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Abstract

The final scope of this thesis is to investigate from a numerical point of view a new
approach to the mathematical modelling of the degradation process in the context of
Cultural Heritage, focusing on the description of the marble sulphation chemical reaction.

Our contribution is a numerical analysis of a novel random model of the sulphation reaction
on the half-line. Given a system of non-linear reaction-diffusion partial and ordinary
differential equations (PDE-ODE) system, already present in the literature and describing
the penetration of sulphur dioxide through the pores of a calcium carbonate-based surface
which reacts with a consequent formation of gypsum, a source of randomness has been
introduced as a Dirichlet dynamical boundary condition, with the aim to better model
the sulphur dioxide evolution in the air.

A direct observation of some recent sulphur dioxide time series recorded in Milan suggests
that an appropriate model needs to incorporate a significant stochastic fluctuation
component, boundedness and a mean-reverting behaviour. The novelty relies on the
choice of a class of stochastic processes with such properties, known as Pearson diffusions,
and which can be introduced as solutions of an Itd’s stochastic differential equations
(SDE). For completeness, positiveness, boundedness, and stability for the Pearson SDE,
as well as its numerical scheme, known as Lamperti Sloping Smooth Truncation, based on
the well-known Euler-Maruyama method, are discussed and implemented, respectively.

The entirely original results are presented in the second part of the thesis. The numerical
approximation of the overall system, combination of a non-linear reaction-diffusion PDE-
ODE system with a stochastic boundary condition given by a specific Pearson process
is investigated. Following recent theoretical results about the existence and uniqueness
of a mild solution of this random system, a new numerical splitting scheme is proposed:
an autonomous heat equation which inherits the stochastic boundary condition, and a
non-linear and non local random system, coupled with the first, but with deterministic
boundary conditions. We present an FTCS approximation and we provide the stability
conditions for the discrete scheme. Furthermore, the order of spatial accuracy is nu-
merically estimated to be one. Numerical quantitative and qualitative analyses of the
impact of the randomness at the boundary are illustrated, both in the framework of single
realizations of the process, i.e. in a pathwise sense, and also by considering distribution,
first and second moments of large samples. We analyse both slow and accelerated regimes,



by considering increasing values of the reaction rates. In the fast reaction case, a formation
of a moving stochastic front can be observed.

The final part of the thesis presents a theoretical convergence result. We consider a semi-
discrete approximation of the system and prove the convergence of the discrete solution
to the unique mild solution of the original random system, through a space-discrete
approach. The same splitting strategy is adopted to derive some a priori estimates for
the splitted discrete variables. Relevant results on compact embedding for time-space
Besov spaces on the lattice as well some recent estimate results for the discrete heat
kernel are exploited to prove a useful estimate for the solution to the discrete random
heat equation. Furthermore, an L? a priori estimate for the second splitted variable
together with its discrete derivative is provided. The final convergence result is obtained
by a compactness argument, by first introducing piecewise constant interpolation and
discretization operators on the lattice and by exploiting the uniform a priori estimate for
the total system variable.

Keywords: Reaction-diffusion models; stochastic dynamical boundary condition; stochas-
tic differential equation; PDE-ODE system; Pearson process; Lamperti transformation;
numerical analysis; splitting scheme, convergence, semi-discrete scheme, Besov-spaces.

Research Project: PON 2021(DM 1061)-Universita degli Studi di Milano "Deterministic
and stochastic mathematical modelling and data analysis within the study for the indoor
and outdoor impact of the climate and environmental changes for the degradation of the
Cultural Heritage"
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Introduction: aim and results

This thesis is devoted to the complete numerical study of a new random mathematical
model of the marble sulphation phenomenon in the context of Cultural Heritage preserva-
tion. The model describes the chemical aggression of calcium carbonate stones under the
attack of sulphur dioxide |6} |7]. It is an initial, stochastic boundary value problem on the
half-line: a non-linear PDE-ODE system, already known in the literature, of a not strongly
parabolic reaction-diffusion type equations describing the penetration of sulphur dioxide
through the pores of a calcium carbonate-based surface, forming gypsum, is made random
since endowed with a stochastic Dirichlet dynamical boundary condition, to better model
the sulphur dioxide evolution in the air. We face the problem of the numerical study of the
whole highly non-linear random system by a suitable splitting strategy, which decomposes
the original problem into two more manageable random subsystems. A first study regards
a complete discrete forward in time and centred in space approximation of the random
solution process is presented [8]. We state the theoretical stability and boundedness
of the solutions and we perform a numerical accuracy study. By sampling the process,
a qualitative parameter-dependent study is fulfilled and a numerical estimation of the
distribution and the first two moments is carried out. A second theoretical achievement of
the research project is a convergence result for a semi-discrete scheme to the solution of the
random system in the continuum; by some a priori estimates and by taking advantage of
immersion compactness arguments in (discrete) time-space Besov spaces, the convergence
is proven [5].

The problem of the degradation of sandstones, limestones, and marble stones with different
porosity used as building materials for thousands of years is a very important issue that
has been observed in the last century. The first cause can be attributed to atmospheric
pollutants, in particular the reaction of sulphur dioxide with calcareous surfaces, which
then forms gypsum and black crusts, |17, 37, 35]. The dynamical evolution of the chemical
reaction of sulphur dioxide with the surface of calcium carbonate stones in the cultural
heritage degradation process is a complex system, due to the involvement of physical,
chemical and biological processes, coupled with specific characteristics of the materials
such as capillarity and porosity, |19, [18]. To our knowledge, the study of degradation
phenomena has been utilised primarily for pure statistical models or deterministic partial
differential equations, [99]. Only in the last couple of years, stochastic evolution modelling
has been introduced at both the microscale |86} 87| and the macroscale |6 |7, 82].



In the last decades, a great improvement to this research has been provided by a series
of papers within the deterministic framework [1, |2, 9, |18, 19} |58, |60, 53} 90]. The basic
elements of the models are introduced in [9], in which the authors propose a quantitative
description of the diffusion of the sulphur dioxide SO4 on the porosity of calcium carbonate
stones CaCQOg3. They assume that polluted air, and in particular the sulphur dioxide,
diffuses through the pores of the carbonate stone and interacts with the surface of the
pores, causing the following reaction:

CaCO3 + S02 + 1/2 02 + QHQO — CaSO4 . 2H20 —+ COQ

The sequence of papers we refer to goes from a first basic model summarizing the above
reaction |9, [60, [58] to more complex models taking into account other physical variables,
such as the pressure [1, 2] and the stone surface rugosity |18] as well as damaging effects
[19], with the aim to better study and reproduce the damages caused by the sulphation
phenomenon. The reported analysis involves both well posedness results and numerical
study above all for the models characterized by some technical difficulties that seem hard
to overcome from a theoretical viewpoint |19].

The primary proposed deterministic model is a one-dimensional reaction-diffusion system
of non-linear parabolic equations. Given the sulphur dioxide concentration ps and the
calcite density ¢, the model reads as following, |1, 9]

5P =V (¥Vs) = Ansc, in (0,T) x (0, 00),

Jsc = — s,

(1)

with constant initial and boundary conditions

ps(0,z) = po, ¢(0,z) = co;

ps(t,0) = po. @

Function s stands for the porous concentration of sulphur dioxide and it is such that
ps = s, whereas A € Ry is the reaction rate. The function ¢ = ¢(c) is the porosity of
the material, which is usually a function of calcium carbonate

o(c) = A+ Be,

with A € Ry and B € R. Calcium carbonate has a lower porosity than the transformed
gypsum. Hence, we particularly focus on the specific case of B € R_.

At the macroscale, a source of randomness has been proposed in [82]; with the aim to
better model the sulphur dioxide evolution in the air, a Dirichlet stochastic dynamical
boundary condition has been coupled with the system . More precisely, at the left
boundary a Pearson process is considered, that is a solution to a Brownian motion-driven
stochastic differential equation (SDE) with a mean reverting drift and a squared diffusion
coefficient, which is a second-order polynomial of the state. As a consequence, instead of
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the constant boundary condition in , the following Dirichlet dynamical condition is
considered
ps(t,0) =W, te(0,T],

where {W;},c[0,7] is the solution of the I[t6 type SDE

d\I/t = Oé(’}/ — \I’t)dt + o4/ \Ift (77 — \I/t)th, (3)

with a,0,v,n7 € Ry, and v < 7. Hence, the boundary condition has a lower regularity
than the case faced in |9} 59]; indeed, it inherits the same regularity of the Wiener process
W. Thus, despite the fact that the process ¥ has almost surely trajectories in C?, for
every 8 € (0,1/2), i.e. the class of Holder continuous functions of order less than one half,
in |82] the authors, taking advantage of a splitting strategy, study the well posedness of
the random system, by proving the existence of a pathwise unique mild solution of the
random PDE-ODE system. First let us observe that if system holds, c¢ is explicitly
given in terms of the porous sulphur dioxide s = ps/¢(c), i.e.

c(t,x) = Aco(z) |@(co(x))er Jo strydr _ Bco(x)} o ,

and the equation for s assumes the form

O = 025 + be(t, )05 + Ve(t, x)s(Bs — 1)

_ (4)
0ic = —As(A+ Be)e,

with b.(t, x) = Bdyc/(A+ Be), 7.(t,z) = Ac.

The splitting strategy helps in overcoming the difficulty coming from the not strongly
parabolic character of the system and the irregularity of the function at the boundary. It
relies on the fact that, by splitting the porous sulphur dioxide s as s = u + v, one may
decompose the random PDE equation into two sub-problems.

The first one is an autonomous heat equation: u is a solution of the following zero initial
value problem which inherits the stochastic boundary condition

o = 0iu, (t,x) € (0,T) x (0,00);
u(0,z) = 0, z € (0,00);
U(t, 0) = S(ta 0) - \Tlt = \Ilt/()o(c(ta 0))7 te (Oa T)
The second problem is a non-linear and non local random system, coupled with the

first, and with deterministic initial and boundary conditions, that is v is solution to the
following system

v = 2’U % v u) — % C v u T ),
o = Bt O+ o) — (D05 # ) (v, (60 € 0.7) x (0,00
v(0,7) = sp, x € (0,00);
u(t,0) = 0, te (0,7).
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The idea behind the splitting technique is to take advantage of the regularity properties
of the solution of the heat equation, which involves just the diffusion part, and to exploit
the smoothing effects of the Laplace operator to deal with the high irregularity at the
boundary, given by the stochastic dynamical boundary condition. The specific choice
of a Pearson diffusion as a dynamical boundary condition is an example of a stochastic
process with such regularity; this choice is original in the context of the degradation of
Cultural Heritage.

The original contribution of this thesis is the study of the numerical approximation of the
random PDE system (/1)) endowed with the stochastic boundary condition ¥;. The starting
point is the proposed model introduced in [82], where the existence and uniqueness of the
mild solution are provided. Therefore, the investigation in this thesis is indeed focused
on the one-dimensional space case to guarantee the well-posedness of the entire system.
Moreover, the choice of the stochastic boundary condition proposed in this work is strictly
related to the spatial dimension of the domain.

A first introductory paper [6], from one side, provides a preliminary numerical approxima-
tion of all the involved processes; on another side, it gives a justification of the choice of
the Pearson type noise, starting by the direct observation of some recent sulphur dioxide
time series recorded in Milan; the data suggest that an appropriate model needs to incor-
porate a significant stochastic fluctuation component, boundedness and a mean-reverting
behaviour. More specifically, coherently with the observed data, the proposed process in
takes into account the tendency of the sulphur concentration pg to return to a mean
level () in the dynamics described by the drift coefficient; the bounded behaviour is
captured via the specific form of the diffusion coefficient, even though the SDE is driven
by an unbounded Wiener process W. In applications, it is well-known that the issue of
considering bounded noises is a crucial question (|40, [48]).

Regarding the literature on stochastic dynamical boundary conditions for evolution
problems, some papers introduce white noise as a Neumann-type boundary condition
(see, for instance [14, |16, 23, 42, |32, |45]). For our specific case, the experimental SO,
concentration data are not compatible with a white noise behaviour. Moreover, since
the boundary condition for the sulphur dioxide concentration on the positive real line
is set in to be of Dirichlet-type, it is reasonable to adopt a new modelling approach
by considering the solutions of the stochastic process in as a dynamical boundary
condition.

For the convenience of the reader, in this thesis, we propose a self-contained presentation
of the relevant mathematical properties associated with the Pearson stochastic boundary
condition, in particular the uniqueness and the pathwise uniqueness, despite the non-
Lipschitz diffusion coefficient; furthermore, we provide its boundedness throughout the
classical Feller classification of the boundary of {0,7n} as entrance boundary points,
whenever the following condition on the parameters of the SDE holds

20 20(n — )
no? no?

> 1. (5)
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Furthermore, we face the two main problems arising in the application of the Eulero-
Maruyama scheme for its numerical simulation: the not Lipschitz diffusion coefficient
and the fact that the scheme is not domain preserving. In order to overcome both such
problems, we consider a particular spatial change transformation of the process, known
as the Lamperti transform,

Y, = F(¥) = Zarcsin( \I!t/n) , Y e (0,m),

which allows to get rid of the not Lipschitz diffusion coefficient. The resulting additive
noise Ito-type SDE shows a constant diffusion coefficient but a not Lipschitz drift, which
is also periodic and monotone decreasing. Concerning this issue, we recall that in the
standard Eulero-Maruyama scheme superlinearly growing coefficients produce divergent
solutions, [31]. Furthermore, in the case of the one-sided Lipschitz continuous drift, with
the derivative growing at most polynomially and global Lipschitz diffusion coefficient, one
might consider a tamed Euler method, where the drift is modified to obtain a uniformly
bounded coefficient [67]. Recently, a smooth truncation procedure has been proposed in
[30], to overcome both the difficulty caused by the not Lipschitz drift coefficient, which
has less regular properties, and to guarantee that monotonicity is maintained. In this
thesis, we discuss the qualitative behaviour of the solution of the Pearson SDE and we
provide a related error analysis, by considering samples of dimension 10000.

The entirely original results are presented in the second part of the thesis.

A first study regards a whole discrete forward in time and centred in space approximation
of the random PDE-ODE process [§]. For a complete investigation of the random evolution
problem, we propose a numerical splitting scheme, based on the same decomposition of
the solution s of the porous sulphur concentration used in [82].

Let 2, x E = [0 =z, x1,...,2p = Z] X [0 =tg,t1,...,tny = T] be the equipartition of
the space and time mesh, with A, = T/N and A, = /M. Furthermore, let A be such
that

We adopt the following notation for a general function g evaluated at the mesh nodes
gr = g(tn, m), for any (n,m) € {0,..., N} x {0,..., M}. Since at the simulation level
we consider a bounded domain [0, Z], we need to take into account a boundary conditions
at T for function s = u + v: we take the following Neumann condition for u and v for the
right boundary:

Opu(t, @) = Ozu(t,T) = 0.

We denote by (s, cr) = (u, + vy, cr) the discretized solutions in the nodes of the grid.

We solve the random PDE system pathwise, i.e. for any given realization {Qﬁ”}n(w), w e Qp
of the discrete process

~ tn -1
Pt =" [cp <co exp(—)\/o \Iludu)>] ,
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where 9" is obtained via the LSST scheme introduced for the approximation of the
solution of the SDE (3)).

The splitting scheme is based on two main steps. First, a discrete forward time - centered
space (FTCS) approximation {uj, }n m of the heat equation is considered. It is coupled
with a zero initial condition and with a discrete realization of the process 1 as a boundary
condition. Given this discrete realization, for each trajectory, the random heat equation

admits the following scheme , i.e. for any n =0,1,...,N — 1
uptt = Al g+ (1= 2A0)ul, + Ay, m=1,...,M —1;
uptt =gt U?fl (1 —2A)ufy + 28 ujy_y; (6)
W=y W0, =0, m=1,...,M.

We state the following classical stability results.

Proposition 3.3 (Pathwise stability for u). Suppose that assumption on the parame-
ters of the stochastic boundary condition holds. Then for

A<1/2

the random process uy}, is pathwise stable; precisely, there exists a constant C' such that,
for any n € {1,..., N}, the vector solution U™ is such that

U™ (W)lla, < Cr.a, 1,

where 1 = n/e(co) and || - ||a, is the usual Euclidian norm. Moreover, also the mean
square stability holds. Furthermore, the stability property holds also in the maximum norm
case both pathwise and in mean

E [HUn”maX] < CTﬁ'

The second step of the splitting scheme is provided as follows. Given the discrete heat

solution w;,, by using again an explicit first-order finite difference approximation, centred

in space and forward in time, for any n =0,..., N —1 and m = 1, ..., M — 1 the variables
" and ¢, are the solutions to the scheme

U;l:_l = v, + A (v;”lH —2u + vﬁl_l)
_ B
A
dp(cn

m

] (1 = Em—1) (Va1 — V1)

m
+A N (B(v), + ul,
=AM (v u,) el(ch,

+A4(’f;n)( 41— Cm—1) (Umy1 — Up—q)
)= D) (v), +ur);
)

n+1

— n
c = cpe
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coupled with (6] and with initial conditions for m € {1,..., M — 1} given by v), = so <
7, ) =cg. Coherently with u, the Neumann boundary condition in o = 7 leads to the
following condition at the boundary mesh points, for any n=1,...,N — 1

vy = 0;
it = 2800,y 4 (1 — 2A)vl; + MAel, (Bl 4+ ult) — 1) (uhy + vly).

We derive explicit conditions to ensure both the positivity and the boundedness of the
numerical solutions. An upper bound for the initial data for ¢ and some restrictions
on the time step of the discretization are provided in dependence on both the spatial
step and the parameters governing the dynamics in order to guarantee the stability of
the solutions, both in the pathwise and in the mean sense, according with the following
statements.

Proposition 3.4 (Pathwise stability and boundedness). Let us suppose that the initial
condition so < 17, ¢ =co, m € {1,..., M — 1} and the stability condition A;/A2 < 1/2
for the discretized solution ujy, hold. If the following further conditions are satisfied

c _44 44
0 5B  5|B|
2
Ay < -

2+ )\C()A%(l — Bm .
then the discretized solutions (s),,cl) is such that, for any (n,m) € {1,...,N} x
{1,..., M}, and any w € Q
(S;Lz<w)7c?n(w)) € [0777) X [07 CO]-

Corollary 3.1 (Bounds for v)). Let us suppose that the hypothesis of the previous
proposition are satisfied. Then for any (n,m) € {1,..., N} x{1,..., M}, and any w € Q,

i < @) o) ST—u

n
m*

Also the stability for the full scheme is proven; indeed, the following result is stated.

Proposition 3.5 (Pathwise stability for numerical v). Let us suppose that the hypothesis
of previous propositions are satisfied. Then there exist positive constants Ca, 1.z, Ca,.T
for any n € {1,..., N}, the solution vector V" at time step n is such that

V*w)lla, < Ca,ram,

and
V™" (@) llmax < Cry.

The same stability results in mean follow.
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Finally, the spatial accuracy order one is numerically estimated.

An extensive qualitative investigation of the numerical solutions for the entire system is
provided for different levels of noise at the boundary, and different values of the porosity
of the material, both in the slow and fast regime of the reaction. The fast regime is
obtained by increasing the value of the reaction rate parameter \. Indeed, as discussed
in [59], an accelerated regime for the reaction obtained by assuming increasing values of
the parameter A is equivalent to analysing the asymptotic behaviour of the system by
accelerating time by a factor of \; and taking a space expansion y/\;xz. By changing the
parameter A, the role of the activation energy in the penetration of the sulphur dioxide
and the consequent degradation of the calcium carbonate is captured.

In the thesis we discuss the pathwise behaviour of the random system, by underlying
the particular contribution of each single splitted variable to the evolution of the whole
system, specifically the dynamics of the random heat equation problem and the role
played by the second non-linear reaction system. Furthermore, we also face the problem
of investigating the probability distribution, and the first and second moments of large
trajectory samples, showing how the variability at the boundary spreads out into the
domain. One can see that as o increases, the impact of the noise on the entire domain
also increases, gradually in the slower regime and instead with high fluctuations in a
faster reaction regime. In the latter case, the transition zone gets smaller: the interior
remains unaffected by sulphur dioxide without penetration of the gas in the marble, and
more evident calcite deterioration at the boundary of the sample is highlighted with
a subsequent formation of a stochastic moving front. Finally, in order to quantitative
estimate the impact of the noise on the boundary, an L?-mean distance among solutions
(po, ¢o) with different levels of noise o at the boundary and the deterministic one (p4,, o)
driven only by the mean-reverting dynamics is provided to account for the influence of the
boundary in the dynamics. More precisely, we compute the root mean square difference
(RMSD),[52]

RMSD s, po):2) = [E (1 0:2) — 1207

RMSD(cy, coy)(t,z) = \/ E [|c(,3 (t,2) — Coy (t,x)\2].

The impact of the noise is well-understood, displaying that the noise at the boundary
propagates immediately throughout the entire domain: this happens more slowly for the
slow reaction rate regime. Moreover, in the latter configuration, the impact of the noise
at the boundary for the calcium carbonate density is almost zero everywhere. On the
other hand, in the case of a fast reaction configuration, there is a more significant impact
of the noise for the calcite around the formation of the front, whereas it is almost zero for
the SO4 concentration, coherently with the rest of our analysis.

The final chapter of the thesis is devoted to a theoretical convergence result. Indeed, it is
considered a space-discrete approximation of the process (s, ¢) and the convergence to the
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unique mild solution of the random reaction-diffusion system in the continuum, whose
existence and uniqueness is stated in 82|, is stated. In the framework of a discretization
approach, which is discrete in space and continuous in time, to the same random system
(s,c), we first give some a priori estimates on the discrete solutions (s, ¢) via the same
splitting argument described above. We remark that the splitting argument is often
utilized in facing stochastic partial differential equations (SPDEs). Here we adopt it
for taking advantage of the linearity and the regularization effect of the discrete heat
equation to compensate the strong irregularity of the boundary condition.

We present a complete, detailed analysis of the space-discrete random heat equation
in the lattice QZ = hZ, (and continuous in time). The derivation of the fundamental
solution on the positive lattice is performed by starting from the fundamental solution
to the whole one-dimensional lattice and by doing an odd reflection as in the classical
framework. Furthermore an explicit representation of the solution for the initial boundary
value problem (IBVP) is derived. By considering the boundary value problem (BVP)
(with zero initial condition), we also provide an explicit representation of its solution in
terms of the (difference) derivative of the discrete heat kernel on Qp = hZ. In order to
prove some a priori estimates on the positive lattice for the solution of the random heat
equation, we take advantage of some recent results in discrete time-space Besov spaces.
In particular, by exploiting some properties of the discrete heat kernel derived in 13|
to gain more regularity in space, we give a final estimate for the discrete random heat
equation. As a final achievement, we prove that the L°WZ2" norm of u is controlled by
the C* norm of the general boundary condition ¢ with x € (1/4,1/2), according with
the following proposition.

Proposition 4.7. Let u be the solution of the semi-discrete random heat problem.:

du= ADu,  for (t,z) €[0,T] x Qf
u(0,x) = 0 forx € Q;
u(t,0) = ¥(t)  for¢(t) € C*(Ry).

where AP is the discrete Laplacian operator. Let us suppose that 1 is such that ¥(0) =0
and k € (3,1). Then, for every o € (0,1) and p € (1,1/a), there exists a constant C’
not depending on 1 such that P-almost surely

1
||UHL§°VV33’T < C',Hl/Jch, }; +2k > (7)

Moreover, the estimation on the (difference) derivative of u in L?(£2;) directly derives
from by taking p =2 and r = 1.

We note that the result is not related to the particular stochastic model assumed as a
dynamical boundary condition, but it holds for every process that shares the regularity
property of being 5 -Hoélder continuous, with 1/4 < § < 1/2. This class of processes is
quite large, including, for example, the fractional Brownian motion with Hurst index
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i < H, or solutions to rough path equations with driving noise having g Holder regularity
with 1/4 < 5 < 1/2.

Concerning the estimates for the system (v, ¢), we first introduce a simplification strategy
consisting of a sort of linearization of the whole system. Following [59] and [82], we
introduce an auxiliary function f with good regularity properties in place of the variable
s in the ODE of the system , which allows to obtain an independent ODE. While
maintaining the coupling between the PDE and the ODE, this strategy returns a linear
equation for the variable, although the system remains complexively non-linear. In this
setting, for the second problem (v, c), a useful a priori bound for the L?-norm in space of
v and its discrete derivative is proved. The lines of the proof are similar to those applied
in [82] but, coherently with the numerical pathwise estimatesusually carried out in L?, we
consider an interpolation between the spaces L?H! and L{°L2. to give our final estimate
for v. Finally, a uniform bound for the solution s is provided by gathering the previous
estimates on u and v together, leading to the following final estimate.

Proposition 4.11. Let (s,g) be the couple of solutions of the following semi-discrete
version of system in [0,T] x Q;

s = ADs + by(t,2)[DfcDf s + DyeDy s] + vys(Bf — 1)
g = —Afelg)g

where D}, D are respectively the forward and backward finite difference operators and

1 B
bg—ﬁ@, ’}/g—)\g

Then, for any T > 0, the following estimate on s holds with K a constant depending on T
and the constants for the estimates for v:

T
£ )12 D s(t,- dt < K
2 1500 sy + [ IDFs0: e <

These a priori estimates allow to obtain our main convergence result, via compactness
properties of time-space Besov spaces. More precisely, we first introduce simple extension
operators (in terms of piecewise constant functions) associating to any function defined
on the lattice 25, a function on the continuum (2. This operator has good continuity
and convergence properties with respect to the discrete and continuum Besov spaces.
Furthermore, we also consider some not trivially defined discretization operators, which
associate to each regular function on R4 a value at each lattice point given by the mean
value of the function on a square centered on the lattice points. By introducing a weak
formulation of our semi-discrete system solution, we first state that a weak solution is also
a mild solution and, then, we prove the convergence of the piecewise constant extension
of a solution of the semi-discrete random PDE-ODE system to the unique solution of
the random system for any p € [1,2] and for any & < 1/p, in Lp([O,T],B{;,p(RJr)),
according with the following theorem.



Theorem 4.3. Let (sp,cp) be the unique solution to the semi-discrete system defined in
[0,T] x Qf :

Ai(plcn)sn) = 5 (D (p(cn) Dy sn) + Dy (o(cn) D sn)) — Mp(en)snen
Orep, = —Ap(cn)snch-

Then (sp,cr) converges to the solution (s,c) of the system - , in the following

sense: denoting by S, = & (sp) and ¢, = Ep(cp) the piecewise linear extension, for any

p € [1,2] and for any k < %, we have that (8, ¢x) converges in LP([0, T, B}’,f’p(R_i_)) to the

unique solution (s,c) of the equations (4)).
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The outline of the thesis is the following.

In Chapter [I] we provide a detailed derivation of the deterministic mathematical model
describing the marble sulphation. Numerical simulations, carried out with different
reaction rate, together with a complete stability analysis are provided to better under-
stand the system and the dynamics of the reaction-diffusion system under consideration.
Successively, the choice of a possible stochastic boundary condition for the SO, evolution
is discussed as a consequence of a preliminary and qualitative analysis of the time series
for the dioxide sulphur registered in Milan.

Chapter [2] is devoted to the formal remind of the mathematical framework for the
Pearson process. For sake of completeness, a complete study is presented. Existence
and uniqueness are provided by adapting Skorokhod and Yamada-Watanabe results for
processes in one dimension to deal with the non-Lipschitz diffusion coefficient. A brief
discussion on the role of scale function and speed measure is given for applying the Feller
theory of the classification of boundary point with the aim to impose the boundedness of
the process. The discussion on the problems arising with the numerical approximation
via a Euler-Maruyama scheme is carried out into details. Numerical results are provided
for different configurations of parameters, together with the convergence of the process to
the invariant probability distribution.

Chapter [3] contains the main novelty of the work. The deterministic differential system
(1) is combined with . Since it is necessary for the forthcoming analysis, we briefly
recall the existence and uniqueness result of the solution to the PDE-ODE system with
stochastic boundary conditions established in [82]. The new splitting scheme for the
discretization of the whole random system is here proposed. Results are illustrated either
for a single realization of the process as well as for the mean behaviour of the solutions.
Particularly, we focus on both the quantitative and qualitative analysis of the impact of
the noise at the boundary on the solutions. Pathwise stability of the scheme is rigorously
established and its accuracy is numerically described.

Finally, Chapter [4] establishes a rigorous bridge between the numerical solutions and
the mild solutions for the original system. Within a semi-discrete approach, discrete in
space and continuous in time, and applying the same splitting strategy for the solution s,
we derive some a priori estimates both for the splitted variables u and v. In particular,
we derive the fundamental solution for the discrete random heat kernel and we exploit
compact embeddings of time-space discrete Besov spaces to gain regularity in time.
The convergence of the discrete solution to the one in the continuum is provided by a
compactness argument, via interpolated functions and by some a priori uniform estimates.

Acknowledgement. The research presented in the thesis is carried out within the research
project PON 2021(DM 1061) "Deterministic and stochastic mathematical modelling and
data analysis within the study for the indoor and outdoor impact of the climate and
environmental changes for the degradation of the Cultural Heritage” of the Universita
degli Studi di Milano.
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Chapter 1

Modelling the sulphation
phenomenon

The problem of the degradation of sandstones, limestones, and marble stones with different
porosity, used as building materials for thousands of years, is a very important issue
that has been observed in the last century. In this first chapter, we provide a general
introduction to the mathematical modelling of the surface deterioration in Cultural
Heritage, due to the chemical reaction of sulphur dioxide with the surface of calcium
carbonate stones. We review the deterministic models widespread in literature, deriving
into details the equations describing the sulphation evolution, starting point of the work
in the thesis. We end the chapter giving a reasoning of the choice done for introducing a
source of randomness in the model at the macroscale.

1.1 Introduction to the problem

Cultural heritage plays a crucial role in our society; not only it represents a connection with
the past, preserving traditions and keeping individual identities, but it also helps bridge
differences, fostering mutual respect and understanding between diverse communities.
Of course, it represents a central part in the economic side: in 2015, cultural tourism
in Europe was deemed to be responsible for 40% of European tourism contributing to
the economy of any country and promoting the preservation of cultural heritage [36].
For these and other reasons, governmental institutions and organizations such as the
United Nations Educational, Scientific and Cultural Organization (UNESCO) take care
of cultural heritage all over the world. Especially in Italy, there are 60 recognized world
heritage sites ﬂ hence the interest to preserve them is very strong.

Historical buildings and monuments, often mainly composed of carbonate-based stone
materials with calcite as their main component, are susceptible to deterioration caused by

Lhttps: / /www.unesco.org/en/countries /it



acidic substances. The problem of the degradation of sandstones, limestones, and marble
stones with different porosity used as building materials for thousands of years is a very
important issue that has been observed in the last century.

Nowadays, atmospheric pollutants continue to be a major contributor to the degradation
of heterogeneous structures made from a mixture of different materials, especially when
complex structures with articulated geometries are involved. Among these, calcareous
stones are particularly susceptible to damage. However, the mechanisms of stone degra-
dation and the factors influencing them are difficult to identify due to the interplay of
coupled processes. In particular, the phenomenon is very complex since physical, chemical
and biological processes, coupled with specific characteristics of the materials such as
capillarity and porosity, are involved.

For this reason, modelling the degradation phenomena and, more precisely, the surface
recession of the stone, is an essential tool for the care and protection of our monuments. In
[99], authors propose an interesting review of the latest mathematical models whose aim
is to describe the deterioration of these structures over time; in particular, they highlight
the lack of an inclusive model, capable of encompassing all the possible deterioration
processes that, time by time, could be adapted to different case studies in the various
parts of the world and with usually different conditions nearby, at least for structures
build with similar materials. The geographic location and the microclimate surrounding
pollution conditions are effectively very different from place to place and thus, finding a
mathematical model able to explain different scenarios without neglecting any factors is
very challenging.

