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Abstract

In the framework of continuous time symmetric stochastic differential games in open
loop strategies, we introduce a generalization of mean field game solution, called
coarse correlated solution. This can be seen as the analogue of a coarse correlated
equilibrium in the N-player game. We justify our definition by showing that a coarse
correlated solution for the mean field game induces a sequence of approximate
coarse correlated equilibria with vanishing error for the underlying N-player games.
Existence of coarse correlated solutions for the mean field game is proved by a
minimax theorem. An example with explicit solutions is discussed as well.
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1 Introduction

Coarse correlated equilibria are a concept of equilibrium for games with many players
which allows for correlation between players’ strategies, thus generalizing the notion
of Nash equilibrium. In this paper, we propose a notion of coarse correlated equilibria
for a class of continuous time symmetric stochastic differential games and study the
corresponding mean field formulation as the number of players N goes to infinity.
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CCEs for continuous time MFGs in open loop strategies

Mean field games (MFGs) have been an active theme of research for almost two
decades, started in the mid 2000’s from the seminal works of Lasry and Lions [43] and of
Huang, Malhamé and Caines [35]. Roughly speaking, MFGs arise as the limit formulation
of symmetric stochastic N-player games with mean field interactions between the
players. Thanks to the mean field interaction and propagation of chaos type results, one
expects that the empirical distribution of players’ states converges to the law of some
representative player. In the limit, the concept of Nash equilibrium translates into a
fixed point problem in the space of flows of measures. For a probabilistic approach to
MFGs, we refer to the two-volume book by Carmona and Delarue [17, 18]. The relation
between the MFG and the N-player game is commonly understood in two ways: on the
one hand, a solution of the MFG allows to construct approximate Nash equilibria for the
corresponding NN-player games, if N is sufficiently large, see, e.g., [12, 16, 20, 35]. On
the other hand, approximate Nash equilibria can be shown to converge to solutions of
the corresponding MFG. The choice of admissible strategies, while always important, is
crucial for results of this kind: see [30, 40] for earlier results in open loop strategies and
Cardaliaguet et al. [15], Lacker [41], Lacker and Le Flem [42] for convergence in closed
loop strategies, and the works by Djete [23, 24, 25], for MFGs of controls.

The notion of coarse correlated equilibrium (CCE) makes its first appearances implic-
itly in Hannan’s work [31] and explicitly in Moulin’s and Vial’s [44]. The idea of CCEs
can be summarized as follows: The game includes a correlation device or a mediator,
who picks a strategy profile randomly according to some probability distribution over the
set of strategy profiles, which is assumed to be common knowledge among the players.
Each player must decide whether to commit or not to the strategies selected for her by
the mediator before the mediator runs the lottery. If a player deviates, she will do so
without any information on the outcome of the lottery. If a player commits, the mediator
informs her of her own recommendation, without revealing the recommendation to
any other player. In equilibrium, it is best to commit to the anticipated outcome of
the lottery if one believes that every other player is doing the same. This notion of
equilibrium is weaker than that of correlated equilibrium (CE) a la Aumann (see [1, 2]),
where players decide whether to accept the mediator’s recommendation after having
been informed (in private) of the strategies extracted for them. When the distribution
used by the mediator is a product distribution, CCEs reduce to usual Nash equilibria
in mixed strategies, because in this case the mediator’s recommendations do not carry
any additional information over what is common knowledge. Among the nice features of
CCESs, we notice the fact that they may lead to higher payoffs than Nash equilibria, even
when true CEs do not exist (see Moulin et al. [46, 45] for an example in a two-person
static linear quadratic game), and they naturally arise from a learning procedure of the
players, such as the so called regret-based dynamics (see, e.g., Hart and Mas-Colell [32]
and Roughgarden [53, Section 17.4]).

Recently, correlation between players’ strategy choices has been considered in the
context of mean field games. Bonesini, Campi and Fischer [9, 13] establish the existence
of symmetric CEs in a class of symmetric games with discrete time and finite state
and action spaces, give a definition of CE in the mean field limit and provide both
approximation and convergence results. In a second group of papers by Miller et al.
[47, 48], notions of both CCEs and CEs are studied for a class of symmetric games
with discrete time, finite states and finite actions, in a setting close to the one in
[9, 13]. In addition, [47, 48] contain an extensive discussion of learning algorithms
for approximating Nash equilibria, CEs and CCEs in the mean field limit. Then, [11]
introduces the notion of CCEs in a class of continuous time linear quadratic MFGs. A
methodology to compute CCEs in such class of MFGs is provided, and, through the study
of a simple yet important example with applications in environmental economics, the
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authors show that there exist infinitely many CCEs for the MFG which both yield higher
payoffs than the classical MFG solutions and are more efficient with respect to the
environmental goals, highlighting the benefits provided by CCEs over MFGs solutions.
Finally, building on [11], [14] considers CCEs in ergodic MFGs of singular controls,
provides constructive existence results, as well as approximation results and comparison
with MFG solutions. Remarkably, it is shown there that CCEs may exist even when MFG
solutions do not.

Notions of equilibria other than Nash have already been considered in literature, both
for games with finitely many and infinitely many players. We cite the principal-agent
problems and Stackelberg equilibria both with finite and infinitely many players (see, €e.g.,
the book [22] or the papers [3, 6, 26, 28] and the references therein). Correlated and
coarse correlated equilibria are essentially different from the aforementioned problems,
for one main reason: Differently from these problems, in CEs and CCEs, the mediator is
not in principle an optimizer. The mediator may not even be an actual person or agency,
although we have opted for the interpretation of a mediator recommending strategies: it
may be just the result of the learning procedure of the players (see again [32]), or the
result of a pre-play communication protocol among the players (see, among others, [5]).

In this work, we consider MFGs with general dependence on the flow of measures,
and we deal both with existence of CCEs in the MFG and the relation between CCEs in
the N-player game and in the MFG. In the N-player game, the state dynamics follow
stochastic differential equations (SDEs), driven by independent standard Brownian
motions representing additive idiosyncratic noise, and the interaction between players is
given through the empirical distribution of their states, which appears both in the drift
of the SDEs and in each player’s payoff functional. Players’ strategies are assumed to be
open loop, i.e., the correlation device would recommend the players to use strategies
adapted to the filtration generated by noises and initial data. More precisely, the
correlation device, or recommendation to the N players, is modeled as a random variable
taking values in the set of open loop strategy profiles; we require it to be independent
of the random shocks and the initial states which determine players’ states’ evolution.
We deal very carefully with the measurability properties the recommendation has to
fulfill so that the players’ states are well-defined and the recommended strategies are
implementable by the players. In the mean field limit, the notion of coarse correlated
solution we present corresponds to a pair given by a recommendation with values in the
set of open loop strategies for the representative player and a random flow of measures
fulfilling the following two properties:

- Optimality: the representative player has no incentive to deviate from the recom-
mended strategy before the extraction has happened.

- Consistency: the flow of measures at any time ¢ equals the marginal law of the
representative player’s state conditioned on the o-algebra generated by the whole
flow of measures up to terminal time.

Through the study of a simple example, our notion of coarse correlated solution to the
MFG is compared to the more usual notion of MFG solution, (as defined, e.g., in [16])
and the notion of weak MFG solution of [40]. Our main contributions are as follows:

— We justify our notion of coarse correlated solution for the MFG by showing that any
coarse correlated solution for the MFG induces a sequence of approximate CCEs
in the N-player game, with vanishing error as N goes to infinity.

