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Abstract

A strong quasi-invariance principle and a finite-dimensional integration by parts
formula as in the Bismut approach to Malliavin calculus are obtained through a
suitable application of Lie symmetry theory to stochastic differential equations. The
main stochastic, geometrical and analytical aspects of the theory are discussed and
applications to some Brownian motion driven stochastic models are provided.
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1 Introduction

Born in 1970s Malliavin calculus very soon became an (infinite dimensional) analysis
on Wiener space (see, e.g., [11, 18, 25, 29, 31, 38]). The main tool of this calculus is
certainly the integration by parts formula, and while important applications are the
study of the regularity of the probability density of random variables and the related
computation of conditional expectations, nowadays many other applications to Stochas-
tic Partial Differential Equations (SPDEs) and to probabilistic numerical methods are
available (see, e.g., [30, 36]). Malliavin calculus has a deep connection with Wiener
chaos decomposition and can be introduced starting from it (see [18]). It was also
applied to diffusion processes which are solutions to Stochastic Differential Equations
(SDESs), obtaining the conditions (Hormander’s condition) under which the density of
the law of the process is smooth and satisfies exponential bounds together with its
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Integration by parts formulas

derivatives, and thus providing the famous probabilistic proof of Hormander theorem
(see, e.g., [18, 24]). Quasi-invariance properties of diffusion processes with respect to
flows generated by vector fields have been established in an abstract Wiener space by
[11] and in the classical path-space, e.g., by [5, 19], and [23]. Another fundamental
result in Malliavin calculus is the integration by parts formula for functional of Brownian
motion, through which it is possible to prove the closability of Malliavin derivatives
and the well-definition of the Ornstein-Uhlenbeck operator (see, e.g., [7, 31]). For this
reason, it is interesting to obtain (more or less explicit) integration by parts formulas
involving different stochastic processes or probability measures in infinite dimensional
spaces (see, e.g., [7] for the problem of integration by parts formula for generic measure
on infinite dimensional spaces, [3, 4, 41] for examples of integration by parts formulas of
stochastic processes, [20, 40] for the integration of Bessel process applied to the study
of SPDEs, and [7, 12, 22] for applications of integration by parts formula to quantum
field theory).

In the Bismut variational approach to this calculus (see [6]), the integration by parts
formula is derived from a fundamental (strong) quasi-invariance principle, which is
based on the well-known invariance property of Wiener law under a measure change
via Girsanov theorem. Indeed, the Brownian motion, the filtration generated by it and
the functionals of Brownian motion are at the core of Malliavin calculus. See [27] and
references therein for a recent review on Bismut way to Malliavin calculus.

In spite of the fact that we are dealing with an infinite-dimensional differential calcu-
lus, in the Bismut approach the infinite dimensional feature is absorbed by the Girsanov
formula, while the differential analysis has a strictly finite-dimensional character (see
[6]). We remark that the finite-dimensional Malliavin calculus still retains great interest,
firstly because both the finite-dimensional differential operators and the integration by
parts formula allow us to understand how to pass to the infinite-dimensional limit, and
secondly because the strategy mentioned could be useful for generalising the calculus
itself in other directions.

In this paper we propose a novel approach to finite-dimensional Malliavin-Bismut
calculus starting from Lie symmetries of a given SDE. The approach is based on the
recent (stochastic) Lie symmetry theory (see [1, 2, 13, 14, 16, 17]) according to which a
symmetry of an SDE is a (finite) stochastic transformation sending a solution process
to another solution process to the same SDE (see [10] and [9] for an application of Lie
symmetry methods for calculating an interesting class of expectations of It0 diffusions
starting from the deterministic Lie symmetries of the associated PDE, see also [21] and
references therein for recent developments). This invariance property of the law of
the solution process, which has a global character, allows us to directly formulate an
analogue of the quasi-invariance principle of the Malliavin-Bismut calculus (Theorem
5.1). Moreover, considering the same stochastic transformation as a perturbation
of the solution process and taking a functional of the diffusion process, we derive
a finite-dimensional integration by parts formula from the quasi-invariance principle
(see Theorem 5.5). Although the two results, the quasi-invariance principle and the
integration by parts formula, are intimately related, the first has a very elementary
formulation, while the last achievement requires much more calculations and some
suitable technical conditions which are typical of a stochastic variational framework.

The main tool in Lie symmetry theory is provided by the determining equations,
whose solutions are vector fields corresponding to infinitesimal symmetries. Given a
(multi-component) infinitesimal symmetry of a SDE, the natural geometrical setting
allows us to introduce the one parameter group corresponding to each components,
which is nothing else that the one parameter flow associated with the symmetry. Since,
in order to obtain the integration by parts formula, we have to take suitable derivatives
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with respect to the flow parameters, we need first to establish the existence of such
flow components and then to assume all necessary analytical conditions permitting us
to take the derivatives with respect to the flow parameter inside the expectation. All
technical tools are faced and discussed in a dedicated section. We remark that the notion
of symmetry of an SDE, and in particular its invariance meaning, allows us to notably
simplify the analytical conditions (see Theorem 6.4 in Section 6).

The main advantage of our approach is that it easily includes, beside spatial and
measure change transformations, also time transformations (see [14] for the introduction
of random time change and of rotational transformation for Brownian motion driven
SDE, and [2] and [1] for a Lie symmetry of more general SDEs). Indeed, while spatial
transformation via diffeomorphisms gives rise to vector fields with a direct and natural
interpretation as generators of the associated flow, by introducing a more rich geo-
metrical setting both time and measure changes can be considered, even though their
interpretation sometimes can appear more complex. In other words, we are able to
provide a geometrical structure that unifies and puts on the same level all the main
transformations of a given SDE, beyond the original change of measure transformation,
and thus from this point of view our approach can be considered a generalization of
the Bismut way to Malliavin calculus. Furthermore, within the large class of Girsanov
measure transformations we privilege the subclass of quasi-Doob change of measures
because of their useful properties ([16], [17]). Indeed, stochastic models usually present
a sufficient number of quasi-Doob symmetries and for quasi-Doob transformations the
Dade-Doleans exponential reduces to a simpler form without stochastic integrals. Fi-
nally, the identification of the one parameter group associated with a given infinitesimal
symmetry of the SDE allows us to obtain, as in Bismut calculus, completely explicit
representations of the objects arising in the integration by parts formula.

We provide applications of our novel strategy to a one-dimensional Brownian motion, a
generalization of the one-dimensional Ornstein-Uhlenbeck process, the one-dimensional
Bessel process, and finally to a family of two-dimensional stochastic volatility models
(including Heston model). In order to help the reader, in the examples we show all
calculations and we discuss in detail all analytical conditions permitting us to derive the
related integration by parts formulas.

The plan of the paper is the following. In order to sketch the classical framework, in
Section 2 we recall the Bismut fundamental quasi-invariance principle and the associated
and celebrated Clark-Ocone theorem. A brief introduction to Lie symmetry analysis
of SDEs is provided in Section 3, including spatial transformations, deterministic time
change, and change of measure transformations of Girsanov and quasi Doob type.
Section 4 contains an elementary and self-contained geometric description of the Lie
group which arises from the set of stochastic transformations introduced in the previous
section. A quasi-invariance principle based on our Lie symmetry approach to diffusion
processes and a (finite-dimensional) integration by parts formula are proposed in Section
5. In Section 6 we provide a general scheme which could be useful to verify the technical
conditions of the main theorems. In the last section we discuss the fruitful applications
of our strategy to several stochastic models. In Appendix A a generalization of our
main result, Theorem 5.5, to the case of smooth cylindrical functionals of the process is
provided.

2 A brief recall of the fundamental invariance principle of
Malliavin-Bismut calculus

It is well-known that from the elementary invariance principle for the Lebesgue

integral one can easily deduce the integration by part formula. Indeed, since Ve > 0 by
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denoting with A the usual Lebesgue measure we have

/ﬁmfmmmm>=/+wf@+«mxm,

— 00 — 00

this implies that
—+oo
/ F(2)dA(z) = 0.
—00

Setting f = gh we get

+oo +o0
/ § (2)h(z)dA(z) + / (@) (2)dA(z) = 0.

At the basis of Malliavin-Bismut calculus lies an integration by parts formula which
generalizes the one for Lebesgue measure to the case of the Wiener measure (i.e.
an integration by parts formula involving functionals of a Brownian motion). For the
reader’s convenience, following [6, 35, 39], we briefly recall (formally) the fundamental
invariance principle of the Bismut approach to Malliavin calculus, which will be adapted
to the case of symmetric SDEs in the following sections.

Let (92, F, F;, P) be a filtered probability space. We assume that Q = C([0, 7]) with a
fixed time horizon 7 < oo, IP is the Wiener measure and W a standard Wiener process.
Let u be a predictable bounded and smooth stochastic process and set ¢(t) = fg ugds,Vt €
[0, T]. For e € Ry let us consider the following Doleans-Dade exponential process

T 62 T
Z¢ :=exp e/ ugdWs — —/ ugds .
0 2 Jo

By Radon-Nikodym theorem we can introduce on (2, F) a new measure Q¢, equivalent
to the original one on the Brownian natural filtration, such that

dQ°¢
= Z°.
dp
As well-known, Girsanov theorem implies that W — e¢¢ is a Q°— Wiener process. Since
the expectation depends only on the law of the process, for all strongly differentiable

function g on 2 we have
e lo)] = o |o (W ¢ [ was)]
0

This formula states in particular that both the quantities do not depend on the param-
eter €. By applying a Radon-Nikodym change of measure we obtain the well-known
fundamental quasi-invariance principle

: T 2 (T
g (W — e/ usds> exp | € / usdWy — —/ u?ds . 2.1)
0 Jo 2 Jo

Considering the simplest case g(W) := g(Wy), where g : R — R is a smooth bounded
function, deriving, at least formally, both sides of equation (2.1) with respect to ¢ and

evaluating at e = 0 we get
T
g(W7r) / usdWs | |, (2.2)
0

0=-Ep [QI(WT) (/0 usds)] + Ep

which gives an integration by parts formula for the function g(W7). If we take g as
a generic function of the Brownian motion W, we can replace the derivatives g’ with

Ep[g(W)] = Ep
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the Malliavin derivatives D;(g) obtaining the general integration by parts formula of
Malliavin calculus (see, e.g., [39]).

The mentioned integration by parts formula permits to prove both the closability
of Malliavin derivatives and, when applied to regular solutions to SDEs (i.e. under
suitable conditions on the coefficients), the smoothness of their transition probabilities.
A similar but slightly different approach to the same problem was proposed by Bismut in
[6] permitting to generalize formula (2.2) to a pathwise unique strong solution X of a
Brownian motion driven SDE with smooth coefficients by considering the geometrical
structure associated with the flow generated by the SDE itself. For convenience of the
reader we sketch here the presentation given in ([5, Chapter 3]) as a very short and
formal introduction to Bismut work.

