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S.1 Defining the spatial specification M from the marginal ef-

fects

Given the coefficients sy, the coefficients of M are obtained by applying Theorem 17 in |Birmajer
et al.| (2012), with a = 0 and b = 1: if for all k, y, = Z?le!Bk’j(xl, ey Tk—j41), then

k

v = (=17 By (w1, ki),
j=1
where By, ; (x1,...,Tk—;41) is the exponential Bell polynomial, that is
k! . 1 Th—j+1
By ; e Tp—inl) = =B i | =, .., — T )
k,j (‘rh y Ll ]+1) ]' k,j <1'7 y (k—]+1)'
In our framework, setting n!(1—ag) s, = y, and noticing that in this case zj = k! ar/(1—aop),
we obtain
- J!
ar = (1—ap) Y (-1)7" 7 Brg (1 (1= ao) 1, (k= j + 1L = ap) sp—j1) (S.1)
7=1

In particular, we can construct a function M with inverse that is a polynomial of finite order:
given M1 (p) = Z]K:O 55 (pW)? where K < 400, applying (S.1)) we see that the coefficients of
M are

s
—(1—ao))’™" By (51,52, 8k—j11)

||M»



for £ < K and

=

1 j +1

k— k
a = { (= (1= a0))’ ™ By (51,82, -, 5K,0,...,0) + Z (—(1—ao))’™ By, (317327-~~;5kj+1)}
—k—K

T,
=

k
:{ (= (1= a0)) ™ Brerjor (51,82, 8) + ) (—(1—ao))JHBk,j(81,82,-~,8k—j+1)}

j=1 j=k—K+1

for £ > K.

S.2 Power representations of GB distributions

S.2.1 Power representation of the beta family

To simplify the illustration, we consider the case a = 1.

We have in this case that our target function is related to the CDF of the beta family:

B<1f/b D q) z/b

ca/b' 1 Ifcz/b _1 1

;b = = P (1 —w)?d b/(1—c).
Glbar) B(p,q) B(p,q)/o Wm0 <o <b/{l =)

(S.2)
We point out once again that, by setting b =p = ¢ =1 and ¢ = 0, one gets the SAR model.

To define M and derive the coefficients a; and s, we exploit the series expansion of the beta

, 1 2/b ' (L—q [ a/b \F
Glasbepa) = 5o <1+caz/b> 2 KI(p+ k) <1+cx/b> ’ (5:3)

where (u)r = I'(u+k)/T'(u) is the Pochhammer symbol, see (8.391) in |Gradshtein et al. (1965).
In order to have a real and monotone function, we have to impose some constraints on the
parameters space: by (S.2)) and the integral representation (9.111) in |Gradshtein et al. (1965])

we have

function:

1 —-p
G (w;b,¢,p,q) = B(qll_q)/o £79(1 — ¢ypra! (W) - t> dt. (S.4)

From ({S.3)) it is easy to see that the analytic continuation of the incomplete beta function
to (=b/(1 + ¢), 0] is one—valued and real for p € Ny and furthermore, its density is

x/b cx

2
2) = B(p,q) ‘B [ —L b ¢ p, .b*(l ) .
9(x) = B(p,q) (1+cx/b pq> + -
By deriving the expression in (S.4) w.r. to u = chi/xb/zw it is easily proved that the function
B(u;b,c,p,q) is monotone increasing only if p is odd, otherwise it is monotone decreasing for

any value of gq.



Under these conditions and from this (S.3)), we can derive the coefficients ay, in :

| 1l &K=y [z \F
G (z;b,¢,p,q) = B(qu)kzzp (k —p)k <1+cx/b>

1l A"y~ (h+E—1 .
‘szbaf—m( ) )
& a1 m—1 (9" = @y
_Z::x me(p,Q)Z< h >(m—p—h)!(m—h)

m=p h=0

—o)h(1—
that implies a; = m Elz;g (kgl) % for k > p and zero otherwise. In particular,

if ¢ = 0, the coefficients simplify to

o 1 (1 - q)k—p
- V" B(p.q) (k—p)k

ag

for k > p.

S.2.2 Power representation of the generalized gamma specification

In this section, we study the power series representation of the GG family, prove the represen-
tation in equation and study the set of admissible values for the parameters.
Using the identities (8.354) of |Gradshtein et al.| (1965) we get the series representation:

(_1)n (g)a(p*Fn)

L(p)n!(p+n)’

G (zia,d,p) =
n>0
We assume, to define the coefficients ag, that ap + an € N for all n > 0, which requires both

r € N and a € N. In this case, it is easily seen that

Cyteleaty _
ap = roGap & k=alp+n), n=01,2...
otherwise

When ¢ = 1 (gamma distribution), the structural equation for y includes only h'"-order
neighbors if A > 7, while if for example a > 1 only h*"—order neighbors that are multiple of a
and larger than or equal to r are included.

Now, exploiting this expression we can extend the function to the negative axis, but we have
to choose the parameter region for which the function will be real and, if possible, monotone.

If a € N is even, the function is naturally extended to the whole real axis because of:

v (p; (—z/d)*)

G(—z;a,d,p) = )

= G(z;a,d,p).
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If instead a is odd, and by assuming d = 1, without loss of generality, we have, for all z > 0

G (G T o Vil
L(p)nt(p+n)  T(p) n!(p+n)

G(—z;a,1,p) = Z

n>0 n>0

)™

-1 z? 1 yn
il P “—d
n! I (p) /0 Y Z nl Y

(—1)"P /”" b1y a /” (-2
_ Y leVdy = — ) le= (9" gy,
NONA oy 7

where the last identity is obtained by the change of variable y = 2 and the integrand in the
right-hand-side is the GG density with d = 1 evaluated at —z.
We point out that the assumption ap € N guarantees (—1)?? € R and thus the polynomial co-

n+p—1d _ (

efficients are real and one valued. Further, we want G(z; a, d, p) to be monotone non-decreasing,
which is satisfied if the derivative of G is nonnegative also for negative values of x. By differen-
tiating G, it is easy to see that the function is monotone nondecreasing if ap — 1 is even. Thus,

the parameters of the GG family must satisfy the restriction to odd values of ap.

S.3 Some useful Lemmas

The following Lemmas 1-5 may be found in [Debarsy et al.| (2015b)) (Lemmas B.1-B.5) and are
presented here for the convenience of the reader. Lemmas 6-8 are slightly modified versions of
Lemmas B.6-B.8 in Debarsy et al. (2015b). We recall that a matrix is said to be RCB if it is
bounded in both rows and columns sum norms.

In this Section, we use the following matrix functions
Hy(7): = Iy — Vo X, (XLVIVa X)) " XLV
Pon(7) 1 = X, (XLVIVL X)) ' X0,
To(p,7) = = My (p)Vy(7) Hy () Vo (T) Min (p)

and their derivatives are collected in Table

Derivatives

5 Ha (p:7) | = (3 Pon(1)Vii (7)) + <>P2n<r>(aTv'<> w(7)) " Pan(7)V,(7)
2T (p,7) | (& M)V (T Halr)Val(r) Ma(p))

2 To(p,7) | Mi(p) [(ZVa(r)H <T> n) VA7) 8 Ha(r)Va(7)] Ma(p)

Table S.1: Table of most important derivatives



Lemma S.1. Given sequences of matrices 4,, € R™*" and X,, € R»*F if
(i) A, is RCH]]

(i) X, is uniformly bounded, i.e. sup, max; ; X, ; < oo and
1,
lim—- X, X, =L
non

where L is a nonsingular matrix.
Then M, = I,, — X, (X X,,) "' X/, is RCB and tr (M,A,) = tr (4,) + O(1).

Lemma S.2. Given two sequences of matrices (A,,) and (B,,) in R"*" and a sequence of random

vectors € € R™ with independent elements s.t.

E [e,) = 0 and cov (€,) := X, = diag (0721711, 0721722, O ) s

s “nnn

then
E [ene;Anen} = (amn E (eil) yap 22 E (622) P M (ef’m))

and

E [€ Anen€ Bren] = aniibni [E (€h;) — 3oy ;] +tr (S Ap) tr (S By)+tr [S,An Sy (Bn + B))] -
=1

Lemma S.3. Given two sequences of matrices (A4,) € R™" and (C,,) € R™** and a sequence

€ € R™ of random vectors with independent elements s.t.

s “nnn

E [ey] = 0,supE []em\ﬂ < oo and cov (€,) := X, = diag (0721711, 0721722, O )
in

If: (i) A4, is RCB; (ii) C,, is uniformly bounded; (iii) the sequence E (e?;) is bounded, then
1. €, Ane, = Op(n) and E [e), Apen] = O(n)
2. [e),Ane, —E (€, Anen)] = op(1) and
3. n~Y2C! Ape, = Op(1).

Lemma S.4. Given a sequence (A,) in R™™ " a sequence b, € R™ and a sequence € € R"”
of random vectors with independent elements and s.t. E[e,] = 0 and cov(e,) = X, =
diag (072,”11, 03,227 . ,agmn). If

(i) A, is RCB

!Given A € M, we define ||A|_, := max;<, ||4i,||, and ||A||, := max;<, ||A.;||,; a sequence of matrices A,, is

Uniformly bounded in both row and columns sum norms (RCB) if sup,, ||A.||, < oo and sup,, ||A|; < oo



(ii) there exists a constant 7; such that
. b
SL:Lp g [bnllgyy, < oo

(iii) there exists a constant 7y > 0 such that

supE Uem'|4+772} < oo

n

(iv) letting ¢, := €, An€n + b€, — tr (A,5,) and 02 := Var (c,), the sequence n~'o? is
bounded away from 0

then

4, Gauss (0,1)

Oc,
Lemma S.5. Let 6, and 6, be the minimizers of Q,(0) and Q(6) in ©, respectively. If
|Qn(0) — Qn(0)| = 0p(1) uniformly in a convex set © and Q,,(0) is uniquely identified at 8y and
if |Q,(0)Q%(8)] = 0,(1) uniformly in ©, then 8,, and 92 converge in probability at 6.

2
Furthermore, if 88235?) converges uniformly to a well defined, nonsingular matrix at @;

999 92Qn(0) _ 220 (0)| _ : . 0Qn (0 0Q%(00)|
\/E%T(a) = Op(1); 3§aé/) — agaé,) = 0p(1) uniformly in 6; |\/n Qae(aO) —/n %0(60) —
op(1), then

V(8 — 00) = Vn(6;, ~ 00) + 0 (1).
Lemma S.6. Let V,, := V,,(7) a sequence of matrices that depend continuously on 7. If
(i) V,, is RCB
(ii) there exist § > 0 such that o (V,,(7)' Vi (7)), (where o(A) is the spectrum of A) is uni-

formly bounded away from 0 on [—4, d], this means that inf c_5 5 min|o (V,,(7)'Va(7))| >
0.

(iii) X,, are uniformly bounded.

