ such
that ∀t fixed, the map x→ Φ(x, t) is a diffeomorphism and Φ−1(x, t) denotes the inverse
of this map.

3.2 Deterministic time changes

In this paper for simplicity we consider only deterministic time change. For random
time change in Lie’s symmetry framework see [14] and [1].

Let η : R+ → R+ be a (continuous) strictly positive function, and define

f(t) =

∫ t

0

η(s)ds.

The function f : R+ → R+ is absolutely continuous (or C1 when η is continuous) and
strictly increasing, i.e. it is invertible with absolutely continuous (or C1) inverse (which,
hereafter, we denote by f−1).

Let Xt be an adapted process with respect to the filtration Ft. We denote by Hη(X) a
process adapted with respect to the filtration Ff−1(t) defined by

Hη(X)s = Xf−1(s), s ∈ R+.

If W ′ is the solution to
dW ′

t =
√
η(t)dWt,

then Hη (W
′) is again a Brownian motion.

Proposition 3.6. Let η : R+ → R+ be a smooth and strictly positive function. Let (X,W )

be a solution to the SDE (µ, σ). Then the process (Hη (X) ,Hη (W
′)) is solution to the

SDE (µ′, σ′) with

µ′ =
1

η
µ

σ′ =
1
√
η
σ.

Let us recall the analogue of the above proposition for the martingale problem
formulation of a SDE.

Proposition 3.7 (Rogers-Williams,V.26). Let η : R+ → R+ be a smooth and strictly
positive function. Then the time change f−1(t) transforms the martingale problem for
(a, µ) into the martingale problem for (aη ,

µ
η ) (with a = σσT )

3.3 Random measure changes

In order to further enlarge the family of admissible transformations, we randomly
change the probability measure under which the driven process is a Brownian motion by
using Girsanov theorem.

For the probabilistic theory of absolutely continuous predictable change of measure of
Brownian motion the reader can see, e.g., [35] Section 38, while an extended treatment
of the subject can be found in [32] Section 8.6.
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Given a previsible process ut∈[0,T ], let us define the Doleans-Dade exponential process
(Zt)t∈[0,T ] by setting

Zt = Zt(u) := exp

{∫ t

0

usdWs −
1

2

∫ t

0

u2sds

}
. (3.3)

By Itô formula one has

dZt = ZtutdWt,

which says that Z is a local martingale. Indeed, since Zt is strictly positive, we have
that Zt is always a supermartingale. Moreover, being the Radon-Nikodym derivative in

Girsanov theorem strictly positive, i.e.
QFT
PFT

= ZT > 0, one can prove that the measure

QFT is actually equivalent to PFT .

Instead of using the well known Novikov condition (see [34], Chapter VIII, Proposition
1.14) to force the supermartingale Zt to be a P-(global) martingale, according to [16]
we follow an alternative strategy, given by the next Lemma, which assumes the non
explosiveness property both of the original SDE and of the transformed one, according
to the following definition.

Definition 3.8. Let µ : M × R+ → Rn and σ : M × R+ → Mat(n,m) be two smooth
functions. The SDE (µ, σ) is called non explosive if any solution (X,W ) to (µ, σ) is
defined for all times t ≥ 0.

A smooth vector field h is called non-explosive for the non explosive SDE (µ, σ) if the
SDE (µ+ σ · h, σ) is a non explosive SDE.

A positive smooth function η is called a non-explosive time change for the non

explosive SDE (µ, σ) if the SDE
(

µ
η ,

σ√
η

)
is non-explosive.

In the following we consider a smooth function h : M ×R+ → Rm such that h(X, t) is
a predictable and non-explosive stochastic process for the continuous solution process
X of the SDE (µ, σ).

Lemma 3.9 ([16]). Let (µ, σ) be a non explosive SDE with a weak solution (X,W ) and
let h : M × R+ → Rm be a smooth non-explosive vector field. Then the exponential
supermartingale (Zt)t∈[0,T ] associated with ut = h(Xt, t) is a P-(global) martingale.

The following theorem shows how this probability measure change works on a given
SDE.

Theorem 3.10. Let (X,W ) be a solution to the non-explosive SDE (µ, σ) on the proba-
bility space (Ω,F ,P) and let h be a smooth non-explosive vector field for (µ, σ). Then
(X,W ′) is a solution to the SDE (µ′, σ′) = (µ+ σ · h, σ) on the probability space (Ω,F ,Q),
where

W ′
t = −

∫ t

0

h(Xs, s)ds+Wt,

dQ

dP

∣∣∣∣
FT

= exp

∫ T

0

hj(Xs, s)dW
j
s − 1

2

∫ T

0

m∑
j=1

(hj(Xs, s))
2ds

 .

Theorem 3.11 (Rogers-Williams, V.27). Let us suppose that Px solves the martingale
problem for (a, µ) starting from x, that h : M ×R+ → Rm is a bounded previsible path
functional and that a = σσT and µ are bounded. Then

Z̃t := exp

{∫ t

0

hj(Xs, s)dW
j
s − 1

2

∫ t

0

h(Xs, s)a(Xs, s)h(Xs, s)ds

}
(3.4)
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is a Px martingale with

Mt = Xt −
∫ t

0

µ(Xs, s)ds.

Defining a measure Q on (Ω,H) by

dQ

dP
|Ht on Ht,

then Q solves the martingale problem for (a, µ′) starting from x, where

µ′ = µ+ ah.

We put together the previous stochastic transformations in the following natural way.

Definition 3.12 (Stochastic transformation). Given two open subsetsM andM ′ of Rn, a
diffeomorphism Φ: M ×R+ →M ′ ×R+, a deterministic time change f(t) and a random
change of measure h : M × R+ → Rm, we call T = (Φ, η, h) a (weak finite) stochastic
transformation.

In order to explicitly describe how the random transformation T acts on the solution
process we give the following definition.

Definition 3.13. Let T = (Φ, η, h) be a stochastic transformation. Let X be a continuous
stochastic process taking values inM and W be an m-dimensional Brownian motion in
the space (Ω,F ,P) such that the pair (X,W ) is a solution to the non-explosive SDE (µ, σ).
Given two smooth non-explosive functions h and f for the same SDE, we can define the
process PT (X,W ) = (PT (X), PT (W )), where PT (X) takes values inM ′ and PT (W ) is a
Brownian motion into the space (Ω,F ,Q). The process components are given by

X ′ = PT (X) = Φ(Hη(X)),

W ′ = PT (W ) = Hη(W̃ ),

where W̃t satisfies

dW̃t =
√
η(t)(dWt − h(Xt, t)dt),

and

dQ

dP

∣∣∣∣∣
FT

= exp

∫ T

0

hj(Xs, s)dW
j
s − 1

2

∫ T

0

m∑
j=1

(hj(Xs, s))
2ds

 .

We call PT (X,W ) the transformed process of (X,W ) with respect to T and we call the
function PT the process transformation associated with T . Furthermore with ET (µ, σ)

we denote the transformed SDE.

Theorem 3.14. Given a stochastic transformation T = (Φ, η, h) and a solution (X,W )

to the non-explosive SDE (µ, σ) such that ET (µ, σ) is non- explosive, then PT (X,W ) is
solution to the SDE ET (µ, σ).

4 Geometric setting

In this section we present the main ideas of Lie group theory underlying our set of
stochastic transformations of autonomous SDEs. In this setting, the important feature of
Lie Groups is that they have the structure of a differentiable manifold and, in particular,
their elements can vary continuously (see, e.g., [33])
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Definition 4.1 (Lie group). An r-parameters Lie Group is a group G with the structure of
an r-dimensional manifold such that the group operation

m : G×G→ G, m(g1, g2) = g1 · g2, g1, g2 ∈ G

and the inversion
i : G→ G, i(g) = g−1, g ∈ G

are smooth functions between manifolds.

Very often, as in our case, Lie groups naturally arise as transformations groups
between manifolds (see, e.g., [33]).

Since now we plan to individuate the Lie group arising from the whole stochastic
transformation given in Definition 3.12, by recalling Remark 3.5, we introduce the
following notation:

Φ : Rn ×R+ → Rn

f : R+ → R+

Φ̃ : Rn ×R+ → Rn ×R+

defined as
Φ̃(x, t) = (Φ(x, t), f(t)).

We require that Φ̃ is a diffeomorphism from Rn × R+ in itself, and therefore we can
define the (smooth) inverse Φ̃−1. By the particular form of Φ̃ (namely that the time
component depend on f ) we have

Φ̃−1(x, t) = (Φ−1(x, t), f−1(t))

where Φ−1 is the inverse of Φ (introduced in Section 3.1) and f−1 is the inverse of f
(introduced in Section 3.2).

Let G = R+ ×Rm be the group of translations with a scaling factor, whose elements
g = (η, h) can be identified with the matrices(√

η h

0 1

)
.

Given the trivial principal bundle π : M ×R+ ×G→M ×R+ with structure group G, we
can define the action of G onM ×R+ ×G as

Rg2 : M ×R+ ×G→M ×R+ ×G

(x, t, g1) 7→ (x, t, g1 · g2).

which leaves M × R+ invariant, with the standard product in G given by g1 · g2 =

(η1, h1) · (η2, h2) = (η1η2,
√
η1h2 + h1). Considering a second trivial principal bun-

dle π′ : M ′ ×R+ ×G → M ′ × R+, we say that a diffeomorphism F : M ×R+ ×G →
M ′ ×R+ ×G is an isomorphism if F preserves the structures of principal bundles of
bothM×R+×G andM ′×R+×G, i.e. there exists a diffeomorphism Φ̃ : M×R+ →M ′×R+

such that for any g ∈ G

π′ ◦ F = Φ̃ ◦ π,
F ◦Rg = Rg ◦ F. (4.1)

We notice that such an isomorphism is completely determined by its value on (x, e)

(where e is the unit element of G). Therefore, there is a natural identification between
a stochastic transformation T = (Φ, η, h) and the isomorphism FT such that FT (x, e) =

(Φ̃, g), where g = (η, h).
The next theorem provides the explicit form of the composition of two stochastic

transformations in this group setting.
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Theorem 4.2 (Composition law). Let T1 = (Φ1, η1, h1) and T2 = (Φ2, η2, h2) be two
stochastic transformations. Then the composition T2 ◦ T1 is defined as the stochastic
transformation

T2 ◦ T1 =
(
Φ2 ◦ Φ̃1, (η2 ◦ f1)η1,

√
η1 · (h2 ◦ Φ̃1) + h1

)
,

and the inverse transformation of T = (Φ, η, h) can be expressed as

T−1 =
(
Φ̃−1, (η ◦ f−1)−1,− 1

√
η
(h ◦ Φ̃−1)

)
. (4.2)

Proof. Applying the first random change of measure together with the deterministic time
transformation to the Brownian motion we get

dW ′
t =

√
η1(dWt − h1dt);

now if we apply the second transformation, we obtain

dW ′′
t =

√
η2(dW

′
t − h2dt) =

√
η̃(dWt − h̃dt),

where η̃ = η1η2 and h̃ = h1 +
h2√
η1
. Since after the SDE transformation by T1 the state

variable is Φ1(X, t) and since T2 acts on the new variable Φ1(X, t), both h2 and η2 depend
on the actual value of the process, that is h2(Φ̃1(X, t)) and η2(f1(t)). In the same way we
can compute the explicit form of the inverse transformation.

The following theorem shows the notable probabilistic counterpart in terms of SDE
and process transformation of the above geometric identification.