— Under an additional convexity assumption, we prove the existence of a coarse

correlated solution for the mean field game.
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Both results will be established using a genuinely probabilistic approach. As for the
approximation result, we use the limit flow of measures to act as a correlation device
between players’ strategies in the N-player game, in the same spirit of [9, 13]. Then, the
proof of the inverse convergence relies on propagation of chaos arguments, which are
in part reminiscent of [16, 20]. On the other hand, to prove existence, we associate a
zero-sum game to the search of a coarse correlated solution for the MFG, inspired by the
works of Hart and Schmeilder [33] (for static games), Nowak [49, 50] (for continuous
time dynamic games) and Bonesini [8, Appendix 1.B] (for mean field games with discrete
time and finite states and actions, in the setting of [13]), which require us to apply a
minimax theorem. To do so, compactness arguments are exploited, adapting some of the
techniques used in Lacker’s works [39, 41].

Referring to previous works [9, 13], the reason for considering CCEs instead of CEs
is both theoretical and practical. First, they are more general than CEs, thus than Nash
equilibria, both in mixed and pure strategies. Secondly, the fact that if a player deviates,
she is not informed of the outcome of the moderator’s lottery makes the treatment of
CCEs easier than the one of CEs, due to the fact that in CCEs deviations are independent
of the outcome of moderator’s lottery. On the contrary, in CEs, every player is informed
of the outcome of moderator’s lottery, and then decides whether to play accordingly
or not. Thus, in CEs, deviations would depend on that outcome, giving rise to delicate
measurability issues, which for the moment we do not know how to handle properly.
Moreover, while in [9, 13] restricted closed loop strategies were considered, here we
consider for simplicity stochastic open loop strategies, since we deal with the more
challenging problem of continuous time, actions and states.

The rest of the paper is organised as follows: in Section 2 we collect some notations
and state the main assumptions, which will be in force throughout the whole paper. In
Section 3, we define the N-player game and present a notion of CCE; coarse correlated
solutions for the MFG are defined in Section 4. The approximation and existence results
are presented in Sections 5 and 6, respectively. In Section 7, we consider a simple
class of games, already discussed in the literature (see [4, 40, 41]): we show that it has
coarse correlated solutions which are different from the classical MFG solution, and
we compare them with the notions of solution of the previous literature. Finally, some
auxiliary technical results are gathered in the Appendix.

2 Notations and standing assumptions

Here, we collect the most frequent notations that occur in this work and state the
assumptions.

For a metric space (F,dg), we denote by By the Borel o-algebra generated by the
topology of E. When the context allows, we will drop the dependence upon FE, and just
denote it by B. We denote by C,(F) the set of continuous bounded functions f : £ — R.

When given infinitely many product spaces (E*, £, P?);>1, we define the product
space (E,&,P) = @2, (E!, £, P!) by setting

E=XE Széei, P:éPi,
=1 i=1

i=1

where £ is the o-algebra generated by the cylinders C' = A; x --- x A, X2, . E, for
n > 1and A; € &, and P is the probability measure defined on the cylinders by setting
P(C) =11, Pi(A).

Given a measure space (M, M, ) and B C R, we denote by L?(M, M, u; B) the set
of measurable functions f : M — B so that [,, |f(m)[*u(dm) < oo, and we define its
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L*norm by | f||z2 = ([, |£(m)[>u(dm))=. As usual, we identify functions f; and f, which
are equal p-a.s.

We will denote by P(F) the set of probability measures on (E,Bg). For p > 1, we
denote by PP(E) the set of probability measures m € P(F) so that, for some point
zo € E, and thus for any, it holds [, d,(x, zo)m(dx) < co. Let W, g(m1, m2) denote the
p-Wasserstein distance on PP(FE), defined as

WP p(mi,mg) = inf {/E . dy(z,y)m(dz,dy) : ™ € P(E x F), 7 has marginals m, mg} .
X

Any time we will be given two metric spaces (F,dg) and (E’,dg), we will regard F x E’
as a metric space itself, with the distance d((e, f), (¢/, /') = dr(e, f) + dr/(¢’, f'). The
p-Wasserstein distance on PP(FE x E’) will always be meant with respect to such distance
on E x E'. For T > 0 fixed, we denote by C? the set of continuous functions from [0, T’
in R%, d € N, i.e. C* = C ([0, T]; R?). We endow C? with the norm ||z[lca = sup,co 7y [s]-
Occasionally, we will use the semi-norm ||z||; ca = sup,cpo ¢ 25|, forz € C?. We will denote
as W? € P(C%) the law of a standard d-dimensional Brownian motion, and by C(P?) the
set of continuous functions from [0, 7] in P#(RY), i.e. C(P?) = C([0,T); P?(R%)), where
P2(R%) is endowed with the 2-Wasserstein distance. We endow C(P?) with the supremum
distance sup;cjo, 1) W,
C(P?).

When given a filtered probability space (2, F, (G:):, P), we regard as the P-augmen-
tation of the filtration (G;); the filtration F = (F;);, where F; = Ne>00(Gite, N) and N
stands for the P-null sets of (2. Such a filtration satisfies the usual assumptions.

,PZ(]Rd)(m%’th)’ for any m! = (m%)tE[O,T] and m?2 = (m%)te[O,T] in

We end this section by stating our standing assumptions on the state dynamics and
on the costs of the players in both the N-player game and the limit game. We are
given a finite time horizon 7" > 0, a control actions space A, an initial state distribution
v € P(RY), and the following functions:

(b, f) : [0,T] x R* x P2(R?) x A — R? x R,
g: R x PX(RY) — R,
which will be referred to, respectively, as the drift function, the running cost and the

terminal cost. The following Assumptions A will be in force throughout the whole
manuscript.

Assumptions A.
(A.1) ACR! forsomel > 1,isa compact set.
(A.2) v € PP(RY), for some p > 4.
(A.3) The functions b, f and g are jointly measurable in (¢, z,m, a).
(A.4) b(t,z,m,a) is Lipschitz in a € A, m € P?(R%) and x € RY, uniformly in ¢:
|b(t,x,m,a) —b(t,2',m’,a")| < L (|a —ad|+ |z -2+ W27]Rd(m,m'))
for every t € [0,T], (x,m,a) and (z’,m’,a’) in R? x P?(R%) x A.

(A.5) The functions [0,7] > t — (b, f)(¢,0,00,a0) are bounded, for some ay € A and
5o € P2(RY).
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(A.6) fand g are locally Lipschitz in (z,m, a) uniformly in ¢ € [0, 7] with at most quadratic
growth, i.e., there exists a positive constant L > 0 so that

|(f’ g)(t’xvm’ a) - (f’ g)(t’xlvmlaa/”

<L (1 elel s ([ )+ ([ P wan) o+ |a'|)

. <|x—a:’\ + Wy ga(m,m’) + |a—a’|) ,

for every t € [0,T], (z,m,a) and (2/,m’,a’) in R¢ x P?(R%) x A.

Assumptions (A.3-6) are fairly standard in MFG literature, see e.g. [21]. In particular,
they yield existence and uniqueness of strong solutions to the equations governing
the dynamics, as well as finiteness and sufficient regularity of the cost functionals.
Assumptions (A.1-2) enable us to apply compactness arguments in the proof of our main
results, and they are particularly relevant for the existence result in Section 6.

3 Formulation of the N-player game

Consider the following canonical space

Q=X (RIxC?), F'=Q) Bra®Bea), P'=R)(voW). (3.1)
1 1 1

We define a sequence of random variables (£%);>; and of Brownian motions (W?);>1, by
taking the projections:

Ewr) =@, w!)jo1) =a', Wiw) =W/ ((2?,w’);>1) = wj, t €[0,7]. (3.2)

By definition of P, (¢%),>; and (W?);>; are mutually independent, (£);>; are indepen-
dent and identically distributed with law v € PP(R?) and (W'),>; are independent
d-dimensional standard Brownian motions.

Let N € N, N > 2, be the number of players. We define the filtration FLYN as the
Pl-augmentation of the filtration generated by the first N random variables (¢%)Y ; and

Brownian motions (W%)X¥ . Therefore, for the N-player game, we work on the space
Q' FL LN P, (3.3)

We stress that, for every N > 2, we keep the probability space (2!, 7!, P!) fixed while
the filtration 'V varies.