(iv) for any 7 € [—0, ] we have
. 1 ! /
lim = X' V'Vo X, = L,
non

where L. is a nonsingular matrix.
then
L X, (XLVIVaXn) ' XD
2. Hy(1) = I, — Vo X (XLVVa X)) XLV
are RCB uniformly in 7 € [—0, J].



Proof. By assumption (ii) the symmetric matrix W, (1) := V,/(7)V,,(7) is diagonalizable for all
T € [=0,8] as Wy, (1) = U'(7)A;U(7), where U(7) is the matrix of normalized eigenvectors of
W, (1) and A; is the diagonal matrix with its eigenvalues. From this, there exist a £ > 0 such
that W, (1) — k1, is positive definite, then it follows that

1 -1 1 -1
X! (Wi(7) — k1) Xy > 0 = X! Wi (1) X — kXX, >0 = < X;WH(T)XH> < </<; X,;Xn>
n n

where the inequalities are in matrix definiteness sense. From this inequality and assumption (ii)

we get 1. and 2. follow from assumption (i). O

Lemma S.7. Given
(1) My (p), Va(7), Ay and B, sequences of matrices in R™*" that are RCB

(ii) (%Mn is continuous and RCB in [—4¢, 0] and B%Vn is continuous and RCB in [—4, J]
(iii) b, € R™ elementwise uniformly bounded
(

iv) X, a sequence of matrices in R"** such that for any 7 € [0, 6] we have
. 1 !/ /
lim — X,V (1)V, (1) X, = L~
non

where L. is a nonsingular matrix.
(v) a € € R™ a sequence of random vectors with independent elements and s.t. E [e,] = 0

and cov (€,) := X, = diag (0’72%11, 03’22, e ,U%Jm) and

sup £ (efn) < 00

n,i

then
L. L6/ M) (p)Vi(T)Hy, (7) Vi (1) My (p) An€n = op(1) uniformly on [, 6]

2. L0 M} (p)Vyy(7)BpVi(T) My (p) An€y = op(1) uniformly on [, 5]
3.

% [e%A%Nfé(p)V,;(T)Hn (1) V(1) My (p) An€n — tr (A;szlz(p)va(T)Hn (7) Vn(T)Mn(P)AHEn)] =op(1)

uniformly on [, §]?
4.

% [, AL M, (p) Vi (7) B Vi (1) M (p) A€ — tr (A5, My (0) Vi (7) Bn Vi (7) My (p) An2)] = op(1)

uniformly on [—4, §]?



%tr (ALM(p)VL(7) (In — Ho (7)) Vi (T) M (p) AnE) = 0p(1)

uniformly on [—4, §]?

Proof. To prove the uniform convergence in probability we prove the pointwise convergence in
probability and a “Lipschitz—type” condition on the growth of the function.

We begin with 1., calling T,,(p,7) := M) (p)V,.(7)Hy (7) Vo (T) My (p) we can write the ex-
pression in 1. as b/, T,,(p, 7) An€n/n and by Lemma we have

- b’ T (p, 7)Anen = op(1).

Then we have to prove the growth condition.
As usual we estimate the growth of the function with the mean value theorem: given (po7)

and (p1,71), we have

8

. b/ [ (Pl, Tl) Tn(p07 TO)] Apen = b/ 8 ( ,7:) Anen(pl — po)
+ b/ aa <~ 72) Anen (Tl - TO)

where, setting Pa, (1) := X, (X, V'V, X,) P X!,

5T 0.7) = (55 MUV (Vo) M)
52 T (0.7) = M200) | (VA HAI )+ Vi) 5 Har V()| M)
and
o Hulr) = = (5 Pl DVAD)) 4 Vi) Panl) (51 Vi) ) P Vi)

then all the matrices in partial derivatives are RCB and by Lemma the partial derivatives

too are RCB, i.e. there is a constant ¢ such that

< = |6 Aues|

' b/[ n(p1,71) — Tnlpo, 70)] Anen

and from this we get the stochastic equicontinuity.

For point 3. the function is

% (€A, T, (p,7) Anen — tr (A, T (p, 7) AnEy)]



this is easily proved that converge to 0 in probability and for stochastic equicontinuity, with the

above notation, and applying mean value theorem we get

1
g ‘elAln [Tn (Pl; Tl) -1y (PO, 7_0)} Apey —tr (A'/n [Tn <p0; TO) =Ty (Pla Tl)] Anzn) ‘ =
1 0 _ 0 o
=2 [ T3 - )+ 5 T () (1= )| v
0

—tr |4 (T ) 1= )+ g T (3 (1= ) ) 4,

IN

1 . - .
‘% GIA;L [VTn (P, T) VTr/L 2 T)] Anen| llpr — ol +

1 -
+ n ‘tr (A;Lan (p,T) Anxn)‘ 1 — @0l

then the first term in the sum can be diagonalized because is symmetric (see the proof of Lemma
B.7 in Debarsy et al.| (2015b)) and can be majorized by RCB hypothesis on M,,, V,, and their
derivatives and the second one by the same hypothesis but directly. O

Lemma S.8. If (V;),~; is a family of equicontinuous matrix valued functions with respect to

the norm || - ||, then for all sequences 7, such that 7,, — 7

Va(7n) = Va(70)[| = op(1).

Proof. With the notation above, for all £ > 0 there exist ng such that |7, — 79| < ¢ for all n > ng
and by equicontinuity
[Va(rn) = Valmo)| <e

for all n > ny. O

S.4 Proofs

S.4.1 Proof of Lemma [I]

We recall that an ordinary Bell’s polynomial and an exponential Bell polynomial are given by

. k! . :
_ : J1,.J2 In—k+1
B (01,22, ..o, Tppt1) = E R [T Ty T
) ) J1:J2s - Jn—k+1:
(315 dn—k+1)ESn &

and

| . 1 .jnfk+l
n: T\ J2 Tp—k+1
By p(z1, @2, Tpkg1) = Z —— ;! (—) ('
- Jilgal e Jnk! 2 (n—k+1)!
(J15+dn—t+1)ESn &




PV jn =k and ZZ;TH hjn = n} and a complete expo-

where Sn,k = {(jla cee 7jn7k+1> : h=1
nential Bell polynomial is
B xla"w ZBnk I’l,l’g,...,xn,k+1)

see, for example, [Wang and Wang (2009).

First of all we remark that

(1—a0) M, " (p) = [Go (pW)]" = (ho f) (pW)

n>0
where .
X X"
= apk!/(1 - ap) S and h(X) = g) b
’ n bn,

E>1
= Pk
We recall that Faa di Bruno’s formula for formal power series guarantees that, given two

functions f(z) = 3,51 pna™/n!l and h(z) =3 4, brz® /k!, then

:an[f( —bg—I—Z Z ol pl,pz,---,pn—kzﬂ)]x

n>0 n>1 Lk=1

where By, ; are exponential Bell polynomial. Applying this formula to our case we get

(1—ao) My " (p) = 1+ ) culpW)"

n>1

where the coefficients ¢, are given by

Ly 3 Ly n! n_kdl a;  \7
S S CRTTINSTRIS L7 ) ppe
k=1 k=1 | gesy, I Inmkl G 0
n
a2 Qp—k+1
=3 e (2 T
CLO 1—a0 l—a()

and from this we have the result.

S.4.2 Proof of Proposition

We can write
n R R
| = [log det (M (p))| ~ log [det (M ()] ~ & (108 lexc, (9)|> ~ log (o) )

|5 (p) —
I ny (4 eI )
= [tog det (M (p))] — log |det(My(0))| 21g<1 L )]
n [1€m, (DI — &(p)]?

I+ 5 | e

< [log det (M (p))] ~ log |det(M

10



By expanding the function log(1 — u), we obtain:
1-— Z akpk)\k

= Zlog (1 - Zakpk)\f> (because Y, arp®AF <1 —n)
i=1 k

log |det (M, (p))| = Z log

n o0 h
-3 |3 (Saett)
i=1 | h=1 k
n oo h—1
> awptak Z (Z azﬁ“’“) %
i=1 k=1 h=1

We set g; = > ro | axp® ¥, and note that g; < 1 because |pFAF < rq|. Thus, we easily see that

log |det (M, Zgngh 1L Zglzﬁg 9i
=1 = =1
_ o~ g
__Zglagz <1_gz 1>__-Zl(1_gi>2‘

i=1 1=

Thus,

Kn
Kn _ 9
log |det(M (p))| = ;(1_gf{n)2-

By denoting by giK" =D h<K, arp®AF, we also get

n

K
g.
log [ M, (p)| = =Y —

Kny2"
i=1 (I—g;im)?

Then, since 0 < 7 < min, min{giK”,gi} < max; max{g; ", ¢;} <1—mn:

n gi—g-K">(1—9-K"9i)
log |det(MEn log |det(M, = ( : z
[log |det (M (p))| — log |det(M; ()| = Z 1= g5 21— g1)?
1-1
<Z ( )( )
:nflzn: i akpk)‘f :
i=1 |k=K,+1

11



If the series >, axu” is absolutely convergent for all |u| < rg, then the series Y, |agu®| is
uniformly convergent for |u| <y < rg. Therefore, if |p| |[W]| <~

"] & o[ Pl
— — A —
MDY EYES ol = I D T PR Rl (55
i=1 [k=K,+1 i— 7 k=Kp+1 "
where |Rg, | = o(1) because the series is convergent.
Now, let us consider
le(o)|I” — llex, (o) I*| _ 1ep) — éx,(p)II?
1e(p)[I? 1e(p)[I?
By using Cauchy-Schwartz inequality to y ' (W*)T H, Why,
2
o (0.9}
lep) —ex, (IP = D ardlew®)| = D aranp"Fy (WHTH,W "y
k=FKn+1 hok=Kpn+1
oo
< 3 laranp Sy T (WEY T H W Ry, [y T (W) T H, Why
hok=Kpn+1
oo
<lylP Y0 |awane™ |\ IEE W
hok=Kn+1
2
> hetk ||y || h+k [l W |2 - k
Il > Jman W < | > il
hok=Kn+1 v h=K,+1
2(Kn+1)
p|lW
<hol? sup | PRI gy
lelwi<y 7

We also note that [|é(p)||> = né2 (see equation (13)), and thus 62 = o2 + 0,(1), so that

n

Hé(l’)—éK (P)HQ 1 2 2(Knp+1 2
T < y||2y2 Y| Ry, | (S.6)
1&(p)]? n(og +op(1))
Putting (S.5) and (S.6]) together, we find:
L el w e no |yl (el Wl Y
5n () — 0, < 'n AW\ ™" by Ry |2
8 = )] <o P et I (A R

Both the terms in the right-hand-side have |Rg, | = o(1) and W = Op(1) as a consequence of
the assumptions. Thus, for any § > 0 and |p| < v/||W,| =4,

n HyH2 2(Kp+1) 2
1-9¢ n R
20(2) +o0p(1) n ( /) B

< n(L = 5/7) " o(1) + (L — /7)o, (1).

