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Introduction

Motivation

Quantum batteries are a novel quantum technology designed to exploit quantum me-
chanical phenomena with the aim to outperform their classical counterpart. Classical
thermal devices, with a history spanning centuries, have seen continuous innovation
and theoretical development, driving their performance ever closer to their theoretical
bounds. Batteries, as devices for storing work for later use, originated in the 19th century,
with Alessandro Volta’s pioneering work. Since then, battery technology has evolved
through significant innovations, including lithium-ion technology and solid-state bat-
teries.

In contrast, quantum batteries are a relatively new concept, with foundational stud-
ies emerging only in the past decade. While it remains uncertain whether scalable, com-
petitive quantum batteries can be realized, the quantum scale offers both remarkable
opportunities and significant challenges. The pursuit of quantum computing exempli-
fies this duality, with decades of effort leading to the current Noisy Intermediate Scale
Quantum (NISQ) era. At this scale, noise and thermal fluctuations introduce errors but
also highlight the potential for quantum computers to outperform classical ones in cer-
tain tasks through quantum specific algorithms. Quantum batteries may follow a similar
trajectory, as their limitations and opportunities are carefully examined.

Research on quantum batteries focuses on addressing this two aspect brought by
the quantum scale, by following two key directions. The first aims to identify scenar-
ios where quantum effects improve performance and to determine optimal designs for
leveraging these effects. The second addresses the challenges posed by noise, quan-
tum fluctuations, and dissipation, which impact practical implementation. This thesis
aspires to contribute to this growing body of knowledge by studying memory effects in
dissipative quantum dynamics and developing active control techniques using quantum
measurements to optimize work extraction protocols.

Thesis overview

This thesis is organized as follows:

Chapter 1: Introduction to the modern postulates of quantum mechanics

We set the stage by reviewing the fundamentals of quantum mechanics, starting
from a modern formulation of its postulates and their role in establishing the math-
ematical framework of open quantum systems.

xiii
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Thesis overview

Chapter 2: Open Quantum systems

We present the theory of open quantum systems, describing how the interaction
between a quantum system and its environment affect its dynamics. This chapter
introduce the formalism of master equations and stochastic master equations for
systems under continuous environmental measurement.

Chapter 3: Quantum batteries and work extraction from quantum systems

We provide a characterization of the process of extracting work from a quantum
system consistent with the laws of thermodynamics and the framework of quan-
tum mechanics. Moreover, Landauer’s limit set the stage for configuring measure-
ment as a thermodynamic process able to perform work at a certain cost. We char-
acterize the role of measurement in this framework both in term of enhancement
to the work extraction, and its energetic cost.

Chapter 4: Charging a quantum battery in a non-Markovian environment: a col-
lisional model approach

We leverage a class of model known as collisional model to describe the interac-
tion between a quantum battery and a non-Markovian environment. We provide
evidence regarding the role of non-Markovianity in influencing the charging dy-
namics of quantum batteries.

Chapter 5: Daemonic ergotropy in continuously-monitored open quantum bat-
teries.

The daemonic ergotropy is the working definition of maximum work extractable
on average under the effect of a quantum measurement. We extend the definition
of daemonic ergotropy to continuously-monitored open quantum systems, and
provide boundaries condition to its minimum and maximum value. We analyze
our result on a paradigmatic model of qubit quantum battery.

Chapter 6: Daemonic work extraction via non-ideal QND-energy measurment
We characterize the maximum extractable work via either unitary operations and
thermal operations through a non-ideal QND-energy measurement. We character-
ize the energy cost of such protocol and describe the work gained from the protocol
in terms of its cost and a cost-free variation. We provide evidence that under cer-
tain conditions, this variation can be positive.



CHAPTER 1

Introduction to the modern postulates of quantum
mechanics

In this chapter, we review the fundamental tools of quantum mechanics, introduce its
postulates, and establish the notation that will be used in later sections.

Quantum mechanics is intrinsically a mathematical framework designed to describe
the inherent probabilistic nature of quantum systems. The building blocks for the theory
are its postulates, that encode the necessary assumption required to be able to predict
the behaviour of quantum systems.

Throughout this chapter, we will follow a modern characterization of quantum me-
chanics [6}[7], that will provide a minimal set of tools necessary for the discussions and
analyses present in the rest of this thesis. For a more comprehensive and rigorous treat-
ment of quantum mechanics we refer to 7,8, 9].

The chapter is organized as follows: in Sec. , we discuss the postulates of quan-
tum mechanics in its standard formulation, which provide an exact description on the
behaviour of closed quantum systems.

In Sec. we discuss the most suitable tools to describe interacting or open systems.

In Sec. we discuss the reason why the concepts introduced in the previous sec-
tion do not constitute a new set of postulates and how open system can be thought as a
part of a global closed system.

1.1 Closed quantum systems

1.1.1 States

As introduced, quantum mechanics is intrinsically probabilistic. This means that even
when a system is prepared in a fully known state, the outcomes of experiments carry
some degree of uncertainty. Consequently, the properties of a quantum system can-
not all be deterministically known simultaneously, even if its state is deterministically
known. Furthermore, the state itself may represent either a deterministic preparation (a
pure state) or a statistical ensemble of possibilities (a mixed state). The first postulate of
quantum mechanics defines the mathematical framework for describing these states.

The state of a quantum system is fully characterized by a unit vector in a separable
Hilbert space #. A Hilbert space is a vector space over the complex field C, equipped
with a scalar product satisfying the property

(BY|ag) = Bra(ple), V|),[¢) € H, Va, B €C, (L.1)

and is complete with respect to the norm induced by the scalar product. Separable means
that # has a countable orthonormal basis.



2 1.1 Closed quantum systems

Formally, a quantum state is not represented by a single vector in #, but by a ray,
an equivalence class of vectors that differ by a global phase factor. The term vector
is commonly used to refer to its associated ray, and this convention will be followed
throughout the thesis.

To describe closed systems, pure states expressed in terms of vector on a Hilbert
space are enough, so the classical formulation of the first postulates it is done in terms
of vector. However, it is useful to introduce the generalization to mixed state before
discussing the other postulates. To generalize, we can describe quantum states using the
density operator p, a more versatile mathematical object capable of representing both
pure and mixed states.

To rigorously define the density operator, we introduce some preliminary concepts.
The operators of interest in quantum mechanics are linear and bounded maps on #,

A 1 H — H. Operators that are also trace-class satisfy the condition

Tr[A] = (ejlAlej) < oo, (1.2)
J

where the sum is taken over the vectors |e;) that form a complete orthonormal basis.
The density operator p is a trace-class operator that represents a quantum state. It has
the following properties:

¢ Positivity: p > 0, meaning all its eigenvalues are non-negative.
e Normalization: Tr[p] = 1.
e Purity: Tr[p?] < 1.

When Tr[p?] = 1, the state is pure, and p reduces to a rank-1 projector (i.e., all eigen-
values are zero except for one). The quantity Tr[p?], is called the purity of the state, and
can be used to distinguish between pure (Tr[p?] = 1) and mixed states (Tr[p?] < 1). It
is bounded as & < Tr[p?] < 1, where d is the dimension of the Hilbert space. the up-
per bound is satisfied for pure states and the lower bound is satisfied for the maximally
mixed state p = 31,

1.1.2 Dynamics

The second postulate of quantum mechanics describes how quantum states evolve, specif-
ically addressing the dynamics of closed systems. In the most general formulation, it
prescribes that the evolution of states for closed system is obtained by applying a uni-
tary operator to the states:

¢ = Uly), (1.3)
or equivalently

o =UpU*. (1.4)
To be unitary, an operator has to satisfy UU! = I, with U being the adjoint of U.

This formulation refrains from making assumptions about the full dynamical behavior
of the system, providing only a prescription for relating the states of the system at two

IThe adjoint of an operator A is the unique operator defined by (| A¢) = (Atw|d), V), |¢) € H.
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specific points in time. For a more complete description of the dynamics, the postulate
can be recast in differential form, where the states evolves according to the Schrodinger
equation when written as a vector

L d A
ih2 10 (1)) = H(®)4 (1)) (1.5)

and the Von Neumann equation when written as a density operator

in oty = [A(0),p(1)]. (16)

In the equations above
e 7 is the reduced Planck constant

e H is the operator acting as the generator of the dynamics. It is an Hermitian oper-
ator (H = H') known as the Hamiltonian.

e [A, B]is the commutator between the operator A and B, defined as [A, B] = AB —
BA.

For simplicity, we will adopt natural units throughout this thesis, setting 7 = 1.

1.1.3 Measurement

The third postulate of quantum mechanics defines the process of measurement. In quan-
tum mechanics, there are two fundamental aspects of the measurement process: the sta-
tistical distribution of outcomes and the effect of the measurement on the quantum state.
Within the mathematical framework established by the postulates, measurements are
associated with a collection of operators { M, }, where the index n denotes the possible
measurement outcomes.

The most common type of measurement, which describes the effect of measurements
on closed quantum systems, is the Projection-Valued Measure (PVM). In a PVM, the op-
erators associated with the measure are projection operators M, = P,. These projectors
satisfy the following properties:

e PP, =0, mP,, ensuring that the operators P, are idempotent and orthogonal.
, g P P g

e 3, B, =1, indicating that the projectors form a resolution of the identity and span
the Hilbert space, a requirement for attributing statistical meaning to measurement
outcomes.

The measurement of a physical quantity is associated with a particular set of PVM
projectors encoded in a Hermitian operator, called the observable. The observable O

admits a spectral decomposition O = 3. 0;P;, where the eigenvalues o; represent a
possible measurement outcomes and are guaranteed to be real due to the Hermiticity
condition O = Of. In this formalism, each measurement outcome is associated with a
real number o; and a projection operator P;. These two elements allow us to describe
both aspects of the measurement process.



4 1.2 Composite quantum systems

When measuring the observable O on a system in a pure state [1/), the probability of
obtaining the outcome o; is given by

pi = (W), (17)
and the post-measurement state of the system is described by
Pily)
i) = ) 1.8
|i) N (1.8)

where the denominator ensures proper normalization of the state.
If the state of the system is mixed and represented by a density operator p, these
relations can be recast as:

pi =Tr {sz} ) (1.9)
PoP,
pi=—L (1.10)
Di

1.2 Composite quantum systems

In the previous sections we introduced the postulates of quantum mechanics, which
provides the mathematical framework for describing closed quantum system. In this
section we generalize the framework to describe composite quantum systems. We will
separately address the three elements at the core of the postulates: states, dynamics and
measurement.

1.2.1 Quantum states

Mixed states, introduced earlier in the context of state preparation, can also emerge natu-
rally from the dynamics of interacting systems. While pure states (described by vectors)
are commonly associated with closed-system dynamics, in the context of interacting sys-
tems density operators are used almost exclusively.

For two interacting quantum systems, each with its own Hilbert space H 4,H, the
space of the composite system is described by their tensor product Hap = Ha®Hp. The
overall system’s state p 4 g lives in this composite space, and the reduced state of the sub-
system A can be retrieved via the partial trace of the subsystem B as p4 = Trp [pap] =
> .{eilpaslei), where the vectors |e;) form a basis on Hp. If the two subsystem are un-
correlated, the composite state factorize to pap = pa ® p5.

1.2.2 Dynamics

The dynamics of interacting systems are described by Completely Positive Trace-Preserving
(CPTP) maps, rather than unitary operators. A CPTP map £ must fulfill the following
conditions:

e linearity: £[} ", pipi] = >, pi€|pi]

* completely positive: any extended map £ ® Zp must be positive on any extended
space H ® Hp
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* trace preserving: Tr [£]p]] = Tr [p].

CPTP map can be also written in Kraus form:

Elp) = > Kipk] (1.11)
k

where the { K}, } are a set of operator satisfying the relation 3", K’ ,IK i L. These properties
are necessary to preserve the statistical interpretation of the density operator, and in
particular the property of complete positivity help preserve the statistical interpretation
for the density operator on a larger Hilbert space.

1.2.3 Measurements

For measurements, Positive Operator-Valued Measures (POVMs) generalize Projection-
Valued Measures (PVMs). A POVM is a collection of positive operators {E,,} satisfying
Yon E, =1, without the restriction of being projectors.

To describe a post measurement state, it is also necessary to define a set of operators
known as instruments satisfying the relation £, = M M,. It is evident that such set of
operators are not unique for a given POVM. The post-measurement state when perform-
ing a given POVM depends on the way the POVM is applied, and different realization
leads to different post measurement-states even when the outcome is the same. This de-
gree of freedom is encoded in the freedom of choice for the set of operators that realize
the POVM.

The probabilities of outcomes and the resulting post-measurement states are given

by:

pi=Tr [pEi] : (1.12)
M;pM]
;i = %. (1.13)

1.3 Global closed system

Mathematical tools such as POVM and CPTP maps do not constitute new postulates of
quantum mechanics, nor are extension to the previous ones, but arise naturally from the
existing postulates. By extending the Hilbert space of an interacting system as necessary,
it is always possible to obtain a global system which is closed. In particular:

* Itis always possible to find a “purification” for a mixed state: Given a system # 4
in a mixed state p4, then it is always possible to find a space Hp and a pure state
|¥) € Ha ® Hp such that ps = Trp [|¢)¢|]. The vector |¢) is called a purification
of pa

e Stinespring’s dilation theorem affirm that if a system dynamics is described through
a CPTP maps, then it is always possible to find an extension to its Hilbert space
such that the dynamics of the composite system is unitary. To formalize, the effect
of any CPTP map acting on a space H4 on a state p4 can be written as £[p4]| =

Trg |U (pa  [)3)]) UT},with W) € Hp.



6 1.3 Global closed system

* Naimark’s dilation theorem affirm that a POVM can be realized as PVM on an
extended Hilbert space. More specifically any POVM on H 4 can be realized by
applying an unitary operation on an extended Hilbert #4 ® Hp space and per-

forming a PVM on the ancillary system {I ® P, }. The n-th outcome of the POVM
can be obtained with probability p,, = Tr [U (pa @ [YXo|) U (]I ® Pn)}

These theorems allow to trace back the description of an interacting system to the
description of a global closed system which is formalized in the postulates of quantum
mechanics we have described in Sec.



CHAPTER 2

Open quantum systems

In this chapter we review the theory of open quantum systems.

The term “open systems” refers to systems whose dynamics is not isolated but instead
influenced by interactions with external quantum systems. In this thesis, we will specifi-
cally use “open systems” to denote quantum systems that interact with an environment.
We will classify the different kinds of environments as follows: we use the term reservoir
for a system with an infinite number of degrees of freedom, where the frequencies of the
reservoir modes form a continuum, while we will use the term heat bath for a reservoir
in a state of thermal equilibrium.

The most well-understood class of open system dynamics exhibits Markovian behav-
ior. Originally developed in the context of classical stochastic processes, the concept of
Markovianity plays a critical role in open quantum systems, albeit with significant dis-
tinctions from its classical counterpart. A unique challenge in the quantum regime is the
lack of a universally accepted definition of Markovianity. Instead, a hierarchy of weaker
definitions are employed to characterize Markovian behavior [10}11}12].

For open quantum systems, the Markovian approximation is one of the central as-
sumptions required to derive the GKSL master equation (named after Gorini, Kossakowski,
Sudarshan, and Lindblad), commonly referred to as the Lindblad master equation [8} [13]
14]. This equation provides a framework to describe the dynamics of a wide class of sys-
tems. Outside the limits of this approximation, some results have been achieved, gener-
ally leading to a dynamics described by an integro-differential equation [15,[16}[17].

The dynamics of a system described by the Lindblad master equation are marked
by a continuous leakage of information into the environment. By performing measure-
ments on the environment, it becomes possible to retrieve partial information about the
system and condition its dynamics accordingly. However, as this constitutes an indirect
measurement, it is inherently inefficient, as not all lost information can be recovered.
Consequently, the measurement exerts only a weak influence on the system.

When such weak measurements are performed continuously in time, they give rise
to a stochastic process that produces random trajectories in the quantum state dynamics,
known as quantum trajectories. Various experimental setups have successfully observed
quantum trajectories, including superconducting qubits [18,[19, 20} 21], optomechanical
systems [22] 23, 24] and hybrid [25] systems. Recently, feedback protocols able to cool
mechanical oscillators have also been demonstrated [23 26} 27]. The theoretical frame-
work used to describe the dynamics of such quantum systems, which are influenced by
the back-action of environmental monitoring, is called the stochastic master equation.
In this framework, the differential equations that typically describe open quantum sys-
tems are augmented with stochastic terms to account for the randomness introduced by
measurement processes.
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Continuously-monitored open quantum systems [28}29] have been extensively stud-
ied from a theoretical point of view, mainly for feedback-assisted quantum state engi-
neering protocols [30} 31} 132|133} 34} [35] 36} 37} 38} 39, |40, 41}, 42 143 144],|45] and for quan-
tum estimation purposes [46} 47, 48, 49,150, 151} 52} 53, 154} [55] (56} 57, 58], 159 |60, 61} (62 [63]];
more recently their quantum thermodynamics properties have been also analyzed, be-
ing a paradigmatic example of out-of-equilibrium quantum systems [64} 165} (66, 67, [68]
69, 701161} 71}, 172,173}, 74, [75].

To explore these dynamics, we will exploit collisional models [76], a versatile class
of models widely used in the study of open systems, especially in the context of quan-
tum information [77], quantum optics [78] and quantum thermodynamics [79] 180, [81].
Collisional models not only can describe both Markovian and non-Markovian dynamics
[82], but provide a framework to smoothly swap from the former to the latter. These
models will serve as the foundation for deriving both the Lindblad master equation and
the stochastic master equations that arise under continuous monitoring.

This chapter is structured as follows: In Sec. we characterize Markovian dynam-
ics, introduce collisional models in their Markovian formulation, and derive the GKSL
master equation from both collisional models and a microscopic perspective.

In Sec. we derive the stochastic master equations that describe quantum systems
that are continuously monitored via either photo-detection and homodyne detection.

In Sec. we further discuss Markovianity in the quantum regime and introduce
measures of non-Markovianity.

In Sec. we present a collisional model exhibiting non-Markovian behavior and
derive an integro-differential master equation for its dynamics.

Finally, in Sec. we provide a brief summary of this chapter.

2.1 Markovian dynamics

In this section, we derive the Master Equation (ME) that describes the dynamics of an
open quantum system interacting with an environment under the Markovian approxi-
mation. We then extend this framework to show how the dynamics is described by a
Stochastic Master Equation (SME) when the system is continuously monitored through
measurements performed on the output field. The Lindblad ME is the most general
form of a Markovian ME, provided the generator of the dynamics satisfies the dynami-
cal semigroup property:

€t1+t2 - gtl o 5:&27 tl,tg Z O, (21)
=1 (2.2)

where &; is the dynamical map at time ¢ and 7 is the identity map. This semigroup
property serves as a working definition of Markovianity in the quantum regime.

To ensure the semigroup property holds, specific approximations are necessary, mean-
ing that any microscopic derivation of the ME from a Hamiltonian starting point in-
volves a set of assumptions. In all derivations, the Born approximation and the Markov
approximation are always required.

* Born Approximation: Assumes that the joint density operator of the system and
the environment can be factorized at all times, i.e., pior = ps(t) ® pe
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* Markov Approximation: The environment’s state remains unaffected by the sys-
tem and, if in equilibrium, is assumed constant.

These approximations are typically valid when the environment’s correlation func-
tions decay much faster than the characteristic timescales of the system’s dynamics. This
separation of timescales ensures that the environment “forgets” its interaction with the
system almost instantaneously, justifying the Markovian assumption.

While various derivations of the Lindblad ME exist under different physical assump-
tions, we will adopt the approach outlined in [83], which is inspired by collisional mod-
els (CM). These models offer significant insights into both the derivation of the ME and
its stochastic counterpart, the SME. To begin with, we will characterize the Markovian
collisional model, showing how simple assumptions about the evolution of the model
naturally lead to a Lindblad ME.

2.1.1 Markovian collisional model

Before studying the dynamics of open systems from a standard physical setting (i.e., a
microscopic model), we introduce the Markovian collisional model and derive the Lind-
blad ME.

Consider a system S interacting with a bath B,,, where the bath consists of a collection
of n uncorrelated auxiliary systems. The model follows these key rules:

¢ The system and the bath constituents are initially in an uncorrelated state:
T=pRpL®...).

* The dynamics proceeds through ordered “collisions,” i.e., short interactions be-
tween the system and a single auxiliary system in succession, with no couple of
system interacting more than once.

* No interactions occur between auxiliary systems.

These conditions are sufficient to enforce Markovianity in the system’s dynamics.
The dynamics is driven by the following unitary operator:

U, = e~ (Hom+Hon)at, 23)
where At is the duration of the collision, ﬁO,n = wgﬁs + H,, is the free Hamiltonian of

the system and the n-th ancilla, and H sn = ngm is the interaction Hamiltonian between
the system and the n-th ancilla. After n collisions, the state of the system is given by

pn =Trp, Un (pn—1® H)Uﬂ = Elpn—1] = €"[po], (24)
where the map ®,, = £" satisfies the semigroup property as in Eq. (2.1).

To derive the Markovian ME, we expand U,, to second order in At and evaluate
Apyp = ppt+1 — pn- This yields:

Ap, = —i ({ﬁ&pn} + Trp, {[ﬁsm,pn ® 77} }) At

N N 1r1ra
+ Tan {HS,”(IOTL ® n)HSJL - 5 [Hf',’rm pn ® 7]} +} At27 (25)
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where [121, B} = AB + BA, is the anticommutator. Defining the following quantities:
+

I:-’; - Tan {I:Is,nn} 5 (26)
. . 1res -
D[Lijlp=T (Li,jPLj,j ~3 [LI,jLi,japL) : (2.7)

with T' = ¢g?At and L; j = /p;{i|Vanlj), where p; and |i),|j) are the eigenvalues and
eigenvectors of the density operator i, we arrive at the discrete Markovian ME:

0 i [+ ) + S Dlkison 28)
i

To obtain the Markovian ME in differential form, we take the continuous-time limit. In

the discrete model, time is defined as t = NAt. The limit is taken by fixing ¢ and letting

N — o0, so that At — 0. Importantly, we require the rate I' to remain finite in this limit,

which necessitates a diverging coupling strength g.