Theorem 4.3. Let T1 and T2 be two stochastic transformations, let (µ, σ) be a non
explosive SDE such that ET1

(µ, σ) and ET2
(ET1

(µ, σ)) are non explosive and let (X,W )

be a solution to the SDE (µ, σ) on the probability space (Ω,F ,P). Then, on the probability
space (Ω,F ,Q), we have

PT2
(PT1

(X,W )) = PT2◦T1
(X,W ),

ET2(ET1(µ, σ)) = ET2◦T1(µ, σ).

Since the set of our stochastic transformations forms a group with respect to the
composition ◦, one can introduce the one parameter group Tλ = (Φλ, ηλ, hλ) and the
corresponding infinitesimal (general) transformation V = (Ỹ , τ,H) obtained in the usual
way

Y (x, t) =∂λ(Φλ(x, t))|λ=0

m(t) =∂λfλ(t)|λ=0

τ(t) =∂λ(ηλ(t))|λ=0

H(x, t) =∂λ(hλ(x, t))|λ=0,

where Ỹ = (Y,m) is a vector field on M × R+, τ : R+ → R and H : M × R+ → Rm

are smooth functions. If V is of the form V = (Ỹ , 0, 0) we call V a strong infinitesimal
stochastic transformation.

Proposition 4.4 (Flow reconstruction). Let V = (Y, τ,H) be an infinitesimal stochastic
transformation. Then we can reconstruct the one parameter group Tλ choosing Φλ, ηλ
and hλ as the one parameter solutions to the following system

∂λ(Φλ(x, t)) =Y (Φλ(x, t))

∂λfλ(t) =m(fλ(t))

∂λ(ηλ(t)) =τ(t)ηλ(t)

∂λ(hλ(x, t)) =
1

√
ηλ
H(Φλ(x, t), t),
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with initial condition f0(t) = t, Φ0 = idM , η0 = 1 and h0(x, t) = 0.

Proof. We prove only the equation for η and h. The equation for Φλ is true by definition
of Y . By the composition law in Theorem 4.3 and by the properties of the flow we have

ηλ1+λ2
(t) =ηλ1

(fλ2
(t))ηλ2

(t)

∂λ1
(ηλ1+λ2

(t)) =∂λ1
(ηλ1

(fλ2
(t))ηλ2

(t))

∂λ1
(ηλ1+λ2

(t))|λ1=0 =τ(fλ2
(t))ηλ2

(t),

with initial condition η0(t) = 1.

In the same way we obtains that hλ satifies

hλ1+λ2
(x.t) =

1
√
ηλ2

hλ1
(Φ̃λ2

(x, t)) + hλ2
(x, t)

∂λ1(hλ1+λ2(x, t)) =
1

√
ηλ2

∂λ1(hλ1(Φ̃λ2(x, t)))

∂λ1
(hλ1+λ2

(x, t))|λ1=0 =
1

√
ηλ2

H(Φ̃λ2
(x, t)),

with initial condition h0(x, t) = 0.

Remark 4.5. It is important to note that in the case of deterministic time change the
function m introduced above con be directly obtained from τ as

m = L(τ), m(0) = 0

and furthermore then ∫ t

0

ηλ(s)ds = fλ(t). (4.3)

Finally we introduce the relevant notion of symmetry of a SDE.

Definition 4.6 (Finite and infinitesimal symmetry). A stochastic transformation T is
a (finite weak) symmetry of a non explosive SDE (µ, σ) if, for every solution process
(X,W ), PT (X,W ) is a solution process to the same SDE. An infinitesimal stochastic
transformation V generating a one parameter group Tλ is called an infinitesimal (general)
symmetry of the non explosive SDE (µ, σ) if Tλ is a symmetry of (µ, σ).

Proposition 4.7. A stochastic transformation T = (Φ, η, h) is a symmetry of the non
explosive SDE (µ, σ) if and only if(1

η
[L(Φ) +∇Φ · σ · h]

)
◦Φ̃−1 = µ( 1

√
η
∇Φ · σ

)
◦Φ̃−1 = σ

Next theorem provides the general determining equations satisfied by the infinitesi-
mal symmetries of a SDE (µ, σ).

Theorem 4.8 (Determining equations). An infinitesimal stochastic transformation V =

(Y, τ,H) is an infinitesimal symmetry of the non explosive SDE (µ, σ) if and only if V
generates a one parameter group defined onM and the following equations hold

Y (µ)− L(Y )− σ ·H + τµ = 0 (4.4)

[Y, σ] +
1

2
τσ = 0. (4.5)
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In the following we recall the not trivial subclass of the general Girsanov trans-
formations given by the quasi Doob transformations introduced in [17]. An abstract
introduction of this measure change class can be found, e.g., in [8].

Definition 4.9. [Quasi Doob transformation] Let (µ, σ) be a non explosive SDE and let
(X,W ) be a solution to (µ, σ). Given a smooth function h : M ×R+ → Rm non explosive
with respect to (µ, σ), we say that h is a quasi Doob transformation with respect to the
SDE (µ, σ) and characterized by the smooth function h : M ×R+ → Rm if the measure Q
generated by the random change of measure associated with h is such that on the time
horizon [0, T ]

dQ

dP

∣∣∣∣∣
FT

= exp

{
h(XT , T )− h(X0, 0)−

∫ T

0

Gh(Xs, s)ds

}

where Gh is a suitable C2(Rm ×R+) function depending on h.

In order to provide conditions on h and h which guarantees that a random change of
measure is a quasi Doob one we can prove the following Proposition.

Proposition 4.10. Let h : M ×R+ → Rm be a smooth function associated with a random
change of measure transformation on (µ, σ). If h : M ×R+ → Rm is a smooth function
satisfying

hj(x, t) = σi
j(x, t)∂xi(h)(x, t), (4.6)

1

2

m∑
j=1

(hj(x, t))
2 =

L(exp(h))

exp(h)
− L(h)(x, t) = Gh(x, t)− L(h)(x, t), (4.7)

then h is also a quasi Doob transformation.

Remark 4.11. Since in Proposition 4.10 equation (4.6) depends on σ and equation (4.7)
depends, through the operator L, on both µ and σ, the property of a change of measure
to be a quasi Doob one depends on the given SDE (µ, σ).

If in equation (4.6) both hλ and hλ depend on a parameter λ and we take the derivative
with respect to that parameter in λ = 0 with initial condition h0 = 0 and h0 = 0, we have
that there exists a function k = ∂λ(hλ)|λ=0 such that

Hj(x, t) = σi
j(x, t)∂xi(k)(x, t). (4.8)

In this setting we finally provide the determining equations for the infinitesimal symme-
tries of quasi Doob type.

Theorem 4.12. An infinitesimal stochastic transformation V = (Y, τ,H) (with H =

σT · ∇k) is a symmetry of the SDE (µ, σ) involving only quasi Doob transformations with
respect to (µ, σ) if and only if V generates a one parameter group of transformations
such that the following equations hold

H − σT · ∇k = 0

Y (µ)− L(Y )− σ · σT · ∇k + τµ = 0

[Y, σ] +
1

2
τσ = 0

In the following an infinitesimal stochastic symmetry satisfying the hypotheses of
Theorem 4.12 is called a quasi Doob symmetries for the SDE (µ, σ).

Remark 4.13. If in Definition 4.9 we take

Gh(x, t) = 0
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we obtain the well-known subclass of Doob transformations, that constitute a very
important class with a deep meaning in our setting. Indeed in [16] it was proved that
there exists a one-to-one correspondence between infinitesimal symmetries of Doob
type of a SDE and Lie point infinitesimal symmetries of the associated Kolmogorov
equation. As stressed in [16], this fact shows that generally the family of symmetries of
a SDE is wider than the family of the symmetries for the corresponding (deterministic)
Kolmogorov equation.

5 A quasi-invariance principle and integration by parts formulas

In this section we provide a quasi-invariance property for the solution process to
a given SDE with respect to a Lie (finite) symmetry. More precisely we establish the
quasi-invariance of the corresponding law P under the class of symmetries introduced
in the previous section. Furthermore, starting from the quasi-invariance principle we
derive some integration by parts formulas which are the main results of the present
paper.

The next result is a fundamental invariance principle of the type of Bismut-Malliavin
calculus based on the theory of Lie symmetries for a process which is solution to a SDE.

Theorem 5.1. Let (X,W ) be a (weak) solution to a non explosive SDE(µ, σ) of the
type (3.1) and let (X ′,W ′) be the transformed process through the (finite) stochastic
transformation T = (Φ, η, h). Let h be a predictable stochastic process which is a non
explosive vector field for (µ, σ). If T is a (finite) symmetry for the SDE (µ, σ), then for any
fixed t ∈ [0, T ] and for any bounded measurable function g, the following quasi-invariance
principle holds

EP[g(X)] = EP

[
g(X ′) exp

(∫ t

0

hsdWs −
1

2

∫ t

0

h2sds

)]
. (5.1)

Proof. Since T is a symmetry, the transformed process (X ′,W ′) is solution to the same
SDE (µ, σ) and in particular X ′ under the measure Q has the same law of X under P,
which implies

EP[g(X)] = EQ[g(X
′)].

By applying a Radon-Nikodym change of measure in the expectation with respect to the
measure Q we obtain that for any t ∈ [0, T ]

EP[g(X)] = EP

[
g(X ′) exp

(∫ t

0

hsdWs −
1

2

∫ t

0

h2sds

)]
, (5.2)

which is the statement of the theorem.

In the Malliavin-Bismut calculus it is well known that from the fundamental invariance
principle an integration by parts formula can be derived. In this section we provide some
integration by parts formulas using a Lie symmetry approach in a finite dimensional
setting and, for simplicity, we provide the proof for the case of functionals of the process
valuated at a single time. The extension of our integration by parts formula to smooth
cylinder functionals of diffusion processes is given in Appendix A.

In order to prove our main results, we need the following technical lemma, that states
a condition under which we can take the derivative with respect to a parameter inside
the expectation.

Lemma 5.2. Let g(λ,X) : R×M ×R+ → R be a function which is integrable for all λ
and continuously differentiable with respect to λ and such that EP[|∂2λg(λ,X)|] < +∞.
Then

∂λEP[g(λ,X)] = EP[∂λg(λ,X)].
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Proof. This can be easily proved by mean-value theorem which states that there exists
θ(ε) ∈ (λ, λ+ ε) such that

∂λEP[g(λ,X)] = lim
ε→0

EP

[
g(λ+ ε,X)− g(λ,X)

ε

]
= lim

ε→0
EP[∂λg(θ(ε), X)].

By putting

∂λg(θ(ε), X) = ∂λg(λ,X) +

∫ λ+ε

λ

∂2λg(σ
′, X)dσ′,

since EP[|∂2λg(λ,X)|] < +∞ we get the result.

For later use, in the following we recall a result about the continuity and the differen-
tiability with respect to parameters of stochastic integrals that can be found in [26] (see
Proposition 2.3.1 for details).

Lemma 5.3 (Kunita). Let Σ = Re be the parameter set and let p > min(e, 2). Suppose
that

sup
λ
E

[∫ T

0

|gλ(r)|pdr

]
< +∞, E

[∫ T

0

|gλ(r)− gλ′(r)|pdr

]
< cp|λ− λ′|p (5.3)

where gλ(r) is n-times continuously differentiable with respect to λ and, for |i| ≤ n,
the derivatives ∂iλgλ(r) satisfy (5.3). Then the family of Itô’s stochastic integrals

(
∫ t

0
gλ(r)dWr)t has a modification which is n-times continuously differentiable with re-

spect to λ a.s. For any |i| ≤ n, we have

∂iλ

∫ t

0

gλ(r)dWr =

∫ t

0

∂iλgλ(r)dWr ∀(t, λ) a.s.