157 (0) — a(p)| <7 n |1 — 6/ | Ry, | +

12



The sequence of sets @, = {p : [p| < v/[|[Wn| =0, V0 > 0} = {p: [p| < v/[|[Wx]} has
nonempty limsup:

o= 1J @m=A{lnl <v/A}

n m>n

if |[W,|| — X < oo, that is, if the spectral norm of W,, converges to a finite limit as n increases.

Under this condition, we can write:

en 1657 (p) — €a(p)| < n(pA/7)5m0(1) + n(pA/7)*FEr Doy (1) = 0,(1).
pE

because of n(pA/7y)Er = exp {Kn (k}?n + 10g(P5‘/V>} —0

n

S.4.3 Proof of Theorem [

The proof is analogous to the one of Proposition 1 in |Debarsy et al. (2015a) (Supplement). It
consists of two steps: first, we prove that there exists a sequence @, such that [Qn - Qn] /n
converges to zero uniformly, then we apply Theorem 3.4 of White (1994), by checking that the
unique maximizer of Q,, tends to 6y (identification uniqueness condition).

Let Qn(p,7) = ming 2 £ [Qn(p, 7,3, 02)] , where E( denotes the expected value with respect

to the true parameters, i.e. pg, 79, 8o and 0(2). Then, we can write the expected value as:

IE:O [Qn(pv 77,6702)] - nlog 2770'2 - log |M1,1Mn’ - log ‘Vrivn’

1 _ _
+ E(MnMn,éXﬁO — XB)'VVo(M, M, X By — X3)
2
g
+ Botr (Vg MY My ViVa M M Vi)
and it attains the minimum at

B = (X'VVoX) ' X'V VM, M, (X 8y,
Ly X' (M, ) M}V Hy Vo M M, § X B T e (V-1 (ML M VIV M ML
g _TL 0 n,0 nVntinVniini¥il, o 0+n T (n,O)( n,O) WV VoM M, oV, ) -

(S.7)
Thus, we can easily compute Q,(p, 7):
Qn(p,7) = nlog2m — log | M/ M,| — log |V V,,| + nlog(c2”) + n. (S.8)
From and , we get:
= (Qn— Qn) =108(62) ~ log(02"). (8.9)

13



Note that Assumption 7 readily implies that U?L* > ( for all n uniformly in the parameter
space ® and that the difference in (S.9) does not depend on log |M] M, | nor log |V, V,,|.
Uniform Convergence. We have (equation (S.9))):

n

1L/~ = ) x 'M! V! H, Vo My — no”
- (Qn — Qn) = log(ag) — log(cf,z1 ) = log <y + 1)

‘y'M,gV,;HnVnMny — no?”

2 *
nos

n

2%
no;

no2”
1
= e € (Vi) (M, 3) M, Vi Hy Vi M M, 5V d e+ (S.10)

2%
noz

(w+ XBy) (M, ) M)V Hy Vo My M, 5 (X By + w) — nop

2 - —_ —
B X (M, ) MLV Ho Ve M M3V, e
n

1
— ot (Vi) (4 ) MLV M V)

n

1
<—(A+B+C)
noy,

where

A=

n,

€ (Vo) (M) MAVi Ha VMo My Vi e = ot (Vo) (Mo 8 MA Vi H Vo M My 3 Vi )|
B = aftr (Vg (M) My Vi (L — H)Va My M 5V )

C=2

n,

BOX (M) My VL Ho Vo Mo My V)|

It is therefore enough to show that A, B, C' are bounded uniformly over ® and og* >n>0
for all n to have uniform convergence of n ! \Qn — Qnl. The first follows from the application of
Lemma which is a generalization of Lemma A.7 in|[Debarsy et al.| (2015a), while 62" > 7 > 0

n

for all n if either for all n
n_l,B’O(M;é)’M;VéHnVnMnM;éX,BO > 0,

or if
0 (Vi MY ML VIV M Vi)
on - >0

for all n.

14



Uniform equicontinuity of n=1Q,,. Since for any arbitrary (p;,7;) € [0, 6]?,

n1 ‘Qn(ﬂQvTQ) - Qn(plvﬁ)‘
< % [10g [Va(72) Va (72)] = log | Va(1) V(1) | + % 10g | M (p2) Ma(p2)]| = 1og | Mu(p1) Ma(p1)|

+ ‘1og(03*(P277’2)) - log("i*(pl’ﬁ))‘
(S.11)

Let us assume (w.l.o.g.) |V (72) Vi (12)| > [Vi(11) Vi (11)]
We can therefor apply Klein’s trace inequality (Petz| (1994)) to the operator convex function
F(A) = —log(A):

—10g |Voi(72) Vi (12) | + log | Vi (1) Vi (11)| = —tr (Vi (72)' Vi (72) — Vau(71) Vi (11)) (Vn(ﬁ)'Vn(ﬁ))_l)

which can be rewritten as

’10g Vi (72) Vi (72)| — log \Vn(ﬁ)'Vn(ﬁ)!’ < b1 [(V(72) Vo (12) = Vi (1) Vi (1)) (Viu(71) Via (1)) ]
< tr}(Vn(Tg)’Vn(Tg) — Vou(m)'Vy (71)) (Vi (1) Vi (7‘1))_1|
< [[(Val72) Vo (72) = Vo) Vaa(m2)) || o [| (Vi (72) Vi (7)) |

because of the following version of Cauchy-Schwartz inequality for symmetric matrices A and
B, tr(AB) < \/tr(A?)tr(B?) = ||A||r|| B/ F, and where ||A||f is the Frobenius norm of A. Then,
we apply the norm inequality ||Al|r < /n||A|| (with ||A|| either the row or column sum norm).
Finally, pointing out that (V,,(71)'Vi (1))~} is RCB and because of equicontinuity of V;,, we can
say that for |9 — 71| < d there exists a € > 0 such that

1
n

log [Via(72) Vi (72)| — IOgIVn(Tl)’Vn(ﬁ)I’ <7 [(Va () Va(m) T (Va(72) V(1) = Va (1) Vo) || < Ke.

The same arguments can be repeated for M, to get %‘log | M., (p2) M, (p2)|—log | My, (p1) My (p1)|| <
Ke.
Similarly, since a,%* is a quadratic (bounded) function of the equicontinuous matrices V;, and

M,,, we can also obtain a similar bound for the last term from:

on (p2,72) — on (p1,71)
o2 (p1,71)

< | M X8| 10 Vi s H Vi M — M Vi Fot Vi

[10g(02" (p2,72)) — log(02" (1, m)| <

anF

Uo

5 (Vo) (M, 5) néVnoH | M}, 9V o ViaMy g — My, (Vi Vit M ||,
n

15



where My, ; = My, (p;), i = 1,2 and V}, 1, Hy, ; are defined accordingly.

Identification uniqueness. Finally, we need to show that (p}, 7;;) = arg max, , Q, is unique
(and coincides with (po,79)). In particular, we show that 2Q,(po,70,) > LQy(p,7) for all
(p,7) # (po,70) and n — oo.

Note in fact that minimizing n~'Q,, is equivalent to minimizing
- (Qn— 1og[o]) — log o] — log(2m) — 1
— log (7;8B{)X’(Mmé)’M;lV,;HnVnManéXﬂo + %tr ((Vn’ol)’(Mml))’M,’lV,;VnManéVnﬂé))
+ % log |25

n

=log | = ’ )
%t % 02Xz 1|1/ n Sz U/

1 By X! (MY MLV, H Vi My M X By 1 10 ((anol ) (M, 5) M}V, Ve My M, 6V, g )

where So = M, 5V, (Vi) (M, ).
The term
B X (M) M,V Hy Ve My M ) X B > 0

n,

(in particular, ﬂf)X’(M;(l))’M,’lV,{HnVnMnMT;éX,BO = O only if p = pp (in which case HnVnMnMTZéX =
H,V,X = 0), because we assumed that B, # 0 and that both V,, and M, V,, are full rank for
all 7, p € [~0,0]?). Further,

1t (Vi) (M ) MAVAVi M M, 3V, )

n |20271|1/n

=1,

follows from the arithmetic-geometric mean inequality.
Then, the minimum of %(Qn — log|Xo| — log(2m) — 1) is zero and clearly is achieved at
(p0,70)-
The identification uniqueness is therefore satisfied if, for any (p, 7) # (po, 70), the limit of
L(Q,, —log|Zg| — log(2m) — 1) is strictly positive. This means we have to ensure that
1 BOX (M) MV Ve Mo M3 X By 1 ((Vidy (M) ML ViV Mo M3 Vi)

. n,
Jim o2 ISos T n SISRIEE

> 1.

This follows if either

BLX (M, §) M,V H, Vi M, M, 5 X 3

lim n —
n n\EOE ‘1/’1

> 0,

16



(which can’t happen if p = pg), or if

R ((anol)/(MTZI)/M,’LV,{VnMnM,:éVnT” Cala(SeE) A,
VY (MY M VIV MM Ly T - e S e T ik,
‘( n,(])( n,O) n’'nYnHEnn 0 n70| | 0 | n

From assumption 3, easily follows that |3|'/™ and |[£71|'/" are bounded, for all (p, 7). Then,
we can find ¢ > 0 and C' < oo such that ¢ < [ZgX 7!/ < C, for all n. This means that

1 BX' (M, ) MV, Hy Vi My M, 0 X B

n,

n—oo N 0'(2]’202_1’1/"

>0

if and only if
1
lim E,B{)X’(Mnjl)’M;LV,:HnVnMnMn”éXBO >0,

thus yielding Assumption [7]1.

On the other hand, we can write:

-1 -1

tr(XoX A

thj) — lim 2" > 1,
n |202 |1/n n—00 Gn

where A, = n~!tr(S,) and G, = 3{/|S,| are the arithmetic and geometric means of the
eigenvalues of S, = (Vn_,()l)' (M, Ly MV Vo My M, (I)Vn_,()l, respectively, that we denote by 0 <
)"g:l < S)‘gn < o0.

We note that, for any n > 2, é—z =1 if and only if all terms of the two means are the same,
and this occurs if and only if S, has one eigenvalue with multiplicity n. This happens of course
if p = po and 7 = 79, because S, = I,,. If p # po (and/or 7 # 79), then 3, # 3 for finite

n, and we can bound the difference between arithmetic and geometric means using a result in

Tung| (1975):
1 2
_ - NS _ . /\S
An Gn > n ( )‘n:n An:l) .
2
/NS _ . /)\S
An An e 1 < )‘n:n )‘n:l>

n_In TP >14 =
G, G, ity N

and a sufficient condition is that the difference between the largest and smallest eigenvalues of

Therefore:

S, increases with n at a rate at least equal to O(nGy) = O(n), because from Assumption

G, = O0(1).
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S.4.4 Computation of the Information matrix

Before the proof of Theorem |2, we need the following preliminary Lemma, whose proof is in the

supplemental material.