Consider the equation of the flow ¢;(w, z) associated with the one dimensional SDE
with (smooth) coefficient p, o, i.e. the process solving the equation

orlw,z) =z + / 1(a(w, 2))ds + / o (pu(w 2)) AW, 2.3)

If u, is a predicable stochastic process which is square integrable with respect to time,
we introduce the process

t
: o(ps(w, @)
Hx) = 0ot (w, x — T u.ds.
Un ( ) QOt( )/O 87;905((.071’)
It is interesting to note that

-1 _ olps(w,2)
()o@ = G20 a,

where (¢*)~!(w, -) is the inverse of the push-forward associated with the diffeomorphism
ot(w, ). If X; is a solution to the SDE (2.3) (i.e. X; = ¢:(-, X)), then, under suitable
conditions on the regularity and bounds of the coefficients i and o, one gets the following
generalization of equation (2.2) involving the process X, on the time horizon [0, 7]

-
9(XT) (/0 udesﬂ . (2.4)

In the special case where ¢ = 0 and o = 1 formula (2.4) coincides with formula (2.2).
Furthermore, the possibility of iterating (2.4) for obtaining the higher order derivatives
g™ (X,) of g in terms of g itself, permits to prove both the existence of a smooth density
for the random variable ¢g(X;) and a related martingale representation theorem ([6]).

One of the main differences between formula (2.2) and formula (2.4) is that while
equation (2.2) involves only a local and explicit expression of the Brownian motion W;
(or, more generally, of the SDE dX; = dW,), in order to calculate the integration by
parts formula (2.4) we need to compute the highly non-local expression 7} (z) involving
the derivatives of the flow d¢;. This means that we have to know the solution to the
SDE (2.3) starting from different initial spatial points x, which generically cannot be
expressed by a closed formula involving only the processes X;, W, and u;. In the rest
of the paper we show how, with a direct generalization of the reasoning used to obtain
(2.2), it is possible to simplify formula (2.4) exploiting the symmetries of the SDE (u, o)
and the related invariance properties. Our new direct proof of the integration by parts
formula for solutions to Brownian motion driven SDEs allows us to avoid the (generically
necessary) regularity and growth assumptions on the coefficients u, o, essentially by
using the important invariance properties of the process.

0= —Ep [¢'(X7)n7] + Ep
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3 A class of Lie symmetries of a SDE

In this section we recall a particular class of symmetries of a SDE which will be used
in the following. For more general classes and for all the proofs see [16] and [17]. A very
general settings including SDEs driven by semimartingales with jumps can be found in
[1, 2, 15].

For simplicity, the Einstein summation convention on repeated indices is used through-
out the paper. Let M, M’ be open subsets of R™ and let us fix a finite time horizon [0, T
with 7 > 0.

In this paper we consider the following weak solutions to the class of general SDEs.

Definition 3.1. We say that a SDE (i, o) admits a weak solution with initial distribution
v if there exists a probability space (Q, F, (]:t)te[O,T])v IP) satisfying the usual conditions,
and a couple of semimartingales (X, W) (taking values in R™ and R™ respectively) such
that for allt € [0, 7],

i) W is an F; Brownian motion;

ii) Xo has law v;

iii) fot looT (X5, s)|(w) + |1(Xs, 8)| (w) ds < oo for almost every w € Q;

iv)

¢ ¢
Xt—on/ p(Xs,s)ds+/ 0o (Xs,8) dWS (3.1)
0 0

If there exists a weak solution for each initial distribution v, then we say that there is a
weak solution to (3.1).

Let " = C([0, T],R™) be the path-space and consider the filtration H}' = o (X5, s < t).
Suppose that (X, W) is a weak solution to (3.1) starting at z € R™ and let P, be the
law of X. We know that PP, is a probability measure on (2", H") and that PP, solves the
martingale problem for (oo’ 1) starting at z, according to the following definition.

Definition 3.2 (Martingale problem solution). Let o and u be previsible path functionals.
Then for x € R™ we say that the probability measure P, is a solution to the martingale
problem for (oo™, 1) starting at z if the following conditions holds

NP, (Xo=2)=1

ii) for each g € C*(R" x Ry.), under P,,

t
€ = 9(Xust) ~ 9(X0,0) ~ [ (B9 + Lg) (X, 5)ds
0
is an H} — martingale, where

L= (O'O'T)ij 818] + /Jlaz (32)

N =

Remark 3.3. It is well-known that the previous martingale-problem formulation is
equivalent to the weak-solution one.

3.1 Spatial transformations via diffeomorphisms

The most natural transformation of a SDE is a diffeomorphism & : M — M’ acting on
the process component X. Denoting with V® : M — Mat (n) the Jacobian matrix

(VO)} = 0,;9".

and applying It6 formula (see, e.g., [35] Section 32 or [32] Chapter 4) we prove the
following result.
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Proposition 3.4. Given a diffeomorphism ® : M — M’, if the process (X, W) is solution
to the SDE (u, ), then the process (¢ (X), W) is solution to the SDE (y/, ') with

W =L(®)od!
o =(V®-0)od!

where L is the infinitesimal generator given in (3.2).

Remark 3.5. Proposition 3.4 can be easily extended to the case where ® is a non
autonomous transformation, namely where @ is of the form ® : M x R, — M’ x R, such
that V¢ fixed, the map x — ®(z,t) is a diffeomorphism and ®~!(z, ) denotes the inverse
of this map.

3.2 Deterministic time changes
In this paper for simplicity we consider only deterministic time change. For random

time change in Lie’s symmetry framework see [14] and [1].
Let n : Ry — R, be a (continuous) strictly positive function, and define

£(t) = / n(s)ds.

The function f : R, — R, is absolutely continuous (or C! when 7 is continuous) and
strictly increasing, i.e. it is invertible with absolutely continuous (or C' 1y inverse (which,
hereafter, we denote by f1).

Let X, be an adapted process with respect to the filtration F;. We denote by H,(X) a
process adapted with respect to the filtration F;-1(;) defined by

Hy(X)s = Xp-1(5), s €Ry.

If W’ is the solution to
AW, = +\/n(t)dWy,
then #,, (W’) is again a Brownian motion.

Proposition 3.6. Let n: R, — R be a smooth and strictly positive function. Let (X, W)
be a solution to the SDE (u,0). Then the process (H, (X),H, (W’)) is solution to the
SDE (i/, ") with

) 1
o= —p
"
) 1
g = —0.
V1

Let us recall the analogue of the above proposition for the martingale problem
formulation of a SDE.

Proposition 3.7 (Rogers-Williams,V.26). Let n : Ry — R4+ be a smooth and strictly
positive function. Then the time change f~!(t) transforms the martingale problem for
(a, 1) into the martingale problem for (%) (with a = ool)

3.3 Random measure changes

In order to further enlarge the family of admissible transformations, we randomly
change the probability measure under which the driven process is a Brownian motion by
using Girsanov theorem.

For the probabilistic theory of absolutely continuous predictable change of measure of
Brownian motion the reader can see, e.g., [35] Section 38, while an extended treatment
of the subject can be found in [32] Section 8.6.
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Given a previsible process u;¢[o,77, let us define the Doleans-Dade exponential process

(Zt)se(0,77 by setting
t 1 t
Zy = Zy(u) = exp {/ usdW — 5/ ugds} . (3.3)
0 0

By It6 formula one has
dZt = Ztutth,

which says that Z is a local martingale. Indeed, since Z; is strictly positive, we have
that 7, is always a supermartingale. Moreover, being the Radon-Nikodym derivative in
Girsanov theorem strictly positive, i.e. 413% = Z7 > 0, one can prove that the measure
Qr, is actually equivalent to P . ’

Instead of using the well known Novikov condition (see [34], Chapter VIII, Proposition
1.14) to force the supermartingale Z; to be a IP-(global) martingale, according to [16]
we follow an alternative strategy, given by the next Lemma, which assumes the non
explosiveness property both of the original SDE and of the transformed one, according
to the following definition.

Definition 3.8. Let u: M X Ry — R™ and o: M x Ry — Mat(n,m) be two smooth
functions. The SDE (u,o) is called non explosive if any solution (X, W) to (u,o) is
defined for all times t > 0.

A smooth vector field h is called non-explosive for the non explosive SDE (u, o) if the
SDE (u+ o - h,0) is a non explosive SDE.

A positive smooth function 7 is called a non-explosive time change for the non

explosive SDE (u, o) if the SDE (%, ﬁ) is non-explosive.

In the following we consider a smooth function h: M x Ry — R™ such that (X, ) is
a predictable and non-explosive stochastic process for the continuous solution process
X of the SDE (u, o).

Lemma 3.9 ([16]). Let (u, o) be a non explosive SDE with a weak solution (X, W) and
let h: M x Ry — R™ be a smooth non-explosive vector field. Then the exponential
supermartingale (Z;),c(o, 7] associated with u; = h(Xy,t) is a P-(global) martingale.

The following theorem shows how this probability measure change works on a given
SDE.

Theorem 3.10. Let (X, W) be a solution to the non-explosive SDE (u,c) on the proba-
bility space (2, F,P) and let h be a smooth non-explosive vector field for (i, o). Then
(X,W') is a solution to the SDE (y/,0") = (1 + o - h,0) on the probability space (22, F,Q),
where

t
W, =— [ h(Xs,s)ds+ W,

0
aQ
dp

T T m
1
— exXp /0 h](XS,S)de - 5/0 Z(hJ(XS7s))2dS
j=1

Fr

Theorem 3.11 (Rogers-Williams, V.27). Let us suppose that P, solves the martingale
problem for (a, i) starting from x, that h: M x R, — R™ is a bounded previsible path
functional and that a = oo’ and i are bounded. Then

1

t t
Z; = exp{/ hj(Xs,s)dWI — 5/ h(XS,s)a(Xs,s)h(XS,s)ds} (3.4)
0 0
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is a IP,, martingale with
t
M, =X, — / w(Xs, s)ds.
0
Defining a measure Q on (Q),H) by

dQ

E‘H‘ on Hi,

then Q solves the martingale problem for (a, 1) starting from z, where
' = p+ ah.

We put together the previous stochastic transformations in the following natural way.

Definition 3.12 (Stochastic transformation). Given two open subsets M and M’ of R", a
diffeomorphism ®: M x Ry — M’ x R, a deterministic time change f(t) and a random
change of measure h: M x Ry — R™, we call T = (®,n,h) a (weak finite) stochastic
transformation.

In order to explicitly describe how the random transformation 7" acts on the solution
process we give the following definition.

Definition 3.13. Let T' = (®, 7, h) be a stochastic transformation. Let X be a continuous
stochastic process taking values in M and W be an m-dimensional Brownian motion in
the space (2, F,P) such that the pair (X, W) is a solution to the non-explosive SDE (u, o).
Given two smooth non-explosive functions h and f for the same SDE, we can define the
process Pr(X, W) = (Pr(X), Pr(W)), where Pr(X) takes values in M’ and Pr(W) is a
Brownian motion into the space (2, F, Q). The process components are given by

X' = Pr(X) = ®(H,(X)),
W' = Pr(W) = H, (W),

where Wt satisfies

AWy = /n(t)(dW; — h(Xy, t)dt),

and

aQ
dP

T T _m
1
= eXp A h](XS,S)dWS] - §A Z(hj(Xs; S))st
j=1

Fr

We call Pr(X, W) the transformed process of (X, W) with respect to T and we call the
function Pr the process transformation associated with T. Furthermore with Er(u, o)
we denote the transformed SDE.