To summarize, a collisional model is an open system model where the bath is com-
posed of an infinite number of auxiliary systems, each interacting (“colliding”) with the
system S in an orderly fashion, following a specific collision scheme. To ensure Marko-
vianity, and hence eliminate memory effects from the dynamics, additional rules are
imposed. These rules act as the collisional model equivalent of the Born and Markov
approximations. In the next subsection, we show how Markovian collisional models can
emerge from microscopic settings.

2.1.2 The Markovian master equation

For this derivation, we consider a generic setting where a system S interacts with a bath
of bosonic modes £, governed by the total Hamiltonian:

H=Hgs+ Hg + Hsg, (2.9)

where Hg is the system Hamiltonian (left generic), and the other terms are specified as:

Hp = / dw wb! by, (2.10)

0
g =i [ dwy/5) (ai)L - ATBW) : (2.11)
0 27T

where ¢ is a generic system operator, and b,, are bath operators known as input modes
satisfying the commutation relation:

b, bL,] = 6(w — ). (2.12)

In interaction picture with respect to ﬁo = H s + H £, we assume that the system
operator ¢ appearing in the interaction Hamiltonian (2.11)) acquires a phase

é(t) = e~ iwo(t=to) (2.13)
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As a consequence, one can easily prove that the interaction Hamiltonian now reads
Hop(t) = ive (éBI - éTI;t) . (2.14)

where we defined time-dependent input modes:

1 R )
by = Ner- /W dw by,e~(@—wo)(t=to) (2.15)

In the equations above, wy is the characteristic frequency of the system and ¢; is the
initial time where the Schrodinger and interaction pictures coincide. For a Markovian
dynamics, we assume the bath spectral density x(w) is constant over a bandwidth W =
[wo — 0, wp + 0], ie., k(w) = k within W and zero outside.

This model can be interpreted as a continuous collisional model, with modes acting
as auxiliary systems. To provide a more recognizable representation, we proceed by dis-
cretizing time to recover the familiar discrete collisional model derived above. For more
detail on this procedure, we refer to [78]. We discretize time by setting ¢t = NAt, with
discrete time steps ¢,, = nAt. Using the Suzuki-Trotter formula, the unitary evolution
operator is approximated as:

Ut)= lim Uy ---Un, (2.16)

N—o0

where each discrete step involves time-bin modes defined as:

R 1 tn R
n=—— dt'by. 2.17
A ), 4t (2.17)
The unitary operator for each step reads:
U, = e~iVrAH(eb,—elbn) (2.18)

which describes discrete interactions between the system S and time-bin modes as aux-
iliary systems. From this discrete model, we can derive the ME by transitioning from
discrete to continuous time as before.

To derive the continuous collisional model directly, we must address the commutator
algebra of time-dependent modes, which is inconsistent with that of a harmonic oscilla-
tor. It is necessary to construct an operator describing the input mode that aligns with
the harmonic oscillator’s annihilation operator. This allows us to reinterpret the mode
as such, enabling the environment to be described as a collection of harmonic oscilla-
tors, each serving as an auxiliary system in the collisional model. Effectively, for 6§ > «,

(b, 131,] = 0(t —t'), which is not well defined for ¢t = t’. Conversely, the modes for the dis-
crete time-bin modes defined in Eq. (2.17) serve as well-defined annihilation operator for
an harmonic oscillator, satisfying the appropriate commutator algebra [én, IA)L,] = On,n’-

To construct the input mode for the time-continuous collisional model, we consider
the infinitesimal equivalent of Eq. (2.17) by proceeding as follows. First, we integrate the
modes over finite intervals:

R t+5t .
Sby = / At'by, (2.19)
t
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leading to a finite commutator:
[0b¢, 6b]] = T6t. (2.20)

In the limit §¢ — dt, we define properly normalized operators:

. 1 o
dbt = btdt, Bt = 7dbt (221)
Vvdit

With this new definition for the input modes, the commutator algebra
[Bt, B ] —1 (2.22)

is compatible with that of annihilation operators of quantum harmonic oscillators, al-
lowing us to define an Hilbert space associated with each mode, so that each mode can
be reinterpreted as an auxiliary system for the collisional model.

The interaction Hamiltonian remains consistent, and we assume an initially uncor-
related state, that remain uncorrelated due to the separation of the timescales (Born-
Markov approximation):

T(t) = p(t) @ pu, (2.23)

with p; = |0), (0| for simplicity. We clarify here that the label ¢ is used to refer to the
time mode corresponding to the system {B,}. The state evolves over an infinitesimal
time step via the unitary:

U(t, t + dt) = e~HHsp(®)dt, (2.24)

We can expand U (t,t 4 dt) to second order

Ut,t+dt) ~ 1o 1+ (é@BJ — AT®Bt) Vidi+

+ % ((é*)2 ® B2+ (BN —éloBiB —éfew Btf}j) kdt (2.25)
to compute
p(t +dt) = Trp, [7(t + dt)], (2.26)
where
T(t4dt) = U(t, t + dt)(p(t) © p)U(t, t + dt)T. (2.27)

Performing the calculation yields:

T(t+dt) = p(t) @ |0}, (0] + v/ (ép(t) ® [1), (0] + pct @ [0), ,(0]) Vdt+
+ o (ep(t)et @ 1), (1)) di+

+ 2 (V2ito(t) 12), 0] — &lep(t) © [0), (0] + hc.) dt, (2.28)

| =
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from which we can perform the trace over the environment
plt + dt) = p(t) + kép(t)etdt — g [efe. p(t)] , dt. (2.29)

Recalling the definition in Eq. we can rewrite the equation in differential form as

O _ epiepi) (2:30)

where the Hamiltonian term is missing due to being in interaction picture.

2.2 Continuously monitored quantum systems and stochastic master
equations

The derivation of the Lindblad ME from a collisional model provides a clear framework
for describing Markovian dynamics of open quantum systems. However, the standard
formulation involves tracing out the degrees of freedom of the environment, leading to
an averaged evolution for the system. In scenarios where the environment is continu-
ously monitored, the system’s dynamics is conditioned on the measurement outcomes,
resulting in stochastic trajectories rather than deterministic evolution.

This framework, often referred to as the stochastic master equation (SME) [28) [29]
84, [83], extends the Lindblad description by incorporating the effects of measurement-
induced randomness. Depending on the type of measurement performed on the envi-
ronment, different SMEs can be derived. For instance, photo-detection leads to quantum
jump trajectories, while homodyne detection results in diffusive stochastic behavior.

In this section, we derive the SME using the collisional model as a starting point.
By replacing the partial trace over environmental degrees of freedom with specific mea-
surement operations, we outline the derivations for the two common cases of photo-
detection and homodyne detection. This approach not only highlights the connection
between measurement-based dynamics and open quantum system theory but also em-
phasizes the physical principles underlying the stochastic evolution of quantum states.

2.2.1 Photo-detection SME

For the case of continuous monitoring with a photo-detector, the auxiliary system is
projected onto the Fock basis, {|n), ,(n|}. Given the environment initially in the ground
state, the only possible outcomes for an infinitesimal update are either photon emission
|1), ; (1] or no photon emission |0), ,(0|. The state updates are treated separately for these
outcomes.

When no photon is emitted, the conditional density operator evolves as

K

Pyt +dt) = (0] 7(t + dt) 0), = p°(t) — 5 [p(t),é'e] | at, (2.31)
with the probability of no emission given by
po(t +dt) = Tr[p§(t +dt)] = 1 — w(cle),dt, (2.32)

where we used (¢7¢), = Tr [p.(t)éél].
Using the outcome probability to normalize the state returns

p(t+dt) = p°(t) — g’H [67¢] pe(t)at. (2.33)
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where H[A]p = Ap + pAt — (A + At)p.
Similarly for the case when a photon is detected, we obtain the following equation
for the unnormalized state, the probability outcome and the normalized state

A5+ dt) = (1p,| 7(t +dt) [1p,) = wép®(t)é'dt, (2.34)
pr(t +dt) = Tr [p§(t + dt)] = k(cTé),dt, (2.35)
(k4 dt) = & "0 (2.36)

(efe)e
The relations for the density operator conditioned by the two different outcome can
be written as one by introducing a Poisson increment dV;. A Poisson process [V, is a
stochastic process that models the occurrence of random events over time. It is charac-
terized by a rate A(¢), which represents the average number of events per unit time.

Over an infinitesimal time interval d¢, the probability of more than one event occur-
ring is negligible, while the probability of a single event occurring is proportional to
A(t)dt. Consequently, the infinitesimal increment dNV; can only take the values 0 or 1,
with probabilities determined by the rate A(t).

The probability for a detection to occur in our setup is given by E [dN;] = py (¢ +dt) =
k(ete),dt.

The equation for the updated conditioned density operator can now be rewritten as

dp®(t) = p°(t + dt) — p°(t) (2.37)
— AN (05t + dt) — p°(1) + (1 — dN)) (i (E+dt) — (), (2389)
which can be further simplified by discarding terms of order higher than d¢
épc(t)et
(cte)

When averaging over the conditional state, the unconditional state dynamics is again
described by a Lindblad ME.

dp(t) = —ng[eTé]pCdt + ( — pc(t)> dN;. (2.39)

E [dp°(t)] = D[¢]p(t)dt. (2.40)

Averaging over all the trajectories coincide with discarding the outcome of the mea-
surement, thus allowing to retrieve the state unconditioned by the their effect. The tra-
jectories arising from the measurement are also said to constitute an unraveling of the
unconditional state p(t) = E[p°(¢)].

In real-world scenarios, detection may not be perfect, with a certain portions of pho-
ton going undetected. We model this inefficiency in term of a probability n € [0, 1] of
performing the measurement. This modifies the dynamics such that only a fraction 7
of photon events are registered, while the remaining fraction contributes to the non-
selective evolution.

The SME for the process can be derived starting from the Lindblad ME and splitting
the generator as

dp(t)

—q = mDldp(?) + (1 = mrDIEp(t), (241)
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where now only the first term unravel due to the measurements. By proceeding as be-
fore, we can obtain the SME for inefficient photo-detection

epc(t)et
(efe)
It is important to notice, that efficient SMEs ( = 1) preserves the purity of the initial

states, so if the initial state is pure, then the SME reduces to a Stochastic Schrodinger
Equation (SSE). For a conditional state vector |¢°(¢)), the SSE can be written as

dpc(t) _ 7% Atar,.c
TR 27—[[0 clpdt +

- pc<t>) AN+ (1 - meDlp(t).  (242)

dfpe(t)) =

d etey, —eéfe L f c _
+5 ((¢'¢) )dt+<mld1v>]|¢<t>>, (2.43)

where now (¢fé); = (°(t)| &Té [ye(t)).

2.2.2 Homodyne SME

Homodyne detection involves measuring the environment by projecting it onto the un-
normalized eigenstates {|z4), ,(xs|} of the quadrature operator

Bg = —= (ei‘)Bt +e 0 ) . (2.44)

Here, § determines the measurement basis, allowing us to measure a particular com-
bination of the annihilation and creation operators. The unnormalized conditional state
after measurement is given by

pe(t+dt) = (zg| o(t + dt) \x9>t . (2.45)

To proceed, we expand the unitary evolution operator U to o(v/kdt), which is suffi-
cient to recover the term up to order o(xdt).

Noticeably, before the update the probability distribution for x4 is a Gaussian with

variance 1 and zero mean P,,(t) = \t<x9|0>t|2 = #e—zﬁ' We proceeds to explicitly

compute the unnormalized state
Pt +dt) = Py, (1) | p°(t) + (e0°(1)e™ + p°(t)ete ™) zmov/2ndt } +o(Vrdt)  (2.46)

and the propability of the update

2
P, (t +dt) = Tr [p°(t + dt)] = %exp - <x9 —y/ F”;it( 0 4 cte?y, ) . (247)

To interpret this result, we introduce a new stochastic increment dy; and define the
photocurrent I(t), which relates directly to the measurement outcomes:

dy, = I(t)dt = V2dtzy = Vr(ce®? + éTe™),dt + dwy, (2.48)

where dw, is a Gaussian random variable with variance d¢ and mean E [dw;] = 0. The
photocurrent itself can be written as
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I(t) = k(e +éfe™ ), +£(1). (2.49)

where ¢(t) = 9% is a white noise term. Thus, the photocurrent is proportional to the
measured quadrature plus some noise

The quantity dw; is known as the Wiener increment. It represents the infinitesimal
evolution of the corresponding continuous-time stochastic Wiener process. A key prop-
erty of the Wiener increment, following Itd’s lemma, is that (dw;)? = dt. This imply that,
while dwy is a random variable, its square is deterministically equal to d¢.

The normalized state update can now be expressed compactly as

p°(t) = VEH[ee®]p¢ (t)dwy + o(Vkdt). (2.50)

To recover higher order terms, it is enough to notice that the average over all possible
outcome should return the Lindblad ME, similar as it was in the case of photo-detection
where we obtained Eq. (2.40), and recalling that the Wiener increment has zero mean and
that dw? is deterministic because of the It6’s lemma, the SME for homodyne detection is
trivially

dp®(t) = KD[E|p°(t)dt + /rH[ee™]p° () dwy. (2.51)

In the case of inefficient detection, we can once again use the method of splitting the
ME in two part and only unravel the term proportional to 1

dp°(t) = kD" ()t + iTRH[ee]p° (£)du. (2.52)

An extension of this framework is heterodyne detection, where both quadratures of the
field are measured simultaneously. This requires using two jump operators:

L ey = 2.53
N (2.53)

which allow us to write the SME for heterodyne detection as:

¢l =

dpe(t) = kDJE)p()dt + \/Ema} pe(t)dw + \/Eﬂ[ié] p°(t)dw® (2.54)

(1) (2)

where dw, ’ and dw,™ are uncorrelated Wiener increments corresponding to the two
photocurrents
Ay = /2@ + ey dt + aw M (2.55)
dy'® = \/n/2 (ic —iet), dt + dW 2. (2.56)

During the derivation of higher-order terms of the homodyne SME, it was assumed
that the unconditional dynamics of the system correspond to a Lindblad ME. Equiva-
lently, the homodyne SME can be regarded as an unraveling of the Lindblad ME. This
property holds true for homodyne SMEs with any number of jump operators. Conse-
quently, both the homodyne SME and the heterodyne SME satisfy the condition:
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E[dp°(t)] = «D[dp(t)dt. (2.57)

Similar to photodetection, the SMEs for homodyne and heterodyne detection with
unit efficiency, starting from an initial pure state, reduce to a Stochastic Schrodinger
Equation (SSE). The SSE for homodyne detection is given by:

d|ye(t)) = { [_m - g (efa —(e+éehe+ W)] dt

+Vk <c - <C+20T>> dwt} e (L) . (2.58)

2.3 Non-Markovianity

In quantum dynamics, the Markovian approximation assumes that a system'’s evolution
is memoryless, meaning its future state depends solely on its current state. This simplifi-
cation holds when the environment lacks long-lasting correlations or when the coupling
between the system and the environment is weak. However, in many realistic scenarios,
this assumption fails, leading to dynamics characterized by non-Markovian behavior.

Non-Markovianity refers to the presence of memory effects in a quantum system,
where past interactions between the system and its environment influence its future
evolution. These memory effects often arise in cases of strong system-environment cou-
pling, structured reservoirs with finite size, or environments with slow relaxation times.
Consequently, the system’s dynamics deviate from those predicted by the widely used
Lindblad ME.

We began this chapter by exploring the significance of Markovianity in open quan-
tum systems and describing Markovian dynamics via the GKSL ME. In this section, we
turn our attention to a deeper characterization of both Markovianity and non-Markovianity.

Classically, Markovianity is formally defined for a (discrete) stochastic process X,
with ¢ > 0. The joint probability distribution of the random variables X up to a time ¢,,
is given by

P(X,,, X, L Xo). (2.59)

n_13""*

Using Bayes’ theorem, this can be rewritten as

P(Xy, , Xin-1,-..,X0) = P(X¢,[Xtn-1,--.,X0)P(X¢,_,5---,Xo). (2.60)
A stochastic process is said to be Markovian if it satisfies
P(X¢, | Xin-1,--.,Xo) = P(Xy, [Xin-1), (2.61)

which formalizes the idea that the future state of the process depends only on its present
state.

For open quantum systems, however, this classical definition cannot be directly ap-
plied. While it is technically possible to define a joint probability distribution for mea-
surement outcomes o, of a given observable O at different times, such distributions do
not fully characterize the underlying quantum stochastic process. Therefore, they do not
allow us to infer all the relevant properties of the dynamics.



18 2.3 Non-Markovianity

Alternative approaches to define Markovianity in quantum systems include meth-
ods based on dynamical maps or the nature of system-environment interactions. In the
first approach, rooted in the concept of divisibility, Markovianity is defined through the
semigroup property described by Eq. (2.I). This notion implies that the dynamics can
be split at any intermediate time point, and the evolution beyond this point depends
only on the system’s state at the point itself. Memory effects from earlier times are not
required. Dynamical maps that belong to this semigroup are an example of completely
positive (CP)-divisible maps.

2.3.1 Measuring non-Markovianity

In Lindblad-like dynamics, information continuously flows only from the system to the

environment, reflecting the memoryless nature of Markovian processes. In contrast,

non-Markovian processes are characterized by an exchange of information, where some

information initially lost to the environment returns to the system. This backflow of in-

formation provides a useful foundation for defining and measuring non-Markovianity.
One widely used approach [85] involves the trace distance, defined as

1 1
D(p',p*) = 5llp" = p’ll = 5 T [\/(p1 — )T (ot - p2)] . (2.62)
The trace distance D(p', p?) quantifies the distinguishability between two quantum states
p! and p?. It satisfies D(p!, p?) = 0 if the states are identical (p* = p?) and D(p!, p?) =1
if they are orthogonal. Importantly, completely positive trace-preserving (CPTP) maps
are non-increasing with respect to the trace distance:

D(E[p'],€[p*) < D(p", p?). (2.63)

This property ensures that, under Markovian dynamics, the distinguishability between
any two states decreases monotonically over time.

A natural definition of Markovianity emerges: a quantum process is Markovian if
the trace distance between all possible pairs of initial states decreases monotonically for
all times. Conversely, any non-monotonic behavior of the trace distance indicates the
presence of non-Markovianity.

To quantify the “degree” of non-Markovianity, one can sum over all intervals where
the trace distance increases. This measure is proportional to the total backflow of infor-
mation. Formally, we define:

d

op(t) = aD(pl(t% P(2)), (2.64)

and the measure of non-Markovianity as

Nerp = max/ dt JD(t). (2.65)
op(t)>0

pl.p?

The pair of states (p', p?) that maximizes N are known as optimal pairs. An important
simplification result is that these optimal pairs lie on the boundary of the state space and
are orthogonal [86].

Another perspective on non-Markovianity arises from the so-called geometrical mea-
sure [87]. For any finite n-dimensional quantum system, a generic state p can be written
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as
1 n?—-1
=—1|1 aba | 2.
p=q |1 X e (2.66)

where 7, € R, and {G,} are the Hermitian traceless generators of SU(n). For n = 2,
these correspond to the Pauli matrices. The vector r, with components {r,}a=1, . n2-1,
is called the generalized Bloch vector.

Under a quantum map &, the dynamics of r becomes an affine transformation:

r(t) = A(t)r(0) + g(t), (2.67)

where A(t) is a (n? — 1) x (n? — 1) real matrix, and q(t) is a real vector. The matrix
elements of A(t) are given by

Auslt) = Tr [GailGil . (2.68)

and A(t) typically includes rotations and contractions (or dilations) of the Bloch vector.

The set of accessible generalized Bloch vectors defines a volume V' (¢) in state space.
For Markovian dynamics, the volume of accessible states contracts monotonically due to
the positive linear trace-preserving nature of the map. Specifically, the effect of the map
on an infinitesimal volume element d"V is given by

A"V (t) = |A()]|d"V (0), (2.69)

where |A(t)] is the determinant of A(¢). A dilation occurs whenever |A(t)| > 0, signaling
non-Markovian behavior.
Using 04 (t) = % |A(t)], we define the geometrical measure of non-Markovianity as

Ngeo = / dtoa(t). (2.70)
oa(t)>0

2.4 Non-Markovian collisional models

To showcase the behaviour of non-Markovian dynamics, we will discuss a non-Markovian
formalization of collisional models.

There are a few ways in which it is possible to derive anon-Markovian collisional
model. In here, we will display the non-Markovian collisional model obtained when
ancilla-ancilla collision are allowed. Moreover, we will show a particular collisional
model with ancilla-ancilla collision where a continuous time limit exists and it is pos-
sible to derive a integro-differential non-Markovian ME.

This non-Markovian collisional model can be derived from the Markovian case. We
recall that, in the Markovian case, the evolution of the density operators is dictated by
Eq. (2.4), a sequence of unitary operations and partial traces of the composite state of the
model. To induce memory effect, we add an ancilla-ancilla collision at each step between
the auxiliary system that collided at the previous step, and the auxiliary system that will
collide at the successive step.

We introduce the following notation for simplicity: U[o] = UoU't and T; = Tr; [0].
Here, the operator ¢ represents the system-environment composite state, as defined in
Sec. and Tr; denotes the trace over the i-th auxiliary system’s degree of freedom.
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The dynamics of the collisional model with the new interaction take the form
On = nflwn,nflo-nfl (271)

To derive the non-Markovian collisional model that results in a non-Markovian ME
in the continuous-time limit, we employ the incoherent partial swap as the ancilla-ancilla
interaction, defined as:

Wn,n,—l = (1 - p)I+pS'n,7L—1 n>2, (272)

where the operator S,, ,,_; swaps the state of the n-th ancilla with that of the (n—1)-th
ancilla.