Lemma S.9. The matrix

Qn(600) =

i | 220) 00 00] 1 60) + (00,

00 06’

where C),(0)) is given by
2

0006’
i 2X'V! (BoVn,0XB i
% =XV Voo X 0 T B 0
1 14 1
_ ' tr ((43)?) atr (BoAs) ~ oz tr (A7) (S.12)
- S Y ) o)~ Litr(Bg)|
. . 1
0.4
L 0 u
mo = By X'ByV, Vi BoX By = B X'V, By Bo Vi X By
and Ay, (0p) is defined by
0 —22X'V] ag — 4 X'V, obo BIXV) ot
“tagag 25 bhag + 2‘“60X 1 0Bjao —ttr(A7)
An(eg) = % . . ?4 b bO + 8:3 b BOVH,OX/@O 7%? (2#32{,130‘/%0)(,60 -+ mtr(Bg))
' (S.13)
with pus = Eq 6? and rg = Eg ef — 30§ the excess kurtosis.
Proof. First, we compute the derivatives
0Qn (0 2
a"ﬂ(, ) _ —— (Myy — XB) V)V, X
0Qn (0 1 ov;) s dlog |V,
O _ Ly - x) (22 v,) (- x) - 22080
or o or or (S.14)
00,(0) 2 ) OM, _log|M,| '
—— = — (Myy—XB) V'V, -2
ap 5 (Mpy B)nnapy 90
0Qn(0) 1 n
2 s (May = XB) ViVa (May — XB) +
Then, we take all expectations in Eg [anéeo) 8Qgé?°)}, where Eg is the expectation with

respect to the true data generating distribution. Thus, recalling that by and ag denote the

18



diagonal terms of By and Ag. , we find:

4 4
nQ,(1,1) = < E [XV 0Vn,o0(My 0y, — XBo) (M 0y, — XB,) novn OX] g — Eo (X V’Oene;anpo)

0

X'V oVnoX =2C,(1,1)

2 1 1
nQ,(2,1) = Eq {—OQX/V,;,Oen (02 (avn oy, ) u, — 27 OgaLV” 0')]
0 0

ok
90
4
o2
90

2 v, 2
4 |:X V/ OEnun ’ri 0 ( n & o7 . 0) n O'U/n:| = X V/ 0€n€ AOEn
%0 0
2 2
= 4 o X'V, Oene Ajen, = — ,ng V! (ap)
99
2 2 aMnQ 6log\Mn0|
0,3,1) =Ey |- X'V cen [ €.V, 0, _ 90108 1Mo
n ( ) 0 |: 0’3 n,O6 <O'(2) €nVn,0 ap Yy 8p

4 4 4 _
= _OT%XIVA’O EO (EnE;LVnBo(X,BO —+ un)) - ;gX/Vé,OVn,(]B(]XﬂO - %XIVW/I,O ]EO EnE;LB()Gn

Using Lemma[S.2]
4 4#3

7;X,‘/7€70‘/7170B0Xﬁ0 X V’ 0 by
n 1 2 2u3
|: / n 0 n (0'8 — Uéelne>:| = 0’78 ]EO X’V,;Oenelnen = TgXlVT;7Oln
o _y9loglViol]® _ EoleyAjen]’ L 0Vao\ )’ 1 0Vao .
ng [ €, Aj€e, — 2 5 = 030 +4(tr |V, 1? —4tr (V! 5y tr(Ag)
= ? baoks + 0 [tr(As)] + 204tr[(A5)?] — 4tr(A5)tr(Ag) + 4tr(Ag)tr(Ao)
0
1
= 2tr[(A45)%] + —ahaoka
09
[ 2 8Mn0 8Vn0 2 6log\Mn0| 4 8log|Vn0| 8Mn0
2,(2,3) =E eV : ! =V 0) Uy — — ————— € Ale, — — —e V! .
n ( ) 0 _UO €rVn ,0 ap yun( oT ,0) u 0_(2) 8p €, 40€ 0,(2) o € Vn 80 Yy
810g‘ |M,,.0] Olog | Vi 0l
ap or
[ 2 Olog | M,,
=Eo | €, VaBo(XBy+ un)e, Ajen | — QOgélp’oltr(AS)
Log
4 0log|V, _
— —QM Eq [€), Vi Bo(X By + un)| + 4tr(Bo)tr(Ap)
o0 or
2 _ _
= [EO (€, Aj€n€n) Vi Bo X By + bgaom + aétr(Ag)tr(Bo) + aétr(AoBg)]
0
_ 4 _ _
— 2tr(A§)tr(Bo) — —5tr(Ao)ogtr(Bo) + 4tr(Ag)tr(Bo)
90
_ 2 2K
= 2tr(ApBj) + : (a0)'VuBoX B, + 4 0o
0 75
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1 I ' 1
n,(2,4) = — By | =€, Aje, — (90glv,oq <4e;en — Z)
<00

og " or od
1 2 0log|Vy.ol 2n . 0log|Va 0
= Ey (e, A} L T8 nlg e, ' Ae,) — 2, L0810l
(02)3 (€nAj€n€n€n) + ot o7 0€n L"‘( 8) Eq (€, Aj€n) o2 0 o7
1
— _W [z’aom + n(ag)Qtr(AS) + 2(08)2‘51"(148)}
0
2 n 2n
——tr(Ag)nod + —tr(A3) — tr(A
+ (03)2 I‘( 0)n00+ 0_8 I‘( O) 08 I“( 0)
2 Kq
— S (A — 4o
po r(Ap) (Ug)ga()wm
P ,0log | M,
nQ,(3,3) = E, |:2€/TLV7;’QBO(X,30 +uy,) — Og|0q
0§ dp

_E, alog|M,,L,o)2 _,0log | My,

dp Jdp

4
A (V! o Bo(XBy + wn))’ + 4 (

2
— €,V 0Bo(XBy + uy)
0 o '

4 4 _ R
—tr (Va,0BoXBoBo X B4V, ) + — [b4bo(E €, — 303) + ogtr(Bo)® + ogtr(BoBg)]
0 0

8 _ oM, OM,,, _
+ —5 Eq(€, Boen€l,) Vo Bo X By + 4tr (Mng ’°> — 8tr (Mn}J 0) tr (Bo)
0§ P Op dp

4k 8
! bobO + 4M3b/ VaBoX By

4 ns
= 0_7(2),86X/B€)V7:’0Vn7oBoX,80 —+ 2tI‘(<BO) ) 0

2 81 M,
nﬂn(B’ 4) _ EO 6 Vn OBO(XIBO Lu ) Og| n, 0|:| (2 . En;n )
O

dp o5 (05)?
2n 2K €, VIOBO(Xﬂo + Uy )€ €x dlog | M ol €,€n n
= E V Bo(X n) — 2 : E, -2 - —
(o3 o nVnoBo(X o+ un) 7 #2 0l (e o )
2n _ 2n = 2 2 on
= ——=Eg €, Boe, — —5tr(By) — —5—= Eq €, €,€,V,, Bo X By — Eg €, Boene, €, + —5tr(Bo)
(032 o (03)® O (033" i
4 _ 2 2
= = g tr(Bo) = L VIBoX By — (o)
90 90

2

n € e 1 n n

nQ,(4,4) =E < — ””) = ——FEy€ e € €, —2—=Eq(€ €,) + —5
"\oZ  (02)2 (082 " (02)3 ° 5

_2n + nky
(08)? (o)

S.4.5 Proof of Theorem [2

dQe” (én> around 6y, then we get

~ —1
Vi (0-00) = - 2‘92%;((9?“) 120,00
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where én is a “point” between 9n and 6.

2. We show that ~
1 0%Q.(0)
n 0000

2
where Cp,(6o) = 2 88%’75(;0). To prove (S.15)) we need to write the second derivative as

= Cn(60) + op (1) (S.15)

L 1 2040 290 g0

n 0000 — n | 0006 0000’

and show that

% [a?cgn(é) _ 9Qn(60) (S.16)

9606’ 9006’ ] = op(1)

for all components.

The proof of equation is given in Lemma
3. Next, we note that
1PQn(60) _  19°Qn(60) )
n 0000 T n 0000 P
This in fact follows from Lemma because all second derivatives can be written as linear-
quadratic functions of ¢, with RCB matrices.

By taking the expectations in the right-hand-side of the above equation, and denoting by
mo = B, X' ByV,\V,,BoX By,

with B, = agi" M, " and By = B,,, we get:

[ £ 19°Qn(00) g 19°Qu(00) [ 19°Qn(60) [ 18°Qn(60) ]|
n~ 0BoF n~oBor n~ 08'0p n 0B0c2
1 9%°Qn(60) 1 9%Qn(60) 1 9%Qn(60)
E n 972 E n  0t0 E n 97002
Cn(ao) = 2 L 2
E 1 0%Qn(6o) E 1 9%Qn(6o)
n  9p2 n  9pdo2
E 1 9%Qn(60)
L n (002)?
[ 2X'V,) V28 Nyt X T
7o X'VVX 0’ -84 ok 0’
2 2 -1 1
_ ﬁtr (ATO Af’o) ﬁtr (V"BPO Va Aio) _Wtr (Af'o)
E o (BoBs) + 2] =2t (B)
1
i ot

where A, = %Vn_l and where By = VanOVn_l, while for any matrix M, M* = M + M’, as
above.
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4. It now remains to prove invertibility of lim C,(68¢). Following Debarsy et al.| (2015a), we
prove that the equation
lim Cn(a())?’] =0
n

has unique solution n = 0. Consider the linear system in 4 blocks, each one corresponding of

one of the block rows of Cy,(6p). Then from the first block of equations, we get the identity:
m = (X'VoVaX) ' X'V Vo By X Bs.

By replacing m; in the equation of the third block, we get

11 _ 92 _ 9
lim — | — By X' B, V; Ho Vi By X By + tr(BiBg) | 113 + —tr(Bo Az, )n2 — —tr(Bpg)ma = 0
non |og n nog
where H,, = I, — V, X (X'V!V,, X)"' X'V
Then, from the fourth block,
20(2) 0(2) RS s
1= 220 (6 (B s + (A a) = 22 (s (B s + (A3, ) (5.17)
We replace this to n4 in the second block equation:
22 (A A5 ) + 2B e (Bo A ) — (A
T r(Az, TO)JF? r(Bo To)—nf‘g r(A7)
o [r(as, A (tr(Aio)>2] {tr(BgAio) tr(Bg) tr(AZ,)
=12 - + 13 -
n n n n n
T S S T S 2
Let us denote by V4 = ! (AT;;ATO) — (¢ (‘270) the variance of the eigenvalues of A;, and by C

tr(BgAs,)  tr(Bg) tr(43,)
n - n n :

the pseudo—covam’anc C=
Thus, we find

e = —VAU3

We then get, from (S.17)),

w(By) € tr(As)
n Va n

7]4202

Note that in analogy with the OLS estimates in a simple linear model, if we (improperly)

consider C as a real covariance between eigenvalues, we might write 7o = —bns and 14 = odans,

2This is a proper covariance, between the vectors of the eigenvalues of A,, and of By, (only) if these tow
matrices commute. In general, because of Von Neumann’s inequality [tr(AB)| < >, Ai(A)A:(B), we have that
C <07 S A (AS)A(BE) — 12 50 Ai(A) S0 Ai(B5)
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where b and a are analog to the OLS coefficients in a regression of the eigenvalues of BS on the
eigenvalues of A,.