Theorem 3.14. Given a stochastic transformation T = (®,n,h) and a solution (X, W)
to the non-explosive SDE (u,o) such that Er(u, o) is non- explosive, then Pp(X, W) is
solution to the SDE Er(i,0).

4 Geometric setting

In this section we present the main ideas of Lie group theory underlying our set of
stochastic transformations of autonomous SDEs. In this setting, the important feature of
Lie Groups is that they have the structure of a differentiable manifold and, in particular,
their elements can vary continuously (see, e.g., [33])
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Definition 4.1 (Lie group). An r-parameters Lie Group is a group G with the structure of
an r-dimensional manifold such that the group operation

m:GxG—=G, m(g1,92)=91-92, 91,92€G

and the inversion
i:G—=G, ilg)=9g", geq

are smooth functions between manifolds.

Very often, as in our case, Lie groups naturally arise as transformations groups
between manifolds (see, e.g., [33]).

Since now we plan to individuate the Lie group arising from the whole stochastic
transformation given in Definition 3.12, by recalling Remark 3.5, we introduce the
following notation:

d:R"™ x R+ —R"”
f . ]R+ — ]R+
d:R" xRy — R" x R,
defined as

®(z,t) = ((z,1), f(2)).
We require that d is a diffeomorphism from R” x R; in itself, and therefore we can
define the (smooth) inverse o1, By the particular form of ) (namely that the time
component depend on f) we have

Oz t) = (@7 1), F1(1))

where ®~! is the inverse of ® (introduced in Section 3.1) and f~' is the inverse of f
(introduced in Section 3.2).

Let G = Ry x R™ be the group of translations with a scaling factor, whose elements
g = (n, h) can be identified with the matrices

Vi

0o 1)°
Given the trivial principal bundle 7: M x Ry x G — M x R, with structure group G, we
can define the action of Gon M x R4 x G as

Ry,: M xRy xG—MxRyxG
(z,t,91) = (z,t,91 - g2).

which leaves M x R, invariant, with the standard product in G given by ¢; - g2 =
(m,h1) - (m2,h2) = (mn2,+/nihe + h1). Considering a second trivial principal bun-
dle 7': M' xRy x G — M’ x Ry, we say that a diffeomorphism F: M x Ry x G —
M’ x Ry x G is an isomorphism if F' preserves the structures of principal bundles of
both M xRy xG and M'xR, xG, i.e. there exists a diffeomorphism ®: M xR, — M'xR
such that for any g € G

7 oF =®om,

FoRy,=RyoF. (4.1)

We notice that such an isomorphism is completely determined by its value on (z, e)
(where ¢ is the unit element of (). Therefore, there is a natural identification between
a stochastic transformation 7' = (®, 7, h) and the isomorphism Fr such that Fr(z,e) =
(®,g), where g = (n, h).

The next theorem provides the explicit form of the composition of two stochastic
transformations in this group setting.

EJP 30 (2025), paper 86. https://www.imstat.org/ejp
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Theorem 4.2 (Composition law). Let T} = (®1,n1,h1) and Ty = (P2, 12, h2) be two
stochastic transformations. Then the composition T o T} is defined as the stochastic
transformation

TooTy :(<I>2 0@y, (20 f1)n1, /M1 - (ha o ®y) +h1)7

and the inverse transformation of T = (®,n, h) can be expressed as

T (<1> L (nofl)l,\;ﬁ(hoél)). 4.2)

Proof. Applying the first random change of measure together with the deterministic time
transformation to the Brownian motion we get

dW/ = /ni(dWy — hqdt);
now if we apply the second transformation, we obtain
AW/ = /2 (dW] — hadt) = \/7(dW; — hdt),
\%T' Since after the SDE transformation by 73 the state

variable is ®; (X, ¢) and since T5 acts on the new variable ®; (X, ¢), both hy and 7, depend
on the actual value of the process, that is ho(®1(X,t)) and n2(f1(¢)). In the same way we
can compute the explicit form of the inverse transformation. O

The following theorem shows the notable probabilistic counterpart in terms of SDE
and process transformation of the above geometric identification.

Theorem 4.3. Let 17 and T, be two stochastic transformations, let (u,0) be a non
explosive SDE such that Er, (u,0) and Er,(Er, (1,0)) are non explosive and let (X, W)
be a solution to the SDE (u, o) on the probability space (2, F,IP). Then, on the probability
space (2, F,Q), we have
PT2(PT1 (Xa W)) = PT2OT1(X’ W)7
ET2 (ETl (/’(‘? U)) = ET20T1 (/J, U)

Since the set of our stochastic transformations forms a group with respect to the
composition o, one can introduce the one parameter group T\ = (Py,nx, hy) and the
corresponding infinitesimal (general) transformation V = (Y, 7, H) obtained in the usual
way
Y(:C, t) :8,\(<I>A(x, t))|)\:0
m(t) =0xfx(t)x=0
7(t) =0x(nA(t))Ia=0

H(a:, t) Za)\(h,\(ﬂj, t))h:o,
where Y = (Y,m) is a vector field on M x R, 7: R, — Rand H: M x Ry — R™

are smooth functions. If V is of the form V = (}7, 0,0) we call V a strong infinitesimal
stochastic transformation.

Proposition 4.4 (Flow reconstruction). Let V = (Y, 7, H) be an infinitesimal stochastic
transformation. Then we can reconstruct the one parameter group T choosing ®y, 1
and h) as the one parameter solutions to the following system

N (Pa(z,1)) =Y (Pa(2,1))
ONSA(t) =m(fa(1))
On(a(t)) = () A(E)
(h)\(l' t)) )\ ((I))\(xat)7t)a
EJP 30 (2025), paper 86. https://www.imstat.org/ejp
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with initial condition fy(t) =t, ®o =idy, mn0 =1 and ho(x,t) =0.

Proof. We prove only the equation for n and h. The equation for ®, is true by definition
of Y. By the composition law in Theorem 4.3 and by the properties of the flow we have

MA14+A2 (t) =M (f)\z (t))n)\z (t)
8)\1 (77/\1 +A2 (t)> :8>\1 (77)\1 (f>\2 (t )77>\2 (t))
My (M2 () =0 =7 (s (1)), (2),

with initial condition 7o (t) = 1.
In the same way we obtains that &) satifies

1 -
h)\1+/\2 (l‘lf) = ™ h>\1 ((I))\z (.Ti,t)) + h>\2 (Z‘,t)
1 ~
8>\1 (h)\1+/\2 (.%‘, t)) = ma>q (h>\1 ((I))\z (JJ, t)))
a/\1 (h/\1+>\2 ($7t>)|>\1:0 = ™ H(cibe (.T,t)),
with initial condition ho(z,t) = 0. O

Remark 4.5. It is important to note that in the case of deterministic time change the
function m introduced above con be directly obtained from 7 as

and furthermore then ,
/ na(s)ds = f(t)- (4.3)
0

Finally we introduce the relevant notion of symmetry of a SDE.

Definition 4.6 (Finite and infinitesimal symmetry). A stochastic transformation T is
a (finite weak) symmetry of a non explosive SDE (u, o) if, for every solution process
(X, W), Pr(X,W) is a solution process to the same SDE. An infinitesimal stochastic
transformation V' generating a one parameter group 7T is called an infinitesimal (general)
symmetry of the non explosive SDE (u, o) if Ty is a symmetry of (u, o).

Proposition 4.7. A stochastic transformation T = (®,n, h) is a symmetry of the non
explosive SDE (u, o) if and only if

(%[L((D) +VD .o h])o‘irl =u

Il
Q

1 -
— V- cr) op!
( \/ﬁ

Next theorem provides the general determining equations satisfied by the infinitesi-
mal symmetries of a SDE (i, o).
Theorem 4.8 (Determining equations). An infinitesimal stochastic transformation V =

(Y, 7, H) is an infinitesimal symmetry of the non explosive SDE (u, o) if and only if V
generates a one parameter group defined on M and the following equations hold

Y(pu)—-LY)—oc-H+1mp=0 (4.4)
1
Y,o] + 57’0 =0. (4.5)
EJP 30 (2025), paper 86. https://www.imstat.org/ejp
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In the following we recall the not trivial subclass of the general Girsanov trans-
formations given by the quasi Doob transformations introduced in [17]. An abstract
introduction of this measure change class can be found, e.g., in [8].

Definition 4.9. [Quasi Doob transformation] Let (i, o) be a non explosive SDE and let
(X, W) be a solution to (i, c). Given a smooth function h: M x Ry — R™ non explosive
with respect to (i, o), we say that h is a quasi Doob transformation with respect to the
SDE (u, o) and characterized by the smooth function h: M x R, — R™ if the measure Q
generated by the random change of measure associated with h is such that on the time
horizon [0, T]

dQ

ap

:exp{h(XT,T) h(Xo,0) /Gh Xs,8)d }
Fr

where Gy, is a suitable C*(R™ x R ) function depending on b.

In order to provide conditions on h and h which guarantees that a random change of
measure is a quasi Doob one we can prove the following Proposition.

Proposition 4.10. Let h: M xR, — R be a smooth function associated with a random
change of measure transformation on (u,0). Ifh: M x Ry — R™ is a smooth function
satisfying

h (CL’ t) ( )aﬂ( )( )7 (4'6)
1 — exp( )
3 g Jc t

exp(h)
then h is also a quasi Doob transformation.

_L(h)( 7t) :Gh(x’t)_L(h)(‘r>t)7 (4.7)

Remark 4.11. Since in Proposition 4.10 equation (4.6) depends on ¢ and equation (4.7)
depends, through the operator L, on both © and o, the property of a change of measure
to be a quasi Doob one depends on the given SDE (u, o).

If in equation (4.6) both h) and b, depend on a parameter A and we take the derivative
with respect to that parameter in A = 0 with initial condition iy = 0 and hy = 0, we have
that there exists a function k = 95 (hx)|r=0 such that

Hj(z,t) = a;(a:,t)axi(k)(a:,t). (4.8)

In this setting we finally provide the determining equations for the infinitesimal symme-
tries of quasi Doob type.

Theorem 4.12. An infinitesimal stochastic transformation V. = (Y,7,H) (with H =
1. Vk) is a symmetry of the SDE (u, o) involving only quasi Doob transformations with
respect to (u,0) if and only if V generates a one parameter group of transformations
such that the following equations hold
H-0o"-Vk=0
Y(u) = L(Y)—=0-0" -Vk+7u=0

1
[KU]+§TU:0

In the following an infinitesimal stochastic symmetry satisfying the hypotheses of
Theorem 4.12 is called a quasi Doob symmetries for the SDE (u, o).

Remark 4.13. If in Definition 4.9 we take

Gh(l‘,t) =0

EJP 30 (2025), paper 86. https://www.imstat.org/ejp
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we obtain the well-known subclass of Doob transformations, that constitute a very
important class with a deep meaning in our setting. Indeed in [16] it was proved that
there exists a one-to-one correspondence between infinitesimal symmetries of Doob
type of a SDE and Lie point infinitesimal symmetries of the associated Kolmogorov
equation. As stressed in [16], this fact shows that generally the family of symmetries of
a SDE is wider than the family of the symmetries for the corresponding (deterministic)
Kolmogorov equation.