In this work, we particularly focus on the carbonation phenomena, which plays an
important role in the weathering process: the presence of carbon dioxide CO, in the air,
indeed, dissolves in water forming carbonic acid

9H,0 + COy — H,CO4,

that, combined with calcium carbonate, forms calcium bicarbonate. The latter is highly
soluble in water and this causes the stone dissolution [34, 88, 99]:

CaCO3+ HQCOg — Ca(HC()3)2

Combined with the carbonation process, the sulphation phenomenon is considered. The
sulphur dioxide (SO;) present in the air reacts with the calcium carbonate due to the
presence of water in the stone’s surface and forms the calcium sulphite (1.1])

CaCO4 + SO, + nH,O0 —3 CaSOs - nH,0 + CO, (1.1)
1
CaCO3 + SOQ + 2H20 + 5 — CaSO4 . 2HQO + COQ (12)

Moreover, in the presence of sufficient water and oxygen in the air, when the sulphuric acid
reacts with calcium carbonate leads to a decomposition of carbonate and, consequentially
to the formation of anhydrous calcium sulphate (see (1.2))). The latter, when hydrated by
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Figure 1.1: Examples of black crust in outdoor monuments. Pictures from Wikimedia
Commons, Author: Pére-Lachaise.

the relative humidity of the air, expands by up to 30 % in volume and readily adsorbs
external colourful substances on its surface. This hydrated form is commonly referred to
as gypsum. In particular, the phenomenon is observable in stone buildings and monuments
exposed to atmospheric pollutants with the formation on their surfaces of dark colour
patinas, known as black crust. Furthermore, gypsum has a higher porosity than carbonate
calcium at the beginning of the reaction: thus,it is more susceptible to physical degradation

caused by climatic agents, 35).

Nonetheless, we have to mention that nowadays the role of SO, in the degradation
process of the monumental estate is becoming of secondary importance, due to the green
campaigns adopted by many western countries in the last thirty years, which has produced
a decreasing of SO4 level in most of our cities. It could be very reasonable now to introduce
variables such as HNO3 or NO, that significantly increase the vulnerability of the stone: in
particular, they increase the superficial porosity of the material, leading to an easier entry
of water and pollutants. However, the inclusion of additional factors in the mathematical
modelling is crucial; nonetheless, it lies beyond the scope of this thesis. In this work, we
consider a model in which sulphur dioxide reacts with calcareous surfaces. We aim to
investigate whether introducing some form of randomness into the phenomenon under
study is feasible and, lately, introduce a proper mathematical modelling which could be
generalized to different problems.

For the study of the evolution of degradation phenomena, either pure statistical models
or deterministic partial differential equations have been proposed. In the 80’s most of
the models were based on statistical studies and were mainly related to the quantitative
descriptions of damage correlated to the mass loss of stone materials with the deposition
rate and pH of rainfall. Among such models the Lipfert formula is the most used, based
on statistical models of atmospheric corrosion; it quantifies the annual surface recession
of carbonate stone, due to the effects of clean rain, acid rain and dry deposition of
pollutants |78]. However, during the present century, the rainfall contribution to surface
recession is likely to have a small effect, while nowadays the increase in atmospheric CO4



concentration is shown to be the main factor in increasing weathering via the karst effect
[17]. The interested reader may refer to [99] for a review of such models.

With the work [9], a new approach in the framework of hydrodynamic models has been
proposed. The starting points for the derivation of a differential model are the basic
physical relations, the balance laws of the chemical reactions, and Fick’s law. As a
particular feature, the model takes into account the effects of sulphation on carbonate
rocks, by assuming a direct linear dependence of porosity and diffusivity on the density of
calcium carbonate. The permeability of the medium is neglected. A proper determination
of the thickness of the formed gypsum crust (CaSO, - 2H,0) as a product of the reaction
of SO, with calcium carbonate stones is determined. As explained in [9], the path of
reaction of SO, suggests that, since the CaSOs (calcium sulphite) reaches equilibrium
soon after the initial reaction, and then the amount of gypsum continues to increase with
the progress of the reaction, one can consider the one-step reaction in [50L |51}, 173,
107]. In this model, all heat effects are neglected and it is assumed that the air contains
enough water to give rise to the reaction and that the change in concentrations of oxygen
(Oy), water (HyO), and carbon dioxide (CO,) does not affect the reaction |1} |9].

Our investigation starts precisely from the mathematical model introduced in [9], where
a degenerate nonlinear parabolic system gives a quantitative description of the diffusion
and the chemical action of sulphur dioxide on the porosity of calcium carbonate stones; it
is assumed that polluted air (and so the sulphur dioxide) is diffused through the pores
of the stones and interacts with the surface of the pores. The reaction-diffusion model
gives a macroscopic description of the formation of calcium sulfate (gypsum) from the
calcium carbonate (calcite) on the surface of a stone. The model reads as following, for
(t,x) € [0,T] xRy, T >0

{ O (p(c(t,x))s(t,x)) = do.(p(e(t,z))0ps(t,x)) — Mp(c(t,z))s(t, z)c(t, x) (1.3)
Oe(t,x) = —Xap(c(t,z))s(t, x)e(t, x) '

where s stands for the porous concentration of SOy (mol/cm?) (see below for definition)
and ¢ for the local density of CaCOs (g/em?). The function ¢(c) is the porosity (volume
of pores/total volume); it is supposed to depend only on the density of calcite. Denoting
by mg, m. the masses of single molecules of sulphur dioxide and calcite respectively, the
reaction speed A1, Ay are given by

Al = fl/mc; Ay = [l/ms, (1.4)

where A is considered here as constant (in general, it might depend on the temperature,
the presence of catalysers and the activation energy). Finally, d is the scalar effective
molecular diffusive coefficient. Note that s is the porous concentration, namely the fraction
of porous volume occupied by SO,; it is related to the concentration ps of SO, (fraction
of total volume occupied by SO,) by the relation

ps = p(c)s.
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For the convenience of the reader, the detailed derivation of system (|1.3)) is presented in
Section [[.21

The initial conditions for s and ¢ given by
s(0,x) = so(x), ¢(0,2) =co(x), x€]0,00)
are coupled with the boundary condition for s, expressed as
s(t,0) =(t), tel0,T].

In [9] the boundary condition for s is assumed to be constant, i.e. s(t,0) = 59, even
though, at least as far as numerical analysis is concerned, the authors state that the
same analysis may be performed in the case where s(¢,0) is a given pre-selected bounded
measurable positive function ) (t).

The above differential model can be related to reactive flows in porous media |20,
27, [28]. A great advantage is that one can numerically simulate the dynamics of the
damage process in monumental stones and compare the results with experimental data
([90]). The case = € R has been studied in [58], while in the case on the half-line, x € Ry,
as here, when the boundary condition 1 for € Wh! regularity (in time), the work [59]
states the well-posedness of the model; it also studies the fast reaction limit and the
large time behaviour. See also |60] for the mathematical study of a generalization of the
previous model , with Dirichlet boundary conditions for the unknown s expressed
in terms of an assigned space-time function. In [53| a validation of the model both by
numerical simulations and some experimental tests in the laboratory is provided, by
giving especially a quantitative law for the penetration of the sulphation front inside the
stone. Free boundary problems are faced in [33|] for other simpler models by considering
also the influence of humidity and discussing the agreement with experimental data. The
introduction, in this first model , of the pressure p and the permeability x = k(x, ¢)
of the limestone specimen, as physical important quantities conditioning the phenomenon,
was proposed in [1]; the model takes into account both the pressure gradient effects due
to the Darcy law and the diffusivity given by the Fick law. The same model was studied
from a numerical point of view in |2]. In such model as in 33| other phenomena, such as
the effect of high permeability, swelling and the effects of humidity, were considered. All
these models were analysed in depth in |3} 58, [59} 60, |61] where some analytical results
were established, also with respect to the qualitative behaviour of the materials. In 18] a
new nonlinear differential system for marble sulphation including the surface rugosity,
a function obeying a damage-like equation which describes the microscopic variation of
a surface with respect to a flat configuration, is introduced. An important novelty is
the introduction of Robin boundary conditions for the flux of SO4 through the external
surface of the marble, depending on porosity, external concentration of sulphur dioxide
and surface rugosity. During the numerical simulations, a random surface rugosity on the
boundary based on Weibull’s statistics is considered. As discussed in recent works [37, 38|
35|, in urban and industrial areas the formation of gypsum on the stone surface is often
accelerated by the deposition of particulate matter rich in metals and metal oxides, which



act as catalysts in the sulphation reaction. Hence, to improve the physical accuracy of
the mathematical model, one could consider the dependence of the reaction rate on
the internal temperature, on the degree of wetness and on the catalysts. Recently, the
authors in [19]| perform another step in building an effective damage theory of stones, by
coupling the chemical effect considered by the model in [18] with elastic damage due to
mechanical stress introduced in [49], partially inspired by the results in [90]. This model is
characterized by some technical difficulties that seem hard to overcome from a theoretical
viewpoint. Therefore, by now they introduce some physically reasonable modifications to
establish the existence of a suitable notion of solution on a given time interval. Numerical
simulations are presented and discussed, also in view of further research.

To the best of our knowledge, all the dynamical systems considered so far describing the
degradation of calcium carbonate due to the attack of sulphur dioxide are deterministic
ones, except for [18] introducing random surface rugosity in simulations. Only in the last
couple of years, stochastic evolution modelling has been introduced more systematically.
In particular, at the microscale an interacting particle model has been proposed,|86|
and a probabilistic interpretation of the deterministic model proposed in [9] has been
derived,[87].

The work of this thesis follows the line of the modelling at macroscale started in [82] with
the introduction of a random PDE-ODE system and then followed by the papers [6, 7]
and |5, [8].

1.2 The deterministic model: a starting point

As previously introduced, a first attempt to mathematically model the sulphation phe-
nomena in marble stones has been derived in [9).

For the mathematical modelization of the chemical reaction , let us introduce the
notation that we will use in this thesis: let 2 be the domain occupied by the specimen of
calcite and let ps, ¢, g be the concentration of SO4, CaCO5 and CaSO,- 2H,0, respectively,
defined with respect to the whole volume and depending on the position = € €2 and the
time ¢t € [0, 7.

The previous reaction can be expressed in terms of variation of the concentrations and
products of balance’s law, given by:

Oips +V - (psVs) =Ts = -—Msw,

Of¢ =7, = —Mmew,

where
Vs 1 is the SO, fluid velocity;
s, Tc : rates of production or consummation of SOy and CaCOs;

me, Mg, Mg : masses of single molecules of sulphur dioxide, calcite and gypsum;

6



w > 0: is the rate of reaction.

~i(2)(E)

where A is a constant depending on the temperature, the activation energy and the
catalysts of the reaction. In [9], as the very first work in the field, the parameter A has
been set to be constant, but it could play a fundamental role in the reaction.

More precisely, w is given by:

As previously introduced, the porosity is here considered as a linear function of the
gypsum (equivalently, of the amount of calcite), since the transformation of calcite in
gypsum alters the volume of void (occupied by air and sulphur dioxide). Let g be the
initial value of porosity (¢ = cg, g = 0 the gypsum is not already formed) and ¢j the final
product of the sulphation (¢ =0, g = %co)
c
p(c) = o5+ (vo —wz)— -
Co
Let now s be the porous concentration of the sulphur dioxide, more precisely, the SO4
concentration with respect to the volume of the pores, which is related to the concentration
by the porosity (ps = ¢(c)s) and the seepage velocity, related to the fluid velocity by the
Dupuit-Forchheimer relation (vs = ¢(c)Vs).

Finally, the balance law becomes:

Apls) +V - (s0) = = () plarse

o= () (2) = ()

Following [9], the seepage velocity could be expressed by the Fick’s law

svs = —D(c)Vs

where D(c) = dp(c) where d is (scalar) effective molecular diffusive coefficient; from now
on, we will always assume d = 1.

We can finally give the equations system for the sulphation phenomena:

Oup(c)s) = V- (ol Vs) — ) elelse (15)

C

de = — (A) o(c)sc, (1.6)

ms

which is a closed set of parabolic degenerate nonlinear partial differential equations,
coupled with initial conditions at time ¢ = 0, and Dirichlet or Neumann type condition at
the boundary. Note that the system is equivalent to (1.3 with A\; = mic and \g = mig.
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Existence and uniqueness for the global solution to problem (|1.5])-(1.6) are stated in [5§],
[60]. Numerical approximations of its solutions via finite elements and finite differences
are provided in [|9]. Numerical stability is also established for the adopted approximation
schemes.

In recent years, more complex models capable of incorporating additional aspects within
the previous framework have been proposed in the literature. The authors in 33| propose
a model for the evolution of carbonate stones under the aggression of sulphur dioxide,
taking into account both the swelling of the external gypsum layer and the influence of
humidity. In [1], a high permeability regime is considered: the effects of neglecting the
convective contributions due to the pressure term are analysed and included in the model.
Numerical experiments are conducted. More recently, a novel model that accounts for the
rugosity of the surface has been proposed in [18]|. More precisely, both piecewise constant
and random rugosity are investigated.

Nonetheless, the final aim of this thesis is to incorporate a stochastic component into the
model and to study both the well-posedness and numerical behaviour of the solutions
in the new configuration. To achieve this, we consider the simplest model to better
understand the role of the stochastic component within the new framework.

1.2.1 From the scaled to the adimensionalized model

For the convenience of the reader, following [9], we derive the adimensionalized system
starting from ({1.5))-(|1.6]) for a better understanding of the physics dynamics that will be
useful in view of the reproduction of numerical simulations. We consider the change of

variables:
[ A A
y=4/—z, T=—1, §= %5. (1.7)
Me Me my

Starting from the spatial change of variable:



and by substituting the previous expression in (|1.5))-(1.6):
A
Uele)) = 25, (07,9 - () wlese
A
Oic = — (> w(c)sc.

ms

The change of variables in time leads to the following system:

<A> 07 (p(c)s) = Acvy (p(c)Vys) — (A) o(c)sc,

M m Me

that reduces in
Or(p(c)s) = Vy - (p(c)Vys) — p(c)sc
O-c=— <mc> e(c)sc.

msg

Finally, the last change of variable for s gives :

mgs . s ms .
o (v(0725) = 9, (#(7, 255 ) - (o) e
Orc = — <m> ple) e,
Mg Me

that is equivalent to
Or(p(c)3) = Vy - (p(c)Vy5) — p(c)5c
0rc = —p(c)sc.

To avoid abuse of notation, the final system is rewritten in terms of s, x, ¢t respectively to
reset the initial notation.

d(p(c)s) = Vi (p(c)Vas) — p(c)sc

oe = —p(c)sc. (18)

Global well-posedness and regularity for the problem have been studied in [58] on
the full line (x € R) and in [59] on the half line (z € (0,00)). More precisely, in 9], finite
element and finite difference schemes are provided and numerical stability is investigated
under suitable conditions.

To understand the effect of a random boundary condition, we consider a simulation study
of the system, following |1} 2, 9].

To this end, we rewrite system ([L.5))-(1.6|) for the rescaled total air concentration of SO,
ps = p(c)s, (1.9)

9



and an equivalent formulation of the problem is gained:

8t<ps) =V (‘P(C)vzrs) — PsC

1.10
Oic = —psc. ( )

In [9] authors studied the previous system for z € [0, 1] and ¢ > 0. The porosity function
©(c) is directly dependent on the density of calcite, since the transformation of calcite in
gypsum alters the volume of void (occupied by air and sulphur dioxide) |1} 9], and the
dependence is assumed to be linear, i.e.

p(c) = A+ Be. (1.11)

with B = % (o — ¢35)), A = g, where the initial calcite density ¢ is assumed to be a
positive constant, ¢ is the porosity of the pure calcite specimen and ¢j is the porosity
of the final sulphation product, i.e. when all the calcium carbonate has been converted in

gypsum.
System ([1.10]) is coupled with the initial conditions, for z € [0, 1],

Beps(t,1) =0 (1.12)

with ps,, co are positive constant.

We perform numerical simulations of system — by a finite element scheme in
space and by #-method in time, in the class where s is a continuous piecewise linear
function and c is a piecewise constant function. In [9] numerical stability for this scheme
is established for the case B > 0. For completeness, in the following, we provide stability
results when the parameter B < 0, since this is the case more interesting for the marble
sulphation: the porosity increases as the reaction occurs and the calcium carbonate
decreases and transform in gypsum. Hence, B < 0, the porosity level of the calcite at
the beginning of the reaction is lower than the final level of porosity of the gypsum. The
following proposition provides conditions on parameters when the parameter § = 1 in the
time-discretization of the method (see Appendix for a more detailed derivation of the
finite element method).

Proposition 1.1. Let ¢ be the porosity defined in (1.11)), with A € Ry and B < 0. Given
the time and mesh step At and Ax, suppose that Ax? < 6/cq, while the time step satisfies
the following not empty condition

Az?

At > ——— . 1.13
> 6 — coAx? (1.13)
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Then, for all x € [0, 1], the approximation of ¢ is a non increasing function of time bounded
by co and the approzimated ps is non negative. Moreover, the numerical solution has the
following upper bound:

Apso

0 S ps,h(tvx) <
20

Differently from the case where B > 0 in |9], no additional hypotheses on At and ps, are
requested.
Remark 1.1. Let us precise that condition (1.13)) is explicitly derived in Proposition

Proof. Coherently with the derivation of the finite element scheme presented in Appendix
let (sp,cp) be the couple of solutions approximated as follows:

N+1

N
sulte) = 3 Gpi(a), enltx) = 3 me(Han(a)
i=1 k=1

where p;, i are the canonical basis defined by (A.4). From proposition (A.1]), we already
know that the positivity is preserved and that for all n > 0 and ¢ € {0,..., N} we have:

0< nﬁ+1/2

(2

< < e (1.14)

Let us denote X,, = Jmax 7. Forall (t,z) € [tn, tnt1[X[Tn, Tny1[ the numerical solution
<j<

can be written as
ps.h(t, ) = o) [€rpr(®) + & y1Prt1]
Since B < 0, as 7}’ decreases, (7)) increases. Recalling the definition for ¢(c),
then
0< o < p(nft) < plng %) < A= g
Therefore,
0 < psp(t,z) < X, =AX,

We now want to prove that X, = max & < %) If n=0:

0<j<N
o 0 Pso
Xo = max fj =& =—
0<j<N ®o

Suppose now it is true for n and let us verify it for n + 1:
Ifj=1,let Xpy1 = ?H. Then from ({A.20]) we get:

Pso Pso
! o () T o

Let j > 2, then X, = 5}”1. It is sufficient to prove that X, 11 < X, to get the claim.
From Proposition [A71] we have the following condition to ensure the positivity of U and

G-
mit? oAkl <o
ml + (1 - 0)Atkl >0

11



These conditions imply

i+1 i+1
> (it A0k X < (i — (1 0)At)E
j=i—1

VAN
Mz ]
3

— (1 - 0)Atkj;) max &

P 0<j<N
i+1

= Y (mf— (1—0)Ath}) X,
Jj=i—1

The inequality reads as

Xnt1 K(pzurllh 4 (p?+1/2> LA ( nj1/2n]n+11/2 N ‘P;L+1/27)?+1/2>}

< X (01 — &) = At(1 = 0)(Pf_1nf—1 + ¢}n})]

By denoting

9 X +1/2 +1/2 +1/2
A:EZ (mZ —i—AtOkZ ), ej:n?—n?
j=i—1
and using ((1.14) we get

AXpar < X, [A el — (1= Ay + )
1/2 1/2 1/2 1/2 1/2 1/2
(SO;L+1/ +80;'L+ / ) — 9At( n+ / 77]n+1/ +<,O7j1+ / n;m—&- / )

+1/2 +1/2
Xy [A+ (@01 — @17 + (8 — TP
— At(pi_mi_y +ein})

+ OAL (P71 + @n])

n+1/2 n 2 n+1/2 n+1/2
— OA (I Py +<pi+/77j+/)]

Xn [A + Bej_1 + Bej — At(@?_177?—1 + 90?77;)
+1 2 +1/2
+ A 2 )

n+1/2, n n+1/2
+9At%’+/(77j —77j+/)]

From the last inequality, since B < 0, we get that X,,+1 < X, if

12



Since ni > 0,97 > 0 for all j > 0 and for all n > 0, the first term is always negative;

moreover, from (|1.14)) we know that n;LH/ 2 < n; and so the second and the third terms
are always negative. Thus the inequality holds for all j,n and we got the claim

Pso

Xn+1 S Xn S
¥0

The numerical solution ps (¢, ) has indeed an upper bound:

Aps,

Psh(t,x) <
S( ) 2]

O

Moreover, coherently with [9], we provide in Appendix the derivation of the finite
differences for the numerical discretization of (1.10]).

All the parameters considered in |9] are listed in Table

1.2.2 Simulation results for the deterministic system

At first, we consider the simulation results for the non-rescaled system —, in the
domain [0,z] x [0,7] = [0,1] x [0,1]. In [9] the authors observe that the implemented
implicit finite element method can be used with a hyperbolic like time step At o Ax,
which allows fast computations; hence, the following mesh steps and initial parameters
may be considered: Az = At = 0.0031. Furthermore, the initial calcite and concentration
of SO, are set as ¢y = 10, ps, = 1.

Parameter Value Dimension | Parameter Value Dimension

B -0.01 em?/g A 0.2  adimensional
Me 100.09 g/mol M 64.06 g/mol
d 1 em? /sec

Table 1.1: Physical parameters consider in the model.

Simulation results for slow reaction rate A = 1 and fast reaction rate A = 10000 are
performed, as in [9]. Figure shows the spatial evolution profile of the solution at fixed
times, from time ¢t = 0 to ¢ = 0.5 and time step 0.1, in the case A = 1, which corresponds
to reaction rates A\; = 0.01, Ao = 0.016. It is clear how reaction is quite slow: the sulphur
dioxide leaks into domain, since the degradation is slow and there is enough calcite also
inside the domain. Figure shows, still in the case A = 1, the time evolution of the SO,
concentration and calcite density at points = 0.25 and z = 0.5. Profiles are coherent
with what discussed: the SO4 concentration increases slowly at the beginning but at the
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Figure 1.2: Deterministic solution from ¢ =0 to t = 0.5 with A = 1. z-axis : = € [0, 1].
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Figure 1.4: Deterministic solution from ¢t = 0 to ¢t = 0.5 with A = 10000. 2z-axis :
x € [0,1]. (a) SOy concentration p; (b) calcite density c.

end is large in x = 0.5, since in Figure [1.2] we see that as the time increases the profile is
going to change convexity.

These results are compared with the solution of a faster reaction obtained by considering
A =10000. From the change of variable in it is clear that in the case of the rescaled
system this would impose an acceleration of time. From Figure which gives the spatial
profile of the solutions at fixed times, we see that the transition zone (roughly speaking,
where c is neither close to 0 nor close to ¢p) is smaller, so that the calcite deterioration is
higher near the boundary of the sample, while the interior of the spatial domain is not
touched by SO,. We observe an effective calcite degradation near the boundary already
at t = 0.1, while for A = 1 the calcite density is close to its initial level, pointing out the
degradation phenomenon.

The faster reaction and the faster degradation of calcite are clear also comparing the time
evolution of the SO, concentration and calcite density at point x = 0.25 and z = 0.5 of
Figure with the one in Figure [I.5] Calcite fast decreases to zero while the SO, leakes
slower into domain.

Finally, an intermediate case with A = 100 in a larger domain [0, Z] x [0, T] = [0, 10] x [0, 10]
is considered. The space and time mesh steps are Az = 0.01 and Ax = 0.02, respectively.
Figure represents profiles at different times for SO, and calcite. One can appreciate
the formation of the front. We have at the boundary ¢(0,%) = coe 2! and this gives
c(0,5) = 0.004 and 1077 < ¢(0,10) < 1075 . Indeed, after the time ¢t = 5, we already
observe the profile from 10 to 0 on the calcite density, obtained in the case of fast reaction.
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Figure 1.5: Deterministic time evolution with A = 10000 at the points z = 0.25 (solid
line) and x = 0.5 (dashed line). z-axis : t € [0,1]. (a) SO, concentration p; (b) calcite
density c.
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Figure 1.6: Deterministic front formation with A = 100. z-axis : = € [0,5]. (a) SO,
concentration p; (b) calcite density c.

1.3 Introduction of a source of randomness

As previously discussed, most of the models describing the sulphation phenomenon
presented in the literature are deterministic ones. The scope of this thesis is to investigate,
from a numerical point of view, the dynamics of the calcite and the sulphur dioxide when
a source of randomness is introduced in the settings described in Section [1.2

Numerous factors influence the reaction, including temperature, the presence of catalysts,
and, most notably, the amount of pollutants present in the air. It is precisely this latter
factor that motivated a deeper investigation into its behaviour, strongly driven by the
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availability of historical environmental data series. From a statistical perspective, having
access to such a substantial datasets constitutes a significant advantage.

For this reason, we focus our attention on the first of the boundary conditions in ,
namely the boundary condition at the interface = 0 for the concentration of the sulphur
dioxide in the air ps. As already mentioned, in 9] the authors consider it constant, even
though, as far as numerics is concerned, they state that the same analysis may be carried
out in the case where the constant is replaced by a bounded measurable function.

Precisely, the boundary condition describes the dynamics of the sulphur dioxide penetra-
tion from the air into the pores of calcite.

Figure [I.7] shows a historical SO, concentration time series; data are recorded hourly
during the year 2021 at the meteorological station located in Via Pascal in Milano, Italy.

30
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20

15
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o

2021-01 2021-03 2021-05 2021-07 2021-09 2021-11 2022-01

Figure 1.7: Time series of SO, data registered in the station of Milano-Pascal, 2021
(ng/m3). Preprocessed data.

The shown data series has been preprocessed, in order to clean out the wrong records and
to impute the missing data, since atmospheric sensors are always prone to malfunctioning,
causing missing data in time series. The interested reader may refer to [6] and above all
[96] for more details of the preprocessing analysis. Here we do not go into details since it
goes beyond the aim of the present thesis.

What is interesting for us is that by observing the behaviour of the time series of the
SO,, it is evident that such behaviour is far from being constant. Furthermore, a clear
randomness is shown. This observation inspired the idea of introducing the intrinsic
randomness of the pollutant’s behaviour on the surface as the boundary condition of the
previously described system in (|1.8]).

Real data in Figure are subject to seasonality and the presence of peaks. This means
that a possible model to describe the SO4 time series should include a deterministic
trend, a noise composed by a general Levy process, an overlapping of a point process
and, finally, a continuous noise. So an important step is the separation of the different
signals from the data time series. This is not an easy task, as discussed in our preliminary
work [6], where a preliminary study of the SO, time series has been performed using an
estimation procedure similar to the one introduced in [54]. More studies in this direction
have been done in |96, 101, |116|, where the problems of the identification of the jumps

17



and the estimation of possible processes modelling the time series have been addressed.
In particular, in a pure statistical decomposition procedure has been carried out,
with the final aim of isolating the possible continuous noise.
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Figure 1.8: (a) SO, filtered data in the period July-October 2021. (b) Real filtered data,
the mean of the simulated realization and the interval of the usual (values mean +2.5
standard deviation).

Figure (a) shows the signal obtained after the filtering process, where seasonality
effects and jumps have been removed. A mean reverting behaviour with oscillations
around a mean value of the concentration can be observed. Hence, a possible model one
can consider as the boundary condition could be

di1: = m(y1 — Yr1)dt + nadWs,

where {W;}; is a Wiener process. However, since the process 91 ; is driven by a Wiener
process and thus inherits its unboundedness, from the modeling point of view, this is
not reasonable. In other words a bounded noise would be more appropriate. Indeed,
preprocessed real data in Figure (b) suggest that the data series shows the presence
of a bounded continuous noise: all fluctuations are confined within a limited range. The
issue of considering a bounded noise, is a very important point above all in applications,

[40. 148

This is the main reason why we choose the solution of the following SDE

dipar = mi(y1 — Ya)dt + nay /2 (v2 — o) dWr,

with a mean reverting drift coefficient and bounded squared diffusion coefficient which is
a second-order polynomial of the state. The process 12 is a mean reverting process with
a noise characterized by a bounded diffusion coefficient. The drift is such that on average
the solution is pulled to a mean level ; at a rate n;. It is also bounded between 0 and
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~2; this is evident since, as soon as the solution encounters either 19 ; = 0 or 12 = 72
the randomness disappears and only the drift acts.

The process {12+ }+ belongs to the class of Pearson diffusions. Such processes are often con-
sidered in financial applications; for instance, the very special case of Cox—Ingersoll-Ross
process is well known; furthermore, they are often involved in the evolution of interest
rates, [46] or as a model for correlation, [108]; recently, an example also in the context of
the first passage time is provided, [41]. We also mention that Pearson processes have been
popular in applications such as population genetics, under the name of Wright-Fisher
diffusion, [57, 56, (94].

In this thesis we consider the Pearson process v»; as a candidate for the stochastic
dynamical boundary condition to be coupled with the PDE-ODE system ([1.10)).

In conclusion, the novelty we propose here is the description of the evolution of air
pollutants, such as sulphur dioxide via a version of a Pearson process as the dynamical
boundary condition of a partial differential system which is nonlinear and not strongly
parabolic, describing the evolution inside the material.

Evolution problems with stochastic dynamical boundary conditions have been studied
with particular attention to the case in which at the boundary the solution acts as a
white noise, |14, |16, 23| |32, |42} 45]. To the best of our knowledge, there are a couple of
studies closer related to our setting in [16} 32|, where the solution of the PDE satisfies a
SDE at the boundary. We stress that the analysed experimental data for SO, are not
compatible with a white noise behaviour. Furthermore, since we do not use Neumann
type boundary conditions which could admit a white noise type condition, a process
driven by a Brownian motion seems more appropriate in the case of a Dirichlet boundary
condition. From the mathematical point of view, the regularity of the noise considered
here is better than the regularity of the white noise, even though it is much more irregular
than the boundary conditions assumed in the existing literature,[18} 58, |59, [19]. Finally,
even though the noise is not Lipschitz, it is naturally bounded, which is important from a
modelling point of view.

A deeper and complete study of the proposed model is presented in Chapter

19



Chapter 2

A stochastic boundary condition: the
Pearson process

In this chapter, for sake of completeness, we carry out a complete study of the proposed
model of the sulphur dioxide concentration in the air via a Pearson diffusion, based on
the qualitative preliminary study of the time series discussed in Section The observed
characteristics of the data namely, the presence of random fluctuations, the bounded
behaviour, and the mean-reverting properties, are captured by a Pearson-type diffusion.
The boundedness arises intrinsically from the definition of the diffusion coefficient in the
stochastic dynamics. Nonetheless, the Lipschitz continuity property is not satisfied.

In the following, we discuss the existence, uniqueness and we impose conditions on
parameters to guarantee the boundedness of the solutions of the process. Numerical
approximation via a novel approach to encompass the non-Lipschitz property of the diffu-
sion coefficient and to preserve the boundedness is discussed [30]. Numerical simulations
and an error analysis via Monte Carlo approach are provided, together with a numerical
convergence of the solution’s distribution to an invariant measure.

2.1 The class of Pearson processes: properties

As mention above we introduce as a stochastic dynamical boundary condition s(¢,0) = Wy,
where the process {‘I’t}te[o,T] is solution of the following stochastic differential equation

d\I’t = Oé(’)/ - \I’t)dt “+ o4/ \IJt (’f] - \I’t)th,

with o, 0,7,7 € R4, and v < n.

of the It6 type

This is a novelty in the field of Cultural Heritage [6, [7].

20



Definition 2.1 (|70]). A Pearson diffusion is a stationary solution to a stochastic
differential equation of the form

dX; = —0(X, — p)dt + \/20(aXE +bX; + &)dW; (2.1)

where 6 > 0, a, l~), ¢ are such that the square root is well defined when X; varies in the
state space, and Wy is a Wiener process.