We state our integration-by-parts formula, which is the main result of our novel
approach, under the following assumption. Given a SDE (µ, σ), let us put Σα =∑n

j=1 σ
j
α(x, t)∂xj .

Hypothesis 5.4. For any solutionXt to the SDE (µ, σ) with deterministic initial condition
we have that:

Hα(Xt, t), Y (Hα)(Xt, t), L(Y
i)(Xt, t),Σα(Y

i)(Xt, t), L(Y (Y i))(Xt, t) ∈ L2(Ω)

Σα(Y (Y i))(Xt, t) ∈ L2(Ω)

Theorem 5.5 (Integration by parts formula). Let (X,W ) be a solution to the SDE (3.1)
and let (Y, τ,H) be an infinitesimal stochastic symmetry for the SDE according with
Definition 4.6. Let us consider the one parameter group Tλ = (Φλ, ηλ, hλ) associated
with the infinitesimal symmetry according to Proposition 4.4. Assuming Hypothesis 5.4,
then the following integration by parts formula holds for every t ∈ [0, T ]

−m(t)EP [L(F )(Xt, t)] + EP

[
F (Xt)

∫ t

0

(Hα(Xs, s)dW
α
s )

]
+

+ EP[(Y (F ))(Xt, t)]− EP[Y (F )(X0, 0)] = 0 (5.4)

where F is a bounded functional with bounded first and second derivative.

Proof. Since the random transformation Tλ is a symmetry for the SDE, denoting by
Xλ

t = PTλ
(X,W ) the related transformed process, by definition of symmetry we have

∀t ∈ [0, T ]

EP[F (Xt)] = EQλ
[F (Xλ

t )].
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By Itô formula and since Xλ
t is solution to the same original SDE

EQλ
[F (Xλ

t )] =EQλ

[∫ t

0

L(F )(Xλ
s , s)dsλ + ∂i(F )(X

λ
s )σ

i
αdW

α,λ
s )

]
=EQλ

[∫ t

0

L(F )(Xλ
s , s)dsλ

]
,

where we used that, under the hypotheses of the theorem, the expectation of the
stochastic integral with respect to Wα,λ

t is zero. Indeed, introducing g(Xs, s) = ∂i(F ◦
Φλ)(Xs, s)σ

i
α, if g is B ⊗ F -measurable, ∀s, g(·, s) is F -measurable and, for any s,

g(·, s) ∈ L2(Ω,F ,Qλ), EQλ

[∫ t

0

|g(·, s)|2ds
]
< +∞,

then the stochastic integral with respect to the Qλ-Brownian motion Wα,λ
t is a (global)

martingale. By Hypothesis 5.4 the integrand is in L2 and so the Itô integral is well-
defined.

Denoting by f−λ(t) the inverse of the deterministic time-change fλ(t) and applying a
deterministic change of variables in the integral we get ∀t ∈ [0, T ]

EQλ

[∫ t

0

L(F )(Xλ
sλ
)dsλ

]
= EQλ

[∫ f−λ(t)

0

L(F )(Φλ(Xs, s))f
′
λ(s)ds

]
.

By performing a Radom-Nikodym measure change the right-hand side expectation
becomes

EQλ

[∫ f−λ(t)

0

L(F )(Φλ(Xs, s))f
′
λ(s)ds

]
= EP

[
dQλ

dP

∣∣∣∣
FT

∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

]
,

so we finally get

EP[F (Xt)] = EP

[
dQλ

dP

∣∣∣∣
FT

∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

]
. (5.5)

We want to take the derivative with respect to the parameter λ of both sides in the
previous equality. Since there is no dependence on the parameter λ in the left part, the
same is true for the term in the right part. Here we have to take the derivative inside the

expectation. Denoting by P (λ) = Zλ

∫ f−λ(t)

0
(L(F ) ◦ Φλ)(Xs, s)f

′
λ(s)ds, where Zλ = dQλ

dP ,
under Hypothesis 5.4 by Theorem 6.4 we have ∀λ

∂2λP (λ) ∈ L2, (5.6)

and therefore by Lemma 5.2

∂λEP[P (λ)] = EP[∂λP (λ)].

Taking the derivative with respect to λ and evaluating the result at λ = 0 in (5.5) we
obtain

0 = EP

[(∫ T

0

Hα(Xt, t)dW
α
t

)(∫ t

0

L(F )(Xs, s)ds

)
−m(t)EP[L(F )(Xt, t)

]
+

+ EP

[∫ t

0

Y (L(F ))(Xs, s)ds

]
+ EP

[∫ t

0

τ(s)L(F )(Xs, s)ds

]
(5.7)
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where the first term has been obtained by taking the partial derivative of the Doleans-
Dade exponential process as in Definition 3.13 and using the fact that, by Proposition 4.4,
∂λhλ,j(x, t)|λ=0 = Hj(x, t) and we can exchange the derivative with respect to λ with the
Itô integral by Lemma 5.3, the second term by using the fundamental theorem of calculus
for deriving the λ dependent extremes of integration, the fact that ∂λf−λ(t)|λ=0 = −m(t)

and f ′λ(t) = ηλ(t) as in (4.3), the third one by deriving the spatial flow Φλ according with
Proposition 4.4 together with the property that Φ0 is the identity function and the last
one by observing that, since f ′ = η, then ∂λf ′λ = τf ′λ (with f ′0 = 1).

Since for an infinitesimal symmetry we have [Y, L] = −τL+Hασα∇, this implies that

EP

[∫ t

0

Y (L(F ))(Xs, s)ds

]
=EP

[∫ t

0

L(Y (F ))(Xs, s)ds

]
− EP

[∫ t

0

τ(s)L(F )(Xs, s)ds

]
+

+ EP

[∫ t

0

Hα(Xs, s)σα∇F (Xs)ds

]
.

By Itô formula we have

EP [(Y (F ))(Xt, t)] =EP [(Y (F )(X0, 0)]

+ EP

[∫ t

0

L(Y (F ))(Xs, s)ds

]
+ EP

[∫ t

0

∂iY (F )(Xs, s)σ
i
αdW

α
s

]
,

from which we get

EP [(Y (F ))(Xt, t)]− EP[(Y (F ))(X0, 0)] = EP

[∫ t

0

L(Y (F ))(Xs, s)ds

]
.

Let us consider the first addend in the right-hand side of (5.7). Since stochastic integrals
are martingales we get

EP

[(∫ T

0

Hα(Xt, t)dW
α
t

)(∫ t

0

L(F )(Xs, s)ds

)]
=

= EP

[(∫ t

0

Hα(Xs, s)dW
α
s

)(∫ t

0

L(F )(Xs, s)ds

)]
and by integration by parts(∫ t

0

Hα(Xs, s)dW
α
s

)
·
(∫ t

0

L(F )(Xs, s)ds

)
=

∫ t

0

{(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
L(F )(Xs, s)ds

}

+

∫ t

0

(∫ s

0

L(F )(Xτ , τ)dτ

)
Hα(Xs, s)dW

α
s +

[∫ t

0

Hα(Xs, s)dW
α
s ,

∫ t

0

L(F )(Xs, s)ds

]
where the last term is a zero quadratic variation since the second term is absolutely
continuous. Since stochastic integrals are martingales

EP

[∫ t

0

(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
L(F )(Xs, s)ds

]
=

= EP

[∫ t

0

{(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
L(F )(Xs, s)ds+

+

(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
σα∇F (Xs)dW

α
s

}]
. (5.8)
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Applying integration by parts formula to the second term in the right-hand side of (5.8)
we obtain∫ t

0

(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
σα∇F (Xs)dW

α
s =

(∫ t

0

Hα(Xs, s)dW
α
s

)(∫ t

0

σα∇F (Xs)dW
α
s

)

−
∫ t

0

(

∫ s

0

σα∇F (Xτ )dW
α
τ )Hα(Xs, s)dW

α
s −

[∫ t

0

Hα(Xs, s)dW
α
s ,

∫ t

0

σα∇F (Xs)dW
α
s

]
,

with the quadratic variation equal to∫ t

0

(σi
α∂iF (Xs)) ·Hα(Xs, s)ds.

Summing the two stochastic expressions for the two stochastic integrals in (5.8) we get(∫ t

0

L(F )(Xs, s)ds+

∫ t

0

σα∇F (Xs)dW
α
s

)(∫ t

0

Hα(Xs, s)dW
α
s

)

−
∫ t

0

(∫ s

0

L(F )(Xτ , τ)dτ +

∫ s

0

σα∇F (Xτ )dW
α
τ

)
Hα(Xs, s)dW

α
s +

−
∫ t

0

(σα∇F (Xs)) ·Hα(Xs, s)ds.

Using the following well-known property

EP

[∫ t

0

(∫ s

0

L(F )(Xτ , τ)dτ +

∫ s

0

σα∇F (Xτ )dW
α
τ

)
Hα(Xs, s)dW

α
s

]
= 0

and inserting all the final expressions in (5.7), we finally get our integration by parts
formula:

−m(t)EP[L(F )(Xt, t)] + EP

[
F (Xt)

(∫ t

0

Hα(Xs, s)dW
α
s

)]
+EP[Y (F )(Xt, t)]− EP[Y (F )(X0, 0)] = 0.

When the Lie symmetries are of quasi-Doob type, the integration by parts formula
becomes simpler and the previous result admits an interesting corollary.

Hypothesis 5.6. For any solutionXt to the SDE (µ, σ) with deterministic initial condition
we have that:

Y (Hα)(Xt, t), L(Y
i)(Xt, t),Σα(Y

i)(Xt, t), L(Y (Y i))(Xt, t),Σα(Y (Y i))(Xt, t) ∈ L2(Ω)

Corollary 5.7. Let (X,W ) be a solution to the SDE (3.1) and let (Y, τ,H) be an in-
finitesimal stochastic symmetry of quasi-Doob type for the SDE. Let us consider the one
parameter group Tλ = (Φλ, ηλ, hλ) associated with the infinitesimal symmetry according
to Proposition 4.4. Assuming Hypothesis (5.6) the following integration by parts formula
holds for every t ∈ [0, T ]

−m(t)EP [L(F )(Xt, t)] + EP

[
F (Xt)

(
k(Xt, t)− k(X0, 0)−

∫ t

0

L(k(Xs, s))ds

)]
+

+ EP[(Y (F ))(Xt, t)]− EP[Y (F )(X0, 0)] = 0 (5.9)
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Proof. In the proof of Theorem 5.5 the only derivative with respect to λ which changes
in the first term on the right-hand side of (5.5) is the derivative of the Doleans-Dade
exponential process as in Definition 4.9, that in the case of quasi-Doob symmetries is

∂λ

(
dQ

dP

∣∣∣∣∣
FT

)
|λ=0 = {∂λh(XT , T )|λ=0 − ∂λh(X0, 0)|λ=0 −

∫ T

0

∂λGh(Xs, s)|λ=0ds}.

Since ∂λh(x, t)|λ=0 = k(x, t) and ∂λGh(x, t)|λ=0 = L(k(x, t)) we have

−m(t)EP[L(F )(Xt, t)] + EP

[(
k(XT , T )− k(X0, 0)+

−
∫ T

0

L(k(Xτ , τ))dτ

)∫ t

0

L(F )(Xs, s)ds

]
+

+EP

[∫ t

0

Y (L(F )))(Xs, s)ds− EP[Y (F )(X0, 0)

]
= 0.