5 A quasi-invariance principle and integration by parts formulas

In this section we provide a quasi-invariance property for the solution process to
a given SDE with respect to a Lie (finite) symmetry. More precisely we establish the
quasi-invariance of the corresponding law P under the class of symmetries introduced
in the previous section. Furthermore, starting from the quasi-invariance principle we
derive some integration by parts formulas which are the main results of the present
paper.

The next result is a fundamental invariance principle of the type of Bismut-Malliavin
calculus based on the theory of Lie symmetries for a process which is solution to a SDE.

Theorem 5.1. Let (X, W) be a (weak) solution to a non explosive SDE(u, o) of the
type (3.1) and let (X', W') be the transformed process through the (finite) stochastic
transformation T = (®,n, h). Let h be a predictable stochastic process which is a non
explosive vector field for (u, o). If T is a (finite) symmetry for the SDE (u,c), then for any
fixed t € [0, T] and for any bounded measurable function g, the following quasi-invariance
principle holds

Ep[g(X)] = Ep [g(X’)eXp (/Ot hedW, — ;/Of hﬁds)] . (5.1)

Proof. Since T is a symmetry, the transformed process (X', W’) is solution to the same
SDE (u,0) and in particular X’ under the measure Q has the same law of X under P,
which implies

Ep[g(X)] = Eq[g(X")].

By applying a Radon-Nikodym change of measure in the expectation with respect to the
measure @ we obtain that for any ¢ € [0, T]

t 1 t
Fplg(X)] = Fp [g<X'> exp ( [ w5 | hids)] , (5.2
0 0
which is the statement of the theorem. O

In the Malliavin-Bismut calculus it is well known that from the fundamental invariance
principle an integration by parts formula can be derived. In this section we provide some
integration by parts formulas using a Lie symmetry approach in a finite dimensional
setting and, for simplicity, we provide the proof for the case of functionals of the process
valuated at a single time. The extension of our integration by parts formula to smooth
cylinder functionals of diffusion processes is given in Appendix A.

In order to prove our main results, we need the following technical lemma, that states
a condition under which we can take the derivative with respect to a parameter inside
the expectation.

Lemma 5.2. Let g(\, X) : R x M x Ry — R be a function which is integrable for all A
and continuously differentiable with respect to A and such that Ep[|d3g(\, X)|] < +oo.
Then

MEp[g(A, X)] = Ep[org(A, X)].

EJP 30 (2025), paper 86. https://www.imstat.org/ejp
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Proof. This can be easily proved by mean-value theorem which states that there exists
O(e) € (A, A + €) such that

g A+¢6X)— g\ X)

€

OEp[g(\, X)) = lim Ep [ }  liny Ep[0,9(6(e), X))

By putting
A€
019(0(6). X) = 0rg( X) + [ Bolo', X)do',
A
since Ep[|03g(\, X)|] < +oc we get the result. O

For later use, in the following we recall a result about the continuity and the differen-
tiability with respect to parameters of stochastic integrals that can be found in [26] (see
Proposition 2.3.1 for details).

Lemma 5.3 (Kunita). Let ¥ = R® be the parameter set and let p > min(e,2). Suppose

that
T
/ g () Pdr
0

where g, (r) is n-times continuously differentiable with respect to A and, for |i| < n,
the derivatives digx(r) satisfy (5.3). Then the family of It6’s stochastic integrals
(fg gx(r)dW,.); has a modification which is n-times continuously differentiable with re-
spect to A a.s. For any |i| < n, we have

sup & < 400, E
A

T
/ lga(r) — gx (T)|pd7”1 < ep| A= NP (5.3)
0

t t
o / Gr(r) AW, = / Dr (W Yt ) as.
0 0

We state our integration-by-parts formula, which is the main result of our novel
approach, under the following assumption. Given a SDE (u,o0), let us put X, =

D iy 04 (x,1)Ds
Hypothesis 5.4. For any solution X; to the SDE (u, o) with deterministic initial condition
we have that:

Ho (X0, 1), Y (Ho) (X4, ), LY (X4, 1), 2o (Y (Xt 1), LY (YY) (X4, t) € L2(Q)

Sa(Y(YH)) (X, t) € L*(Q)

Theorem 5.5 (Integration by parts formula). Let (X, W) be a solution to the SDE (3.1)
and let (Y, 7, H) be an infinitesimal stochastic symmetry for the SDE according with
Definition 4.6. Let us consider the one parameter group T\ = (D, n, hy) associated
with the infinitesimal symmetry according to Proposition 4.4. Assuming Hypothesis 5.4,
then the following integration by parts formula holds for every t € [0, T

t
— m(t)Ep [L(F)(X1, )] + Ep [F(X» [ taxasaws |+
0
+ Ep[(Y(F)) (X, t)] — EpY (F)(X0,0)] =0 (5.4)
where F' is a bounded functional with bounded first and second derivative.

Proof. Since the random transformation 7) is a symmetry for the SDE, denoting by
X} = Pr, (X, W) the related transformed process, by definition of symmetry we have
Yt € [0, 7]

Ep[F(X,)] = Eq, [F(X})).
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By It6 formula and since X} is solution to the same original SDE
t
Fo, [F(XN] =B, | [ L)X s)dss + Oi(F) ()t ai )
0

g, [ /O t L(F)(Xs)‘,s)dSA} :

where we used that, under the hypotheses of the theorem, the expectation of the
stochastic integral with respect to W is zero. Indeed, introducing ¢(Xj, s) = 8;(F o
®,)(Xs, s)ol, if g is B® F-measurable, Vs, g(-, s) is F-measurable and, for any s,

t
g(~,8) € LQ(Q7]:7 Q)\)a ]EQA |:/0 g(7S)|2d8:| < 400,

then the stochastic integral with respect to the Q\-Brownian motion Wf"’\ is a (global)
martingale. By Hypothesis 5.4 the integrand is in L? and so the It6 integral is well-
defined.

Denoting by f_,(t) the inverse of the deterministic time-change f\(¢) and applying a
deterministic change of variables in the integral we get Vt € [0, T

Eq, [/Of L(F)(Xsﬁ)dsx} = Eq,

f=x(t)
/0 L<F><¢>A<Xs,s>>f;<s>ds].

By performing a Radom-Nikodym measure change the right-hand side expectation
becomes

Eq, /Ofx(t) L(F)(®x(Xs, 5)) fA(s)ds | = Ep % . /Ofk(t) L(F)o @A(X&s)fg(s)dsl ’
so we finally get
Ep[F(X;)] = Ep dﬂ% /fm L(F)o @A(XS,S)f;(S)dS] _ (5.5)
FrJo

We want to take the derivative with respect to the parameter A of both sides in the
previous equality. Since there is no dependence on the parameter ) in the left part, the
same is true for the term in the right part. Here we have to take the derivative inside the
expectation. Denoting by P(\) = Z), Of**(t)(L(F) o ®,)(Xs, s)fi(s)ds, where Zy = %,
under Hypothesis 5.4 by Theorem 6.4 we have VA

03P(\) € L?, (5.6)
and therefore by Lemma 5.2
MHEp[P(A)] = Ep[0xP(N)].
Taking the derivative with respect to A and evaluating the result at A = 0 in (5.5) we

obtain

0=Ep +

</OTHQ(Xt,t)tha> </OtL(F)(XS,s)ds> —m(t)Ep[L(F)(X¢,t)

t

+Ep { Y (L(F))(Xs, s)ds} + Ep [/t 7()L(F)(X,, s)ds] (5.7)

0 0
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where the first term has been obtained by taking the partial derivative of the Doleans-
Dade exponential process as in Definition 3.13 and using the fact that, by Proposition 4.4,
Ozhy,j(x,t)|x=0 = H;(x,t) and we can exchange the derivative with respect to A with the
It6 integral by Lemma 5.3, the second term by using the fundamental theorem of calculus
for deriving the )\ dependent extremes of integration, the fact that 9y f_x(t)|x=0 = —m(t)
and f}(t) =na(t) as in (4.3), the third one by deriving the spatial flow ®, according with
Proposition 4.4 together with the property that ® is the identity function and the last
one by observing that, since f’ =, then 0 f{ = 7f} (with fj = 1).

Since for an infinitesimal symmetry we have [Y, L| = —7L 4+ H,0,V, this implies that

e | [ tY(L(F))(XS,sMs] e | [ tL(Y(F))(XS,sMs] || () L(F) (X, 8)ds ] +
+Ep [/Ot Ha(Xs,s)UQVF(XS)ds} .
By It6 formula we have
Ep (Y (F))(X,, ] = [V (F) (Xo,0)
# | [ L0 Oas] + e | [0 ) siotaw

from which we get

Ep (Y (F))(X:, )] - Ep[(Y(F))(X0,0)] = Ep [ | . s)ds} |

Let us consider the first addend in the right-hand side of (5.7). Since stochastic integrals

are martingales we get
T t
(/ Ha(Xt,t)tha> </ L(F)(Xs,s)ds)] =
0 0

B [(/Ot Ha(Xs,s)dWSa> (/OtL(F)(XS,s)dsﬂ

and by integration by parts

</0t Ha(Xs,s)dW;‘) . (/:L(F)(Xs,s)ds> = /Ot { (/OS HQ(XT,T)dWTO‘> L(F)(Xs,s)ds}

+/O (/S L(F)(XT,T)CZT) Hy (X, 8)dWE 4+ {

0

Ep

t t
Ha(Xs,s)dWso‘,/ L(F)(Xs,s)ds]
0 0

where the last term is a zero quadratic variation since the second term is absolutely
continuous. Since stochastic integrals are martingales

Ep [ /0 t ( /0 ) HQ(XT,T)dWTa) L(F)(Xs,s)ds} _

/ot { (/0 H“<XT>T)dW§X) L(F)(X,, s)ds+

+ (/ Ha(XT,T)dW$) aaVF(XS)dWS“}] . (5.8)
0

:EIP
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Applying integration by parts formula to the second term in the right-hand side of (5.8)
we obtain

/Ot </O HQ(XT,T)de‘) 0o VE(X,)dWS = (/Ot Ha(Xs,s)dWSC“) (/Ot UQVF(XS)de‘)

t s t t
_ / ( / 00V (X, )dW) Ho (X, 8)dWS — { / Hao(Xy, 5)dW®, / aaVF(Xs)dWsa},
0 0 0 0

with the quadratic variation equal to

/Ot(aéaiF(Xs)) - Ho (X5, s)ds.

Summing the two stochastic expressions for the two stochastic integrals in (5.8) we get

(/(:L(F)(X&s)ds—k/ot UQVF(Xs)dWS“> (/Ot Ha(Xs,s)dWs“)
_/Ot (/OSL(F)(XT,T)dT - /O oaVF(XT)dWTO‘> Ho (X, 8)dW 3+

— /Ot(JaVF(XS)) - Ho (X5, s)ds.

Using the following well-known property

Ep Uot (/O L(F)(X,,7)dr + /;%VF(XT)de) Ha(Xs,s)de‘} =0

and inserting all the final expressions in (5.7), we finally get our integration by parts
formula:

—m()Ep[L(F)(X,, )] + Ep [F(Xt) ( /O Ha(X,, s)dwgﬂ
FER[Y (F)(X0,1)] — EplY (F)(Xo,0)] = 0. 0

When the Lie symmetries are of quasi-Doob type, the integration by parts formula
becomes simpler and the previous result admits an interesting corollary.