Now, going back to equation 3 of the system, and replacing 72 and 7y,

5 + tr (B3 Bj) — tr(B§AS, )b — tr(Bj)a| 13

)

1 [ BLX' Bl Vi Hy, Vi X By By
n

1 1
— [nﬁ()X’B;)OVAHnVnBPOXBO + v (Vavs — c2)} n3 =0

where, in analogy to Va, we define Vg = —=" =

tr(B§Bg) _ (tr(é@)?
Because of C? < cov ()\(Aio), )\(BS)), we readily find that the second term is > 0 by Cauchy-
Schwartz inequality. Further, 8o X' By, V,) H,V, X BBy > 0. Then, the equation

1 1
hTan [nﬁf)X’B;)OV,;HnVnXBpO,BO + Vi (Vavs — Cz)] n3 =0
has solution n3 = 0 if
1 1
h}ln {nﬂGX’BLOVAHnVnXBpOﬂO + Vi (Vavs — Cz)} > 0.

A sufficient condition is clearly that either lim,, % ,66B/’)0 Vi Hy x Vi By By > 0, or both lim,, V4 > 0
and (VaVp —C?) > 0.

If V,, = I, the row and column associated to 7 in C),(0y) disappear and by repeating the
above argument one gets the simplified version of Assumption [§2: Vz > 0. O

S.4.6 Proof of Proposition

The proof is an immediate consequence of the continuity of Cy,(0) and A,,(0)) in a neighborhood

of 8y. The existence of the inverse of lim,, C),(0y) = Cj also implies that C’n(én) is nonsingular

for n large enough. Let in fact [ = min;<, 0(Cp) > 0. We then have, for all ¢ > 0 and n > ng,
l4+e>mino(Cn(g)) >1—e.

i<n

Suppose that there is a subsequence {n;} such that min;<, 0(Cy;(6n;)) = 0 for all j. Then,
even for n; > n.,
[ +¢&>mino(Cp;(00)) —mino(Cy,(0y,)) > 1 —¢

i<n i<n
implying
lim || min o(Cy, (8)) — min o(Cr, (8| =1 > 0

n i<n

with probability one, which contradicts |8,, — 8| = 0,(1).
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S.4.7 Proof of (S.16)

Lemma S.10. Under Assumptions then

l 02Qn(é) B 82Qn(00) — 0 (1)
n | 00060 o000 | ~ PV

Proof. By computing the second derivatives of the loglikelihood, we get

82Qn(0) 2

?*QnO) 2 _, ., OM,

“opop o2 Vg, Y

82Qn(0) 2 _, [0V s

%67_02){(6 n> (Mny_Xﬁ)

0%Q., (0 2

m((fg) =i X'V, Vo (Mpy — X8)

82Qn(0) 2 LOM! . OM, - 9% M, 0?2

Zxn\ 7 2 n . M,y —X n—1Y| — 2—= log | M,

#Qu0) _ 2 M, (OV,
0poT o2 9p \ Ot

9 !/
Q) 2 OMyyy p - xg)

V) Moy — XP)

8,0(90’2 (72 8,0

PQn(0) _ 2 [0V, OVh oV 5
oz~ g2 (Mny = XB) [ 52 vt 5 5 } (Myy — XB) — 255 log| V2|
82Qn (7] 1 OVTQ s

373(52) = —(02)2 (Myy — XB)' < B Vn) (M,y — XB)

82Qn(9) 2 . i

@02 (o2)p Moy = XB)VaVu (May = XB) = o5

Now, we have to show that all these terms are op(1l). The proof is similar for all the
components having derivatives of the same order, then we tackle the problem only for terms
with different derivatives.

We begin with the second derivatives with respect to 3, we have

1 9%Qn(0) 1 0%°Qn(00) 1
w9808 n 0gog — n At Aul

where
2 - ~
A = = X (Val) Vi (7) = Vo (70) V(o) X
1

1
Az =2 25 — ) XVl V() X
0

Q
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by Assumptions 3 and 4, we can apply Lemma [S.8 and Lemma [S.3] that the above difference is
an op(1).

= Ao + Agg + Ass

1 [8%2Qn(0) 8%Qn(60)
n | 8Bor  9por

where, setting ug = M, (po)y — X3y and © = M, (p)y — X 3, we have

or or
! s 1 1
Agz = 2X' (an(TO)Vn (To)> (N <2 - ~2>
T 0-0 (o

For the second derivatives we have

1 [a?cgn(é)  9%Qu(60)

1
] = (Az1 + A3z + Asz)

n 0B0p 0B3p
where
2 .| oM, (p oM,
A31=—?XVTL(T)Vn(T) { ap(p) - 8/§p0)}
Asp = —% X' [V (7) Vi (7) = V1 (70) Vi (70)] 8M§/Ep d

Asz = = X'V}, (10) Vi (10) OMa(po) Yy <1 — 1)

The next one

= Ay + Ago + Ays

1 |0°Qu(6)  0°Qu(60)
n | 08952 dB0c2

where
1= XV V) (o wo)
Agg = — (;)2 X' Vil () Vo (F) = Vit (10) Vi (70)] (@ — o)
A43 = —2X,V1; (To) Vn (To) uo |:(5_12) - (02)2]

Second derivatives

1 (a2@ (9:) 520 (00)

1
n 72 972 ) =0 (As1 + As2 + Asz + Asa)
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where

82
Ast = —25 5 [log [Va(7)| — log [Va(0)]
_, [0?V!(F) . 0?V! (7o) AV (T) OV, (T) 8V’(7'0) OVi(10) ] -
_ / n o n n n
Asz =21 [ or2 Val7) or2 Valmo) + or or or ar |
2 , [02V) (70) AV (10) OV (70)
Ag3 = ? (’U, + ’LLO) |: 9.2 Vn(TU) + o7 o7 (u UO)
- 0?V! (7o) OV (10) OVin(10) 1 1
As = 2uo [ or? Valro) + or or ] “o (52 B 0’8)
Next one ~
1 [0%Qn(0) 92Q.(60) 1
n [ oTop a oTop “n (Ao + Ag2 + Aez + Aoa)
where
2 8‘/,(%) ~ ° 8Mn(ﬁ) 8Mn(p0)
A - = / n _
o=z ( or Vo (T)) [ ap op Y
_ 3 ~ 8V72(7-) 0\’ (9V7;(To) ° OMyu(po)
te= 5 | (P2 @) - (P ) | 2y
2 - 8‘/;;(7'0) s aMn(,Og)
Aan = 5 (=) (P ) 20
Ty oT0p o ol
Next one ~
1 [0%°Qn(0) 0°Qn(60)| 1
LR
where
L Ve, o\ (9Valmo) 1.
An _—(52)211, [( 5 Vo (7)) — 5 Va(mo)) |u
~ AV, (10) s
Ay = — (52)2 (@ + ug)’ (aTVn (10) | (w4 up)
L 1 1
A73 = U (U + ’lL()) Uo ((&2)2 - (0_3)2>
Then

1 [02Q,(0) a?cgn 90 1S
n[ 502 ] O



where
82
Agy = —2872 (log | My (p)| — log | My, (po)|)
0*Mn(p) _ 0*Mn(po)
op? N
0?M,,
),
p

2 - -
A = Z VW) |

Agz = —5 ' (Vo (F)Va(T) = Vo (70)Vau(70))
92 My (po)
op?

PM,(po) (1 1
A85 = QU/OV,,:(T())VH(TO)TPQ:U ? - ;3

(@ — wo)' V;, (10) Vi (70)

Lo U

tss = 25y 200 (@) - ViVat) 25

2, (OMy(p OM,, / , oM. (5 o,
52y( ap(p)+ algpo)) Vn(ro)vn(fo)( 8p(p>+ algpo))y

_ 5.1 OMy(po) s OMp(po) (1 1
A88 - 2y 8[) Vn(T())Vn(TO) ap Y 5,2 0_8

Agr =

Next one -
1 |0%Qn(6)  92Qn(60)
" [ 90007 po? | = Aot A+ Agy + Ao
where
2 [OMG(p)  OMa(po)
Agy = (&2)2 u Vn(T)Vn(T) |: 8/3 8p
2 ~ B 5 8Mn(p0)
An = =3 ¥ (VOV(F) = Vi(m)Va(m) =5 5o
9 9* M,
Agz =~ (G~ uo)' V7 (70) Vau(0) ap(pO)
_ I y7! 8M”(p0) 1 — 1
Aga = 2uyV,, (10)Va(70) dp Y (52)2 (08)2
Finally,

l 6QQn(é) B a2Qn(00)
n | (902)* (902)*

= A1 + Aoz + Aro3 + Ao
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where

Ao, % - iz

90
A = — (;)2 @ (V2 (7)Va(7) — V. (70)Vi(r0) @
Ao == (&1)2 (@ + o) V;i(70) Vau(70) (@ — o)
Atoa =~V (70) Vi (0 (wi)Q - @18)2>

From Assumptions and applying the lemmas in Section we have all terms n 14, j =
op(1), foralli=1,...,10, 5 =1,...,n,.
O
S.4.8 Other proofs

S.4.8.1 Proof of proposition

For every € > 0,

1My (p) = Mapo)ll = || > axW" (0" = pp)

k
00 k—1
o
<lp—pol ||D_axW*> plpg'7
k=1 =0
<lp—pol X _laplW¥|  max |p[*
Xk: {p<ra/IW 1}

- Po
SMZ!ak!7k<€
v %

whenever |p — po| < ey/M, where M = >, |ax|y* < 0o, because the series >, |apuy| is conver-
gent for |u| < .

S.4.8.2 Proposition

We note that under the condition of Proposition [2, for all p we have ||[M,(p)|| < 1 — ap +
¢ i lag] <1 —ag+ cM is bounded, both in row and column sum norm.

Further, the derivative

M (p)

_ k—1y17k __
7R > kappt W = —Wgn (pW)

k=1
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where g, is the matrix version of the derivative g(z) = dG/dx, and it is continuous if G is

continuously differentiable. The same is true for oM o 2( £) — = —W?3g (pW).

Now, we focus on the invertibility conditions, to study this problem we consider truncated

form of analytical functions: we truncate the power series M, and we denote by MX the
truncated series at the K-th term. As one could expect, the invertibility of M,If depends on the

zeros of the associated scalar polynomial, of order K,
C(x):=1—g(z) =(1—ap) Zakx

By fundamental theorem of algebra, ¢ has K roots, that we denote v,k =1,... , K, where

K is the number of distinct roots of the polynomial, then we can factorize ¢ as

=

Cx)=7]] (@—mm)*

k=1

where 79 = (1 — ag)(—1)%/ Hl 17;" and ¢ is the multiplicity of the k-th root. This operation
is essential also in the estimation algorithm, for this reason we remark that the computational
effort for this factorization is very low, indeed we have only to calculate the roots of a polynomial
of order K in one variable.