The two limiting cases, p = 0 and p = 1, are particularly interesting. In the former
case, the ancilla-ancilla interaction is the identity map, so the states of the two systems
remain unchanged, and we recover the Markovian collisional model as before. In the
latter case, if we denote with F the map of the collisional model with a perfect ancilla-
ancilla swap (p = 1), and take advantage of the properties of the swap operator, we find
that

pn = Fu [po] = Ty [Un/) ®m(UH"|. (2.73)

The structure of the equation above reinforces the idea that, by continuously swapping
the state of the incoming auxiliary system with that of the previous one, the dynamics
become equivalent to two systems continuously interacting. This ultimately results in a
closed dynamics up to the time ¢,,.

To obtain a master equation for any value of p € [0, 1], we can proceed by induction
from oy to o, to compute the joint density matrix at the n-th step, obtaining

n—1

on = (1=p) > _ P U[on_j]+p" U o0]. (2.74)

j=1

Tracing over the ancillas, we find the equivalent to the discrete ME for this collisional
model

n—1
pn=(1=p)Y_ P Filpn_jl + 0" Fulpo]- (2.75)

j=1

From here it is possible to derive a continuous ME.

The limit is approached differently than in the Markovian case. In fact, it can be
numerically verified that, as the collision time ¢ — 0, the dynamics do not converge
to a well-defined continuous-time limit. This can be understood as follows: The ancilla-
ancilla interaction happens throughout a time-duration At, over which the two auxiliary
systems are swapped with a swap probability p. If we keep fixed the value of p, while
decreasing the time interval, we are actually increasing the frequency of swaps between
ancillae, thus changing the dynamics. To keep the dynamics fixed while decreasing the
time interval, we need to define a swap rate I'" to keep fixed while allowing p to change
with the time interval.

Therefore, to obtain a continuous ME, we rewrite p as p = e~ 2!, making its explicit
dependence on the collision time clear. Then, in the limit I'6t <« 1, where p =~ 1 — I'dt,
we can derive

rA

d ¢ , d d
=T | /0 dt'e " F(t) th(t - t’)} + e*“&f(t)[po] (2.76)
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2.5 Summary

* When a system is affected by its environment, its dynamics is no longer closed
and unitary. Finding an equation to describe the dynamics of an open system is
generally complicated.

However, one such case where this is possible is when the system displays Marko-
vian behavior. Under this condition, it is typically possible to derive a master equa-
tion for its dynamics, known as the Lindblad master equation.

¢ Information loss from the system into the environment can be retrieved by mon-
itoring the outgoing field. In these cases, the backaction from the measurement
affects the system, so its state will be described by a stochastic process.

The case of photo-detection can be described through a Poisson process, while
homodyne detection is described by a Wiener process. In both cases, a SME arises,
whose average is the Lindblad master equation.

* While the Markovian approximation is extremely important for describing open
quantum systems, Markovianity is a difficult concept to transpose to the quantum
regime. Unlike the classical case, there are multiple weaker definitions of Marko-
vianity in this regime, rather than a single, unified definition.

Through these definitions, it is possible to characterize witnesses of non-Markovianity
that allow us to measure and quantify the amount of memory in a specific dynam-
ics.

* Collisional models are a versatile tool that allow us to display both Markov and
non-Markov dynamics. A collisional model is a way to describe system-environment
interactions in terms of short collisions between the system and a set of auxiliary
systems acting as the environment.

The collisional scheme for each model characterizes its properties, allowing us to
derive either a Markovian or non-Markovian model by altering the scheme. In
some cases, it is possible to take a limit for continuous time evolution, transitioning
from dynamics described by discrete maps to a continuous-time master equation
for the system.






CHAPTER 3

Quantum batteries and work extraction from quantum
systems

The extension of thermodynamic concepts to the quantum regime began in the second
half of the 20th century. A seminal contribution in this field was the work of Scovil and
Schulz-DuBois [88]], which established a parallel between quantum systems and thermal
machines by modeling a three-level micromaser as a quantum heat engine.

This work laid the foundation for a framework for incorporating thermodynamic
principles into quantum mechanics, which naturally includes generalizing the laws of
thermodynamics to the quantum regime. Although certain aspects remain debated,
early results on the first law in weakly coupled open systems were established in [89].

For the second law, development arose outside the scope of quantum mechanics. As
the interest shifted from the thermodynamic behavior of macroscopic systems at equilib-
rium to microscopic systems out of equilibrium, this transition spurred the development
of stochastic thermodynamics, a framework that rigorously examines thermodynamic
quantities at the level of individual trajectories. Central to this field are the fluctuation
theorems.

The first fluctuation theorem was introduced by Evans and collaborators [90], fol-
lowed by rigorous proofs [91] and further generalizations [92, 93]. Prominent results
include Crooks’ fluctuation theorem [94] and the Jarzynski equality [95], which link
nonequilibrium processes to equilibrium free energy differences.

Fluctuation theorems provide a detailed understanding of entropy production in
small systems, demonstrating that while entropy production can be negative for indi-
vidual realizations, its average always remains positive. These theorems quantify the
likelihood of observing time-reversed processes relative to their forward counterparts,
revealing an exponential suppression of such events. Importantly, the second law of
thermodynamics emerges as a corollary of these results. Most importantly, these results
also apply to quantum mechanics

Another significant research avenue concerns the energetic cost of information pro-
cessing. Initiated by Landauer’s principle [96], this work explores the connection be-
tween computation, energy dissipation, and heat generation. Landauer’s ideas were
later contextualized with Maxwell’s demon and Szilard’s engine [97], bridging ther-
modynamics and information theory. This interplay has since evolved into a unified
framework, particularly in the quantum regime, where concepts like the thermody-
namics of quantum measurements and information processing remain active areas of
research [98}[99] 100|101} 102} 103]. Key developments include the second law of infor-
mation thermodynamics [104], which incorporates informational contributions to work,
and its recent rigorous generalization [105].

In recent years, attention has turned to the potential of quantum systems as energy-
storing devices, initiated by Alicki and Fannes [106]. Their work demonstrated how
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entanglement and other quantum effects can enhance the performance of energy storage
and extraction. Significant progress has been made in exploiting collective quantum
effects to boost charging power and efficiency [107] 108|109} 110} 111].

However, considerable effort has also been devoted to understanding these processes
in more realistic open-system settings, addressing challenges like decoherence, dissipa-
tion, and non-Markovian effects [5,[1}[112,113][114,[115}/116].

In this chapter, we will review these foundational concepts and introduce the quan-
tities and relations necessary for the discussions in subsequent chapters. Our focus will
be on defining work in the quantum regime, for both closed and open systems, and ex-
amining the impact of measurements on work extraction and energy costs.

This chapter is organized as follows: In Sec.[3.Tjwe provide a characterization of work
extraction through different types of operations: unitary operations, typical of closed
systems, and thermal operations, used when an environment is available to achieve a
higher level of work extraction.

In Sec. we provide the context that motivates the writing of this thesis, reviewing
some important results on quantum batteries.

In Sec. we explore the role of quantum measurement in enhancing work extrac-
tion through both unitary and thermal operations.

In Sec. we justify the boost in work extraction by quantifying the expected work
cost of measurement, contextualizing these results in terms of the laws of thermodynam-
ics, especially the second law. Finally, we provide a general framework that allows the
analysis of both the gain in work extraction and the work cost of measurement.

Finally, in Sec. we provide a summary of the key concepts of this chapter.

3.1 Quantifying work extraction from quantum systems

In this section we will address the problem of quantifying the amount of extractable
work from a quantum system. For our purpose, we will consider two slightly different
contexts.

First, we will address how to quantify the amount of work we can extract from a
closed system, and then we will extend to the case where the system can interact with a
heat bath. It will be possible to notice, that while in the second case the interaction with
an environment may lead to dissipation, in general protocols involving open system
dynamics achieve an higher potential in terms of work extraction.

3.1.1 Work extraction from closed system

A fundamental consideration in studying work extraction from closed quantum systems
is that they evolve through unitary operations, which are inherently non-dissipative. In
this context, the first law of thermodynamics

dE = dW + dQ 3.1)

is simplified since d@) = 0.

As we are mostly concerned with extraction, from here on we will consider positive
the work performed by the system. For a finite-size quantum system with Hamiltonian
Hy and initially in a generic state po, the amount of work extracted through a unitary
process U is

Wy = E(po) — E(UpoU") 3.2)
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where E(p) = Tr {ﬁop].
To quantify how much work we can actually extract from the state po, formally, we
would need to solve the following optimization problem

g(po) = max WU, (33)
U

where the quantity £ that maximize the amount of work extracted through a unitary
operation is known as “ergotropy” [117].

A key concept for understanding ergotropy is the notion of passive states. Formally,
a passive state satisfies

pp: Ir {ppffo} <Tr [UppﬁTfIU} VU, (3.4)

so it represent a state of minimum energy for which no unitary can actually decrease its
energy. Given a generic active state, there are two known contributions to the ergotropy
[118]: a coherent contribution and an incoherent one.

The coherent part of the ergotropy is determined by the coherences of the state in the
eigenbasis of the free Hamiltonian. The consumption of the coherences enables work
extraction from the state; thus, unitary operations that reduce coherence determine the
extraction of coherent ergotropy. The incoherent part, on the other hand, is obtained by
minimizing the energy associated with the population distribution of the states.

Since unitary operations cannot alter the eigenvalues of the density operator, this
minimization is achieved by rearranging the population such that the energy is mini-
mized. Specifically, the highest eigenvalue aligns with the lowest energy eigenlevel of
the Hamiltonian, and so forth.

From this characterization, it is evident that a passive state is diagonal in the energy
eigenbasis, with its eigenvalues ordered accordingly, while an active state is character-
ized by either a population inversion along the diagonal or the presence of coherences.

It is evident then that the unitary operation that maximizes the work extraction is the
unitary that send py to its passive state. Since unitary operations preserve the eigenval-
ues of a density operator, we proceed as follows. Given the spectral decomposition of
the state pg

pPo = ZTj |7“j><’l“j‘ , T1 Z ) Z (35)
J

and the spectral decomposition of the Hamiltonian H,

Ho :ka |Ek><€]€|, €1 §€2 § (36)
k

where, without loss of generality, we set the lowest eigenvalue equal to zero, the corre-
sponding passive state reads

pp = rileiNesl (3.7)
J
which can be obtain by applying the unitary operation

U=>le;)ril. (3.8)
j
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This allows us to directly compute Eq. as

Elpo) = Y mien (I{rilen)® = 0 (39)
j.k

It can also be useful to write the ergotropy in terms of the more familiar non equilibrium
free energy Fp

1
Falp) = Ep) = 55(p), (3.10)
where S(p) = —Tr[pln(p)] is the Von Neumann entropy. Because unitary operation
preserve the entropy of the state, we can write
1 1
E(po) = E(po) — E(pp) = E(po) + BS(PO) - ES(pO) — E(pp)

= Fs(po) — Fa(pp), (3.11)

where we used S(po) = S(pp). In this equation, 3 is a free parameter with no particular
physical interpretation.

In the particular case of a qubit, Eq. can be further simplified. The ergotropy for
a generic state py can by written in term of the components of its Bloch vector (6;) =
Tr [podi]

E(po) = S (I(0)] + (62)). (3.12)

where we have defined the quantity |(6)| = \/(6.)2 + (6)% + (62)>.

In the case of a qubit with Hamiltonian Hy = (wo/2)6,, which is commonly consid-
ered in the literature, we can further rewrite the formula above in terms of the energy
and the purity. We recall that the purity of a qubit state is equal to

1t

p(p) = Tr[p?] 5 (3.13)

5o we can rewrite the ergotropy as

E(p) = Elp) + 3 V/2(p) = 1. (3.14)

We also point out that in general, a passive state is not completely passive, meaning
that the n-fold product p" is not guaranteed to be a passive state with respect to the
n-fold sum of its Hamiltonian. The only type of passive state that are also completely
passive are the Gibbs state [119] 120} 121].

Gibbs states are a specific subset of passive states that satisfy additional conditions
compared to other passive states. By definition, a Gibbs state minimizes energy while
maintaining a fixed von Neumann entropy. Unitary operations also preserve the von
Neumann entropy, but they form a subset of all entropy-preserving operations and, in
particular, cannot alter the eigenvalues of the states to which they are applied. Entropy-
preserving operations that allow eigenvalue rearrangement can further minimize energy
by redistributing the eigenvalues to follow the Maxwell-Boltzmann distribution.

As systems grow in size, their spectral density approaches a continuum. In such
cases, simply rearranging the eigenvalues can achieve the Maxwell-Boltzmann distribu-
tion, thereby further reducing the energy.
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For smaller system, only relying on unitary operations does not allow the extraction
of all the available work except in specific scenarios. Notable cases where all the work
in a system can be extracted through unitary operations (and where the passive state the
system reaches is effectively the Gibbs state) include:

e Systems initially in a pure state, where the associated passive state is trivially the
ground state, allowing all the energy initially in the system to be extracted as work
(a more detailed characterization of this statement will be provided in Chapter 5).

e Two-level systems, for which all passives states are thermal states.
¢ quantum harmonic oscillators in an initial Gaussian state

As we will discuss in the next section, however, there are other operations that can be
employed to extract the remaining work in all other cases.

3.1.2 Work extraction with thermal operation

This subsection extends the previous framework by relaxing the requirement that the
system remains closed, while retaining the condition d@ = 0.

By allowing a broader class of operations, the extractable work is expected to increase
or, at the very least, remain unchanged. Introducing an auxiliary system enhances work
extraction, with the heat bath being an optimal choice for such a system.

The class of operations that we will consider is known as thermal operations [113,
122],[123]]. Thermal operations refer to energy preserving global unitary transformations
that act jointly on a system and a heat bath.

Consider a system S with Hamiltonian fIs initially in the state pg , and a heat bath
in the Gibbs state p§ = exp{—fH.}/Z, with Z = Tr[exp{—fBH.}], where j is the in-
verse temperature of the bath and Hj, its free Hamiltonian. Since the bath is in a com-
pletely passive state, the work extractable from system S can be evaluated through the
ergotropy of the composite system.

E(ps @ pg) = Falps @ pf) — Fs((p5 ® P8 )p)
= Fs(p @ pF) — Fa(p @ pf) + Fa(ps @ pf) — Fal(p§ @ pf)p)

1 1
= =S(p511r5) — =S((§ @ pF)pllrs ® p§)

B B
< 3S(51165) = Fo(of) = Fotf), 3.15)
where
S(plT) =Tr[p(lnp —InT)] (3.16)

is the relative entropy. To distinguish the different definitions, we denote by W3 the work
extracted from system S via thermal operations, which satisfies the following relation

Ws(p§) < —AFs, (3.17)
where we defined

AFg = Fs(p5) — Fs(p5)- (3.18)
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This bound, derived in this particular way in [113], is equivalent to the bound that in
[124] was derived for a particular work extraction protocol. The protocol 1nv01ves a
sudden quantum quench, that is a change of the Hamiltonian H, — H s = ln 05,
followed by a quasistatic isothermal process during which the system is kept in contact
with the bath, ultimately reaching pg . The bound is saturated in the limit where the time
corresponding to the second step of the protocol goes to infinity.

Interestingly, YWs has a minimum if one considers the heat bath at a temperature g*
corresponding to a thermal state with the same von Neumann entropy of the initial state
of the system, that is for 8* : S(p5) = S ( .). Notably, the work extracted via ther-
mal operations serves as an upper bound for the ergotropy. Even at its minimum, WWg
remains greater than or equal to the ergotropy, with equality occurring only when the
eigenvalue distribution of the density operatorp, follows a Maxwell-Boltzmann distri-
bution.

Throughout the thesis, the generic term "'work’, denoted as W, will refer to either the
ergotropy £ or the work extracted through thermal operations Wjg, with the exception of
when it is used as an upper bound, where naturally the definition of W3 will be assumed.
In cases where the term "work’ pertains to classical driving, it is understood to follow the
classical definition.

3.2 Quantum Batteries: Concepts and Progress

Since their conception in [106], quantum batteries have emerged as a vibrant area of re-
search. This pioneering paper initiated the discussion on the role of quantum resources
in charging quantum batteries, i.e., quantum systems functioning as energy storage de-
vices. The enthusiasm surrounding quantum batteries has been driven by several moti-
vations. Many researchers have focused on understanding whether quantum phenom-
ena can lead to performance enhancements, determining optimal protocols for charging
and discharging, exploring whether global operations are necessary or if local operations
suffice, and investigating the relationship between uniquely quantum properties—such
as quantum correlations—and the performance of such devices.

For others, quantum batteries serve as ideal testbeds to examine thermodynamic
properties of quantum systems in various contexts, particularly in energy extraction.
Thermodynamics in the quantum regime remains a relatively novel field with many un-
explored concepts, and quantum batteries offer a promising platform for advancing this
research. For example, as systems under scrutiny become smaller, thermal and quantum
fluctuations play increasingly significant roles.

The role of fluctuations on work extraction is one active area of research. Some sem-
inal results [125) 126} 127, (128, 129} [130] suggest trade-offs between maximum power,
process efficiency, and the extent of fluctuations, even if violations are found under cer-
tain conditions [131].

Mitigating work fluctuation might still be a desirable in the context of quantum bat-
tery for a more stable work output, even at the cost of maximum power extraction. Some
results in this direction includes [132}, 111}, [133].

Another motivation lies in understanding the role of measurement and its impact
on thermodynamic frameworks, which we will explore in the next section. Studies of
quantum batteries can deepen our understanding of thermodynamic quantities such as
work, heat, and entropy generation, while also improving our ability to account for the
energetics of other quantum devices, such as quantum computers.

Real-world quantum technologies are rarely isolated from external noise and dissi-
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pation, so quantum batteries in an open system setting are referred to as Open Quantum
Batteries (OQB). Environmental interactions often lead to energy loss and decoherence,
which is why research in open quantum batteries explores how to mitigate dissipative
effects, optimize energy retention, and even utilize controlled dissipation as a resource
for tasks such as charging or enhancing energy transfer.

Additionally, open quantum battery models provide a valuable framework for study-
ing the interplay between quantum thermodynamics and non-equilibrium processes,
shedding light on how open systems can still achieve high performance under realistic
conditions.

Potential applications of quantum batteries remain an open question, with various
hypotheses being proposed despite the nascent stage of this research. For instance, cer-
tain quantum technologies may require energy transfer mechanisms achievable only at
energy or time scales accessible to quantum systems. These unique modalities could
represent a distinct advantage of quantum batteries.

This section provides a brief overview of key milestones in the field. For a more
extensive review, we refer to [134]. While ergotropy is a crucial metric for characterizing
the performance of quantum batteries, other concepts such as power and efficiency also
play important roles.

In the following subsections, we introduce these concepts, discuss quantum advan-
tages offered by quantum batteries, examine the literature on OQB and analyze a par-
ticular model of OQB that will be useful in subsequent chapters. Finally, we discuss
experimental implementation concerning quantum batteries.

3.2.1 Key figure of merits

The performance of quantum batteries can be evaluated using several metrics:

* Ergotropy: The maximum amount of work extractable from a quantum state via
unitary operations, as defined in Eq. (3.3).

* Capacity: The maximum work that can be added to a quantum state through uni-
tary operations is called the anti-ergotropy [135]. Formally, it is given by:

A(po) = min Wy, (3.19)
U

where Wy represents the work associated with a unitary transformation. The ca-
pacity [136] of the battery, is defined as the difference between ergotropy and anti-

ergotropy

Cp) = E(p) — Alp). (3.20)
and describes the the maximum amount of work passing through the battery dur-
ing a charge-discharge loop.

* Efficiency: In open systems, efficiency is typically defined as the ratio of work

gained by the battery to the total work input:
£
Wa ’
where W is the classical work cost of driving the device [137]. While not fully
capturing the amount of work performed during a protocol, the ratio

&
== 22
R=2, (322)

n= (3.21)
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is also considered in the literature as a measure of efficiency for the charging of
open quantum batteries [5]. The value of R is directly related to the purity of the
system’s state. As will be shown in Chapter[5} pure states allow for the extraction
of all their energy as ergotropy when the zero for the energy is set to the energy of
the system’s ground state, leading to the ratio achieving its upper bound (R = 1).
For any mixed state, the ratio is lower. A notable example is the maximally mixed
state, which maximizes the energy content while having zero ergotropy.

* Power: Power quantifies the rate of work extraction and can be expressed either
instantaneously, P(t) = $W(t), or as an average over a protocol duration, (P), =

t
W, /.

3.2.2 Quantum Advantage

A significant focus of research has been identifying the quantum advantages of protocols
that exploit quantum effects compared to purely classical ones. The pioneering work
by Alicki and Fannes [106] suggested that optimal work extraction from a composite
quantum battery (consisting of N cells) requires entangling operations.

Subsequent studies [138] demonstrated that optimal work extraction is possible
without generating entanglement, provided that at least two-body operations are al-
lowed. However, this comes at the cost of reduced power output due to longer trajecto-
ries in state space.

To quantify the advantage in power, the ratio between maximum quantum power
and classical power is often considered [108]:

r— P (3.23)

Various studies have demonstrated scalable power advantages with quantum protocols,
where power scales superextensively for different types of Hamiltonians [107, 108,139,
140), [109), [14T].

For example, in [142], it was shown that for a Hamiltonian with k-body interactions,
the scaling is oc vk, where « is independent of £ and N. Models exhibiting superex-
tensive scaling include the Dicke model model [109] 143]], the Sachdev-Ye-Kitaev (SYK)
model [144][145], and spin chains [146}[147| [148].