Hypothesis 5.6. For any solution X; to the SDE (u, o) with deterministic initial condition
we have that:

Y (Ho ) (Xe, ), L(Y") (Xt 1), Ba(Y') (X, 1), LY (Y) (X, 1), Ba (Y (V') (Xe, t) € L*(Q)

Corollary 5.7. Let (X, W) be a solution to the SDE (3.1) and let (Y,7,H) be an in-
finitesimal stochastic symmetry of quasi-Doob type for the SDE. Let us consider the one
parameter group Ty = (P, 1, hy) associated with the infinitesimal symmetry according
to Proposition 4.4. Assuming Hypothesis (5.6) the following integration by parts formula
holds for every t € [0, 7]

— m(t)Ep [L(F)(X;, )] + Ep {F(Xt) (k(Xt, £) — £(X0,0) /Ot L(k(X,, 5))ds>} N

+ Ep[(Y (F)) (X, t)] — Ep[Y(F)(X0,0)] =0 (5.9)
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Proof. In the proof of Theorem 5.5 the only derivative with respect to A which changes
in the first term on the right-hand side of (5.5) is the derivative of the Doleans-Dade
exponential process as in Definition 4.9, that in the case of quasi-Doob symmetries is

o, (g;g

.
> Ix=0 = {O\B(X7, T)rx=0 — O\b(X0,0)|r=0 — O\Gy (X5, 5)[x=0ds}.

Fr 0

Since d\h(x,t)|a=0 = k(z,t) and Ir\Gy(x,t)|x=0 = L(k(z,t)) we have

—m(t)Ep[L(F)(X,t)] + Ep

(k‘(XT,T) — k(Xo,0)+

T t
- / L(k(XT,T))dT> / L(F)(X., s)ds| +
0 0

+Ep [/OtY(L(F)))(XS,s)ds - EIP[Y(F)(XO,O)] o

Since (k(XT, T) — k(Xo,0) — fOT L(k(X-, T))dT) is a martingale and integrating by parts
we get

Ep

T ot
(k(Xﬂ)k(Xo,m / L(k(XT,T))dT> / L(F)(Xs,sm% -
— Ep {F(Xt) (k(Xt,t)—k(Xo,t)—/tL(k(Xs,s))dsﬂ. 0 (5.10)
0

6 Some technical considerations

In this section we provide some technical results necessary to prove our integration
by parts formula. In particular, after giving a non-explosion result for the solution to a
SDE, we address the problem of how we can verify the conditions that allow us to take
the derivative with respect to A in our geometric-analytic setting. Since one of the key
ingredients is the theory of Lyapunov functions, we begin by recalling some important
facts about this topic.

Lyapunov condition: Given an infinitesimal generator L of the form (3.2), there
exists ¢ € C12([0,T] x R") such that ¢ > 0 and with r = ||

Ao B o)) = 00

and, for some constant M, a.e. on [0,7] x R"
(O + L)p(t,x) < Mp(t,x).

The function ¢ in the above Lyapunov condition is called a Lyapunov function.

Let x =inf {t > 0: X; ¢ R"} be the life-time of the diffusion process. Non-explosion
results for a diffusion process by means of Lyapunov functions are very interesting and
can be stated with a linear probabilistic proof which we report here for completeness
(see, e.g., [28, 37]).

Theorem 6.1. Let a;; := (c0”)¥ € H P (R")UC(R"™) and pu € LY, (R, R™),p € (n, o).

A sufficient condition for the martingale problem associated with the infinitesimal
generator L ((3.2)) to be well-posed is that, for each T' > 0, there exist a number
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M = My > 0 and a non-negative function ¢ € C12([0,T] x R™) such that ¢ is a Lyapunov
function on [0, T] x R™. In this case the solution process is non explosive and, for any
(t,x) € 10,T] x R™, it holds

E.[p(t, Xt)] < exp(Mt)p(0,2), t>0.
Proof. Setr, =inf{t > 0: X; € (R"\B,)}, where B, denotes the ball of radius r. Apply-
ing It6 formula we get

t
exp(_Mt)gp(tvXmin(t;rr,-)) :gO(O,J?) +/ eXp(_]\is)ai()O(sa‘erin(s,‘rr,v))O-Jl'()(min(s,r,,.))dVV:g7
0

[ MM+ 0+ L) Ko
Since, by hypothesis on [0, 7] x R"
Opp(t,x) + Lo(t,x) — Mo(t,x) <0,
(exp(—=Mt)@(t, Xmin(t,r))) is @ supermartingale, which implies
©(0,7) 2B, [exp(=Mt)p(t, Xmin(t,r,))] > Elexp(—=Mt)o(t, Xmin(t,r,)) 1r,<t]
= exp(—Mt) te[o,:ri]r,lieaB,,. SOtei[%,f:r] Polrr <]

Since P[lim, o 7 = x] = 1 (see Lemma 3.17 in [28]), for every fixed ¢

M
P.[x <] = lim P,[r, <{] <lim exp(Mt)p(0, z)

: =0.
=00 r lnfte[O,T],xeaBr ®

Sending ¢ — oo, the non-explosivity follows. Furthermore, since 7. — x a.s.
E,[exp(—M¢t)p(t, X¢)] =E,[lim inf exp(—Mt)p(t, Xinin(t,m) )]
<liminf IE, [eXp(_Mt)(p(ta Xmin(t,Tr))] < @(Oa 37),
T

where Fatou lemma and supermartingale property have been used. O

Remark 6.2. In the previous parts of the paper we develop the theory in the general
case of non-autonomous SDEs, namely the setting where the coefficients (i, o) explicitly
depend on time t. In our previous papers, we consider only the autonomous SDE, i.e.
when (u,0) depend only on the spatial variable x € R™. In the case of deterministic
time change (which is the only case considered in the present paper) the theory in the
non-autonomous setting can be recovered from the one in the autonomous case with the
following trick: denoting by (u(x,t),o(x,t)) a generic non-autonomous SDE on R", we
can consider the autonomous SDE (ji(z, 2),5(x, z)) on R"*! defined as

pi(w,2) = pt(x,2), 64 (x,2) =0 (z,2) i=1,....n,a=1,....,m

and
it e, z) =1, 60 (z,2) =0,

namely we consider the SDE

t m
X} :Xg—Hﬂ(Xt,Zt)t—k/ > ok (X, Ze)dWy
0

a=1

Zt:t,
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having generator

L= 6+Z,u (2,2)04 + = ZZU (z,2)07 (2, 2) i gi -

alzl

Obvioulsy if X, is a solution to (i, o) then (X, Z;) = (X, t) is a solution to (f,5) and
vice versa. For this reason, in order to simplify the computation, hereafter, instead of
considering directly the SDE (u(z,t),0(z,t)) we consider the associated autonomous
SDE (ji(x, 2),6(x, 2)).

Furthermore with the previous notation if (®,7,h) is a transformation of a non-
autonomous equation then (®(z, z),7(z), h(x, z)) is a transformation of the corresponding
autonomous equation (i, 7).

Let us now consider the problem of how we can verify the conditions that allow us to
take the derivative with respect to A in our geometric-analytic setting. Given the SDE
(u,0), we write

- ZUZM(‘% )0y, B= Miaxi

and the operator

L= 8—1—22 wz)x,ﬂ—l—z,u (,2)04.

a=1j,i=1 j=1

We recall that if (Y, 7, H) is a symmetry of the SDE (i, o) we have
1
Y, 2, = —=7%,
2

and
m

_ Z H,Y, = —
a=1

Theorem 6.3. Let (u,0) be a SDE with symmetry (Y, r, H) and let (®y,nx, hy) be the
associated one-parameter group. Then, for any g € C?*(R x R"), we have

1
——Y (g oy ) = (Za(g)) o @y
(dnes) -
1
<mL(gO(I))\)> :M( ch)xf tha a O(I))\)
Proof. Using Proposition 4.7 we have that, for any g € C?(R x R"),
; Og 1 ; 09k dg
Opm—]0®\=— |0,
oxt VTIx Oxt Oxk

and rewriting this expression in terms of the vector fields X, and y we get

(Xalg) 0@y = \/%Za(g o ®y).

In order to prove the second condition we start again from Proposition 4.7 which ensures
that, for any g € C?(R x R™), we have

0Py 0 0
L(gO(I))\ +Zh)‘o‘ aakafk‘| ( g)O(I))\.

77/\

a=1
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When we write the previous expression in terms of the vector fields ¥, and p we get

1 m
o [Flge @) + D haaSalgo®a)| = p(g) o Bx

a=1

and using the relation between X, (g o ®,) and X,(g) o ¢, we have

n N

and this concludes the proof. O

! L(go®)) + % Z hA,a(Ea(!]) o®y) = pu(g) o Py
a=1

The following theorem establishes how to test the conditions under which it is possible
to take the derivative inside the expectation in the proof of Theorem 5.5. Let us introduce

f-x(t)
POV = % (/O L(F) o @A(Xs,s)ff\(s)ds> . (6.1)

Theorem 6.4. Consider a SDE (u, o) with a symmetry (Y, 7, H) satisfying the Hypothesis
5.4. Introducing the one-parameter group T = (D, n), hy) associated with the symmetry,
one has that

Ep (|53 P(V)]] < oc,
where P()) is given by the expression (6.1).

Proof. Calculating the second derivative of P(\) we obtain that

F=x(t) T
2P =G ([ o) 3(5)ds) ([ drhon(Xe e+

T 2
*/ h0¢7>\(Xtﬂt)aAhQ,A(Xt,t)dt) (6.2)
0

T
2RO AL o 01Xy, FADATAO [ b (X +

T
- / hax(Xt, t)Orhax(Xt, t)dt> +
0

fox(t) T
HCZ?PA(/O Y(L(F)) O‘PA(Xs’S)fA(S)dS) : (/O Ohax(Xp, )dW+

T
- / ha,A(Xt,t)aAhM(Xt,t)dt)
0

d f-x(?) r
+2&(/ L(F) 0 ©A(X,, 5)0 f4(s)ds ) - (/ Onfra (X, ) AW+
ap \ J, 0

T
- / Pan (Xt 1) (X, D))
0

+‘§?P*(/OM(UL(F) 0<I>,\(XS,s)f,/\(s)ds> : (/OT 2 ho (X, )W+

T T
—/ (aAha,,\(Xt,t))2dt—/ ha’A(Xt,t)@?\hQ,A(Xt,t)dt)—i—
0 0
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H%@f—k(’f))y@m) 0 BA(X s, 1)y fAO) FA(F-A()+

+%L(F) 0 DA(X s, (1) f-r(0)ON(ONf-r () FA(f-r(8))+

f-x(®)
+% (/0 Y(Y(L(F))) o @x(Xs, S)f/((s)ds)—i—

f-x(®)
10Ty (1) 0 0 )00 )
0

dlP
dQy

+ 0 (@0 ADLF) 0 Br(Xy 0 F A (F A1)

d f-x(t)
+% ' (/0 L(F) O(I)A(Xs,s)ﬁifﬁ\(s)ds).

