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Introduction

Torsion theories were originally introduced in the context of abelian categories ([7]) as
a generalisation of a well-known property of the category of abelian groups: this category
includes two special classes of objects—torsion and torsion-free groups—which exhibit
the following key features.

1. Any group homomorphism from a torsion group to a torsion-free group is necessarily
Z€r0;

2. any abelian group A fits into a short exact sequence of abelian groups T'— A — F,
where T is a torsion group and F' is a torsion-free group.

More recently, many different authors have studied wider generalisations of this notion,
both in pointed and in non-pointed categories (see, for example, [5,6,18,13,11,9]). The
objective of the present work is to introduce and study a torsion theory in a 2-dimensional
context. One can already find a very interesting case of a torsion theory developed in the
2-category Cat of small categories in the recent work of Borceux, Campanini, Gran and
Tholen ([4]); however, in that work, due to the use of the formalism of pretorsion theories,
the 2-category Cat is essentially treated as a 1-category, and the 2-dimensional aspects
are not fully taken into account. Our goal, instead, is to construct a torsion theory in
a 2-category in such a way that the 2-dimensional structure is extensively incorporated
into the theory. We achieve this goal by applying the formalism of homotopy torsion
theories, recently introduced in [17].

Our starting point is a pointed torsion theory on the (1-)category CMon of commu-
tative monoids, first introduced by Facchini in [8, Section 1.3]. Torsion objects are given
by abelian groups, seen as commutative monoids in which every element is invertible,
while torsion-free objects are those monoids in which the only invertible element is the
unit. In the literature, monoids with this property have been referred to as pure, sharp
or reduced; here, we adopt the first name. It is shown in [8] that abelian groups and pure
commutative monoids form indeed a torsion theory on CMon.

The main objective of this paper is to generalise this torsion theory, extending it
from the 1-dimensional context of commutative monoids to the 2-dimensional one of
symmetric monoidal categories. However, this generalisation is not straightforward. First,
the 1-category of symmetric monoidal categories (with symmetric monoidal functors) is
not a pointed category, and therefore zero morphisms and short exact sequences cannot
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be defined in the traditional sense. Second, we know that symmetric monoidal categories
actually form (with symmetric monoidal functors and monoidal natural transformations)
a 2-category, and, as mentioned above, we wish to take this richer structure into account.

The framework of homotopy torsion theories allows us to address both the above
issues. In this setting, we prove that symmetric 2-groups are the torsion objects of a ho-
motopy torsion theory in the category of symmetric monoidal categories, using particular
natural isomorphisms as nullhomotopies. We also show that, thanks to the use of 2-cells
as nullhomotopies, this homotopy torsion theory exhibits some remarkable properties
in dimension 2 which may be the basis for a notion of “2-dimensional torsion theory”
in future work. We conclude the paper by carrying out an analogous generalisation for
the classical torsion theory on abelian groups given by torsion and torsion-free groups,
thus describing another homotopy torsion theory which enjoys the same 2-dimensional
properties.

1. Preliminaries

In this section, we recall some fundamental notions and results that will be needed
for the construction of the new torsion theory.

Monoidal categories and monoidal functors

Since the core idea is to transition from the 1-dimensional context of monoids to
the 2-dimensional context of monoidal categories, we first establish the notation and
conventions that will be used for monoidal categories. For the basic theory of monoidal
categories we refer for example to [16] or [3]; see also [15] and [14] for coherence issues.
We denote the full structure of a monoidal category by

(M, ®@ne, Ints anves I, mve)s

where M is the underlying category, ®x¢ is the tensor, Iy is the tensor unit, an, o, 77
are the associator, the left and the right unitors respectively. We will often simply write
(M, ®,1,a,€,1), or even just M. When M is symmetric, we will denote the symmetric
braiding by by (or simply b).

For a monoidal functor

F: M — N,

we denote by er and mp (or simply e and m) the maps encoding coherence with the unit
and the tensor product, respectively. We always assume these maps to be isomorphisms.

We denote by MonCat the 2-category of small monoidal categories, monoidal functors
and monoidal natural transformations, and by SymMonCat the 2-category of small sym-
metric monoidal categories, symmetric monoidal functors and monoidal natural trans-
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formations. As with any strict 2-category, we will sometimes implicitly regard MonCat
and SymMonCat as ordinary 1-categories, with no risk of confusion.

In what follows, the symmetry b, the structure maps a, £ and r of monoidal categories,
as well as the coherence maps e and m of monoidal functors will often be omitted.

2-groups

As we generalise the torsion theory considered in the introduction, replacing commu-
tative monoids with symmetric monoidal categories naturally suggests replacing abelian
groups with symmetric 2-groups.

While the notion of (weak) 2-group has appeared in the literature before, it is in
Hoang Xuéan Sinh’s doctoral thesis ([12]) that we find a first systematic study of the
concept, under the name of “gr-catégories” (see also [1]). For convenience, we now recall
the definition of 2-group (weak 2-group in [2]).