In the Dicke model, investigated by Ferraro et al. [109] and experimentally demon-
strated by Quach et al. [143]], the power scaling of charging can be enhanced when Two-
Level Systems (TLSs) are charged collectively (with all TLSs coupled to the same cavity)
or in parallel (each TLS coupled to its own cavity). In the collective case, the scaling with
the number of cells NN is proportional to (P), o< Nv/N, whereas in the parallel case, the
scaling is linear in N.

Similar superextensive scaling is observed in the SYK quantum battery model [144]
145]], while in spin chain models, the scaling can reach up to V 2 [146].

Using a geometric approach, Julia-Farre et al. [110] derived an upper bound for

maximum power:
P(t) < \/AEL(t) (), (3.24)

where AFE%(t) is the variance of the battery Hamiltonian, and Ix(t) is the Fisher infor-
mation which relates to the speed of the charging process in energy eigenspace. They
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identified two contributions to AE%(¢): a diagonal term causing linear scaling and an
entangling term that can produce superlinear scaling.

This distinction helps classify advantages as quantum (from entangling contributions
to the variance AE%(t)) or collective (from the informational quantity I(t)). Using their
framework, they demonstrated that the advantage in the SYK model is due to non-local
correlations and is therefore of quantum origin, while the advantage in the Dicke model
is collective.

As of today, an optimal model for quantum batteries is still not identified, with all
models actually under scrutiny presenting their own advantages and limitations. The
Dicke model and the spin chain that show a collective or quantum advantages face chal-
lenges to preserve their advantage in the thermodynamic limit (N — o). If the cavity in
the Dicke model scales in size such that the ratio N/V is kept constant, with V being the
volume of the cavity, then the system does not display any superextensive scaling.

The collective advantage relies on the requisite that as the number of TLSs in the
system increases, the size of the cavity remain fixed,which aligns well with typical ex-
perimental setups, given the significant size disparity between a cavity (~ c¢m) and the
atoms contained within it (~ pm).

The limitations of spin chain in the thermodynamic limits are linked to the need
for realizing entangling global unitary for an increasing number of sites. In the model
proposed by [146], this could be achieved in the limit of strong nearest-neighbor inter-
action, leading to an effective Hamiltonian that realizes N-body interactions. However
the perturbative nature of this Hamiltonian causes the effective interactions to vanish in
the thermodynamic limit, resulting in a decline in power scaling as the system grows in
size.

While the SYK model might appear to be an ideal framework for quantum batteries,
supporting a quantum advantage in the thermodynamic limit, it should be noted that,
among all the systems under investigation, no experimental platform capable of fully
realizing this model currently exists.

At present, both the Dicke model [109] and the spin chain model [146] serve as
valuable testbeds for exploring quantum advantage in finite-sized systems, outside the
thermodynamic limit [143].

3.2.3 Open Quantum Batteries

From the ideal case of closed quantum systems, introducing an interaction with an en-
vironment in the dynamics of a quantum battery leads to a significantly different frame-
work. This framework is characterized by both the detrimental effects of environmental
interactions [137,[115}/5[149] that can spurs idea in developing control strategies to coun-
teract the impact of noise [150] 151} [152] , and the opportunities they present, such as
leveraging the environment to assist charging [[116}[153}[154], or conditioning the battery
state via environmental measurements [2}[112].

More importantly, a realistic thermodynamic framework necessitates the inclusion of
irreversible operations [[155]], as idealized reversible scenarios fail to capture key thermo-
dynamic properties.

The study of open quantum batteries (OQB) interacting with Markovian environ-
ments has been extensive and remains one of the most comprehensively explored sce-
narios [5} 137, [156]. Open-system dynamics introduce dissipative effects such as deco-
herence and thermalization, which can hinder battery performance.

A considerable research effort has been devoted to mitigating environmental effects
and stabilizing the charging process [153} 112} [157| [158]].
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Models of quantum battery charging typically fall into two categories:

* Direct Environment Interaction: The battery interacts directly with an environ-
ment, often with an initial charge or an applied drive.

* Charger-Mediated Interaction: The battery exchanges energy via an auxiliary sys-
tem called a charger.

In the context of open quantum batteries, this distinction gains further importance as the
charger mediates both the energy exchange and environmental effects.

A Markovian charged-mediated open quantum battery In [5], the authors investigate
several charger-mediated open quantum battery models interacting with a Markovian
environment. Among these, the qubit-qubit battery-charger model serves as an instruc-
tive case study and a benchmark for subsequent analyses.

The model involves a composite system where both the battery and charger are ini-
tially in their ground states.

The qubit B represents the quantum battery itself, with free Hamiltonian Hp, =

(wo/2)6'%), and it interacts with another qubit C that corresponds to the charger, via an
energy-exchange interaction

5 (B) ~(C)

ﬁBC:g(J_ o AiB)

+é &—@) . g>0. (3.25)
The Hamiltonian for the charger is the sum of two terms, ﬁc = IA{qo + ﬁdrive, where
fIC’O = (wo/ 2)&§C) is the free Hamiltonian of the charger, while

I;[drive =« (e_iWOta—S»C) + e+iw0t5_(70)) 5 o> 0 (326)

represents the driving of the charger qubit, injecting energy in the system via a laser
driving at frequency wp.

In [5], the charger is subjected to an amplitude damping due to the interaction with
a memoryless environment at finite inverse temperature 3, with dumping rate . By

going to the interaction picture with respect to the Hamiltonian Hy = Hp ¢ + Hc o, the
dynamics of the battery and charger state is described by the Lindblad equation

do _

o = —ilHpo. )l + 1 (Nu(8) + ) D o+ 5 (N(8) D6 V)p, (327)

where
e = g (6617 +61P6) + as@, (3.28)

and N, is the mean number of bath quanta at frequency wy given by the Bose-Einstein
distribution

1
exp{f~lwo} — 1"

Analytical integration of this equation yields expressions for figures of merit such as
total energy and ergotropy of the battery. For instance, when the driving term is absent

Ny(B) = (3.29)
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(oo = 0), energy can be deposited in the battery, but no ergotropy is generated:

= woNy(B), (3.30)

=0, (3.31)

a=0
where N; is the average fermionic occupation number

1

Ny () = exp{Blwo}+1

(3.32)

In the zero-temperature regime with high damping (x > «) and specific parameter tun-

ing (o = \/ (V2 + 1)/2g ~ 1.09g), the system achieves maximum ergotropy:

V2 -1
2

gmam(OO) = Wy ~ 0207(4}0 (333)

3.2.4 Experimental Progress

While still in its infancy, the literature on quantum batteries includes some early experi-
mental results. Various platforms have been leveraged to study the processes of charging
and discharging quantum batteries, among which all quantum computing platforms are
suitable for such experiments.

Superconducting circuit represents an an ideal platform to simulate the Tavis-Cummings
(TC) model [159], as it has coherence lifetime long enough to experiment with different
charging or discharging protocols, and can be scaled enough to verify eventual collec-
tive effects. One of the first examples of a physical realization of a quantum battery
was presented in [160], which used a superconducting system as the platform. In this
study, the battery model consisted of a single qutrit coupled to a single-mode cavity. Asa
single-cell battery, it did not allow for the study of quantum advantage or superextensive
effects. However, it successfully demonstrated the experimental feasibility of charging
and discharging protocols. Further studies on superconducting qubits were conducted
on platforms like IBM Q, as reported in [161] and [162]. Of these, one [163] involve a
protocol related to what will be discussed in Chapter.

An important milestone in the field provided experimental proof of superextensive
power in [143], where the authors used an optical cavity containing organic dye molecules
acting as two-level systems (TLS). This setup offered a physical implementation of the
Dicke model. By varying the dye concentration, the authors could adjust the number of
battery cells in the system, enabling a demonstration of power scaling with the number
of cells. Organic materials for such setups can be different, based on the desired prop-
erties of the system. In their experiment, the authors were able to study the charging
protocol for the TLSs, and demonstrate the superextensive scaling, however, they were
unable to show controlled discharge of the battery due to fast radiative emission.

A possible solution to address this issue can be achieved by designing an ensembles
of TLS made of different materials. In a more recent work [164], the authors propose a
QB based on the Dicke model with a multi-layer microcavity, with an absorption layer
and an acceptor layer of dyes. The absorption layer is responsible for the absorption of
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light, while the acceptor layer is responsible for energy storage. Choosing the dye ma-
terial appropriately, the authors results suggest that this configuration allow to greatly
enhance the stored energy density and self-discharge time, while only minimally affect-
ing charging power.

The Dicke model can be realized also through inorganic microcavities with semi-
conductor nanostructures such as quantum dots and quantum wells coupled to optical
microcavities [165]. Semiconductor nanostructures display properties that are highly
tunable by optical fields, which can be exploited to fine tune the light-matter interaction.
This makes this kind of platform ideal for the implementation of precise charging and
discharging protocols. A first experiment based on quantum dots is due to Wenniger
and colleagues [166]. In their work, the authors were able to quantify the amount of
work that could be extracted from the system and used to drive an external field.

To simulate spin chain system, platform such as nuclear spin can be leveraged. In
a first endeavour, a QB has been realized by Joshi and colleagues [167], using nuclear
spin located on central atoms, interacting with surrounding spins acting as the chargers.
The authors used different molecules and were able to investigate different charging
protocols and estimate the ergotropy of the system. Notably, as it was based on only a
single spin, no collective effect could be investigated.

All of these implementations, while still limited in scale, represent significant progress
and provide a foundation for future investigations, offering a first step toward validating
theoretical predictions. Collective effect are still to be validated over most platform, as
only a single experiment realized on an organic microcavity [143] were able to provide
demonstration of superextensive scaling. Improvements in terms of designs, to increase
the storage time, and develop controlled charging and discharging protocol are being
proposed.

3.3 Daemonic work extraction

Informational thermodynamics explores the thermodynamic consequences of informa-
tion processing [168, 169, 170} 171].

The field has its conceptual roots in Maxwell’s demon, a thought experiment by
James Clerk Maxwell, which posits that acquiring and utilizing information can have
thermodynamic implications beyond the classical laws.

Maxwell proposed a thought experiment involving a sentient being, later referred to
as the demon, capable of observing gas particles and acting based on their velocities.
The setup consists of a box of gas divided into two compartments, with the demon con-
trolling a gate between them. By selectively opening the gate for faster-than-average
particles heading to one side and slower particles to the other, the demon could create a
temperature gradient, seemingly violating the second law of thermodynamics.

Modern interpretations frame the demon’s actions as measurements and feedback
operations [124] [172] [173] [174], where it measures particle velocities and uses the out-
comes to direct its actions.

The apparent paradox was resolved in the mid-20th century during the rise of infor-
mation theory. Landauer’s principle provided a physical basis, asserting that the erasure
of information in an irreversible process generates a corresponding amount of heat [96]].
This principle established a direct link between informational and thermodynamic irre-
versibility, establishing the physical role of information.

Experimental validation of Landauer’s principle, previously impossible due to limi-
tations in controlling microscopic systems, has emerged in recent decades. These exper-



Quantum batteries and work extraction from quantum systems 35

iments involved a single colloidal particle in a double well [175], trapped ultra-cold ion
[176], and nuclear spins [177].

Following the idea behind Maxwell’s demon, it is possible to enhance the extractable
work from quantum system on which it is possible to perform measurements. In this
section, we explore enhancement that can be achieved to the work extracted through
either unitary or thermal operations.

Analytically, both the ergotropy and the work extractable from thermal operations
are convex functionals. This means that if a state can be expressed as a convex combina-
tion—i.e., decomposing a mixed state into its components such as

p=> Dk (3.34)
then the following inequalities hold:
E(p) = prpr) <Y prlpr), (3.35)
a k
Ws(p) = WB(Z PrpPk) < Zpng(pk). (3.36)
a k

According to these relations, on average, it is possible to extract more work from
the individual states that compose the ensemble p than from the mixed state itself, by
optimizing the extraction for each components instead of optimizing it for the average.

This property can be exploited in the context of quantum measurement. Quantum
measurements directly influence the thermodynamics of a quantum system through two
mechanisms: the back-action effect of the measurement and the informational process-
ing aspect. Measurement back-action unravels the system’s state into a convex combi-
nation of post-measurement states, where each component corresponds to a state condi-
tioned on a specific measurement result.

Taking advantage of this enhancement is often considered a form of feedback control
technique, as to extract more work the optimal extraction protocol must also be condi-
tioned by the measurement outcome. This approach leverages the informational aspect
of measurements, using the knowledge gained to tailor operations to each outcome.

This concept of extracting work by performing a measurement and utilizing the ac-
quired information to optimize subsequent operations shares similarities with the func-
tioning of Maxwell’s demon.

The enhancement to the work extraction due to measurement has been interpreted in
term of one of the known fundamental resource of quantum inforamtion theory: quan-
tum correlations[178, 179} (180, (181} 182} 183, 184, 185 186 [187].

In particular, correlations allow the acquisition of information to perform the feed-
back operation through indirect measurement. The role of correlation as a possible re-
source for work extraction is still debated, including in this context what role have clas-
sical correlations compared to quantum ones.

In the following we quantify the amount of work that can be extracted by indirect
measurement and relates the gain obtained in term of the amount of correlations in the
systems examined and their nature.

3.3.1 Daemonic ergotropy

The concept of measurement-enhanced ergotropy, or daemonic ergotropy, was introduced
in [173] to describe the boost in work extraction enabled by correlations with auxiliary
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systems.

g We consider the following setup. A bipartite system consists of a main system S
with Hamiltonian H,, initially prepared in a joint state p5# with an auxiliary system A.
Without having access to the auxiliary system, the maximum amount of work that can
be extracted from S is given by the ergotropy of its reduced density operator, i.e.,

p° =Tra [p5] (3.37)
E(p%) = E(p®) = Tt | HUuuip UL (3.38)

ext
in accordance with what described in Sec.

If it is possible to perform measurement on the auxiliary system, the result changes
as follows. Applying a POVM {IIZ} on the auxiliary system conditions the state of the
system S accordingly, with the conditioned state given by

1 e
pla = T [pSA(ns ® 4] (3.39)

where
Pa = Troa[0®(1° ® f[f)} (3.40)

is the probability to obtain the outcome a.

The ergotropy of the conditional state p°l¢

is expressed as:
E(p°1) = B(p™'*) = Tr | H,Uap™ U, (3.41)

where U, is the unitary operation that optimizes work extraction for the measurement
outcome a.

The daemonic ergotropy, defined as the average over all possible measurement out-
comes, is given by:

Eay = Y _pal(p*1%) (3.42)
= B(p%) = Y paTr | HUap"0 (3.43)

where we used the linearity of the trace to simplify the first term.

If we consider the spectral decomposition of [ and p°l® as in Egs. ( , the
daemonic ergotropy can also be expressed as:

Emay = E(®) =D pa Y e (3.44)
a k

Even when performing the measurement, if the extraction for each outcome is not op-
timized, so that at each realization U, — U..:, only the ergotropy of the uncondi-
tional state will be extracted on average. Therefore the daemonic ergotropy becomes
f{nf} = £(p°), leading to no effective boost to the work extraction.

It is useful to define the daemonic gain as

A?{Hf} = E{Hg‘} - g(ps) >0 (3.45)
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which represents the ergotropy gain due to the measurement. The positivity follows
directly from the convexity of the ergotropy (3.35).
The equality is achieved only in the case when the initial state p>4 can be factorized

p5t = p% @ p?, (3.46)

while for any other case the daemonic ergotropy is always an improvement to the er-
gotropy.

This property will be instrumental in later chapters for deriving upper and lower
bounds on the daemonic ergotropy. Specifically, it is bounded as

E(p%) < A&ya < E(p%), (3.47)

where the upper bound is achieved when p°4 is pure and the measurement is described
by rank-1 projectors, as will be detailed in Chapter|[5]

The positivity of the daemonic gain is one of the main results in [173]. Another result
of the study classifies the daemonic gain A€ 14} as a witness of quantum discord.

The quantum discord [188] D for the state p°“ of a bipartite system S A is defined as

D(p ) = Z(p°*) — max 7 (p5%), (3.48)
a3

where:

o Z(p°4) = S(p°) + S(p?) — S(p°4) is the mutual information between S and A.
e the maximization is performed over all possible orthogonal measurements set ®5.

o J(p%4) is the quantum-classical mutual information that quantify the classical in-
formation contained in a quantum state and is defined as

T (%) = S(p%) = > paS(p°) (3.49)

From its definition, it is evident that the quantum discord quantifies the non-classical
portion of correlations contained in the system. The theorem proved in the work by
Francica and colleagues [173] demonstrates that AE{HQ} =0 = D(p°4) =0, that is
non-zero discord is a sufficient condition for daemonic gain via any possible quantum
measurement.

In general, the information acquired depends on the specific measurement performed.
Consequently, strategies for identifying the optimal measurement to maximize the dae-
monic ergotropy are actively being developed [189].

3.3.2 Daemonic work extracted via thermal operations

Feedback protocols conditioned on measurement outcomes not only enhance the er-
gotropy of a system, but can also enhance work extraction under thermal operations.
This process was characterized in [124].

Here we consider the same setup as in the previous section, but provide equivalent
results for the mathematical framework describing work extracted through thermal op-
erations.
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If the maximum extractable work from the subsystem S is given by Ws(p°), and we
quantify the change in free energy due to a measurement with outcome « as

A = Fa(pS1) — Falp®), (3.50)
then the total extractable work, conditioned on outcome a, is given by
W(p®1%) = Wi (p®) + AF; . (3.51)

The total work extracted, averaged over all outcomes, is:
Winiay = D2V (™) = 3 puSFF" + Ws(p°). (352)

To take advantage of the enhancement, the protocol must be conditioned by the outcome
of the measurement.

The extraction protocol adapts as follows: after obtaining outcome «a, the Hamilto-
nian of S is quenched to [ Lsla = In[p®1%]/, followed by an isothermal quasistatic pro-

cess where the Hamiltonian returns to Hg.
As with the previous result concerning the daemonic gain, the convexity of the free
energy as in Eq. (3.36) in this case also guarantees that

AWiay = Wiaay = Wa(o%) 2 0, (3.53)

meaning that the gain due to measurement is always positive and, as in the previous
case, the lower bound is achieved only for separable states.

An important result can be obtained if we explicitly evaluate the term > p,AF, g la,

I _ Sla
AW gy = Y PaAF;

=p7! <S(p5) - Zpas(ps'“)>
= 71T (p°Y) (3.54)

where we applied the definition of 3 and used the linearity of the trace to simplify the
term proportional to the energy.

In the last line we identified the quantity 7, which was previously defined as the QC-
mutual information. Notably, only the classical part of the SA correlations contributes
to enhancing the extractable work.

To interpret this result, we recall that the quantum discord quantifies the amount of
correlations in a bipartite system that cannot be accessed by local measurements on one
of the subsystems. This result further provides a classification on the nature of correla-
tions required for the enhancement of work extraction.

3.4 Energetic cost of measurement

The thermodynamic implication of measuring and information were first introduced
as a possible resolution to Maxwell’s demon, with the interpretation that information
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processing, especially acquisition, comes at the cost of some irreversibility whenever the
information acquired is later discarded, generating heat.

We previously showed that acquiring information leads to an enhancement in the
extractable work upper bounded by 37'7. However, to ensure consistency with the
second law of thermodynamics, this result must be contextualized within a broader ther-
modynamic framework.

As introduced, the second law can be derived from the fluctuation theorems, or from
the Jarzynki equality [95] [190]:

(P = ¢=PATs, (3.55)

Here, W represents the work done by the system during a non-equilibrium stochastic
process, and Ay is the equilibrium free energy difference between the initial and final
states of the system. This equation relates the work done by the system, averaged over
many repetitions of the process, to the equilibrium free energy difference.

Applying Jensen’s inequality to the Jarzynski equality yields:

(W) < —AFp, (3.56)

which is the second law of thermodynamics for a microscopic setting.
Using Eq. (3.54) it is easy to show that the maximum work extracted on average in
the setting discussed in the previous section is bounded as

Winay < —AFg+ 5717, (3.57)

which seemingly allows for a violation of the second law on average.

The seminal work by Sagawa and Ueda [104] addressed this issue by explicitly quan-
tifying the work cost of quantum measurement and subsequent information erasure.
They derived an upper bound for extracted work that aligns with the equation above,
establishing the second law of informational thermodynamics.

Interestingly, [104] found a measurement cost proportional to 3717, consistent with
independent results by [124]. This supports the conservation of work under ideal condi-
tions, even in the context of information processing.

As [100] succinctly stated, “the energy cost of the measurement is the work value of
the acquired information.”

In this section, we review the results of [105], who rigorously validated the second
law of informational thermodynamics under a generalized framework. Before doing
that, we review the problem of Maxwell’s demon and provide an abstract characteriza-
tion of its elements that can be adapted to both the classical and quantum regimes.

3.41 Formal characterization of a Maxwell’s demon
The fundamental constituents for the setup of Maxwell demon are the following:

* Main system: the system from which information is acquired and after the feed-
back operation is used to extract work. In the original formulation, a gas of particle
in a box is the system under consideration. In modern formulations, both classical
and quantum system can be used.

* The detector: it acquires information from the main system and stores it in the
memory. In the quantum formulation of the problem the detector can consists of
multiple elements: a system acting as a probe, a set of POVM enacting the measure-
ments. Sometimes the memory is also considered part of the detecting apparatus
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¢ The memory: The memory is a system that stores the information acquired from
the detector. Based on its state after the measurement, feedback operations are
performed on the system. To properly account for the energy costs of the whole
process, the state of the memory, and all the rest of the controlling apparatus, must
be restored to the initial state.

¢ The demon: It performs actions on the system based on the measurement out-
come, effectively coordinating the measurement, feedback, and work extraction
process. In modern formulations, it is abstractly represented by a conditional op-
eration performed on the main system.