Since
(
k(XT , T )− k(X0, 0)−

∫ T
0
L(k(Xτ , τ))dτ

)
is a martingale and integrating by parts

we get

EP

[(
k(XT , T )− k(X0, 0)−

∫ T

0

L(k(Xτ , τ))dτ

)∫ t

0

L(F )(Xs, s)ds

]
=

= EP

[
F (Xt)

(
k(Xt, t)− k(X0, t)−

∫ t

0

L(k(Xs, s))ds

)]
. (5.10)

6 Some technical considerations

In this section we provide some technical results necessary to prove our integration
by parts formula. In particular, after giving a non-explosion result for the solution to a
SDE, we address the problem of how we can verify the conditions that allow us to take
the derivative with respect to λ in our geometric-analytic setting. Since one of the key
ingredients is the theory of Lyapunov functions, we begin by recalling some important
facts about this topic.

Lyapunov condition: Given an infinitesimal generator L of the form (3.2), there
exists ϕ ∈ C1,2([0, T ]×Rn) such that ϕ ≥ 0 and with r = |x|

lim
r→∞

( inf
0≤t≤T

ϕ(t, x)) = ∞

and, for some constantM , a.e. on [0, T ]×Rn

(∂t + L)ϕ(t, x) ≤Mϕ(t, x).

The function ϕ in the above Lyapunov condition is called a Lyapunov function.
Let χ = inf {t ≥ 0 : Xt /∈ Rn} be the life-time of the diffusion process. Non-explosion

results for a diffusion process by means of Lyapunov functions are very interesting and
can be stated with a linear probabilistic proof which we report here for completeness
(see, e.g., [28, 37]).

Theorem 6.1. Let aij := (σσT )ij ∈ H1,p
loc (R

n) ∪ C(Rn) and µ ∈ Lp
loc(R

n,Rn), p ∈ (n,∞).
A sufficient condition for the martingale problem associated with the infinitesimal
generator L ( (3.2)) to be well-posed is that, for each T > 0, there exist a number
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M =MT > 0 and a non-negative function ϕ ∈ C1,2([0, T ]×Rn) such that ϕ is a Lyapunov
function on [0, T ] ×Rn. In this case the solution process is non explosive and, for any
(t, x) ∈ [0, T ]×Rn, it holds

Ex[ϕ(t,Xt)] ≤ exp(Mt)ϕ(0, x), t ≥ 0.

Proof. Set τr = inf {t > 0 : Xt ∈ (Rn\Br)} , where Br denotes the ball of radius r. Apply-
ing Itô formula we get

exp(−Mt)ϕ(t,Xmin(t,τr)) =ϕ(0, x) +

∫ t

0

exp(−Ms)∂iϕ(s,Xmin(s,τr))σ
i
j(Xmin(s,τr))dW

j
s

+

∫ t

0

exp(−Ms)(−Mϕ+ ∂sϕ+ Lϕ)(s,Xmin(s,τr))ds

Since, by hypothesis on [0, T ]×Rn

∂tϕ(t, x) + Lϕ(t, x)−Mϕ(t, x) ≤ 0,

(exp(−Mt)ϕ(t,Xmin(t,τr))) is a supermartingale, which implies

ϕ(0, x) ≥Ex[exp(−Mt)ϕ(t,Xmin(t,τr))] ≥ E[exp(−Mt)ϕ(t,Xmin(t,τr))1τr≤t]

≥ exp(−Mt) inf
t∈[0,T ],x∈∂Br

ϕ inf
t∈[0,T ]

Px[τr ≤ t].

Since P[limr→∞ τr = χ] = 1 (see Lemma 3.17 in [28]), for every fixed t

Px[χ ≤ t] = lim
r→∞

Px[τr ≤ t] ≤ lim
r

exp(Mt)ϕ(0, x)

inft∈[0,T ],x∈∂Br
ϕ

= 0.

Sending t→ ∞, the non-explosivity follows. Furthermore, since τr → χ a.s.

Ex[exp(−Mt)ϕ(t,Xt)] =Ex[lim inf
r

exp(−Mt)ϕ(t,Xmin(t,τr))]

≤ lim inf
r

Ex[exp(−Mt)ϕ(t,Xmin(t,τr))] ≤ ϕ(0, x),

where Fatou lemma and supermartingale property have been used.

Remark 6.2. In the previous parts of the paper we develop the theory in the general
case of non-autonomous SDEs, namely the setting where the coefficients (µ, σ) explicitly
depend on time t. In our previous papers, we consider only the autonomous SDE, i.e.
when (µ, σ) depend only on the spatial variable x ∈ Rn. In the case of deterministic
time change (which is the only case considered in the present paper) the theory in the
non-autonomous setting can be recovered from the one in the autonomous case with the
following trick: denoting by (µ(x, t), σ(x, t)) a generic non-autonomous SDE on Rn, we
can consider the autonomous SDE (µ̃(x, z), σ̃(x, z)) on Rn+1 defined as

µ̃i(x, z) = µi(x, z), σ̃i
α(x, z) = σi

α(x, z) i = 1, . . . , n, α = 1, . . . ,m

and
µ̃n+1(x, z) = 1, σ̃n+1

α (x, z) = 0,

namely we consider the SDE

Xi
t = Xi

0 + µi(Xt, Zt)t+

∫ t

0

m∑
α=1

σi
α(Xt, Zt)dW

α
t

Zt = t,
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having generator

L = ∂z +

n∑
i=1

µi(x, z)∂xi +
1

2

m∑
α=1

n∑
i=1

σi
α(x, z)σ

j
α(x, z)∂xixj .

Obvioulsy if Xt is a solution to (µ, σ) then (Xt, Zt) = (Xt, t) is a solution to (µ̃, σ̃) and
vice versa. For this reason, in order to simplify the computation, hereafter, instead of
considering directly the SDE (µ(x, t), σ(x, t)) we consider the associated autonomous
SDE (µ̃(x, z), σ̃(x, z)).

Furthermore with the previous notation if (Φ, η, h) is a transformation of a non-
autonomous equation then (Φ̃(x, z), η(z), h(x, z)) is a transformation of the corresponding
autonomous equation (µ̃, σ̃).

Let us now consider the problem of how we can verify the conditions that allow us to
take the derivative with respect to λ in our geometric-analytic setting. Given the SDE
(µ, σ), we write

Σα =

n∑
j=1

σj
α(x, z)∂xj , µ = µi∂xi

and the operator

L = ∂z +

m∑
α=1

n∑
j,i=1

σi
α(x, z)σ

j
α(x, z)∂xixj +

n∑
j=1

µj(x, z)∂xj .

We recall that if (Y, τ,H) is a symmetry of the SDE (µ, σ) we have

[Y,Σα] = −1

2
τΣα

and

[Y, L]−
m∑

α=1

HαΣα = −τL.

Theorem 6.3. Let (µ, σ) be a SDE with symmetry (Y, τ,H) and let (Φλ, ηλ, hλ) be the
associated one-parameter group. Then, for any g ∈ C2(R×Rn), we have(

1
√
ηλ

Σα(g ◦ Φλ)

)
= (Σα(g)) ◦ Φλ

(
1

ηλ
L(g ◦ Φλ)

)
= µ(g) ◦ Φλ − 1

√
ηλ

m∑
α=1

hλ,α(Σα(g) ◦ Φλ).

Proof. Using Proposition 4.7 we have that, for any g ∈ C2(R×Rn),(
σi
α

∂g

∂xi

)
◦ Φλ =

1
√
ηλ

(
σi
α

∂Φk
λ

∂xi
∂g

∂xk

)
and rewriting this expression in terms of the vector fields Σα and µ we get

(Σα(g)) ◦ Φλ =
1

√
ηλ

Σα(g ◦ Φλ).

In order to prove the second condition we start again from Proposition 4.7 which ensures
that, for any g ∈ C2(R×Rn), we have

1

ηλ

[
L(g ◦ Φλ) +

m∑
α=1

hλ,ασ
i
α

∂Φk
λ

∂xi
∂g

∂xk

]
=

(
µi ∂g

∂xi

)
◦ Φλ.
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When we write the previous expression in terms of the vector fields Σα and µ we get

1

ηλ

[
L(g ◦ Φλ) +

m∑
α=1

hλ,αΣα(g ◦ Φλ)

]
= µ(g) ◦ Φλ

and using the relation between Σα(g ◦ Φλ) and Σα(g) ◦ Φλ we have

1

ηλ
L(g ◦ Φλ) +

1
√
ηλ

m∑
α=1

hλ,α(Σα(g) ◦ Φλ) = µ(g) ◦ Φλ

and this concludes the proof.

The following theorem establishes how to test the conditions under which it is possible
to take the derivative inside the expectation in the proof of Theorem 5.5. Let us introduce

P (λ) =
dQλ

dP

(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

)
. (6.1)

Theorem 6.4. Consider a SDE (µ, σ) with a symmetry (Y, τ,H) satisfying the Hypothesis
5.4. Introducing the one-parameter group Tλ = (Φλ, ηλ, hλ) associated with the symmetry,
one has that

EP
[
|∂2λP (λ)|

]
<∞,

where P (λ) is given by the expression (6.1).

Proof. Calculating the second derivative of P (λ) we obtain that

∂2λP (λ) =
dQλ

dP
·
(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

)(∫ T

0

∂λhα,λ(Xt, t)dW
α
t +

−
∫ T

0

hα,λ(Xt, t)∂λhα,λ(Xt, t)dt
)2

(6.2)

+2
dQλ

dP
(∂λf−λ(t))L(F ) ◦ Φλ(Xf−λ(t), f−λ(t))f

′
λ(f−λ(t))

(∫ T

0

∂λhα,λ(Xt, t)dW
α
t +

−
∫ T

0

hα,λ(Xt, t)∂λhα,λ(Xt, t)dt
)
+

+2
dQλ

dP

(∫ f−λ(t)

0

Y (L(F )) ◦ Φλ(Xs, s)f
′
λ(s)ds

)
·
(∫ T

0

∂λhα,λ(Xt, t)dW
α
t +

−
∫ T

0

hα,λ(Xt, t)∂λhα,λ(Xt, t)dt
)

+2
dQλ

dP

(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)∂λf
′
λ(s)ds

)
·
(∫ T

0

∂λhα,λ(Xt, t)dW
α
t +

−
∫ T

0

hα,λ(Xt, t)∂λhα,λ(Xt, t)dt
)

+
dQλ

dP

(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

)
·
(∫ T

0

∂2λhα,λ(Xt, t)dW
α
t +

−
∫ T

0

(∂λhα,λ(Xt, t))
2dt−

∫ T

0

hα,λ(Xt, t)∂
2
λhα,λ(Xt, t)dt

)
+

EJP 30 (2025), paper 86.
Page 22/41

https://www.imstat.org/ejp

https://doi.org/10.1214/25-EJP1349
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Integration by parts formulas

+2
dQλ

dP
(∂λf−λ(t))Y (L(F )) ◦ Φλ(Xf−λ(t), f−λ(t))f

′
λ(f−λ(t))+

+
dQλ

dP
L(F ) ◦ Φλ(Xf−λ(t), f−λ(t))∂λ(∂λf−λ(t)f

′
λ(f−λ(t))+

+
dQλ

dP

(∫ f−λ(t)

0

Y (Y (L(F ))) ◦ Φλ(Xs, s)f
′
λ(s)ds

)
+

+2
dQλ

dP

(∫ f−λ(t)

0

Y (L(F )) ◦ Φλ(Xs, s)∂λf
′
λ(s)ds+

+
dQλ

dP
·
(
(∂λf−λ(t))L(F ) ◦ Φλ(Xf−λ(t), f−λ(t))∂λf

′
λ(f−λ(t)

)
+
dQλ

dP
·
(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)∂
2
λf

′
λ(s)ds

)
.