Definition 1.1. In a monoidal category, we say that an object A is weakly invertible if
there exists an object B (called a weak inverse of A) such that

AR BB AXI].
A 2-group is a monoidal category G such that

o every morphism in § is invertible (i.e. G is a groupoid);
e every object in G is weakly invertible.

A symmetric 2-group is a 2-group which is symmetric as a monoidal category. We denote
by 2-Grp (respectively, Sym2-Grp) the 2-category of small 2-groups (respectively, small
symmetric 2-groups), monoidal functors (respectively, symmetric monoidal functors) and
monoidal natural transformations.

The following elementary property that will be useful later (cf. for example [2]).
Proposition 1.2. In a 2-group G, for any object A, the endofunctors A® — and — ® A
of § are equivalences (with inverses B® — and — ® B respectively, for any weak inverse

B of A). Furthermore, for each object A, it is always possible to find an object B and
isomorphisms

h:I - AR B, k: BA—1I,

such that (A® —, B® —, h, k) forms an adjoint equivalence, i.e., it makes the following
compositions identities:
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h@A A®F
A—IRA— (A®B)® A — A®(B®A) — A®I — A,

B@h k®B
B—B®l — B®(A®B) — (BRA)®B—I1I®B — B

(the unnamed arrows are components of the unitors, of the associator or of their in-
verses). Clearly (B® —, A® —, k=, h=1) is an adjoint equivalence as well.

There is a natural way to assign a 2-group to any monoidal category: by considering
its weakly invertible objects and isomorphisms between them. We recall this fact in the
following definition.

Definition 1.3. Given any monoidal category M, the Picard 2-group of M, which we
denote by I'(M), is the subcategory of M consisting of all the weakly invertible objects
of M and isomorphisms between them. This inherits the monoidal structure of M, and
is therefore a 2-group.

(The Picard 2-group should not be confused with the Picard group, which denotes the
group of isomorphism classes of invertible objects and is briefly mentioned in Section 6.)

To conclude the section, we state the following well-known property for future refer-
ence.

Remark 1.4. In this remark, we regard 2-Grp, Sym2-Grp, MonCat and SymMonCat as
1-categories, as we are currently only interested in their 1-dimensional properties. 2-Grp
is a coreflective subcategory of MonCat, and Sym2-Grp is a coreflective subcategory of
SymMonCat. In both cases the coreflector is given by extending to 1-cells the mapping
M — I(M).

In the next section we define a particular class of monoidal categories whose properties
are, in a sense, diametrically opposed to those of 2-groups.

2. Purely monoidal categories

In this section, we introduce and study the notion of purely monoidal category, which
is meant to provide a 2-dimensional counterpart to the notion of pure monoid (see the
introduction). Consider the following equivalent statements about monoidal categories.

Proposition 2.1. Let M be a monoidal category, and recall that I'(M) is its Picard 2-group
(see Definition 1.3). The following are equivalent.

(1) T(M) is monoidally equivalent to 1, the monoidal category with a single object Iy and
a single morphism.
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(2) All weakly invertible objects of M are isomorphic to I, and the only automorphism
of Ing is the identity.

(3) For any two weakly invertible objects in M, there exists exactly one isomorphism
between them.

(We recall that a monoidal equivalence is simply an equivalence in the 2-category
MonCat.)

Proof. The equivalence of (2) and (3) is obvious by the fact that I is weakly invertible
itself.

Now call G the Picard 2-group of M, and call F' the only (monoidal) functor from
G to 1. If (1) holds, F' has an inverse G: 1 — § with a monoidal natural isomorphism
n: GF = idg. For any A in G, the composition eq 077;1 gives an isomorphism between A
and Ip; (where eg is the coherence map of G described in Section 1). By the naturality
of n, this is the only map in § from A to I Vice versa, if (3) holds, call G: 1 — §
the functor defined by GI; = Ij;. Plainly, this is a monoidal functor with the obvious
coherence maps, and clearly F'G = id;. For every object A in G, the unique isomorphism
between A and Iy provides an isomorphism between GF A and A. The fact that these
isomorphisms are the components of a monoidal natural isomorphism from GF to idy
follows from the uniqueness hypothesis in (3). O

Remark 2.2. Observe that Proposition 2.1 can be specialised to the category SymMonCat
simply by noticing that, if M is a symmetric monoidal category and T'(M) is equivalent
to 1 in MonCat, then I'(M) is equivalent to 1 in SymMonCat.

Definition 2.3. We say that a monoidal category M is pure (or that M is a purely monoidal
category) if any (and hence all) of the conditions in the above proposition hold. When
a purely monoidal category is symmetric as a monoidal category, then we say that it
is a symmetric purely monoidal category. We denote by Pur (respectively, SymPur) the
2-category of small purely monoidal categories (respectively, small symmetric purely
monoidal categories), monoidal functors (respectively, symmetric monoidal functors) and
monoidal natural transformations.

Remark 2.4. The requirement of a wunique isomorphism in the definition of purely
monoidal category can be intuitively understood as a 2-dimensional analogue of the
requirement of a unique invertible element in the definition of pure monoid (see the last
part of Proposition 6.2).