* The heat bath: it is used as a source of irreversibility. In the final steps of the
process, it enables the erasure of the information from the memory. The increase in
entropy due to the erasure ensures the overall consistency of the framework with
the principles of thermodynamics.

By properly accounting for the energetic contributions of all components, a coherent
thermodynamic picture emerges, illustrating the energetic value of information.

3.4.2 Universal validity of the second law of informational thermodynamics

In their work [105] the authors validate the second law of informational thermodynam-
ics in a generalized framework. We will now introduce their results. To notice, in this
section, we adopt the notation used in the work by Minagawa and colleagues [105],
which may differ from the rest of the thesis. In Chapter [6| where these results are used,
any differences in notation will be explicitly addressed. The setup considered by the
authors consists of:

* a main system A, initially in an arbitrary state pj, from which work will be ex-
tracted,

e amemory M, acting as a probe for system 4, initially in an arbitrary state p{,
e aclassical record K, initially in the state [0)(0]",

* aheatbath Bj, initially in equilibrium, serving as an auxiliary system for the work
extraction step,

* asecond heat bath By, also in equilibrium, aiding in the memory erasure step.

Both heat baths are assumed to be in equilibrium at the same inverse temperature .
Initially, all subsystems are uncorrelated, and the composite state factorizes as:

po =" @ pit @ p™ @ |00 @+ (3.58)
The process proceeds through the following steps:

e Measurement preparation (¢ = ¢;): A unitary interaction U/ couples the memory
M and the main system A,

p1 =7 @ U(pd @ pM)UT @ [0)0]™ @ ~P2. (3.59)
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* Read-out (t = t5): APOVM { MM} is applied to the memory M, and the outcomes
are recorded in the classical register K. The state becomes:

P2 = Zpkp2,k7 (3.60)
k
where

Pk =77 @ pot @ k)K" @772, (3.61)

with
A pik (HA ® M,?f) (ff(pg‘ ® pM) Ut ) (]IA ® MM ) (3.62)

and
pp = Tr [(HA®M,§4) (U(pé“@pM)UT) (HA®M,§W)}. (3.63)

* Work extraction (¢ = ¢3): A unitary

F=Y " FEP* k)K" (3.64)
k

couples system A with the heat bath B; to extract work conditioned on the state of
the memory |k)k|. The composite state becomes:

p3 = (F ® HMBz) p2 (FT ® HMBZ) = ZkaB,ka (3.65)
k
where
psx = P @ kYK @ 4. (3.66)
and
PN = (BP A @1™) (v% @ pftt) (B2 @ 1) (3.67)

e Erasure (t = t4): A unitary V acts on M K and By, resetting M K to its initial state:

pr= (174 @ VIEB2) (ps). (3.68)

We specify that the operation ' which implements the work extraction step can
represent both a global unitary operation on the heat bath B; and the system A or a
“pure” unitary acting only on A. In the latter case the operation is restricted to the for
FBi4 = 151 @ FA. Both type of operations can therefore be analyzed in this framework.

Using this framework, the authors derived bounds for the extracted and injected
work:

ext irr

Wik = —AF, + 57" [Ioo — I(A: K),, — SE] (3.69)
WME = g-IAGAMK 4 g-1 [IGO +I(A: M|K),, + S-BQ} (3.70)

ur

The terms for the equations above are defined as follows:
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o AFL, = Fs(pi) — Fs(py)), the free energy change
* Ico = S(ps)—> . prS (pé‘f . is the Groenewold-Ozawa information gain [191}[192]

* I(A: K),, = S(p3) — X peS(p3}), is the Holevo information of the conditional
states

e SB1 s the irreversible entropy production associated with the extraction step de-

fined as

St = Zm( (A Bi)py,, + S04 1™)) 2 0 (371)

o ASPME = S(pgMEY — §(pgtMEK), the difference in the Von Neumann entropy of
the states

o [(A: MIK),, = >, Pk (S(p‘z“’k) + S(p3t,) — S(pé%)) is the conditional mutual
information

* S22 is the irreversible entropy production associated with the erasure step, defined

irr
as

SP2 = (MK : By),, + S(pi?|72) >0 (3.72)

or

These results generalize the second law of informational thermodynamics by Sagawa
and Ueda, from which it can be easily recovered. Effectively, by discarding terms that
are always positive or negative, universal bounds for work extraction and injection can
be derived. Specifically, the work extracted is upper-bounded as:

W < —AFgh, + 87 o (3.73)
while the work injected is lower-bounded as:
Wi X > 71 [ASR + Igo] - (3.74)

Eq. is the upper bound for the work extracted and is a generalization of the second
law of informational thermodynamics by Sagawa and Ueda [104] where instead of I¢o,
the informational gain is quantified by the quantum-classical mutual information .7, as
defined by Eq. (3.49).

We refer to [105] for a discussion on the type of protocol for which the two coincide.
Here, we limit ourselves to pointing out that, while the quantum-classical mutual infor-
mation is always positive, the Groenewold-Ozawa information gain is not guaranteed
to be.

The bound in Eq. (3.73) can be saturated when I(A : K),, = S = 0. The irreversible

ur
entropy production Slrr is trivially zero if the extraction protocol is pure unitary, butitis
not a necessary condition for it to be zero. Conversely, a pure unitary is generally insuf-
ficient for the Holevo information I (A : K),, to vanish. For the latter to be zero, it is nec-
essary that the entropy of all passive states is the same so that S(p§', = S(p§,), Yk, K .
Since unitary operations do not change the entropy of a state, the requirement be-
comes that all post-measurement states must have the same entropy. This can indeed be

achieved for specific protocols, but for general measurements, it is not the case.
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So, while a thermal operation with zero irreversible entropy production can saturate
the bound, the same cannot be generally achieved by a unitary operation.

Similarly, Eq. provides the lower bound for the energy cost of the measure-
ment protocol. Saturation of this bound requires S22 = 0 and I(A : M|K),, = 0. For
I(A: M|K),, =0, the post-measurement composite state of AM must be factorized for
all measurement outcomes, i.e., p5 3 = pg', @ pd?, . This condition depends on the instru-
ment describing the POVM, and is satisfied by the “nuclear” or “measure-and-prepare”
type [193].

3.5 Summary

* Work extraction from a closed quantum system is achieved through unitary oper-
ations. However, these operations face limitations, particularly in smaller systems.
The maximum extractable work from a quantum system is termed ergotropy. As
the size of the system increases and the Hamiltonian’s eigenlevels become densely
spaced, approaching a continuum, ergotropy converges to the classical definition
of the difference in free energy.

In general, this free energy difference serves as an upper bound to ergotropy. Re-
markably, this upper bound can be achieved by employing thermal operations,
which are global unitary transformations involving both the system and a heat
bath.

* A quantum system designed to store energy is referred to as a quantum battery.
The study of quantum batteries is relatively recent, with key performance met-
rics still under development. Research in this field primarily investigates whether
quantum phenomena, such as entanglement, can enable these devices to outper-
form their classical counterparts.

Current findings suggest that quantum effects may provide a performance advan-
tage, particularly in the scaling of instantaneous power. Another critical focus is
on mitigating dissipative effects and stabilizing stored energy in open quantum
batteries, ensuring their practical viability.

¢ Information processing plays a significant role in altering the thermodynamic be-
havior of physical systems, especially in quantum mechanics, where measurement
back-action strongly influences system dynamics. Both ergotropy and work ex-
tracted through thermal operations can be enhanced using feedback mechanisms
based on measurement outcomes.

To account for the increased work extraction enabled by such informational con-
tributions, the thermodynamic laws must be modified. This necessity has led to
the formulation of the second law of informational thermodynamics, recently ex-
tended and proven within a more general framework.






CHAPTER 4

Charging a quantum battery in a non-Markovian
environment: a collisional model approach

As discussed in Sec. in most of the study involving open quantum batteries, the
dynamics induced by the environment is Markovian. The Markovian approximation
is indeed a useful assumption that simplifies considerably the characterization of the
dynamics, but in many circumstances one does need to go beyond it. For example, when
the interaction of the system of interest with any further degree of freedom affecting its
evolution is not weak or whenever the evolution of the environment takes place on a
similar time scale as the one of the system, one should take memory effects into account,
and is thus required to describe the dynamics through methods capable to account for
non-Markovian behaviour, such as the models introduced in Sec.

As regards OQBs, memory effects have been considered only in very few cases. In
[115] the authors study the behaviour in time of the energy stored in a qubit coherently
driven and whose dissipative dynamics is described via specific non-Markovian master
equations, without however discussing the effect on the ergotropy, that is on the maxi-
mum amount of actual work extractable from the battery qubit. In [116] the dynamics
of a system composed of a qubit-battery and a qubit-charger, with the second initially
prepared in an excited state, is considered; there, both systems are interacting with two
specific non-Markovian environments, where the initial excitation is eventually lost, and
the analysis is focused on the time evolution of the ergotropy characterizing the battery.
Finally, in [154] the charging and discharging of a qubit-battery is studied, and either a
Markovian or non-Markovian environment plays the role of the charger.

In this chapter we rather consider the following model of an OQB, that has already
been put forward in [5] and that is pictured in Fig. two qubits, corresponding
respectively to battery and charger, interact via an energy exchange Hamiltonian. The
energy is injected into the system via a driving Hamiltonian applied to the charger. The
charger qubit is also coupled to an environment that will cause decoherence and dissipa-
tion for the battery, leading eventually to the steady-state of the dynamics. At variance
with [5], where the interaction with a memoryless environment was considered, we will
here study the impact of an environment that can induce memory effects on the dynam-
ics of the system.

For this purpose, we exploit as framework to study non-Markovianity the collisional
models described in Sec. which is defined by Eq. in its time-discrete formu-
lation and by Eq. (2.76) in its time-continuous formulation. We remark that CMs have
already been employed as a tool for studying the behaviour of OQBs [158}[194][195][196,
197, [198| [199]. However in most of these works the stream of ancillas that constitutes
the CM plays the role of the charger, except in [195] where it plays the role of the bat-
tery itself. In our model, as represented in Fig. we instead exploit CMs in order to
describe the dissipative environment interacting with the charger qubit.

45
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Figure 4.1: A collisional model of an OQB interacting with a non-Markovian environment: (left)
two qubit systems representing a battery B (red qubit) and a charger C (blue qubit) interact be-
tween themselves for a discrete time dt via a energy-exchange Hamiltonian, with coupling con-
stant g. At the same time, C is driven by an external laser (with frequency «) and interacts with
the i-th environmental ancilla A;, with coupling strength «; (middle) before the next interaction
between system and environment, the i-th and the (¢ + 1)-th ancillas interact with each other via
an incoherent partial- SWAP operation with probability p; (right) the interaction Hamiltonian is
turned on for another time step d¢ and the charger is put in contact with the next ancillary system.

The structure of this chapter is as follows: in Sec. we fix the microscopic details
of the model we study. In Sec. we present the results in the case of both a discrete-
time and a continuous-time evolution, while in Sec. 4.1|the precise connection between
non-Markovianity and ergotropy is investigated. Se concludes the chapter with a
final discussion and some outlooks of our work.

41 An open quantum battery, from Markovian to non-Markovian

In the following, we use the qubit model of OQB in a Markovian environment studied
in [5] as a benchmark for our investigation, thereby fixing the microscopic details of the
quantum battery under study.

In our case, the environment is modeled using the collisional model described in
Sec. where the ancilla-ancilla collision is represented by an incoherent partial swap
with swap probability p. This setup captures both a Markovian environment (p = 0) and
a strongly non-Markovian environment (p close to 1) in its limiting cases.

We already provided a description of the model discussed by Farina and colleagues
in Sec. here, we briefly recall it for convenience. Moreover, compared to the model
in [5], our analysis is limited to the case where the environment is described by auxiliary

systems in the ground state, corresponding to an environment at zero temperature.

The qubit B, with free Hamiltonian Hp o = w0(6£B) + [/2), interacts with another

qubit C via an energy-exchange interaction
fpe = g (617647 + 66—} 4.1)

The Hamiltonian for the charger is the sum of two terms, He = ﬁc,o + Hyyive, where

Heopo = wo(&gc) +1/2) is the free Hamiltonian of the charger, while

Hyve = (e—iwot&f) n e+iwota_(_c)) 42)

represents the driving of the charger qubit, injecting energy in the system via a laser
driving at frequency w.
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Figure 4.2: Steady-state value for the battery energy Fs,/wo (left) and ergotropy s /wo (right) as
functions of g/ and p; with a = 0.9x and v = 10?x. While the energy is monotonously decreasing
for both p and g increasing, the ergotropy displays a more complex behaviour. As a function of
g, it has a maximum value for o ~ 1.09g, which, for our choice of parameters, can be seen in the
central area of the plot. As a function of p, it has a non-monotonous behaviour, increasing until it
reaches a maximum value for p ~ 0.9 before starting to decrease.

By going to the interaction picture with respect to the Hamiltonian Hy = Hp o+ Hc o,
the effective Hamiltonian of the battery and charger is

Hyo =g (&93)&9 + &P&—(C)) +aslo, 43)

We benchmark our results against the case of a purely Markovian environment where,

as previously stated, the global maximum of the ergotropy is reached in the large-loss

limit (i.e. for x > «), and by tuning driving and coupling such that o = 1.09¢, yielding

(5]

Emax = wo ~ 0.207wp . (4.4)

V21
2
In our analysis, we will consider the model discussed in [5] equivalent to ours in the
case for p = 0, which is true in the continuous-time limit.
Here, we explore what happens beyond this regime by taking into account memory
effects induced by the environment, first via a discrete-time collisional model, and then
looking at the continuous-time limit.

As in [5] we focus on the steady-state properties of the battery, B, evaluating the
average energy, E,,, and ergotropy, &s.

4.2 Results

4.2.1 Discrete-time collisions

We first study the discrete-time collisional model where the open system consists of the
two qubits representing the battery and the charger, with Hamiltonian Hg = Hj as
in Eq.(4.3), and the charger interacts with the ancillas describing the environment, via a
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Figure 4.3: Steady-state ergotropy s /wo as function of p for different values of g/« and fixing the
coupling parameter such that a = 1.09g and v/« = 10°. The value for the steady-state ergotropy
is upper bounded by the maximum found in the memoryless case in the large-loss limit [5]. In-
deed, for p = 0, the ergotropy is the higher the lower is g/x, but when p increases, the ergotropy
also starts to increase for all curves at different speed, with the curves further from the large-loss
limit exhibiting the largest increment, all plateauing under the boundary condition. Therefore sys-
tems that are already in the optimal region of parameters display a mostly flat behaviour, while
systems out of that region can achieve the maximum gain from a backflow of information due to
the environment.

Hamiltonian that reads

9 K. ~(a; ~ ~(a;
‘/s,ai = & (0'5_0)0'(_ ) +O'(_C)O'S_ )) . (45)
Each system-ancilla collision lasts for a time 6t = 1/, leading to a unitary evolution of

the form . .
U, = e*i(HerHaﬁVs-,ai)‘”, (4.6)

and we introduce ancilla-ancilla interactions via the incoherent partial-swap map
defined in Eqs. 2.72).

We now present our results for the steady state of the battery, focusing on the role of
the parameter controlling the information backflow to the battery and the charger, that
is the swap-probability p, as well as on the battery-charger coupling g and the driving
constant a. We have considered collision rates v much larger than the other frequencies
characterizing the dynamics, so that by setting the swap probability p = 0 we (numeri-
cally) recover the continuous-time limit dynamics described by Eq. (3.27).

To characterize the battery charging properties in an environment with memory and
beyond the large-loss limit, in Fig. [4.2] we plot the steady-state ergotropy and energy as
a function of both p and g, by fixing the value of & = 0.9x.
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Figure 4.4: Steady-state ergotropy &, as function of o and g for fixed values of p (left: p = 0; right:
p = 0.95); v = 10?x. On the left, the steady-state ergotropy shows the same result obtained in [5],
i.e., the ideal tuning condition to maximize the ergotropy exists in the large-loss limit, & < &, for
a fixed ratio of a and g. On the right, the same plot realized for a higher value of p, shows how a
backflow of information from the environment can extend the optimal tuning region also outside
the large-loss limit.

We immediately notice a different behaviour between energy and ergotropy: in par-
ticular, while the former shows a generally decreasing behaviour with p, the ergotropy
shows a non-monotonous behaviour as a function of both p and g. However, a notice-
able optimal region of parameters can be identified, corresponding top ~ 0.9 and g ~ ¢,
where the maximum amount of ergotropy is observed. This different behaviour empha-
sizes the necessity to use a measure of extractable work like the ergotropy as figure of
merit for a quantum battery instead of simply evaluating its energy.

Indeed, for fixed values of a/x and g/k, increasing p can lead to an increase in the
portion of the system maximum extractable energy, its ergotropy, while decreasing the
maximum amount of average energy itself. As we remarked in Eq. (3.14), the ergotropy
of a qubit can be expressed as a function of the energy and of the purity of the state.
The previous observations clearly hint to the fact that the ergotropy enhancement due to
the backflow of information from the environment corresponds to the generation of less
mixed steady-states.

To further understand this improvement of the ergotropy due to memory effects,
we compare the maximum of ergotropy in the region with p > 0 with the maximum
achieved in the large-loss limit at p = 0.

In Fig. [4.3)we therefore show the behaviour of the steady-state ergotropy as a func-
tion of the memory parameter p, for different values of the coupling g, and by fixing the
driving parameter o such that the optimal condition oo = 1.09¢, identified for the large
loss memoryless scenario [5], is satisfied.

We remark that in general, at each value of p, a different optimal tuning condition
between o/ and g/k can be found. This tuning condition, as we will later describe, is
generally close to the value at p = 0, and also the difference in the corresponding val-
ues of the ergotropy is negligible, as we have numerically verified for all the parameter
regimes considered in our plots.

We observe that for small values of o and g, that is towards the large-loss limit, the
behaviour of the ergotropy as a function of p is almost flat. Only for larger values of
g and o we observe a more evident non-monotonous behaviour of the ergotropy as a
function of p, and that an enhancement is observed with respect to the Markovian case
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Figure 4.5: Ergotropy as a function of time for different combinations of parameters. For all curves
with given values of g/ and a/k, the swap probability p has been chosen as the minimum needed
to approximate Emax Within one percent of relative error. The inset shows the charging time ¢. as a
function of g/k, where the other parameters are chosen following the same logic of the main plot
(the charging time t. is defined as the time necessary for the system to reach its steady state).

p = 0, reaching a maximum for a certain, relatively large, value of p.

The most remarkable result we observe in Fig. 4.3|is that the maximum amount of
ergotropy Emax derived in the memoryless case in the large-loss regime (see Eq. (4.4))
maximizes the ergotropy also in our collisional model with memory, but Emnax can be
achieved also beyond the large-loss regime in the presence of large enough values of p.
As we numerically checked, the maximum value of ergotropy is indeed reached in all
the considered regimes via the same steady state, described by Bloch vector components
(62) = — V2 -1, (6y) =0,(62) = % - L

Importantly, for any value of g/x < 1, and for the right tuning condition between g
and o, there is always a value of p for which the ergotropy approximates its maximum
value, while this is no longer the case for larger values of g/x.

We also observe that in our model only coherence contributes to ergotropy, and as
a consequence its maximum possible value a priori could be wy/2 [200]. However, we
find Emax < wo/2 irrespectively of the values of the parameters considered and of the
memory properties of the environment, hinting to the fact that the optimal performance
of the battery depends on the sole operatorial form of the interaction between battery
and charger and between charger and environment.

We then further investigate the optimal tuning condition between « and g to achieve
maximum ergotropy. In Fig. we plot the steady-state ergotropy as a function of «
and g, respectively, in the model without swap, p = 0, and for a large swap probability
p = 0.95. In the former case, we observe as expected that the maximum of the ergotropy
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is obtained in the large-loss limit o < « and for o = 1.09g, as analytically demonstrated
in [5].

On the other hand, in the case of a collisional model with memory, we now observe
an extended region of parameters where one can find large values of the ergotropy, and
in particular there exist a linear boundary between the parameters g/« and «/r along
which the maximum value of the ergotropy can be found for a limited region of the
plot, approximately identified by the condition g/ < 1. We can thus conclude that the
presence of memory effects allows us to obtain the maximum value of ergotropy Emax for
a larger region in the parameters space.

Besides the steady-state properties of the ergotropy of the battery, also its transient
evolution can be indeed of interest, for example because the maximum value can be
obtained on different timescales depending on the parameters fixing the dynamics.

In Fig.[4.5| we plot the ergotropy as a function of time for both the memoryless model
in the large loss limit (¢/x = 0.01) and various combinations of the values for the swap
probability p and for g/k; in all these cases «/k is determined by the optimal tuning
condition that maximizes the steady state ergotropy. What is shown is that the various
curves reach approximately the same asymptotic value £may, but this happens the sooner
the larger g/k.

This shows that, if larger values of the coupling ¢ are possible, an accurate choice of
p can be done in order to speed up the dynamics and obtain the maximum amount of
the ergotropy in a shorter time.

Indeed, one should keep in mind that too large values of p will eventually slow down
the stabilization process, as in the limit p — 1 one obtains a unitary dynamics. How-
ever a large enough value can still be chosen to approximate the maximum ergotropy at
steady state and still speed up the dynamics.

For this reason the values of p leading to the curves in Fig. correspond to the
minimum value needed, at fixed g/, to approximate the maximum state ergotropy. In
the inset we plot the time ¢, that is required for these curves to reach their steady-state
value as a function of g: we indeed observe how larger values of g monotonously lead
to a faster charging time.

4.2.2 Continuous-time limit dynamics

As we described in Sec. the considered collision-based model with memory leads to
a well defined continuous-time limit if we introduce a memory rate I, allow the partial-
swap probability to be dependent on the collision rate as p = e~'/7, and consider the
regime I' < . In fact under these conditions, the limit 1/y = §t — 0 of the collision-
based model is well described by the integro-differential ME (2.76), where the map F(t)
also includes the effect of the driving Hamiltonian acting on the charger qubit and the
charger-battery coupling Hamiltonian.