To prove the assertion, it is sufficient to show that each addend of the sum just written
is in L1(P).

Let us fix some notations. Recall that, denoting (PTλ
(X), PTλ

(W )) the transformed
process of (X,W ), we have that

PTλ
(X) = Φλ(Hηλ

(X)), i.e. ∀ t ∈ [0, T ] [PTλ
(X)]t = Φλ(Xf−λ(t), f−λ(t)), (6.3)

PTλ
(W ) = Hηλ

(W ′), where dW ′
t =

√
η(t)(dWt − h(Xt, t)dt),

i.e. ∀t ∈ [0, T ] [PTλ
(W )]t =W ′

f−λ(t)
=

∫ f−λ(t)

0

√
ηλ(s)(dWs − h(Xs, s)ds).

Applying the fundamental theorem of calculus and recalling that f ′λ = ηλ, f ′−λ = 1
ηλ
,

∀t ∈ [0, T ] we have

d([PTλ
(W )]t) = f ′−λ(t) ·

[√
ηλ(f−λ(t)) ·

(
dWf−λ(t) − h

(
Xf−λ(t), f−λ(t)

)
d(f−λ(t))

)]
=

=
1√

ηλ(f−λ(t))
·
(
dWf−λ(t) − h

(
Xf−λ(t), f−λ(t)

) 1

ηλ(f−λ(t))
dt
)
. (6.4)

Starting from the first addend of ∂2λP (λ) in (6.2) and applying the Radon-Nikodym
theorem, we get that its expectation with respect to P is equal to

EQλ

[(∫ f−λ(t)

0

L(F )◦Φλ(Xs, s)f
′
λ(s)ds

)(∫ T

0

√
ηλ(t)Hα(Φλ(Xt, t))

(
dWα

t −hα,λ(Xt, t)dt
))2]

where Proposition 4.4 has been applied.
Applying the time-change s′ = fλ(s) to both the integrals, we get

EQλ

[(∫ f−λ(t)

0

L(F )◦Φλ(Xs, s)f
′
λ(s)ds

)(∫ T

0

√
ηλ(t)Hα(Φλ(Xt, t))

(
dWα

t −hα,λ(Xt, t)dt
))2]

= EQλ

[(∫ t

0

L(F ) ◦ (Φλ(Xf−λ(u)), u)du
)
·

·
(∫ fλ(T )

0

√
ηλ(f−λ(u))Hα(Φλ(Xf−λ(u)), u)

(
dWα

f−λ(u)
− hα,λ(Xf−λ(u), f−λ(u))

1

ηλ(u)
du
))2]

EQλ

[∫ t

0

L(F )(PTλ
(Xu, u)du ·

∫ fλ(T )

0

Hα(PTλ
(Xu, u)dPTλ

(W )u

]
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= EP

[∫ t

0

L(F )(Xs, s)ds

∫ fλ(T )

0

Hα(Xu, u)dWu

]
where the relevant fact that (X,W ) underP has the same distribution of (PTλ

(X), PTλ
(W ))

under Qλ has been exploited.
Let us now use Holder inequality and Itô isometry, getting

EP

[∣∣∣∣∣
(∫ t

0

L(F )(Xs, s)ds

)(∫ fλ(T )

0

Hα(Xt, t)dW
α
t

)2∣∣∣∣∣
]
≤

≤

(
EP

[(∫ t

0

L(F )(Xs, s)ds
)2]) 1

2

·

(
EP

[(∫ fλ(T )

0

Hα(Xt, t)dW
α
t

)4]) 1
2

≤

≤ ||F ||C2

(
EP

[∫ t

0

|µ(Xs, s)|2ds

]
+ EP

[∫ t

0

|σ(Xs, s)|2ds

]) 1
2

·

·

(
EP

[(∫ fλ(T )

0

|Hα(Xt, t)|2dt
)2]) 1

2
)
.

Since by Hypothesis 5.4 Hα, µ, σ ∈ L2, it has just been proven that the first addend of
∂2λP (λ) is in L1.

Let us now consider the fifth addendum of ∂2λP (λ) in (6.2). From Proposition 4.4 we
have

∂2λhα,λ = ∂λ
( 1
√
ηλ
Hα ◦ Φλ

)
= − τ

2
√
ηλ
Hα ◦ Φλ +

1
√
ηλ
Y (Hα) ◦ Φλ

and so∫ T

0

∂2λhα,λ(Xt, t)dW
α
t −

∫ T

0

((∂λhα,λ(Xt, t))
2 − hα,λ(Xt, t)∂

2
λhα,λ(Xt, t))dt =

=

∫ T

0

∂2λhα,λ(Xt, t)(dW
α
t − hα,λ(Xt, t)dt)−

∫ T

0

((∂λhα,λ(Xt, t))
2dt.

Applying Radon Nikodym theorem the expectation with respect to P of the fifth addend
is equal to

EQλ

[(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

)∫ T

0

∂2λhα,λ(Xt, t)(dW
α
t − hα,λ(Xt, t)dt)

]
+

−EQλ

[(∫ f−λ(t)

0

L(F ) ◦ Φλ(Xs, s)f
′
λ(s)ds

)∫ T

0

((∂λhα,λ(Xt, t))
2dt

]
.

Let us examine these two expected values separately. Applying the time change s′ = fλ(s)

EQλ

[(∫ t

0

L(F )(PTλ
(Xs′))ds

′
)∫ T

0

∂2λhα,λ(Xt, t)(dW
α
t − hα,λ(Xt, t)dt)

]
,

while for the second factor we have∫ T

0

∂2λhα,λ(Xt, t)(dW
α
t − hα,λ(Xt, t)dt) =

∫ fλ(T )

0

√
ηλ∂

2
λhα,λ(Xf−λ(t′), f−λ(t

′))
1

√
ηλ

(dWα
f−λ(t′)

− hα,λ(Xf−λ(t′), f−λ(t
′))

1

ηλ(f−λ(t′))
dt′)
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∫ fλ(T )

0

√
ηλ(f−λ(t′))

( −τ
2
√
ηλ

+
Y

√
ηλ

)
Hα ◦ Φλ(Xf−λ(t′), f−λ(t

′))d[PTλ
(W )]t′ =

∫ fλ(T )

0

(−τ
2

+ Y
)
Hα([PTλ

(X)]t′)d[PTλ
(W )]t′ .

So, the whole first expectation is equal to

EQλ

[(∫ t

0

L(F )(PTλ
(Xs′))ds

′
)(∫ fλ(T )

0

(−τ
2

+ Y
)
Hα([PTλ

(X)]t′)d[PTλ
(W )]t′

)]

= EP

[(∫ t

0

L(F )(Xs′ , s
′)ds′

)(∫ fλ(T )

0

(−τ
2
Hα(Xt′ , t

′) + Y (Hα(Xt′ , t
′)
)
dWα

t′

)]
,

where the fact that (X,W ) under P has the same distribution of (PTλ
(X), PTλ

(W ))

under Qλ has been used. Concerning the second expectation and applying Itô isometry
to the second factor it becomes

EQλ

[(∫ t

0

L(F )[PTλ
(X)]s′ ]ds

′
)(∫ T

0

∂λhα,λ(Xt, t))dW̃t

)2]

with W̃ a canonical Brownian motion with respect to Qλ. Since the expectation depends
only on the law of a process, we can choose as W̃t the Brownian motion given by Girsanov
theorem: dWα

t − hα,λdt. Thus, applying the time change and Itô isometry we obtain

EQλ

[(∫ t

0

L(F )[PTλ
(X)]s′ ]ds

′
)(∫ T

0

∂λhα,λ(Xt, t))(dW
α
t − hα,λ(Xt, t)dt))

)2]

= EQλ

[(∫ t

0

L(F )[PTλ
(X)]s′ ]ds

′
)(∫ T

0

Hα ◦ Φλ√
ηλ

(Xt, t))(dW
α
t − hα,λ(Xt, t)dt))

)2]
=

= EQλ

[( ∫ t

0

L(F )[PTλ
(X)]s′ ]ds

′
)(∫ fλ(T )

0

Hα ◦ Φλ(Xf−λ(t′), f−λ(t
′))d[PTλ

(W )]t′
)2]

= EQλ

[( ∫ t

0

L(F )[PTλ
(X)]s′ ]ds

′
)(∫ fλ(T )

0

Hα[PTλ
(X)]t′d[PTλ

(W )]t′
)2]

=

= EP

[( ∫ t

0

L(F )(Xs′ , s
′)ds′

)(∫ fλ(T )

0

Hα(Xt′ , t
′)dWt′

)2]
since (X,W ) under P has the same distribution of (PTλ

(X), PTλ
(W )) under Qλ.

Putting together what we have achieved so far, we have that the fifth addend of
∂2λP (λ) can be written as

EP

[(∫ t

0

L(F )(Xs′ , s
′)ds′

)(∫ fλ(T )

0

(−τ
2
Hα(Xt′ , t

′) + Y (Hα(Xt′ , t
′)
)
dWα

t′

)]
+

−EP
[( ∫ t

0

L(F )(Xs′ , s
′)ds′

)(∫ fλ(T )

0

(Hα(Xt′ , t
′)2dt′

)]
By Holder inequality and Itô isometry it can be proved that also the fifth addend of
∂2λP (λ) is in L1. All the other terms can be treated in a similar way.
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7 Examples

In this section we systematically use the transformation of a nonautonomous SDE
(µ(x, t), σ(x, t)) into the corresponding autonomous SDE (µ̃(x, z), σ̃(x, z)) as described in
Remark 6.2.

7.1 Brownian motion

Let us consider as first example the one-dimensional Brownian motion(
dXt

dZt

)
=

(
dWt

dt

)
If we look for quasi Doob symmetries of the form V = (Y, τ,H), with Y = f(x, z)∂x +

m(x, z)∂z, τ = τ(z) and H = H(x, z), the determining equations are

L(f) +H = 0

L(m)− τ = 0

fx − 1

2
τ = 0

mx = 0

where L = 1
2∂xx + ∂z is the generator associated with the SDE. From the last equation

we have that m = β(z), and from the second one we get τ = β′(z). Therefore, the
third equation gives f = 1

2β
′(z)x and from the first one we can compute H = −L(f) =

− 1
2xβ

′′(z) and we have the following family of quasi Doob symmetries for the Brownian
motion

V =

((
1
2β

′(z)x

β(z)

)
, β′(z),−1

2
β′′(z)x

)
,

where β(z) is an arbitrary deterministic function of time. In order to find the one-
parameter group Φλ(x, z) corresponding to the vector field Y we solve the following
system of differential equations

dx

dλ
=

1

2
β′(z)x

dz

dλ
= β(z)

and we find zλ = M(λ, z0) and xλ = x0 exp(
1
2

∫
β′(zλ)dλ). Moreover, since the equation

for the one-parameter group associated with η is

dη

dλ
= ητ = ηβ′(zλ)

we get ηλ = η0 exp(
∫
β′(zλ)dλ). Finally, we have to solve the equation for hλ, i. e.

dh

dλ
=

1
√
ηλ

(H ◦ Φλ) = − x0
2
√
η0
β′′(zλ)

and, choosing η0 = 1 we get

hλ = −x0
2

∫
β′′(zλ)dλ.