Moreover, the choice of 2-groups as torsion objects (and of the nullhomotopy structure
from Section 4) uniquely determines the torsion-free objects (see Section 3 and in [17,
Proposition 7.3]), thereby forcing this definition of purely monoidal category.

Example 2.5. Cartesian and cocartesian monoidal categories are (symmetric) purely
monoidal categories.
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In fact, suppose € is a category with finite products, and that for some objects A and
B we have an isomorphism A x B = 1, where 1 is the terminal object of € and x denotes
the product. We show that A is terminal. Since A x B = 1, it follows that A x B is itself
terminal. Consequently, for every X in C, there exist maps a: X — A and b: X — B
such that (a,b) is the unique map from X to A x B. If a’: X — A is another map from
X to A, then (a,b) = (d’,b), as A x B is terminal. Hence, a = @/, and thus A is terminal.

We have therefore shown that all weakly invertible objects in a cartesian monoidal
category are terminal, and hence uniquely isomorphic to the monoidal unit.

We establish now an important property of symmetric purely monoidal categories;
however, the proof relies on some results that will be introduced later in this paper.

Proposition 2.6. SymPur is a reflective subcategory of SymMonCat (regarding both as
1-categories).

Proof. In this proof we will explicitly exhibit a way to associate to any symmetric
monoidal category M a symmetric purely monoidal category II(M) and a symmetric
monoidal functor Qy¢: M — II(M), since we will soon need this construction. How-
ever, we will not prove here that this yields in fact a reflection, as this will be a simple
consequence of a later result (see Proposition 5.2 and Remark 5.4).

The construction we present here is based on a work by Vitale ([19]), where the
existence of a certain notion of cokernel for morphisms between 2-groups is proven. We
report here (an adaptation of) the construction of the cokernel in [19] applied to the
inclusion of the Picard 2-group into a symmetric monoidal category, and we check that
it gives rise to a purely monoidal category.

Let us first fix a symmetric monoidal category M and then proceed by steps. Recall
that T'(0M) is the Picard 2-group of M (see Definition 1.3).

1. The first step is to define a bicategory B(M) as follows.
o The objects of B(M) are the same as those of M.
o Given two objects X and Y in M, a l-arrow in B(M) from X to Y is given by a
pair (A4, f), where A is an object of (M), and f: X - Y ® A is an arrow in M.
e Given two l-arrows in B(M)

(A.f) (B.9)
—= Y —

X Y z,

the composition is given by (B&A, h), where h is given by the following composition
of arrows in M.

f az,B,A

XL svea2 ZeB) oA 224 70 (Be A).

o The l-identity on an object X in B(M) is given by (I,7%") (r being the right
unitor).
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o Given parallel l-arrows (4, f), (A, f): X = Y, we define a 2-arrow a: (4, f) =
(A, f') to be just an arrow a: A — A’ in T'(M) such that the following triangle
commutes in M.

v

Y®A—>Y®A’

« Vertical composition and 2-identities are just composition and identities in T'(M),
and horizontal composition is just the tensor product in I'(M).

o The unitors and associators of B(M) (as a bicategory) are given by the unitors
and associators of M (as a monoidal category).

This makes B(M) into a bicategory where every 2-arrow is invertible (being an in-

vertible arrow in I'(M)).

. Having defined B(M), we now define II(M) as the classifying category of B(M).

Explicitly, we have that II(M) is a category having

« the same objects as B(M) (and therefore the same objects as M);

e as arrows, 2-isomorphism classes of l-arrows of B(M).

We denote the 2-isomorphism class of a 1-arrow (A, f) in B(M) by [A, f]. By defini-

tion, given objects X and Y in M, and l-arrows (4, f), (A, f'): X = Y in B(M), we

have that these determine equal arrows [A4, f] = [A/, f']: X — Y in II(M) if and only

if there exists an isomorphism a: A — A’ in M such that the above triangle (2.7)

commutes.

. We have a functor

Qe M — TI(M)

mapping each object of M to itself in II(M), and each morphism f: X — Y in M to
1, T;/l o fl:

—1
Xty > ,ver

. We now introduce a symmetric monoidal structure on II(M) and observe that Q¢ is

a symmetric monoidal functor.

e The tensor product of objects is the same as in M.

o Given two arrows [A, f]: X — Y and [A', f']: X' — Y’ in II(M), their tensor
product is given by [A® A’, g], where g is the following composition of maps in M.
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X®X' fof Y0 A)o (Y e A4)

(

Yo (AY')® A)

(

YoY)e(Aw A)

Y®(b QA
®( A,Y® ) Y®((Y’®A)®A/)

(We recall that b is the symmetry, and the unnamed winding arrows are composi-
tions of the appropriate components of the associator of M.)
o The associator, the unitors and the braiding of TI(M) are just the image under Q¢
of the corresponding maps of M.
With this additional structure, we have made II(M) into a symmetric monoidal cate-
gory. The symmetry of M (and not just the braiding) is used to prove the naturality
of the braiding of II(M).

. We now need to check that II()M) is pure. We use a property that we state and prove

separately in Lemma 2.8 below, as it will be needed again later.