We have thus exploited our collisional model to simulate such integro-differential
master equation, by considering the regime I' < ~ and by fixing v/x = 10® (we have
checked numerically that equivalent results are obtained by considering larger values of
v and thus approaching the continuous-time limit 6t — 0).

The results in terms of energy and ergotropy for the steady state of the dynamics are
reported in Fig. In particular, when compared to the discrete-time model where
the energy decreases when increasing p, we observe that the energy has a minimum as
a function of the memory rate I'. On the other hand the ergotropy, which is our main
figure of merit, monotonically increases with I'.
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Figure 4.6: Steady-state energy F.s/wo (left) and ergotropy s /wo (right) for the continuous-time
limit of the collision based model described by the ME as a function of the memory rate I'.
Different curves correspond to different values of the coupling g. Other parameters are fixed as
a = 0.9x and v = 10°x (equivalent results are obtained as expected for larger values of v, that
is towards the continuous-time limit). As functions of the memory rate I', energy and ergotropy
show opposite behaviours, with the energy decreasing to a minimum as I" increases, while the
ergotropy monotonously increases. In general, for higher values of I', more energy passed onto
the system can no longer be recovered. This means, in this regime of parameters, that the backflow
of information from the environment has a negative impact on the properties of the battery.

This result may seem in contradiction with what we have observed in the previous
section for the discrete-time model, as it hints that ergotropy increases when one moves
towards the Markovian regime, that is by increasing I'. However we have to remind
ourselves that in order to obtain a well-defined continuous limit, we are restricting to
values of p very close to one; consequently, even if a one-to-one correspondence between
the discrete- and continuous-time models cannot be properly defined due to the depen-
dence between p, I' and +, what we observe in Fig. approximately corresponds to
the region in Fig. 4.2) where the ergotropy, after having reached its maximum, decreases
when p takes large values and approaches one.

Until now, we have studied the steady state ergotropy for different values of the
parameter p, which quantifies the probability of having collisions among the environ-
mental ancillas, in turn inducing memory effects in the evolution of the battery and
the charger as discussed in Sec. On the other hand, to fully understand the role
of non-Markovianity in the properties of the battery we need to quantify in an explicit
way the amount of memory effects in the dynamics, i.e., to make use of a measure of
non-Markovianity. In the next section, we make use of the geometrical measure of non-
Markovianity introduced in Sec. [2.3|to interpret the results presented in this section.

4.2.3 Memory effects and steady state ergotropy

In the following we study the behaviour of the geometric non-Markovianity measure
Ny, by focusing on the discrete-time scenario. In particular, we evaluate the measure for

both the composite system (battery plus charger) b(BC) and for the battery subsystem
only NP,

The non-Markovianity of the composite system, plotted in Fig. follows the ex-
pected behaviour as it is monotonically increasing with the swap probability p, which
in fact quantifies the memory of the environment affecting the composite system. We
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Figure 4.7: Geometrical measure N b(Bc) for the composite system (charger + battery) as a function
of p for different values of g. The other parameters are « = 1.09g, v = 10%s. As expected, the
geometrical measure grows monotonously with p in the area shown. We remark that for smaller
values of p, the measure of non-Markovianity is zero.

also observe that N, b(BC) is equal to zero in a large region of values of p, the extension of
which depends on the the different parameters involved in the dynamics.
If we rather focus on the battery subsystem only, the behaviour of the non-Markovianity

measure N, b(B) is rather different, as one can observe in Fig. M First, a non-zero value
of non-Markovianity is obtained for a memoryless environment, that is for p = 0.

A Markovian dynamics of the joint system consisting of the battery and the charger,
as fixed by the semigroup map in Eq. (or the Lindblad equation (2.8) in the contin-
uous case), can well induce a non-Markovian evolution of the battery only: the two-fold
exchange of information between the battery and the charger qubits due to their coher-
ent interaction will generally result in a repeated backflow of information to the battery,
with large values of non-Markovianity.

Increasing the value of p the non-Markovianity of the battery has a non-monotonic
behavior, which strongly depends on the ratio g/x. For low values of g/k (g S 2k),

N, b(B) decreases and reaches zero at different values of the swap probability p, and then

suddenly increases for p 2~ 0.95. For higher values of the ratio g/x, N, b(B) still decreases,
but it no longer reaches zero.

An intuitive interpretation of this behaviour traces back to the fact that for values of
p larger than zero the battery dynamics has two sources of memory. Besides the one al-
ready mentioned above originating directly in the coherent interaction with the charger,
now there is also an information backflow from the environment, due to the ancilla-
ancilla collisions.

As follows from the discussion in Sec. the latter will store and give back memory
about previous stages of the evolution, affecting in the first instance the charger, with
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which the ancillas directly interact, and then also the battery due to its interaction with
the charger.

The overall behaviour of the battery dynamics depends on the interplay between
these two sources of memory, so that the presence of a second source can reduce the
impact of the memory effects induced by the charger observed in the case p = 0.

This effect strongly depends on the ratio of the two couplings ¢ and &, connecting
respectively the charger with the battery, and the environment with the charger. For
small values of this ratio, the environment is capable of affecting the battery dynamics
enough to cancel out the information backflow from the charger, while for higher values
of the ratio the impact of the memory from the environment on the non-Markovianity of
the battery is weaker.

Note that there are values of p such that the joint battery-plus-charger dynamics is
non-Markovian, while the reduced battery dynamics is Markovian, see Figs. |4.7|and
this is indeed in contrast with what happens commonly, that is, by enlarging the set of
degrees of freedom one moves from non-Markovian to Markovian evolutions.

On the other hand, a similar phenomenon has been observed in [201] and exploited
for quantum teleportation in [202], where non-local memory effects in the dephasing
dynamics of two qubits — originating from the presence of initial correlations within the
environment — affect the joint systen made by the two qubits, but neither of the two
individually.

By comparing Fig. and Fig. we notice some significant correlations between
N, b(B) and &,,. The two have in general opposite behaviour, with one increasing while
the other decreases. Even more, every time the steady state ergotropy approximate its

absolute maximum &;;, the battery non-Markovianity , b(B) is equal to zero.
For small values of the ratio g/« (e.g. g/x = {0.1,0.2}), the steady state ergotropy

is approximately equal to &, for almost any value of p, and similarly A b(B) is zero for
most values of p. Analogously, the range of values for which the curves referred to
g/rk ={0.4,0.6,0.8} approximate the maximum of steady state ergotropy corresponds to
a region without memory effects in the battery dynamics.

We also notice how, differently, the curve with g/x = 2 does not reach &5 even

though its value of /\fb(B) reaches zero for certain values of p.

We conclude that the absence of memory effects for the battery dynamics seems to
be necessary, although not sufficient, to reach the maximum of steady state ergotropy in
our model.

This is confirmed by the behaviour of N, b(B) as a function of the ratio g/x for the sce-
nario described by the Lindblad master equation considered in [5] and that corresponds
to our collisional model with no swap between ancillas (p = 0).

As shown in Fig. the non-Markovianity measure is a monotonously increasing
function of g/ and it is equal to zero under a certain threshold; we thus observe that,
also in this case, in the regime where one obtains the maximum ergotropy (the large loss
limit, g/x — 0), the effective dynamics of the battery subsystem is in fact Markovian.

4.3 Conclusions

In this chapter, we studied the discrete-time and continuous-time dynamics of a quan-
tum battery interacting with a collisional model that acts as the environment. Specifi-
cally, we described how a discrete-time collisional model is able to mimic an environ-
ment with memory by introducing an ancilla-ancilla partial swap interaction with a cer-
tain probability p.



Charging a quantum battery in a non-Markovian environment: a collisional model approach 55

NP

10?
g/k= 0.2
100 i — g/K= 0.4
, — g/k= 0.6
1071 —— g/k=08
104 - — g/k=2.0
g/lk= 4.0
10—6 i
10—8 i
10—10 .
10_12 T T T T T

0.0 0.2 0.4 0.6 0.8 1.0
p

Figure 4.8: Geometrical measure for the battery subsystem Nb(B) as a function of p for different
values of g. The other parameters are: o = 1.09g, v = 10°x. At variance with the measure for the

composite system, here b(B) has a non-zero value for p = 0, due to the memory effects caused by
the battery-charger coherent interaction, but as the backflow of information from the environment
to the charger increases, the measure itself decreases. For values of the ratio g/« small enough,

N, ;B) goes to zero for a given value of p, and it starts to increase only for very large values of p.

For larger values of the ratio g/, N, b(B) decreases to a finite minimum, without reaching zero. We
remark that our numerical simulations show that towards the large-loss limit (g/x = {0.1,0.2}),

N,J(B) is zero except in the region of very large values of p.
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Figure 4.9: Geometrical measure for the battery subsystem b(B> as a function of g/ in the pres-
ence of a memoryless environment as discussed in [5]. For each value of g/, the driving « has
been chosen in order to optimize the steady-state ergotropy.

It was therefore possible to explore the transition between a memoryless environment
(obtained for p = 0) and an environment able to induce strong memory effects on the
battery and the charger (for values of p approaching 1), while observing the properties
of the corresponding steady states of the dynamics.

In particular, we observed a non-monotonic behaviour of the ergotropy as a function
of the swap probability p, and the presence of a maximum for a large value of p, smaller
than the limiting value p = 1.

As we also observed that energy decreases monotonically with p, we came to the
conclusion that the ergotropy behaviour is mainly driven by the change in the steady-
state purity.

We have also found that the maximum ergotropy achievable at steady state in all
the different parameter regimes corresponds to the same value that was obtained with a
Markovian environment in the strong dissipative regime, which suggests that the maxi-
mum ergotropy is fixed by the operatorial properties of the interaction, regardless of the
features of the environment.

On the other hand, the presence of memory effects induced by the environment al-
lows us to approach the maximum value of ergotropy in a broader region of the pa-
rameter space, and in a shorter amount of time, thus boosting the charging speed of the
battery.

The behaviour observed in the discrete-time model is consistent with what we ob-
serve in the regime of parameters where the continuous-time limit exists, that is, for
p =~ 1. Specifically, we observe that the ergotropy increases by increasing the memory
rate I' characterizing this dynamics, and thus by decreasing the capability of the envi-
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ronment to store information about the evolution of the system.

By using a definite measure of non-Markovianity, the geometrical measure, we in-
vestigated the amount of memory effects affecting the battery and the charge seen as a
joint system, as well as the battery only. While the non-Markovianity of the joint system
shows the expected monotonically increasing behavior as a function of the ancilla-ancilla
collision parameter p, the non-Markovianity of the battery has a non-monotonic behav-
ior as a function of p, possibly including regions where there are actually no memory
effects, as quantified by the geometrical measure of non-Markovianity.

Remarkably, the maximum of the steady state ergotropy lies in regions of parameters
where the battery dynamics is Markovian, as the combined effects of the memory due
to, respectively, the direct coherent interaction with the charger and the backflow of
information mediated by the ancilla-ancilla collisions cancel each other.

The work presented in this chapter is one of the first attempts in understanding the
role of memory effects in quantum battery charging and is particularly suitable for a
direct experimental implementation in the next future on actual quantum devices, as
quantum collisional models have recently been demonstrated on different quantum sim-
ulation platforms [203} 204} 205].

We believe that our study paves the way to further research in this direction: it will
be interesting and necessary to understand if the behaviour we have observed will be
confirmed when considering quantum batteries with larger dimensionality, that is, going
beyond the qubit case, and/or for other noise-models characterized by different forms
of the coupling or by different sources of non-Markovianity. In the first instance, one
could for example look at dephasing, where non-trivial thermodynamic behaviour has
recently been found [206].

Concerning non-Markovianity, one could consider collisional models exhibiting in-
formation backflow with or without system-environment correlations [207]: it has been
indeed shown how the two scenarios have an impact on thermodynamic properties,
such as the entropy production rate [208]. These results suggest that it may be inter-
esting to exploit these models in order to further study the actual relationship between
ergotropy, decoherence, information backflow and system-environment correlations.






CHAPTER 5

Daemonic ergotropy in continuously-monitored open
quantum batteries

The concept of daemonic ergotropy, as defined in Sec. can be extended to the frame-
work of open quantum systems by treating the environment as the auxiliary system in
the measurement and leveraging the correlations that naturally arise during the dynam-
ics.

Indeed, from a fundamental perspective, during its evolution, an open quantum sys-
tem becomes correlated with its environment. Therefore, environmental measurements,
such as those discussed in Sec. which give rise to stochastic master equations, pro-
vide an ideal platform to investigate the properties of daemonic ergotropy, both for fun-
damental insights and potential practical applications in OQBs.

Adapting the notion of daemonic ergotropy to the framework of continuously-monitored
open quantum systems enables experimental verification in platforms where environ-
mental measurements are possible and single trajectories can be observed, such as su-
perconducting qubits [18} 19} 20} 21] and optomechanical systems [22} 23] 24].

In this chapter, we investigate the general properties of daemonic ergotropy in open
quantum systems. These results are valid for any unraveling that leads to dynamics
described by a stochastic master equation, including non-Markovian dynamics or those
driven by time-dependent Hamiltonians.

We demonstrate that the daemonic ergotropy of a continuously-monitored system
can surpass the ergotropy of the unconditional state and, with perfectly efficient mea-
surements, even reach the energy of the unconditional state. We also examine the per-
formance of different measurement types with non-unit efficiency.

To verify these results, we analyze the simplest example of an OQB: a two-level atom
driven by a classical field and spontaneously emitting photons into its electromagnetic
environment. We describe the charging process of the battery, which starts from its
ground state and is subjected to an external driving field while continuously monitored
by its environment.

In this setup, the dissipative effects of the environment continuously subtract energy
from the battery, while the back-action of the measurements on the battery enhances the
work extractable from it, as discussed in Sec[3.3]and Sec[3.4]

The chapter is organized as follows: in Sec. we recall the concept of daemonic
ergotropy introduced in the previous chapters and present some preliminary results on
this quantity.

In Sec. [p.2lwe extend the concept of daemonic ergotropy to continuously-monitored
open quantum systems, along with some general results that apply in this scenario.

In Sec. we discuss these in a minimal example of an open quantum battery: a
two level system driven by a classical field and whose spontaneous emitted photons are
continuously monitored.
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\

K /
Figure 5.1: Pictorial representation of a continuously-monitored quantum battery: a coherent
drive supplies energy with intensity a to a two-level atom (green) which is spontaneously emit-

ting into its environment with rate x. The emitted field is continuously monitored via a detector
with efficiency 7.

Finally, in Sec. we give our conclusions and propose further outlooks.

5.1 Daemonic ergotropy

Before discussing the daemonic ergotropy in the context of an open quantum system,
we prove a proposition concerning the daemonic ergotropy which has a more broad
application and in here we state it in terms of the daemonic ergotropy for a generic
bipartite system. We recall the definition of daemonic ergotropy as introduced in Sec.
for convenience.

Let us now consider a bipartite quantum state ¢°#, where the quantum system S
represents our energy storing device, while A is an ancillary system. If the ancilla is
discarded, the maximum amount of extractable work is simply equal to £(p), with
05 = Tralo54].

We now assume that a measurement is performed on the ancilla, described by a pos-
itive operator-valued measurement (POVM) {II2}. We can thus define the daemonic er-
gotropy as the average ergotropy of the corresponding conditional states [173]

Eitiay = Zpag(gas) ) (5.1)

where
Do = TrSA[gSA(ﬂS ® 1:[;4)] (5.2)
Qf = TrA[gSA(ﬂS ® ﬁf)]/pa (5.3)

denote respectively the probability and the conditional state corresponding to the
measurement outcome a.

We also recall that the daemonic ergotropy satisfies the following properties. The
ergotropy is a convex quantity in the quantum state o [173}[189]; as a consequence, since
0° =Y, pa05, one obtains that

Eaiay =€), (54)

that is the average work that may be extracted is increased thanks to the information
obtained from the ancilla. Furthermore, the daemonic ergotropy can be rewritten as

Egiiay = B(0®) =D pa min BE(U,03U}). (5.5)
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Figure 5.2: Daemonic ergotropies Eunr,;(t) as a function of time for different unravellings (HoD
with photocurrents monitoring either &, or 6,,, HeD and PD) with o/« = 1, n = 0.4 and averaged
over n = 5 x 10* trajectories. Black and gray dashed lines correspond respectively to the ergotropy
and energy of the unconditional state. The different daemonic ergotropies lie as expected between
these two lines, with HeD and &,-HoD giving the larger values of extractable work. The upper
and the lower bounds would be saturated for all the unravellings in the case of respectively perfect
monitoring (n = 1) and no-monitoring (n = 0).

we here present the first result of from our work via the following proposition.
Proposition 1. Given a bipartite system system-+ancilla prepared in an initial pure state | )54,
and assuming a projective (rank-one) measurement on the ancilla {112 = |¢,)(pa|}, then

g{ﬁg} = E(QS) ) (5.6)
that is, the daemonic ergotropy is equal to the energy of the reduced state of the system o° =
Tr a[054], independently of the measurement performed.

Proof. In order to prove this theorem, we first observe that the conditional state remains
pure for any measurement outcome, i.e. o5 = |£,)(¢,|, with
1

|€a) = \/p»wa\m“ (.7)

As a consequence one has

Eiiay = D Paf(l€a){Eal)
=D paB(l€)(Eal) = E(0%), (.8)
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where we have exploited: i) the fact that the ergotropy of pure states is equal to their
energy, ii) the linearity of the trace, and iii) the relationship 0° = 3" pa|€.)(&al- O

The relation above has a straightforward interpretation: the amount of information
we can extract through measurement, and consequently the ergotropy gained, depends
on the choice of POVM applied. Ideally, to maximize the ergotropy, one should optimize
the measurement protocol. Some studies have focused on identifying the optimal pro-
tocol [189]. Our result demonstrates that if a POVM can be applied efficiently, then all
POVMs are equivalent in their ability to extract ergotropy.

5.2 Daemonic ergotropy in continuously-monitored open quantum sys-
tems

We start recalling the basic notions on continuously-monitored quantum systems and
quantum trajectories [28,29]. We assume that our quantum system is interacting with a
Markovian environment such that its unconditional evolution is described by a master
equation in Lindblad form

dunc(t)/dt = —i[H(t), ounc(t)] + D[ ounc(t) , (5.9)

where H,(t) denotes the Hamiltonian ruling the evolution of the system and D[¢]o =
¢o¢ — (¢téo + octé) /2 is the Lindbladian superoperator |}

If one assumes that the environment is continuously monitored, the system evolution
will be described by a stochastic master equation (SME) for the conditional state (), as
showed in Sec. In general it is always true that

Qunc(t) = Zptraj Qc(t)7 (510)

traj

where py.j denotes the probability of each quantum trajectory oc(t).

Different measurement strategies will correspond to different unraveling of the un-
conditional master equation (5.9), that is to different SMEs for the conditional state o(t)
and, mathematically speaking, to different convex combinations for the unconditional
state gunc(t)-

We will later consider the most paradigmatic examples of such unravellings, corre-
sponding to the scenarios where the environment is continuously-monitored via either
photo-detection (PD), homodyne-detection (HoD) or heterodyne-detection (HeD).

The explicit formulas for the corresponding SMEs can be found in Sec. Remark-
ably, while we here focus on Markovian open quantum systems described by a Lindblad
master equation (5.9), all the results that follow apply whenever one can write the un-
conditional state as a mixture of trajectories as of (5.10), including monitored quantum
systems exhibiting non-Markovian behaviour.

Besides the kind of detection performed on the environment, such unravellings are
characterized by their measurement efficiency 7, that comprehensively quantifies the
portion of the environment that is accessible and the efficiency of the detector. In partic-
ular, we recall that for = 1, that is when one assumes that the environment is fully ac-
cessible and measurable via a projective (rank-one) measurement, and for an initial pure

1We are here considering a single jump operator ¢ describing the interaction between the system and a zero-
temperature environment, but the formalism can be straightforwardly generalized to multiple jump operators
and to generic thermal environments
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state for the system, the stochastic master equation reduces to a stochastic Schrodinger

equation, as the conditional state remains pure during the whole dynamics. The SSE
for the photo-detection and homodyne detection are given in Eq. (2.43) and Eq. (2.58)
respectively.

Proposition 2. Given an open quantum system, whose charging process is described by a (possi-

bly time-dependent) Hamiltonian H,(t), and whose environment can be continuously monitored
with efficiency n, the corresponding daemonic ergotropy

Eunrn(t) =D perai(0e(t)) (5.11)

is bounded as

E(Gunc(t)) < Eunrn(t) < E(ounc(t))- (5.12)

The upper bound can be achieved in the presence of Markovian environment, whenever the system
is initially prepared in a pure state and the monitoring is performed with unit efficiency n = 1,
independently of the kind of unravelling, i.e.

Eunrn=1(t) = E(ounc(t)). . (5.13)

Proof. The first inequality in Eq. (5.12) is a generalization of Eq. (5.4), applied to (5.10).
Similarly the upper bound is a consequence of Eq. (5.5), while the fact that the upper

bound can be achieved for unravellings of pure states follows straightforwardly from
Prop. O

In the following, we show that as a corollary, the inequality above can be trivially
extended to the case where ergotropies and energies are rescaled by the evolution time ¢,
and thus in terms of figure of merits characterizing the charging power of the protocol.