Consider the set A y of FN-progressively measurable processes taking values in A:
Ay = {a :[0,T] x Ol = A ‘ o is YN -progressively measurable } . (3.4)

Provided that we identify processes which are equal Lebjy 1) ® Pl-a.e., we can regard
Ay as

An =L*([0,T] x Q" RYN, Lebjy 71 @ P'; A)
where R'V stands for the progressive o-algebra on [0, 7] x Q!, using the filtration 1V,
We call any element oo € Ay an open loop strategy for the N-player game. We regard a

vector (al,...,aV) € AN = Xiv A as an open loop strategy profile for the N players,
which will be occasionally denoted by ae. We endow such a space Ay with the norm

2

T
/ atIth] (3.5)
0
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and consider the Borel o-algebra By, associated to that. We observe that, since ([0, 7] x
QL Bjo,11x01) is Polish and A is closed, Ay is a separable Banach space. In the following,
we will make no distinction between an " -progressively measurable process a and
any other process o/ which is equal to it Lebyy ) ® Pl-almost everywhere.

Definition 3.1 (Recommendation profile). We call recommendation profile to the N
players a pair ((Q°, 7°~=,P°), A) so that the following holds:

1. (Q° F°=, PY) is a complete probability space; 2° is a Polish space and F°~ is its
corresponding Borel o-algebra.

2. A= (A',...,A") is a random vector with values in A% :
A (QOaFO_a]PO) — (A%’BA%)

wo — Awo) = (at,...,a™): [0,T] x Q! — AN, (56

We interpret the recommendation profile as follows: A correlation device or a medi-
ator runs a lottery over open loop strategy profiles according to some publicly known
distribution P° and communicates privately to each player a strategy according to the
selected profile. The extraction of the strategy profile happens before the game starts
and it is independent of the idiosyncratic shocks that determine the random evolution of
players’ states.

For a given recommendation profile ((2°, 7%=, 1P%), A), we build a probability space
large enough to support both the moderator’s recommendation profile A and the random
shocks and initial data (&7, W/ );V:l, in such a way that they are independent. On this new
probability space, we then consider the strategy profile associated to the recommen-
dation A, that is, the strategies that the committing players will use. These strategies
will depend both on the realisation of moderator’s lottery A’(wg) and the initial data
and idiosyncratic noise that determine the evolution of players’ states. Let (2, F,P) be
defined by

(Q,F,P)=(Q° x QY FOm o FLP @ P1). (3.7)

We complete the o-algebra F with the IP-null sets and endow the product probability
space with the P-augmentation of the filtration

F=F"oF" = (F~ o F")ion

On the filtered probability space (2, F,TF,P) we would like to consider the strategy
profile associated to a recommendation profile A, by setting

M(w) = A(wo,w1) = A(wo)e(wi), i=1,...,N. (3.8)

A priori, the process ) thus constructed may not be progressively measurable, for
instance when a recommendation profile A takes uncountably many values. The essential
reason is that we cannot deduce the measurability of a set in the product o-algebra from
the measurability of its sections, as shown, e.g., in [54, p. 5]. For this reason, we have
the following admissibility definition:

Definition 3.2 (Admissible recommendation profile). A recommendation profile
((Q°, FO=,PY), A) is admissible if there exists a process A = (A{,..., A )icpo,7) With
values in AV, defined on the product space (), F,P) and F-progressively measurable, so
that, foreveryi=1,...,N, it holds

| (N (wo, *))tego,r) — Ai(wo)HquO,T]xm) =0, Plas,i=1,...,N. (3.9)
Any such process A will be called strategy profile associated to the admissible recom-

mendation profile ((2°, 79~ PY), A).
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Observe that the strategy profile A is the result of both moderator’s recommendation
and the noises, and it will appear in the dynamics and the cost of the committing players.
We remark that, by Proposition C.2, given any admissible recommendation to the N
players ((Q2°, 7°~,P?), A), the strategy profile A associated to it is unique Lebjy ) @ P-
almost everywhere. We give some examples of admissible recommendations in Example
4.7 in the following Section 4.

Remark 3.3. As usual, we can extend random variables defined on Q' to random
variables defined on (). Indeed, suppose X : (2!, F1) — (E,€) is a random variable
with values in some measurable space (E, ). We can then regard X as defined on the
space (2, F) via the identification X (wg,w;) = X (w;), and analogously for Q°. In this
sense, via the identification (£, W%)(wo,w1) = (&', W#)(w;) for every i = 1,..., N, we can
regard the Brownian motions and initial data as defined on §; we observe that (W*)N;
are independent standard Brownian motions with respect to the filtration I as well.
Moreover, we can identify each process o € Ay, which is defined on Q!, with a process
& defined on (2 via the identification &(wg,w;) = a(wy). Such a process is progressively
measurable with respect to the filtration IF and independent of F0~.

Observe that, by construction, we have FO- C F, for every t € [0,7], and FO- is
independent of the filtration of noises F'. This models the fact that the extraction
of the strategy profile happens before the game starts and is independent of the id-
iosyncratic shocks that determine the random evolution of players’ states. We stress
that, by definition, the realization A’(wy) is an IF!*V-progressively measurable process
in A, for any scenario wy € Q° and i = 1,...,N. Observe that, even though A and
(&9, W )§V=1 are independent, the strategy profile associated to the recommendation
A = (Mt)tejo,7) is in general not independent of either of them, since it is the result of
both the recommendation profile and the random shocks and initial data.

Let ((Q2°, F°~,P%), A) be an admissible recommendation profile. On the probability
space (92, F,F,P) defined in (3.7), we assign players state dynamics and define the cost
functionals. If all players follow the recommendation A, players’ state dynamics are
given by the following system of stochastic differential equations:

dX? =b(t, X,y N)dt +dWi,  0<t<T, (3.10)
Xg=¢, '
for every j € {1,..., N}, where pY is the empirical measure of the state processes of all
players at time t:
1N
péV:NZ@(g. (3.11)
j=1

Suppose player i deviates, while the other players follow the recommendations they
receive from the mediator. The deviating player will pick instead an open loop strategy
B € Ay. In other words, at every time ¢ and for every scenario w, player i plays the
action f;(w) = B(w1) instead of playing the recommended action \i(w) = A%(wp)¢(w1).
Then, players’ state dynamics are given by the following system of stochastic differential
equations:

{dxg‘:b(t,Xz,uiv,Az)deWA 0<t<T, Xj=¢, j#i (3.12)

dX}=b(t, X}, pul¥, By)dt + dW}, 0<t<T, X}=¢,

where ui\’ is defined as in (3.11). Assumptions A ensure that there always exists an
IF-adapted continuous solution to both equations (3.10) and (3.12) so that
E[ sup max |X7[!] < oc.
te[0,7) 1SISN !
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Moreover, pathwise uniqueness holds so that, by Theorem B.3, uniqueness in law holds
as well.

Remark 3.4. We notice that there is an asymmetry between the information available to
the mediator and the deviating player. If a player deviates, she will use an open loop
strategy 5 € Ay, therefore the information available to the deviating player is just given
by the smaller Brownian filtration IV, In particular, she will use a strategy which is
independent of 7°~, thus of the admissible recommendation profile A. This models the
fact that the players must decide whether to follow or not the recommendation without
knowing the outcome of the mediator’s lottery.