In order to verify that II(M) is pure we prove condition 2 of Proposition 2.1.
Consider a weakly invertible object A of M. Then [A, 621] is a morphism from A to
I in TI(M), and it is also an isomorphism by Lemma 2.8 (we recall that ¢ is the left
unitor).

Now, suppose

are isomorphisms in II(M). Then, again by Lemma 2.8, f and g are isomorphisms in

M.Callp =lgogof~lo 621. By naturality of ¢ we have (I ® ¢) o f = g, yielding
[A, f] = [B,g] (by definition). O

Lemma 2.8. Consider a symmetric monoidal category M and the associated functor
Qni: M — II(M) described in Proposition 2.6. Then a morphism [A, f]: X = Y in

II(M) is an isomorphism if and only if f is an isomorphism in M. In particular, Qv

reflects isomorphisms.

Proof. As reported in [19], if f is an isomorphism in M, and we consider an adjoint
equivalence (A, B, h, k) (see Proposition 1.2), then an inverse of [A, f] in II(M) is [B, ¢],

wh

ere g is the composition of the following maps.

7’71
YY%Y®IYWSY®M®B)]

-1
J Ay A.B

Yo A) @B — X®B
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Vice versa, suppose [A, f] is an isomorphism in II(M), with inverse [B,g]. Then,
from the fact that [B,g] o [A, f] = idx in II(M) and by expanding the definition of
composition and identity in II(M), we obtain that in M the map f has a left inverse and
the map g ® A has a right inverse. Since — ® A is an equivalence (see Proposition 1.2),
and equivalences preserve and reflect split monomorphisms and split epimorphisms, we
conclude that g has a right inverse as well. Conversely, applying the same reasoning to
the reverse composition [A, f]o[B, g] = idy, we conclude that g has a left inverse and f
has a right inverse. Since f has both left and right inverses, it must be an isomorphism.

Finally, to see that @y reflects isomorphisms consider an arrow f: X — Y in M, and
suppose that Qx¢(f) = [I,7y" o f] is an isomorphism in II(M). Then, by the first part
of this corollary, r{,l o f is an isomorphism in M, and therefore f also is. O

Remark 2.9. As in [19], the only step in the construction of Proposition 2.6 where sym-
metry, rather than just braiding, was used is in proving the naturality of the braiding of
II(M). It remains unclear whether this construction can be extended to braided monoidal
categories.

We conclude the section with another useful property related to the construction in
Proposition 2.6. This property corresponds exactly to Lemma 2.2 in [19], except that the
lemma in [19] is stated in the context of 2-groups; however, it is easily shown to work in
our context as well.

Lemma 2.10. Let M be a symmetric monoidal category, and Qg : M — IL(M) the associ-
ated functor described in Proposition 2.6. Then, for any arrow [A, f]: X =Y in TI(M),

the following diagram is commutative.

QM(f)J TQM(TY)

_—
Y @n A Yenooia Y @m I

Here, (4 = [A,0']: A — I, with £ being the left unitor.
3. Homotopy torsion theories

As mentioned in the introduction, our intention is to develop a new torsion theory
within the framework of homotopy torsion theories. In this section, we recall the essential
notions needed for this purpose (see [17] for more details).

We begin with the basic definition of category with nullhomotopies, first introduced
(in a slightly different form) by Grandis in [10].
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Definition 3.1. Let € be any category. A nullhomotopy structure © on € is given by the
following data.

1) For every arrow f in C, a set O(f), called the set of nullhomotopies on f;

2) for any triple of composable arrows - BN N -, a function

qe—ep: O(f) = O(qo fop)
such that the following axioms are satisfied.

(a) Given f: X — Y and ¥ € O(f), we have that
idy e eidx = 1;
f

(b) given a quintuple of composable maps - Ly L0 40 %y and given
¥ € ©(f), we then have that

(dog)ede(pop)=q e(qgedep)ep

A category with nullhomotopies is given by a pair (€, ©), where C is a category and
© is a nullhomotopy structure on C.

Given a category with nullhomotopies (€, ®), we say that a morphism f in C is ©-
trivial (or nullhomotopic) if ©(f) is non-empty. We say instead that an object in € is
O-trivial if its corresponding identity morphism is O-trivial. Finally, given two objects
X and Y in €, we say that X is ©-orthogonal to Y if for all arrows f: X — Y we have
that ©(f) is a singleton.

In this section, within a category with nullhomotopies (C, ©), we will use the following
notation to graphically represent a nullhomotopy ¢ on a map f,

as if ¥ was a 2-cell in a 2-category from f to a phantom O-arrow (of course, in general,
we may not be in a 2-category and we may not have a 0-arrow). Moreover, in light
of Axioms 2a and 2b of Definition 3.1, given maps f: X — Y and g: Y — Z, and
nullhomotopies ¢ € O(f) and ¢ € O(g), we write g ® ¢ for g @ ¢ @ idx and 1) e f for
idzetef.