5.2.1 Average power of continuously-monitored quantum batteries

Let us assume that the state of the quantum battery at the beginning of the charging
process is initially in a pure state (09 = [¢0){(t0|) , and a charging protocol evolve the
system from a time ¢t = 0 to ¢t = 7. We can use the definitions of energy (E), ergotropy (£)
and daemonic ergotropy (£ (f14}) introduced in the manuscript, to define respectively the
average power (P), the average ergotropic power (P) and the average daemonic power
(f{ﬁf}) as follows:

Plo(r)) = ———"——— (5.14)
By (7) = 5{ﬁg}(Q(TT)) — E(eo) (5.16)

We can thus formulate the following corollary, that can be easily proven starting from
Prop. 2 of the manuscript.
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Figure 5.3: Steady-state daemonic ergotropy E.,, for the different unravellings (HoD with pho-
tocurrents monitoring either .. or 6,, HeD, PD) as a function of a and for = 0.1 (dashed-dotted)
and n = 0.7 (dashed) (number of trajectories n = 5 x 10*). Also in this case HeD and 4 ,,-HoD yield
the largest values. Black and gray solid lines correspond respectively to ergotropy and energy of
the unconditional steady-state, that is to the lower and upper bound for the daemonic ergotropies,
that would be obtained for respectively no-monitoring ( = 0) or perfect monitoring (n = 1).
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Corollary 1. Given an open quantum system, whose charging process is described by a (possibly
time-dependent) Hamiltonian H,(t), and whose environment can be continuously monitored
with efficiency n, the corresponding average daemonic power Pyne,(t) = S, PreajP(0c(t)) is
bounded as

P(0unc(t)) < Punr,y(t) < P(0unc(t)) - (5.17)

The upper bound can be achieved in the presence of Markovian environment, whenever the system
is initially prepared in a pure state and the monitoring is performed with unit efficiency n = 1,
independently of the kind of unravelling, i.e.

Punry=1(t) = P(0unc(t)) - (5.18)

We have thus proved that, as expected, the extractable work and power can be in-
creased in an open quantum system if one obtains some information by monitoring the
environment.

Remarkably, the maximum daemonic ergotropy is equal to the unconditional energy
and can be achieved via unit efficiency monitoring, independently of the measurement
strategy. In the following we will rather investigate what happens in the more practical
and experimentally relevant scenario of monitoring with non-unit efficiency or for ini-
tially mixed states, where a hierarchy between the different unravellings is established.

5.3 A continuously-monitored open quantum battery

We now consider the paradigmatic example of an OQB, that is a two-level atom char-

acterized by a Hamiltonian Hy = (wo/2)(6. + 1), driven by a resonant classical field of
intensity o, which acts as a charger, and spontaneously emitting with rate ~ (see Fig.

. In interaction picture with respect to Hy, the evolution of the system is described
by a Markovian master equation of the form (5.9), where the Hamiltonian ruling the

evolution and the jump operator respectively read H, = aé, and ¢ = \/ko_, i.e.
dgunc(t)
dt

An analytical solution can be obtained for g,nc(t) and we report here the correspond-
ing steady-state values of energy and ergotropy

= —ia[6y, Ounc(t)] + KD[6 -] 0unc(t) - (5.19)

40

Bine/wo =g 53 el (5.20)
- Kk [ V1602 + K2 — K
(’;:unc/("]0 25 ( 8a2 + K2 ) : (5.21)

One observes that the steady state energy ES5. grows monotonically as a function of

a/k and asymptotically reaches the value EF; = wp/2 in the limit of large driving.

unc,max

Oppositely, the steady-state ergotropy £ presents a maximum at

a/k =1/(1+V2)/8, (5.22)

gleic,max = (“)0(\/5 - 1)/2 . (523)

where it reaches its peak value
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Figure 5.4: Daemonic ergotropy Eunr,n () as a function of time for different unravellings (HoD with
photocurrents monitoring either &, or &,, HeD, PD) with a/x = 0.4, » = 1 and by considering
the maximally mixed state po = 1/2 as initial state (number of trajectories n = 5 X 10%). Black and
gray lines correspond respectively to ergotropy and energy of the unconditional state when initial
states are the maximally mixed state (dashed) and the ground state (dotted).

If we now assume that a photo-counting detector is able to measure the sponta-
neously emitted photons with efficiency 7, the dynamics of the conditional states o (t)
is described by a SME of the form ; in particular the statistics of the corresponding
Poissonian increment is univocally identified by its average value

E[dNt] = 77/1(&+6r_>tdt, (524)

and thus depends on the average value of &, (we remind that 6,6 = (6, + 12)/2).

If one rather considers a homodyne detection on the emitted field, one has a SME of
the form (2.52), where in particular the continuous homodyne photo-current reads

dy, = /nr(6_€" + 6,7 ) dt + dW,, (5.25)
= \/NK(CoS ¢G4 + sin ¢&y ), dt + dWy , (5.26)

where ¢ corresponds to the homodyne phase. In particular for ¢ = 0 and ¢ = 7/2 one
has photocurrents depending respectively to the average values of &, and &,,.
Heterodyne detection on the environment leads to a similar SME, as can be indeed
thought and implemented as a double homodyne, measuring orthogonal quadratures
with half efficiency. As a consequence one gets a SME of the form (2.54) where the two
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photocurrents depend on 6, and &, as

dyV =,/ %(&m dt +dw (5.27)
dy? = [ L5, e dt + aWD. (5.28)

We will denote with Epp_,y, Enop,, and Enep,, the daemonic ergotropies correspond-
ing to continuous monitoring of the fluorescence field due to the atomic spontaneous
emission via respectively PD, HoD and HeD with efficiency 7.

According to Prop [2, we know that for unravellings of pure states with » = 1, one
obtains Eumm:l (t) = E(ounc(t)), that is, the energy of the unconditional state can be fully
extracted via conditional unitary operations for all the possible detection strategies.

We first consider the situation where the system is initially prepared in the ground
state |0), while the environment is not fully accessible and it is thus monitored with non-
unit efficiency . We have numerically solved the corresponding SMEs [209] 210] and
evaluated the corresponding daemonic ergotropy by averaging over a large number of
trajectories.

In this case we find that there is a hierarchy between the different unravellings: as
one can observe in Fig. for n = 0.4 and o = k, homodyne detection with photocur-
rent proportional to (6,); (corresponding to ¢ = 0) and heterodyne detection lead to
the largest values of daemonic ergotropy, while photo-detection is the least performing
strategy.

The results presented in this plot are quite general: in all our numerical simulations
we find that, as regards HoD, fHoDm:l (t) is maximized (minimized) for ¢ = 0 (¢ = 7/2),
that is for a 6,-dependent (6,-dependent) photocurrent.

Furthermore, in the whole range of parameters we have explored, 5,-HoD and HeD
generally yield very similar values of daemonic ergotropy. The same behavior can be
indeed observed if we focus on the steady-state properties as shown in Fig. where
steady-state daemonic ergotropies Ezsmm for the different unravellings are plotted as a
function of « and for two different values of 7.

From the figure one can clearly observe the hierarchy existing between the different
strategies, and how, by increasing the monitoring efficiency, the daemonic ergotropy can
reach values, approaching the unconditional energy E?; in the limit of n = 1.

Finally, in Fig. 5.4 we consider the other scenario where different unravellings lead
to different daemonic ergotropies, that is when the environment is monitored with unit
efficiency, but the initial state is mixed.

In particular, we consider the maximally mixed state gy = 1/2 as initial state and we
plot funm(t) as a function of time. We observe that at steady state all the unravellings
lead to the same value of daemonic ergotropy, equal to the corresponding unconditional
energy: the monitoring will eventually purify all the trajectories and thus one falls back
into the scenario described in Prop.[2] However, different unravellings lead to a different
purification speed, an effect that has been widely discussed in the literature [211} 212}
213,214} 215, 216].

With respect to the scenarios described in these works, we here have a non-trivial
system Hamiltonian H, ruling the dynamics, and a fixed jump operator ¢ = /ké_,
representing the interaction between system and environment. Remarkably, at small
times we find that the purification speed of HeD and, in the second instance, HoD (al-
most independently on the phase ¢) allows to achieve values of daemonic ergotropy
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evidently larger than the maximum daemonic ergotropy obtainable by starting from a
ground state, whose upper bound (the unconditional energy represented as a dotted-
gray line in Fig. can be interpreted as the amount of energy injected into the system
by the driving laser; we can thus conclude that in monitoring-enhanced battery charging
protocols, the effects of purification may be more efficient than pure energy injection at
small times.

On the other hand we also observe that PD still yields the lowest values of daemonic
ergotropy in the transient leading to steady-state, and for small times the enhancement
due to the monitoring respect to the unconditional ergotropy is almost negligible.

5.4 Conclusions

We have extended the concept of daemonic ergotropy to the open quantum system sce-
nario, where some information leaking into the environment can be continuously moni-
tored and exploited in order to enhance the work extraction protocol.

Our findings reveal that the daemonic ergotropy not only surpasses the uncondi-
tional state ergotropy, but can even reach its energy in the ideal scenario of unit efficiency
detectors. We have then discussed the simplest, but practically relevant, example of an
OQB, that is a two-level atom classically driven by an external field acting as a charger.

Our main results (Props[I|2) require very few assumptions compared to the ones
implied in the model of OQB considered. In particular, they hold even for charging
protocols with time-dependent Hamiltonian [217, 218], allowing one to further assess
the performances of these protocols in the case of continuous monitoring and to envisage
more efficient quantum feedback protocols.

Moreover, one can also consider trajectories describing continuously monitored open
quantum systems in the presence of a non-Markovian environment; while the interpre-
tation of unravellings of non-Markovian master equation in terms of monitoring is in
general not guaranteed [219] 220} 221}, 222} 223]], our approach can be directly pursued in
the non-Markovian setting by describing such quantum conditional dynamics via con-
tinuously measured collisional models [76} 1} 72].

A proof-of-principle experimental demonstration of our results can be readily pur-
sued in a circuit-QED platform, where quantum trajectories corresponding to HeD of
atom fluorescence have been recently observed [19,20]. In general our results pave the
way to further investigation on the relationship between measurement energy cost and
work extraction in continuously-monitored quantum systems [224) [104, (172, [225} 100,
103} [124}[101]], and on the design of a new generation of monitoring-enhanced and noise-
resilient quantum batteries.



CHAPTER 6

Daemonic work extraction via non-ideal QND-energy
measurement

As shown in Sec. in quantum systems, the use of quantum measurements to ex-
tract work has been shown to enhance performance in proportion to the information
acquired [173, 124} 2, [187]. In quantum thermodynamics, emerging technologies such
as quantum heat engines and quantum batteries leverage these measurement-driven en-
hancements [} [157]. However, while measurements improve device performance, the
thermodynamic cost of measurement is often not accounted for in the analyses.

This cost has been associated with the cost of erasing the information obtained from
the measurement, in agreement with Landauer’s principle, leading to a work contribu-
tion from information to the second law of thermodynamics.

In this chapter, we address this gap by employing the framework of informational
thermodynamics, as described in Sec. to study work extraction from a quantum
battery through a Quantum Non-Demolition (QND) energy measurement scheme.

We consider a generic quantum system as the battery, initially in an active state. Us-
ing a QND-energy measurement scheme as an extraction protocol, we aim to optimize
the work extraction process while accounting for both the realistic costs and gains of
measurement.

We first demonstrate how our protocol functions as a QND-energy measurement
scheme, presenting its results in the ideal case. Subsequently, we characterize ineffi-
ciencies in the measurement protocol in terms of the temperature of the auxiliary system
used to perform the POVM.

In our analysis, we separate the work gain from the protocol into two components:
the work cost required to perform the measurement, as described by the framework
proposed by Minagawa et al. [105], and an additional variation that accounts for the
difference between the gain and the cost.

Our results show that for thermal operations, the daemonic gain is always less than
or equal to the energy cost of the measurement. This implies that the second contribution
serves as a measure of the protocol’s inefficiency and quantifies the deviation of the gain
from the cost.

For unitary operations, the gain can exceed the cost of the measurement. We interpret
this difference as a ”“cost-free work variation,” a quantity that can be either positive or
negative, and in our framework, has a clear dependence on the temperature of the bath.

Furthermore, we discuss the extension of the framework to continuous measurement
scenarios, modeling it through a collisional approach, following the example of Sec.
As a case study, we demonstrate our results for a quantum battery modeled as a two-
level system.
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This chapter is organized as follows: In Sec}6.T} we revisit the definition of daemonic
ergotropy and present preliminary results that explore its informational content.

Sec[6.2] introduces our protocol for optimizing work extraction, we demonstrate it’s
interpretation as a non-ideal QND-energy measurement, discuss the role of the temper-
ature as a model of measuring inefficiency, and characterize the maximum work achiev-
able through thermal and unitary operations. We also contextualize the protocol’s cost
within the framework of the second law of informational thermodynamics.

In Sec[6.3] we demonstrate the application of our findings on a representative exam-
ple of a qubit quantum battery.

Finally, in Sec[6.4} we summarize our conclusions.

6.1 The informational content of the daemonic ergotropy

In Sec. we characterized the daemonic gain as a witness of quantum discord. How-
ever, calculations performed for the equivalent gain obtainable from unitary operations
characterize it in terms of the quantum-classical mutual information, quantifying the
classical amount of information gained from the measurement.

In this section, we analyze the daemonic gain in terms of its informational content,
following an approach similar to the one adopted for thermal operations by Manzano
and colleagues in [124].

We consider the same setup as in Sec. involving a bipartite system S A initially
prepared in a joint state p°4. By performing the POVM {IIZ'} on the auxiliary system,
the system S becomes conditioned on the measurement outcome according to Eq. (3.39),
with the probability p, of obtaining outcome a given by Eq. (3.40).

To recall, the daemonic gain, i.e., the gain obtained from measurement averaged over
all outcomes, is defined as A& ay = & 2y — E(p %), where the daemonic ergotropy is
defined in Eq. - Using E, we can rewrite the daemonic gain and perform
calculations analogous to Eq. (3.54). This yields:

AE 12y = 2 pa |[Folo™) = Falp1) = Falo®) + F(o)|
= S0 [AF 4 Fals) - Fa)

Fs(py) Zpafﬁ ) ] :

= 37 T(p54) + AT, 6.1)

— 571\7(PSA)

where we define A.Tj = Fs(py) — F, ,g(p;? ‘a). This quantity encodes the average change
in the free energy of the passive states before and after the measurement. We can easily
think of relating this relation to Eq. (3.54), hovewer a few distinction are noteworthy.

It is important to note that in the general setup without a directly involved environ-
ment, (3 is a free parameter with no physical interpretation and no operational meaning.
Consequently, AE (f12} does not depend on the value of f3.

Conversely, for thermal operations, 3 has a physical meaning determined by the tem-
perature of the heat bath involved in work extraction. We discuss two particularly mean-
ingful values of S that attributes some interpretation to the relation above:
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* Work cost interpretation: While not directly involved in the work extraction pro-
cess, the presence of a thermal bath is implicitly required for the measurement
scheme. The information acquired through measurement must eventually be erased,
dissipating heat in the bath as per Landauer’s limit.

If 3 is chosen such that 3717 (p°4) represents the work cost of the measurement,
the daemonic gain can be interpreted as the sum of two terms: the work cost as-
sociated with measurement (and the erasure of information) and a cost-free work

- . . . =S
variation arising from the free energy change in the passive states. The term AF,
encapsulates this cost-free variation.

* Informational gain potential: In the asymptotic limit of n-copies of p°, as the
energy spectrum of the system approach the continuum, the effects of unitary op-
erations approach those of thermal operations, with 8 = (§*, where 5* satisfies

S(p%) = S(p3.)-

. . A=S . . . .
In this scenario, AF, — 0. If 3 is chosen this way, we can interpret the first term
with the informational work gain due to the measurement, and the second term en-
codes the effect on the work variation that arise due to the finite-size of the system

and the restriction imposed by the action of the unitary operation.

Finally, we emphasize that Afj can be positive or negative, meaning it may con-
tribute either as a net gain or a net loss to work extraction.

We can further contextualize this results in light of those presented in [173], partic-
ularly the observation that the daemonic gain can serve as a witness for the absence of
quantum discord. Recall that J(p°4) quantifies the classical information contained in
the state, which does not contribute to quantum discord.

This relation is particularly clear in the scenario described above for the asymptotic

limit of n-copies of p°. As the system size increases and approaches the classical limit,

A.Tj vanishes, along with the purely quantum component of the correlations defined
by the quantum discord.

Further studies investigating the relationship between quantum discord and dae-
monic gain would be valuable to elucidate a more explicit dependence between these

quantities.

6.2 A QND-Energy measurement protocol for work extraction

In this section, we introduce the framework for our work extraction protocol. Contrarily
to the previous section, in our settings, 5 will have an operational meaning, leading to
an overall different situation.

The ideal QND-energy measurement protocol Before introducing our setup, we char-
acterize the ideal case and demonstrate how it qualifies as a Quantum Non-Demolition
(OND) measurement. The measurement component of the protocol involves two steps
applied to a bipartite composite system S A, where S is the system being measured.

Crucially, S is not directly projected or altered in a way that destroys it, as happens in
certain destructive measurements. For instance, photon detection requires its absorption
by the detector, effectively destroying the photon. In contrast, in this QND scheme, the
other component of the bipartite system, the auxiliary system A, is projected instead of
S.
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A
2] A
—— —/

Figure 6.1: A schematic of the QND-energy measurement scheme considered in this chapter. A
system S, initially in an active state p§, interacts with an auxiliary system A, initially in a Gibbs

state pj, via a unitary operation U. After performing a measurement on A through a POVM, work
is extracted from S through either unitary or thermal operations.

In the ideal case, we assume that S is initially in an unknown state we wish to extract
work from, while A starts in its ground state. The initial state of the composite system is
thus given by:

pyt = pf @ [04)04], (6.2)

where

Pg = an,m [n)(m| (6.3)

n,m

represents a generic state of S expressed in the eigenbasis of the system’s Hamiltonian

Ho =3, &n [n)n]-

The first step of the measurement process establishes a correlation between S and A
by applying a unitary operation on the composite system. The unitary operator chosen
is:

USA = eiiﬁO@A, (6.4)
with A defined such that it satisfies:
A i) = e A0), (6.5)

where the states |¢,,) form a orthogonal basis on the Hilbert space of A.
Under this unitary evolution, the state of the system becomes:

PPt =Usalp§ ® |04X04)TL . (6.6)

which expands as:

it = o (I Xm®| @ [0 X)) 6.7)

n,m
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The second step of the measurement process involves projecting the auxiliary system
A through a POVM. The specific unitary used ensures that the energy eigenstates of A
are correlated with those of S. By performing a projective measurement on A, with the
operators defined by the states |¢,,), we indirectly project S onto its energy eigenspace.
Applying the POVM {I ® |1 x|} results in the following state:

o34 =S meoft = S pe(ROXES | © | ), ©8)
k k

For each outcome k, obtained with probability pi, = pi i, the state of S, after tracing
out the degrees of freedom of A, becomes:

Py = kXK. 6.9)

Therefore, with this measurement protocol the state of S is conditioned as if an en-
ergy measurement were performed on it, yielding outcome k and projecting the state ac-
cordingly with the appropriate probability, all while performing the measurement solely
on A.

The role of the temperature In our model, we assume access to a bath at an inverse
temperature 5. As shown in Secs. [2.1| and through the derivation of the ME and
SME through a collisional model, the interaction with the bath can be treated in term
of a collisional model, where the bath is modeled as a stream of non-interacting input
modes continuously refreshing.

Accordingly, we model the auxiliary system for our QND-energy measurement pro-
tocol as being in thermal equilibrium with a bath at inverse temperature g.

The temperature of the bath plays a crucial role in determining measurement effi-
ciency. If the memory state of the auxiliary system is pure, the measurement becomes
projective, and the system state S collapses to a pure state after the measurement.

Specifically, as shown above, for a given measurement outcome k, the system state
S becomes pg’ x = |k)E|. In this case, even without prior knowledge of the initial state

pg, itis possible to apply an optimal unitary operation solely based on the measurement
outcome k. This unitary operation, Uy, = |0)(k|, maps the state |k) to |0), thereby enabling
the extraction of all available energy as useful work.

In the non-ideal case, where the auxiliary system is in a mixed state, the eigenstates
of the main system and auxiliary system can no longer be perfectly correlated. Conse-
quently, after the measurement, the system state S will not be pure. As the auxiliary
system becomes increasingly mixed, the back-action effect on S weakens. This estab-
lishes the correlation between the temperature of the auxiliary system and the efficiency
of the measurement, as claimed.

A non-ideal QND-energy measurement protocol for work extraction We now char-
acterize the protocol we propose for extracting work through a QND-energy measure-
ment. As represented in Fig. we consider a main system S with free Hamiltonian
Hy =Y, e, [n)(n|, starting in an initially active state p§ = > n.m Prym [n)(m[. The auxil-
iary system A, acting as the Memory, has the same free Hamiltonian as the system S and
is initially thermalized with a thermal bath B at inverse temperature 5. Its state is given
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by the Gibbs state pg‘ — ¢ BHo /Z,with Z = tr [e’ﬁﬁﬂ} . We assume that, at the start, the
composite system state is factorized and equal to

PP = pg @ pj @ pf - (6.10)

Our protocol consists of the following steps:

1. Unitary evolution: The system S and the auxiliary system A evolve unitarily, as
in the ideal case, with the unitary being given by Eq. (6.4). Under the action of this
unitary, the system state now evolves as

PP = Usalpg @ pi)Uss ® pf (6.11)
= mem (|ns><ms| & 6_i6"ApAe7€"' T) ® pg. (6.12)

n,m

2. Energy measurement: The energy measurement is performed on the auxiliary sys-
tem, described by the set {I®|vx) (¥x|}. Due to the measurement, the state unravels
into a convex combination

SAB Zp pSAB (613)

with
psnt = (HS ® [pi) (Wil) (037) ® pf (6.14)
=P34 ® i) (i Ph- (6.15)

3. Work extraction: Work is extracted from the system S by performing the optimal
operation based on the measurement outcome. The extraction process is analyzed
for both thermal and unitary operations, leading to different final passive states.