As for the cost functional, let ((Q2° F7°~, %), A) be an admissible recommendation
profile. If all players follow the recommendation, then the cost functional of player
t=1,...,N is given by

I =E

T
/ f(t,XZ,uiV,Ai)dt+9(XZT,M¥)] ,
0

with dynamics given by (3.10). If instead player ¢ does not play according to the
recommendation A’ and plays a different strategy 5 € Ay, while the other players stick
to the recommendation profile A=% = (A',... A1 A1 AY), we define the cost
functional of player ¢ as

V(AL B) =E

T
/ F X0 Y, By)dt + g(X%wu?)] ,
0

where the dynamics are given by (3.12). We stress that the expectation in the cost
functional is taken with respect to the product probability measure P = P° @ P!,
although we omit this dependence for conciseness. Finally, we give the notion of e-coarse
correlated equilibrium:

Definition 3.5 (¢-coarse correlated equilibrium). Let ¢ > 0. An admissible recommen-
dation profile ((2°, F°=,1P%), A) is an e-coarse correlated equilibrium for the N -player
game (¢-CCE) if

IV <IN (ATLB) + e (3.13)

K2

for all open loop strategies 5 € A and all playersi = 1,..., N. We call an admissible
recommendation profile ((Q°, 79~ ,P%),A) a coarse correlated equilibrium for the N-
player game if it is an e-coarse correlated equilibrium with € = 0.

Notice that even if player ¢ deviates, she can actually compute her cost functional
IN(A~, B) by only knowing the joint law of the admissible recommendation profile A,
for any open loop strategy . Indeed, it is possible to express the equilibrium property
(3.13) in terms of the law of the recommendation profile A on the left-hand side, and in
terms of the marginal law of A~ on the right-hand side.

The usual notion of Nash equilibrium in open loop strategies is consistent with the
definition of coarse correlated equilibrium: Suppose we are given an -Nash equilibrium
(a',...,a) in open loop strategies. We choose (Q2°, 70—, P?) as the trivial probability
space and A as constant and equal to (a?,...,a"). It is then straightforward to see that
the triple ((2°, 7°=,1P%), A) is an e-CCE according to Definition 3.5.

Observe that a Nash equilibrium in open loop strategies (a!, ..., a") is progressively
measurable with respect to the filtration F"", while a strategy profile ) associated to
an admissible recommendation A contains the information carried by A itself, which is
the information the mediator uses to randomize players’ strategies. Moreover, when
dealing with Nash equilibria, the deviating player has access to the same information as
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the other players, since they all use !V -progressively measurable strategies. On the
contrary, CCEs present a certain asymmetry between the information available to the
committing and the deviating players, as pointed out in Remark 3.4.

Remark 3.6 (Role of the probability space (Q2°, 7°—,P?)). According to Definition 3.2, the
probability space (Q°, 0~ P?) is part of the definition of admissible recommendation.
The natural interpretation is that the mediator chooses the auxiliary space he uses to
correlate players’ strategies. Moreover, according to equations (3.10) and (3.12), it
determines the probability space on which state processes are defined. In order to keep
the notation as simple as possible, by abuse of notation, we mostly refer only to A as the
admissible recommendation instead of the pair ((Q2°, 7=, %), A).

Remark 3.7 (Relationship with correlated equilibria of [9, 13]). It is worth to briefly
compare our notion of coarse correlated equilibria with the notion of correlated equilibria
of [13] and [9]. In these works, the authors deal with discrete time models with finite sets
of individual states and control actions, and consider restricted closed-loop strategies.
Most importantly, in their framework, correlated equilibria are considered, and not
coarse correlated equilibria: there, each player observes the outcome of moderator’s
lottery and then decides whether to play it or not. Thus, in that context, if player
deviates, she would use a strategy § which is not a priori independent of the outcome of
moderator’s lottery, but could depend on the realization A?(wg), and she could use that
information to choose her deviation. On the contrary, in our model, the deviating player
chooses a strategy § which is independent of the admissible recommendation profile A,
as the deviating player has no access to the recommended strategy.

4 Formulation of the mean field game

Consider the following canonical space
QO =R¥ x4 F*=Bri®Bea, P*=va W (4.1)
Define { and W = (Wy),c(o,1] @s
E(wi) =&z, w) =2, Wiwi) = Wiz, w) = wy. (4.2)

By definition of P*, ¢ and W are independent, ¢ is an R?-valued random variable with law
v and W is a standard Brownian motion. Define the filtration I'* as the P*-augmentation
of the filtration generated by £ and W.

Consider the set A of IF*-progressively measurable processes taking values in A:
A = {a ([0, T x Q" — A ‘ « is F*-progressively measurable } . (4.3)

Provided that we identify processes which are equal Lebjy 7] ® P*-a.e., we can regard A
as
A =L*([0,T] x Q*,R*, Lebjy 1] ® P*; A)

where R* stands for the progressive o-algebra on [0, 7] x £2*, using the filtration F*. We
call any element o € A an open loop strategy for the mean field game. We endow such a
space A with the norm

2

T
/ | |? dt] (4.4)
0

and consider the Borel o-algebra By associated to that. We observe that, since ([0, 7] x
%, Bjo, 1)<~ ) is Polish and A is closed, A is a separable Banach space. Finally, we will

ledl > = E”

EJP 29 (2024), paper 196. https://www.imstat.org/ejp
Page 10/56


https://doi.org/10.1214/24-EJP1244
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CCEs for continuous time MFGs in open loop strategies

make no distinction between an IF*-progressively measurable process a and any other
process o/ which is equal to it Lebj, 71 @ P*-almost everywhere.

As in the N-player game, we define the recommendation to the representative player,
and then the admissibility requirement.

Definition 4.1 (Recommendation for the mean field game). We call recommendation a
pair ((Q2°, F°=,P%), A) where:

1. (29, F°=, PY) is a complete probability space; Q¥ is a Polish space and F°~ is its
corresponding Borel oc-algebra.

2. A is a random variable with values in A.:

A (Q0, FO7,P%) — (A, Ba) @5)
wo — Alwp) = a: [0,T] x Q" — A. )

For a given recommendation ((2°, 7°~,1P%), A), we build a probability space large
enough to support both the moderator’s recommendation A and the random shocks and
initial datum (¢*, W*), in such a way that they are independent. Let (Q2, 7, P) be defined
by

(Q,F,P)= (2 x Q" , F~ @ F*, P’ @ P*). (4.6)
We complete the o-algebra F with the IP-null sets and endow the product probability
space with the P-augmentation of the filtration

F - ]:0_ ®F* = (]:O_ ®]:t*>t€[0,T]'

On the filtered probability space (2, F,IF,P) we would like to consider the strategy
profile associated to a recommendation profile A, by setting

At(w) = A (wo, wy ) = Awo)¢(ws), (4.7)

As in Section 3, in order for such process A to be progressively measurable, we have the
following admissibility definition:

Definition 4.2 (Admissible recommendation for the mean field game). A recommendation
for the mean field game ((2°, F°~,P%), A) is admissible if there exists an A-valued
process A = (\t)iepo,r), defined on (§2, F,P) and IF-progressively measurable, so that it
holds

| (Ae(wo, ))eco,r) — A(wO)HLz([O’T]XQ*) =0, P%as. (4.8)
Any such process process A will be called strategy associated to the admissible recom-
mendation ((Q°, 70—, P%), A).

We remark that, by Proposition C.2, given any admissible recommendation ((2°, 70—,
P%), A), the strategy ) associated to it is unique Lebjg, 77 ® PP-almost everywhere.

Definition 4.3 (Correlated flow). A correlated flow is a triple ((Q2°, F°=,P%), A, 1) where:
1. ((Q° F°=,PY), A) is an admissible recommendation.

2. s (Q°,F7 PO — (C(P?),Be(p2)) is a random continuous flow of measures in
P2(RY).

The same considerations as in Remark 3.3 about the extension of random variables
on the product space ({2, F, P) hold for correlated flows as well.
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Let ((Q° F°~,PY),A,u) be a correlated flow. On the product probability space
(Q, F,P) defined in (4.6), we assign state dynamics. If the representative player de-
cides to play according to the admissible recommendation A, the dynamics is given by
the following SDE:

{dXt = b(t, Xy, pe, \)dt+dWy,  0<t<T, w9

Xy = €.