Next, we introduce the natural notions of kernel and cokernel in this context, i.e. the
notions of homotopy kernel and homotopy cokernel.
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Definition 3.2. Let (€, ©) be a category with nullhomotopies, and let f: X — Y be an
arrow in C. A homotopy kernel of f with respect to © (or a O-kernel of f) is a triple
(K, k,9), where k: K — X is a morphism in € and ¢ € ©(f o k), with the property that
for any other triple (H,h, ¢), where h: H — X is a morphism in C and ¢ € O(f o h),
there exists a unique morphism h’': H — K such that koh/ = h and J e b/ = ¢.

We will sometimes just write K or k to denote the ©-kernel (K, k,¢). Of course homotopy
cokernels are defined dually.
A homotopy exact sequence in (€, 0) (or a O-exact sequence) will be given by a pair

of composable morphisms X oy % Z and a nullhomotopy ¥ € ©(g o f) such that
(X, f,9) is the ©-kernel of g and (Z, g,9) is the ©-cokernel of f.

We are now ready to define homotopy torsion theories.

Definition 3.3. Let (C, ©) be a category with nullhomotopies. A homotopy torsion theory
on (€,0) (or a O-torsion theory on C) is given by a pair (T,F) of full and replete
subcategories of € such that

1. given objects T in T and F' in ¥, then T is ©-orthogonal to F;
2. for every object X in C there exists a O-exact sequence

Tx —— X —— Fx,
X fx

with Tx in T and Fx in &F.
4. A nullhomotopy structure ® for monoidal categories

Let us now return to monoidal categories. In Sections 1 and 2 we considered two spe-
cial classes of (symmetric) monoidal categories—namely 2-groups and purely monoidal
categories—which could serve as the torsion and torsion-free objects in the new torsion
theory we are developing. However, to construct a torsion theory, we first need a notion
of trivial map and of exact sequence, and, naturally, we make use of the machinery just
described in Section 3: our goal is now to endow the category of (symmetric) monoidal
categories with a nullhomotopy structure, that is, to define a set of nullhomotopies on
any given (symmetric) monoidal functor.
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We know that between any two monoidal categories there always exists the con-
stant functor at the unit object of the codomain. While this functor is not a zero
(1-)morphism—since MonCat does not have a zero object—we will use it as a “refer-
ence trivial morphism”. Specifically, we will consider any functor naturally isomorphic to
it as trivial, and use these natural isomorphisms as nullhomotopies. More precisely, we
introduce the following definition.

Definition 4.1. Given any monoidal functor F': M — N, define the set
O(F) ={¢: F = Alx | ¢ is a monoidal natural isomorphism}

(where ATl is the constant functor at I). Given monoidal functors

) (AN v S SN, NN V1

and given ¢ € O(F), we define the composition
QegpePcOQFP),

having components

(QedeP)x =ey' 0Q(¢px)

for all X in M, where we recall that eq is the coherence map of ) defined in Section 1
(in other words, () ® ¢ @ P is the natural transformation obtained by vertically compos-
ing the horizontal composition idg o ¢ o idp with the constant natural transformation
eg s A(QIn) = Al : M/ = N).

Remark 4.2. It is easy to verify that the definition of © we have just given makes
(MonCat, ©) into a category with nullhomotopies. Clearly, if we restrict the definition
of © to symmetric monoidal functors, we get a nullhomotopy structure on SymMonCat
(which we still call ©), making (SymMonCat, ©) a category with nullhomotopies as well.

From now on, unless otherwise specified, © will always denote the specific nullhomo-
topy structure of Definition 4.1.

5. A O-torsion theory for symmetric monoidal categories

Thus far, we have established the key ingredients for our 2-dimensional generalisation
of the torsion theory on commutative monoids recalled in the introduction, as sum-
marised in the following table.
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Commutative monoids Symmetric monoidal categories

-
Trivial (=constant) maps == ©-trivial (=naturally isomorphic to constant)

functors

Abelian groups =  Symmetric 2-groups

Commutative pure monoids =  Symmetric purely monoidal categories

We now need to verify that these ingredients do indeed yield the desired result. We do
so in Proposition 5.2, after proving the following preparatory lemma.

Lemma 5.1. Let F: M — N be a (symmetric) monoidal functor between (symmetric)
monoidal categories. If N is pure, then O(F') has alt most one element. If in addition M
is a 2-group, then O(F) has exactly one element.

Proof. Suppose N is pure. If there exists a nullhomotopy ¢ € O(F'), then ¢ is unique. In
fact, for each object X in M, the map ¢x is an isomorphism between F'X and In. Since
I is weakly invertible, so must £'X be. Uniqueness then follows from the fact that in a
purely monoidal category, there exists exactly one isomorphism between any two weakly
invertible objects.

If, in addition, we know that M is a 2-group, then for every object X in M, we have
that F'X is weakly invertible in N (as X is weakly invertible in M); consequently, there is
a unique isomorphism ¢ x : FFX — I. The maps ¢x, for X in M, give rise to a monoidal
natural isomorphism between F' and Ay, where naturality and monoidality follow from
the uniqueness of isomorphisms between weakly invertible objects in N. O

Proposition 5.2. (Sym2-Grp, SymPur) is a ©-torsion theory on SymMonCat.