4. Memory reset: The auxiliary system A resets by thermalizing with the environ-
ment, returning its state to the Gibbs state

Pt = ®pf (6.16)
Before focusing on the extraction step, let us discuss some details of this protocol.

Work cost The work cost associated with the protocol can be evaluated from the generic
bound introduced by Minagawa and colleagues [105], reported in Eq.[3.70} According
to the relation, and assuming the idealization for which no entropy production is associ-
ated with the protocol, we can write the cost for our protocol as

Wcost = B (AS + jGO) (617)

where ASF8 = S(p54) — S(p5*), and Jgo is the Groenewold-Ozawa informational
gain.
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Work extraction with thermal operation Let’s now discuss the work extraction step,
and evaluate the work gained from the the protocol when the extraction is being per-
formed with thermal operation first. In this case, the passive state associated with all the
trajectories is simply

Pa i =P, (6.18)

as when extracting work through thermal operation the final state reached by the system
is the state in thermal equilibrium with the bath.

As done in Sec.[3.3.2) we can evaluate the work extracted for each trajectory and then
average over them all. The work extracted from the state conditioned by the outcome &k
is given by

Ws(p5 1) = Fa(ps 1) — Falps i) = Falps i) — Fa(ps) (6.19)

and the average work gained due to the protocol is
AWnay = Winay — Ws(0g) ZpkW;a 5 k) — Walpg)
= eFs(051) — Fa(p3) — Ws(o5)
k

= Fp(p5) = Fo(ps) + Y _ puFs(pss) — Falps) — Wa(pf)
k

—Zpk (P3x) — E(p5)) + 87 S(p5) = > peS(p3 1)
k

= 5 "Jeo, (6.20)
where we used

e pf =3,k pQS’ «» the unconditional state is obtained by average over the state con-
ditioned by the measurement

* E(p}) = E(p§), due to the unitary being energy preserving

. jqo =S(p5) = >, prS (p*g ), we substituted the Groenewold-Ozawa information
gain.

Our result is in agreement with the upper bound for the work extraction from a mea-
surement protocol under ideal condition, given in Eq. (3.73).

We highlight that the definition of work gain due to the protocol differs slightly from
those introduced in previous chapters. Previously, the gain was defined as the average
change in free energy due to the measurement, quantifying the difference in free energy
between the state just before the measurement and the state immediately after, averaged
over all outcomes.

This approach allowed us to leverage the convexity of the free energy, using the un-
raveling of the state to demonstrate that the gain is always positive. However, as pre-
viously mentioned, the Groenewold-Ozawa information gain can be negative, and con-
sequently, so can the work gain resulting from the protocol, as in this time is defined
as the average change in free energy due to all the steps of the protocol until the work
extraction step.
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The gain from the protocol is equal the cost whenever AS; #' is zero, which in general
it isn’t in our case. Therefore if we subtract the cost from the gain and write it as

AW{1'[;1“} = Weost + Whree, (621)

the term Wy would equal

Wiree = —AS5- (6.22)

As discussed by Minagawa and colleagues [105], while in general AS5¢ can be neg-
ative, a sufficient condition for it to be non-negative is if the measurement apphed to the
memory is a PVM. As we perform a energy measurement on M, we conclude that it is

not possible for the difference AW{Hé} — Weost to be positive.

Work extraction with unitary operation When extracting with unitary operation, the
passive state associated with each trajectory will, in general, depend on the individual
trajectory

O3k = P2k,p- (6.23)

We can evaluate the change in ergotropy due to the protocol as:
Afnay = Zpkff(ﬂg,k) —£(p5)
k

= v (Fs(p5) — F(p3 ) — (Falpf) — Fslos,))
k

= Zpk (P5) — E(p3)) + 87 (S(05) — S(p34))] + (Fﬁ Po.p) Zpk]:ﬁ (V5 k,p))
:E(Pl)_E(P0)+5 1L7Go+(]:ﬁ POp Zpk}—ﬁ p2kp))

=B TJco +AF20, , (6.24)

where this time we defined the quantity F20, = Fa(p§,) — Y pFs(p5 . ,), which
quantify the average change in the residual free energy of the passive state before and
after the protocol.

We recall that also in this case, the gain is defined as the change in ergotropy due to
the protocol, and not due to the measurement, so it is not guaranteed to be positive or to
satisfy the boundaries discussed in Chapter

It is straightforward to show that the daemonic gain result for our protocol is com-
patible with the generic bound for work extraction established by Minagawa and col-
leagues. However, as it might be expected, it does not saturate this bound. As described
in Sec. it is generally not possible to saturate the bound with purely unitary opera-
tion, and the difference from the upper bound in our case is proportional to

B K),s =B <S<Z PP hp) — Zka(p:ip,k)> : (6.25)
k k
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Figure 6.2: Plots of the results obtained from simulation with an initial state p§ given by Eq.
with p = 0.7. On the left: plot of the daemonic gain and its components in terms of work cost
and cost-free work variation. The change in entropy is reported, which is shown to be always
zero for all temperature. On the right: Plot of the daemonic ergotropy compared to the work
extracted from thermal operations, both with and without applying the measurement protocol.
The associated work cost and Groenewold-Ozawa information gain are also shown for reference.
In this scenario the work cost is equal to the Groenewold-Ozawa information gain.

It is still possible to describe the daemonic gain in term of a work cost plus a cost free
work variation as done in the previous section. Using the work cost evaluated for this
protocol, we define the cost free work variation as

A?{Hf} = A.TQ)OJ) + 6_1[u7GO + AS2S7é + _AS2S,61]
= Weost + AF 2,0, — B [AS50] = Weost + Wiee, (6.26)
where Wiee = AF30,, — 37! [AS57]. As in the previous case, and contrarily to the gain

evaluated for thermal operation, the cost free work variation can be either positive or
negative.

6.3 A QND-energy measurement protocol for extracting work from a
qubit quantum battery

In this section, we apply the results derived earlier to a paradigmatic example of a
qubit quantum battery to optimize work extraction and evaluate the convenience of
our proposed protocol. Specifically, we consider numerical simulations of the proto-
col implemented on a system S, modeled as a two-level system with Hamiltonian Hy =
wo(6, + 1)/2, and initialized in arbitrary states. In particular, for this analysis we will
discuss results obtained with initial states for S that are incoherent, generated as

py = p|1Y1] + (1 - p) [0X0| (6.27)

or coherent, generated as

g = pIHNF+ (1 =p) |-, (6.28)
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with |+) , |—) being the eigenstates of &, both for some particular choice of p. The mem-
ory M also consists of a qubit with Hamiltonian Hy, initially in a thermal state at inverse
temperature 3. The memory operator A, satisfying the relation in Eq. (6.5), is chosen
as A = 76, /2. This particular choice is so that the basis |t,,) correspond to the energy
eigenbasis of A.

In Figure we present the results for an initial state of S that is diagonal in the
energy eigenbasis. Specifically, we plot the results for p3, as defined in Eq. with
p=0.7.

Our simulations explore various values of p, both above and below p = 0.5, which
serves as a cutoff between active and passive states. For all cases, the behavior of the
quantities of interest remains similar, except for p = 0.5, which exhibits a subtle differ-
ence that we will highlight.

In the left panel, we plot the daemonic gain and its two components: the work cost of
the measurement, W4, and the cost-free work variation, Wiee. Additionally, we include
8 *IASg 4, which is found to be zero at all temperatures in this scenario. Consequently,
the work cost Wt is equal to the Groenewold-Ozawa information gain.

The daemonic gain is a monotonic function of 3, bounded by A a; = E(pf) —

E(pg) as B — ocoand A& nay = 0as 8 — 0. Surprisingly, in this particular case where the
initial state is diagonal in the energy eigenbasis, the daemonic ergotropy satisfy the same
boundaries discussed in Chapter 5| while the daemonic gain preserves its positivity.

The work cost of the measurement is always positive, peaking at a finite value of
and vanishing at the extremes. This behavior arises because, while significant informa-
tion is accessible as 5 — oo, the associated work cost is suppressed as 1/3. Conversely,
as § — 0, the information content of the measurement, quantified by J¢o, diminishes to
Zero.

The cost-free work variation, Wi, is maximized at low temperatures (8 — oo) and
decreases as the temperature increases, becoming negative at a finite value of 5. For all
studied cases except p = 0.5, there exists a threshold temperature above which Wiree
becomes negative. For p = 0.5, however, the cost-free work variation remains positive
across all temperatures.

For the daemonic ergotropy, this protocol therefore achieves a net gain whenever
Wee is positive, which is verified at low temperature, while if one’s interested resides in
purely maximize the work extraction regardless of its cost, the daemonic gain is higher
than zero for a larger range of temperatures. In this scenario there is no real drawback
to apply this protocol as in any case the gain never becomes negative.

In the right panel, we compare the daemonic ergotropy obtained using this proto-
col to the work extractable through thermal operations, with and without applying the
measurement protocol. For reference, the Groenewold-Ozawa information gain, repre-
senting the work gain enabled by the protocol, is also shown.

The work extractable from thermal operations exhibits a minimum at 8*, where g*
satisfies S(p§) = S(p3.). Atother 3 values, additional work can be extracted by exploit-
ing the temperature difference between the system and the bath. As 5 — oo, the ex-
tractable work for all extraction methods converges to the upper bound of the daemonic
ergotropy, determined by the initial energy of the system. In this regime, the work gain
from the protocol vanishes, and the extractable work coincides with the system’s initial
energy.

In this specific case, as S~ AS3{ = 0 for all temperatures, the work gain for thermal
operations corresponds exactly to the measurement cost, demonstrating that the proto-
col achieves maximum efficiency with no dissipative terms.
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Figure 6.3: On the left: plot of the daemonic gain and its components in terms of work cost and
cost-free work variation for an initial state p3 given by Eq. with p = 0.7. On the right: Plot of
the daemonic ergotropy compared to the work extracted from thermal operations, both with and
without applying the measurement protocol. The associated work cost and Groenewold-Ozawa
information gain are also shown for reference.

At lower f3, thermal operations significantly outperform unitary operations. In this
regime, as the gain from the protocol approaches zero, there is no substantial differ-
ence between the two thermal extraction protocols (with and without the measurement
scheme).

Between these extremes, when the protocol’s gain is near its peak, the daemonic er-
gotropy significantly outperforms thermal operations without the measurement proto-
col. When the measurement protocol is included, thermal operations naturally provide
an upper bound for the daemonic ergotropy.

Over a finite range of 5, the daemonic ergotropy exceeds the work achievable via
thermal operations and approaches the measurement-enhanced work extracted from
thermal operations at low temperatures.

The results of simulations with an initially coherent state are presented in Fig.
Since the behaviors of all studied quantities are similar across cases, we again show
results for a single value of p = 0.7. In both panels, the same metrics as in the previous
case are plotted.

In the left panel, we observe that, unlike the incoherent case, AS5? is no longer
zero for all temperatures; instead, it decreases exponentially as 3 1ncreases This im-
plies that for an initially coherent state, the cost of the protocol is no longer equal to the
Groenewold-Ozawa information gain, leading to a lower overall efficiency. For example,
in the case of thermal operation, this implies that the cost of performing the measures is
no longer equal to the gain.

Another difference in the left panel is that the Groenewold-Ozawa information gain
becomes negative at lower 3. In this regime, the work extracted through this protocol
when using either unitary or thermal operation is lower than the work extracted without
applying the protocol. Interestingly, the behavior of the work extracted via measurement
enhanced thermal operation in this regime resembles that of the daemonic ergotropy, no
longer increasing as the temperature of the bath increases.

Overall, for an initially coherent state, the differences between high and low § are
significant. At high 3, the protocol can be applied efficiently as a tool for work extraction.
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Atlow S, however, it has a detrimental effect on the work extraction process.

6.4 Conclusion

In this chapter, we studied a QND-energy measurement protocol for enhancing work ex-
traction from a quantum battery. As a preliminary step, we characterized the daemonic
gain in terms of the informational content of classical correlations within a generic bi-
partite system. These correlations were quantified using the quantum-classical mutual
information. Through this analysis, we established a framework that decomposes the
daemonic gain into two components: the measurement cost and a cost-free work varia-
tion, while also elucidating its connection to quantum correlations.

We contextualized the proposed extraction protocol within the framework of Lan-
dauer’s principle, properly accounting for both the gain and the work cost associated
with the measurement process. Importantly, we demonstrated that our protocol is effi-
cient by proving that it saturates the work extraction bound established by Minagawa
and colleagues [105] when employing thermal operations, which are necessary to achieve
this bound.

However, thermal operations are challenging to implement experimentally, in con-
trast to unitary operations. We further showed that work extraction via unitary opera-
tions is also efficient, even if formally they do not saturate the bound by Minagawa and
colleagues [105], and for this case, we quantified the deviation from the upper bound.
This deviation arises solely from the inability of the passive state, in general, to achieve
uniformity across all trajectories. We extended the characterization of the daemonic gain
to this scenario, confirming that it can still be expressed as the sum of the measurement
cost and the cost-free work variation.

To validate our findings, we applied the results to the paradigmatic example of a
qubit quantum battery initialized in arbitrary states. In particular we investigated our
results in the cases where the initial states where either diagonal or non-diagonal in the
energy eigenbasis. Our analysis revealed that these two cases give raises to completely
different scenarios.

In both cases, the cost-free work variation is maximized when interacting with a zero-
temperature bath, from which it gradually decreases as the temperature increases and
the efficiency of the measurement diminishes. Notably, the daemonic ergotropy demon-
strates its ability to outperform thermal operations for finite values of 8 and remains
comparable to measurement-enhanced thermal operations over a broad range of low
temperatures. In this region, the conditional mutual information resulting from the mea-
surement—i.e., the factor that prevents the daemonic ergotropy from saturating Mina-
gawa’s upper bound—has negligible values, showing that our protocol optimize work
extraction through unitary operations.

At higher temperatures, the scenario differs. For an incoherent initial state, the pro-
tocol becomes ineffective. The information gained from the measurement as it becomes
more inefficient goes to zero, therefor the work gained also goes to zero. Surprisingly, it
never becomes negative, achieving less work extracted than it was possible without the
protocol.

Differently, if the initial state is coherent, when the measurement is highly inefficient,
the protocol becomes counterproductive, as the information gained fails to offset the cost
of generating correlations between the battery and the memory. In such cases, it is more
effective to extract work directly without performing the measurement.

A proof-of-principle demonstration of our results could be realized on a circuit-QED
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platform. Additionally, digital quantum computers offer a promising avenue for simu-
lating and validating our findings [163].






Conclusion and outlooks

In this PhD dissertation, we presented our contributions to the field of open quantum
batteries. Our results are centered on two primary objectives in this area of research: (1)
characterizing and understanding the influence of noise on open quantum batteries, and
(2) developing optimal control techniques to enhance battery performance through the
use of quantum measurement.

In Chapter (1} we reviewed fundamentals concepts from quantum mechanics. We
introduced the postulates of quantum mechanics in its standard formulation, which de-
scribe how a closed quantum system behaves. We further described the tools used to
describe open quantum systems and showed how these tools can be considered as re-
sulting from an extension of the standard postulates.

In Chapter [2} we characterize the behaviour of open quantum system, in our case de-
fined as quantum system interacting with a reservoir or a heat bath. We show that in the
Markovian regime, the dynamics of the system is described by a a differential equation
known as the GKSL master equation, while in the non-Markovian regime the dynamics
is known to be described an integro-differential master equation. For continuously mon-
itored quantum system, the back-action effect of the measurement leads to a stochastic
dynamics unravelling in trajectories of which properties are determined by a stochastic
master equation.

In Chapter [3) We summarize concept from quantum thermodynamics that are use-
ful for the rest of the thesis. In particular, we determine the amount of work that can
be extracted from a quantum system through either thermal operation or unitary oper-
ation. We define the daemonic ergotropy as the amount of work that can be extracted
from a quantum system, on average, when the system can be measured, and studied
it’s equivalent quantity when the final extraction step is performed through a thermal
operation. We characterize the improvement in work extraction in terms of additional
work performed through the measurement, and show that it correlates with concept
from Maxwell’s demon, where a feedback operation (the extraction process conditioned
on the outcome of the measurement) allow to further extract work by making use of the
acquired information. We characterize the cost of the measurement through Landauer’s
limit and the second law of informational thermodynamics. We finally provide a review
of some important results concerning the quantum batteries in both closed and open
system settings. We include a description of experimental works on the arguments and
a discussion on the major challenges for future experimental works.

In Chapter {4, we studied the dynamics of an open quantum battery using a colli-
sional model capable of introducing memory effects in its dynamics. We observed that
an increase in memory effects in the battery dynamics generally reduces the capacity to

83
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extract work, as quantified by the ergotropy of the steady state. However, the interplay
between different sources of memory effects revealed non-linear behavior. Specifically,
memory effects induced by the environment could mitigate pre-existing memory effects
within the battery’s dynamics, thereby improving its performance. We concluded that
environmental memory effects may play a non-trivial role in enhancing battery perfor-
mance, particularly in charger-mediated interactions.

In Chapter |5, we extended the concept of daemonic ergotropy to continuously moni-
tored open quantum systems. We established upper and lower bounds for the daemonic
ergotropy of an unraveling in terms of the energy and ergotropy of the correspond-
ing unconditional state. Additionally, we derived corollaries to these bounds, which
extended the analysis to the daemonic power, i.e., the average rate of change of the dae-
monic ergotropy. These results provide a theoretical foundation for evaluating work
extraction in continuously monitored quantum systems.

In Chapter [6} we proposed a protocol for QND-energy measurement, including its
application in non-ideal regimes, and analyzed the work gain and energy cost associ-
ated with the protocol. For thermal operations, we demonstrated that the extractable
work saturates the bounds established in [105], confirming the optimality of the pro-
posed protocol. For unitary operations, while the upper bounds could not be saturated,
we quantified the deviation from the bounds and showed that this deviation becomes
arbitrarily small for efficient measurements as the temperature of the bath, which mod-
els measurement inefficiency, approaches zero. In both cases, we characterized the gain
from the protocol in terms of its cost and a cost-free energy variation. Notably, for ther-
mal operations, the cost-free variation is always non-positive, while for unitary opera-
tions, it can be positive if the measurement efficiency exceeds a certain threshold, i.e., if
the temperature is sufficiently low.

In conclusion, this dissertation advances our understanding of open quantum batter-
ies, particularly in terms of the influence of noise and the development of measurement-
based control strategies to enhance performance. However, many open questions re-
main, and further research is needed to fully understand the potential of quantum bat-
teries. In the following, we provide some future directions towards which our effort
could be directed to achieve such result.

Outlooks

While significant progress has been made in studying the influence of environmental
interactions on quantum battery dynamics under the Markovian approximation, much
less attention has been given to non-Markovian regimes. Our results in this context are
among the first contributions of this type. Future research could apply similar method-
ologies to investigate other types of noise, such as decoherence, and their effects on quan-
tum battery performance. The results characterizing daemonic ergotropy in terms of cor-
relations in bipartite systems suggest that system-environment correlation buildup plays
a critical role in dissipation processes. As proposed in this dissertation, further studies
could use collisional models that explicitly allows for such analysis. Moreover, while
the stabilization of quantum battery charge in an open system setting is an ongoing area
of research, it would be valuable to study work extraction during transient dynamics,
focusing on specific time intervals that optimize figures of merit such as ergotropy or
average charging power. In terms of quantum measurement, our findings provide a
basis for further development of measurement-based control strategies, particularly by
incorporating cost considerations into performance evaluations. Extending the QND-
energy measurement protocol to the framework of continuous measurement could offer
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new insights into the cost-performance trade-offs in this context. Furthermore, trade-
offs between maximum power and power stability, as suggested in [126], are expected
to apply to daemonic ergotropy. However, a comprehensive characterization of work
distribution for extraction protocols involving measurement is currently lacking in the
literature and presents a promising avenue for future work.

From an experimental perspective, the results presented in this thesis on measure-
ment enhanced work extraction are experimentally feasible within certain limitations.
While generic thermal operations are notoriously challenging to implement, in part due
to difficulties in reconciling their theoretical definition with experimental constraints [226],
alternative pathways exist. For instance, efficient thermal operations can be imple-
mented by leveraging the adiabatic theorem [227] enabling work extraction via qua-
sistatic dynamics, albeit at the cost of reduced power output. In contrast, as demon-
strated in Chapter[6} measurement protocols augmented by unitary operations can match
the efficiency of thermal operations in specific regimes, offering a viable alternative for
fully extracting work from quantum systems without relying on environmental interac-
tions.

Recent proposals for elementary thermal operations (ETOs) [228], a simplified sub-
set of thermal operations, may further bridge the gap between theory and experiment.
However, a systematic comparison of their performance relative to both thermal and
unitary operations in the context of daemonic work extraction remains an open question.
A faithful implementation of our protocols based on thermal operations may be exper-
imentally challenging, so a pragmatic compromise involves leveraging techniques such
as quasistatic dynamics, shortcuts to adiabaticity, ETOs, or quantum adiabatic brachis-
tochrones [229]. Although these methods may not saturate the theoretical upper bounds
for daemonic work extraction, they are expected to outperform protocols lacking the
feedback mechanisms. A comprehensive comparison of measurement enhanced work
extraction with experimentally realizable discharging protocols remains a critical direc-
tion for future work.

Notably, unitary operations face fewer practical hurdles than thermal operations. Re-
cent proof-of-principle experiments, such as those on the IBM Quantum platform [163],
have successfully demonstrated the feedback mechanism. The measurement scheme
proposed in Chapter 6] (see Sec. is readily implementable across multiple experimen-
tal platforms. Further simplifications arise when our protocol is implemented through
continuous measurement of the energy eigenbasis: the inherent purification effect drives
the system toward a Hamiltonian eigenstate over time, obviating the need for complex
feedback control. From the photocurrent, the collapse trajectory can be inferred, enabling
effective feedback with a finite set of operations.
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