Considering (x, z) = (x0, z0) as the starting point and exploiting the expression for hλ,
we can find hλ: in fact, Proposition 4.10 ensures that

hλ = −x
2

4

∫
β′′(zλ)dλ.
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Finally, we can explicitly compute the expression of the function Ghλ
= 1

2h
2
λ + L(hλ)

appearing in Proposition 4.10, i.e.

Ghλ
=

1

4
x2
[∫

β′′(zλ)dλ

]2
− 1

4
x2
∫
β′′′(zλ)dλ− 1

4

∫
β′′(zλ)dλ

In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute
the following expressions

Hα = −1

2
β′′(z)x

Y (Hα) =
1

2
x

[
−1

2
β′(z)β′′(z)− β(z)β′′′(z)

]
L(Y i) =

(
1
2β

′′(z)x

β′(z)

)
Σα(Y

i) =

(
1
2β

′(z)

0

)
L(Y (Y i)) =

(
1
2x
[
1
2 (β

′(z))2 + β(z)β′′(z)
]

(β′(z))2 + β(z)β′′(z)

)
Σα(Y (Y i)) =

(
1
4 (β

′(z))2 + 1
2β(z)β

′′(z)

0

)
Since the previous expressions are continuous in z and at most with linear growth
in x we get that Hα, Y (Hα), L(Y

i),Σα(Y
i), L(Y (Y i)),Σα(Y (Y i)) are in L2(Ω) since are

polynomials of Gaussian r.v.
Applying Theorem (5.5) we get our integration by parts formula (with m = β(z))

EP

[
F ′(Xt)

1

2
β′(Z)Xt

]
= EP

[
F (Xt)

(∫ T

0

(
1

2
β′′(s)XsdWs

)]
+ β(t)EP

[
1

2
F ′′(Xt)

]
.

Since we started by a quasi Doob symmetry, by writing the Doleans-Dade exponential
according to Definition 4.9 and considering Corollary 5.7 with k(x, z) = −x2

4 β
′′(z) the

previous integration by parts formula admits also the following simplified form

EP

[
F ′(Xt)

1

2
β′(Z)Xt

]
=

EP

[
F (Xt)

(
X2

T
4
β′′(Z)− X2

0

4
β′′(Z)−

∫ T

0

(
X2

s

4
β′′′(Z) +

1

4
β′′(Z)

)
ds

)]

+ β(t)EP

[
1

2
F ′′(Xt)

]
.

A standard application of Itô formula to the function g(X,Z) = X2

4 β
′′(Z) allows us to

verify that the two integration by parts formulas are consistent.

7.2 Generalized Ornstein-Uhlenbeck process

We consider the generalized OU process(
dXt

dZt

)
=

(
−v′(Xt)

1

)
dt+

(
1

0

)
dWt,

where Wt is a one dimensional Brownian motion and v′(x) is the derivative of a function
v(x), which is a polynomial with an even degree with positive leading coefficients. If we
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look for quasi Doob symmetries of the form V = (Y, τ,H), with Y = f(x, z)∂x +m(x, z)∂z,
τ = τ(z) and H = H(x, z), the determining equations are

fv′′(x) + L(f) +H + τv′(x) = 0

L(m)− τ = 0

fx − 1

2
τ = 0

mx = 0

where L = 1
2∂xx − v′(x)∂x + ∂z is the generator associated with the SDE. In particular, if

we look for quasi Doob symmetries with τ = 0 we get m(x, z) = const and f(x, z) = β(z).
Moreover, from the first equation we find H(x, z) = −β(z)v′′(x) − β′(z) and, choosing
m = 0 we have an infinite-dimensional family of infinitesimal symmetries of the form

V =

((
β(z)

0

)
, 0,−β(z)v′′(x)− β′(z)

)

where β(z) is an arbitrary deterministic function of z.
In order to find the one-parameter group Φλ(x, z) corresponding to the vector field Y

we solve the following system of differential equations

dx

dλ
= β(z)

dz

dλ
= 0

and we find Φλ(x, z) = (β(z)λ+x, z). Moreover, since the equation for the one-parameter
group associated with η is

dη

dλ
= ητ = 0

we get ηλ = η0 = 1. Therefore, solving the equation for hλ, i.e.

dh

dλ
=

1
√
ηλ

(H ◦ Φλ) = [−β(z)v′′(x+ λβ(z))− β′(z)]

we find

hλ = −v′(x+ λβ(z)) + v′(x)− λβ′(z).

The following step consists in writing the explicit expression for h. Using Proposition
4.10 we have

hjλ(x) = σi
j(x)∂xi(hλ)(x)

that means

hλ =

∫ x

0

(−v′(s+ λβ(z)) + v′(s)− λβ′(z0)) ds =

= −v(x+ λβ(z)) + v(λβ(z)) + v(x)− v(0)− xλβ′(z).

Now, we can explicitly compute the expression of the function Ghλ
= 1

2h
2
λ + L(hλ)

appearing in Proposition 4.10, i.e.

Ghλ
= −1

2
v′′(x+ λβ(z)) +

1

2
v′′(x)− 1

2
v′(x)2 + λβ′(z)v′(λβ(z))− λxβ′′(z)

+
1

2
[v′(x+ λβ(z))]2 +

1

2
λ2β′(z)2.
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In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute

Hα = −β(z)v′′(x)− β′(z)

Y (Hα) = −(β(z))2v′′′(x)

L(Y i) =

(
β′(z)

0

)

Σα(Y
i) =

(
0

0

)

L(Y (Y i)) =

(
0

0

)

Σα(Y (Y i)) =

(
0

0

)
.

Taking ϕ(x) = exp(Kv(x)) we have that

∂t(ϕ) + L(ϕ) = −K(v′(x))2ϕ(t, x) +
1

2
Kv′′(x)ϕ(t, x) +

1

2
(K)2(v′(x))2ϕ(t, x).

Since v by hypothesis is a polynomial with an even degree with positive leading coeffi-
cients, then there exist K,M > 0 such that the following inequality holds(

−K +
1

2
(K)2

)
(v′(x))2 +

1

2
Kv′′(x) ≤M.

Furthermore ϕ = exp(Kv(x)) is a Lyapunov function for OU process. Indeed, since v′′(x)
and v′′′(x) are polynomials while ϕ(x) grows more than exponentially, then

|v′′(x)|p, |v′′′(x)|p ≤ c1ϕ(x) + c2.

Finally, we can apply Theorem 5.5, obtaining the following explicit integration by
parts formula

EP[β(t)F
′(Xt)] = EP[F (Xt)(

∫ T

0

(β(s)v
′′
(Xs) + β′(s))dWs)],

where we used the assumption that m(z) = 0.
Applying Corollary 5.7 with

k(x, z) = ∂λhλ|λ=0 = −v′(x)β(z) + v′(0)β(z)− xβ′(z)

we have

EP[β(t)F
′(Xt)] =

EP

[
F (Xt)(v

′(Xt)β(t) +Xtβ
′(t)− v′(0)β(t)− (v′(X0)β(0) +X0β

′(0)− v′(0)β′(0))

−
∫ T

0

(
1

2
β(s)v

′′′
(Xs) +Xsβ

′′
(s)− v′(0)β′(s)− v

′
(Xs)v

′′
(Xs)β(s))ds

]

and by applying Itô formula to the function g(x, z) = v′(x)β(z) + xβ′(z)− v′(0)β(z) it is
possible to verify that the two formulas are consistent.
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7.3 Bessel process

We consider the one-dimensional Bessel process(
dXt

dZt

)
=

(
a
Xt

1

)
dt+

(
1

0

)
dWt,

where Wt is a one dimensional Brownian motion and a ≥ 5
2 is a real constant.

The determining equations for quasi Doob symmetries of the form V = (Y, τ,H), with
Y = f(x, z)∂x +m(x, z)∂z, τ = τ(z) and H = H(x, z) are

a

x2
f + L(f) +H − τ

a

x
= 0

L(m)− τ = 0

fx − 1

2
τ = 0

mx = 0

where L = 1
2∂xx + a

x∂x + ∂z is the generator associated with the SDE.
It is easy to check that we have an infinite-dimensional family of quasi Doob symme-

tries of the form

V =

((
1
2β

′(z)x

β(z)

)
, β′(z),−1

2
β′′(z)x

)
where β(z) is an arbitrary deterministic function of time.

The one-parameter group Φλ(x, z) corresponding to the vector field Y has been
already computed in Example 1 (Brownian Motion) as well as

ηλ = η0 exp[

∫
β′(zλ)dλ]

hλ = −x0
2

∫
β′′(zλ)dλ

hλ = −x
2

4

∫
β′′(zλ)dλ.

Therefore, we have only to compute the explicit expression of the function Ghλ
=

1
2h

2
λ + L(hλ) appearing in Proposition 4.10, i.e.

Ghλ
=

1

4
x2

[
1

2

(∫
β′′(zλ)

)2

−
∫
β′′′(zλ)dλ

]
− 1 + 2a

4

∫
β′′(zλ)dλ.

In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute

Hα = −1

2
β′′(z)x

Y (Hα) =
1

2
x

[
−1

2
β′(z)β′′(z)− β(z)β′′′(z)

]
L(Y i) =

(
1
2

[
a
xβ

′(z) + β′′(z)x
]

β′(z)

)
Σα(Y

i) =

(
1
2β

′(z)

0

)
L(Y (Y i)) =

(
a
2x

[
1
2 (β

′(z))2 + β(z)β′′(z)
]
+ 1

2x[2β
′(z)β′′(z) + β(z)β′′′(z)]

(β′(z))2 + β(z)β′′(z)

)

EJP 30 (2025), paper 86.
Page 30/41

https://www.imstat.org/ejp

https://doi.org/10.1214/25-EJP1349
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Integration by parts formulas

Σα(Y (Y i)) =

(
− a

2x2

[
1
2 (β

′(z))2 + β(z)β′′(z)
]
+ 1

2 [2β
′(z)β′′(z) + β(z)β′′′(z)]

0

)
If we take

ϕ1(x, t) = exp(g(t)x2)

we have

∂t(ϕ1) + L(ϕ1) = g′(t)x2ϕ1 + 2ag(t)ϕ1 +
1

2
(2g(t)ϕ1 + 4g(t)2x2ϕ1).

To make the previous quantity less thanMϕ1 we require that

g′(t) + 2g(t)2 ≤ 0.

Let us analyse the behaviour in the neighborhood of zero by considering

ϕ2(t, x) = x−α α > 0.

Since

∂t(ϕ2) + L(ϕ2) = α

[
−a+ 1

2
(α+ 1)

]
x−α−2

we have to ask (
−a+ 1

2
(α+ 1)

)
≤ 0 ⇒ α ≤ 2a− 1.

Requiring α > 4 we get

a >
5

2
.

Since, for suitable constants c2, c2 and c3, we have

|Hα|2, |Y (Hα)|2, |L(Y i)|2, |Σα(Y
i)|2, |L(Y (Y i))|2, |Σα(Y (Y i))|2 ≤ c1ϕ1 + c2ϕ2 + c3,

the Hypothesis 5.4 holds. Applying Theorem (5.5) we get

EP

[
1

2
β′(t)XtF

′(Xt)

]
=

m(t)EP

[
1

2
F ′′(Xt) +

a

Xt
F ′(Xt)

]
+ EP

[
F (Xt)

(∫ T

0

1

2
β

′′
(s)XsdWs

)]
.