To prove the assertion, it is sufficient to show that each addend of the sum just written
isin L'(P).
Let us fix some notations. Recall that, denoting (Pr, (X), Pr, (W)) the transformed
process of (X,W), we have that
PT)\ (X) = (I))\(HW/\ (X)), j.e. YVt € [0, T] [PTA (X)]t = q))\(Xf,)(t)v f,)\(t)), (6.3)
Pr,(W) =H,, (W'), where dW] = /n(t)(dW; — h(X;,t)dt),
f-x(t)
ievte0,T) [P (W) =W = / S (AW, — h(X,, s)ds).
0

Applying the fundamental theorem of calculus and recalling that f{ =7, [, = n%
vt € [0, T] we have

A([Pr,(W)]e) = FLa(0) - [V - (dWy 0 = h(X s Fa®)dlf-a(0)) | =

1 ( 1
= — (dW,_ —h(X s (), f-x(1) 7dt). (6.4)
/77)\(f_)\(t)) f A(t) ( f k(t) ) n)\(f—)\(t))
Starting from the first addend of 8?\P(A) in (6.2) and applying the Radon-Nikodym
theorem, we get that its expectation with respect to IP is equal to

Eq

A

( /Ofw) L(F)od (X, 5)f, (5 ds)( /O ! mHa(q)A(Xt,t))(dWﬁ—hQ,A(Xut)dt))Z}

where Proposition 4.4 has been applied.
Applying the time-change s’ = f)(s) to both the integrals, we get

Eq

A

( /Of”(t)L(F)o% (Xo.5)£L(5) ds)( /O ! mHa(¢A(Xt,t))(thaha,A(Xht)dt))Q]

= Eq, (/OtL(F) ° (QA(Xf—)\(u))?u)du>'

(T

(f

) 2
VIA(Fa (@) Ha (Px (X5 )s @) (AW () = haa (X7 (u); ffA(U))mtu) du)) 1

Eq

A

t a(T)
/0 L(F)(Pp, (Xa, u)du - /0 Ha(PTA(Xu,u)dPTA(W)u]
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:]E]P

t Ia(T)
/ L(F)(Xsas)ds/ Ha(Xuvu)dVVu]

0 0
where the relevant fact that (X, W) under PP has the same distribution of (Pr, (X), Pr, (W))
under Q) has been exploited.
Let us now use Holder inequality and It6 isometry, getting
|<
A (T) 4
( / Ho (X0, )W)
0

t :

( / L<F><Xs,s>ds> ( / e Ha<Xt,t>de>
(/ tL(F)(xs,smst% | (m

/ t |o<XS7s>|2dsD%

([ |Ha<Xt,t>|2dt)2D5>.

t
| mx..opas
0
Since by Hypothesis 5.4 H,, 1,0 € L?, it has just been proven that the first addend of
O3P(\)isin L'

Let us now consider the fifth addendum of 93 P()\) in (6.2). From Proposition 4.4 we
have

Ep

Nl=

IN

< (EP

<|[Flle= <En>

+Ep

1 1
OBhar=0\(—=Hy o0 ® H,o®\+ —Y(H,) o ®,

Vix RN Vix

and so

T T
/ O3 ha (X, t) AW —/ (Ozhar(Xe, 1) = hax(Xi, )03 ha (Xt t))dt =
0 0

T T
:/ aﬁha,A(Xt,t)(tha—ha,A(Xt,t)dt)—/ ((Oxhax(Xe, t))2dt.
0 0

Applying Radon Nikodym theorem the expectation with respect to IP of the fifth addend
is equal to

f-x(®) T
Eq, ( / L(F) 0 ®y(X,, ) f;(s)ds) / 2ha (X, ) (dWE — hor (X, t)dt) |+
0 0

_]EQ/\

(/Ofx(t) L(F)o q)/\(st)f;(s)dS) /()T((a,\ha,,\(Xtat)fdt}'

Let us examine these two expected values separately. Applying the time change s’ = f)(s)

Eq

A

t T
( / L(F)(Pr, (XS/))ds’) / O2ho (X1, )(dWE — har(Xe, t)dt)] ,
0 0
while for the second factor we have
T
/ O3ho A (Xe, ) (AW — ho A (Xy, t)dt) =
0

1 1

m(dW?,A(t/) = hax(Xy @), f—A(t/))mdt/)

Ix(T) ) ,
/0 IO han (X1 o9s Fa(t)
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Ia(T)
L VTN EN e + 7) Heco (X0 fo )P, OV e =

A(T) —r
[ GV HaPr Ol (7).

So, the whole first expectation is equal to

Eq

A

t A(T) —r
(] tomyenx >>ds)( i (2+Y)HQQPTA(X)]t/)d[PTA<W>]t/>]
0 0

(/OtL(F)( S,,s)ds)</omm (%TH&(Xt/7t’)+Y(Ha(th,t’))d ;%)

where the fact that (X, W) under P has the same distribution of (Pr, (X), Pr, (W))
under Q) has been used. Concerning the second expectation and applying It6 isometry
to the second factor it becomes

‘ 2
GRIGICREIRTE ( I akha,mxt,t»dm) ]

with W a canonical Brownian motion with respect to Q. Since the expectation depends
only on the law of a process, we can choose as W; the Brownian motion given by Girsanov
theorem: dW — hq dt. Thus, applying the time change and It isometry we obtain

:]EP

Eq

A

Eq, (/Ot L(F)[PTA(X)]s/]ds’) (/0 IMhar(Xi, 1)) (dWE _ha)\(Xt,t)dt))> ]
= Eq, (/O L(F)[PTA(X)]s/]dsj( O %(Xtvt))(dwta—ha,,\(Xt,t)dt))) ] _

= Eq, |( /0 L) Pr (05 ) ( /OMT) Ho 0 ®3(Xy 0y T AP (W) )|

= Eq, {(/OtL(F)[PTA(X)]S']dS/) (/0

:EP[(/OtL(F)( S,7s)ds)(/ofA(T) Ha(Xt/,t’)th/)z]

since (X, W) under P has the same distribution of (Pr, (X), Pr, (W)) under Q.
Putting together what we have achieved so far, we have that the fifth addend of
93 P()\) can be written as

(/OtL(F)( Sl,s)ds)</ohm (_;-Ha(Xt/,t’)+Y(Ha(Xt/,t’))dWﬁ‘>

_E]PK/;L(F)( s )ds)(/OfA(T)(Ha(Xt’vt/)thl)}

By Holder inequality and It6 isometry it can be proved that also the fifth addend of
03P()\) isin L'. All the other terms can be treated in a similar way. O

Ia(T) 2
Hal Py, (X)]wd[Pr, (W) )| =

Ep
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7 Examples

In this section we systematically use the transformation of a nonautonomous SDE
(u(z,t),o(x,t)) into the corresponding autonomous SDE (ji(zx, z),5(x, z)) as described in
Remark 6.2.

7.1 Brownian motion

Let us consider as first example the one-dimensional Brownian motion

dxXy\  (dw,

dz,) — \ dt
If we look for quasi Doob symmetries of the form V = (Y, 7, H), with Y = f(x,2)0, +
m(z,2)0,, T =7(z) and H = H(x, z), the determining equations are

L(f)+H=0
L(im)—-1=
fm_%TZO

my, =0

where L = %&m + 0, is the generator associated with the SDE. From the last equation
we have that m = 3(z), and from the second one we get 7 = (3'(z). Therefore, the
third equation gives f = 1/'(z)z and from the first one we can compute H = —L(f) =
—%xﬂ’ '(2) and we have the following family of quasi Doob symmetries for the Brownian

motion
(AN g g
v(( o IO 25()>,

where 5(z) is an arbitrary deterministic function of time. In order to find the one-
parameter group ®,(z,z) corresponding to the vector field Y we solve the following
system of differential equations

dx 1,

3y = 5[3 (2)x
dz

3y = B(z)

and we find z, = M(X, 20) and z = zg exp(3 [ #'(21)d\). Moreover, since the equation
for the one-parameter group associated with 7 is

dn
a =T = 775/(2,\)
we get 7y = 1o exp( [ 8'(2x)d\). Finally, we have to solve the equation for hy, i. e.
dh 1 i)
= (Ho®,)=— "(z
o= o @) = —5 )

and, choosing g = 1 we get
hy = _%0 /ﬁ”(z,\)d)\.

Considering (z,z) = (x0, 20) as the starting point and exploiting the expression for h),
we can find §: in fact, Proposition 4.10 ensures that

2
=~ [ " in
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Finally, we can explicitly compute the expression of the function Gy, = %hi + L(hy)
appearing in Proposition 4.10, i.e.

2
Gy, = %2 {/ﬁ”(z,\)d)\] — iwz/ﬁ”’(z,\)d)\— i/b’”(@\)d}\

In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute
the following expressions

1 11
H, = —5/3 (2)z
V() = 3o |58 ()8"(:) ~ B8

Since the previous expressions are continuous in z and at most with linear growth
in 2 we get that H,,Y (H,), L(Y"),3,(Y?"), L(Y (Y?)), . (Y (Y?)) are in L?(Q) since are
polynomials of Gaussian r.v.

Applying Theorem (5.5) we get our integration by parts formula (with m = 8(z))

,
F(X) ( / <2ﬂ"<s>xsdws>

Since we started by a quasi Doob symmetry, by writing the Doleans-Dade exponential
2

according to Definition 4.9 and considering Corollary 5.7 with k(xz, z) = —%-3"(z) the

previous integration by parts formula admits also the following simplified form

Ee [F/(X0)35/(2)%,] = B + 50 370

Ep [F’(Xt);ﬁ’(Z) Xt} _

Ep

2 2 T 2
F(X,) <)ZTB”(Z) - %ﬁ"(z) — /O (ﬁsﬁ'"(Z) + iﬁ”(Z)) dsﬂ
+ B(t)E BF”(XJ] .

A standard application of It6 formula to the function g(X, Z) = XTZ B"(Z) allows us to
verify that the two integration by parts formulas are consistent.

7.2 Generalized Ornstein-Uhlenbeck process

We consider the generalized OU process

(1) = () g

where W; is a one dimensional Brownian motion and v'(x) is the derivative of a function
v(x), which is a polynomial with an even degree with positive leading coefficients. If we
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look for quasi Doob symmetries of the form V = (Y, 7, H), with Y = f(z, 2)0, + m(x, 2)0.,
7 =17(2) and H = H(x, z), the determining equations are

(@) + L(f) + H +710'(x) = 0

Lim)—7=0
1

fz_§7—:0
my, =0

where L = %am —o'(2)0; + 0, is the generator associated with the SDE. In particular, if
we look for quasi Doob symmetries with 7 = 0 we get m(z, z) = const and f(z, z) = 5(2).
Moreover, from the first equation we find H(z,z) = —5(2)v”(z) — () and, choosing
m = 0 we have an infinite-dimensional family of infinitesimal symmetries of the form

v =( (%) 0.t @) - B’(Z)>

where /3(z) is an arbitrary deterministic function of z.
In order to find the one-parameter group @, (z, z) corresponding to the vector field YV
we solve the following system of differential equations

dx

o B(2)
dz

oo 0

and we find ®y(z, z) = (8(2)A\+z, z). Moreover, since the equation for the one-parameter
group associated with 7 is

dn
o nt =0
we get n) = 1y = 1. Therefore, solving the equation for h), i.e.
B L (H o) =[-8 (@ + () — B(2)]
A M

we find
ha = =v'(z 4+ AB(2)) +v'(z) = AB'(2).