Applying this representation to the matrix version of a truncated polynomial, we get
K
H In’Yk

and this function will be invertible for all p such that |M,(p)| # 0. Its determinant is given by

K K
1ME ()| =6 [T 1pW = Lnnel* =605 T
k=1 k=1

w2 (S.18)

To calculate |[W — %In

characteristic equation is

we can proceed as in the SAR model calculating their eigenvalues: the

‘W (7’“ —|—w> I,
o)

so, denoting by A; the eigenvalues of W and wf the i—th eigenvalues of the above matrix, we

0= ‘W ey _wI,
p

have

)\i:%+wf¢>wf: Z‘—%.
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Finally, substituting in (S.18|) we get

K n

R n Ck n
1M (o) =v50" TT ] <)\i - %) =TT I] (phi =)™ =T]¢ (0N) (S.19)
k=1i=1 i=1

P k=1 =1

then we can characterize the invertible set of p in terms of W eigenvalues, i.e. this is the set

SN{p:C(pAi) #0,i=1,...,n}.

Furthermore, we remark that A; € C, then the set on which the function is invertible is given
by ® minus the set of zeros of { lying in the complex ball. If the zeros are outside the complex

ball of radius one, then the invertibility condition is satisfied and the assumptions holds.

S.4.8.3 Proposition

We prove that, if the limit A is degenerate, then Assumption [§] is violated. Since By =

8%" (po) My (po) = gplog(Mn) = %log(l — Gp(poW)), it can be written as a formal series.

If ap = 0, using log(1 — G(x)) = — > 454 G(Z)k and Faa di Bruno formula, as above:
G(x)"
log(1-G =— =—> dpa"
og(1 — G(x)) n; - 7; v

OLE1L=GW) _ 5~

oz =
where d,, = > p_ k! Bmk(al, vy Qp—k+1), and then
0 _
Bo = - log(I = Gn(poW)) = —W> " kdy(poW)F .
0
k>1
If in particular W is diagonalizable with real eigenvalues \; < --- < A, then By has

eigenvalues 7); := /\ff; ==X 1 kdy(por:)¥~! and assumption 2 writes

2 2

2
li}Lnanng—<nlzm> :hTannflz S kdpof A = [ 0T kdipf A

i<n i \k>1 i k>1

= lim SN hkdpdepg™ T T Y N T2y AR TN

h>1k>1 i<n i<n 7

= limz Z hkdhdkpg+k_2cov(AZ, Afl) > 0.
" 1 k1
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It then follows that, if the empirical distribution of A,, tends to concentrate on a single point, all
the above covariances cov(A”, A¥) tend to zero and assumption .2 is violated, independently
on the functional form chosen for G,,(pW).

For similar reasons, if A, is composed by m,, distinct eigenvalues (\1,..., A,), with multi-
plicities Ny + Ny + ... + N,,, = n, that satisfy (w.l.o.g.) n=!N; — 1, then

(S, =3 (1—G<M>> . (1—G<m>>

= \1-Glpo)) 1 — G(poA)
and
1—G(pA) >2N1/" - < 1—G(p);) )”j ( 1—G(pA1) >2 —_—
Sl 1 —G(poA1) 11 1 —G(poA;) 1= G(poAr1) " r(S)

o

e

that violates Assumption [7].2.
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S.5 Additional tables and figures

Table S.2: Family of link functions considered in model selection (both in simulations and the

application).
a b ¢ p q
1 /1 1 0 1 0.5
2|1 2 1 1 0.5
311 1 0 3 0.5
4 |1 2 1 3 0.5
5 |1 1 0 ) 0.5
6 |1 2 1 5 0.5
711 1 0 1 1 <« case (A)
8 |1 2 1 1 1 <« case (C)
9|1 1 0 & 1 <« case (B)
1011 2 1 3 1
1111 15 0 1 1.500
1211 2 1 1 1.500
3|1 2 0 1 2
1411 2 1 1 2
5]6 1 NA 0.167 00
65 1 NA 0.200 00
1714 1 NA 0.250 00
813 1 NA 0.333 00
1912 1 NA 0500 oo <« case (D)
2006 1 NA 0.500 00
20/1 1 NA 1 oo <« case (E)
2213 1 NA 1 oo <« case (F)
235 1 NA 1 00
2411 1 NA 3 00
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Table S.3: Estimation results of simulations based on Texas weight matrix, Gaussian errors.
Estimates of the parameter vector (1, 82, ¢) under the two scenarios: (i) when the correct model

is known; (ii) when the correct model is not known.

/@t Estimates from correct model Estimates after model selection

-

FQF

= E(B1) E(B) E(0) sd(B) sd(B2) sd(d) | E(B) E(B) FE(9) sd(Bi) sd(Bs) sd(d)
- o0=-041] 1001 0997 -0.402 0.026 0.100 0.042 | 1.004 0.998 -0.410 0.030 0.100 0.053
;Z 0=0.2 | 1.001 0.998 0.198 0.028 0.095 0.027 | 1.004 1.001 0.197 0.028 0.096 0.028
: 0=0.5 | 1.001 1.000 0.499 0.029 0.098 0.020 | 1.003 1.001 0.498 0.030 0.099 0.021
- 0=09 | 1.001 0.997 0900 0.026 0.100 0.004 | 0.999 0.996 0.900 0.028 0.100 0.004
- o0=-041]0999 1.001 -0.399 0.028 0.100 0.052 | 0.999 1.002 -0.403 0.028 0.101 0.053
2: 0=0.2 | 0999 1.002 0.200 0.028 0.093 0.032 | 1.001 1.003 0.199 0.029 0.093 0.032
:\ 0=0.5 | 1.000 1.003 0.501 0.027 0.094 0.020 | 1.001 1.003 0.500 0.031 0.094 0.020
- 0=0.9 | 1.000 0.998 0.900 0.023 0.093 0.004 | 1.000 0.998 0.900 0.023 0.093 0.004
= o0=-04] 1001 0996 -0.401 0.029 0.096 0.052 | 0.998 0.993 -0.398 0.031 0.097 0.057
:: 0=0.2 | 1.000 0.992 0.200 0.026 0.097 0.026 | 0.997 0.991 0.204 0.028 0.097 0.028
:‘: 0=05 | 1.001 0.994 0.499 0.022 0.098 0.016 | 0.988 0.986 0.505 0.028 0.098 0.017

0=0.9 | 1.000 0.995 0.900 0.022 0.101 0.004 | 1.000 0.995 0.900 0.022 0.101 0.004
o=-040999 0998 -0.399 0.025 0.099 0.039 | 1.001 0.998 -0.406 0.030 0.100 0.053
0=02 | 1.000 0.996 0.199 0.028 0.097 0.029 | 1.002 0.999 0.198 0.028 0.097 0.031
0=0.5 | 1.000 1.005 0.500 0.028 0.101 0.018 | 1.005 1.009 0.498 0.029 0.102 0.020
0=0.9 | 0999 0996 0900 0.031 0.095 0.004 | 1.009 1.005 0.900 0.037 0.099 0.004
o=-04| 1001 1.003 -0.401 0.028 0.099 0.047 | 1.000 1.002 -0.402 0.032 0.099 0.058
1.001  1.003 0.200 0.026 0.099 0.026 | 1.001 1.003 0.202 0.027 0.100 0.028
0=0.5 | 1.002 1.002 0498 0.028 0.105 0.017 | 1.004 1.005 0.497 0.034 0.107 0.023
0=09 | 1.001 1.001 0.900 0.028 0.096 0.003 | 1.001 1.001 0.900 0.028 0.096 0.003
o=-041] 1.001 1.004 -0.404 0.027 0.092 0.053 | 1.001 1.005 -0.407 0.028 0.091 0.053
0=02 | 1.002 0.994 0.197 0.029 0.095 0.033 | 1.004 0.995 0.196 0.030 0.095 0.033
0o=0.,5 | 1.001 1.001 0.499 0.028 0.100 0.020 | 1.004 1.002 0.499 0.030 0.100 0.020
0=09 | 1.000 0.994 0900 0.028 0.093 0.004 | 1.000 0.994 0.900 0.028 0.093 0.004

(3,1,na,1,00)| (1,1,na,1,00)|(2,1,na,0.5, c0)
S
I
=
[\]
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Table S.4: Estimation results of simulations based on Texas weight matrix, Gaussian errors.
Direct effects, true (first column) and estimated. Estimated effects are obtained from: estimation
of the correct model (col. 2,3); estimation after model selection from beta and gamma families

(col. 4,5)

z Estimated - true model  Estimated- selected model
Q: True direct

e

) X Xo X1 Xo
~ 0= —0.4 1.022 1.024 1.019 1.025 1.019
;: 0=0.2 1.006 1.007 1.005 1.008 1.005
:: 0=0.5 1.048 1.049 1.047 1.050 1.048
- 0=0.9 1.294 1.296 1.290 1.295 1.292
~ 0= —0.4 0.988 0.987 0.989 0.987 0.990
g: 0=02 1.010 1.009 1.011 1.010 1.011
= 0=0.5 1.033 1.033 1.036 1.034 1.036
- 0=0.9 1.118 1.119 1.116 1.119 1.116
~ 0= —-04 1 1.001 0.996 1.001 0.997
:: 0=0.2 1 1.000 0.992 0.998 0.991
S: 0=0.5 1.001 1.002 0.995 0.997 0.995
- 0=0.9 1.012 1.012 1.006 1.012 1.006
/g o=-04 1.025 1.024 1.022 1.025 1.022
:; 0=0.2 1.006 1.006 1.003 1.006 1.003
E» 0=0.5 1.050 1.050 1.056 1.051 1.056
! 0=0.9 1.488 1.488 1.484 1.487 1.480
@ o=-04 1.008 1.010 1.012 1.010 1.012
;: 0=02 1.004 1.005 1.007 1.004 1.007
E\ 0=0.5 1.039 1.040 1.041 1.041 1.041
= 0=0.9 1.570 1.569 1.571 1.569 1.571
@ o=-04 0.988 0.989 0.992 0.989 0.993
j 0=0.2 1.010 1.012 1.004 1.013 1.004
E» 0=0.5 1.037 1.038 1.039 1.040 1.039
o) 0=0.9 1.249 1.250 1.242 1.250 1.242
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Table S.5: Estimation results of simulations based on Texas weight matrix, Gaussian errors.
Indirect effects, true (first column) and estimated. Estimated effects are obtained from: esti-
mation of the correct model (col. 2,3); estimation after model selection from beta and gamma

families (col. 4,5)

Z: Estimated - true model  Estimated- selected model
f{ True indirect

o)