Parameters in (2.1]) are referred to as a canonical representation: 6 > 0 is a scaling of
time that determines how fast the diffusion moves; u, a, l~), ¢ determine the state space of
the diffusion as well as the shape of the invariant distribution. More precisely, u is the
mean of the invariant measure.

Remark 2.1. In the case where @ < 0 and the diffusion coefficient is given by bv*(z) =
20az(x — 1), then the diffusion process is mainly known as Jacobi process since its related
eigenfunctions are Jacobi polynomials. Particularly, we will generalize this specific case
in further sections.

Returning to our case, the evidence of random fluctuation, boundedness and mean
reverting effect are the three main characteristics of the studied time series. As authors
declare in |104], one shall use Pearson diffusion for any stationary distribution solution of
a stochastic differential equation specified by a mean reverting linear drift and a squared
diffusion coefficient which is a second-order polynomial of the state. Moreover, this class
of stochastic process is often used because they fit the data particularly well (see [104]
and references therein for further details).

In further paragraphs, following |70, 97|, we prove the existence and uniqueness results
for our solution of a class of a specific Pearson process.

2.1.1 Existence, uniqueness and boundedness

Let Qp := (Qp, F, {F}+, P) be a filtered probability space. We define ¥ = (Ye)ieior) - T €

R,, in Qp to be the solution of the following autonomous stochastic differential equation,
for t € [0, T

AV, = a(y—Yy)dt + o/ Vi(n — Uy) dWy,

Yo € (0,m),

with a,v,0,n € Ry, vy <npand W = (Wt)te[o 7] is a standard Wiener process, so that the
process ¥ = {U, },cR is a diffusion.

(2.2)

It is easy to check that the process (2.2)) is in the class of Pearson processes accordingly
with definition (2.1): by a rearrangement of parameters, (2.2)) is in the class of processes
introduced in (2.1). Furthermore, it has a mean reverting drift, for z € R

a() = a(y —a),
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and a noise characterized by a bounded squared diffusion coefficient which is a second

order polynomial of the state
b(z) = ov/z(n— ). (2.3)

In the mathematical biology, the case n = 1 is better known as Wright-Fisher diffusions
(194]) or Jacobi processes |55]. Since in our case this is not at all a natural assumption,
we let 7 € R4.. The mean reverting drift is such that on average the solution is pulled to
a mean level v at a rate «, while fluctuations are bounded due to physical constraints
and all the parameters model are strictly positive quantities.

It is well-known that the classical notion of the uniqueness of the solution of a stochastic
differential equation requires the Lipschitz continuity property. It is easy to verify that
the proposed model does not verify such property in the diffusion coefficient .
To provide a result on the existence and uniqueness of our SDE, we need to recover some
preliminary classical results from Skorokhod and Yamada-Watanabe which will be useful
within the proof of the main results on the existence and uniqueness of the solution for

our process (2.2)).

A classical result by Skorokhod [103] shows the existence of solutions under the condition
that coeflicients are only continuous in the general case for a process with jumps. In this
work, we do not consider jumps in the mathematical modelling of the sulphur dioxide
concentration, thus we provide the results to our case.

Theorem 2.1 ([103]). Let & be the following process on [to, T] x R™:

' !
£(t) = E(to) + / als, &(s))ds + 3 / be(s, £(5))dWi(s) (2.4)
to k—1 to

Suppose the following conditions are fulfilled:

1. a(t,z),b1(t, ), ..., bi(t,x) are continuous with respect to the set of variables with
x eR™ t € ty, T].

2. There exists K such that

l
la(t, @)+ [b(t,2)? < K(1+[af) (2.5)
k=1

then the process in has a bounded solution with probability 1.

Concerning the proof of the uniqueness of the solution of the process, we provide the
following result by Yamada-Watanabe [114]: since the diffusion coefficient of the process
does not satisfy the Lipschitz continuity property, the classical results from It6’s theory
to prove the uniqueness of the solution cannot apply directly. In [114], authors declare
that under appropriate conditions on the diffusion and drift coefficient, the pathwise
uniqueness of the solution is guaranteed in one dimension.
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Theorem 2.2 ([114]). Let (2, F,{Ft}+, P) a probability space. Let be W = {W;}; a
Wiener process adapted to the given filtration. Let us consider the following SDE

dX; = a(Xy)dt + b*(Xy)dW;. (2.6)
Let us suppose that
1. there exists a positive increasing function p(u), u € (0,00) such that
07 () = b3 ()| < p(lz —yl), Vz,yeR, i=1,2,....n
and

/ p~2(u)du = +o0
0

+
2. there exists a positive increasing concave function k(u), u € (0,00), such that
lai(z) —ai(y)| < k(lx —yl), Vz,yeR, i=12,...,n
and

/ k™ (u)du = 400
0

+

then the pathwise uniqueness of the solution of (2.6) holds, i.e. solutions are almost surely
indistinguishable, given the same Brownian motion.

An alternative result can be found in [97] by Revuz and Yor: here the pathwise uniqueness
is ensured by taking a Borel function p from ]0, oo[ into itself such that foof ﬁda = +o00.

Theorem 2.3 (|97]). Pathwise uniqueness holds for the following SDE
dX; = CL(Xt)dt + bQ(Xt)th (27)

wn each of the following cases:

1.
b2 (x) — b2 ()2 < p(lz —y]), |b?] > €e>0 and b is bounded;

0 (s, 2) = b (s,9)” < plJ — yl)
and b is Lipschitz continuous, i.e. for each t there exists a constant Ky such that
for every x,y € R and s <t

la(s, z) — a(s, y)| < Ki|z -y

0 (z) = b*(y)” < | f(2) — f(y)]

where f is increasing and bounded, |b*| > € > 0 and a is bounded.
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Remark 2.2. Pathwise uniqueness implies the uniqueness in the sense of probability law
for strong solutions (see [97]).

Combining the previous results, we can establish the existence and uniqueness of a strong
solution for ([2.2):

Proposition 2.1. Let (Qp, F,{Fi}+, P) be a filtered probability space and let W = {W;},
be an Fi - Wiener process. Let a,v,0,m € Ry and v <n. Then, there exists a pathwise
unique solution, and then a unique strong solution, of equation (2.2)), for x € [0,n).

Proof. The existence of the solution is a direct application of Skorokhod result in Theorem
23] In the following, let us define the drift and diffusion coefficients as:

a(t,z) =a(z) =aly-2),

b(t,z) =0b(z) =ovx(n—x).

The drift coefficient a(z) is continuous for all x € R, while the diffusion coefficient b(z) is
continuous for x € [0, n].

We need to find a constant K such that condition (2.5) of the theorem holds:

la(@)? = |ay — az]?

< a*(0* + [2y2] + |al?)
< k(o) <1 + |1:]2>
For |z| < 1 we have:
QP(Y P+ [2yz] + |2*) < @®(|y? + [29] + 1). (2.8)
On the other hand, for |z| > 1:
(| + [2ya| + [2]* < o2 (|y* + (27 + 1| |z]?). (2.9)

Thus, there exists a constant K such that both inequalities ([2.8))-(2.9]) hold.

For the diffusion coefficient b(z), we proceed with the following estimate:

b(@)* = lov/a(n - )
= loP|Va(n - o)
=loPlz(n — )|
< lo*(Inz| + =)
< K(o,m)(1 + |zf?)
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Thus, both coefficients a(x) and b(z) exhibit sub-quadratic growth, i.e., there exists a
constant k = k(«,~y,0,n) such that

la(@)[? + [b(x)|* < k(1 +[2]?)
Indeed, the existence of a bounded solution to the stochastic differential equation ({2.2)
on [0,n] with probability one is provided.

To address the uniqueness of the solution, we apply Theorem and its corollary from
[114]. According to these results, the existence of a unique strong solution requires proving
the Lipschitz continuity of the drift coefficient and the Holder continuity of the diffusion
coefficient. More specifically,

b(z) — b(y)| < ov/Inz — 22—y + 2| < o/le —y[VIn—x—y| < B |x —y|'/?,

with 5 = on. Hence, the diffusion coefficient b(x) is Holder continuous with index 1/2.
This ensures the well-posedness of the stochastic differential equation and the proof is
completed. O

Remark 2.3. The hypothesis « € [0,7] is not restrictive, since by employing specific
constraints on the parameters of equation , one can prove that x+ = 0 and z = ¢
are entrance boundaries and the solution ¥; € (0,7) for t € (0,7, whenever ¥, € [0, 7).
More details on the classical boundary classification are provided in Section 2.1.3]

2.1.2 Scaled function and speed measure

It is well-known that diffusion processes and second-order parabolic equations are strongly
connected. More specifically, when the fundamental solution to the parabolic equation is
given, it provides the transition density of the diffusion process, enabling the computation
of nearly any quantity of interest. However, in most cases, finding an explicit form for the
transition density is not feasible. Despite this, a notable advantage of one-dimensional
diffusions is that many quantities can be determined explicitly. This is possible because
mostly all one-dimensional diffusions can be transformed into Brownian motion (except
at certain singular points, which under our conditions will only occur at the endpoints
of the interval where the diffusion takes place). This transformation is achieved by first
altering the space variable using the scale function, followed by a time change via the
speed measure.

Following [97], let us recall the definition of the infinitesimal generator for the diffusion
U = {Us}yepom for f e Cy((0,7]):

Af(w) = ale) () + 35 (@) @)

and two basic characteristics: the scale function and the speed measure.
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Definition 2.2 (Scale function). Given a diffusion X; on (0,7n) with drift a and variance
b%2 > 0 and given arbitrary g, 21 € (0,7), the scale function is defined by

S(z) = /; exp (— /: ZZES) dz (2.10)

Moreover, if S(z) can be taken to be linear, then the diffusion is in natural scale.

Definition 2.3 (Speed measure). The speed measure for a process X; is given by

M@ = [ :m(@dg

with 29 € (0,7). The function
1
m(§) = PGEIG) (2.11)

is called the speed density of the process X;.

Remark 2.4 (Martingale property). Authors in [97] show in Proposition 3.5 that, up to
an affine transformation, there exists at most a Borel function f such that f(X;) is a
martingale. Indeed, the scale function is such that As(z) = 0, so that ¥; = S(X;) is a
local martingale:

dY; = dS(Xy) = s(X;)b(Xy)dW; = b(Y;)dW,

where b(-) = s(S~1(-))b(S~1()).

Furthermore, the Markov transition kernel associated to the process X is absolutely
continuous with respect to the speed measure, i.e.

P(t,z,dy) = P(X; € dy|Xo = x) = /p(t,x,y)M(dm) = /p(t,x,y)m(:n)da:.

The relation between the scale function, the speed measure and the infinitesimal generator
is given by Theorem 3.12 in |97] and for a bounded function f can be summarized by:

1 d d

which is also known as the canonical representation of the differential infinitesimal operator
associated to the diffusion process (see |70]).

Furthermore, let us denote by T,, = inf{t > 0 : X; = x} the first passage time that X
reaches z € (0,7) (see |97, [98]). Then, the probability that the process X reaches ug
before uq, for 0 < uy < z < ug < 1, is defined as:

u(z) = P{Ty, < Tp,,| X (0) = z}.
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Together with boundary conditions u(u;) = 0, u(ug) = 1, the differential equation ([2.12])
becomes:

L d [du(x)
2dM | dS

]:O, for u; < x < us.

Finally, the solution comes naturally from two successive integrations and it is expressed
in terms only of the scale function:

S(x) — S(u1)
w(xr) = —5——, foru; <z <ug
= S) ()
In conclusion, the scale function allows for a rescaling of the state space in terms of the
probabilities of reaching different levels. Conversely, the speed density represents the rate
at which the process’s internal clock advances when the system is positioned at a given
point.

More precisely, this means that there is a not trivial bridge between scale function, speed
measure and the infinitesimal transition of the process, in particular via the passage times.
Therefore, the study of the boundary points becomes crucial.

2.1.3 Feller boundary classification

Authors in [70] provide a modern classification of the boundary points based on the
values of functionals involving the scale function and speed measures assumed at the
boundary. In this work, we focus our attention on the entrance boundary, the class of
points that either are never reached by the process if the initial point Xy lies in their
interior, or immediately push the process into the domain if Xy is a boundary point. Such
a definition can be given in terms of the scale and speed measures: a boundary point is
of type entrance if the transition towards it (infinitesimal close) is possible, but it never
reaches it (|97, 98]). Formally:

Definition 2.4 (Entrance boundary). Let = € [I,7] C (0,7n). The right boundary r is an
entrance boundary if
S(,z] =lim | s(v)dv = o0, M(l,z] =lim [ m(v)dv < 00 (2.13)
a—l J, a=lJg
The left boundary [ is an entrance boundary if

Slz,r) =lim [ s(v)dv = oo, Mz,r)=1lim [ m(v)dv < oo (2.14)

a=r [, a=r [,
In the following, we apply the previously introduced definitions of the scale function and

speed measure. Precisely, we impose conditions ([2.14)-(2.13]) on the parameters of the
process (2.2) to determine whether [ = 0 and r = 7 are entrance boundaries.
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More precisely, conditions - ) for x = 0 and x = 7 being, respectively, entrance
boundary are expressed in terms of integrability conditions for s(x) and m(x) close to
the boundary.

Proposition 2.2. Given the process (2.2)), then the scale function is defined as
Py q
s(z) = xo(n ) 7
aP(n —x)9
while the speed density admits the following expression

aP~ (i —x)r!
m(r) = —5— 7
o?2xy(n — o)
with 5 20( )
ary aln —v
— ’ 7 2.15
p=z 4 e (2.15)

Proof. The proof involves just a little algebra. We start by finding the primitive function
s(z) of the scale function defined in (2.10)): for =g € [0, 7]

s(@) = §'(x) = exp (- / 2“8 d£)

Then, by taking the logarithmic we get:

~logs(x) = ~log (eXp{_ /x: ?)g((g dg}) B

We look for the primitive of the integrand function

2a(1-¢) _ A B _Al-—9+0°B¢
o?(n—¢) 0% n-=¢ o2¢(n — &)
and we found the coefficient A, B:

20y = An A :20‘77
—2a =-A+0°B. B =24

Going back to the integral we obtain:

20y — 2a§ / 2047 2a 77 v)
—=d
/ o2(n—€) = a?n(n—¢) :
ow 2c 0 v
= 20 g +Llog<n )
o? n Zo o? n Zo
= log 2P + log(n — x)? — log(xo)? — log(n — x0)?
P(r _ 7\d
~ log wp(n )
To(1n — 20)1
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where p, ¢ are defined in (2.15)). In conclusion, an explicit formula for the scale function
is derived:

2y — z)t
—logs(x) =log ———"—
g s(x) i —r

Py q

S(:C) — xo(ﬁ 330) ]

aP(n — x)
On the other hand, the speed density is defined by ([2.11):
1 P (n — )" ey — )"

™) = P~ 0% —m@h— o)) oAh(n— w0’

O

The following proposition gives the conditions to ensure that {0,7} are entrance boundary
points for our process ([2.2):

Proposition 2.3. Let ¥ = {W;},c(0 7 be the solution of the Pearson diffusion (2.2) and
p,q defined in (2.15)). Then, if the following condition on the parameter holds

v=pAg>1 (2.16)

then {0,n} are respectively left and right entrance boundary. Hence, if xo € [0,7], then
the tragectories of VU stay in (0,n) with probability one.

Furthermore, the following bound holds, for any T € Ry and any r < v:

( sup E [\Iit_’"} VvV sup E [(77 - \Ilt)T]> < Crp.
te[0,7) te[0,T]

Proof. We need to ensure that the definition [2.13] of entrance boundary is verified for
both left and right boundaries. Let us start with 0 as left boundary:

s<o,x]=/0xs<£>ds=+oo<:> J—

o &(n—8)1
M(O,:c]:/o m(§)d < 400 — /O - <40 = p-1>0

=400 <<= p2>1

Similarly, for the right boundary 7
n n 1
Slz,n :/ 5(&)dé = 400 <— / —— =4 <<= q>1
[ ) T ( ) x fp(77 - g)q

n no )
M[m,n):/ m(f)d§<+oo<:>/§p M—&T  dé < +o00 <= ¢q—12>0

It is easy to check that conditions in (2.16|) are obtained by imposing p > 1 and ¢ > 1.
To conclude, we note that while we have set x¢g = 0, the definition remains valid for any
general z € [0,7n]. For the bound on inverse moments, see [104]. O

Remark 2.5. From (2.16), in particular ¢ > 1, then n —« > 0; hence, naturally the
mean-reverting level lies in the interval (0, 7).
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2.1.4 The invariant measure

For completeness, we would like to briefly discuss the role of speed and scale functions in
the definition of the invariant measure for equation (2.2)). Indeed, if it exists, its density
has the form

S(a) +c2 !
(@) (z) ~ " s(2)b (@)

with ¢; and ¢y such that p is positive and it is the density of a probability measure (see
[66] for a detailed derivation).

O(x) =01 . = c15(x) + cam(x),

In our specific case, we get that the invariant density is given by

O(z) = 77p+1q_2 11:((5);((2)) P~ —x)1 (2.17)

which is a Beta(p, q) probability density with support in [0, 7], where parameters p and ¢

are defined in ([2.15)).

2.2 Numerical approximation of a Pearson process

The numerical approximation of the process is a crucial point in our work: since
the diffusion coefficient does not satisfy the Lipschitz property, finding an analytical
solution to the SDE is not feasible. Thus, providing a good numerical approximation
for the process becomes crucial. Specifically, we have already proved that there exists a
bounded solution with probability one. Therefore the numerical scheme must preserve
this property.

The most natural choice when dealing with numerical approximation of a stochastic
differential equation is the well-known Eulero-Maruyama scheme (see [72]): the scheme
has the advantage of being very simple and easy to implement but it is unable to preserve
the boundary for . The algorithm should be modified to control step by step what
happens when the realization of the process reaches the boundary: either one could kill
the realization whenever it reaches the boundaries or impose some a priori conditions to
force the boundary to be whether absorption or reflecting types. This could introduce
bias within the numerical solution. Moreover, the problem of the non-Lipschitz property
would still be unresolved.

In literature, especially in finance and biology contexts, various numerical schemes are
studied to avoid these issues. Different versions of the Eulero-Maruyama scheme, involving
implicit scheme [47} 43|, semi-implicit [89] as well as tamed Eulero-Maruyama [118] are
proposed for specific problems with non-Lipschitz property on the diffusion coeflicient.
Here it is proven that the positivity of the solution is preserved.

More recently, regarding the class of Wright-Fisher processes, in |63] authors generalize a
numerical semi-discrete scheme and they prove a strong convergence result. Authors in
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[71] build a numerical scheme based on the backward Euler combined with the Lamperti
transform. The same idea was adopted in [64] and [30] but, whereas the first authors
show convergence up to %, in the latter strong convergence is proven to be up to 1. In this
work, we adopt the latter work by generalizing their result for the class of Wright-Fisher
processes living in [0, 7].

To better explain the numerical algorithm involved, we introduce the Lamperti transform.

2.2.1 The Lamperti transform

The Lamperti transform is motivated by a straightforward idea: by applying a simple
transformation f to the process and exploiting Itd’s lemma, one could get new stochastic
dynamics with constant diffusion. This is particularly useful to bypass some issues
typically connected to state-dependent diffusion coefficients. On the other hand, one
should verify some conditions on the diffusion component of the stochastic process in
order to apply such transformation (see [85|, [112]). A typical way to transform the
process to get a constant diffusion o is to perform a time-change for the Brownian motion
[26].

We start by recalling It6’s lemma:

Lemma 2.1 (It6 formula, |93]). Let X; be an Ito process with dynamics
dX; = a(t, X¢)dt + b(t, X¢)dWy
and let F = F(t,X;) € C%(R x [0,4+00[), then it holds that
Z(t) = F(t, Xy)
1s again an Ité process with dynamics:

2
OF(1,X0) jy | OF(LX) o 10°F (1, X)

dZi = —5; 0X 2 9X2

(dX3)? (2.18)
where (dXy)? is computed by stating that

(dt)* = dWidt =0, (DW;)? = dt
Proof. See [93)]. O

Following |85, we introduce the main result for the Lamperti transform.

Theorem 2.4 (Lamperti transform). Let Xy be an Ité process with dynamics as in Lemma
(2.1) containing a diffusion term that is continuously differentiable and strictly positive or
strictly negative on the domain of the process. Define

. F(0,Xo) =0
CEZXt

F(t, Xy) ::/b(t%x)dx
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If F is a one-to-one mapping from the state space of X; to R for t € [0,4o0[, let
Zy = F(t,X;). In the other case, define

1
b(t,u)

Zt = F(t,Xt) = / du
3

r=X1¢
where & is an arbitrary point inside the state-space of Xy such that b does not change sign
i the resulting integration interval.

Then Z; is a one-to-one mapping from the state-space of X; to R for t € [0, 4+o00[ and it
has the following dynamics with unit diffusion:

47 — OF(F~Y(t,2Z,),t)  a(F~Y(t,Z),t) 10b(F~(t, Z;),t)
L ( ot b(F-1(t, Z),t) 2 0X

>dt + dW;

Proof. Let us start by rewriting 2.18}

OF(t, X OF(t, X 10%F(t, X
dZ; = <8t D gt + éX t>dXt + 28()(2 t) (dXy)?
_ OF(t, Xy) OF (t, Xy) 10?F(t, Xy) 5
_ (OF(t,Xy)  OF(t,X;) 10%F(t, Xy) 5
— ( 8t + 8X a(t,Xt) —+ iwb (t,Xt) dt
OF(t, X
éXt)b(t,Xt)th

Then, the unit diffusion could be obtained by choosing:

o1
Zt = F(t,Xt) = / du
E b(u, t) =X,
Following Leibniz’s integration theorem we obtain:
oF(t, X;) 1
0xX bt Xy
Furthermore,
OF(t, X)) _ 0 [ PF(tXy) R
ot ot Je btu) |._x, o~ 0X2 b2(t, X3)

Now, combining this with the anti-transform X; = F~1(t, Z;) we get:
0 * 1 a(t,Xt) 1 (%(t,Xt)
Az, = | = d - =
t (at/g btw) |y, WX 20X
_(OF(F Nt Z),t) | a(F7N(t,Z),t)  19b(F~'(t, Z4), )
B ot b(F-1(t, Z;),t) 2 0X

>dt + dW;

)dt +dW;,  (2.19)

Thus the claim is provided. ]
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In other words, the Lamperti transform is a transformation of the process to get a constant
diffusion by performing a time-change for the Brownian motion.

Let us apply this result to our stochastic dynamics (2.2]). To get a constant diffusion
coefficient o, the most natural choice is the following:

y:F(z):a/zb((iZ):/z%z%ﬂ%in(ﬁ).

Thus, by applying the Lamperti transform to (2.2)), we obtain a new process Y with
constant diffusion ¢ by considering the following transformation:

Y = F(V¥) = 2arcsin (ﬁ) ) (2.20)

which is well-defined. In fact, from Proposition we know that ¥ € (0,7) with
probability one, so that the anti-transform is well defined and we can recover our original
process:

Y
U =F 1Y) = 7nsin? <2> : (2.21)
Proposition 2.4. Let ¥ € (0,n) be the unique pathwise solution of the SDE (2.2)), such

that condition (2.16|) is fulfilled. Fort € [0,T],T € Ry, the process Y; = F (V) € [0, 7],
with F' given by (2.20) is solution of the following SDE

Y; Y;
d}/t = |:a1 cot <2t> — a2 tan <2t>:| dt + Uth (222)

with a1, as are positive constants given by

_day—oty o daln—n) = o’y

2.23

a

Furthermore, there is a unique point

day — o?n
y* = 2arctan (2.24)
(\/40(77 =) = 02?7)

such that the non Lipschitz drift

f(y) = a1 cot (%) — ag tan (%) , (2.25)

is such that f(y*) = 0.
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Proof. Let us start by remark that the process ¥ and, thus, the transform (2.20) depend
only on the state. Hence, we can rewrite the dynamics in (2.19) as follows:

dy; = <F’(F‘1<Yz)>a<F‘1<m> + ;F’%F‘l(m)bz(F‘lm))) dt + F'(F~1(Y;))dW,

(e ET ) o207 (V)
B (”w—l(m Va1 )dt”th’

where the drift and the diffusion coefficient are obtained by applying It6’s formula. Thus,
the new drift @ becomes, for any ¢ and Y; € (0,7)

F1(Yy) _ o®0b(F~'(V1))

0 =0f ) g oy
_ 04(7 ( ( ) o —Q(F_I(Y))
VE( FHHYY))) 4 - (F71(Y)))
(7 7 sin (%) _Oj 17—2775111 (%)
\/nsm (n—nsin? (%)) 4 \fosin? (%) (- nsin? (%))
<v () o <1—2sm )
\/77 sin? 1 — sin? (}2/)) 4 \/77 sin? — sin? (%))
ary 0”)5111 (2 d?cosY

- 7 sin (%) cos (%) cos (%) 2sinY’
2(Y in? (¥ 2
__aycos (%) aysin® (3) _atan<>—acotY
rein (5) cos (5)  rsin (%) <05 (5) 2) 772

(2)+ 53
o (3) [ 52 %] -son () -7 4]
:““ (15)1/[
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Following [30], we show the existence of a fixed point y* such that f(y*) = 0:

_ 52 _ _ 2
0 = cot y day — o*n ~tan y dan —day — o
2 4n 2 4n
1 day — 0% tan( ¥ dan — 4oy — o
= _— 1n —_
tan (%) 4n 2 4n

_ day — 0% ean2( Y 4an — 4oy — o
4n 2 4n

Then
o (Q) _ dary — o?p |
2 4an — day — o2y
and the fixed point in is reached. O
Proposition 2.5. The drift shows a superlinear growth in [0,7] and for any
y €[0,7]

f'(y) < —Co, (2.26)
where Cy = (2o — 02) /4 > 0.

Proof. The inequality (2.26]) is simply obtained by the derivation of (2.25):
4oy — o%n Y 4an — 4oy — o’ Y !
= [( e () ()
F) [( 4n >CO (2) 4n 2

1 (4ay —o?p 1 1 (4am — 4oy — o?p Y 1
=3 ) 9 tan(*)ﬁ
2 4n sin® (4) 2 4n 2/ cos? ()
< 1 [4day — o%n + dan — 4oy — o
- 2 4n

- _% (20 - o)

Denoting Cy = 20‘1"2, the condition Cy > 0 derives from the fact that by (2.16)) one has
that a > o2. O

In conclusion, the Lamperti transform is useful to overcome the issue to a deal with a
SDE with a non-Lipschitz diffusion coefficient. In particular, this would lead to
problems in the numerical approximation of the equation, since the typical numerical
schemes are not able to preserve the boundaries. Thus the monotonicity in could
not be preserved and stability problems would arise.
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2.2.2 Smooth slope truncation

We are interested in the numerical approximation of the stochastic diffusion whose
solution stays in the domain (0,7). Our goal is to construct an explicit numerical scheme
that preserves that structure. It is well-known that the Eulero-Maruyama scheme does not
preserve the boundary of the domain, since, in the approximation close to the boundary,
the Wiener increment at the next time step could be large enough to force the solution
out of the interval (0,7n) [72, 44].

Boundedness of the numerical solution can be maintained by absorption or reflection at
boundary [80], but this introduces bias into the numerical solution. Hence, to overcome
such a problem, we apply the Lamperti transform , to overcome the problem of the
boundary. We discretize the new dynamics and by the anti-transform , we recover
the original stochastic process ([30]).

Concerning the numerical scheme for the additive model , let us start by noticing
that the drift function is only one-side Lipschitz, periodic decreasing in [0, 7] as
shown by Proposition hence, it is necessary a regularization approach in order both
to preserve the monotonicity and avoid the production of divergence solutions by the
Eulero-Maruyama scheme |67, |31]. The drift’s properties suggest a way to truncate the
drift and overcome the problem of monotonicity.

Smooth truncation is involved to overcome the difficulty caused by the non-Lipschitz
and super-growing drift coefficient (see, for instance, [67]), while the sloping truncation
allows the method to maintain the monotonicity of the drift |31} |30]. Monotonicity is also
important for the stability of the distribution.

Therefore, the proposed algorithm combines the Lamperti transform so that a new process
with constant diffusion is derived and the smooth truncation for the approximation of the
new drift coefficient; the idea is to smooth the drift close to the boundary via a first-order
Taylor expansion and regularized outside (0, 7), by ensuring that the monotonicity the
approximated drift |30]. Finally, the initial process is recovered by the anti-transform.

More precisely, let y* € (0,7) be the fixed point defined in (2.24) and let k£ > 0 a fixed
constant and define )
A" =(y"AN(r—y")A1)k. (2.27)

For every A < A*| let us define the following partition of R

P ={Py, P, P3, Py, Ps} = {(—0,0),[0,A%), [AF, 7 — A¥], (7 — A* 7], (z, 00)},
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and let fa be the new truncated drift function for the SDE ([2.22]):

;

flm = AF) + 1AF f/(m — AF) — Co(y — m + $AF), y € Ps;
flm = AF) + f/(mr — AF)(y — 7+ AF)
— i (f'(m — AF) + Co)(y — m + AF)2, y € Py;
. 2A
1AW= b, v e Py
FAR) + f1(AR) (2 — AF) + X5 (F/(AF) + Co)(y — AF)?, y € Py
FAF) = SARF(AF) — Co( %A )s y e Pr.

Figure shows the effect of the smoothing truncation on the drift f given by ([2.25)) for
a specific set of parameters and different diffusion coefficients.

150

100 |

50

-50 1

-100

Figure 2.1: Drift f(z) of equation (2.22)) (dashed line) and the LSST drift fa(z), (solid
line) fora =7,v=1,n=15A=10"%k =0.22. (a) o1 = 0.25, z* = 1.912 , Cy = 0.48;
(b) g3 = 1, ¥ = 1.938, Co = 0.25.

The drift f is monotone decreasing, periodic of period 7 and super-growing to infinity and
minus infinity close to 0 and 7, while fa is smoothly truncated close to the boundary and
regularized outside to preserve the monotonicity. Note that for smaller diffusion coefficient
fa grows a bit faster outside the boundaries. The new drift fa is Lipschitz continuous
and one-side Lipschitz continuous. Furthermore, the drift fa is a good approximation
of the drift f. Indeed, the following result ensures the desired Lipschitz property for
the drift approximation fa and the convergence to the continuous drift of the process is
provided in [30].
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Proposition 2.6. Suppose assumption (2.16) holds. Let 0 < k <1 and A < A* be given.
Then, for any x € [0, 7]

fa(z) < =Co;
and for any x,y € [0, 7]

T CoA™ |z — g,

|fa(z) = faly)
A —Colz — y|*.

|
(z —y) (falz) = fa(y))

Furthermore, if v > 3, where v is defined in (2.16|), for any 1 < p < v, and k1 = 2k(p—1)

<
<

sup E[I£(Y)) = fa(V)?] < Crpam,
te[0,T

The overall numerical procedure is called the Lamperti Sloping Smooth Truncation (LSST).

Let us consider

Sy = [0 =to, t1,...,ty =T, (2.28)
an equi-partition of [0, 7], where A; = %, N € N. From now on, the following notation
for a general function u evaluated at the mesh nodes u" = u(ty), for any n € {0,..., N}
is adopted.
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The scheme of the stochastic boundary condition ¥ solution of equation (2.2)) is obtained
by numerically sampling (Y, ¥) solution of (2.22)) and (2.21]), respectively employing the
LSST procedure that reads as follows: given Uy = 9%, set y° = 2 arcsin (\/1/10/77) then,
forn=0,...,N—1

LSST Scheme: Yy =y Ay A+ c AW,

wnJrl — SiIl2 (yn+1/2) ’ (229)

where AW/, j =1,..., N are independent Brownian increments.