Proof. We need to verify that Axioms 1 and 2 of Definition 3.3 are satisfied.

Axiom 1 (©-orthogonality of symmetric 2-groups and symmetric purely monoidal cat-
egories) follows from Lemma 5.1. To prove Axiom 2, fix a symmetric monoidal category
M and consider the sequence

(M) M 2% (M), (5.3)
where Jyg: T'(M) — M is the inclusion of the Picard 2-group of M in M itself (see Defini-
tion 1.3), and Qnt: M — II(M) is the functor constructed in the proof of Proposition 2.6.
We already know that I'(M) is a symmetric 2-group and that II(M) is a symmetric purely
monoidal category. Thus, it remains to check that (5.3) is a ©-exact sequence (see Defini-
tion 3.2). Call (3¢ the unique nullhomotopy on Q4 o Ja. By uniqueness, its components
are given, for any object A in T'(M), by

(G)a=C=[A0": A= 1.
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We now outline the proofs of the required universal properties for the homotopy exactness
of (5.3).
First, we check that (F(M), Ints CM) is the ©-kernel of Q. Suppose we are given the

diagram
/m

TOM) —2s a0~ 1100

2

where F': £ — M is a symmetric monoidal functor, ¢ € ©(Qx o F) and the unnamed
arrows are constant functors at the units of the respective codomains. We need to prove
that there exists a unique symmetric monoidal functor F’: £ — I'(M) such that Jyc o
F’" = F and () ® I' = ¢. In fact, it suffices to show that F X is weakly invertible for
all objects X in £, and that F'f is an isomorphism for all morphisms f in £, so that
F' lifts to the Picard 2-group of its codomain. Uniqueness then follows from the fact
that Jy¢ is an inclusion, and the condition on nullhomotopies is trivial because there
can exist at most one nullhomotopy on any functor into a pure monoidal category by
Lemma 5.1. With this in mind, let X be an object in £. Then ¢x is an isomorphism
between Q¢ (F (X)) = F(X) and I in II(M). We thus have ¢ x = [A, u] for some weakly
invertible object A in M and some morphism u: F'X — I ® A in M. By Lemma 2.8, u
is actually an isomorphism in M, yielding FX 2 [ ® A & A. Given that A is weakly
invertible, FFX must be as well, as desired. Next, let f: X — Y be any morphism in
L: by the naturality of ¢ we obtain that ¢y o Qn(F(f)) = ¢x, from which it follows
that Qn(F(f)) is an isomorphism. Since @y reflects isomorphisms by Lemma 2.8, we
conclude that F(f) is indeed an isomorphism.

It now remains to check that (H(J\/E)7 Qi CM) is the ©-cokernel of Jy¢. Consider the
following diagram.

T(M) I M Qm (M)
7 JG /
N ¢

Here, G: M — N is a symmetric monoidal functor with a nullhomotopy % € O(G o Jy);
the unnamed arrows are the constant functor at the appropriate unit objects. We need
to show that there exists a unique symmetric monoidal functor G’: II(M) — N such that



M. Messora / Journal of Algebra 677 (2025) 372-393 387

G' o Qn = G and G’ e ()¢ = 9. The first condition determines G’ uniquely on objects:
given any X in M we must have G'X = G'(Qm (X)) = GX. To determine the action
of G’ on arrows, we rely on Lemma 2.10. Using this lemma together with the condition

G’ o (¢ = 1, it follows that for any arrow [A, f]: X — Y in II(M), G'([4, f]) must be
the composition of the following arrows in N.

GX — T Gy an A) — 1 Gy ey GA j
f GY®xva
GY @y In. GY
(rn)ay

(We also use the fact that the coherence maps mg and mg: must be equal, due to the
identity G = G’ o @Qx.) It is now routine to check that this uniquely defines G’ as a
symmetric monoidal functor satisfying the required properties. 0O

We conclude the section with a few observations.

Remark 5.4. By Corollary 7.8 in [17] we have that, viewed as 1l-categories, Sym2-Grp
is a coreflective subcategory of SymMonCat and SymPur is a reflective subcategory of
SymMonCat, thus confirming Remark 1.4 and completing the proof of Proposition 2.6.

Remark 5.5. The homotopy torsion theory of Proposition 5.2 features some interesting
2-dimensional aspects: the homotopy kernels and homotopy cokernels involved in Propo-
sition 5.2 can be shown to be particular instances of bilimits and bicolimits, respectively,
and the adjunctions mentioned in Remark 5.4 can, in fact, be extended to biadjunctions.
However, a fully 2-dimensional approach is still under investigation.

Remark 5.6. The intersection Sym2-Grp N SymPur of torsion and torsion-free objects in
the homotopy torsion theory of Proposition 5.2 is given by the category Z of (symmetric)
monoidal categories that are monoidally equivalent to the terminal monoidal category
1. Such categories are characterised by the fact that there exists exactly one morphism
between any two of their objects. Despite the fact that Z can be proven to be a reflec-
tive and coreflective subcategory of SymMonCat (and of MonCat), the ©-torsion theory
(Sym2-Grp, SymPur) is not a pretorsion theory in the sense of [9]. A simple way to prove
this is to observe that, unlike in the setting of pretorsion theories, ©-cokernels in this
case are not epimorphisms, as shown in the following counterexample.