If instead the representative player decides to ignore the mediator’s recommendation
and to use a possibly different strategy S € A, the dynamics is given by the following
SDE:

(4.10)

dXt S b(t,Xt,/.,Lt, Bt)dt + th, 0 S t S CZ—‘7
X, = €.

By Assumptions A, on any space (2, 7, I, P) there exists a solution to equation (4.9)
and pathwise uniqueness holds. By Theorem B.3, uniqueness in law holds. Analogous
considerations apply to equation (4.10).

Let ((Q°, F°~,PY%), A, 1) be a correlated flow. The cost functionals for the represen-
tative player and the deviating player, whose state dynamics follow (4.9) and (4.10),
respectively, are given by:

JA,p)=E

T
/ f(t7thU'taAt)dt+g(XT7NT)] )
0 4.11)

J(Bu) =E

T
A f(t7Xt7/'Lta/6t)dt+g(XTa:uT)‘| .

As in the N-player game, the expectation in the cost functional is taken with respect to
the product probability measure P = P’ ® P*; in particular, it depends on the mediator’s
randomization P° also when the representative player deviates. Finally, we give the
definition of coarse correlated solution of the mean field game:

Definition 4.4 (Coarse correlated solution). A correlated flow ((Q°, F°= P°), A, uu) is a
coarse correlated solution of the mean field game if the following properties hold:

(i) Optimality: for every deviation § € A, it holds
(A, 1) <3(B, ). (4.12)

(ii) Consistency: for every time t € [0,T], p; is a version of the conditional law of X,
given u, that is,
() =P(Xy €-|pn) P-as. Viel0,T). (4.13)

We will refer to coarse correlated solutions of the mean field game as coarse correlated
mean field solutions and mean field coarse correlated equilibria (CCE) as well.

Remark 4.5 (Role of (20, 79~ P?)). Analogously as in the N-player game, although
the probability space (Q2°, 7=, PY) is part of the definitions of admissible recommen-
dation and correlated flow, when it is clear from the context we refer to A and (A, p),
instead of the pair ((Q°, 7°~,P%), A) and the triple ((Q2°, F°~,P°), A, 1), as admissible
recommendation and correlated flow, respectively.

As in [9, 13], the consistency condition (4.13) should be read in the following way:

the mediator imagines what the flow of measures will be, up to the terminal horizon 7,
before the game starts, and gives a recommendation to each player according to his idea.
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Since the flow of measures is expected to be stochastic as a result of the mediator’s
randomization only, we request it to be measurable with respect to 7°~, and, since the
randomization is performed before the game starts, we have F 0— C F, for any t > 0. If
all players commit to the mediator’s lottery for generating recommendations, then the
flow of measures should arise from aggregation of the individual behaviors, consistently
with what imagined by the mediator. Since the generation of the recommendation
is performed on the basis of the whole flow of measures, we formulate consistency
condition (4.13) with respect to conditioning on the whole flow. Regarding the strategy
of the deviating player, as in the N-player game, if the player deviates, she chooses her
strategy on her own, without using any of the information carried by A or p: the only
information she has about A or p comes from the knowledge of their joint law, which is
assumed to be known by the representative player, in analogy to the N-player game.

Remark 4.6 (Relation with MFGs with common noise). Given the consistency condition
(4.13), it is worth comparing coarse correlated solutions to the MFG and solutions to
MFGs with common noise (see, e.g., [19, 40, 42] and in [18]). In the latter, the flow of
measures is stochastic due to a common noise that equally impacts the state dynamics
of all players in the underlying N-player game. As a consequence, the flow of measures
is expected to be adapted to the filtration generated by the common noise (the so called
strong solutions); if this is not the case, compatibility conditions between the noises
and the flow of measures itself are needed in order to guarantee that the flow u peeks
into the future in a minimal way (the so called weak solutions). In the case of a coarse
correlated solution to the MFG, on the other hand, the flow of measures is expected
to be stochastic as a result of the mediator’s randomization only, which is generated
before the beginning of the game. More formally, this implies that the flow of measure is
F9 -measurable with F°~ C F, for any ¢t > 0. Recommendations to the representative
player are given according to the mediator’s idea of the whole flow, which leads to the
consistency condition with conditioning with respect to the whole flow up to terminal
time. In this sense, the mediator sees into the future, and consequently no compatibility
condition is needed.

One might be tempted to regard the randomness driving the mediator’s lottery for
selecting recommendations as a common noise that affects the state dynamics only
through the control. There are at least two major differences though: First, such
a common noise will have no impact on the controls of a deviating player. To put
it differently, only the pre-committing players’ dynamics are directly affected by the
mediator’s lottery over strategy profiles. Second, such a common noise would not
be exogenous; instead, it is built into the correlation device used by the mediator, as
represented by the auxiliary probability space (2°, 7°— P?), and as such is part of the
solution.

Example 4.7 (Admissible recommendations). Fix a complete probability space (20, 70—,
P%). We provide some simple examples of random variables A : (Q°, FO= PY%) — (A, Ba)
which are admissible recommendations in the sense of Definition 4.2.

1. Suppose that A takes only finitely many values, say a',...,a* € A, k > 1, i.e.
PO(A = o') = p;, with p; > 0 forevery i = 1,...,k, Zle p; = 1. We can easily define the
associated strategy (A¢)¢cjo,7] @s

k
At(wo,ws) = 3 pazary (wo)ai ().

i=1
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We explicit the dependence upon the scenario w = (wp, ws):

k
Awo)i(ws) =Y Taiy (Awo))af(ws).
=1

By the same line of reasoning of Remark 3.3, we have that this process is IF-progressively
measurable, since the processes of, i = 1,. .., k, are F-progressively measurable and the
F9~-measurable real-valued random variables 1,1} (A(wg)) can be regarded as defined
on the product space 20 x Q* and F°~ @ {0, Q*}-measurable, therefore F-progressively
measurable. Finally, condition (4.8) is satisfied by A itself.

2. Suppose A takes at most countably many values. We can define \ as

)\t(w07 w*) = Z ﬂ{A:oﬂ'}((’uo)ai(W*)'

i=1

Set A" (wo,wx) = 2.1 | Lga—ai}(wo)ej(w,) and observe that, by the same argument of the
previous point, A} is an IF-progressively measurable process for each n > 1. Furthermore,
for each (t,wp,w.) € [0,7] x Q° x Q*, the sequence \!'(wp,w.) is eventually constant,
being ({A = a'});>; a partition of Q°. Therefore, the sequence A" converges pointwise
to A = (A\¢t):epo,r)- Being ) the pointwise limit of A", we deduce that ) is a progressively
measurable process with values in A which satisfies (4.8), so that A is admissible.

3. Let (20, 7%~ PY) be a complete probability space, with ° Polish and F°~ the
corresponding Borel o-algebra, and let (A;);c[o,r] be an A-valued process defined on the
PY ® P*-completion of the product space (Q° x Q*, 7Y~ @ F, P’ @ P*) with values in A.
Assume that it is progressively measurable with respect to the P° ® P*-augmentation of
the filtration F = (F°~ ® F/);cjo,7]- We can define a function A : Q° — A by setting

A , 20, T x Q" — A
(Ae(wo,))tefo,ry = [0,T] x W € QO\ N,

A(wo) = (t,wi) = Ae(wo, ws), (4.14)
ag wo € N.

where N C Q0 is a P°-null set and qg is an arbitrary point in A. By Lemma C.1 in
Appendix C, the pair ((Q°, 7°~,P°), A) is an admissible recommendation, with strategy
associated to the recommendation A given by the process A itself.