Given the LSST scheme (2.29), let y;, 1) be the time continuous LSST approximation
(TC-LSST) defined for any ¢ € [0,T] as follows. Let fa be the function defined as

fA(yt) = fA(yn)a te [tmtn—l—l)-

Therefore, the time continuous LSST approximation of the scheme ([2.29)), given a Wiener
process W = (Wy)ic(0,1), is given by

t
TC-LSST Scheme: Y = yo + / fA(yt)dt + oW,
0

Py = sin’ (/2) .

(2.30)

In [30] authors show that the numerical approximation with the LSST scheme has strong
convergence and, furthermore, the rate of convergence may be up to one under specific
assumptions on the coefficients.

Proposition 2.7. Suppose v > 3 and take p,k,T in the ranges according to the following
cases
Case ‘ v D k 7
Case 1| (3,13/4] (3,v) 1/4 1
Case 2 | (13/4,00) (V13v/2,v) 25/ 2k(p—1)A2

Then, for any Ay < A*, the TC-LSST scheme (yi,¥t)ieio,1) defined by (2.30)) have the

following strong convergence

sup E[|Y; —wl?], sup E[|¥, —|?] < CrpAT.
t€[0,T) t€[0,T)

Remark 2.6. Note that whenever v > 11/2, the 7 = 2; as a consequence, the order of
convergence is always one.
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2.2.3 Numerical error investigation and simulations

Let us consider the Pearson process W = {W;};c(o1] in the range [0,7] = [0, 1.5]. In the
further investigation, the mean reverting level is set v = 1 and the rate o = 7, whereas
two different diffusion coefficients o1 = 0.25 and o3 = 1 are investigated.

In the LSST scheme (2.29) we consider A; = 2715 and k = 0.22.

For diffusion coefficients o1 = 0.25 and o3 = 1, we obtain that the condition is
given by v = p = 74.67 and v = q = 4.67, respectively. Hence, only for the first parameter
set we get the condition v = p > 11/2 = 5.5 of Remark is satisfied and, accordingly
with theoretical results, we expect strong order convergence one in the sense of . In
the second case, we expect 7 € (1.27,1.6), so we the order of convergence should be in

(0.637,0.80).

We have performed numerical experiments and the approximation error are tested both
in terms of the L?(Q2) at the final time T = 1, i.e.

eama = (E[[Yr —yr[?))2. (2.31)

and in terms of the uniform in time L?(£2) norm along the discretization partition

1
e2.a = sup (E[|Ys, — i, [])2, (2.32)
tnEZ

where Z; is the time mesh in (2.28)).

Since we don’t have an explicit formula for the solution, we approximate the true solution
with a reference solution Y7, which is identified as the LSST approximation with the finer
step-size § = 2715,

For any larger A; € 6 - [24,2°,26,27 28] we define by (Y7 )n=o0,..7/a the discrete j-the
trajectory out of N € N given by . Precisely, we use trajectory samples of dimension
N = 10000 and estimate for any A; the error through the sample mean

2TA = Z ‘Y T/A‘ ; (2.33)

while the time uniform error (2.32)) is estimates by

62 A= SUp — Z ‘Ytn - y] . (2.34)

neut

Experimental estimates are shown in Table 2]

By assuming a power law relation for the error e, i.e, e = CAY, where § = 7/2, where 7 in
since loge = log C' + glog Ay we estimate the order of strong convergence ¢ = 7/2 by
means of a least squares fit, given the error sample (A, é) . For é = é3 7 A the estimates
of ¢ are 1.016 and 1.022 in the case o1 = 0.25 and o9 = 1, respectively.
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|

|01=025]] o3=1

A/§ €2.7,A €27 A
28 1.19E-03 || 4.65E-03
27 5.94E-04 || 2.29E-03
26 2.93E-04 || 1.13E-03
25 1.45E-04 || 5.57E-04
24 || 7,12E-05 || 2.72E-04

(a)

y [01=025]] o3=1
AJS €A €A
28 1.16E-02 || 1.90E-02
27 5.10E-03 || 9.79E-03
26 2.33E-03 || 5.36E-03
25 1.06E-03 || 5.57E-03
24 8.82E-04 || 4.35E-03
(b)

Table 2.1: Convergence error estimates for « = 7,7 = 1,7 = 1.5 and different diffusion
coefficients: o1 = 0.25 and o3 = 1. (a) L?(2p) approximation error at time 7": estimation
[2-33). (b) Time uniform L?(Qp) approximation error: estimation (2.34)).

102 L Worz
1073 ............................. | ki //// ///eﬂ//
............ B 103 | B |
,} / ””/67/// ~
1074 / O ‘
1072 102 . |
(a) (b)
-1
1072 | |
"1 e
1078
(c)

Figure 2.2: Log-log of the estimations of the L?-errors at time T (A, éy7a), (solid
line-first raw), and the uniform one (A, é A), (solid line-second row). Parameters are:
a=T7,v=1,n7= 1.5 and different diffusion coefficients: (a)-(c) o1 = 0.25; (b)-(d) o3 = 1.
Dashed black line: Slope reference 1; dashed blue line: slope reference 0.8; dashed green
line: slop reference 0.6.

Figure (first row) shows the points (A, é27,a) A in the log-log scale for (a) o1 = 0.25
and (b) o9 = 1; for € = é3 A the estimates of ¢ are 0.97 and 0.51, respectively. Figure
(second row) shows the points (A, éz A) in the log-log scale for (c) o1 = 0.25 and (d)
o2 = 1. Hence, evidence of first-order strong convergence of LSST scheme is experimentally
proven. Let us stress that, even though we are in the Case 1 of the Proposition [2.7] the
convergence rate could equal one since conditions are only sufficient (see |30, Theorem 8
for more details).
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Indeed, we investigate a new configuration accordingly with the following data: o =
3.9,7=0.9,7 = 1.5 and 03 = 1. In this set of parameters, the condition 3 < v < 13/4
holds, therefore we would expect a convergence rate equal to 1/2 but actually from Figure
(a) we observe that the L? convergence rate at the final time 7' may be equal to 1,
while the uniform error rate as shown in Figure [2.3}(b) is closed to 0.5.

1072 w 10"

Figure 2.3: Log-log representation of the estimations of the L2-errors at time 7" (A, E2T.A) A
(a), and the uniform one (A, éA), (b). Parameters are: a = 3.9, = 0.9, = 1.5 and
o3 = 1. Dashed black line: Slope reference 1; dashed green line: slop reference 0.5.

Figure represents a single realization of the reference solution Y of the approximated
solutions (y;?)n:()’__’Tg /A in the configuration o3 = 1 with different time steps: A/6 =
28 (a), 20 (b), 2% (c). It is important to remark that, for every larger time step adopted, the
Brownian increments of the reference solution in the common nodes have been considered
and not the reference solution itself. One can appreciate that, since large time steps,
the numerical approximated solution converges pathwise to the reference one (see Figure

(2.4))-

14 14 14

12 121 1.2

1 1r 1

0.8 081 08

0.6 06 0.6

04 04t 0.4

0.2 02r 02

0 0 0
0 0.2 0.4 0.6 0.8 10 0.2 04 06 0.8 10 0.2 0.4 0.6 0.8 1

(a) (b) (c)

Figure 2.4: Comparison for a single realization between the reference solution (red line)
and approximated solution for different time steps: A/§ = 28 (a), 2 (), 2% (c).

Figure shows some random trajectories of the SDE solution process small and large
diffusion.

Different values of the diffusion coefficient ¢ are considered for the SDE to capture how
the variability of the noise intensity may influence the sulphation process evolution. Note
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Figure 2.5: Two random trajectories (filled line) kept within the max and the min of
all the trajectories (dotted lines); the sampled mean process (dashed centered line) and
boundary of the domain (lower and higher dashed lines) [0, 7] for a« = 7,7 =1,n = 1.5,
Uy = 0 and different diffusion coefficients: (a) o1 = 0.25; (b) o3 = 1.

that all the involved configurations of parameters satisfy the well-posedness condition
(12.16)).

We see in Figure 2.5}(a) how in the case of a small noise o1 = 0.25 the process moves
around the mean v = 1 with low excursions in the domain [0,7]. Indeed, the minimum
and the maximum of the sample at each time are both very far from the boundary of
the domain. A higher value of the mean reverting rate o = 7 together with a low value
of the diffusion coefficient induces a lower variability. For a higher value of the diffusion
coefficient such as o3 =1 in Figure (b), the process may instead arrive close to the
boundary even though it oscillates around v = 1 with a longer deviation in the excursion.
Indeed, a higher mean reversion helps the return to the average.

2.2.4 Convergence to the invariant measure

For the completeness of the numerical discussion of the stochastic process, we provide the
numerical convergence of the distribution to the invariant measure Beta(p,q) provided in
(12.17).

Figure shows the theoretical Beta(p,q) (red solid line) with p, ¢ given by and
the distribution of solution for different time steps at final time T (black dashes line) and
at time 7T'/2 for two different levels of noise o1 = 0.25 and o3 = 1, respectively. One can
notice that the convergence at final time 7T is achieved even when the time discretization is
big (see Figures cases (a) and (c)). Moreover, in both configurations, the theoretical
distribution is almost reached at time 7'/2.
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Figure 2.6: Invariant distribution for o; = 0.25 (first row) and o3 = 1 (second row)
for different time steps. A/§ = 28 (a)-(c), A/ = 2* (b)-(d). Theoretical distribution
Beta(p,q) red dashed line, distribution at final time T blue dashed line, distribution at
time 7'/2 black line.
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Chapter 3

A random PDE system for the
sulphation phenomenon

This chapter represents the first original contribution of the thesis |7, [8]. A new numerical
splitting scheme for the approximation of the PDE-ODE system with stochastic boundary
dynamics based on a splitting strategy is provided.

In Section we recall the results of the well-posedness of the PDE-ODE system coupled
with boundary conditions provided in [82]. In Section we present the original part
of the thesis. We perform a complete qualitative and numerical analysis of system ([1.8])
coupled with stochastic boundary condition, given by the stochastic diffusion \T/t in ,
deeply discussed in Chapter 2l We aim, essentially from a modelling point of view, to
illustrate the role of randomness in the dynamical evolution of the chemical reaction,
either pathwise or in the mean sense.

Numerical pathwise stability and accuracy are provided. Furthermore, we illustrate
different configurations to capture the role of randomness at the boundary and in the
evolution of solutions. Slow and fast regimes are investigated. A quantitative study of
the impact of the noise at the boundary on the solutions is finally described.

3.1 Well-posedness of the PDE-ODE system with stochastic
dynamical conditions

For the convenience of the reader, in this first section, we recall a result on the well-

posedness of the PDE-ODE system with a stochastic dynamical condition given by the

solution of the diffusion process ([2.2). The global existence and pathwise uniqueness for

the solution to the random system, in a mild sense, is given in [82]. A brief discussion on
the result can be found in [7], In the following we describe the main steps.

As in [58, 60|, rather than working directly with the local concentration ps, authors work

45



with the porous concentration s = ps/¢ (as in (1.9))), while ¢ stands for the local density
of calcite. Thus system (1.8)) is considered:

F(p(c)s) = Ou(p(c)Bus) — Ap(c)sc, 3.1)
Ore = —Ap(c)sc. '
with the parameter A € Ry to control the velocity of the reaction.

From now on, the previous system will be the central study of this thesis, coupled with
initial conditions for s and c:

5(0,2) = so() = m, ¢(0, 2) = co(x), (3.2)
and boundary conditions for s
s(t,0) = Uy = 4,0(0\(120))’ (3.3)

with ¥y given by the solution of the diffusion process (2.2]). Again, the porosity is described
as a linear function of the calcite density:

¢(c) = A+ Be. (3.4)

From (3.3) and the second equation in (3.1]), we easily derive that the boundary condition
at = 0 for the calcium carbonate is the solution of the following linear ODE

Oe(t,0) = =AWy (¢, 0), ¢(0,0) = ¢p.

Hence, the stochastic boundary conditions in = = 0, for the couple solution (s, c), are

given by
t
c(t,0) = ¢ exp (—/\/ \Iludu> ,
0

s(t,0) = Ty = il (39
’ © (co exp(—A fot \I/udu)>

The following proposition ensures the boundedness of solutions.

Proposition 3.1. Let condition (2.16|) be satisfied. Then the boundary function (3.5)) are
bounded for any t € [0,T]. More precisely,

c(t,0) < co,
- n - (3.6)
0<s(t,0)=¥ < —— =
,0) "7 o1+ o K
Proof. The thesis easily derives from Proposition [2.3] O
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The high oscillation property of s(t,0) corresponds to poor regularity of the path of U
from the analytical point of view, this poor regularity is the main feature of the model.
Precisely, U and, thus, ¥ have S-Holder continuous paths, for every g € (0,1/2), but
have no better regularity (|82]). In the deterministic case, the well-posedness is achieved
for a boundary condition ¢ € W1([0,T]) (see [60]), while existence and uniqueness in
the present case is proven in [82], as follows.

Let us derive an equivalent formulation for the system (3.1)):

Proposition 3.2. Let (3.4) be the model for the porosity. The system (3.1)), coupled with
initial and boundary conditions (3.2)-(3.5)) could be rewritten as:

s = 025+ bu(t, x)0ps + ve(t,x)s(Bs — 1) (3.7)
oic = —As(A+ Be)e (3.8)
with
OxC
Ye(t,x) = Ac (3.10)

Proof. We start with the first equation in system (3.1)) and we derive the products:

Or(p(c)s) = 0z(p(c)0zs) — Ap(c)sc

(Drp(€)) 5 + 0(€)Drs = Dpp(c)Dps + p(c)02s — Agp(c)sc
(Bosc) s 4 @(c)0ys = BOycOys + p(c)02s — Ap(c)sc
<B(9tc> + Ois = i83,308553 + 83,3 — A\sc
o(c) p(c)
Os = 835 + ich@ggs + B(\sc)s — Asc
¢(c)

where we have used the fact that 0;p(c) = 0:(A + Bc) = Boqc and, symmetrically, for
the spatial derivative. Moreover, in the last equality, we have pulled the second equation
for the dynamics of ¢ into the equation for s. By rearranging the terms and denoting

O0xc
bc(ta .%') - BA -:jBC’ VC(tv‘I) = AC'}
the formulation in (3.7))-(3.8)) is gained. O

Then, a precise definition of mild solution is provided.

Definition 3.1 (Bounded positive mild solution). A couple (s, ¢), with s € L*([0, T], WH2(R,))N
L*>(]0,T] x Ry) and ¢ € By ([0,7] x Ry), the space of bounded Borel functions, is a
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bounded positive mild solution of the nonlinear PDE ([3.7)),(3.8])-(3.10) if, for every x € R4,
the function ¢(-, z) solves (3.8)-(3.10]), that is ¢ is explicitly given by

Aco(z)

c(t,x) = ; (3.11)
¢<CO($))€AA fg s(rz)dr _ BC()(J})
and the function s satisfies
0<s(t,z) <1 forevery (t,z) € [0,T] x Ry,
and it is a L>°([0, 7], W12(R,))-mild solution of (3.7), that is
t
s(t,)=—=2 [ 0.G(t— 7, )(r)dr + G(t,-) * so
D (3.12)
+ [ Gt —7,) % (be(T,-)0ps(T,) + vYe(T,)s(T,-)) (Bs(r,-) — 1))ds,
0

where b, and . are defined as (3.9) and (3.10)), respectively and G(t, ) * f denotes the
convolution-type operator with the heat kernel GG, which is defined as

1
G(t,l’) = ﬁ@ /4t.

Following [82], the time horizon T is supposed to vary in a compact interval [0, T'f;,].

The following theorem provides the global existence of a pathwise unique solution of the
random system.

Theorem 3.1 (Well-posedness, [82]). Let conditions on the parameters of ¥ be
satisfied. Then, the trajectories of ¥ are almost surely in CP, with 8 € (1/4,00) and let
U(0) = 0. Then, for any T € [0, Tyin| there exists a pathwise unique mild solution (s, c)
to system coupled with initial and boundary conditions —, in the sense of
definition .

Theorem is proven via a splitting argument. Here we do not state the main feature
of the proof since we will take advantage of the same splitting strategy to numerical
sampling the random couple of solutions (s, ¢) in [0,7] x R4 in Chapter

3.2 Numerical approximation: a splitting scheme

In the following, we introduce a novel splitting scheme for the numerical approximation
of problem (3.1]) coupled with random dynamical conditions in (3.3]).

Well-posedness of the previous system is provided in Section [3.1] via a splitting argument.
Coherently, towards the numerical discussion of the problem, we decompose s as the sum

s=u-+uv, (3.13)
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where u is the solution to the diffusion equation (heat equation) with zero initial condition
and boundary condition W:

atu = Ggu,
u(0,z) =0, (3.14)
u(t,0) = W(t).

Therefore, function u neglects the reaction term, and so the non linearity, and handles
the randomness and the consequent low regularity of the system. The heat equation is
very well studied in literature and its highly oscillating boundary behaviour becomes
smoother in the indoor environment, due to diffusion. We can then use this smoothing
effect to study the full system which has also a reaction component. Indeed, u € C*° in
the interior (t,2) € (0,T] x (0,00) and for B € (1/4,00), u € L>=([0,T]; W2(0, 00)), in
particular it is weakly differentiable in x. This additional regularity plays an important
role in the study of the system for v.

The term v satisfies an equation of the same form of the equation for s with terms
depending on wu, but with zero boundary condition, namely for any (¢,x) € [0,7] x [0, 00)

Bo, Bo,
v = 92 + @(C)C(azv + Oyu) — < w(ct)c + )\c> (v + u),
v(0,z) = so(x), (3.15)
v(t,0) =0,
where ¢ is explicitly given in terms of s = u + v by:
A
c(t,z) = co(2) : (3.16)

cp(co(x))e)‘A fot s(ryz)dr _ BCO(.I)

Thanks to the regularity of u and d,u, existence and uniqueness for v and hence for s is
proven in [82], as discussed in [7].

We introduce a discrete version of the system (3.1))-(2.2) in [0, 7] x [0,Z] with T € Ry and
let us consider an equi-partition of the space and time intervals with space-time meshes

Er X Er=[0=uz0,21,...,20 =] X [0 =1to,t1,...,txy =T]. (3.17)

From now on, we consider the following notations

T T - Ay
Aac—ﬁy At—ﬁa A_ng

with NV € N such that A; < A*, where A* is as in (2.27) and Proposition For
a general function u evaluated at the mesh nodes we denote u, = u(ty,xy,), for any

(n,m) € {0,...,N} x{0,...,M}.
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Since, at the simulation level, we consider a bounded domain [0, Z], we need to specify the
boundary condition in = T for the solutions s = v + v and c¢. Therefore, the following
Neumann conditions for u, v and ¢ are set for the right boundary = = Z:

dpu(t,T) = dpu(t,T) = O. (3.18)
Opc(t,T) =

We consider the discrete version of the splitted solution (3.13]) of system (3.1)), that is for
any (m,n) € {1,...., M} x{1,..., N}

n __ ,n Uu
S = Uy + Uy

According to the theoretical results obtained in [82], s solves the discrete SDE-PDE
system in a pathwise way.

3.2.1 The discrete random heat equation: definition and stability

We solve the random PDE system pathwise, i.e. for any given realization {zﬁ”}n(w), wedp
of the discrete process
~ Y
Yt = . (3.19)
7 (co exp(—A fot" \Iludu))

First, we consider a forward time, centered space (FTCS) approximation {u), }n.m of the
heat equation in (3.14), for (n,m) € {0,...,N —1} x {1,..., M}

n+1 n n
urtt — u

n n
m __ Ym+4+1 2um + Upy—1

A, A2

A slight improvement in computational efficiency can be obtained with a small rearrange-
ment of the discrete system, by considering that the right boundary conditions lead to the
condition uf, ; = ufy,_;, for any n. This comes from the approximation of the Neumann
condition at the boundary in by centered finite differences in space, coherently
with the numerical scheme for the internal points.

Therefore, for any n = 0,1,..., N — 1 we consider the following complete numerical
scheme

uptt = Al g+ (1= 2A0)ul, + Ay, m=1,...,M —1;

uptt = P it = (1 - 2A8)uly + 28 uh,_y; (3.20)

u8:¢0 ugn:O, m=1,..., M.

The discrete bounded process (J”) in (3.19) is given by the transformation (3.5)) of the
n
process solution of the LSST scheme (2.29)).
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System (3.20]) is equivalent to solve for any n =0,..., N — 1 the following linear system
for the internal nodes

Ut = AU + AUY, (3.21)
where U™ = (u}, ..., u;)T € RM for any n =0,..., N — 1, the matrix A € RM x RM is
given by - -

[1—-2A A 0 0o 0 ... 0
A 1-2A A 0 0 0
0 A 1-2A A 0 ... 0
A= _ . . o . . (3.22)
0 0 0 A 1-2A A
. 0 0 0 0 2A 1-2A]

Note that the matrix A is the classical matrix associated to the first-order finite difference
approximation and it is tridiagonal and positive whenever A < % Here, we lose the
symmetry property of the matrix by imposing centred finite differences at the right
boundary. In fact, equation is associated to the following boundary condition (76‘
at x = 0, coupled with the second rescaling in , and the ¢t = 0 condition U°:

ﬁg:@",o,...,o,o)T;
U’ =(0,...,0)T.

(3.23)

Furthermore, the initial condition U° is given by the null matrix. By an iteration of

(3.21)), we get that a solution of (3.21)- (3.23)) is, for any n € {1,..., N}

n

U"=A"U"+ A AT, (3.24)

§=0
Mean-square stability of the solution to a random partial differential equation refers to
the property that the expected value of the square of the solution remains is limited in
the amount of growth that can occur in a finite time. We first have a result of pathwise
stability. Let us consider the Euclidean norm in space and time for U™ and Uy, respectively

M 1/2 N ) 1/2

Mmm=<M§]%@ - Wolva = (AT . ©29)

m=0

J=0

A notion of stability (|106]) for the initial-condition boundary-value problem (3.21)) is the
following.

Definition 3.2. The discrete scheme (3.21)) is L?-pathwise stable if, for any n such that
0 <nA; <T, and for any w € (2, there exists a positive constant Cp such that

n,At> .

10" @)lla. < Or (U0, + 1To(w)
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If the scheme is L?-pathwise stable, it is also L? stable in mean. Indeed, following the
classical stability results in the deterministic case, the following results may be stated.

Proposition 3.3 (Pathwise stability for w). Suppose that assumption (2.16) on the
parameters of the stochastic boundary condition holds. Then for

A<1/2 (3.26)

the random process, solution of (3.21)- (3.23)) is pathwise stable; precisely, there exists a
constant C such that, for anyn € {1,...,N}

10" (W)lla, < Cra,,

where 1 is defined in (3.6). Moreover, also the mean square stability holds. Furthermore,
the stability property holds also in the maximum norm case both pathwise and in mean

ElU" lmax] < Or7y. (3.27)

Proof. Let us observe that the matrix A is similar to the matrix symmetric

1 —2A A 0 0 0 0 7
A 1-2A A 0 0 ... 0
~ 0 A 1-2A A 0 0
A= ) . o . ) ;
0 0 0 A 1-2A +V2A
0 0 0 0 +V2A 1-2A]

ie. A=S"1AS, with S = diag(1,1,..,1,v/2) € RM. Then

4, = | (57 4s)"), = s S]], < usAmshe < 2o (4)"

V2

where p (/T) is the largest eigenvalue of the symmetric matrix A which is of the form

|1 —4Asin? (€) |, with € € (0,1), a function of A,, [109]. Since |1 — 4Asin? (¢)| < 1 if
and only if A < 1/2. Hence, by (3.26) we get that, for any n € {1,..., N}

A" < 1.

Finally, by (3.24)), (3.25) and (3.23) we get

Ay ([ & Ay = v
.y )
[0 @), < 10°@)lae + 55 [ STE] < 55 (B D10
z |l j=0 x =0
J Ay J
1/2
A1/2 n ) Al/2 _ B
< W Atz " = FH\I’Hn,At < Cra,m,

x =0 x

that is the thesis is proven. The mean case and (3.27)) may be easily proven. O
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Remark 3.1. Pathwise and mean stability are provided whether condition holds:
stability condition for classical heat equation by first-order finite differences is reached
(see, for instance, |75]). Moreover, condition is equivalent to asking the matrix A
in to be positive defined.

3.2.2 The random non-linear dynamics with deterministic boundary
condition

leen the solution {u}, }y, n of the discrete heat equation (3 or equivalently, (3.21))
with = 0-boundary Condltlon {wn}n in the class Cﬁ Wlth (8 < 1/2), we take
the dlscrete version of the equation (3.15]) for v coupled with the explicit solution for the

calcite ¢ given by ([3.16]), where s is deﬁned by (3.13]).

For any m € {1,...,M},n € {1,...,N}, let s, = upy, + v}, and ¢}, be the discrete
version of s and c¢, respectively. Again, by using an explicit first-order finite difference
approximation, centred in space and forward in time for (3.15)), we obtain the following

forward system of equations for any n=0,...,N—land m=1,... M —1
v;lj'l = o, +A( U1 — 2vfn+v%_1)

n

B
+AW (cpr —m1) (opgr — 1)
m

+A74<p(c" ) (Cmt1 = Cm—1) (Umg1 — Um—1)
m

+A N (B(v), 4+ um) — D) (o), + ul) s
AL oA (v tun) elen,)
m - m

coupled with the discrete solution u]!, given by (3.20). By denoting the functions

B e(cmi1) —plem_1)
bn — bn = ' _an — .
m m(c) 490(6%) (Cm+1 m—l) 4@(0%) )
hy, = hyy (c,u,v) := NAweh, (B(opy, +up) — 1),

a small rearrangement leads to the following scheme for (v]", c)
W = A () Uy + A (L= b () (3.28)
+ [1 = 2A + b} (c,u,v)] v,

+Aby, (g, 1 + hiy (e, v)ug, — Aby, (c)uy, s

c?n—&-l _ C;Lle—)\ﬁt(vfn-w%)‘ﬁ(c%)’ (3.29)

coupled with ], given by (3.20) and initial conditions given by

0 =¢y, me{l,...,M—1}. (3.30)

m

v, =50 <17, ¢
Coherently with u, the Neumann boundary condition in « = T reads as

n _.n n _.n
U1 = UM—15 CM+1 = CM—1>
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so that, forany n=1,..., N,
B

Therefore, this leads to the boundary equation for v, that is, forany n=1,..., N —1
vy = 0;

Vit = 2805, 4 (1= 2A + Ryl + hiuly.

We may express the system (3.28)), (3.30) and (3.31]) in a matrix form.

For any n = 0,...,N — 1, let V™ be the vector V" = (v, ...,vﬁ/[)T € RM and let the
matrices G(n), P(n) € RM x RM be the following

[1—2A+h7  A(14b7) 0 0 ]
A(l—by) 1—-2A+h% A(1+0b3) 0
G(n) = : : : : : ;
0 AL =bR ) 1=2A404 , A+ )
i 0 . 0 2A 1—2A+ Al ]
[ AP AW 0 0
—Aby Y AbY 0
P(n)=1| Z : : : :
0 cee 0 =ADY, RN AR,
0 0 0 Y,

Then, for n =0,1,... N, the system (3.28)), (3.30) and (3.31] reads as

Vil =GPV 4 PPUT + AV, (3.32)
where V™ = (—bwn,o, . ,0).

3.2.3 Pathwise boundedness and stability

The first step of the analysis regards boundedness result for (s}, cr) = (up, + vy, cy),

solution of the following system, easily obtained from systems (3.20]) and (3.28))-(]3.29).
For any (n,m) € {0,...,N —1} x {1,..., M},

sl = A <1 n P(Chi1) — @(%@1)) s A <1 B o(Ci1) — 90(0211)> e
4p(cp,) o 4p(cp,) '

+ [1—=2A = XA, (1 — Bsp)] sp, (3.33)

Al = e e s elem) (3.34)
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Proposition 3.4 (Pathwise stability for discretized s). Let us consider the linear porosity
defined in (3.4]) and the initial condition (3.30) with A, B and co independent on the size
of the grids in space and time such that

5Bco + 44 > 0. (3.35)

Given the first stability condition (3.26), let us suppose that the following further condition
1s satisfied
A2
Ay < L
"= 24 AA2(1 - By’

with 1 defined in (3.6). Then, the solution of the system (3.33)-(3.34) is such that, for
any (n,m) € {1,...,N} x{1,..., M}, and any w € Q

(s (W), e (w)) € [0,7) X [0, o).

(3.36)

Proof. Let us observe that from the expression of ¢! it is clear that if s”, € [0,7), then
el € [0,¢%]. This is true for n = 0. Let us suppose it is true for all k < n. Then for

any k€ {1,...,n+ 1}, ¢, € [0,co] and then, for any m € {1,..., M},
0 < @(cg) =A+Beo < o(ch) <A<, (3.37)

By the induction hypothesis, for all k£ < n, Slfm—lv sk | sﬁl_l are positive: we should check

the positivity for £ =n + 1 in (3.33)); indeed,

L Plemn) —elany)  _ Aelan) — elen) + el )
dip(cp,) 4p(c)
5¢(co) — ‘P(Cnm-s-l) > 5¢(co) — A
- dep(cp,) — dp(ay)
5p(co) — A
— de(cp,) =0

We need to guarantee that the previous quantitive is positive:

5g0(00) —A > 5(,0(00) —A _ 5(A + BCO)
dp(cr)  — 4A A
Beg > —4A

Thus, condition (??) ensures the positivity of the solutions. Note that whenever B > 0,
the condition is always fulfilled, since the parameter A is strictly positive from (3.37)). On
the other hand, the case B < 0 specifies a lower bound for the initial level of the calcite
density.

In a similar way, we obtain the same estimation for the coefficient of s, ;:

plenin) —elem1) _ 5plco) —¢lch1) _ 5e(co) — A
dp(c,) - 4p(cp) — dp(ay)
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Then, for the induction hypothesis we may prove the upper bound for s%*!: since
(1 —Bs)) >0, we get

n+1
Sm

AS%H + Asp,_1 + [1 =28 = Myep, (1 - BSZ"”)] Sm
207 + [1 —2A] 5T,
2AG + [1—2A] =7

IN A IA

For the proof of the lower bound, we need to prove that also the last coefficient of the
equation is positive; we have the following

_ A
1—2A —AA! (1—Bsp) = 1-— QA—; — MNP, + AN Bsp,
A _
> 1-— ZE — AMAeo + AALBegn
1

The last is greater then zero if and only if condition (3.36|) is satisfied. Then, the thesis is
achieved. O

It naturally follows from the decomposition of s = u + v that the discretised solution v},
admits admits upper and lower bounds:

Corollary 3.1 (Bounds for v). Let us suppose that the hypothesis of Proposition

are satisfied. Then the solution of (3.20) and (3.28)-(3.29)) are such that for any
(n,m)e{l,...,N} x{1,..., M}, and any w € Q,

=1 <~ (W) < v (W) <7 = g, (3.38)

Proof. The result easily follows from Proposition and the fact that u’}, € [0,7).
O

Therefore, the pathwise stability is provided for the numerical solution v:

Proposition 3.5 (Pathwise stability for numerical v). Let us suppose that the hypothesis
of Proposition (3.4) are satisfied. Then there exist positive constants Ca, 1z, Ca, 1 for
anyn € {1,..., N}, the solution V™ of (3.32)) is such that

V" (w)lla, < Ca,rah, (3.39)

and
[V (w)lmax < O

The same stability results in mean follow.
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Proof. From the bound (3.38), we get that for any (n,m) € {1,...,N} x {1,...,M},
M M
Dol <Y Jupl? + M.
m=1 m=1

Then, for V" = (v?,...,v&)T,H = id(77) € RM the following bound, for any n =
0,...,N —1,

[V @), < N0 @la, +I1H s, < Car 37 < O, 14l

Then, bound (3.39) follows from Proposition The rest of the thesis easily follows
with the same arguments and by considering the mean. O

Remark 3.2. Condition (??) is equivalent to a condition on the initial porosity, that is
©(co) > A/5: thus, the initial porosity needs to be not too small. On the other hand,
condition says that A < 1/2 is not sufficient for both the positivity and stability
of v: a more restrictive condition is then introduced. Moreover, the stability restriction
on the time step A; in involves also the parameter A, which controls the velocity
of the reaction: hence, it is relevant to guarantee the stability for numerical solutions in
accelerated configurations.