The following step consists in writing the explicit expression for . Using Proposition
4.10 we have

hjx(x) = 05(2) 0y (h2)(2)
that means

"= /w (=0'(s + AB(2)) +v'(s) = AB'(20)) ds =
0
= —v(z + AB(2)) + v(AB(2)) + v(x) — v(0) = zAB'(2).

Now, we can explicitly compute the expression of the function Gy, = %h?\ + L(hy)
appearing in Proposition 4.10, i.e.

1 1 1
Gy, = =50 (@ + AB(=)) + 50" (@) = 50/ (@) + A8/ ()0 (AB(2)) — A (2)
1 1
+ 51 (@ + MBI+ 5N (2)°.
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In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute

Ho = —B(2)v"(z) — 5'(2)

Taking ¢(x) = exp(Kv(z)) we have that

0U(9) + L(p) = —K (0! (@)1, 1) + 5 Ko ()plt, ) + L (K) (' () Piplt, ).

Since v by hypothesis is a polynomial with an even degree with positive leading coeffi-
cients, then there exist K, M > 0 such that the following inequality holds

<K + ;(K)2> W'(2))? + %Kv”(z) <M.

Furthermore ¢ = exp(Kwv(x)) is a Lyapunov function for OU process. Indeed, since v (z)
and v"/(x) are polynomials while ¢(z) grows more than exponentially, then

0" (@)|7, 0" ()" < erp(x) + ca-

Finally, we can apply Theorem 5.5, obtaining the following explicit integration by
parts formula

.
Ep[B(t)F'(X¢)] = Ep [F(Xt)</0 (B(s)v" (Xs) + B'(5))dW.))],

where we used the assumption that m(z) = 0.
Applying Corollary 5.7 with

k(z,2) = OAbala=o = —v'(2)B(2) +v'(0)8(2) — 28 (2)
we have
Ep[B(H)F(X,)] =

Ep | F(X)(0"(Xe)B(t) + XeB8'(t) — v'(0)8(t) — (v(X0)B(0) + Xop'(0) — v'(0)5(0))

’ "

.
- [ GBI () + X8 () = (08 (5) = v (X0 (X)B(s)ds

and by applying It6 formula to the function g(z, z) = v'(z)5(2) + 8’ (z) — v'(0)8(z) it is
possible to verify that the two formulas are consistent.
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7.3 Bessel process

We consider the one-dimensional Bessel process

AN 1
(i) = () e+ (o) e

where W, is a one dimensional Brownian motion and a > 3 5 is a real constant.
The determining equations for quasi Doob symmetries of the form V = (Y, 7, H), with
Y = f(x,2)0; + m(x,2)0,, T =7(2) and H = H(z, z) are

%f+L(f)+H—T%:0

Lim)—1=0
1

fz_i’r:o
my =0

where L = %am + 20, + 0. is the generator associated with the SDE.
It is easy to check that we have an infinite-dimensional family of quasi Doob symme-

tries of the form
(3@ g e,
v—<( o )ﬁ(% 25())

where /3(z) is an arbitrary deterministic function of time.
The one-parameter group ®,(z,z) corresponding to the vector field Y has been
already computed in Example 1 (Brownian Motion) as well as

= mexpl [ §/(z2)dN
Zo "
—?/5 (2
2
A= *% /ﬂ”(z

Therefore, we have only to compute the explicit expression of the function Gy, =
1h3 + L(b») appearing in Proposition 4.10, i.e.

Gy, = 327 E ( / 5”@))2 -/ B'"(zx)d)\] el RN

In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute

26'(2)B"(2) + B(Z)ﬁ”’(Z)])

%
+6(2)8"(2)

iy _ (55 [3(8(2))* + B(2)B"(2)] +
L(Y(Y )) - (2 2 (6’(2))2
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__a [1 122 B (2 1 (B (2 B! (4
Za(y(yi)):( s (59 +BB'C)] + 4B +6(2)8 <>J>

If we take
p1(x,t) = exp(g(t)2?)
we have
1
O(r) + Ligr) = g'(H)2%01 + 2ag(t)p1 + 5 (20(t)p1 + 4g(t)*2%01).
To make the previous quantity less than M ¢, we require that
g'(t) +29(t)* < 0.
Let us analyse the behaviour in the neighborhood of zero by considering
pa(t,z) =27 a>0.

Since
1 o
Ot(p2) + L(p2) = « [—a—i— 2(a+1)] xTo?
we have to ask
1
<a+2(a+1)> <0=>a<2q—-1.
Requiring o > 4 we get
- 5
a —-.
2
Since, for suitable constants ¢, c; and c3, we have

[Ho |, [Y (Ho) P, ILOY) P, [Za (YOI 1LY (YO, [Za(Y (YD) < cron + a2 + cs,

the Hypothesis 5.4 holds. Applying Theorem (5.5) we get
1 ! /

m(t)Ep EF”(Xt) + ;tF’(Xt)} + Ep

T
F(X)) ( /0 25”<s>Xde3ﬂ .

Since we have a quasi Doob symmetry, by Corollary 5.7 with k(z, z) = —%B”(z) we get

Ep Bﬂ’(t)XtF’(Xt)] — m(t)Ep BF”(Xt) 4 )ZF’(Xt)]

Tl// a

+Ep (356 + 567 + )f;ﬁ"%s»dsﬂ

F(X) ()jjﬂ”(t) -+ [

and the consistency of the two formulas can be established applying Ito formula to the
2
function g(z,2) = 58" (2).
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7.4 Stochastic volatility models

We consider the following family of volatility models, representing a generalization of
the well-known Heston model

dvy avy +b ooVt 0 Jwl
dSt = /,L()St dt + 0 l/f(2 St . (th2>
dZ; 1 0 0 t

where W, = (W}, W?) is a two-dimensional Brownian motion and a, b, 119, 0 are constants
whose range of values will be discussed below. For calculations it is convenient to
introduce the transformation X; = log(.S;), obtaining for the second equation

1
d&<w2ﬁ”)ﬁ+ﬁwwﬁ
The generator corresponding to the (complete) SDE is

1 1 1
L= 5agumlaw + 51/2"2811 + (av + b)8, + <Mo - 21/2“2) Oy + 0. (7.1)

and the determining equation for Girsanov infinitesimal symmetries are
af — L(f) — oov™* Hy + 1(av +b) =0

1
—ap fr**? ! — L(g) — v** Hy + (1o — §V2a2) =0

—L(m)+7=0
1
a1oofrt — fLoor®t + 57'001/0‘1 =0

—fzv*? =0

—guoor®t =0
1
as froe l — g 4 57'1/&2 =0

—myoor®t =0
—mr*? =0 (7.2)

Solving these equations we find the following infinite dimensional family of Girsanov
symmetries:
B'(2)
21-an?

/ H
= (a2+1—a1)B'(2) ! !
V 2 2(1_(11) X 76 (2)7 (H2)

B(z)

where 3(z) is an arbitrary function of time and

L[ o (081 —2mm) 1- / B"
H - (o5} R a1 -
' o {V ( 2(1— o) v ap 21 —aq)
B'(—as+a; —1) Ly o' (1 —a; —ag) — 28" (e + 1 — ay)
4(1 — aq) 21 —aq) .
In order to find the one-parameter group ®,(v, z, z) corresponding to the vector field Y
we have to solve the following system of differential equations

H2:I/a2 |:

v B
dA a 2(1 — Oq)
dv_ B(2) 2 +1—a)
d\ 2(1 — ay)
dz
o B(2)
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and we find

M
14 = Vg €X P —
A 0P 91 —ay)
M(Oég + 1-— Oél)
I\ = ToeXp —2(1ia1)
Z)\ = N()\,Z())

where M = [ j’(zx)d\. Moreover, since the equation for the one-parameter group
associated with 7 is

d
A =n(ro®) =18 ()

we get 1) = ng exp[M]) and we can use the previous expression in order to find h), re-

calling that ‘gf\i = \/%Hi(w\, Zx, 2zx). Indeed, with long but straightforward computations
we get
b(1—20) g -M pl-o I B (zx)dX
= ——— — | -1 M- —
hl/\ ago Yo xp 2(1 — Cl/,l) + ao “ 2(1 — 0[1)
(—ag+a1—1) . M(a; +as—1) (1—a;—a) _,
h TP —— —q | 1 % X
2 2 +as—1) 0 \TP| T 20— ay) AR

x (exp [W} - 1) gl tas) /ﬂ”(zA)d/\.

In order to check the integrability condition, we remark that in this case we have a
Girsanov symmetry that is not of quasi Doob type. On the other hand, since the first
equation is independent of the second one, if we consider only the first and the last
components of the vector field Y we get a quasi Doob symmetry in the coordinates (v, z)
and we can look for the functions h; and Gy, as in the previous examples. After long
but straightforward computations we get

and
1 —2a;)b?v—2n
Gy = v [bar(1—2a1)] + ( 21;2 [—2Q; + (1 —200)Q3] +
0
byl—2a (4 + 1M
+ 0_(2) |:_a(1 - 20{1)91 + QQ + m — (1 — 2@1)9192:| +
p2—2a aM’ [B"(zx)dx Q3 1— 20
Qy — &0 — 4 = Q
T T2 [2(1—a1)+a 2T 41— )2 2}+ 2 2
where
—-M
0 = — | =1
G
. fﬂ//(Z)\)d)\
QQ = aM m

In order to check that conditions of Hypothesis 5.4 are satisfied we explicitly compute

Hl[ (bﬁ(><1—2a>>+1 (amz) A=) )]

g0 2(1—0[1) 2(1 —041)
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HQZV

o [ —az=1)] | o [0B'(2)(1 = as — ag) — 28"(2) (a2 + 1 — )
4(11_a12) :|—|—V |: 0 1 2 2

Y(Hy) = v K (2) + v " Ky(2)
Y(Hy) = v*2 K3(2) + v~ 2 Ky(z) + av™ “2 K5(2)
L(Y') = vKg(2) + Kr(2)

L(Y?) = v** Kg(z) + 2Ko(2) + K10(2)
L(Y?) = B'(2)

(YY) = v K (2)

(Y =%(Y3 =0
So(Yh) =2(Y?) =0
Yo (Y?) = v2 K9(2)

where K7, K5, K19, K11 and K2 are some continuous functions depending on 3(z), 8'(2),
K1, K5, K3, K4, Kg and Ky are some continuous functions depending on 3(z), 8'(z), 8" (z),
and finally K7 is a continuous function depending on §(z), 5'(z), 8”(z), 8"”(z). To find the
integration by part formula for the stochastic volatility model under study in this section,
we need to prove the following technical result.

Lemma 7.1. Suppose that

1

1
ap > 5,&2 < §,a<0,b>0.

Then

o1(x,v) =exp(kr), k<<l

¢o(z,v) = exp(k:y_kl), kK <<1
¢3(z,v) = 2*(v" 4+ ¢) + crexp(kv) + ¢,
are Lyapunov functions for the original model equation. If oy = aig = % and b > o2, then
o1 (z,v) =v !
p2(x,v) =exp(kr), k<<l
d3(z,v) =22 (vt +¢) + crexp(kv) + cov ! + c3

are Lyapunov functions for the original model equation.