5 Approximate N-player coarse correlated equilibria

The next result shows how to construct a sequence of approximate N-player coarse
correlated equilibria with approximation error tending to zero as N — oo, provided we
have a coarse correlated solution to the mean field game.

Theorem 5.1. Let ((2°, F°—, PY), A*, u*) be a coarse correlated solution of the mean
field game. For each N > 2, there exist:

(i) an admissible recommendation to the N players ((Q0-N, FO=-N PON) AN);

(ii) a real numberepn > 0,
so that ((Q%N, FO—N PON) AN) is an e y-coarse correlated equilibrium for the N -player
game withey — 0 as N — oo.

The proof of Theorem 5.1 has two main steps: First, starting from a coarse correlated
solution to the MFG, we build a probability space (Q, F,P) large enough to carry any
sequence (A%);>; of admissible recommendations such that
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1. for every i, A’ is supported on the set of open-loop strategies progressively measur-
able with respect to player ¢’s private noise;

2. for every i, A® has the same distribution as A*;
3. for every N > 2, (A',...,A") is exchangeable.

Then, we define the probability space (QV, FO=N PON) as (Q, 70—V P), where FO—V
is the P-completion of o(Al,...,AY). The construction of the space (2, F,P) strictly
depends on the coarse correlated solution we need to approximate. This is accomplished
in Section 5.1. Then, in Section 5.2, we prove Theorem 5.1. In order to exploit the
optimality property (4.12) of the coarse correlated solution, great care is taken in
comparing the cost functional associated to open-loop strategies in the N-player game
with the payoff of the coarse correlated solution. We conclude by a propagation of
chaos result, which is specific to our situation but quite standard. For completeness, the
statement and the proof of such result is deferred to Section D in the Appendix.

5.1 Construction of the admissible recommendation profiles to the N-player
game
With respect to the probability space (2!, F!,P!) defined in (3.3), let us denote by
() the P'-augmentation of the filtration generated by (¢, W*). Let us introduce the
following set of strategies:

Ay = {a €Ay |ais F® progressively measurable}. (5.1)

We stress that, by construction, for each N > 2, open loop strategies for the N-player
game are defined on the same probability space (!, F!,P!) and we have the inclusions
Ay C Ayyi and Ay C Ay for every ¢ < N. Let us denote by p € P(C(P?)) the
distribution of u*. Let
K :F' xC(P?) —[0,1]

be the regular conditional probability of IP? given p*, which exists and is unique since
both (20, F°~,1P%) and (C(P?), B) are Polish spaces. Here and in the following, B stands
for the Borel o-algebra on C(P?). Let v denote the joint law of (A*, u*) under PY, let &
be a version of the regular conditional probability of v given p*, that is, the stochastic
kernel k : By x C(P?) — [0, 1] so that it holds

]W«NMSECxBﬁi/MQmmwm‘%%BMVBEB (5.2)
B

Define the probability space (£, F) in the following way:

Q= (;2 QO> xC(P?), F= (éf“) ® B, (5.3)
1 1

and define P so that, for every cylinder R with basis A; x --- x Ay x B, with 4; € F°~
foreveryi=1,...,N, N > 2, B € B, it holds

N
P(R) = /B H K (As,m) p(dm). (5.4)

We complete the space (Q,F,P) with the P-null sets. Let w = ((w))i>1,m) denote a
scenario in 2. Let p : (2, F,P) — (C(P?), B) be the projection on C(P?), that is

w (@) =m. (5.5)
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Lemma 5.2. There exists a sequence of recommendations (A');>1 from (0, F,P) to
X?Vozl A so that, for each i > 1, the following holds:

(a) A’ is an admissible recommendation, and it takes values in A(i).

(b) The joint law of (A',...,AY) under P is supported on Xilil Ay € AY and it is
given by

YN (dal /C(73 . da m) (dm) (56)
=1

As a consequence, for every i > 1, (A%, 1) has the same distribution as (A*, u*) and
(A%);>1 are conditionally independent given .

Proof. Recall from (3.3) and (4.1) the definitions of the spaces (Q!, 71, P!) and (Q*, F*,
P*). Observe that, up to completion, it holds

(@, FLPY) = Q) (@, F*,PY) (5.7)
1

so that a scenario w; € Q! can be written as w; = (wl)jzl. Moreover, by definition of
(¢9,W7),>1 in (3.2), for every i > 1 it holds

(€, W) (wr) = (a',w') = (€7, W*)(wi),

so that (£, W");>1 can be seen as a sequence of independent copies of (£*, W*). De-
fine the filtered probability space (€2, F,F,P) as in (3.7). Let A" = (AD)¢cpo,17, ¢ > 1,
be independent copies of \* = ()\;:k)te[o,T]: the strategy associated to the admissible
recommendation A* according to (4.7), so that

Ab(@,w1) = M ((Wh)j=1,m, (Wl)j=1) = Af (wh,wl) -

For every i, ! is F-progressively measurable: indeed, since by definition the measures
P and P° ® IP* coincide on the cylinders A; of the form

A ={(@w1) = (@h)sz1,m (@);21) € QX Q| (whwl) € G}, (5.8)

for any G € F°~ @ F', every P ® P*-null set N can be identified with a P-null cylinder
A; of the form (5.8) with basis N. Therefore, for every ¢t € [0, 7], the P-augmentation of
the filtration F°~ ® F} contains all the cylinders with basis

i = {(@1) = (@) orm, (@)o1) € Tx 2 | (whoot) € G,

for any G in the P? ® P*-augmentation of °~ ® F;'. This is enough to conclude that \’ is
progressively measurable with respect to the P-augmentation of 7%~ @ F/, and so with
respect to the filtration I as well. We define A’ as in (4.14), that is

‘ (AL@, ))teo,m ¢ [0,T] x Q.lj A BT\,
A(w) = (t,w1) = A (@, w1), (5.9)
ao wewnN,

where N C Q is a P-null set and ay is an arbitrary point in A. By Lemma C.1, A’ is an
admissible recommendation from (Q, F,P) to (A, Ba, ), for every N > i. Since the
associated strategies coincide pointwise, it holds A‘(w) = A*(wf) P-a.s., as ensured by
Proposition C.2. In particular, this implies that A’ only takes values in A, since for
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every fixed @ the control process (\(w, *))telo, 1) 18 IF()-progressively measurable. This
proves point (a).

As for point (b), for every N > 2, (Al7 o ,AN) takes values in X;V:l A(j) by construc-
tion. Hence, we may restrict the attention to Borel sets C; C A (;), forevery j =1,..., N.
Let B € B. Since A/ (w) = A*(w)) for every j = 1,..., N P-a.s., by definition of P, we
have

N oo
]P(AleCl,...7ANeCN,u€B):]P<>< {wg; A*(wg)ecj} x X Q0 x C(P2)>

= j=N+1

:/ﬁK({ A (w )ec} p(dm) /HK{wo " (wo) € Cj},m) p(dm)
- [ L

This shows also that (A%, ) are identically distributed as (A*, z*) and that (A?);>; are
conditionally i.i.d. given pu. O

For each N > 2, set 7=~ = g(Al,...,AY) and (QOV, FO—-N PON) = (Q, FO—N P).
Then,
(A% AN) £ (@, 77N, P) - (AN, Bay)

is the candidate €xy-coarse correlated equilibrium to the N-player game, with £y to be
determined.

Remark 5.3. The construction of the probability spaces (Q%", FO—~ PON) is rather
involved, but has the advantage of making the admissible recommendation to the N-
players (A!,..., AY) easy to define. Besides this technical reason, we notice that, both
in the N-player game and in the mean field game, the mediator may choose the space
(QY, 79~ PY) he uses to randomize players’ strategies, as already pointed out in Sections
3 and 4. Then, it is natural to use the same space (Q2°, 7=, P°) on which the coarse
correlated solution to the mean field game is defined to randomize players’ strategies in
the N-player game as well.