3.3 Sampling the system

This section is devoted to the numerical sampling of the PDE-ODE system with
stochastic boundary dynamics via the splitted numerical system introduced in
Section All further simulations are performed in MATLAB R2023a. Codes are
available upon request.

We sample the solution of the system by considering a time horizon [0, 7] = [0, 1.5] and
a spatial domain [0, Z] = [0, 1.5]. In the following, we show the numerical results of the
random PDE in the smaller space window [0, 1], to avoid the influence at the boundary
condition at Z = 1.5. The time step is A; = 1.99¢7°, while the spatial one is A, = 1072
Let us stress that Ay is chosen so that stability restriction in for the SDE at the
boundary are verified simultaneously with conditions and for the PDE-ODE
model.

We aim to test the behaviour of the diffusion-advection-reaction system under the influence
of the stochastic dynamical boundary condition. Concerning the sampling of the complete
system, we perform simulations for different values of diffusion parameters for the SDE;
furthermore, to catch the role of the activation energy in the penetration of the sulphur
dioxide and the consequent degradation of the calcium carbonate, we also consider
different reaction rates A, by considering a slow (A\; = 1) and fast (A3 = 100) regimes.
An intermediate case Ao = 10 is also considered. The case of a diffusion coefficient
oo = 0 in equation corresponds to the deterministic case; in particular, we consider a
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configuration in which the deterministic boundary condition for p in z = 0 is not constant
as in ]9, 60], but it is a function ¥y € Cy([0,T)), i.e. for ¢t € [0, T

Poo(t,0) = Wo(t) = (1 —e ). (3.40)

Note that the constant boundary condition py,(,0) = 1 studied in Ref. [9] corresponds
to the time asymptotic limit of equation (3.40)).

Table [3.1] shows the parameters considered in the numerical sampling.

SDE « 0% n o) o1 02 03
1 1.5 0 0.25 0.7 1

PDE || s co Al A B Mo Ao A3
0 10 |02 07 |-001] 1 10 | 100

Table 3.1: Parameter sets for the simulation of the PDE system (3.20) and (i3.28])-(3.31]).

3.3.1 Pathwise results

This first paragraph focuses on a single realization of the diffusion process at the boundary
to highlight the evolution of the solutions (u,v) of the splitted algorithm proposed in
this work and the couple (s, ¢) solutions to the original problem. This paragraph aims to
underline how the randomness at the boundary affects the behaviour of the solutions.

Results for different sets of parameters for the SDE at the boundary accordingly with
Table [3.I]are presented: different configurations for the discretization of the PDE-ODE are
considered. It is important to remark that the following results are associated with a single
realization among the N = 500 we have realized for each configuration of parameters.

Before going into the different realizations, let us recall that the solution of the sulphur
dioxide s is given by the sum of two contributions v and v. More precisely, u is the
solution of the stochastic heat equation with Neumann boundary condition in Z, with
initial condition sg = 0 and boundary condition given by:

Wy
") (co exp(—A fot \Iludu)>

Let us firstly focus on the role of the linear porosity ¢(c) = A 4+ Be: in Section we
proved that, whenever B < 0, the function ¢(c) is an increasing function of the time ¢:

s(t,0) = ¥y = (3.41)

0 < lcg) =A+ Bey < () <ol <A< 1

m

From the definition of the boundary for the solution s in (3.41)), it is easy to see that the
range of values assumed by ¢(c) modify the boundary condition for s, and thus for w.
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Figure 3.1: Single realization of ¢(c) (top left), ps (top right) and s (bottom) for the slow
regime A\; = 1 and o = 0.25.

Smaller values for the porosity lead to higher values of SO porous concentration at the
boundary. Moreover, as ¢(c) is an increasing function of the time (see Fig. [3.1a)), the
process at the boundary will slowly decrease during the time (see Fig . Figure
shows the effect of the porosity in the dynamics of s: the level of noise o = 0.25 is low,
but one could appreciate the fact that the profile of the sulphur concentration in Figure
(3.1c) slowly decreasing when time increases.

Physically, this behaviour makes absolute sense: s describes the porous concentration
of the sulphur dioxide and its value at the boundary decreases over time as the gas
progressively enters the porous medium. The decrease in sulphur dioxide concentration is
directly influenced by the level of porosity, as a higher porosity allows for more efficient
diffusion of the gas into the medium, leading to a faster reduction of its concentration at
the boundary.

To better understand the role of v, a different angulation for the solution is presented
here. This first configuration of parameters (see Fig. |3.3b)) does not properly underline
the non-linear behaviour of the solution, but it will be clearer in the other cases (see, for

instance, Figure [3.7bl|3.9b)). As stated in Corollary (3.38), the function v takes values

in [—7,7 — u]. Since the initial condition here is sop = 0, the results is that v is always
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negative. The role of the non-linear stochastic solution is to lower the stochastic heat
solution to incorporate the reaction term within the final solution s. The result of the
splitting method is illustrated in the sulfur evolution shown in Fig. [3:3d Notable, the
contribution of the solution u to the final solution s is due to the smoothing effect of
the Laplacian operator, while the reaction effect is driven by the solution v. Here, little
variability at the boundary is considered and the solution becomes very regular at early
times. A similar behaviour is observed in the solution ¢ (Fig. , where the boundary
randomness is negligible and does not significantly impact the calcite degradation.

Slow dynamics

First of all, we consider the case of slower dynamics, where the activation energy, or
reaction rate, A = A\; = 1. The case of a porosity function with A = 0.2 is examined
(see Table (3.1))). In this section we illustrate the dynamics pathwise, focusing on a single
realization of the involved random processes. Following the splitting strategy, we firstly

discuss the paths of (u”, zZ”) as the solution of the discrete stochastic system (3.20)),
n

together with (v, ¢™),, or, equivalently, (s = u" +v™, "), via system (3.28)-(3.31]). The

following results are presented in a smaller space window [0, 1] to avoid the influence at

the boundary condition at z = 1.5.

Figureshows a sample path of the random heat equation coupled with conditions
for different diffusion coefficients o for the dynamical stochastic boundary condition
in x = 0. Randomness is concentrated at the boundary: thanks to the smoothing
properties of the Laplace operator, the solution becomes more regular whenever it moves
inside the domain. As the noise intensity o grows, the corresponding solution oscillates
more and more and oscillations spread all over the domain. We may also appreciate the
contribution of the porosity acting at the boundary condition, as expressed by :
when the SDE reaches a stationary distribution, the action of increasing porosity let the
boundary profile decrease. This is much more evident in the deterministic case (Fig. |3.2al)
and for the smaller o (Fig. |3.2b)).
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Figure 3.2: Random heat solution in the case A = 0.2, for different values of . (a) ¢ = 0;
(b) 1 =0.25; (¢) : 02 =0.7; (d) 03 = 1.

Figure depicts the single contribution of a path of the process (s = u + v, ¢) that may
be derived by the splitting strategy. The case of diffusion coefficient at the boundary
o1 = 0.25 is considered. The solution v of the nonlinear equation includes the
reaction of the sulphur dioxide; since the initial and boundary conditions are zero,
from and it gives a complete negative contribution bounded from below by
—7n = —15. This is the reason why the sulphur dioxide porous concentration s = u + v
oscillates as u, but as soon as it moves away from the boundary, oscillations slow down to
zero. As the profile of the calcite ¢ in concerns, we see how the degradation occurs
as time increases, with a slower degradation of the calcite profile far from the boundary.

Figure (3.4) shows the four single realizations for (u, v, s, ¢) in the slow regime as in Figure
(3.3) but with a higher level of o3 = 1 at the boundary. The effect of the stochasticity is
more visible in the dynamics for v, while the profile of the calcite remains very smooth.

Figure illustrates the evolution of a pathwise solution of p = ¢(c)s sampled, for any
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Figure 3.3: Different contributions to a single realization of the complete PDE with
o1 = 0.25. First row: a pathwise random heat equation solution u (left) and the solution
v of the non-linear equation (right). Second row: the sulphur dioxide evolution
s =u+ v (left) and the evolution of the calcite ¢, solution of (3.29).

(n,m) € {0,1,...,N} x{0,1,..., M}, by
P = (v + uz) (),

with ¢!, defined in (3.29)). As the noise at the boundary increases, the perturbation is
much more detected far from the boundary, even though the effect is mitigated by the
low reaction rate and the quite low porosity of the transformed material.

Gypsum porosity may reach a level of 70%. The higher the porosity, the faster the
penetration of the sulphur dioxide and, thus, the degradation. The effect may be detected
in Figure the evolutions of a realization of the SO, and the corresponding calcium
carbonate density for a lower porosity A = 0.02 are compared with the ones with higher
porosity A =0.7. All other parameters involved remain unchanged.
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Figure 3.4: Different contributions to a single realization of the complete PDE with
o3 = 1. First row: a pathwise random heat equation solution u (a) and the solution v of
the non-linear equation (3.28) (b). Second row: the sulphur dioxide evolution s = u + v
(¢) and the evolution of the calcite ¢ (d), solution of (3.29).
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Figure 3.5: The role of the diffusion o. A single path of the SO4 concentration p = s for
different levels of boundary noise. (a): o9 = 0; (b): o1 = 0.25; (¢): 02 =0.7; (d): o3 = 1.
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Figure 3.6: The role of the gypsum porosity via the parameter A. Evolution of a realization
of SO, (first row) and the corresponding marble concentration (second row) for A = 0.02
(left) and a higher porosity A = 0.7 (right). Other parameters: B = —0.01, A = 1,
oo = 0.7.
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Faster dynamics: the accelerated case

In this paragraph, we consider different values of the parameter A € Ry in System ,
(3.2) and . As discussed in |59], an accelerated regime for the reaction by assuming
different values \;, i = 2,3 accordingly to Table is considered. This is equivalent to
analysing the asymptotic behaviour of the system by accelerating time by a factor of
)i and taking a space expansion /\;x. By changing the parameter ), the role of the
activation energy in the penetration of the sulphur dioxide and the consequent degradation
of the calcium carbonate is captured. Figure illustrates the evolution of the solutions
for an intermediate acceleration rate, Ao = 10. The impact of acceleration is particularly
pronounced, especially in the dynamics of v and ¢. At early times, the reaction variable v
exhibits a highly irregular behaviour due to the random penetration of sulphur dioxide
concentration into the medium. This irregular penetration of the pollutant strongly
influences the calcite dynamics, as the CaCQOj5 levels near the boundary rapidly go to zero.
This behaviour highlights the tendency for the reaction to degrade more rapidly in regions
closer to the boundary. This is more evident when the reaction rate parameter is set to
A = A3 = 100. The solution has a very different qualitative aspect: as the interaction
coefficient X increases, the transition zone gets smaller, leading to more evident calcite
deterioration at the boundary of the sample, while the interior remains unaffected by
sulphur dioxide. In particular, in Fig 3.8 we may see the formation of a moving front.

Figures and describe the same accelerated case where A3 = 100 but the level of
noise increases from o1 = 0.25 to 03 = 1. One can notice that for higher levels of noise at
the boundary, the reaction part v (see Figs and becomes more irregular; on
the other hand, the profile of the calcite (Figs remains very smooth. In the
given system, the stochasticity is confined to the boundary of the domain, influencing the
behaviour of the solution s (Figs [3.9d). This behaviour indicates that the reaction is
predominantly localized at the boundary, as evidenced by the dynamics of calcite. Near
the boundary, the level of calcite material is zero, emphasizing that the reaction leading
to degradation occurs intensely in these regions. Thus, the system exhibits increased
sensitivity to degradation in accelerated regimes.
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Figure 3.7: Different contributions to a single realization of the complete PDE with
o2 = 0.7 in the accelerated configuration with A = Ay = 10. First row: a pathwise random
heat equation solution u (left) and the solution v of the non-linear equation (right).
Second row: the sulphur dioxide evolution s = u+ v (left) and the evolution of the calcite
c.
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Figure 3.8: Different contributions to a single realization of the complete PDE with
o1 = 0.25 in the accelerated configuration with A = A3 = 100. First row: a pathwise
random heat equation solution u (left) and the solution v of the non-linear equation
(right). Second row: the sulphur dioxide evolution s = u + v (left) and the evolution of

the calcite c.
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Figure 3.9: Different contributions to a single realization of the complete PDE with o3 = 1
in the accelerated configuration with A\ = A3 = 100. First row: a pathwise random heat
equation solution u (left) and the solution v of the non-linear equation (right).
Second row: the sulphur dioxide evolution s = u+ v (left) and the evolution of the calcite
c.
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3.3.2 Estimation results

In paragraph [3.3.1] we analysed a typical but single realization of the process at the
boundary, to describe the evolution of the PDE-ODE system and the role of splitted
solution (u,v).

Now we perform a statistical estimation of the dynamics for appreciating the variability
of the process. We consider the estimation in (¢,2) € [0,1.5] x [0,1] by means of a
sample N = 500 trajectories of both processes p and c. Concerning the variability
of the distribution, we provide the mean and the standard deviation of the empirical
distribution at each point of the mesh: for any (n,m) € {0,1,..., N} x{0,1,..., M} and
the occurrences w; € 2, j =1,2,... N,

1Y 1 Y
P == ph(w), Tn==) cnw
N 4 N 4
7j=1 7j=1
and
N N
[Sply, = —72 pr(wi) — ), (S = = (ch(w;) —ep)?,

N 1]:1 1]:1

In particular, we discuss the case g3 = 1, i.e. the highest level of noise, for both slow and
fast regimes.

Figures [3.10] present the mean distribution for the slow case A = A\; = 1 and
the accelerated A3 = 100 for ps and c respectively. We present results with a different
angulation, to better capture the dynamics of the solutions. One can appreciate the
fact that the mean distribution has the same shape as the single trajectories previously
described. Notably, the mean distribution of the process at the boundary tends to the
mean level v = 1.

The standard deviation distribution for (ps, c) is captured in figures again for
slow and fast regimes and the highest level of noise o3 = 1. For the slow regime (Figures
, the variability is low for both distributions. On the other hand, for the
accelerated configuration (Figures 3.13b)), it is notable that the order of magnitude
of the standard deviation for p, is the same as the slower case; concerning the calcium
carbonate, the orders are quite different: precisely, in the fast regime is one order bigger.
Focusing on , one can appreciate the different behaviour of the variance for the
calcite: in the slow regime the variability is concentrated at the boundary and slowly
decades within the domain, whereas, for the faster configuration A3 = 100, the variance is
always zero except for an interval around the forming front. It seems that the spatial
distribution of the variance is always the same but with a time-dependent translation.
This is interesting and it is worth performing further experiments to identify a possible
invariant distribution around the moving front.
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Figure 3.10: Mean distribution for ps, with o3 = 1. Slow reaction (left), Fast reaction
(right)

Figure 3.11: Mean distribution for ¢ with o3 = 1. Slow reaction (left), Fast reaction
(right)
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Figure 3.12: Standard deviation distribution for ps, with o = 1. Slow reaction (left), Fast
reaction (right)

0.5

Figure 3.13: Standard deviation distribution for ¢, with o = 1. Slow reaction (left), Fast
reaction (right)
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Figure 3.15| presents a graph of the 25%, 50% and 75% percentile of the sample
for each grid point. Hence, the figure shows the intervals of the usual points of the
distribution, which means the intervals within which the central 50% of the distribution
is located. We compare the case of o3 = 1, for both the slow reaction with Ay = 1 and
the fast reaction case with A3 = 100. We observe that, after a small time interval, all the
percentiles at the boundary oscillate around some fixed points; in particular, the median
oscillates around v = 1. This suggests the existence of an invariant measure, coherently
with the invariant measure of the Pearson process at the boundary with unitary mean as
in . For the slow regime A; = 1, from Figures the variability in £ = 0 is
not detected but increases over time. Furthermore, fluctuations around the median are
stronger close to the boundary, even though they are present almost everywhere. This is
coherent with the evidence from the standard deviation analysis in Figures [3.12a][3.13a]

A different scenario comes up in the case of the fast reaction (Figs : the
transition zone gets smaller and it is located at the boundary; the interior is not touched
by the sulphur dioxide penetration. As previously mentioned, the formation of a front
is visible and the variability is detectable, even if is very small. This underlines that,
even with a random process at the boundary, the mean behaviour is very close to the
deterministic one presented in []g[] In the next paragraph, we quantify the difference
between the deterministic solution and the mean behaviour of the random one.

Figure 3.14: Estimation of the distribution : 25% (green-blue), 50% (black) and 75%
(red) percentile of an N = 500 sample of the processes ps at each mesh point. Parameters:
A =0.2, 03 =1. (a) slow reaction A\; = 1; (b) fast reaction A3 = 100.
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Figure 3.15: Estimation of the distribution : 25% (green-blue), 50% (black) and 75%
(red) percentile of an N = 500 sample of the processes ¢ at each mesh point. Parameters:
A =0.2, 03 = 1. (a) slow reaction A\; = 1; (b) fast reaction A3 = 100.
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Comparison with deterministic solution: impact of the boundary

From paragraph[3.3:2] it can be observed that the average behaviour of numerical solutions
tends to the deterministic one described in Section [I.2.2] In the following, we would
like to quantify the impact of the noise on the solutions in terms of the computation of
an L'(Q) distance between the deterministic solution (ps,, cs,) and the noise solutions
(po, Co), both for slow and fast reactions.

More specifically, the couple solution (ps,,cs,) refers to the solution where the level
of noise o is set to be zero. Therefore, just the drift part in the process survives and
the boundary condition is given in Fig[3.I6} here, the time asymptotic limit behaviour
towards the mean level v = 1 is illustrated.

12

0.8

0.6

04r |/

02/

0 L
0 0.5 1 15

Figure 3.16: Boundary condition for o = 0, Ay = 1 for the solutions p;. Other parameters
are listed in table

Figures and illustrate the L!-distance between the random solutions (ps,c)
under varying levels of o and the corresponding deterministic solution in the slow regime.
It is observed that the difference increases with the noise level o, but the impact of the
noise on the solution remains confined to the boundary and remains small.

A similar behaviour is evident in the fast regime. Specifically, Figure [3.19 demonstrates
that the magnitude of the error for ps remains comparable to the one observed in the
slow regime. Meanwhile, Figure depicts the formation of a front across all three
noise configurations. Consistent with the estimates provided in Section [3.3.2] it is evident
that higher noise levels lead to greater variability in the distributions.

Following the approach in [52]|113|, we present a different quantitative analysis of the im-
pact of boundary randomness on the numerical solutions (p,,, ¢s,), @ = 1,2, 3, accordingly
with Table [3.1] Specifically, we would like to measure the difference between the solution
with a random boundary condition and the solution with a deterministic boundary, where
no noise is introduced. Again, we vary the level of noise ¢ in the discretization of the
stochastic boundary condition and, for each level of o, we compute the root mean square
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Figure 3.17: Comparison in terms of L'-distance of the mean trajectories of ps with
deterministic processes A = 1. g9 = 0.25; 09 = 0.7; 03 = 1.
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Figure 3.18: Comparison in terms of L!-distance of the mean trajectories of ¢ with
deterministic processes A = 1. 09 = 0.25; 090 = 0.7; 03 = 1.
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Figure 3.19: Comparison in terms of L'-distance of the mean trajectories of ps with
deterministic processes A = 100. g9 = 0.25; 09 = 0.7; 03 = 1.

difference (RMSD) between the numerical solution with noise at the boundary and the
deterministic one.

Accordingly to the set of parameters for the SDE at the boundary listed in Table
3.1, we compute the root mean squared difference between the numerical solutions
(Po;sCo;), © = 1,2,3 of the original system and the deterministic solution (ps,, cs,) in the
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Figure 3.20: Comparison in terms of L!-distance of the mean trajectories of ¢ with
deterministic processes A = 100. o9 = 0.25; 090 = 0.7; 03 = 1.

following metric, for ¢ = 1,2, 3:

RMSD 3 ) 1) = | [E [J(8.2) — p 1,2,

RMSD(cy,, coy)(t,z) = \/E [|cgi (t,2) — coq (t,@ﬁ].

We present in the following the color-maps for different configurations of ¢ for the solution
(Po;s Poy) Where o1 = 0.25,09 = 0.7,03 = 1.2 and we observe how the randomness behave
within the space = in time t.

The effect of the boundary randomness increases whenever the level of the parameter
o is higher: however, the mean of the difference between the realization of the solution
with stochastic boundary condition and the one with deterministic one rapidly goes to
zero. From the color-bar one can notice that for the solution p, in Fig the difference
is almost zero everywhere for the configuration with ¢ = 0.25,0.7. The impact of the
boundary is significant only in the last configuration where ¢ = 1. On the other hand,
when looking at the color-maps for the calcite in the slow regime (Figure there is no
significative impact of the randomness at the boundary. This is because the effect of the
stochasticity for ¢ is mitigated by the exponential function.

In the accelerated configuration with A = 100 (see Figures , the behaviour of the
solutions exhibits significant changes compared to previous configurations. Notably, the
influence of the boundary on the sulphur dioxide concentration, ps is markedly different.
This happens because, under the accelerated reaction regime, nearly all the sulphur
dioxide concentration becomes localized at the boundary. The boundary’s influence is
substantial, even for small values of the parameter o, but it rapidly vanishes as one moves
further into the interior of the spatial domain.

In contrast, when examining the impact on the calcite concentration, the effect shifts
toward the interior of the spatial domain. This indicates that, asymptotically, the evolution
of the calcite forms a distinct front. This front represents a sharp boundary where one
can clearly distinguish between the region where the calcite is entirely degraded, with
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Figure 3.21: Estimation of the impact of the noise at the boundary: RMSD(ps, po,) at
each mesh point for 0 = 0.25 (a), 0 = 0.7 (b) and 0 =1 (c). Parameters: A = 0.2, slow
reaction A\; =1

15 2 15 2 15 2
15 15 15
1 1 1
- 11 - 11 - 11
0.5 0.5 0.5
05 05 05
0 0 0 0 0 0
0 0.5 1 15 0 0.5 1 15 0 05 1 15
x x x

(a) (b) ()

Figure 3.22: Estimation of the impact of the noise at the boundary: RMSD(cy,cy,) at
each mesh point for 0 = 0.25 (a), 0 = 0.7 (b) and 0 =1 (c). Parameters: A = 0.2, slow
reaction A\ = 1
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Figure 3.23: Estimation of the impact of the noise at the boundary: RMSD(ps, po,) at
each mesh point for o = 0.25 (a), 0 = 0.7 (b) and 0 =1 (c¢). Parameters: A = 0.2, fast
reaction A\; = 100.

concentration ¢ = 0, and the region where the calcite retains its initial concentration
value, ¢ = 10.
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Figure 3.24: Estimation of the impact of the noise at

reaction A\; = 100.

Finally, it should be emphasized that the impact of the front is higher whenever the level
of ¢ increases: from Fig to Fig. one can notice the change in the squared mean

difference.

79

2 15 2
15 15
1
1 - 1
0.5
05 05
0 0 0
0 0.5 1 15
x

()

the boundary: RM SD(cy,co,) at
each mesh point for o = 0.25 (a), 0 = 0.7 (b) and 0 = 1 (¢). Parameters: A = 0.2, fast



3.3.3 Pathwise Accuracy

In the context of numerical analysis, the concept of rate of convergence is defined as
how fast the discretized solution converges to the exact solution of the original problem.
Formally, the rate of convergence is defined as the order of accuracy of the numerical
method.

When dealing with partial differential equations, the definition of accuracy order should
involve both spatial and time steps [109]. Let © = [0, z] be the spatial domain, and
A., A be respectively the space and time steps of the discretization on the grid. Then,
for t € [0,T] the pointwise convergence rate for a difference scheme approximating a
partial differential equation is defined in the following way:

Definition 3.3 (Pointwise convergence rate, [109]). A difference scheme L} 2" = G},
approximating the partial differential equation Lw = F' is a pointwise convergent scheme
of order (p, q) if for any ¢, as (n + 1)At converges to t,

12" = w20y = O(AR) + O(A]) (3.42)
as Ax and At converge to 0.

In other words, when addressing time-dependent problems, both the contributions in time
and space must be considered.

Remark 3.3. It should be noted that the notation O(AL + Af) always involved a constant
C' . More specifically, Definition [3.3] implies that there exists a constant C' such that

I — W < C(AL + Af)
Moreover, C' will depend on time in this case.

In the context of parabolic problems, there is a strong relationship between A; and A,
due to the stability conditions of the method. It is essential that these constraints are
respected to achieve a convergence rate (p,q) consistent with the stability estimates.
Consequently, this may require working with very small discretization values.

When the exact solution w is unknown there are two possible approaches in the investi-
gation of the discrepancy between the numerical solution and the classical : the
first one is to compute a numerical reference solution with a very small discretization
step and treat it as the real solution. This could be expansive in terms of numerical
computational costs. The second approach consists of comparing the ratio of consecutive
solutions obtained by reducing the discretization step by half.

Thus, following [75], to derive the rate of accuracy for our proposed numerical scheme
and to avoid high computational costs, we compare the ratios of two successive different
solutions by decreasing the discretization step § = A, at each simulation. Moreover, we
fix the time step A; and we calculate the order p for the time discretization at final time
T. From now on we omit the dependence n + 1:

125 — 232 || a, < C(87)
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Here, || - ||a, is the Euclidean norm in space defined in (3.25)).

We ensure that the difference decays to zero with the same speed as the actual error
124 — wrla,:

M
R :iz<z5_za/z>
T T A, M T T

5 6/2‘

IN

<(z% - wT)2 + (wT - z§/2>2> (3.43)
= ]\14% (Z%_wT)2+J\Z.§:(wT_Z§w/2>

=1 =1

5\ %P
<O+ C (2>

By introducing the following definition, we would like to generalize the definition of
accuracy order for every realization of the process at the boundary. Specifically, we aim
to estimate the magnitude of the error as the grid size decreases.

Definition 3.4. Let 29.(w) = (s%(w), ¢}(w)) be the numerical bivariate solution to system

(3-33)-(3.34)) associated to the spatial discretization § and to the realization w of the
process at the boundary. The spatial pathwise accuracy rate p for a fixed time step A at
final time T is defined as, for every w € :

\M)w%w

= log, H 5/2 B Z;M(w)’

Ag

Az

Remark 3.4. The previous definition for the spatial accuracy rate p follows directly from
(13.43)):
5 _
J#@ -2, crarer

= :

P

C(3)" (1+27»)

x

Thus, by taking the 2-logarithm, (3.43)) is achieved.

The previous definition is in a pathwise sense: once we fix the trajectory at the boundary,
we reduce to a deterministic problem.

Tables (3.2)),(3.3) show the pathwise spatial accuracy orders accordingly to the definition
(3.4) and the norms of two different solutions for fixed A; = 1.907e — 06 for different values
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of § = A;. Note that the time-step A; here adopted satisfies the stability conditions
(3.3)-(3.39)) for every value ¢ involved in this analysis.

] oc=025 \
J o 1= la. | A% | N = A,
0.1250 1.3035 0.01591 1.3300 0.1007
0.0625 1.1569 0.00649 1.1806 0.0400
0.0313 - 0.00292 - 0.0177
0.0156 - - - -

Table 3.2: Pathwise spatial order of accuracy and norms of two consecutive solutions for
ps and c¢ respectively. o7 = 0.25, A = 1.

| o=1 |
J W 1= s | 2 ] 1= a,
0.1250 1.2889 0.01590 1.3317 0.0996
0.0625 1.1505 0.00651 1.1818 0.0396
0.0313 - 0.00293 - 0.0174
0.0156 - - - -

Table 3.3: Pathwise spatial order of accuracy and norms of two different solutions for
ps, € respectively. o3 =1, A = 1.

Thus, as expected, the pathwise spatial accuracy order does not change with the level
of the noise at the boundary. To ensure that the spatial accuracy order is independent
of the choice of the trajectory at the boundary, we provide in Table [3.4] the values for
'ygs,yf for three different realizations wi,ws and ws. In all the presented configurations,
the pathwise accuracy order is shown to be greater than 1.
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s 193 = 9|, o
w1 w2 w3 w1 w2 w3
0.125 0.016 0.014 0.017 | 1.304 1.316 1.283
0.0625 | 0.006 0.006 0.007 | 1.157 1.167 1.146
0.03125 | 0.003 0.002 0.003
0.015625

Ay l® — 2]l a, Ve

w1 wo w3 w1 wo w3
0.125 0.101 0.095 0.104 | 1.330 1.337 1.329
0.0625 0.040 0.037 0.041 | 1.181 1.185 1.180
0.03125 | 0.018 0.016 0.018

0.015625

Table 3.4: Numerical estimation of the Euclidean L? norms and the spatial accuracy
order for three different random paths at the boundary for p and c at final time 7" = 1.
Parameters: 03 = 1,4 = 0.2 and A = 1; other parameters in Table .
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3.3.4 Local Truncation Error

The local truncation error (LTE) of a given numerical scheme verifies the consistency with
the original PDE involved. It is defined by replacing in the finite difference formulation
(FTCS) the true solution: since the latter does not satisfy the equation exactly, the
discrepancy is called Local Truncation Error. Whenever the explicit solution is not
given, a Taylor expansion of the continuous solution in the nodes of the discretization is
considered.

Proposition 3.6. Given the equi-partition of the space and time (3.17) and given the
proposed FTCS scheme for the discretization of the solution (s = u+wv,) in —,
let us suppose that the stability conditions — hold. Then, the proposed scheme
has order one in time and four in space.

Proof. Given the PDE in (3.7))
B@tc

B
Ors = 833 + %&Cc&gs - s+ Acs,

the local truncation error is defined by:

s(t+ Ay, z) —s(t,z)  s(t,z+ Ay) — 2s(t,x) + stz — Ay)

T(t,x) = A, - A2
B cltyx + Ag) —c(t,r — Ay) stz + Ay) — s(t,x — Ay)
) A, A, (344)
B c(t+ Ay, x) — et — Ay, ) et 2V s(x
+ 20(clt. 7)) A, s(t,x) — Ae(t, x)s(x, t).

To determine the consistency, the exact continuous solutions s(¢, x), ¢(t, z) are replaced
by their discrete values using Taylor expansions around (t,, Z,):

A2
Sty + Aty ) = S(tn, Tm) + At0rs(tn, Tm) + 7'5(91525(75,1, Tm) + O(A?)

2 3

A A3 .
S(tn, Tm + Az) = S(tn, Tm) + Az0ys(tn, Tm) + 71838 + ﬁ@js +0(AY)
2 3

S(tn, Tm — Az) = S(tn, Tm) — Az0zs(tn, Tm) + %825 + Aﬁmﬁgs — O(A)
A2 A3
(tnyTm + Az) = c(tn, Tm) + Ap0sc(tn, xm) + ?3‘“8%0 + ?Iagc +0(AY)

A2 A3
c(tn,om —Az) = c(tn,Tm) — Ag0zc(tn, Tm) + 71850—{— f@gc —0(AY)

Thus
S(tn, Tm + Az) — 28(tn, Tm) + S(tn, My — Ag)

AZ

= 925+ O(A2)
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For the sake of simplicity in notation, in the following, we write s', = s(ty, Tm), c(tn, Tm) =
cp and ¢ = p(c(ty, Tm)). Going back to the definition of local truncation error (3.44)
and pushing the Taylor expansions within the formula we get:

n n

(b ) = %"Z O™+ O(A) — %: — s + O(A2)

B c"m_’_@xcﬁ_c%_i_@xc%_i_o ﬁ _ 3%4_&,;5%_3%4_
20m \ 24, 2 24, 2 2 24, 2 24,

Ozsp, A2 B (¢, Ol ey Ok A? n n
T +O(2>>+%<2At+ 5 2A, 2 +O<2>)Sm_)‘0msm
— sl + O(A) — 0287, + O(A2) — (D, + O(A2)) (Bul, + O(A2))
+ B <8tc”m +0 (At>> Sy, — ACi, S

©n 2

m

B
= Qs — 028" — —— (0xCpy 0z 5y,) + B(=Acy,s03,) 8, — Acp, sy, +
m

+ O(Ay) + sHO(AL) + O(A2) (1 4 0yl + Opsit) + O(AS)
Where the last equality is obtained by rearranging terms.