= X1 Xs X4 X5
~ 0= —-04 -0.275 -0.276 -0.274 -0.277 -0.275
S: 0=0.2 0.206 0.204 0.204 0.203 0.204
:: 0=0.5 0.765 0.764 0.764 0.763 0.763
- 0=09 5.618 5.620 5.597 5.622 5.609
~ 0= —0.4 -0.211 -0.210 -0.210 -0.210 -0.210
g: 0=02 0.173 0.173 0.174 0.172 0.173
:: 0=0.5 0.658 0.660 0.663 0.658 0.660
- 0=09 3.883 3.875 3.864 3.875 3.864
~ 0= —0.4 -0.247 -0.247 -0.245 -0.248 -0.246
:t 0=02 0.216 0.217 0.216 0.219 0.218
2: 0=05 0.825 0.821 0.816 0.831 0.830
- 0=09 1.693 1.693 1.683 1.693 1.683
/g o=-04 -0.278 -0.278 -0.277 -0.278 -0.277
: 0=02 0.206 0.205 0.205 0.205 0.205
5\ 0=05 0.773 0.772 0.778 0.771 0.776
al 0=09 6.195 6.199 6.186 6.206 6.184
§ o=-04 -0.258 -0.259 -0.259 -0.259 -0.259
H: 0=0.2 0.210 0.211 0.212 0.212 0.213
%:F 0=0.5 0.802 0.799 0.801 0.798 0.799
= 0=09 6.478 6.466 6.477 6.466 6.477
§ o=—-04 -0.207 -0.208 -0.209 -0.208 -0.209
Z o 0=02 0.175 0.173 0.173 0.172 0.171
é 0=0.5 0.684 0.682 0.683 0.679 0.680
) 0=09 5.653 5.652 5.623 5.652 5.623
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Table S.6: Estimation results of simulations based on North Carolina weight matrix, gamma
errors. Estimates of the parameter vector (f, 32, 0) under the two scenarios: (i) when the

correct model is known; (ii) when the correct model is not known.

? Estimates from correct model Estimates after model selection

]

= E(B) E(f) E(@) sd(B) sd(B) sd(@) | E(A) E(B)  E(@)  sd(f) sd(Ba)  sd(d)
~ o= —0.4 | 1.001 1.004  -0.401  0.038 0.151  0.063 | 1.005 1.005  -0.415  0.044 0.151  0.081
g 0=02 0.998  0.994  0.199 0.041 0.156  0.044 | 1.000  0.995  0.200 0.041 0.158  0.045
= 0=05 1.001 1.013  0.499 0.044 0.157  0.030 | 1.005 1.016  0.497 0.045 0.160  0.032
- 0=0.9 1.004 0.988 0.899 0.038 0.159 0.006 0.998 0.987 0.899 0.039 0.160 0.006
~ o= —0.4 | 1.0056 0993 -0.415 0.044 0.155  0.082 | 1.005  0.990 -0.416  0.045 0.156  0.084
"g 0=02 1.003  1.001 0.195 0.042 0.155  0.047 | 1.004 1.005  0.195 0.042 0.156  0.047
\:_: 0=0.5 1.002 0.990 0.495 0.039 0.157 0.028 1.005 0.990 0.495 0.043 0.160 0.029

0=0.9 1.001 0.990 0.900 0.036 0.152  0.006 | 0.997 0.990 0.900 0.043 0.154  0.006
o=-041] 1.002 0.992  -0.404  0.044 0.155  0.080 | 0.998 0.987  -0.399  0.044 0.155  0.083
0=02 0.999 1.003 0.200 0.042 0.158  0.041 | 0.995 1.001 0.209 0.044 0.159  0.045
0=0.5 1.003 1.005 0.497 0.037 0.149  0.027 | 0.985 0.993 0.507 0.045 0.150  0.030
0=20.9 1.003 0.991 0.900 0.037 0.150  0.005 | 1.003 0.991 0.900 0.038 0.150  0.005
o=-0.41] 1.002 1.001  -0.404  0.038 0.154  0.059 | 1.009 1.005  -0.425  0.044 0.155  0.079
0=02 1.001 1.010 0.199 0.041 0.153  0.043 | 1.003 1.012 0.202 0.041 0.155  0.044
0=0.5 1.001 0.995 0.498 0.044 0.153  0.030 | 1.008 1.002 0.495 0.045 0.155  0.032
0=0.9 1.000 0.996 0.900 0.045 0.151 0.006 | 1.014 1.006 0.899 0.051 0.153  0.006
o=-041] 0.998 0.997  -0.396  0.042 0.154  0.073 | 0.998 0.995  -0.404  0.044 0.154  0.084
0=02 1.002 1.013 0.199 0.042 0.158  0.041 1.002 1.013 0.204 0.043 0.159  0.043
0=0.5 1.005 0.991 0.497 0.043 0.157  0.026 | 1.008 0.994 0.497 0.048 0.161  0.033
0=20.9 1.000 1.007 0.900 0.043 0.151 0.006 | 1.000 1.007 0.900 0.043 0.151  0.006
o=-041| 1.006 1.001  -0.415  0.042 0.156  0.082 | 1.007 1.001  -0.418  0.045 0.156  0.084
0=02 1.001 0.972 0.196 0.042 0.152  0.048 | 1.003 0.974 0.196 0.042 0.153  0.048
0=0.5 1.002 1.004 0.498 0.044 0.159  0.031 1.005 1.004 0.498 0.047 0.159  0.031
0=0.9 1.003 1.000 0.900 0.041 0.156  0.006 | 1.004 1.000 0.900 0.043 0.156  0.006

(1,2,1,1,1)

(3,1,NA,1, 00)| (1,1,NA, 1, 00)| (2,1,NA,.5,00)
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Table S.7: Estimation results of simulations based on North Carolina weight matrix, gamma
errors. Direct effects, true (first column) and estimated. Estimated effects are obtained from:
estimation of the correct model (col. 2,3); estimation after model selection from beta and gamma

families (col. 4,5)

Z Estimated - true model  Estimated- selected model
g True direct

o)

< X1 X2 X4 X2
o 0o=-04 1.020 1.022 1.025 1.024 1.024
g 0=0.2 1.006 1.004 1.001 1.004 0.999
i 0=0.5 1.046 1.047 1.060 1.048 1.059
- 0=09 1.305 1.308 1.287 1.307 1.293
- 0o=—04 0.986 0.991 0.980 0.994 0.978
g: 0=0.2 1.010 1.013 1.011 1.012 1.013
= 0=05 1.036 1.037 1.024 1.039 1.025
- 0=20.9 1.142 1.143 1.131 1.141 1.133
- o= —-04 1 1.002 0.992 1.004 0.993
:: 0=0.2 1 0.999 1.003 0.997 1.003
Si 0=05 1.001 1.005 1.007 0.998 1.006
- 0=09 1.019 1.022 1.010 1.022 1.011
/é: 0o=-04 1.023 1.026 1.024 1.028 1.024
:» 0=02 1.006 1.007 1.016 1.007 1.016
& 0=05 1.048 1.049 1.043 1.050 1.044
o 0=20.9 1.480 1.480 1.474 1.476 1.466
@ 0o=-04 1.008 1.006 1.005 1.007 1.004
:: 0=02 1.004 1.006 1.017 1.005 1.017
E 0=05 1.036 1.041 1.026 1.041 1.026
= 0=10.9 1.550 1.549 1.562 1.549 1.562
/8\ 0o=—04 0.987 0.992 0.988 0.995 0.989
:; 0=0.2 1.011 1.012 0.982 1.011 0.982
Eﬁ 0=0.5 1.040 1.043 1.044 1.044 1.043
o) 0=0.9 1.272 1.275 1.272 1.275 1.271
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Table S.8: Estimation results of simulations based on North Carolina weight matrix, gamma
errors. Indirect effects, true (first column) and estimated. Estimated effects are obtained from:
estimation of the correct model (col. 2,3); estimation after model selection from beta and gamma

families (col. 4,5)

Z Estimated - true model  Estimated- selected model
U: True indirect

Q0

) X1 X X; X,
-~ o= —0.4 -0.262 -0.263 -0.263 -0.265 -0.264
;5: 0=02 0.197 0.195 0.198 0.196 0.198
= 0=0.5 0.731 0.732 0.743 0.730 0.741
- 0=09 5.510 5.491 5.408 5.499 5.446
-~ o= —0.4 -0.198 -0.204 -0.201 -0.207 -0.203
3 =02 0.165 0.161 0.162 0.163 0.165
= 0=05 0.633 0.624 0.618 0.620 0.613
- 0=0.9 3.910 3.901 3.864 3.923 3.902
-~ o= —0.4 -0.236 -0.238 -0.234 -0.239 -0.236
:E 0=02 0.207 0.207 0.209 0.210 0.213
:: 0=05 0.794 0.787 0.790 0.800 0.808
- 0=0.9 1.699 1.703 1.684 1.707 1.688
,8t o=-04 -0.265 -0.269 -0.267 -0.271 -0.268
:'» 0=02 0.197 0.197 0.200 0.197 0.200
é 0=0.5 0.739 0.736 0.734 0.735 0.732
) 0=09 5.934 5.925 5.913 5.942 5.907
/é\ o=-04 -0.246 -0.244 -0.243 -0.245 -0.244
::: 0=02 0.201 0.201 0.205 0.203 0.207
= 0=05 0.767 0.764 0.755 0.764 0.756
\:; 0=09 6.186 6.169 6.230 6.169 6.230
/§ o=-04 -0.195 -0.201 -0.199 -0.203 -0.201
:ﬂ: 0=02 0.166 0.164 0.160 0.165 0.161
E 0=0.5 0.651 0.650 0.654 0.649 0.652
g 0=09 5.501 5.502 5.492 5.503 5.486
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Table S.9: Estimation results of simulations based on Texas weight matrix, gamma errors.
Estimates of the parameter vector (51,2, 0) under the two scenarios: (i) when the correct

model is known; (ii) when the correct model is not known.