5.2 Proof of Theorem 5.1

By symmetry, let us consider only possible deviations of player i = 1. For every N > 2,
let e be given by
en = sup (IY(AY) =3IV AL B)) =3IV (AY) — inf Jy(AVTLB). (5.10)
BEAN BEA N
By definition of ey, AV is an e-coarse correlated equilibrium for every N > 2. In order

to conclude the proof, we only need to prove that ey —+ 0as N — oco. Foreach N > 2,
choose Y € Ay so that

1
AN -1 N f AN,—l _
I B7) < inf 3y T ( B =
Let Z = (Z)ie[o,r) be the solution of
dZ; = b(t, Zy, pg, BN )dt + dW},  Zy = €, (5.11)

and define the corresponding cost as

I8N, )

T
=K / f<S7ZS7MSaBéV)dS+g(ZT7MT)
0
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Let X be the solution of
dX; = b(t, X¢, pe, A\p)dt +dWE, Xo = €, (5.12)

with associated cost

T
JAL ) =B / F(8, X pios A)ds + g(Xr pr)
0

Observe that, by construction, (¢*, W', u, \!) under P is distributed as (¢, W, u*, \*) under
P*. Therefore, by Theorem B.3 the joint distribution of (X, A!, 1) under P is the same
as (X*, \*, u*) under P*, where X* denotes the state process resulting from the mean
field CCE (A*,u*). Moreover, note that by construction \! is IF“vEl’Wl-progressively
measurable, where

FE = o) vae) ve(Wr: s<t), te[0,T]

By the Lipschitz continuity of b, X may be taken to be F*¢" W' adapted as well.
To prove the theorem, it is enough to show the following:

J(AY ) <3IBY, W), (5.13a)
lim Jy(AY) = J(A', ), (5.13b)
N—o0
lim |[Jy (AN 8Y) = 3(8Y, p)| = 0. (5.13c)
N—o0

These imply the conclusion, by noticing that

ex < AN(AN) = 3L )+ 3L ) = 3BV ) + 38V, ) — SRS V) -

We start by proving (5.13a). We observe that we cannot just deduce it from the
optimality property (4.12) of (A*, u*): since 5~ may belong to Ay \ Ay, it may not
be identifiable with an open loop strategy for the MFG, for which inequality (5.13a)
would hold. Instead, we prove it by using the regular conditional probability of P
given (¢, W)N,. Denote by (z,w) a point (z*,w")¥, € (R? x C4)N~1, and let P, =
N1y ® W) denote the joint law of (¢, W#)N, under P. Let P®* be a version of the
regular conditional probability of P given (¢!, W)Y, = (2%, w®)¥,. We rewrite (5.13a) as

T T
( f(sa XSv/'LSa )\i)ds + g(XTa ,U‘T)> - (/ f(57 Zsa/'LSa ﬂév)ds + Q(ZTvﬂT)>]
0 0

(

T
- ( 0 f(S,Z&Iu,S,ﬁéV)dS+g(ZT,MT)> ‘(§15W2)5\12‘|‘|

(]Rd Xcd)Nfl

T
/ f(s7Zs7M87/B£V)dS+g(ZT7MT)
0

E

T
/ f(Sastlj’&)\i)dS+g(XTa,uT)>
0

T
/ f<s7Xs7,U/Sa)‘i>ds+g(XT7MT)]
0

@, w
_ EP

> P,(dz,dw).
(5.14)
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We analyse separately the two terms in the last equality. Let us start with the term
depending upon A!. Since u, A}, W! and ¢! are independent of (¢!, W)Y, under P and
X is F#¢" W .adapted, X is independent of (¢!, W)Y, as well. We deduce that, under
Pz, W1 is an F-Brownian motion, X solves equation (5.12) and P®% o (X, \!, )~ =
Po (X, ALpu)™t = P* o (X*,\*,u*)7!, for P,-a.e. (xz,w) € (R? x C*)N~1. In particular,
this implies that

T
E]P ‘ [/ f(stsa,UfsyAi)ds+9(XT7.UJT
0

= J(A*, u")

/ fS X*nus,n )d5+g(XTHU’T)

(5.15)
for P,-a.e. (z,w) € (R? x CH)N -1,
As for the term depending upon 3V, we note that, since 8V € Ay, there exists a
progressively measurable functional /3 : [0,T] x (R? x C)N — A so that

BN =p (et wh .M wh).
Under P*%, it holds
N3, wh a2 w?, . 2N, wN) Ve [0,T] P*%-as., 5.16)
By =B (¢, (

since (¢!, W*)2_, are almost surely constant under P**. Since the joint law of x, W and
51 is the same under both IP and P*", (5.16) implies that Z satisfies

dZy = b(t, Zy, p, BN (z, w))dt + dW,},  Zy = €, (5.17)

under P®%, with 4V (x,w) F())-progressively measurable. For every (x,w) € (R% x
CY)N-1, define the strategy

B(az,w): (5 (t,g,V[/,x2,w2,...,a:N,wN)) ) (5.18)

te[0,T]

Then B(w, w) belongs to A for every (z,w) € (R% x C%)N~1, and it depends measurably
upon (x,w). For every (x,w), let Z be the solution of

dZt = b(taztvﬂrvgt(wvw))dt + thv ZO = 5

Since P*% o (Z,3, 1)~} = P®% o (Z, BN (z,w), u) "' = P* o (Z, B(x, w), u*) ", it follows
that

@x,w T
E]P Y |:/ f(s,Zs,us,ﬂév)ds+g(ZT,MT)}
0
@x,w T A~
_ P [ | 7620 B <m,w>>ds+g<zT,uT>] (5.19)
0

T 2 5 ~
= kY [/0 F(5, Ze, 1%, B, w))ds + g(ZT,Mi})} = 3(B(z, w), u*).

We note that the left-hand side of (5.15) depends measurably upon (x,w) due to a
monotone class argument. Being (A*, u*) a mean field CCE by assumption, (5.15) and
(5.19) imply that

T
3(A17/j/) _S(BNMU/) :/ (E]Pmyw [/ f(SaXS7/’LS7)\£)dS +g(XTaMT>]
0

T
- ]E]P , / f(S>Zs7MSaB£V)d8+g(ZT7MT)
0

> P,(dx,dw)
- / (347, 1) = 3(B(,w), 1)) Polde, dw) < 0
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which yields (5.13a).

As for (5.13b) and (5.13c), they must be handled by continuity arguments on the cost
functions and propagation of chaos as stated in Lemma D.1. We give the details only for
(5.13Db), since (5.13c) is analogous. We have:

T

; |g<X¥,u¥>—g<XT7MT>|} _B[Af+ Ag).

For Af, Assumptions A ensure that f is locally Lipschitz with at most quadratic growth.
Therefore, by straightforward estimates, we have:

T T
2
E[Af] < CE |1+ || X"V|2, + X |G + / /}R ol peldy)dt + / /Rd\ymiv(dy)dt
0 0

T T %
+2/ |AL| dt <||X1’N —X||zd +/ WSVRd(uiV?ut)dtﬂ
0 0

1 1
<C <1 + max B X2+ B 1X1] )

By Lemma D.1, the right-hand side tends to 0 as /N goes to infinity. The convergence of
E[Ag] is shown analogously.

1
2

-E

[NIE

: (E XY = X[2]" + sup B W2 ga(d, o)
t€[0,T)

6 Existence of a coarse correlated solution of the mean field game

The main result of this section regards the existence of a coarse correlated solution
of the MFG, which requires the following additional assumption:

Assumption B. For every (t,z,m) € [0,T] x R? x P? (R?), the set
K(t,z,m) = {(b(t,x,m,a),2): a € A, f(t,z,m,a) <z} CRIx R (6.1)

is closed and convex.