What we gained is exactly the continuous equation evaluated in the nodes of the time-
space discretization. We need to deal with the infinitesimal terms to determine the order
of consistency in time and space respectively. Since 0,cj), and 0, s, depends on the space
step A, then
2 n n 2 ¢ 2
O(AZ)(1 4 Oypcpy, 4 Ousyy) ~ O(AZ) | 1+ A ~ O(AZ) + O(A,).
T

Thus the spatial step is governed by the term O(A%), whereas the time step is governed
by the O(A¢) term.

Therefore, following the classical definition of local truncation error, we have shown that the
numerical scheme has consistency order 1 in time and order 4 in space discretization. [J

3.3.5 Other simulation results

In this section, we propose the first analysis of the numerical simulation for the system
with initial condition and boundary condition given by the solution of the
stochastic process as in that we have conducted. These first results are presented
in [6] and constitute our first numerical approach for the discretization of the random
system.

Indeed, we propose a numerical scheme which combines the finite element scheme pre-
viously introduced and presented in Appendix [A] for the numerical approximation of
the original system . Give the discrete realization of the process at the boundary
{¢"}(w), w € Qp via the LSST scheme discussed in Section ([2.2), the couple of solutions
(ps, ) is discretized via finite elements in space and a #-Eulero method in time.
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Numerical simulations are performed in the domain [0, Z] x [0, 7] = [0,1] x [0, 1], letting
ps(0,2) =1, ¢g = 10 and assuming the parameters values as in Table More precisely,
we firstly discretize the N = 500 solutions of the process for the boundary condition by
the LSST scheme proposed in (2.29) and, for each realization, we solve the deterministic
system via finite elements.

It is important to underline that the stability conditions found in Proposition still
apply pathwise for the finite elements with stochastic boundary conditions; hence if we
fix the trajectory at the boundary, we exploit the positivity and the boundedness of the
solutions of the diffusion process to ensure the stability of the numerical scheme.

The parameters for the process at the boundary are set to be: « =0.22,y=1,0 =
0.1,n = 2. Note that, in this first study, we consider a mean reversion model for the
concentration density value ps. We provide, as in |9] and in Section simulation results
both for a slow reaction rate A = 0.01 and a fast reaction rate A = 100. Note that, in the
actual settings in , the parameter A has the same order of magnitude of the coefficient
mi in the settings —. Thus, coherently with the physical parameters in Table
this is equivalent to considering the cases where A = 0.01 and A = 100 respectively.

In Figures (3.25))-(3.26) we show two stochastic solutions (sample paths), the mean
behaviour out of N = 500 trajectories and the interval between 5% and 95% percentiles
of the (space or time) marginal at point z or time t.

04§ ] 991}

0.2 L L L L L L L L L 9.9

Figure 3.25: Stochastic solution at ¢t = 0.5 with A = 0.01. z-axis : x € [0, 1]. Average
Solution (solid line), 95% quantile bounds (dotted lines), some sample paths (dashed
lines), and the deterministic solution (dashed-dotted line). Left: SOy concentration p;
right: calcite density c.

Figure shows the spatial evolution profile of the solution at time ¢ = 0.5, in the
case of slow reaction rate, that is with A = 0.01. We can observe that while the average
solution is comparable with the deterministic one, the variability upon the interface at
x = 0 produces stochastic trajectories with higher variance close to the boundary and
starts to reduce and stabilize just after x = 0.5. Single realizations of course may behave
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Figure 3.26: Stochastic solution time evolution with A = 0.01 at the point x = 0.5.
Average Solution (solid line), 95% quantile bounds (dotted lines), some sample paths
(dashed lines), and the deterministic solution (dashed-dotted line). z-axis : t € [0,0.5].
Left: SO, concentration p; right: calcite density c.

differently in dependence on the initial condition at the boundary. Calcite is reduced at
the boundary as well. Compared with the deterministic framework, what really changes is
the speed of degradation in the sample path, although the average is similar. Variability
emerges clearly from Figure[3.26] which shows the time evolution of the SO, concentration
and calcite density at points x = 0.5. The deterministic solution is always in the 95%
percentile interval, but the single trajectories exhibit highly smooth oscillations in time,
due to the parabolicity of the PDE for s. The calcite profile exhibits variability in its
velocity but not much in its shape.

As one could expect, from Figures [3.27}[3.29] one can see that in the fast reaction case
A = 100 the qualitative behaviour, compared to the deterministic case, does not change
in a significative way: the transition zone is smaller, so that the calcite deterioration is
more important near the boundary of the sample; both in the deterministic case and in
the stochastic case, at t = 0.5 the degradation in [0, 0.2] is evident, while the interior of
the (spatial) domain, i.e. [0.5, 1], is not occupied by SO,.

Still, in the fast reaction regime, the front formation is visible with a clearly reduced
variability. From these first simulation results, we remark that, as one might expect, the
introduction of stochasticity is more relevant at the beginning of the reaction and very
close to the boundary.
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Figure 3.27: Stochastic solution at ¢ = 0.5 with A = 100. Average Solution (solid line), 95%
quantile bounds (dotted lines), some sample paths (dashed lines), and the deterministic
solution (dashed-dotted line). z-axis : x € [0,1]. Left: SO, concentration p; right: calcite
density c.

x10°%

15

9.98

9.96

982}
99|
osf 9881
o.86

9.84

oo

0 . ===ty . . . . . . . . . . .
0 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02 025 03 035 04 045 05

Figure 3.28: Stochastic time evolution with A = 100 at the point x = 0.5. Average
Solution (solid line), 95% quantile bounds (dotted lines), some sample paths (dashed
lines), and the deterministic solution (dashed-dotted line). z-axis : ¢ € [0,0.5]. Left: SOy
concentration p; right: calcite density c.
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Figure 3.29: Front at ¢t = 10 for the stochastic model. Average Solution (solid line), 95%
quantile bounds (dotted lines), some sample paths (dashed lines), and the deterministic
solution (dashed-dotted line). z-axis : = € [0, 10].Left: SO, concentration p; right: calcite
density c.
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Chapter 4

A convergence result for a
semi-discrete approximation

In the final chapter of the thesis, we prove the convergence of a semi- discrete solution to
the unique mild solution of the random PDE-ODE [5]. To this aim, we consider a semi-
discrete version of the continuous system, where a space finite-difference approximation is
assumed while the time remains continuous, coupled with as a dynamical boundary
condition.

Coherently with the numerical approximation of the problem presented in Section we
split the solution of the semi-discrete scheme (s, c) as (u + v, ¢); here u is a solution to the
semi-discrete heat equation in the positive lattice Q; = hZ, coupled with the stochastic
boundary condition. We derive the fundamental solution for this random heat equation
in the lattice Q,J; by an odd reflection technique starting from the fundamental solution
in the whole space €, = hZ. We explicitly express the solution of the boundary value
problem in terms of the (difference) derivatives of the discrete heat kernel. Moreover we
obtain some a priori estimates on the solution to the random discrete heat equation by
exploiting, differently from [82], recent results on the discrete heat kernel in time-space
Besov spaces [13]. Regarding the couple (v, c), we introduce a simplification strategy
which consists in a sort of linearization of the whole system (following |90} 82]) which
allows to prove an a priori bound for the L?—norm of v and its discrete derivatives in the
lattice.

The main convergence result is based on the previous a priori estimates, together with
piecewise constant interpolation and compactness properties of time-space Besov spaces.
More precisely we first prove that, given a weak solution of the semi-discrete problem, then
it is also a mild solution. By considering piecewise constant interpolation and extension
operators which are able to properly connect the solution on the lattice to the one on the
continuum space, we finally prove the convergence of the semi-discrete solution to the
unique mild solution of the random system —.
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4.1 Random PDE-ODE system: semi-discretization and
splitting

In the following, we introduce the semi-discrete version of system (3.1) - (3.3) by a
finite-difference approximation in space and continuous in time. We start by providing
the general settings for our specific case.

Definition 4.1 (Discrete spaces and norms). Let h > 0 and define the lattice of points
as the set whose coordinates are integer multiples of h:

O =hz, Qf =hZ,, Q =hZ_.

More specifically, z € Q, if z = (hn), n € Z. With the discrete topology and with the

Lebesgue measure, for any integrable function f : €, — R, the following equivalence
holds:

f(2)dz=h )" f(2)

Qn z€Qp

One can also define the Lebesgue space LP(€2y,), with p € [1,+00], equipped with the
norm

I fll e () = (h Z !f(l‘)’p>
i=0

Thus, for f: Q) — R or, equivalently, f : Q; — R, we can define the L?(£j,)—norm in
the lattice as:

2

2.0, = (hz If(x)l2> ,
i=0

while the supremum norm is usual denoted by || ||z (q,)-

I/

With §(€) we refer to the Schwartz test function space defined on €2, meaning the
sequence descreasing at infinity less than any polynomial, and by S'(€),) its topological
dual space, i.e. the set of functions defined on €2, with at most polynomial growth. Thus
it is possible to define the Fourier transform. Given the F, : S(Q,) — C*° (T},), where
Ty, is the torus of length 2%, ie. Tp = [—%, ﬂ, which has the following form

Fulf) (@) = f(z) = /Q e f(2)dz, (4.1)

where © € Tp,. In the usual way it is possible to define the inverse Fourier transform
Fibo e (Ty) — S(w)

1

FAOE) = g | e f@n

We can extend the Fourier transform J7,, and the inverse Fourier transform F,° L from the
space 8’(2) into D’ (Tp,) (where D' (Tj) is the space of distributions, i.e. the topological
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dual of C* (T},)), and from D’ (T},) into S’(£2) respectively.

For simplicity reasons, in this chapter, we will denote the integral symbol also for spatial
variables, except when it is strictly necessary. For the same reason, we continue to indicate
lattice functions in the standard manner.

We recover the definitions of first-order finite forward and backward shift and differences
operators to approximate the space-derivatives terms in the first equation of (3.1 in the
one-dimensional case.

Definition 4.2 (Shift and finite-difference operators). Given a smooth function f : Q) —
R, the forward and backward shift operators for f are defined as:

mf(x) = flx+h), Tnf(x):=flx—h)

Furthermore, the backward and forward finite difference operators read as:

x+h)— fz _ x)— flx—h
h h
while the symmetric discrete Laplacian is given by:
1
AD = 3 (DD, + D; DY) . (4.2)

Remark 4.1. There is a well-known relation between shift and finite-difference operators.
Precisely, let f : QZ — R be a smooth function, then

Dy f=flx+h)— f(z) = mf(z) - f(z) = (m — I)f(2),
Dy f = fx) = fle—h)=f@) =mnf(z) = (T —7-1)f(2)
where Z denotes the identity function.
Moreover,
D (r-nf) = Dy (f(z = h)) = f(z) = flx —h) = D f
Since the operators D} and D, do not commute, the following Leibniz’s rule for the
discrete case is recalled for the convenience of the reader.

Lemma 4.1 (Leibniz’s rule). For any n > 0 the following discrete Leibniz’s rule holds:

n

D (e = Y- (1) i D Irg)

=0
In particular, for n =1 we get:
D (fg) = f(D3g) + DF f - (thg)
= f(@)(g(x + h) —g(z)) + (f(x + h) = f(x))g(z + h)
Symmetrically,

D} (fg) = (D} flg+ (mf)D}fg
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Proof. See [68§]. O

We now provide the semi-discrete version of the original system (3.1)) by exploiting the
finite-difference operators for the discretization in the lattice.

Proposition 4.1. The system (3.1)) can be rewritten by introducing the discrete Laplacian
and finite differences as:

& (4.4)

%(@s) @ADs + 1 [Dﬁijs + Dy oDy s] — Apse, in [0,T] x QZ
5iC = —Apsc, in [0,T] x Q.

Proof. We should find a proper discretization for the term V - (¢Vs). Applying the
Leibniz’s rule (4.3)) for D} (7_f) we obtain:

Dy (f9) = Dy (1-1(f9)) = Dy (f(z — h)g(z — h))
= f(x — h)Dfg(x — h) + DF f(x — h)(mhg(z — h))
= f(z — h)(g(x) — g(z — b)) + (f(z) — f(z — h))g(z)
=7nf Dyg(x)+ D, f-g(x)
=mg Dy f+D;g- f(x),

where in the first line we have used the commutation property of the shift: 7,(fg) =
()7 (9)-

Under these assumptions, let us calculate

Dy (¢D; 5)) = mupDy (D s) + DD, s
=¢(z+h)(D +( (z) — s(z — h))) + DfeDy's
= ¢(z + h)(DFs(x) — D3 (s(x — h))) + Df oDy’
=p(x+ h)(D+s — D.s)+ DieD; s
=p(z+h)APs + DFpD;s.
Symmetrically,

D (o(Dy s)) = (D o)mn(D; s) + @Dy (D s)
= Dy o(th(s(x) — s(x — h))) + @D (s(x) — s(x — h))
= D o(mn(s(x)) — ma(s(x — h))) + @(DF s(x) — D s(x — h))
= Dfo(s(z + h) — s(z)) + @(DF s(x) — Dy s(x))
= DS ¢D}s+ pAPs.
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On the other hand

Dy (¢(Dys)) = (T-np)D

T

)
= )
= (T-np)(Dy s(x + h) — D;S(x)) + D, ¢D;’s
= (-np) (s(z + h) — s(z) — (s(z) — s(z = h))) + Dy ¢D;s
)

and again,

Dy (¢Dfs) = (1_y D s)D; ¢ + @D, D s
= 7_n(s(z + h) — s(x))D; ¢ + ©D, (s(z + h) — s(x))
= (r_ps(z + h) — 7_ps(x)) D, ¢ + o(D; s(x + h) — D s(x))
= (8(33) —s(x — h))D; ¢+ @(Dfs(x) — Dy s(x))
= D;sD; o+ @ADs.

Thus, two equivalent expressions for the V - (¢Vs) term are gained:

1

[Di(¢D;5) + Dy (¢Dfs)] = S[DieDfs+D;eD, s+ AL s (4.5)

o(x+h)+ o(x—h)
2

N = DN =

_ _ 1 _ _

where
o(x+h)+o@—h) The+T R

2 2
By taking the first expression in (4.5)), the semi-discrete system in (4.4)) is achieved. [

From now on, we will adopt the first expression in (4.5|) for the discretization of V - (¢pVs)
in system ((3.1)).

Remark 4.2 (The discrete Laplacian and a uniform homogeneous Markov chian). Let us
recall that a stochastic process can be identified from its infinitesimal generator. Here,
we focus on processes whose infinitesimal generator is the discrete Laplacian. We first
note the following simple fact for our difference operator with h = 1:

fle+1) =2f@)+fz-1) [fle+D)+flz-1)
2 2

ADf: —f(l‘),

where the first addendum on the right-hand side can be interpreted as the transition
probabilities of a symmetric random walk.
Let us now introduce the symmetric random walk X as a discrete time Markov chain

with transition matrix P = (pgy)sy With pyy = 1/2 when y =z +h and y = x — h. Tt
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is well-known that we can see the transition matrix P as a linear operator on bounded
measurable real functions f as:

and the corresponding infinitesimal generator takes the form
A=P-1.

Let N be a homogeneous Poisson process on Ry with intensity A > 0 and assume that N
and X are independent. We consider the process X; := Xy (;), usually called the uniform
Markov chain. Its semigroup operator is given by

()\t)"p

n!

P(t) = Zexp(—/\t)
n=0

and the corresponding generator assumes the form

L=X\P-1).
Therefore, by choosing A = %7 the generator of X; coincides with the discrete Laplacian
operator:
2 - 2 [flx+h)+ f(x—nh
MPfp=Lf=(p-n= | [EENHIEZL g

Finally, we can provide the semi-discretization version of the initial model (3.1]). Accord-
ingly to Chapter , let us stress that the porosity function ¢ defined in (3.4) is a linear
function of the total amount of calcite c.

Proposition 4.2. A discrete version in space and continuous in time of system (3.1)) is
given by:

Os = APs + be(t, ) {D;cDis + DyeDys| +7.Bs® —ves,  in [0,T] x Qf  (4.6)

O = —Apsc, in [0,T] x Q) (4.7)

B

where be(t,x) = %A+Bc

and . = Ac.
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Proof. By deriving with respect to ¢ and = we get:

(A4 Be)s) = (A + Be)APs + %[D;(A + Be)Df s+ D, (A+ Be)Dy s

— MA + Be)sc
= (A+ Be)APs + % %(A + Be(x + h) — (A + ¢(x))) D s+
+ %(A + Be(x) — (A+c(z — h)))Dws] — MA + Be)sc

1
= (A4 Be)APs + §B [DfeDf s+ Dy eDy s| — A(A+ Be)sc

and by denoting b.(t,z) = %ﬁ and 7. = Ac we obtain the final expression for the
dynamic of s (4.6]). O

Coherently with the Chapter [3] we split the solution s of the first equation by the sum of
two functions v + u, where u is the solution of the discrete heat equation and inherits the
stochastic boundary condition, while v solves a non-linear equation coupled with u but
with zero boundary condition.

Theorem 4.1. Let us consider the system (4.4) and let s = u+ v where u is the solution
of the following stochastic discrete heat equation:
Ou = APy (t,z) € [0,T] x QF
u(0,2) = 0, reQf (4.8)
u(t,0) = %(t), te0,T]

with a discrete stochastic dynamical boundary condition ¥ (t) at © =0 and where v is the
solution of the following non linear system:

o = APy +b.(t,2)[DfeDfv+ D;eD;v] —yv  +b.(t,z)[Df cDfu+ Dy cD; ul

—Ye(t; x)u +e(t, ©) B(u + v)?, (t,2) € 0,T] x QF
v(0,x) = s, zeQf
v(t,0) =0, t e [0,7]

(4.9)
Remark 4.3. Note that a possible reflecting boundary condition in (4.8) can be imposed
in z = X if we restrict to the space interval [0, X] C Q, X < +o00 :

1
5Dz + Dy )ult, X) =0, te[0,T]
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Proof. We split the solution s = u + v and exploiting the linearity of the operator A?
and D}, D we get:

O+ 0w = APu+ APy 4+ b.(t, x) [D;c(Dj;u + Djv)+ D, (D u+ D,v)
+ 7e(t, ) B(u? 4 2uv 4 v?) — o (t, 2)u — ve(t, z)v.

We divide the problem into two different systems: the first one involves the discrete heat
equation in wu:
du = APy

and the second one involves all the terms in v and all the terms that are not in the
previous equation:

o = APy 4 b(t, ) [D;cD;v + D;cD;v} — Ye(t, z)v

+ be(t, x) [D;_CD;_’LL + D;cD;u} + 7Ye(t, ) B(u® 4 2uv + v?) — v.(t, 2)u

be(t
atv:Afv—i—C;(;@[DivDI¢+D;vD;¢]+7Bv2—7@+27Buv
be(t
+ 2D D upto 4 Drub; o] +yBu? ~ u

2¢

Now we recover system by equipping the heat equation with the stochastic dynamical
boundary condition given by ¥ (¢) and zero initial condition, while for system , we
consider zero boundary condition and the non zero initial condition of the original
system. O

4.2 Semi-discrete heat equation with stochastic boundary
condition
In this section we study the semi-discrete heat equation, by explicitly calculating the

fundamental solution and by deriving an explicit representation of the solution to the
Initial Value Problem (IVP) and to the Boundary Value Problem (BVP).

4.2.1 Semi-discrete heat kernel

In analogy with the continuous case, we find a definition for the discrete heat kernel on
the positive lattice QZ Let us denote with H”(¢,z) the fundamental solution for the
discrete heat equation, then HP(t, ) solves the following problem on €

{8tHD(t,:c) = D;DFHP(t,z) in [0,T] x Qy (410)

HP(0,2) = do(x) in
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where HP is the transition probability associated with the process admitting the semigroup

[E2).

Lemma 4.2. The discrete heat kernel on Q; is obtained by an odd reflection of the

fundamental solution HP (t,x) for the heat equation in Q,:

GP(t,z,y) = HP(t,x —y) — HP(t,z +y)

(4.11)

Proof. The proof follows the same procedure as in the continuous case: we start from the
problem defined on the whole lattice and we construct an odd extension for the initial

condition.

Let u(t, z) be the solution of the heat equation on the lattice ,:

ou 1 .
E(t,:v) = ﬁ(u(t,x + h) —2u(t,z) +u(t,z —h)) in Qp
u(0,z) = f(x) in

Then u(t, ) admits the following representation:

u(t,x) =h Z HD(tja: —y)f(y).

yeQ,

Now, let us consider the problem for a w defined on the positive reticle QZ:

{%z;@?x) = sz (w(t,x +h) = 20(t,x) + w(t,z —h))  in QF
w(0,z) = f(z) in Q;Lr

We extend by an odd reflection the initial data:

f(zx) if z € Qf
g(x) = —f(—z) ifzxeQ,
0 ifx=0

Then u(t, x) with initial condition g(x) solves the heat equation in Qp,:

{%‘(t, x) = g (u(t,x +h) = 20(t,2) +u(t,z —h)) i O
u(0,z) = g(x) in Qp,

and admits the following representation:

u(t,x) =h Z HP(t, 2 — 2)g(2).

ZGQh
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We show that w(t,z) = u(t,x)\meﬂz with initial data w(0,z) = u(O,x)\xEQ; = f(x) is

the solution of (4.12)):
u(t,z) =h Z HP(t,z — 2)g(2)

= hzeZQ:h HP(t,x — 2)g(z) + h Z HP(t,z — 2)g(2)
z€Q, zeQf

=h Z ~HP(t,x —2)f(=2) +h Z HP(t,z — 2)f(2)
z€Qy; zeQf

=h Y —-HP(t,x+2)f(z)+h Y HP(t,z—2)f(2)
zeQt zeQ;

=h Y (HP(t,x—2) - HP(t,z + 2))f(2)
2

where we performed a change of variable z — —z.

Thus by denoting
GP(t,x,y) = HP(t,o —y) — H (t, 2 +y),
we have the claim (4.11)). O

Corollary 4.1. Given the discrete heat kernel in QZ in (4.11), then the solution of the
stochastic heat equation u(t,z) solves the following problem on the positive reticle with
watial condition f:

g::(t’ﬂ?) = %(U(t,x +h) —2u(t,z) +u(t,z —h)) inQ}
u(0,2) = () in oF

Moreover, u(t,x) admits the following representation:

u(t,) =h Y GP(t,z,9)f(y)

yEQ:
Proof. The claim descends directly from Lemma O

Before giving an explicit representation of the solution to the above IBVP, we introduce a
preliminary lemma which is the discrete counterpart of the integration by parts formula.

Lemma 4.3. Let A, B : Q;{ — R, with h the uniform spatial step of the discretization.
Then

+o0 o0
[ A (D Bty = —A(10)Bt.0) - / (D A(t, 1) B(t, y)dy

and
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/%o A(t,y)D, D} C(t,y)dy = — A(t,0)D*C(t,0) + (D A(t,0))C(t,0)
h

+oo
+ / (D D; A(t,y))C (1. y)dy
h

Remark 4.4. The dependence on the time variable ¢t will be omitted to overcome the
abuse of notation, but the result still holds for A, B function of (¢,x) where the time
variable is continuous.

Proof. (Lemma {4.3])
Let us start by calculating

teo B(x — h)

A(y)(Dy B(y))dy = hy_ A(z)(D, B(x)) =hy _ A(x) .
z=h z=h

h

+o0 oo

=Y Ax)B(x) - > _ A(x)B(z - h)
o e

= A(x)B(x) = > A(z +h)B(z)
z=h =0

+00 oo
= —A(0)B(0) + Y A(x)B(x) = > _ A(z + h)B(z)
=0 =0

— A(x + h)
AN g

+oo

— _A0)BO) + 1Y AW
x=0
+00

= —A(0)B(0) — h > (D} A(z))B(x)

= —A(0)B(0) — /0 (Dy A(y))B(y)dy

To prove the second statement, we apply the first integration by parts formula with
B(y) = D} C(y), B(0) = D} C(0) we get:
+0o0

+oo
A A(y)D, D;f C(y)dy = —A(0)B(0) — /0 (D A(y))(Dy C(y))dy (4.13)

Focusing on the integral term on the right-hand side we have:
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+00 oo
/0 (D A) D} Cly)dy = b3 (DF A(y) DI C(y)

y=0
+o00o
= 03D Ay =)
+00 +00
=3 (DfAW)Cy +h) - S (DY AW)C(y)
y=0 y=0
+o00 +oo
=3 (D} A(y — ) Cly) — (D A0)C(0) — (D Ay)C(y)
y=h y=h

+o0
= —(D*A(0)C(0) + Y _[Dyf Ay — h) = D A(®)IC(y)
y=h

_(DFA) hzzﬁ (H== ) e

+oo

— (D A0))C(0) — /h (D} Dy A(y))C (y)dy

We get the claim by inserting the latter expression in (4.13)). O

Remark 4.5 (Chain rule for DY D™). We need to cover the case where the order of the
operator is inverted: when applying firstly the D, operator, the behaviour close to the
boundary must be considered.

0 +o0 B .
' A(y)DiB(y)dyzth($+h) B(z)

r=h

h

+oo
—ZA Bz +h) — A0)B(h) = Y A(x)B(x) + A(0)B(0)
=0
+oo
N (A(z + h) — A(z))B(x)
= A(0)B(0) — A(0)B(h) —h > -
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Let now B(y) = D, C(y + h), then
+00 +oo

i Dy A(y)D, C(y + h)dy = D A(0)D, C(h) + h Y DFf A(z)D; C(x)
z=h

+00 +o0o
=DfA(0)D, C(h)+ > D A(x)C(x) = > Df A(z)C(x — h)
z=h =0

+oo +o0
= D} A(0)D, C(h) — DFA(0)C(0) + > D A(z)C(x) — Y _ D A(z + h)C(x)
=0 X=0

+00
= D} A(0)D, C(h) — D} A(0)C(0) = >~ D, D} A(x)C(x)
=0

Finally, the following result gives an explicit representation of the solution to the BVP in
terms of the discrete heat kernel:

Proposition 4.3. For a bounded, measurable and positive function v such that 1(0) = 0,
the function

u(t,z) = — /0 (D + DXYHD(t — s, 2)0(s)ds

solves the problem
o = APy in [0,T] x QF
u(z,0) =0 in QF (4.14)
w(0,t) =(t) in [0,T]

Proof. Let GP(t, ) be the fundamental solution defined in Lemma on the positive
lattice QZ We start by assuming that u(¢, ) is the solution of the (4.14). This means
that

t +o0o
0= / / u(s,y) [8SGD(t —s,x,y) + D;Dy_GD(t — s, x, y)] dyds
0 Jh

t +oo t +oo
= / / u(s,y)0sGP (t — s, x,y)dyds + / / u(s, y)D;Dy_GD(t — s,x,y)dyds
0 Jh 0 Jh

=0L+1

Let us analyse the two contributions separately. Integrating by parts the variables s, y,
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respectively, for the first addendum we get:
t +oo
I = / / uls,y)9sGP (t — 5,2, y)dyds
0 Jn

+o00 s=t t +o00
= / [u(s, y)GP(t — s, y)} dy — / / dsu(s,y)GP(t — s, x,y)dyds
h 0 0 Jh

S=

+o0

“+o00
— / u(t, ) GP(0, 2, y)dy — / (0, 5)GP (1,2, y)dy
h h

t +oo
- / dsu(s,y)GP(t — s, z,y)dyds
0 Jh
+oo t +oo
= [T utwstds— [ [ ous.n)6 - s dyis
h 0 Jh
t +oo
—ultr)~ [ [ (s )Gt - s p)dyds
0 Jh
where we have used the fact the initial condition u(0,y) = 0 for all y € Q; and that

GP(0,z,y) = §,(y) by definition.

We now look to the second contribution Io. We integrate by parts twice, more precisely,
we apply the second rule in Lemma [4.3| with A(y) = u(t,y), C(y) = GP(t,z,y):

+o0o
/h u(t,y)Dy D GP (t, 2, y)dy =

+oo
= —uf(t, O)D;GD(t, z,0) + D ul(t, 0)GP(t,z,0) + Dy D u(t, y)GP(t,z,y)dy
h
+oo
= —(t) Dy GP(t,2,0) + D, D u(y, )G (t, z,y)dy
h

where we have exploited the definition of GP in ([#.11]) in y = 0:
GP(t,2,0) = HP(t,z) — HP(t,2) = 0

Thus Iz has the following expression:
t +oo
I, = / / u(s, y)Dy_D;GD(t — s,x,y)dyds
0 Jh
t t
= —/ u(s, O)D;GD(t —s,2,0)ds + / D;u(s, 0)GP(t —s,2,0)ds
0 0

t +oo
+ / Dy_D;u(s, y)GP(t — s, x,y)dyds
0 Jh
t +oo

t
= —/ ¢(3)D;GD(7§ —s,2,0)ds + / Dy_D;u(s, y)GP(t — s, z,y)dyds
0 0o Jn
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Now we sum the two contributes and we exploit the definition of u(¢, ) to be the solution

of (4.14):
O0=5L+1
+oo
u(t, x) // u(s,y)GP(t — s, x,y)dyds
/ (I D+GD(t —s,z,0)ds + / Dy Djfufs, Y)GP(t — s,z,y)dyds
0 Jh

=u(t,x) — /0 w(s)DJGD(t —s,xz,0)ds.

Therefore

t p+oo 400
- / / dsu(s,y)GP(t — s, z,y)dyds + / D;D;u(s, y)GP(t —s,z,9)dyds =0
h 0 Jh

Hence u(t, z) solves (4.14) and admits the following representation:

u(t,z) = /0 ¢(5)D;GD(1§ —s,xz,0)ds (4.15)

We calculate Dy+ GP.

+ D —_ ntgbh + gD
DyG (t7$>y)_DyH (tvx_y)_DyH (t,x—i—y)
1

= (HP(tx = (y+h) = HP (2 —y)) - % (HP(t,x+ (y+h) — HP(t, 2 +y)))
= L (HP(t (w—h) —y) ~ HP (60— ) — 7 (HP(t, (x4 ) +9) — HP (1,2 + )

= _D;HD(twr - y) - D:HD(t,LL’—i—y)
When calculating for y = 0:
D} GP(t,x,0) = —D, H(t,z) — D} HP(t,z)

and (4.15)) becomes:
t
u(t,z) = — / (D= + DXYHP(t — s, 2)0(s)ds
0

O

Remark 4.6. Note that working within the positive lattice Q; implies the use of the
operator D} to account for the boundary at 0.
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Remark 4.7. Since it will be useful for the theoretical estimation, let us calculate the first
derivative D u(t,x) for x > h and under the hypothesis that 1(0) =

Dou(t,x) = Dy (- /Ot (D, + D) HP(t - s,a:)w(s)ds>
=— /t D_D;HP(t — s,2)1(s)ds — /t D, DFHP(t — s,2)1(s)ds

€D /8HD —s,x—h)Y(s ds—/@HDt—sx)w(s)ds

by parts s t

— [HP(t = s,2 — h) /HDt—sx—h)w( )ds

— [HP(t - s, x)¢(s)]zzo + /0 HP(t — s, 2)¢(s)ds
_ /t HO(t— 5,2 — h)@/}(s)ds—ir/t HO(t — 5, 2)0(s)ds
0 0

where we have used that for > 0 we have H”(0,z) = 0.