Estimates from correct model Estimates after model selection

(a, b, ¢, p, q)

E(f1) E(By) E@©) sd(B) sd(By) sd(@) | B(B) E(B) E(2) sd(Bi) sd(Bz) sd(d)
o=-04| 1.000 0997 -0.400 0.025 0.098 0.040 | 1.003 0.998 -0.408 0.031 0.099 0.055
0=0.2 | 1.002 1.009 0.197 0.029 0.097 0.028 | 1.005 1.011 0.196 0.029  0.098 0.030
0=0.,5 | 1.000 0997 0.500 0.028 0.096 0.019 | 1.002 0.998 0.498 0.029 0.096 0.020
0=09 | 1.001 0993 0900 0.026 0.095 0.004 | 1.000 0.992 0.900 0.027 0.095 0.004
o=—0.4| 1.002 0996 -0.405 0.029 0.094 0.054 | 1.002 0.996 -0.408 0.030 0.095 0.055
0=02 | 1.000 0998 0.199 0.027 0.091 0.032 | 1.003 0.999 0.198 0.028 0.091 0.033
0=05 | 1.004 0999 0498 0.025 0.095 0.019 | 1.003 0.999 0.497 0.028 0.096 0.019
=09 | 1.000 0996 0900 0.022 0.095 0.004 | 1.000 0.996 0.900 0.022 0.095 0.004
o=-0.4| 1.001 1.000 -0.401 0.028 0.099 0.050 | 0.998 0.997 -0.396 0.030 0.100 0.057
0=02 | 1.002 1.005 0.199 0.027 0.098 0.026 | 1.001 1.005 0.203 0.028 0.099 0.028
=05 | 1.000 1.002 0.499 0.024 0.099 0.018 | 0.988 0.994 0.505 0.031 0.100 0.020
0=09 | 1.000 0.994 0900 0.021 0.096 0.003 | 1.000 0.994 0.900 0.021 0.096 0.003
o=-04| 1.000 1.004 -0.399 0.025 0.098 0.038 | 1.002 1.005 -0.406 0.030 0.099 0.052
0=02 | 1.000 0994 0.199 0.029 0.095 0.029 | 1.002 0.997 0.198 0.030 0.095 0.031
0=0.5 | 1.001 1.003 0.499 0.030 0.092 0.019 | 1.007 1.008 0.497 0.032 0.093 0.022
0=09 | 1.001 1.001 0.900 0.031 0.097 0.004 | 1.009 1.008 0.899 0.036 0.099 0.004
0=-—041] 0998 0.998 -0.399 0.028 0.094 0.049 | 0.997 0.996 -0.400 0.031 0.095 0.059
0.2 | 1.001 1.000 0.201 0.027 0.097 0.026 | 1.000 1.001 0.203 0.029 0.097 0.029
=05 | 1.002 0990 0.499 0.027 0.093 0.017 | 1.005 0.992 0.497 0.035 0.095 0.023
0.9 | 0999 1.002 0.900 0.028 0.100 0.003 | 0.999 1.002 0.900 0.028 0.100 0.003
o=-0.4 0998 1.004 -0.398 0.029 0.096 0.058 | 0.998 1.004 -0.401 0.031 0.096 0.059
0=02 | 1.001 1.009 0.197 0.027 0.093 0.030 | 1.003 1.009 0.197 0.028 0.093 0.031
0=05 | 1.001 1.000 0.499 0.028 0.097 0.019 | 1.004 1.000 0.500 0.029 0.096 0.019
0=0.9 | 0999 1.005 0900 0.026 0.092 0.004 | 0.999 1.005 0.900 0.026 0.092 0.004

(1,1,0,1,1)

(1,1,0,3,1)

(1,2,1,1,1)

(3,1,NA,1, 00)| (1,1,NA, 1, 00) (2,1,NA,.5,00)
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Table S.10: Estimation results of simulations based on Texas weight matrix, gamma errors.
Direct effects, true (first column) and estimated. Estimated effects are obtained from: estimation
of the correct model (col. 2,3); estimation after model selection from beta and gamma families

(col. 4,5)

Z Estimated - true model — Estimated- selected model
< True direct

Z X, X, X, X

-~ 0= —-0.4 1.022 1.023 1.019 1.024 1.019
g: 0=02 1.006 1.009 1.015 1.009 1.015
= 0=05 1.048 1.047 1.045 1.048 1.045
- 0=10.9 1.294 1.296 1.285 1.295 1.286
-~ o= —0.4 0.988 0.990 0.984 0.989 0.984
7 0=02 1.010 1.010 1.007 1.012 1.007
= 0=0.5 1.033 1.036 1.032 1.036 1.032
- 0=09 1.118 1.119 1.114 1.119 1.114
—~ 0=-04 1 1.001 1.000 1.002 1.001
5 0=02 1 1.002 1.005 1.001 1.005
i“ 0=10.5 1.001 1.001 1.003 0.996 1.002
- 0=0.9 1.012 1.012 1.005 1.012 1.005
/8T o=—04 1.025 1.025 1.029 1.026 1.029
: 0=02 1.006 1.006 1.001 1.006 1.001
E\ 0=05 1.050 1.052 1.054 1.053 1.054
o 0=09 1.488 1.488 1.489 1.487 1.486
/8\ 0o=-0.4 1.008 1.007 1.006 1.007 1.006
;: 0=02 1.004 1.005 1.004 1.003 1.004
% 0=205 1.039 1.040 1.028 1.041 1.028
= 0=09 1.570 1.567 1.573 1.567 1.573
? o=-04 0.988 0.986 0.992 0.986 0.992
:r; 0=02 1.010 1.011 1.019 1.012 1.018
%“ 0=05 1.037 1.038 1.038 1.041 1.037
) 0=10.9 1.249 1.248 1.256 1.248 1.256
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Table S.11: Estimation results of simulations based on Texas weight matrix, gamma errors.
Indirect effects, true (first column) and estimated. Estimated effects are obtained from: esti-
mation of the correct model (col. 2,3); estimation after model selection from beta and gamma

families (col. 4,5)

Z Estimated - true model  Estimated- selected model
U: True indirect

Q0

< X1 Xo X1 Xo
-~ o= —0.4 -0.275 -0.275 -0.273 -0.276 -0.274
S: 0=02 0.206 0.202 0.205 0.202 0.205
= 0=05 0.765 0.765 0.764 0.763 0.762
- 0=09 5.618 5.621 5.577 5.623 5.587
e~ o=-04 -0.211 -0.213 -0.211 -0.212 -0.211
g 0=0.2 0.173 0.173 0.173 0.170 0.170
= 0=05 0.658 0.655 0.653 0.655 0.654
- 0=09 3.883 3.880 3.865 3.879 3.865
— o=-04 -0.247 -0.247 -0.247 -0.248 -0.247
E‘:: 0=02 0.216 0.216 0.217 0.218 0.219
2: 0=05 0.825 0.822 0.824 0.831 0.838
- 0=09 1.693 1.693 1.681 1.693 1.681
,8t o=-04 -0.278 -0.277 -0.278 -0.279 -0.279
:’» 0=02 0.206 0.205 0.205 0.205 0.205
E» 0=0.5 0.773 0.772 0.775 0.771 0.773
Q! 0=09 6.195 6.178 6.186 6.185 6.183
/8\ o=-04 -0.258 -0.257 -0.256 -0.258 -0.257
:C: 0=0.2 0.210 0.212 0.212 0.213 0.215
E» 0=05 0.802 0.801 0.792 0.800 0.791
2 0=09 6.478 6.470 6.495 6.470 6.495
/E? o=-04 -0.207 -0.206 -0.207 -0.205 -0.206
:ﬂ: 0=02 0.175 0.173 0.175 0.171 0.173
E 0=05 0.684 0.684 0.684 0.681 0.680
g 0=09 5.653 5.642 5.685 5.642 5.685
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Table S.12: Direct and indirect effects the SAR, MESS and selected model specification. The

selected model corresponds to a generalized beta with parameters Beta(1,2,1,1,1).

Direct effects Indirect Effects
SAR MESS B(1,2,1,1,1) SAR MESS B(1,2,1,1,1)
const -0.40544  -0.39472 -0.40264 -0.23597  -0.24649 -0.23820
repub92 0.02089 0.02018 0.02051 0.01216 0.01260 0.01213
repub96 -0.02925  -0.02827 -0.02913 -0.01702  -0.01766 -0.01724
perot92 0.02640 0.02545 0.02590 0.01537 0.01590 0.01532
perot96 -0.01090  -0.01081 -0.01149 -0.00634  -0.00675 -0.00680
income00 0.00040 0.00148 0.00153 0.00023 0.00093 0.00090
dincome90to00 0.01143 0.01111 0.01122 0.00665 0.00694 0.00664
urate00 0.01548 0.01494 0.01495 0.00901 0.00933 0.00884
urate00_urate90 0.00621 0.00604 0.00585 0.00362 0.00377 0.00346
female_male 0.02699 0.02750 0.02762 0.01571 0.01717 0.01634
black_pop 0.00561 0.00541 0.00467 0.00326 0.00338 0.00276
asian_pop 0.00587 0.00571 0.00547 0.00342 0.00356 0.00324
hispanic_pop 0.02110 0.02182 0.02119 0.01228 0.01363 0.01254
femhhwchild_pop 0.00307 0.00335 0.00369 0.00179 0.00209 0.00218
owner_occupied 0.03673 0.03656 0.03664 0.02138 0.02283 0.02167
highschool 0.03193 0.03052 0.03022 0.01858 0.01906 0.01788
college 0.05386 0.05433 0.05470 0.03135 0.03393 0.03236
nevermarried -0.01839  -0.01901 -0.01906 -0.01071  -0.01187 -0.01128
divorced 0.00906 0.00878 0.00854 0.00528 0.00548 0.00505
widowed 0.00196 0.00178 0.00156 0.00114 0.00111 0.00092
samehouse 0.04081 0.04025 0.04017 0.02375 0.02513 0.02376
foreignborn -0.01826  -0.01833 -0.01807 -0.01063  -0.01144 -0.01069
language -0.01599  -0.01717 -0.01778 -0.00931  -0.01072 -0.01052
military -0.00814  -0.00786 -0.00773 -0.00474  -0.00491 -0.00457
fem_emp_females -0.00012  -0.00001 -0.00002 -0.00007  -0.00001 -0.00001
work_home 0.03415 0.03364 0.03376 0.01988 0.02101 0.01997
traveltime 0.00576 0.00597 0.00543 0.00335 0.00373 0.00321
poverty -0.03100  -0.03044 -0.03094 -0.01804  -0.01901 -0.01831
log_hvalue 0.02437 0.02391 0.02377 0.01418 0.01493 0.01406
log_rent -0.03127  -0.03197 -0.03251 -0.01820  -0.01996 -0.01923
log_mortgage -0.01254  -0.01275 -0.01367 -0.00730  -0.00796 -0.00809
govt_workers_work 0.01078 0.01086 0.01056 0.00627 0.00678 0.00625
manuf_workers_work ~ -0.01340  -0.01285 -0.01295 -0.00780  -0.00802 -0.00766
arts_workers_work 0.00125 0.00106 0.00083 0.00073 0.00066 0.00049
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Case (A): (a,b,¢,p,q) = (1,1,0,1,1) Case (B): (a,b,¢,p,q) = (1,1,0,3,1)
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Figure S.1: Heatmap of the percentages of the selections of each candidate model (in rows) and
for all values of p (in columns), from the simulations based on North Carolina weight matrix in
the 6 cases (panels from (A) to (F)). The propgged models that coincide with the specifications
(A)—(F) are labeled with the corresponding letter.



Case (A): (a,b,¢,p,q) = (1,1,0,1,1) Case (B): (a,b,¢,p,q) = (1,1,0,3,1)
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Figure S.2: Heatmap of the percentages of the selections of each candidate model (in rows) and
for all values of p (in columns), from the simulations based on Texas weight matrix in the 6 cases
(panels from (A) to (F)). The proposed models4t4hat coincide with the specifications (A)—(F) are
labeled with the corresponding letter.
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