Example 5.7. Let C = {1,—1} be the 2-element (multiplicative) group, and let M =
1o(C) and N = ¢1(C) (with ¢y and ¢; defined in Section 6). Notice that there exists a
unique (monoidal) functor H from M to N. Since M is a 2-group, it is easy to check that
in the ©-presentation of M



388 M. Messora / Journal of Algebra 677 (2025) 372-393

I

(M) M — N,

we have that T'(M) = M, and the category II(M) has two objects and exactly one arrow
between any two of them. There are exactly two functors from II(M) to N: one—call it
F—which maps the two non-identity isomorphisms of II(M) to 1 in N, and the other—

call it G—that sends them to —1 in N. We have that F o Qy = G o Qn = H and so
Q@ is not an epimorphism in SymMonCat.

6. Homotopy invariants

In this section we discuss how the “1-dimensional” torsion theory on CMon described in
the introduction relates to the homotopy torsion theory we developed on SymMonCat. We
consider three main ways to associate a commutative monoid to a symmetric monoidal
category: by taking isomorphism classes, by taking connected components, and by con-
sidering the endomorphisms of the unit object. We now examine how each of these
constructions interacts with the two aforementioned torsion theories.

We denote by v, w, j and ¢ the functors and natural transformations associated to the
torsion theory in CMon, forming for each commutative monoid M the exact presentation

y(M) s M (M),

with v(M) an abelian group and w(M) a pure commutative monoid.
Consider first the functor

K: SymMonCat — CMon

that assigns to each (small) symmetric monoidal category M the commutative monoid
KM, whose elements are isomorphism classes of objects in M, with the monoid operation
induced by the tensor product of M and the monoid unit given by the isomorphism class
of the unit object of M. One can readily verify that the functor K “commutes” with
the functors I and II, yielding a “homotopy-invariant” exact sequence of commutative
monoids associated to each symmetric monoidal category, as formalised in the following
proposition.

Proposition 6.1. Let M be a symmetric monoidal category. Then we have the following
isomorphism of short exact sequences of monoids.

KIM ——

K Jn KO kv

| |
1 1
KM - KM ——— wKM
IK KM
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If we call Pic(M) = KTM = yKM (this is the standard Picard group of M), and
Pure(M) = KTIM & wKM, then the short exact sequence of commutative monoids

Pic((M) —— KM —— Pure(M)

is a “homotopy invariant” of M, in the sense that symmetric monoidal equivalences
induce isomorphisms between the corresponding exact sequences.

Next, consider the following pairs of functors.

™0 ™1

R R
SymMonCat CMon SymMonCat CMon
~____— ~____—

Lo L1

o T assigns to each symmetric monoidal category M the commutative monoid 7o (M),
whose elements are the connected components of M, with the monoid operation
induced by the tensor product of M and the monoid unit given by the connected
component of the unit object of M.

e (o assigns to each commutative monoid M the discrete monoidal category to(M),
whose objects are the elements of M, with the tensor product and unit induced from
the monoid operation and unit of M.

o 71 assigns to each symmetric monoidal category M the commutative monoid 71 (M),
consisting of the endomorphisms of Iy, with the monoid operation given by compo-
sition and the unit given by idr,,.

17 assigns to each commutative monoid M the symmetric monoidal category ¢1 (M),
which has a single object whose endomorphisms are given by the elements of M.
Composition and tensor product in ¢ (M) are both simply given by the monoid
operation in M.

Applying mp or m; to ©-exact sequence of the form (5.3) does not yield in general exact
sequences in CMon. However the following holds.

Proposition 6.2. For any commutative monoid M, denote by My, the symmetric monoidal
category v, M, for k € {0,1}. We have the following natural isomorphisms of short exact
sequences, for k € {0,1}.

J T
WkFMk ﬂ-k( Mk) WkMk k(QMk) WkHMk
J L L
D 1 1
yM M wM
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Therefore, the short exact sequence associated to M in the torsion theory on CMon can
be recovered in two ways from homotopy exact sequences arising in the homotopy tor-
ston theory on SymMonCat. Furthermore, for any commutative monoid M , the following
equivalences hold: M is a group if and only if 1o(M) is a 2-group, if and only if v1(M)
is a 2-group; similarly, M is a pure monoid if and only if 1o(M) is a purely monoidal
category, if and only if 11 (M) is a purely monoidal category.

7. Another 2-dimensional torsion theory

In this work, we have developed a homotopy torsion theory on the 2-category of
symmetric monoidal categories starting from a classical torsion theory in the 1-category
of commutative monoids. In this final section, we aim to carry out a similar process,
but this time we start from the paradigmatic torsion theory on the category of abelian
groups, given by torsion and torsion-free abelian groups.