Since we have a quasi Doob symmetry, by Corollary 5.7 with k(x, z) = −x2

4 β
′′(z) we get

EP

[
1

2
β′(t)XtF

′(Xt)

]
= m(t)EP

[
1

2
F ′′(Xt) +

a

Xt
F ′(Xt)

]

+EP

[
F (Xt)

(
X2

t

4
β′′(t)− X2

0

4
β′′(0) +

∫ T

0

(
1

4
β

′′
(s) +

a

2
β

′′
(s) +

X2
s

4
β′′′(s))ds

)]

and the consistency of the two formulas can be established applying Itô formula to the
function g(x, z) = x2

4 β
′′(z).
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7.4 Stochastic volatility models

We consider the following family of volatility models, representing a generalization of
the well-known Heston modeldνtdSt

dZt

 =

aνt + b

µ0St

1

 dt+

σ0να1
t 0

0 να2
t St

0 0

 ·
(
dW 1

t

dW 2
t

)
whereWt = (W 1

t ,W
2
t ) is a two-dimensional Brownian motion and a, b, µ0, σ0 are constants

whose range of values will be discussed below. For calculations it is convenient to
introduce the transformation Xt = log(St), obtaining for the second equation

dXt =

(
µ0 −

1

2
ν2α2

)
dt+ να2

t dW 2
t .

The generator corresponding to the (complete) SDE is

L =
1

2
σ2
0ν

2α1∂νν +
1

2
ν2α2∂xx + (aν + b)∂ν +

(
µ0 −

1

2
ν2α2

)
∂x + ∂z (7.1)

and the determining equation for Girsanov infinitesimal symmetries are

af − L(f)− σ0ν
α1H1 + τ(aν + b) = 0

−α2fν
2α2−1 − L(g)− να2H2 + τ(µ0 −

1

2
ν2α2) = 0

−L(m) + τ = 0

α1σ0fν
α1−1 − fνσ0ν

α1 +
1

2
τσ0ν

α1 = 0

−fxνα2 = 0

−gνσ0να1 = 0

α2fν
α2−1 − gxν

α2 +
1

2
τνα2 = 0

−mνσ0ν
α1 = 0

−mxν
α2 = 0 (7.2)

Solving these equations we find the following infinite dimensional family of Girsanov
symmetries:

V =




β′(z)
2(1−α1)

ν
(α2+1−α1)β

′(z)
2(1−α1)

x

β(z)

 , β′(z),

(
H1

H2

)
where β(z) is an arbitrary function of time and

H1 =
1

σ0

[
ν−α1

(
bβ′(1− 2α1)

2(1− α1)

)
+ ν1−α1

(
aβ′ − β′′

2(1− α1)

)]
H2 = να2

[
β′(−α2 + α1 − 1)

4(1− α1)

]
+ ν−α2

[
µ0β

′(1− α1 − α2)− xβ′′(α2 + 1− α1)

2(1− α1)

]
.

In order to find the one-parameter group Φλ(ν, x, z) corresponding to the vector field Y
we have to solve the following system of differential equations

dν

dλ
=

β′(z)

2(1− α1)
ν

dx

dλ
=

β′(z)(α2 + 1− α1)

2(1− α1)
x

dz

dλ
= β(z)
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and we find

νλ = ν0 exp

[
M

2(1− α1)

]
xλ = x0 exp

[
M(α2 + 1− α1)

2(1− α1)

]
zλ = N(λ, z0)

where M =
∫
β′(zλ)dλ. Moreover, since the equation for the one-parameter group

associated with η is
dη

dλ
= η(τ ◦ Φλ) = ηβ′(zλ)

we get ηλ = η0 exp[M ]) and we can use the previous expression in order to find hλ, re-
calling that dhi

dλ = 1√
ηλ
Hi(νλ, xλ, zλ). Indeed, with long but straightforward computations

we get

h1λ = −b(1− 2α1)

σ0
ν−α1
0

(
exp

[
−M

2(1− α1)

]
− 1

)
+
ν1−α1

σ0

(
aM −

∫
β′′(zλ)dλ

2(1− α1)

)
h2λ =

(−α2 + α1 − 1)

2(α1 + α2 − 1)
να2
0

(
exp

[
M(α1 + α2 − 1)

2(1− α1)

]
− 1

)
+ µ0

(1− α1 − α2)

(α1 − α2 − 1)
ν−α2
0 ×

×
(
exp

[
M(α1 − α2 − 1)

2(1− α1)

]
− 1

)
− x0

(1− α1 + α2)

2(1− α1)
ν−α2
0

∫
β′′(zλ)dλ.

In order to check the integrability condition, we remark that in this case we have a
Girsanov symmetry that is not of quasi Doob type. On the other hand, since the first
equation is independent of the second one, if we consider only the first and the last
components of the vector field Y we get a quasi Doob symmetry in the coordinates (ν, z)
and we can look for the functions h1λ and Gh1λ

as in the previous examples. After long
but straightforward computations we get

h1λ =
1

σ0

(
−bν−2α1+1

[
exp

(
−M

2(1− α1)

)
− 1

]
+

ν2−2α1

2(1− α1)

[
aM −

∫
β′′(zλ)dλ

2(1− α1)

])
and

Gh1λ
= ν−1 [bα1(1− 2α1)Ω1] +

(1− 2α1)b
2ν−2α1

2σ2
0

[
−2Ω1 + (1− 2α1)Ω

2
1

]
+

+
bν1−2α1

σ2
0

[
−a(1− 2α1)Ω1 +Ω2 +

(Ω1 + 1)M ′

2(1− α1)
− (1− 2α1)Ω1Ω2

]
+

+
ν2−2α1

σ2
0

[
aM ′

2(1− α1)
+ aΩ2 −

∫
β′′′(zλ)dλ

4(1− α1)2
+

Ω2
2

2

]
+

1− 2α1

2
Ω2

where

Ω1 = exp

(
−M

2(1− α1)

)
− 1

Ω2 = aM −
∫
β′′(zλ)dλ

2(1− α1)
.

In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute

H1 =
1

σ0

[
ν−α1

(
bβ′(z)(1− 2α1)

2(1− α1)

)
+ ν1−α1

(
aβ′(z)− β′′(z)

2(1− α1)

)]
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H2 = να2

[
β′(z)(α1 − α2 − 1)

4(1− α1)

]
+ ν−α2

[
µ0β

′(z)(1− α1 − α2)− xβ′′(z)(α2 + 1− α1)

2(1− α1)

]
Y (H1) = ν−α1K1(z) + ν1−α1K2(z)

Y (H2) = να2K3(z) + ν−α2K4(z) + xν−α2K5(z)

L(Y 1) = νK6(z) +K7(z)

L(Y 2) = ν2α2K8(z) + xK9(z) +K10(z)

L(Y 3) = β′(z)

Σ1(Y
1) = να1K11(z)

Σ1(Y
2) = Σ1(Y

3) = 0

Σ2(Y
1) = Σ2(Y

3) = 0

Σ2(Y
2) = να2K12(z)

where K7,K8,K10,K11 and K12 are some continuous functions depending on β(z), β′(z),
K1,K2,K3,K4,K6 and K9 are some continuous functions depending on β(z), β′(z), β′′(z),
and finally K5 is a continuous function depending on β(z), β′(z), β′′(z), β′′′(z). To find the
integration by part formula for the stochastic volatility model under study in this section,
we need to prove the following technical result.

Lemma 7.1. Suppose that

α1 >
1

2
, α2 ≤ 1

2
, a < 0, b > 0.

Then
φ1(x, ν) = exp(kν), k << 1

φ2(x, ν) = exp(kν−k′
), k, k′ << 1

φ3(x, ν) = x2(ν−1 + c) + c1 exp(kν) + c,

are Lyapunov functions for the original model equation. If α1 = α2 = 1
2 and b > σ2, then

φ1(x, ν) = ν−1

φ2(x, ν) = exp(kν), k << 1

φ3(x, ν) = x2(ν−1 + c) + c1 exp(kν) + c2ν
−1 + c3

are Lyapunov functions for the original model equation.

Proof. We give the proof only for the case α1 = α2 = 1
2 . Let us consider φ1(ν) = ν−1. If L

denote the infinitesimal generator given in (7.1) we get

∂t(φ1) + L(φ1) = σ2
0 · ν−2 − (aν + b)ν−2 = (σ2

0 − b)ν−2 − aν−1 < M1

for some constantM1 since by hypothesis b > σ2
0 . Taking φ2 = exp(kν) we have

∂t(φ2) + L(φ2) =
1

2
σ2
0k

2ν exp(kν) + (aν + b)k exp(kν) = k[(
1

2
σ2
0k + a)ν + b] exp(kν) < M2

for some constant M2 whenever k <
−2a
σ2
0
, being a < 0. Finally with φ3(ν) = x2(ν−1) +

cx2 + ψ(ν), where ψ(ν) = c1 exp(kν) + c2ν
−1 + c3, we obtain

∂t(φ3) + L(φ3) = x2L(φ1) + L(ψ(ν)) + 1 + νc+ 2(µ0 −
1

2
ν)xν−1 + 2(µ0 −

1

2
ν)xc.
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By the first part of the proof we have that L(φ1) < M1 and L(ψ(ν)) < M3 (for some
M3 > 0). This implies that

x2L(φ1) + L(ψ(ν)) < M1x
2 +M3 < d1φ3 + e1

for some d1, e1 > 0. Furthermore

cν <
c

2
+
ν2

2
< d2ψ(ν) + e2 < d2φ3 + e2.

In a similar way we get

2

(
µ0 −

1

2
ν

)
xν−1 = µ0x

2 +
µ0

ν2
+

1

2
+
x2

2
< d3φ3 + e3,

and

2

(
µ0 −

1

2
ν

)
xc < cµ0 + cµ0x

2 +
cν2

2
+
x2

2
< d4φ3 + e4.

This means that there are some constants c4, c5 > 0 for which

∂t(φ3) + L(φ3) ≤ c4φ3 + c5,

and, hence, we get the thesis.

Finally, Theorem (5.5) permits us to obtain the following integration by parts formula
for our two-dimensional model:

EP

[
β′(z)

2(1− α1)
νt∂νF (νt, Xt) +

(α2 + 1− α1)β
′(z)

2(1− α1)
Xt∂xF (νt, Xt)

]
=

m(t)EP

[
1

2
σ2
0ν

2α1∂ννF (νt, Xt) +
1

2
ν2α2∂xxF (νt, Xt) + (aν + b)∂νF (νt, Xt)+

+(µ0 −
1

2
v2α2)∂xF (νt, Xt)

]
− EP

[(∫ T

0

1

σ0
[ν−α1

(
bβ′(1− 2α1)

2(1− α1)

)
+

+ν1−α1

(
aβ′ − β′′

2(1− α1)

)
dW 1

s

)
F (Xt)

]
− EP

[(∫ T

0

να2

[
β′(−α2 + α1 − 1)

4(1− α1)

]
+

+ν−α2 [
µ0β

′(1− α1 − α2)− xβ′′(α2 + 1− α1)

2(1− α1)
dW 2

s

)
F (Xt)

]
Applying Corollary 5.7 we obtain

EP

[
β′(z)

2(1− α1)
νt∂νF (νt, Xt) +

(α2 + 1− α1)β
′(z)

2(1− α1)
Xt∂xF (νt, Xt)

]
=

m(t)EP

[
1

2
σ2
0ν

2α1∂ννF (νt, Xt) +
1

2
ν2α2∂xxF (νt, Xt) + (aν + b)∂νF (νt, Xt)+

+(µ0 −
1

2
v2α2)∂xF (νt, Xt)

]
+

−EP

[(∫ T

0

1

σ0
[ν−α1

(
bβ′(1− 2α1)

2(1− α1)

)
+ ν1−α1

(
aβ′ − β′′

2(1− α1)

)
dW 1

s

)
F (Xt)

]

−EP

[(∫ T

0

να2

[
β′(−α2 + α1 − 1)

4(1− α1)

]
+

+ν−α2 [
µ0β

′(1− α1 − α2)− xβ′′(α2 + 1− α1)

2(1− α1)
dW 2

s

)
F (Xt)

]
.
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A Appendix A

In this section we provide an integration by parts formula using a Lie’s symmetries
approach in a finite dimensional setting by taking smooth cylindrical functionals of the
diffusion process.