Remark 4.8. For the convenience of the reader, we note that in |25] a different approach
for the explicit formula of the discrete heat kernel is provided for h = 1. Let H” (t,z) be
the fundamental solution of the discrete heat equation defined in the whole space x € Qp:

S HP(t,x) = Dy DFHP(t,2) 2€Q, t>0
HP(0,z) = 6o(x) x ey

We rewrite the equation in the following notation:

O P (t,0) =

o 1 (HD(t, x+1) —2HP(t,x) + HP(t,x — 1)) (4.16)

2

Lemma 4.4. A solution of (4.16|) is given by
HP(t,x) = exp(—t) I, (t)
where I is the modified Bessel function of the first kind.

Proof. Starting from (4.16) we multiply both sides for exp(iz{) and then we take the
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sum over .

gtHD(t z) = ;(HD(t,x—i-l)—2HD(t,x)+HD(t7x—1)>
O HP(1,0) = ( SEHD(1 1+ 1) — 265 HP (1, 7) + ¢S HP 1, :):))
% Z engD(t,ZL') — Z ;(ei(x+1)§HD(t,l‘) _ 26i$§HD(t,:L') + ei(m—l)EHD(t’ z))

Z‘Gﬂh $€Qh

0 - D it D e e i — 2

&H = &"H (2

z€Q,

0 ~p D 2cos(§) — 2

9 2D o228\ gD

atH (taf) - 2sin <2>H (t7€)

where

o0
HP(t,6)= Y ™ HP(t,x)

T=—00

is the characteristic function for the fundamental solution (4.16). Now, to go back to the
solution we use the anti-transform:

HO(t,7) = % / " e {0 (1 €)de.

Indeed, we obtained a ODE with the following dynamics

;HD( t,€) = —2sin2<§>ﬁD(t,§)

and the solution can be computed explicitly:

HP(1,6) = HP(0,)e > /20,

Combining these latest results, we get a solution

HD t,x) Z HD 0,y / is(y—a:)e—2sm2(g/2)td§
yEQh

4.3 Some a priori bounds

We plan to establish some a priori bounds on the solution of the (initial) boundary value
problem for the one-dimensional discrete heat equation taking advantage of some
relevant results on space-time Besov spaces on the lattice. After having introduced a sort
of linearization for the system (v, c), we provide an useful L? bound for it.
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4.3.1 Bounds on the solution of the discrete-space random heat equation

To study the regularity properties of the equation (4.8)), we introduce the definition and
the main properties of the time-space Besov space (see, e.g, Appendix [C]), starting with
the standard Besov spaces.

Definition 4.3 (Besov space). Consider s € R, and p,q € [1,4+00]. We say that a
function f € &'(R?) belongs to the Besov space Bj ,(R?) if the following norm

1/q

1l ey = | 3 2918711,

j=-1

is finite, where A are the Little-Paley operators (see Appendix |C)).

Remark 4.9. In the definition of a Besov space, the parameter s describes the regularity
of the object, the parameter p the integrability and ¢ an additional refinement of the
regularity scale (see, e.g. [111]).

Remark 4.10. When p = ¢ = 2 then one has B3, = H® and, whenever 0 < s < 1,
B, o = C*
Furthermore, the following embedding property holds:

Proposition 4.4 (Besov embedding property). Let 1 < p; < ps < 400 and 1 < q; <
g2 < +00, then
s s—n(i;—;%)
By g = Bpsa :
where the embedding is continuous.

Since in this paper we consider a random PDE-ODE system, it is convenient to introduce
the time-space Besov spaces in RY.

Definition 4.4. Let I=[0,t] be an interval. For p,q € [1,+00] and s € R we consider the
space

r s d
L"(I, B, 4(R%))
with norm given, for any [ : 1 — B;q(Rd), by

¢ 1/r
||f||L7'(I,B§’q(Rd) = <A ||f(t)||TB:g’q(Rd)dt)

To obtain a compact embedding it is useful to introduce the following space for s € R ;
B; (I, B 4(R"))

with the norm given by

t
A Bs,. (1,85 ,(R0) = Z/O I1AT fllBs , (RaydT

j=-1
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These spaces have a difference characterization of their norms according to the following
proposition.

Proposition 4.5 (Difference characterization). Let r,p,q € [1,+00] and s € R. If
f € B, (I,B; (R) then

) e G~ Tl g
||f||B§7T(1,Bg7q(Rd)) = ’|f”Lr(I,Bg7q(Rd)) +/0 /|h<1 hitrs dhdr.

Proof. See, e.g. [111] O

Finally, the following embedding result continues to hold.

Proposition 4.6 (Compact embedding). When 5 > 5 and 5 — 1 > 5 — %, if the

T
1mmersion
Byl (R) € B2 1, (RY)
18 compact, then also the immersion
B, (1, B3 (RD) € BE (1, B2 (R)

p1,q1 Pp2,q92

18 compact.

Proof. See, e.g. [111] O

We restrict to the case d = 1, which is the case of interest in the present paper.
Following [81]|13], one can introduce the definition of a discrete Besov space on the lattice
(see Appendix and show that all the previous properties still hold.

For sake of semplicity, when needed, for the Banach, Sobolev and Besov spaces we
introduce the following notations: LE = LP(Q1), WE™ = WP (), By, = B}f’q(QZ) in
space and L;” L% = L?([0,T], L9(Q;")) in time and space.

Since our final goal is to provide some estimates on the derivative of u, D} u (or equivalently
D7 u), we need to consider some regularization properties of the discrete heat kernel.
The following result allows us to gain some regularity in space, more precisely a 2m
space-regularity (see |13| or [111]).

Lemma 4.5 (Heat-kernel regularization). Let m > 0, s > 0, p,q € [0, +00] and consider
€ By ,(Q4). For everyt >0

N _
[e™dll gm0, < O lglls; o)

Specializing the previous lemma to our case in which g = §g, we can state the following
result.
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Lemma 4.6 (Dirac-delta case). Let k > 0,a > 0, p € [0, +00] and consider g € By ,(2p).

For everyt >0
t+o
‘/ 6A850
t

Proof. Let us introduce F(t) = fg De”36yds. By Lemmamwe can estimate the difference
norm as

C

< - 0
0517 9oll5g,, @)

otk -
Bt

t+o
|F(t+0) — F(t)|| gosier < / 1€ 80|| gosis1ds
P,p ¢ P,p

t+o C
SHéOHBff,p/t Err ds-
S

2

Now
/t—l-a L de— 2 ( ) B . )
t 5% k=1 (t+o)%*1 (t)%’l
< e
and by inserting the latter estimate in the previous expression we get the claim. O

By giving more regularity to the spatial variable, we can obtain some bound to the
solution u in Sobolev space, uniformly in time and for @ € (—1,0). For the following
result, we need more regularity on the stochastic boundary function.

Proposition 4.7. Let u be the solution of the semi-discrete random heat problem:
du= APu,  for (t,z) €[0,T] x Qf
u(0,z)= 0 for z € Qf
u(t,0) = ¥(t) for (t) € C*([0,TY).

Let us suppose that ¢ is such that ¥(0) =0 and k € (i, %) Then, for every a € (—1,0)

and p € (1,1/(1 4+ «)), there exist constants C,C" not depending on v such that P-almost
surely

1
|l peopyrr < C'|[||ex, , +26 >
In particular, we get
11
||UHL§°H; < Cl|Y|le=, k€ (4, 2) . (4.17)

Proof. We start from the representation of the solution u in terms of the heat kernel
provided in Proposition transferring some regularity from the boundary term v to
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the spatial one:

t
u(t,x) = —/0 (D; + Df) HP(t —s,2)1(s)ds
t t
= —/ D5 e A9 504(s)ds —/ DF e 29 504)(s)ds.
0 0

We prove that D e 2(=5)5, ¢ B11([0,1], By¥(Ry)) (for suitable p € (1,400), a < 0
and k£ > 0 to be determined below). The estimation for the other addendum is the same.
Assuming that the boundary function (s) € B, ,([0,]) = C"([0,?]) with ¢ € [0,77,
then the product DFe=20t=9)531)(s), as a distribution depending on the time s, is a well
defined distribution. This implies the following estimate for the Besov norm of the integral

t
/ DFe 2950 (s)ds

0 < HD;reiA(ti')(SOHBI—V ([0715]73;’;’@@”)‘W(')HCN([O,t]),

K
1

B " (R+)
and from the inequality we get that the LWZ2" norm of u is bounded whenever r < a+k.
Now we prove the statement D e=2¢=5)5, € By 1([0,1], Bg‘}'k(RJr)).

Let us define F(s) = [; Dfe 2(t=gydr. In order to prove that Die (=95, €
B11([0,1], By$¥(Ry)) we can equivalently establish the following [ Dfe 20=")50dr €
B11([0,1], B3 *(Ry)), so overcoming the fact that the regularity of Die=2(=5)§; in the
variable s, is negative. By the difference characterization of time-space Besov spaces
recalling in Proposition [£.5] we have:

t t |F(s+0)—F S)||Bo¢+k(Q+)
— b,p h
HFHB};”([O,Q,B%’“) = /o HF(S)|’Bg;de +/0 /|h|<1 T dhds.

We start by giving an upper bound for HFHLl([O g,pa+ky- We have that
U Pp,p

/ DFe 2T 50dr
0

ds

Byt @)

t s . . 1
—A(t—7) R
< /0 /O ||€ 50”Bg$k+1(gz)d7'd8 < HéOHBg‘yAQ;{) /O /O (t - T)% drds.

The last integral is bounded, uniformly in ¢ € [0, 7], whenever k < 3. Under this condition
and under the hypothesis o < 1% — 1, we get

t
1Pl oy sy = |,

1EW L1 g0, B3 840y < Cr-

for some C > 0, uniformly in ¢ € [0, 7]. Applying Lemma to the difference norm we
have
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Now, putting all the estimates together, we finally obtain:
F||gi-x o <Ci+C / / o2 dhds
WEllstison mpstoiy = A+ | oo

Hence the integral on the RHS is finite if
0+k—2>—-1 — K+60>1 forhcloseto0

1 -1
Pl a—pfiztoy 4 328 (4.18)
2 2 2

(4.19)

Indeed the following condition on time regularity x holds:
k>1—16 (4.20)

Now, combining (4.20|) with - we get:
k — 3 k—1
1—-0>14+ ——
K > >1+ 9 9

Therefore we have found the connection between the time regularity x and the spatial
regularity k. Indeed, from the previous inequalities, we get
- k—1
K> —.
2
We note that « is exactly the regularity of ¢. Recalling that ¢ € C*, k € (i %) in the
worst case we have that the regularity of ¢ is k = %. This leads to
1 _ k-1

E N A
1= 9 7=

DO o

Since for the spacial variable we are working on B&H¥, (where o = % —

A 1), we could reach
the maximum space regularity whenever

+k<1 1+3 1+1
o - — — = -4 =
-p 2 p 2

By choosing p = 2, we gain a + k = 1 regularity in space.

Finally, the estimation on u is given by:
1
|ul| owrr < CllWl] ey, > + 2K >,

and, in particular, we get
11
lullzzerms < Clldlles, we (75)-
When r = 1,p = 2 we obtain the case kK = %. Since x is the regularity of a diffusion
process, it has necessarily to be less than 1/2. ]
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Remark 4.11. An alternative way to prove that the maximum regularity that we can gain
in space is 1 is to fix x and derive k in terms of k:

1
k<2(m+§):2/<a+1

The maximum regularity we can gain in space is given by

a+2k+1>1
1
- —14+2s+1>1
p
p—1
>7
K o

Again, by choosing p = 2 we get k > %, which is the lowest regularity admissible for the
boundary condition .

Remark 4.12. We note that, even though it has no meaning in our case, by choosing
k = 0 one has

0=r= %1 ~ k<1
— 1
2p R
Remark 4.13. Since by Remark [4.7] we have for > h
t ¢
D u(t,z) = / HP(t — 5,2 — h)i(s)ds + / HP(t — s, 2)1(s)ds
0 0

differentiating with respect to x we get
t t
DI D, u(t,z) = / DFHP(t — 5,2 — h)i(s)ds + / DFHP (t — s,2)¢(s)ds
0 0

By Proposition we then obtain for x > h

1D Dy ul | pgewpr < C'lI9]| L

4.4 A priori estimates for a quasi-linear system

Following [82|, we provide a linearization to equation (4.6)) by introducing a Borel function
f:10,T] x QZ — R satisfying, for some K > 0.

f e CLy) N L (W,?)
£, 2y + ||D§f||ig’z <K

f=0, (4.21)
f(,O) = sz)v
1L, < 70
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and we consider the following quasi-linear version of the semi-discrete system (4.6))-(4.7))
in [0, 7] x Q:

s = AL s + by(t,2)[DfcDf s + Dy eDy s] + vys(Bf — 1) (4.22)
Ohg = —Afe(g)g

where B
—, Vg = Ag 4.23
©(g) I (4.23)

Let us remark that the solution g of the second equation of (4.22)) admits the following
explicit expression

by =

DO =

ACQ
@(Co)eAAIOt f(rx)dr _ BCO

g(t,x) = (4.24)

The idea now is to prove a uniform bound for the solution s of the linear PDE in
[0,T] x Q}T:
Os = ADs + by(t,2)[DFcDf s + DyeDy s + vys(Bf — 1)
s(0,2) = so

s(t,0) = ¥(t)

Again, we split the solution s = u + v, where wu is the solution of the initial boundary
problem for the homogeneous heat equation

Ou=APu  in[0,T] x QF
u(0,2) =0 in QF
u(t,0) = ¥(t) in [0, 7
while for v we have

O = A v +bg[DF gD v + Dy gDy v] — 74(1 = Bf)v

+bg[Di gD u+ Dy gDy u] — v4(1 = BfJu in [0, 7] x
v(0,z) = so in QF
v(t,0) =0 in [0, 7

where b, and v, are defined in (4.23).

4.4.1 A priori estimates

In view of proving the convergence we provide an a priori uniform estimate for the variable
s. To this scope, we need to give some a priori bounds both to u and v. Let us recall that
in we have already found an a priori estimate for the solution w. In the following
proposition, we ensure bounds for D} u:
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Proposition 4.8. Given u solution of the semi-discrete heat equation, then the following

estimation holds:
HD;UHL;ﬂLg < Cill¥llcs

Proof. The estimation is a direct application of Proposition[f.7] by setting p = 2,7 = 1. [

On the other hand, to give an estimate for v and, thus, for s, we need to control the
norm [[D¥ | pee 2. Since D¥¢ = BDTg, we can find an explicit expression for D g by
applying the Leibniz rule in Proposition [4.1]

An easy calculation gives the finite difference derivative rule for the quotient:

Lemma 4.7. Given two general functions f,g, then

D <f> _ 9(@)Di f(z) — f(z)Dig(x) (4.25)

g(x +h)g(x)

Proof. The claim is a natural consequence of the definition of forward difference operator
applied to the quotient:

o ()4 (1)
)g9(x) — g(= + h)f(ﬂﬁ))

(9(96)[]‘(z +h) = f@)] = f@)gle+h) - 9(»”6)])
g9(x + h)g(z)

O

Proposition 4.9. Let f satisfy assumptions (4.21]), 0 < ¢y < co(z) < Cp, 0 < sp(x) <7y
and A > BCy. Moreover, let the boundary condition satisfy the following assumption:

11
3 T 11
to tE[O, ]7B€<4)2>

Q

P e
¥(0

S~—
Il
o

0

IN
<
IN
SN

Then, there exists constants c, k such that the solution g in (4.24) admits the following
estimates:

1D 9131z < T (1D 0@ 2y + HIDE F3r2) - (4.26)

Moreover, the previous estimate could be extended to HD;(,OHL?oL% up to a constant factor

|Bl.
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Proof. Let us introduce the following notation:

Aco(x)
((t,x)’

g(t,x) = C(t,z) = go(co(a:))iz(t, x) — Beg(z), ﬁ(t,m) — MUy f(ra)dr

By applying the quotient rule for finite difference operator in (4.25) to the function g we

get:
DEg(t.a) = i (o))
St,z) (4.27)
_ St 2) Dy (Aco(x)) — Aco() Dy ¢(t, x)
(ThC(t,.’B)) : C(tvw) ’
where
Dy ((t,x) = p(co(x) DI h(t, x) + h(x + h, 1) DF p(co(x)) — BD; co(x)

and

-
_l’_
>
=
5]
~—
I

/N

Ay Fatha)dr _ A [ f(T,x)dT)

A Jo hDE f(e)+f(@r)dr _ AAf; f(T,:c)dT)

Y

1

I
h = e

t
(em fJf(x,THGhD;ff(z,T)dT) (AA / hD} f(x,T)dT) do
0 0

t
(eréf(w)+9hD:f<z,r)df) <)\A / D;ff(x,r)df) do
0

In any case, we can provide estimates of the previous quantities by recalling that both
¢ and ¢g are bounded from above (0 < ¢m < ¢(x) < py < 1, ¢ < c(t,z) < Cp). In
particular, the estimates for D} h are given by

B t
|DF A2 < exp <C’1THfHL?oL%o +C’2THD§fHL§OL;O> H)\A/O D f(r,z)dr

L L2

< exp (OT | fll s + CoT | DF e ) (MAT | DE S (7, 2)dr | )

Furthermore

t
ISt @) 7oz = sup [lp(co)e? o ST — Beg|?
te[0,7

< lp(co)l exp (AT flzge, ) +BICo
< oue™ +|B|Co.
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and

D€t 1z = s IDF oo+ pleole) DR = D Beola) e,
S

< sup HDJ: SO(CO)hHLz Q+ + ||SO(CU)D+h||L2 QJr + ||D+BCO||L2 Q+
t€[0,T)
< +. MASE f‘ + + .12
_t:%pT]HD I e + MIDE B2 g, + BIDS ol g
< sup (Me Clt+|B!)HD+COIIL2(Q+ + MDA )
te[0,T7]

IN

(MetT 4| B)IIDS co() 72 ) + MAATT DY 172 0,

I3,
where we have exploited the hypothesis (4.21]) on the data f.

Concerning ([4.27)) we can verify that {(¢,z) > 0 and therefore, going back to the definition
of D} g in (4.27)

I€(¢, @) Dy (Aco(x)) — Aco(z) DI (L @)l e r2
1(7nC(E,2)) - C(8 )| oo 2
< [I¢(t, 2) D (Aco(x)) — Aco(x)DF¢(t, @) || o2

1Dz g(t, )|l poo 2 =

In conclusion, by rearranging all the estimates combined with the hypothesis for f in
([4.21]) we obtain the following estimation on D] g:

1D gllZee 12 < T (I1DF eo(@) 2y + KI5 Fllige 12)-
The estimate for the term || D} | Ler2(Q) 18 related to the previous estimate for g since
IDF @llFserz = sup [ DFollre

te[0,7

= sup ||DF(A+ By)ll7.
t€[0,T]

< sup |B||DYgl7,
t€[0,T]

Finally, estimates for the quasi-linear equation for v are provided in the following:

Proposition 4.10 (Estimate for v). Suppose the previous hypothesis in Proposz'tion
holds. Then there exist constants €, CL, k such that the solution v to quasi-linear system
(4.4) satisfies the following bound

[e%s) [e%e) t T
sup (([“otdes [T [ 10702+ (DF0Paras) < 2k L nDE s (129
0 0o Jo PYM £

t€[0,T]
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Proof. Let us calculate the following time-derivative

8t(gm;2) = 2pvdv + v2atg0(g)
= 200[APv + b, (DF gD v+ Dy gD, v) — Ag(1 — Bf)v+
+by(DF gDFu+ Dy gDy u) — Ag(1 — BfJu] + v*8r0(g)
= o(9)v(DF Dy + D; D )v+vB(Df gDfv + D, gD, v) — 2XAp(g)g(1 — Bf)v?
+vB(D; gDfu+ Dy gDy u) — 2Ap(g9)g(1 — Bf Juv — AByp(g)g fv°
= v[DF (D v)p) + Dy (D v)e)] — 22p(g9)g(1 — Bf)v?
+vB(DfgDfu+ Dy gD u) — 2Xp(9)g(1 — Bf )uv — ABp(g)gfv*)

since DEp(g) = DEp(g9)DEg and Df ¢(g) = Dy ¢(g) = B.

We integrate over [0,7] and sum in (0, +00) by parts in « using the fact that v(¢,0) =0
and v(t, +00) = 0:

/Oooso(gt)ufdx—/o (g0 vodx—/ / )¢) + Dy (D v)e)]drds =
/ /Aso 9(2 = Bf)o" +/ /DWD*%LD uDy @) drds
/ / 2Xp(9)g(1 — Bf)vudrds

= R1+ R2+ R3.

We first focus on the third term on the LHS: integrating by parts we obtain

/ / )¢) + Dy (D v))]drds =

- /0 h /0 (D5 0)(D;v) + (D v)(D} o)) pdrds

[ [10zer + roigaras
0 0

Concerning R1, since f < M < 1 whenever B =1 we have 2 — f > 0 and for B = —1 we
get 24+ f > 0. So R1 is non-positive.

The second step consists in bounding the term R2. We split R2 in two parts as R2 =
R2,+R2_, the first R2, involving the D discrete derivatives and R2_ the D~ derivatives.
We provide a detailed proof on the bound for R2., being the R2_ case completely
analogous. For the semi-discrete case we would like to give an estimation for v? in the
interpoleted space L ([0,T],H 9). By applying the interpolation’s inequality with 8 = 1
we get (see[D.1):

ve L*[0,T),HY) n L>=([0,T], L?)
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then oy L s
v e LP([0,T], H), p:2+( — ), s=1-04+0-(1-10)

oo

and the following estimation holds:

<||v

HUHLZ ([0,7],HY) HL2H1 HUHLOOL2

Applying the generalized Holder inequality to all the three terms, both in the time and
space variable and using % = % + l + i, we get for the R2, term

|R24| =

/ (D uD} p)vdrds

< 2HD+UHL°°L2 IDF @l ooz 10l 1 oo

< 26T} | D ull g2 1 DF @l zzens (lollzzrm + Iollners )

< 26C.THi|[6 s + T (el D collrz + wlIDF fllrgesz )

< 26C. T4 Df ullzer (0l 2y + vl eorz ) + el Dl e
< 26C T llco + =T (el DE collz + kIDF fllzgerz ) -

where we have used the estimates for ||D+U||LO0L2 ||D+<,0||LooL2 and the L>*-bound on v
depending on the parameter 7 given in [8]. Furthermore for the |[v] 1o we have applied
a direct consequence of the Holder’s inequality (D.1] - [See Appendix |§|| with p = 2:

ol pipee < Ts vl g2 00
1
STE(loll gz + lollzger2),
and the estimate of u in terms of the boundary function 1 given in Proposition

Finally, for handle the R3 term we apply Hoélder inequality with p = 1, ¢ = co and we
can carry |[v||re in the interpolated space L*([0,T], H') as follows:

t 00
|R3| = ‘/ / —2Xp(g9)gu(l — Bf)vdzdr
0 Jo

< CAT|g|1ge (A + [Bllgll o) |vl| pr oo l|ul ez
1

< CAT|gllLee (A + [Blllgllze) T2 ([0l 221z + vl oo 21wl l e L
1

< CAT[g||nge (A + [Blllglleee) (T2 ([[ll L2712 + [[0l]ge 2R [[¥1] o

< C)\T?]ZC[)(A + ’B|Co)

Since the hypothesis on f given in (4.21]) hold, then g admits an upper bound (0 < g < Cp)
and thus ¢(g) < A + |B|Cy. Moreover, the L' bound on u gives the bound || < 7.
Again, the L° bound on v are recalled in (3.39)) (see |8] for more details).
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Finally, following |82, by combining the estimation for v we obtain an important L?—
bound for v and its (symmetric) difference derivative

/ da:+// [(Dfv) T0)?] <
< /O / / o 2 v)? + (Dfv)?] drda

SR1+R2+R3 <R2+R3

¥m  Pm
cC Tn eT
< = llen + - (DEeollzz + wIDE fllers)
CIip?

+ Co(A +|B|Co)

eT
<CL+ om K| DY fllpsor2
m

Finally, we can provide the following uniform estimate for s.

Proposition 4.11 (Estimates for the linearized equation in s). Let s be the solution of
(4.22), then for T' > 0, the following estimate on s holds with K a constant depending on
T and the constants in inequality (4.28)):

T
212 + ) <
o 1500+ | 102 sy < K (4.29)

Proof. Combining the estimates obtained for v in (4.7)) and v in (4.10) we could finally

give a bound on the linearized solution s = u + v, only depending on the final time T:

/Ooosfder/Ooo/oT[(D;“s)QJr(D;s)Q} §2/0 dx+2/ / (D5 u)’]+
+2/0 vfdx+2/0 /0 [(Dfv)? + (D5 v)?]

< OTIY[2s + CerTID] fll75e 1
(4.30)

By taking e sufficiently small we get that C.x < 1. Finally we can say that there exists a
constant K such that the statement of the proposition is true. ]

Remark 4.14. From the Proposition one can easily derive that the same estimate
is true for the original non-linear system. Indeed, we can consider f = s. By inequality
(4.30) and by taking e small enough, we obtain the bound on s.
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Remark 4.15. The bound (4.29)) on s, which is uniform in 0 < h < 1, and Remark
guarantee that the solution (s, c) to equation (3.2)) exists in L*([0,T], H(Q;)).

We conclude this subsection by stating a uniform bound for the variable c.

Proposition 4.12. The norm ||c\|Loo([0 T)HY Q) is uniformly bounded with respect to
0<h<l1.

Proof. We have the following explicit representation for c:

Co(fU) '
¢ (colx))eMo 50T _ By ()

c(t,z) =

Starting from the explicit definition for g in (4.24)), if we impose f = s, then we get g = c.
Thus, from (4.26|) and the uniform bound for s in (4.29)), we can obtain the following

bound for the discrete derivative of c:

oup D5t g < 7 (IDFeo(@) sy + W1 )

and thus the statement is proved. ]

4.5 Convergence results

In this section the convergence of the weak solution of the semi-discrete system (4.14)) to
the weak solution of the original system - is provided. To this end, following
[74] and [29], we first define a piecewise constant extension of the grid functions introduced
in Definition [£.1] and the related extension operators in order to be able to extend the a
priori estimation on s to the whole space 2 = R,.. We recall some relevant properties
of the piecewise constant extension operators and other preliminary technical results.
The convergence of the semi-discrete system to the one in the continuum is shown by a
compactness argument of Besov spaces as the spatial discretization step A, tends to 0.

4.5.1 Interpolation and Compactness

Let the space {2 = R4 be decomposed to the corresponding set ), = hZNR as described
in Definition . Our proposed semi-discrete scheme gives us a solution which,
by definition, consists of two functions s, : Ry X 2 — R and ¢;, : R4 x €, — R. Since
we aim to obtain a convergence result of the functions sy, c; to the solutions of the
equations and , we need to extend the definition of sy, ¢;, from the lattice space
Ry x Q; to the continuum product space Ry x Q. A standard technique is to apply the
piecewise-linear interpolation. Since we have to consider the composition of the functions
sp, and ¢, with some non-linear functions it is more useful to use the piecewise constant
extension. More precisely, let us introduce the following definition.
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Definition 4.5 (Piecewise constant extension). Let w : 7 — R be a grid function.
Then, for every x € 2 we define

En(w)(@) = wn(x) = Y w221 (2)
ZEQZ

where | is the indicator function of the subset K C Q. We call wy, the piecewise constant
extension of the function grid w in each interval of the space discretization, and the
operator &, the (piecewise constant) extension operator.

Concerning the operator &, introduced in the previous definition, we report the following
results, proved in [13].

Theorem 4.2 (Extension operator properties). Let 0 < s < 1.
AL
The operator &y, is continuous from WSP(Q) to B;,og ().

e For any p € [1,+00) we have

sup [|&|| < o0
0<h<1 L

.s/\l
(WeP(Q)),Bp,of (R4))
1
e In the case s =1, &, is continuous from WIP(Q) into BEp(S2) with the operator

norm uniformly bounded in 0 < h < 1.

o Let f, be a sequence of functions in W”’(Q;{) such that

sup || fullysr iy < +00, En(fn) = [ in LP(Q)
0<h<1

then f € By ().

e When s =1 and 1 < p < +oo then f € WP(Q), where WLP(Q) is the Sobolev
space of one time weakly differentiable functions with weak derivatives in LP((2).

Proof. The proof can be found in Theorem 2.23 and Theorem 2.25 in [13]. O

Definition 4.6. We introduce the notion of discretization operator D" from the space of
LP(9)), where p € [1,+00], into LP(Q2) defined as

z+h
Dh(cp)(z) = h/ o(z)dx, e LP(Q), z¢€ QZ

Remark 4.16. It is simple to see that for g € LP(Q2) and f € Lq(QZ), with % + % =1,it
holds

[ s@ens@z = [ Do) s (4.31)

+
Qh
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Definition 4.7. Let g € C*°(Q2) be a smooth function. Hereafter we denote by g, the
function defined by applying the discretization operator D" to g, namely

gn(2) = D"(9)(2), =€ Q.

In the following, we prove some technical results which will be useful for establishing
our convergence theorem. The first states that, starting from a smooth function, a good
approximation of it in the Besov spaces setting is provided by the extension of its space
discretized version.

Lemma 4.8. Let g € C3°(2) be a smooth function with compact support. Then, for any
p € [l,4+00], s < %, we have

1‘ g S —_— 0-
i 1€n(gn) — 9llBs ()
Furthermor €, we g@t

li DVgn)—0:9llBs () = li D™ gn)—0x9llps () = li AP g —-3%glIBs (-
Lim [|En(D7 gn) =0zl s (@) = lim [|€4(D™ gn) =0zl ; (@) = lim [|E,(A7gn) =029l B (2

Proof. Since g is a compactly supported smooth function, we obtain g;(z) = D"(g)(z) =
9(2)+0(2), D*g(2) = £ [ Drg(z + 5)ds = DM(D4(9))(2) + (k) = a(9)(2) + o(h), and
similarly for other terms.

From these relations, it is very simple to prove that &, (gn), En(D ™ gn), En(DTgp) and
En(AP gy converge weakly, as distributions in S'(R), to g, 9.(g), Azg, respectively.

By Theorem [4.2] we get

sup {||5h(gh)||31/p, 1€ (DT gn ) gr/os [ER (D™ gn)l s th(ADgh)HBl/p} < +o0,
0<h<1 p.p PP P,p Dy

and thus, for any s < %, using the compactness of the immersion of B;,/pp (Q2) into B, ,(€2),
the result follows.

The previous lemma allows us to establish the following technical result concerning the
convergence of the products of converging sequences.

Proposition 4.13. Let f, € H' () be such that E,(fy) converges to f € H'(Q) in
L?(Q). Then &,(D* f1,) and E,(D™ f1,) converge to Opf weakly in L%(SY), which is the
weak derivatives of the function f € H' ().

Furthermore, for any other ky, € H'(Q}}), such that E(ky) converges to k € H (), then,
for any p € [1,4+00), En(kpfr) converges to kf strongly in LP(S2).

Proof. Let g € C§°(€2) be a smooth function with compact support. Denoting by
gn = D"(g) its discretization according with Definition by Remark and the

discrete integration by parts formula, we note that
| s@enD e = [ @D i)z =~ [ D gu()falz)a
Q Qf QF
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Using the fact that D~ gy, converges to 0,¢ in L?, and f,, converges weakly to f in L? the
convergence of E,(D™ fy,) to .. f in §'(Q) is provided.