The most natural approach to this generalisation is to work in the 2-category Sym2-Grp
of symmetric 2-groups, as a 2-dimensional counterpart to abelian groups, while maintain-
ing the same nullhomotopy structure © of Definition 4.1, though restricted to symmetric
monoidal functors between symmetric 2-groups; we continue to refer to this restriction
by ©.

Let us begin by introducing some preliminary definitions.

Definition 7.1. Given an object X in a symmetric 2-group G, we say that X is a torsion
object if there exists a positive integer n such that X®" = [ (where the tensor power
X®" is defined recursively by X®! = X and X®(+1) = X @ X®™),

We say that a symmetric 2-group G is torsion if all of its objects are torsion; we say
that a symmetric 2-group G is torsion-free if for any torsion object X in G there exists
a unique isomorphism from X to [ in G.

We claim in the following proposition that torsion and torsion-free symmetric 2-groups
form a ©-torsion theory on the category on symmetric 2-groups.

Proposition 7.2. Torsion and torsion-free symmetric 2-groups (as defined in Defini-
tion 7.1) form a homotopy torsion theory on Sym2-Grp with respect to the nullhomotopy
structure © defined at the beginning of the section.

Proof. We sketch the main steps of the proof.

(1) Since the image of a torsion object under a symmetric monoidal functor is clearly a
torsion object again, it follows directly from the definitions of torsion and torsion-free
symmetric 2-group that ©(F) is a singleton for every symmetric monoidal functor F'
from a torsion symmetric 2-group to a torsion-free symmetric 2-group.

(2) Since an object isomorphic to the unit is necessarily a torsion object, it follows that
in a torsion-free symmetric 2-group, there is at most one morphism from any object
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to the unit. Consequently, ©(F) is either empty or a singleton for any symmetric

monoidal functor F' with arbitrary domain and a torsion-free symmetric 2-group as

codomain.

Let us fix a symmetric 2-group §. We can consider the full subcategory T(9) of its

torsion objects: clearly, T(G) is a torsion symmetric 2-group, and will serve as the

torsion part of G.

Consider the inclusion Tg: T(G) < §. Since we work in the category of symmetric

2-groups, we can directly apply the cokernel construction from [19] to obtain the ©-

cokernel Fg: § — ®(9) of Tg in Sym2-Grp. This construction is essentially the same

as the one we used in Proposition 2.6 and is more extensively described in [19]. Here,

we briefly recall the main features needed for our purposes.

o The category ®(9) has the same objects as G.

o A morphism from X to Y in ®(9) is an equivalence class [A, f], where A is an object
in T(9) and f: X - Y ® A is a morphism in G; we have [A, f] = [B,g]: X = Y
if and only if there exists a morphism ¢: A — B in G such that g = (Y ® ¢) o f.

e The tensor product of objects in ®(G) is the same as that of §.

We have thus obtained a sequence

T(9) —2 § — &(9), (7.3)

where Fg is a ©-cokernel of Tg. To complete the proof, it remains to show that ®(9)
is torsion-free and that Tg is the ©-kernel of Fg. We rely on the following property
(Ttem 6).

If an object X is torsion in ®(§) then it is torsion in §G. In fact, if X is torsion in ®(9),
then we have a positive integer n and a morphism [A4, f]: X®" — [ in ®(§), for some
map f in § and some object A in T(G). Therefore, by the definition of the arrows in
D(9), it follows that X®" 2 T ® A = A in §G. Since A is torsion in G, there exists a
positive integer m such that A®™ 2 I in G. Consequently, X®"m) = (X®”)®m =
A®™ =~ [ and so X is torsion in G.

To check that ®(9) is torsion-free, suppose that X is a torsion object in ®(G). By
Item 6, X is torsion in G, and so we can consider the isomorphism [X, €X_1]: X =1
in ®(9). Given two isomorphisms [4, f],[B,g]: X — I in ®(§), we have g = (I®)of,
with ¢ = fgogo f~' o', and therefore [A, f] = [B, g].

To verify that Tg is the ©-kernel of Fg, consider a 2-group H and a symmetric
monoidal functor F': 5 — G such that Fg o F' is ©-trivial. We only need to check
that for all X in H we have that F'X is torsion in G, that is, that F' actually takes
values in the full subcategory T(G) of G (in fact, the condition on nullhomotopies is
automatically satisfied thanks to Item 2, and uniqueness is ensured by the fact that
Tg is an inclusion). If Fg o F' is ©-trivial, then for all X in H, we have that FX =T
in ®(G). By Item 6, it follows that FX is torsion in G, completing the proof. O
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The torsion theory just introduced shares the same 2-dimensional properties men-
tioned in Remark 5.5. It is also well-behaved with respect to the functors mp and 7 (see
Section 6), meaning that by applying these functors to the ©-exact sequence (7.3) we
obtain exact sequences of abelian groups corresponding to two different torsion theories.
In particular, applying mo we get the classical presentation of the abelian group my(9) as
an extension of its (classical) torsion-free part by its torsion subgroup; applying m; we
get instead the trivial exact sequence 71(G§) =—— m1(§) — 0.
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