Proof. We give the proof only for the case a; = as = % Let us consider ¢ (v) = v~ 1 If L
denote the infinitesimal generator given in (7.1) we get

() + L) =02 -v 2 —(av +b)v 2 = (08 —b)v 2 —av™' < M,
for some constant M; since by hypothesis b > o3. Taking ¢» = exp(kv) we have

Ot(¢2) + L(gp2) = %angVexp(ku) + (av + b)kexp(kv) = k[(%aék +a)v + blexp(kv) < Ms

for some constant M, whenever k < =2%, being a < 0. Finally with ¢3(v) = z?(v~!) +

2
IH

cx?® +(v), where ¥(v) = ¢y exp(kv) + cov ™! + ¢3, we obtain

0u(65) + Lids) = 2 L(dn) + L) + 1+ ve+ 2o — 50)av™ + 2wy — )ae
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By the first part of the proof we have that L(¢;) < M; and L(y(v)) < M3 (for some
M3 > 0). This implies that

2’ L(¢1) + L(Y(v)) < Myia? + M < di¢s + eq

for some dy, ey > 0. Furthermore

2

14
cv < g + ? < d2¢(V) + eq < dotp3 + €.

In a similar way we get
Ho 2

1 _ 1 =z
2<M02V>$V 1:H0$2+§+§+?<d3¢3+63,

and
2

1 , o’ x
2 ,uo—iu ze < cug + cox +7+?<d4¢3+e4.

This means that there are some constants cg4, c5 > 0 for which

01(¢3) + L(¢3) < cagp3 + c5,

and, hence, we get the thesis. O

Finally, Theorem (5.5) permits us to obtain the following integration by parts formula
for our two-dimensional model:
B'(2)

(a2 +1—a1)f'(2)
Ep {2(1 —ay)

2(1 — Oél)

I/tauF(Vt,Xt) + XtazF(l/t, Xt):| =

1 1
m(t)Ep §U§V2°‘18,,,,F(Vt, X:) + 51/20‘23MF(1/,5, X:) + (av + 0)0, F (v, X )+

([ 3 ()

oo (ot g2 Yawe | - [ [Zm Y]

o' (1 —a; —ag) — 28" (e + 1 — ay)
2(1 — Oq)

1
+(no — Sv**2)0u F (1, Xy)

-
5 P

*EIP

| de) F(Xy)

Applying Corollary 5.7 we obtain

p'(z)

(a2 +1—a1)f'(2)
e {2(1 —ay)

I/ta,,F(I/t7Xt) + 2(1 —Oél)

XtazF(Vt;Xt):| =

1 1
mt)Ep | =050, F (v, Xi) + =220, F (v, X¢) + (av + b)0, F (v, X¢)+
20 2

+

</OT Uio[zf“l <l)ﬁ2/((11__jf;1)> + e <aﬂ’ - 2(16_//051)) dW51> F(X,)

1
+(po — §v2a2)axF(Vt7Xt)

—Ep

T /
B(—ag+ oy —1)
—E a2
i </0 v [ -a) |
a0 (1= —ag) —xf (g +1—a1) . o
2 dWs | F(Xy) |-
+v [ 2(1 — 041) s ( t)
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A Appendix A

In this section we provide an integration by parts formula using a Lie’s symmetries
approach in a finite dimensional setting by taking smooth cylindrical functionals of the
diffusion process.

Let us start by some useful definitions and by making explicit our main assumptions.
Definition A.1. Let us introduce S = (t1,to, ..., ty) With t1,ts, ..., tx, some fixed times such
thatt; >ty > ... > t1. A function FS : M — R is called a smooth cylindrical function if
there exists a C* function f : M* — R such that

FS(X) = f( Xty Xtyy - Xi,,)-
Lemma A.2. Let F¥(X) be a smooth cylindrical function. Introducing the process

Ft = FS(Xt) = f(th/\tath/\h ~'~7th/\t)7

we have
F,— Fy :/ Zas SE. Zo— AW + / L*S(F)ds (A.1)
where
OF =% 0, f
JSNG
with
N& =min{i, t; > s,t; €S}
and

RGEEEDY zzaaw > 3 (X

J1,J2<N;s(S) 1,l=1 a=1 J<N(S) i=1

Proof. By applying multidimensional Ité formula to the function F*$ (Xy): M — R we get

S _ &S _ 5 Yo, a t S(F s.
FS(X,) - FS(Xy) / SN 055 (X ok W + [ rse

=1 a=1

We remark that F'$(X,) is not a function of the n-dimensional v.a. X, but of a variable

number of copies of X, depending on where the time s falls. For example, if t;, < s < tx_1,

then F°(X,) = f(X,, X, ., ., ., X4, Xy, ), that is F'S(X,) is a function of k£ — 1 copies of X.
Therefore, in the general case we recognize the following identities

a’LFS(XS) = aif(th/\S7Xt2/\S) "'7th/\5) = Z ayjf

JSNG

and
8i,lFS(XS) - 8i,lf((Xt1/\saXt2/\S7 ~--7th/\s) = Z ay;l,y;ﬁ2f

J1,j2<NE

where y; denotes the (effective) ;7 component of the derivative of the function f with
respect to i. O

We state our generalized integration by parts formula.
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Theorem A.3 (Integration by parts formula). Let (X, W) be a solution to the SDE (3.1)
and let (Y, 7, H) be an infinitesimal stochastic symmetry for the SDE. Let us consider
the one-parameter group T\ = (P, 7, hy) associated with the infinitesimal symmetry
according to Proposition 4.4. Taking a cylindrical function F°, with S = (t1,t, ..., 1),
and assuming Hypothesis 5.4, the following integration by parts formula holds (with
tgt1 =10)

k t
Z Ep[—m(t;) LS (F) 4+ m(tigr ) LS (F)] + Ep [F(Xt) (/0 H, (X, s)dwgﬂ +
+ Ep[(Y (F)®)(X1,1)] — Ep[(Y(F)®)(X0,0)] =0 (A.2)

Proof. Since the random transformation 7 is a symmetry for the SDE, denoting by
X} = Pr, (X, W), by definition of symmetry we have

Ep[F®(X,)] = Eq, [F° (X))

Using It6 formula for a composite function F(CD A) we get

t t
F(®\(X,) = / LS (F) (@) ds + / S (F)(®y)ol dWe, (A.3)
0 0

which gives
t
Ep[FS(X,)] = Eq, [ / LS~S<F><¢A>f'»<5>dsA} |
0

Denoting by f_A(S) = (f=a(t1), ..., f-x(tx)) the inverse of the deterministic time change
IA@®)(S) = (fa(t1), ..., fa(tr)) and applying a change of variables we get, Vt € [0, T],

t f-x(®)
B, | [ LS (P) @] <o, | [ L)@ fi(S)as

0

and performing a Radom-Nikodym measure change in the expectation on the right-hand
side we obtain

Ep {FS(Xt)} — Ep

f-xa(t) -
/ LS’S(F)(‘I’A)(XS7S)fﬁ(s)dsl :
Fi 0

Applying Fubini’s theorem and putting ¢;4+; = 0 we get

Ep[FS(X,)] = Ep

k F=x(ti) -
>/ LS"S(F)(@A)(XS,S))fﬁ(S)} i (A
Fs i=1 4 F-a(ti+1)

We want to take the derivative with respect to the parameter )\ of both sides in the
previous equality. We note that in the left-hand side there is no dependence on the
parameter A. In both terms of the right-hand side we have to take the derivative inside

the expectation. Denoting by P(\) = Z) fof’*(t) L3T (Fo®y)(X,) f4(S)ds where Z) = 2,
under Hypothesis 5.4 and by Theorem 5.6, we have that 8/2\P()\) € L? and thus by Lemma
5.2

AWEp[g(\, X)] = Ep[Org(\, X)].

Taking the derivative with respect to A in (A.4) and evaluating the result in A = 0 we

obtain
k

> Ep[-m(t) LS (F) + mtysr) LS (F))+

i=1
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v ( o xesawe ) (| LS 0535 ) +

+Ep [ /O ! Y (L*S (F))(Xs,s)ds] (A.5)

where the first term has been obtained by using the fundamental theorem of calculus
for deriving both the A dependent extremes of integration, the second one by taking
the partial derivative of the Doleans-Dade exponential process as in Definition 3.13 and
using the fact that, by Proposition 4.4, dxhy j(z,t)[x=0 = H;(z,t) with the conditions
no = 1, @y, the third one by deriving the spatial flow ¢, according with Proposition 4.4
together with the property that ®, is the identity function and the fourth one by deriving
with respect to A the term f4(S) (as in Theorem 5.5). Since [Y, L] = —7L + H, X, we can
write

e [ [ v @] =me [ [ 2o (B o] +

t1

—Ep { /0 7(s)L*S (F)(Xs,s)ds} + Ep { Ha(Xs,s)agai(F)(Xs)ds}

0

By It6 formula we get

Ep[(Y (F)®)(Xe,, t1)] = Ep[(Y (F)®)(Xo, 0)]+

Ep { /0 ! L*S(Y (F))(Xs, s)ds} +Ep { /O ! Y (F) (X, s)agdwg] .

Since stochastic integrals are martingales we can write

B [(/o HolXs, 5)dWS ) ( / LS s)dsﬂ -
e [ ([ mooeaws ) ([ 2oy a) .

and, by integration by parts,

e [ ([ Ho0vaws ) ([ 2o oa) | -
B M { (/0 Ha(XﬂT)dWﬁ“> LS’S(F)(XmS)ds} N

+/0t (/O LS,S(ﬁ)(XT,r)dT) Ho (X, s)dWS + Uot Ha(Xs,s)dWS,/Ot LS’S(F)(XS,s)dsH

where the last term is a zero quadratic variation. Again by martingale property of the
stochastic integral

Ep [/Otl (/O HQ(XT,T)dWS) LS’S(F)(XS,S)dS} —

t s
= Ep / { (/ HQ(XT,T)dW;X> LS (F)(Xs, s)ds+
0 0
+ (/ H,(X,, T)de) P (F o @A)agdWaH (A.6)
0
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Applying stochastic integration by parts formula to the second term in (A.6) we have

t s
/ </ Ha(XTvT)dW3> ;% (F o ®y)ol,dW™ =
0 0

= ([ sacasawe) ([ oS o eaawe) +

/ / 95 (F o ®y)ol, dWo‘) o( X7, T)dWE+

[/ Ho( Xg,def‘,/ 3f’S(Fo®A)of¥dW"‘],
0

with the quadratic variation equal to

t
/ (855 (F o ®y)ol) - Ho(X,, s)ds.
0

Summing the two stochastic expressions we get

(/Ot L*S(F)(X,, s)ds + /025 95 (F o @A)agdwa) (/Ot HQ(XT,T)dWTa>

t s s
- / ( / LTS (F)(X,, 7)dr + / OZ’S(FOQA)JQLZW"‘> Ha(X,, s)dWot
0

0 0

t
- [ @S (F oot - Ha(Xes)ds
0

and inserting our final expressions in (A.5), we finally get our integration by parts

formula:
S(F) +m(tigr) LS (F (X, t a(Xs, s g
ZE]P DLOS(E) 4t oS + e [P ([ a0t 9aws )|+
+Ep[(Y (F)®) (X4, )] — Ep[(Y(F)®)(X0,0)] =0 m
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