Since HthHl(fo) is uniformly bounded, we obtain that [|E4(D" f)||12(q) is uniformly
bounded too and thus &,(D¥ f;,) converges to 0, f weakly in L?(£2).

The second part of the proposition follows from the fact that &, (kn fr) = En(kn)En(fr), the
previous results on the boundedness of £, and on the properties of compact embeddings
of Besov spaces. O

4.5.2 A convergence result

In view of the numerical convergence, we introduce the weak formulation for the original
non-linear problem:

Definition 4.8. We say that the couple (5, ¢) is a weak solution for the system (3.1)) if

/ /(% 03 <I>1dtdac+/ / ¢)VsVOidtde = — / /)\go )scPidtde  (4.32)
/ / O odtdr = — / / Ap(¢)sc Podtdr  (4.33)
0 Q 0 Q

for every (®1,P2) € C§°([0,T] x Q) x C§°([0,T] x Q).

Author in [12] proves that, under the hypothesis that the operator in Ozz generates
a strongly continuous semigroup of bounded linear continuous operator and the term in
be0ys + Jes is L' bounded, then the weak solution is a mild solution of . We can
directly apply the previous result, but we still need to ensure that the weak formulation
in Definition is equivalent to the weak formulation for . In doing this, we should
consider an opportune test function ®;.

Lemma 4.9. The couple of weak solutions (s, ¢) defined in (4.32)-(4.33)) is a mild solution
for the system (3.1)) in the sense of Definition .

Proof. Let (s,c) be the mild solution to equations (3.7) and (3.8). By the result in [12],
the mild solution to equations (3.7) and (| is the same as the weak solution to the

equations (3.7) and ( ., ie. (s,c)is a mlld solution to equations (3.7)) and ( . ) if
and only if for any go € C5°([0, T] x §2) (namely go is a smooth functlon W1th compact

support) we have

/ /(%got:c txdtdac—/ / gotx s(t, x)dtdx

+ /0 /Q G0t ) (be(t, )05 + et 2)5(Bs — 1))dtdz
(4.34)
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where b, and . are given by equations (3.9) and (3.10) and c is given by the explicit
formula (3.11)). So, what remains to prove is that the weak formulation (4.32) in Definition
implies the weak formulation given by equation (4.34]).

In order to prove this statement, we consider go € C§°([0,7] x ) and a smooth mollifier
a € C§°(R?) with compact support. Then, we choose ®1(t,z) = go(t, ) (aém * é) as a
test function. By integrating by parts the first integral in (4.32) we get:

[ fyotstommien (a7 5)
S RCEICEICED)
t// (7)o | [ siomma (s )
0o+ ) s || [t (ir-a)
fﬂw(ﬁi%%a// (¢ G5
~ [} oo () s = [[ st (i 2)

Taking the limit for ¢ — 0 we have

T T
/ /8t s)go(t, ) (af;x * 1> — —/ / 50:90 —/ /B)\s2cgo. (4.35)
' 0 JQ 0 JQ

For the second term in (4.32)) we apply the product rule:

[ L)

:/OT/ng o) <a€*;> 81,8(%90—1—/0T/QQO(C) (aa* ‘fjg‘”) D2590
:/OZ/QQO(C) (aa*;> 8x88xgo+/0T/ng(c)go <aa*_i§‘”c> Ds
- |

1 r be(t,
C) (as * ) 0250290 — / / 90(6)90 <a€ * ( $>> OzS.
P 0 JQ ¥
Similarly, as € — 0, we obtain

/ | #te.s0, ( (t 1)) _>/T/a$sa$go_/oT/Qa$stgo. (4.36)

Thus, inserting the limits and (| in we get

T
—/ /s@tgo—/ /B)\sgcgo+/ /azsaxgo—/ /@csbcgg:—/ /)\scgo
0o Ja 0o Ja 0o Ja 0 Ja 0 Ja




It is easy to check that the previous expression is exactly the weak formulation for equation
(3.7) against a test function go € C§°. Indeed, an integration by parts gives:

//@sgo// msgg%—//é)s—i—B)\sc—)\sc))

Let us finally recall that 4. = —Ac. O

A similar formulation for the semi-discrete system could be obtained in the same way.
The following is our main convergence result.

Theorem 4.3 (Convergence theorem). Let (sp,cp) be the unique solution to the semi-
discrete system defined in [0,T] x Q) :

(4.37)

{@(@(Ch)Sh) = 5 (D (p(en) Dy sn) + Dy (o(cn) D sn)) — Ap(cn)snen
Oren = —X¢(cp)shen

Then (sp,cp) converges to the solution (s,c) of the system (3.7) - (3.8), in the following
sense: denoting by §, = Ex(sp) and ¢, = Ep(cy), for any p € [1,2] and for any k < %

we have that (p,¢,) converges in Lp([O,T],B}’;,p(Q) to the unique solution (s,c) of the

equations (4.32)) and (4.33).

Proof. By the a priori estimates proved in Proposition we have that

sup ||sp +yy < +00
oS sl oz, ey

which implies, up to a suitable subsequence, that §, = &,(sn), Dfsf = Ey(Dsp,) converge
to some function § and to its derivatives 0,3, respectively, weakly in L2([0,T] x ).

Consider k € C$°(]0,T] x ), and let k;, = D"(k) be the discretization of k in the space
variable. Integrating by parts we get

/OT » Oy (kn)(p(cn)sp)dzdt = / /m< o(cn) D= sn + D (k) (Ch)Djsh>dzdt

+)\/ / o(cn)spepkpdzdt,
0 Jof

T T
/ / O (kp)cpdzdt = )\/ / knp(cp)spepdzdt

0 Jaof 0 Jof
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Using property (4.31)) we get that
T ~ ~
/ / 0y (k) (p(e) ) dadt = / / (Fr(en)sy + ki o(@n)sy ) dadt
0o Ja
T
+)\/ /k(p(&h)éhghdxdt,
0 Q
T T
/ /8t(k)éhdxdt:)\/ /kcp(éh)éhéhdxdt,
0 Q 0 Q

where ¢, = &, (cp) and l%f = &, (D% k).

We need that ¢, converges at least strongly in L?([0,T] x Q) to some function ¢. We
also need that k¥ converges to k, strongly in L>([0, 7] x Q). This holds, by Lemma
Finally, we need that ¢ ()¢, converges to ¢(é)é strongly in L2([0,T] x ).

From Proposition [4.12] we have that

sup ||Chl| 7o +yy < 00
oSup lenll e oy

when ¢y € H'(£2). We can exploit the second equation of the system (4.37) to deduce
that

sup ||ch +yy < 00
oS0 lenllan ozy.eniaiy

Using interpolation inequalities on the previous two inequalities we get that for any
q € [1,400) there exists a,,0 > 0 small enough

Sup ||Ch|| go +yy < +00.
Sup llenlpy, oy, @)
By Theorem [4.2] this implies that
su Ch)Ch|| o <+
Sup, le@@n)enllpg,  qor1.58 ., H)
and, by compact immersion of Besov spaces and Proposition we get that ¢(ép)én
converges to o(é)é strongly in L2([0,T], L2(2)) = L?([0,T] x Q). In a similar way it is

possible to prove that ¢, converges to ¢ in L?([0,T] x ).
Putting all the previous convergences together we obtain, taking A — 0, that

/ / 0(k) (0(6)8) dawclt = / / 0u(5) + Du(K)p(2)Da (3)) davdt

YeSdxdt

—i—)\/ /kgp
T
/ /8t(k)éd$dt: —l—)\/ /kgo(é)éédxdt.
0 Q 0 Q
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Thus, by the uniqueness of weak solution to equation (3.7)) - (3.8]), we get that (8, ¢) = (s, ¢),
where (s, ¢) is the unique solution to the equation - . Since 8, = &x(sy) and
¢n = En(cp) converge to § = s and ¢ = ¢ respectively, we have that the solution to the
semi-discrete equation converges to the solution to the continuum one. O

Since we have stated the convergence of the solution to the semi-discrete system to the
solution of the original system in the continuum, in a future work we plan to complete
our study by facing the convergence of the solution of the discrete (splitting) scheme to
the unique mild solutions provided in [82].
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Appendix A

A finite element scheme

For the convenience of the reader, we here present the derivation of the finite elements
scheme in detail, which was proposed by Natalini et al. in [9]. We are dealing with a
problem with non-homogeneous Dirichlet boundary conditions: it is necessary to construct
a false variational formulation by introducing the variable o(t, ) = s(¢,x) — s(¢,0), o €
H = {u € H'(]0,1]),u(0) = 0}. We rewrite the first equation as:

0i(po) = 0x(p(c)0r0) = F(o,¢,t)

and writing the classical variational formulation: we look for a couple (o, ¢) € C*(]0, +o0[, H x
L?(]0, 1[) such that for all (p,q) € H x L*(]0,1])

f]o,l[atsoopdy +f}071[8x(908x0')pdy = f]o,1[dey A1)
JoaOecady = = [jg1 pscady

By integrating by parts the first equation, by changing the derivative with respect to
t and the integral and by substituting the expression for ps in the second equation we
obtain:

{at Joarpopdy  + Jio1 9020 0updy — [pOzoply = fio,y PFdy (A.2)

O fpacady = = fioay#(o + (0, ))eady

The term [(p@map](l) is equal to 0 because p € H and we have imposed the boundary
condition 0,0 (1,t) to be equal to 0.

In conclusion, we obtain the following variational form:
Oy ji()’l[(p(fpdx +f]071[<p8108zpdx = f}o,l[dex
O fpapcadz = — fi 1 (o + 5(0,))cqdz

Let us begin the discretization of the problem. We first discretize in space by defining
the regular mesh:

(A.3)

. 1
[0,1] = U [xi, zi—1], == (i—1)Az, Az = N
1<i<N
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and denoting by P1 the classical basis functions {p;,i =1,... N + 1}

I_X;‘l if v € [zi_1, ],
pi(r) = PR if e [y, wiy), (A.4)
0 else

while we consider the characteristic function on the interval [z;, x; 1] as basis {¢;,7 =
1...N}. Under these hypothesis, the couple of the solutions (s, ¢) can be approximated
as:

N+1 N
su(t,x) = Y &(Opi(x), calt,x) = ni(t)gr(z)
i=1 k=1

Moreover, we define the porous density of SOy by:

ps, (t,x) = p(cp(t, x))sn(t, x)

In the numerical discretization, the coefficients &;(t) of the solution s, are located in the
nodes. In contrast, the coefficients 7, (¢) are located in the mean value of each interval of
the spatial discretization [z, zx+1]. To consider the boundary condition, when = = 0, we

put &1(t) = 56w

The spatial discretization is given by the classical finite elements scheme; as we are dealing
with non homogeneous Dirichlet boundary condition, we have written a "false" variational
formula with N+1 basis functions {p1,...,pn+1} and the boundary conditions are set a
posteriori.

Let us rewrite the problem (A.3)):

{815 f]071[ SDhSth‘d«T + Lﬁo@[ (Phaa:shampidx = - f]071[ SOhShChPidxa (A5)

O fio1; chardr = — [io 1 PnSncnarde
where ¢, = ¢(cp) = Zivzl ©(Mn)qr. Starting from the first equation of the system and by
substituting s, with its expression in terms of the basis p; we obtain:

N+1 N+1

oy fj/]OI[Sthjpider > §j/ l[Sohampjaxpidx (A.6)
=1

=1 7
N+1
= — Z fj / gOhChpjpidl‘, 1=1,...,N+1 (A?)

As o), = ch\le ©(1k)qk, we can rewrite the first equation in a vectorial form:

Or(M (n(2))&(t)) + K (n(t))&(t) = 0. (A.8)

Matrices M and K are respectively the Mass Matrix and the Stiffness Matrix associated
with the spatial discretization by finite elements. It is easy to find an expression for the
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matrices M and K by calculating the integrals that appear in the equation (A.6|). Starting
from M, we got:

Jio.a| pro1p1d Jioa P1p1p2dz e Joa p1p1pNdz
papap1dx pap2p2dx e pop2pNdx
i | o [ [
f]o,l[ PN+1PN+1p1dT f]m[ ON+1PN+1p2dT ... f}o,u ON+1PN+1PN+1dT

By exploiting the definition of the p; basis, we can note that the only contributes without
null entries are the one in correspondence of the indices j = 4,7 — 1,7 + 1. By computing
the integrals, we have an explicit form of the matrix M:

2901 (pl 0 - 0
A Ap | P10 201t w2) 0
6
0 . oN 2(pN FoNt1) PN+l
0 0 ON+1 20N+1

In an analogous way, we can compute the other contributes of the equation (A.6): we
split the matrix K by the sum of two contributes K1 and K2 and we get:

2p1 —p1 0 ... 0
1 |7 (prtwr) o e 0
0 o men (PN FeNs) —eNt
0 e 0 —PN+1 PN+1
2¢01m L1 0 .. 0
Agp | P 21+ p21i) P21 e 0
0 e ONTIN  2(PNTN + ON+IIN+1)  PNHIINF
0 e 0 ON1IN+1 20N 1N +1
The second equation of the system (A.3]) can be written as:
N+1
Axdmi = —ne(Bri + A) > &(t) / pj(x)dy, k=1,...N (A9
j=1 e |
or equivalently
+
Oy = —WW;(B% +A) = (B +A), k=1,...,N (A.10)

Once the spatial discretization is done, we work with the temporal discretization of the
problem. Let us consider the interval ¢ = [0, T}pqz] with time step At. For ¢ € [t,, tny1]
we put sp(t,x) = s} (x), cp(t, ) = cjf(x) The initial and boundary conditions are:

{592 o =0, forj=2,...,N+1

©(co)’
772:00 fork=1,...,N
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To deal with the resolution either in spatial either in temporal discretization the solutions

& and 7 are represented as:

52 i i SRS 1 [#g & AT S
n_ | & 2 5 .. & _ 0 5% f% o §§V
& = —
0 1 2 N
Evir Svir Svpr o vl L0 & & o N
mwoomomo. ng‘ KR n{;
= 77(2J 77% 77% e M| _ |G 77% 77% T
oy my o oo Nl Leo ny nmyo - 0N

We start by discretizing the second equation (A.10) by fixing for all n = 1,..., N the
spatial component §;, = £ and solving excatly the ODE (A.10). We first look for the
primitive:
1 O n Cy
—m(Bn+A) -y Bn+A
1 =Ci(Bn+ A) — Ca(yn)
1= n(BCl — CQ’Y) + C1A

And we get the parameters C1, Co:

BC,—Cyy =0 |Cp =4
C1A =1

We now solve the ODE (A.10) by the separation of variables method:

x 1 tni1
= 1ds
/mo —yn(Bn + A)dn /tn

| e B
dn+/ ——  _dn=At
/xo —yAn zo VA(Bn + A

xT

[—1lnn+ 1ln(Bn+A)} = At

vA ~vA 0
[1 In B+ A} = At
vA U P
Bz +A xg
1 = vAAtL
. z Bzxzg+ A i
A Lo AAL
B+ —)——=¢"
(B+ T ) Bxg+ A €
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And we get the following solution with a general initial condition zq:

A AvyAt
v = o€ (A11)
(Bzo + A)er4At — Bx

By multiplying by e 742! we obtain
Al’o
xr =
Bxy + A — Brge 7AAt

Since the parameters B, A are nonnegative, if §;',my; are also non negative, we can

approximate at each time step n the intermediate value nZH/ 2 by considering 1}’ as initial

value:
ef’ykAAt

n
M Byl + A — Bylle=wAA
Remark A.1. We can also find the stationary solutions by imposing d;x = 0:

Owr = —yx(Bx+ A) =0

{:L‘ =0
_ A
r =-B

We now solve the problem (A.6)) by the §-method, (6 € [0,1]): Vn,Vk
M(nn+1/2)£n+l/2 _ M(nn)gn
At *

For every n we got a tridiagonal system UX = G, where the matrix U € M(
and the vector G € MWVFTDX1 gre defined as:

U = Mn+1/2 +At€Kn+1/2
G = (M" — (1 — 0)AtK™)¢"

77:+1/2 — A

(A.12)

(1 =) K (n")E" + 0K (" T/ 12 =0 (A13)

N+1)x(N+1)

The vector X contains the spatial solution at time t"*!:
1
&
n+1
2
_ ¢ent+l _ +1
X=¢"" =&

nt
EN'

The matrix U and the vector G are modified at each step of the temporal discretization to
take into consideration the boundary conditions: the term g is replaced by g1 mod = ﬁ,
1

_ 0 3 _ _
92.mod = g2 — U2,17¢fi1/2, while 11 j mod = 01,5 € Ui 1mod = 04,1
1

Once €™t is computed, we impose
=gt (A.14)

to get the coefficients 7 of the solution of the second equation of the starting problem.
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A.1 Stability results for the finite elements scheme

Let us recall that given the linear porosity ¢(c) = A + Bc, let us say @3 the porosity as
¢ = 0, that is at the end of the reaction, and (g the initial state when ¢ = ¢g, then

1

B=—
o

(o —¢g), A=z

In |9] an extended study of the numerical scheme, in particular a stability analysis, has
been carried out in the case of a positive B, that is equivalent to say that ¢g > ¢gz. For
completeness, here we give conditions on parameters to establish stability and positivity of
the solution, in the case B < 0, following the analogous proposition discussed by Natalini
et al. in [9] in the case of positive B. The case B < 0, is more appropriate in the case of
marble sulphation since marble has a porosity much lower than the gypsum.

Proposition A.1. Let A € Ry and B < 0. Suppose that 6 € ]%, 1] and Ax? < 3(%0_1).
If the time step At satisfies the following condition
Az? Az?
— <At < A.15
6(6 — coAx?) Sars (1—0)(34 coAx?) ( )

then for all x € [0,1], cp(x,-) is a non-increasing function of t, ¥t > 0 and
pS,h(ta iL‘) >0, Ch(tv ZL‘) E]Ov CO]

Moreover, the condition 1s not empty.

Proof. The goal is to prove that for all z € [0, 1], ¢, (z,-) is a non-increasing function of
t, vVt >0, i.e.:
o<yt <y Yn=1,...,N, (A.16)

and psp(t,z) >0, ie.
>0, Vin=1,...,N+1, (A.17)

The result is true for ¢ € [0,¢;]. In fact, after imposing the initial conditions we have for

all k£ that 772 = o, 'y,g = @ = 0. By exploiting the conditions 1H| we get

12 Ac()efyAAt
T = (Bco + A) — Bege 144t

The last inequality holds if the denominator is positive, i.e.

>0 (A.18)

(Beo 4+ A) — Bege A2 >
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and this is always verified if Beg + A = g > 0. This condition implies A > — Bcy.

n+1/2

To prove that n, < np we use the same argument of Natalini’s work:

+1/2
<
Ae—'yAAt
<1
Bl + A — BjleAAt
Ae AR < By + A — Bnge_VAAt
e AR (B + A) < B+ A

which holds. By induction, we can now prove that

n+1/2

0<nft2 <pp < e (A.19)

By the assumption B < 0, we note that as 1}’ decreases, (7)) increases. Thus, being ¢
a linear combination of the calcite density ¢, i.e. p(c) = Bc+ A, we obtain

0 < o < o(nf) < et < A=, (A.20)

The initial condition on p is equivalent to §? =0, for j =2,..., N +1 and this proves
that pgp(x,0) > 0.

Now we would like to prove that &' > 0, Vj, n. After the modification due to the boundary
conditions, we got a (N + 1) x (N + 1) with a symmetric irreducibly diagonally dominant
matrix: U = M™t/2 4 AtgK™ /2. Then the matrix U~! is positive if u;; > 0, Vi and
uz; < 0,Vj =1+ 1. We consider now the right-hand side for ¢ > 2 that could be written

as:
i+1
gi=Y (mly—(1-0)AD)E, =" (A.21)
j=i—1 ¥1

by imposing the boundary conditions we have:

u
92,mod = 92 — i:_pls/(; (A22)
Y1
Where
ot _m§f1/2+At9k‘nH/2
AT py1y2 I ny12 . AT py1/2 nt1y2
— At(— 2v
5 ¥ + At(— APl T f1 )

And so equation ({A.22]) becomes:

3
92,mod = Z(mgj - (1 - H)Atkgj)fjn

j=1
_ psy |Az n+1/2 nttj2, 1 AT np1p
%‘“/2[6 + Atho| 7 (— Rl )
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We now explicit the term in the summation for j = 1:

my, — (1 — 0)Atky, = ?% — (1-0)At(—L + 7801"71)

Az
Ax o Az o Az
[ LR, Y QR S T —— L7 YA At(—F2L L =2 npgn
6 71 t( Az T 6801"71)4‘9 t( Ar T 6@1771)
Going back in the equation for gs ea:
3
92,mod = Z(mgj - (1 - Q)Atk%)éy
j=2
Ar At Az 1 Az
so | — + — — — 07 + 0AL(—— + —n
Az 1 Az n+1/2
= P [6 LA R S
3
= Z(m% — (1= 0)Atky;)E7
j=2
At AZ‘Q n A-TZ n n+1/2
+PSO'M[1— ¢ +0 6 (i —m / )]

To ensure the positivity of the right hand side G of the system UX = G, we have
the summation to be positive: this because the last line of the expression for gs eq is
non-negative if we choose a space step Az small enough and because we have already
proved that 17" is non-increasing.

We now combine the conditions we have imposed on U and G to guarantee the positivity
of the solution. Thus we need to satisfy the following conditions:

Lol oatk! T <0, v =ik 10> 1

2. mi 2 L OAtTT? > 0, i > 2
3. mps — (1 — O)AtL > 0,Vj =i+1,

Let us study first the case when j # i: we choose j =i —1 (the case j = i+ 1 is analogous

for symmetry).

pi-1 Az

— — i < 0

A + 6 Pi—1Mi—1 =

This is true because p;_1 and 1;—1 are non-negative and Ax is small, so the term A%z
explodes. For the mass matrix M we have:

k‘ij =

T
mg; = ?901‘—1 >0
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Let us focus now on the case j =1, (i > 2):

Az

3 (pi—1mi—1 + @ini)) >0

1
ki = Aix(%fl + i) +

Ax
mi; = ?(%‘—1 +¢i) >0
The case when ¢ = 1 is analogous:
1 Ax
ki = — — 0
1= AP + 3 (p1m) >
Ax
mi = e > 0

We can see that condition 2. is always true and also condition 3. when j # i. In
conclusion, condition 1. and condition 3. (when j = i) are the conditions we need to
prove to guarantee the positivity.

ntl/2
1. <= At>-——2
n+1/2
Ok;;
mm
3.(1 =1 At < —8
Thus 2
S At < ——82 A.23
g <A S T (4.23)
ij
If2<i<N:
M5 _ %(%4 + ©4)
(L=0)ki  (1—0)[(pi-1+9i)(a; + %(77171 +m:))]
B Ax?
(1-0)(3+ Az2(ni—1 —ni))
Az

S UZ0B+ i)

where we have used the fact that n is non-increasing in the last line. For ¢ = N 4 1 the
same low estimate holds.

If j=i—1:
Cmy —220i1
Oki; 0] Pl 4 BT 1mi]
Ax?
- 9(6 — A$277i_1)
Ax?

P —
~ 0(6 — Ax?c)
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The fact that the condition (A.15]) is not empty, i.e.:

Az? < Az?
0(6 — coAz2) ~ (1 —6)(3+ cpAx?)

is ensured by the condition

3(30 — 1)

€o

Az? < , 0>1/3

As it is enough to consider the case where n"t! = "*t1/2 the proof is complete. O

Remark A.2. The proof can be extended in the case where the boundary condition is a
positive, measurable bounded function.
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Appendix B

Finite differences scheme

Following Natalini |9], we discretize system by the finite differences scheme. Let us
remark that for one-dimensional space problem, finite differences and finite elements are
equivalent.

Again, we mesh [0, 1] with a spatial step Az = % and with a time step At = ﬁ We look
for a couple u;' = (p} ,cp), textforn =1,---, M, m = 1,--- , N— numerical solution
for the system:

8tps - 8x <90(C)61’ Sf(i)) — S(u)
Dy — S(u)

(B.1)

where S(u) = —psc is the reaction term.
Note that ¢?, plays the same role as n¥ in the finite elements approach.

Firstly, we would like to approximate the diffusion term for the first equation by means
of Taylor’s expansion of first order:

Anm(a,r) = (am + @mt1) (Pmt1 — Tm2)A—x(2am_1 + Q) (T — Tm—1)

(B.2)
The scheme is comparable to the finite element one: we firstly solve the second equation
of (B.2) by fixing pf,, and solve:
1
At =

—Atp"
e AtPsm (B.3)

and then by time-discretizing the first equation of the system by the #-Euler:

n+1

ps,m p?,m n P? n+l n+l
— — A, ,——= ) = —0)ps.m , B.4
- (¢ 2) =50 - Opum + o5 (B

where 6 € [0, 1].
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B.1 Stability results for finite differences

We prove the stability analysis for the finite differences scheme following Natalini et al.
The proposed finite difference scheme preserve the positivity under a suitable time step
restriction:

Proposition B.1. Foralln >0, m=1,...,N

pgm >0, C:Ln € [0700]

)

under the time step restriction

AAx?
At s o(co) + A(1 + Az2cp(1 — 6)) (B.5)

Proof. We need to check only the first order in time. From (B.3)) it follows that ¢! €
[0, co]. This is true for n = 0:
1

— —t1
¢, = cpe "1Peo

where pg,,co > 0. It follows ¢’ > 0, ¢, < cy. Let us now suppose it is true for k < n,
then ¢! € [0, cp]. Then ¢! € [0, co] and, when B < 0

¢(co) <pm <A, Vn

Thus going back to the scheme (B.4)) we have

n + n _
AL+ A0 = 1 (1 LI ) g1 - gy

2¢m
Omt1 T Pm—1 Ormt1 T Pm—1
7 m m n m
+ Mps,m—IT + :ups,m—l—IW
The positivity in ensured as soon as condition (B.5)) is satisfied. O

Remark B.1. The proof for the case where B > 0 treated by Natalini in [9] is the same.
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Appendix C

Besov Spaces

Following [62], let us start by recalling the definition of Fourier transform. We denote
by S(R?) the Schwartz space and its dual by &', which is the space of the tempered
distributions on R?. This because one can naturally extend the Fourier transform to a
very large class of distributions on R%. Let us briefly introduce the following settings.
Definition C.1. Let o € N? be a multi-index, x € R%, f a smooth function of R%, then
the length of « is given by

]a\ =oa1tax+---tag

and the derivatives of f are given by
oUf =0 ...07f.

Then, the Schwartz space S(R?) is defined as the set of smooth functions f on R? such
that for any &£ € N we have

Iflles == sup (L4 |2)*[0%f ()] < o0

|a|<k,zx€R?

Now, the Fourier transform can be defined as a continuous map F : S(R?) — S(R%):

FU©) = f(©) = / B f(r)dr, ¢ € RY f e S(RY

Rd

and by F~! we denote is inverse:

APy = i) f ceRLF d
FUP@) = oz [ A€de, xRS e SERY

The definition could be extended to the space of tempered distribution S’ by a duality
argument.

140



We start by introducing the Besov space and some preliminary definitions. Let
B(r) = {yERd:\x—yl §T}

denotes the ball of radius 7.

Definition C.2 (Dyadic partition of unity). A pair (£, ¢) is a dyadic partition of unity if
£,9:RY— [0, 1] are two smooth compactly supported functions satisfying the following
conditions:

e supp(x) C Bs(0), supp(p) C Bs(0) N Bs(0)

* X(¥)+ 250 p(277) =1, VyeR"
o supp(x) Nsupp(p(277-)) =0, j>1

o supp(p(277-) Nsupp(p(2~") =0, |i—j|>1

Definition C.3. Given a function o € C*°(R?) growing at most polynomially at infinity,
we define the operator o(D) : S(R?) — S(R?) given by

o(D) = F(@(§F(H)E), feSR

Definition C.4. Let us fixed a dyadic partition of unity (see |62]|11] for more details)
(&, ¢). The Littlewood-Paley blocks are the following operators, Aj, j > —1 defined as:

Ay = x(D)
A; = ¢(277D), j>0.
Also, let K_; = F~(x) and K; = F1(p(277+)), if j > 0.
Now, if f € S'(RY) then Vj > —1
Afleg*f.
Remark C.1. One can prove that when f € S'(R?) then
lim Y Ajf=f

n——+0o0
Jj=-1

Furthermore we note that A;f is a function since it has a compactly supported Fourier
transform, in spite of the fact that f is a tempered distribution.

Finally, following [62][11], the definition of Besov space is provided:

Definition C.5. Consider s € R, and p, q € [1,+00]. We say that a function f € &’(R%)
belongs to the Besov space Bs  (R?) if the following norm is finite

1/q

1l ey = | 3 291411,

j=-1
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The following property holds:
Proposition C.1. Embedding Let 1 < p; < ps < 400 and 1 < q1 < g2 < 400, then

sfn(i - i)
S Pr1 P2
By = Bpago

and the embedding is continuous.

Following |81]|13], one can extend the definition of a discrete Besov space on the lattice.
Let & > 0 and define the set eZ%i.e. <€ eZ%if z = (eny,...,eng), with ny, no, ..., ng € Z.
We restrict to our case of interest d = 1. With the discrete topology and with the Lebesgue
measure we have, for any integrable function f :eZ — R as

/5 f@dz=2 Y £

z€eZ

One can also define the Lebesgue space L} (¢Z), with p € [1,+00], £ € R, with the norm
1flLse(cz) = sup | f(2)pe(2)]
zeeZ

where pg(x) are the weights (see [81] for more details ). Now, the Schwartz space on eZ
equipped with the semi-norm {|| - || L2 }¢<o as

S(e2) = () L(=2)

£<0
and its topological dual space S'(¢Z).

Lately, the Fourier transform is well-defined F. : S(eZ) — C*° (T 1 ), where T1 is the

€

torus of length 2?”, is given by:

()= fi) = [ etz neT,
and its inverse
—1/7 1 ixz f
FAN@) =g [ imdn, heT,
T (>

:27r

o=
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Appendix D

Sobolev Spaces

Following [22], let us briefly recall the definition of the Sobolev space H! in view of the
estimations.

Definition D.1. Let I = (a,b) an open interval and let 1 < p < co. Then, the Sobolev
space WHP(I) is defined to be:

Whe() = {w € L*(R"): 3g € LP(I) such that /ux' = —/gX Vx € Cgo(l)}
I I

If u € WHP(I), then we denote u' = g. Moreover, let us recall that H*(I) = W12(I).
The Sobolev space is equipped with the norm

lullwre = llullze + [[u'l| e
and for H! we have the associated norm

1/2
lull = ()2 + [[/]22)"

Definition D.2. Given 1 < p < oo, the space Hi(I) = Wol’p is defined by the closure in
CH(I) of WHP(I).

Lemma D.1 (Holder’s Inequality for LP spaces). Let f € LP and g € LY with 1 <p < oo
then fg € L' and

/ 1£9l < 1 11zo gl e

Remark D.1. A direct consequence is the following estimation when g = 1.

Let h € LP, then

T 1
/0 h()|dt < ||| - T (D.1)
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D.1 Interpolation

Theorem D.1 (Sobolev embedding). Let Q@ C R™ be the whole space, half space or a
bounded Lipschitz domain. Let p,p1,p2 < 0o positive extended real quantities, s, s1,So
non-negative real numbers.

Let 0 € (0,1) and assume s1 < sy such that
s=10s1 + (1 —0s2)
1 0 1-6

p b1 D2

Then

0 —0
lallwen@y < ¢ lallfyenns oy - el i ey

for any uw € WLPL(Q) N W*2:P2(Q) if and only if at least one of the following conditions
18 false:

SQEN, So>1
p2=1
0<82—81§1—pi1

The previous result can be generalized in Besov spaces. See [15], Theorem 6.4.5.
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