Let us start by some useful definitions and by making explicit our main assumptions.

Definition A.1. Let us introduce S = (t1, t2, ..., tk) with t1, t2, ..., tk some fixed times such
that t1 > t2 > ... > tk. A function FS :M → R is called a smooth cylindrical function if
there exists a C∞ function f :Mk → R such that

FS(X) = f(Xt1 , Xt2 , ..., Xtk).

Lemma A.2. Let FS(X) be a smooth cylindrical function. Introducing the process

F̃t := F̃S(Xt) := f(Xt1∧t, Xt2∧t, ..., Xtk∧t),

we have

F̃t − F̃0 =

∫ t

0

n∑
i=1

∂s,Si F̃ ·
m∑

α=1

σi
αdW

α
s +

∫ t

0

Ls,S(F̃ )ds (A.1)

where

∂s,Si F̃ =
∑

j≤NS
s

∂yi
j
f

with

NS
s = min{i, ti > s, ti ∈ S}

and

Ls,S(F ) =
1

2

∑
j1,j2≤Ns(S)

n∑
i,l=1

m∑
α=1

σi
ασ

l
α∂yi

j1
,yl

j2
f +

∑
j≤Ns(S)

n∑
i=1

µi(Xs)∂yi
j
f

Proof. By applying multidimensional Itô formula to the function F̃S(Xt) :M → R we get

F̃S(Xt)− F̃S(X0) =

∫ t

0

n∑
i=1

m∑
α=1

∂iF̃
S(Xs)σ

i
αdW

α
s +

∫ t

0

LS
s (F̃ )(Xs)ds.

We remark that F̃S(Xs) is not a function of the n-dimensional v.a. Xs but of a variable
number of copies ofXs depending on where the time s falls. For example, if tk < s < tk−1,
then F̃S(Xs) = f(Xs, Xs, ., ., ., Xs, Xtk), that is F̃

S(Xs) is a function of k − 1 copies of Xs.

Therefore, in the general case we recognize the following identities

∂iF̃
S(Xs) = ∂if(Xt1∧s, Xt2∧s, ..., Xtk∧s) =

∑
j≤NS

s

∂yi
j
f

and

∂i,lF
S(Xs) = ∂i,lf((Xt1∧s, Xt2∧s, ..., Xtk∧s) =

∑
j1,j2≤NS

s

∂yi
j1

,yl
j2
f

where yij denotes the (effective) j component of the derivative of the function f with
respect to i.

We state our generalized integration by parts formula.
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Theorem A.3 (Integration by parts formula). Let (X,W ) be a solution to the SDE (3.1)
and let (Y, τ,H) be an infinitesimal stochastic symmetry for the SDE. Let us consider
the one-parameter group Tλ = (Φλ, ηλ, hλ) associated with the infinitesimal symmetry
according to Proposition 4.4. Taking a cylindrical function FS , with S = (t1, t2, ..., tk),
and assuming Hypothesis 5.4, the following integration by parts formula holds (with
tk+1 = 0)

k∑
i=1

EP[−m(ti)L
ti,S(F̃ ) +m(ti+1)L

ti+1,S(F̃ )] + EP

[
F̃ (Xt)

(∫ t

0

Hα(Xs, s)dW
α
s

)]
+

+ EP[(Y (F̃ )S)(Xt, t)]− EP[(Y (F̃ )S)(X0, 0)] = 0 (A.2)

Proof. Since the random transformation Tλ is a symmetry for the SDE, denoting by
Xλ

t = PTλ
(X,W ), by definition of symmetry we have

EP[F̃
S(Xt)] = EQλ

[F̃S(Xλ
t )].

Using Itô formula for a composite function F̃ (Φλ) we get

F (Φλ(Xt) =

∫ t

0

Ls,S(F )(Φλ)
f−λ(S)ds+

∫ t

0

∂s,Si (F )(Φλ)σ
i
αdW

α, (A.3)

which gives

EP[F̃
S(Xt)] = EQλ

[∫ t

0

Ls,S(F )(Φλ)
f−λ(S)dsλ

]
.

Denoting by f−λ(S) = (f−λ(t1), ..., f−λ(tk)) the inverse of the deterministic time change
fλ(t)(S) = (fλ(t1), ..., fλ(tk)) and applying a change of variables we get, ∀t ∈ [0, T ],

EQλ

[∫ t

0

Ls,S(F )(Φλ)dsλ

]
= EQλ

[∫ f−λ(t)

0

Ls,S(F )(Φλ)(Xs, s)f
′
λ(S)ds

]
and performing a Radom-Nikodym measure change in the expectation on the right-hand
side we obtain

EP

[
F̃S(Xt)

]
= EP

[
dQλ

dP

∣∣∣∣
Ft

∫ f−λ(t)

0

Ls,S(F̃ )(Φλ)(Xs, s)f
′
λ(S)ds

]
.

Applying Fubini’s theorem and putting tk+1 = 0 we get

EP[F̃
S(Xt)] = EP

[
dQλ

dP

∣∣∣∣
Fs

k∑
i=1

∫ f−λ(ti)

f−λ(ti+1)

Ls,S(F̃ )(Φλ)(Xs, s))f
′
λ(S)

]
ds. (A.4)

We want to take the derivative with respect to the parameter λ of both sides in the
previous equality. We note that in the left-hand side there is no dependence on the
parameter λ. In both terms of the right-hand side we have to take the derivative inside

the expectation. Denoting by P (λ) = Zλ

∫ f−λ(t)

0
Ls,T (F ◦Φλ)(Xs)f

′
λ(S)ds where Zλ = dQλ

dP ,
under Hypothesis 5.4 and by Theorem 5.6, we have that ∂2λP (λ) ∈ L2 and thus by Lemma
5.2

∂λEP[g̃(λ,X)] = EP[∂λg̃(λ,X)].

Taking the derivative with respect to λ in (A.4) and evaluating the result in λ = 0 we
obtain

k∑
i=1

EP[−m(ti)L
ti,S(F̃ ) +m(ti+1)L

ti+1,S(F̃ )]+
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+EP

[(∫ t1

0

Hα(Xs, s)dW
α
s

)(∫ t

0

Ls,S(F̃ )(Xs, s)ds

)]
+

+EP

[∫ t1

0

Y (Ls,S(F̃ ))(Xs, s)ds

]
(A.5)

where the first term has been obtained by using the fundamental theorem of calculus
for deriving both the λ dependent extremes of integration, the second one by taking
the partial derivative of the Doleans-Dade exponential process as in Definition 3.13 and
using the fact that, by Proposition 4.4, ∂λhλ,j(x, t)|λ=0 = Hj(x, t) with the conditions
η0 = 1,Φ0, the third one by deriving the spatial flow Φλ according with Proposition 4.4
together with the property that Φ0 is the identity function and the fourth one by deriving
with respect to λ the term f ′λ(S) (as in Theorem 5.5). Since [Y, L] = −τL+HαΣα we can
write

EP

[∫ t1

0

Y (Ls,S(F̃ ))(Xs, s)ds

]
= EP

[∫ t

0

Ls,S(Y (F̃ )(Xs, s)ds

]
+

−EP
[∫ t1

0

τ(s)Ls,S(F̃ )(Xs, s)ds

]
+ EP

[∫ t1

0

Hα(Xs, s)σ
i
α∂i(F̃ )(Xs)ds

]
By Itô formula we get

EP[(Y (F̃ )S)(Xt1 , t1)] = EP[(Y (F̃ )S)(X0, 0)]+

EP

[∫ t1

0

Ls,S(Y (F̃ ))(Xs, s)ds

]
+ EP

[∫ t1

0

∂s,Si Y (F̃ )(Xs, s)σ
i
αdW

α
s

]
.

Since stochastic integrals are martingales we can write

EP

[(∫ t1

0

Hα(Xs, s)dW
α
s

)(∫ t

0

Ls,S(F̃ )(Xs, s)ds

)]
=

EP

[(∫ t

0

Hα(Xs, s)dW
α
s

)(∫ t

0

Ls,S(F̃ )(Xs, s)ds

)]
,

and, by integration by parts,

EP

[(∫ t

0

Hα(Xs, s)dW
α
s

)(∫ t

0

Ls,S(F̃ )(Xs, s)ds

)]
=

E

[∫ t

0

{(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
Ls,S(F̃ )(Xs, s)ds

}
+

+

∫ t

0

(∫ s

0

Ls,S(F̃ )(Xτ , τ)dτ

)
Hα(Xs, s)dW

α
s +

[∫ t

0

Hα(Xs, s)dW
α
s ,

∫ t

0

Ls,S(F̃ )(Xs, s)ds

]]
where the last term is a zero quadratic variation. Again by martingale property of the
stochastic integral

EP

[∫ t1

0

(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
Ls,S(F̃ )(Xs, s)ds

]
=

= EP

[∫ t

0

{(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
Ls,S(F̃ )(Xs, s)ds+

+

(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
∂s,Si (F̃ ◦ Φλ)σ

i
αdW

α

}]
(A.6)
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Applying stochastic integration by parts formula to the second term in (A.6) we have∫ t

0

(∫ s

0

Hα(Xτ , τ)dW
α
τ

)
∂s,Si (F̃ ◦ Φλ)σ

i
αdW

α =

=

(∫ t

0

Hα(Xs, s)dW
α
s

)(∫ t

0

∂s,Si (F̃ ◦ Φλ)σ
i
αdW

α

)
+

−
∫ t

0

(∫ s

0

∂s,Si (F̃ ◦ Φλ)σ
i
αdW

α
)
Hα(Xτ , τ)dW

α
τ +

−
[∫ t

0

Hα(Xs, s)dW
α
s ,

∫ t

0

∂s,Si (F̃ ◦ Φλ)σ
i
αdW

α

]
,

with the quadratic variation equal to∫ t

0

(∂s,Si (F̃ ◦ Φλ)σ
i
α) ·Hα(Xs, s)ds.

Summing the two stochastic expressions we get(∫ t

0

Ls,S(F̃ )(Xs, s)ds+

∫ t

0

∂s,Si (F̃ ◦ Φλ)σ
i
αdW

α

)(∫ t

0

Hα(Xτ , τ)dW
α
τ

)

−
∫ t

0

(∫ s

0

Lτ,S(F̃ )(Xτ , τ)dτ +

∫ s

0

∂τ,Si (F̃ ◦ Φλ)σ
i
αdW

α

)
Hα(Xs, s)dW

α
s +

−
∫ t

0

(∂s,Si (F̃ ◦ Φλ)σ
i
α) ·Hα(Xs, s)ds

and inserting our final expressions in (A.5), we finally get our integration by parts
formula:

k∑
i=1

EP[−m(ti)L
ti,S(F̃ ) +m(ti+1)L

ti+1,S(F̃ )] + EP

[
F̃ (Xt)

(∫ t

0

Hα(Xs, s)dW
α
s

)]
+

+EP[(Y (F̃ )S)(Xt, t)]− EP[(Y (F̃ )S)(X0, 0)] = 0
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