Assumption B is standard when dealing with relaxed controls (see, e.g., [27] and [34]
for relaxed controls in control theory, and the series of works [19, 39, 40, 41], or [12],
in mean field games literature). Similarly to these works, we will use relaxed controls
to apply compactness arguments, and we will use Assumption B to come back to strict
controls. We refer to Section A in the Appendix for a brief recap on relaxed controls.

The main result of this section is the following:

Theorem 6.1 (Existence of a coarse correlated solution of the MFG). In addition to
Assumptions A, suppose that Assumption B holds. Then there exists a coarse correlated
solution of the mean field game.

The road map to prove Theorem 6.1 is as follows: Taking inspiration from [33, 49, 50]
and [8, Appendix 1.B], we associate a zero-sum game to the search of a mean field CCE.
Loosely speaking, the game should be of the following type: player A, the maximizer,
chooses a correlated flow (A, i), while player B chooses a deviating strategy 8 € A. The
payoff functional is the following:

Fl(Ap), 8] = 3(B, 1) — J(A, ). (6.2)
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Player A aims at maximizing F', while player B chooses her strategy in order to minimize
F'. In order to get an equilibrium, one should restrict to correlated flows (A, 1) so that the
consistency condition (4.13) is satisfied. If we could show that the game has a positive
value and player A has an optimal strategy (A*, u*), then we would have established
that such a strategy would satisfy the optimality property (4.12) as well, and therefore
(A*, u*) would be a mean field CCE. In order to get a convenient structure for the sets
of strategies and good continuity and convexity properties of the payoff functionals, in
Section 6.1 we define a more general zero-sum game, in which we embed our auxiliary
problem. As shown in Proposition 6.7, the auxiliary zero-sum game extends the payoff
functional in equation (6.2). Particular care is needed in dealing with the term depending
both on $ and p, since it must reflect independent strategy choices of the opponents.
Using Fan’s minimax theorem, we will show that the auxiliary game has positive value
and admits an optimal strategy for the maximizing player. This is the content of Theorem
6.6. Finally, in Section 6.2 we prove Theorem 6.1, by using such an optimal strategy to
induce a coarse correlated solution of the mean field game. Many technical lemmata are
needed to prove this existence result. For reader’s convenience, most of the proofs and
some statements are deferred to Appendix E.

Remark 6.2. Under similar assumptions to Assumptions A, the existence of weak or
also strong MFG solutions has been established in the literature; see, for instance,
[39, 40, 42]. As already noticed, strong MFG solutions are coarse correlated solutions to
the MFG as well, and, at least in some cases, this is also true for weak MFG solutions
(see upcoming Section 7.2). Nevertheless, we think that the existence result of Theorem
6.1 is of independent interest, for two main reasons. Firstly, the proof shows directly
the existence of a coarse correlated solutions without relying on existence results for
stronger notions of equilibria, which are usually based on fixed point theorems. Such a
direct proof is instead based on a minimax theorem, which, to the best of our knowledge,
is used for the first time in continuous time MFG literature. Secondly, since we reduce
the search of a coarse correlated solution to the MFG to finding an equilibrium for an
auxiliary linear zero-sum game on spaces of measures, our formulation paves the way
to the use of linear programming methods for computing mean field CCEs. We further
discuss this point in the following Remark 6.8.

6.1 The auxiliary zero-sum game
We now formally define the auxiliary zero-sum game.

Definition 6.3 (Strategies for player A). A strategy for player A is a probability measure
I' € P(C? x V x C(P?)) so that there exists a tuple 4 = ((Q, F,F,P),&, W, u,t) with the
following properties:

(i) (Q,F,F,P) is a filtered probability space satisfying the usual assumptions; (2 is
Polish and F is its corresponding Borel o-algebra.

(ii) W is an F-Brownian motion and £ is an Jy-measurable independent R%-valued
random variable with law v.

(iii) p is an Fo-measurable random variable with values in C(P?); it is independent of
both ¢ and W.

(iv) v is an IF-progressively measurable relaxed control t = (t;);c[o,r] With values in A.

(v) Let X be the solution of

dX, = / b(t, Xy, e, @)t (da)dt + dWy, t € [0,T], Xo = ¢. (6.3)
A
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Then p.(-) = P(X; € - | p) P-a.s for every t € [0,T].
(vi) T is the joint law under P of X, ypandv: T'=Po (X, ¢, u)*l.

We denote by K the set of strategies for player A.

We observe that, by Assumptions A, there exists a unique solution to equation (6.3)
for every tuple 4l satisfying properties (i-iv).

Definition 6.4 (Strategies for player B). A stochastic kernel . from C(P?) toC? x V is a
strategy for player B if there exists a tuple ${ = ((Q, F,F,P), &, W, t) so that

(i) (Q,F,F,P) is a filtered probability space satisfying the usual assumptions; §Q is
Polish and F is its corresponding Borel o-algebra.

(ii) W is an IF-Brownian motion and £ is an Fy-measurable independent R%-valued
random variable with law v.

(iii) v is an IF-progressively measurable relaxed control v = (v¢),c[o,r] With values in A.

(iv) For every m € C(P?), ¥(-,m) € P(C? x V) is the joint law under P of (X" t), where
X™ is the solution to

AXm — / b(t, X, my, a)ey(da)dt + AWy, Xo = €, (6.4)
A

that is:
Y(B,m) =P((X™,x) € B) ¥Ym € C(P?),B € Bea @ By. (6.5)

We denote by Q the set of strategies for player B.

By Lemma E.8, the set of strategies Q for player B is well defined in the sense that
the map ¥ is truly a stochastic kernel.

We now define the payoff functional p for the zero-sum game. Let us introduce the
function § : C? x V x C(P?) — R defined by

T
3y, qm) = / /A Pty me, )ge(da)dt + g(yz, mr). (6.6)
0

Definition 6.5 (Auxiliary zero-sum game). The auxiliary zero-sum game is a zero-sum
game where:

» The set of strategies for player A, the maximizer, is the set K introduced in Definition
6.3.

* The set of strategies for player B, the minimizer, is the set Q introduced in Definition
6.4.

* The payoff functional is the function p : K x Q — R defined as

p(T, %) :/d 8y, 4,m)B(dy, dg, m)p(dm)
CixVxC(P?) (6.7)
_/ S"(yv%m)r(dyvd(bdm)a
CaIxVYxC(P?)

where p denotes the marginal of T' on C(P?).
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We denote the lower and upper values of the game as, respectively, v and v®:

A . B :
v = sup inf p(I', %), v” = inf sup p([, ).
FGEEGQP( ) EGQFGEP( )

If the lower and upper values of the game are equal, we set v = v* = v® and call v the

value of the game. We say that a strategy I'* € K is optimal for player A if
inf p(I'*, %) = inf p(T, X%).
SR P) = e fu pU0 )

The next result ensures existence of an optimal strategy for the maximizing player:

Theorem 6.6 (Existence of the value of the game and of an optimal strategy for the
maximizing player). Consider the game described in Definition 6.5. The following holds:

(i) The game has a value, i.e. v4 = v?.

(ii) There exists a strategy I'* € IC which is optimal for player A.
(iii) The value v of the game is non negative: v > 0.

The proof of this theorem is deferred to Section E.1 in Appendix E. The last result
of this section shows that, for every correlated flow (A, 1) so that consistency condition
(4.13) is satisfied and every deviation 5 € A, there exists a pair of strategies (I',X) €
K x @ so that the following equality holds:

p(F’ E) :3(A7M) 73(57:“) - F[(Avﬂ)vﬂ] (6.8)

Proposition 6.7. Let ((Q°, 7°—, P%), A, i) be a correlated flow. Denote by p the law of p.
Let A = (A\¢)e(o,1] be the strategy associated to the admissible recommendation A and
let g € A.

(i) Let X be the solution to (4.9). Suppose that consistency condition (4.13) is satisfied.
For every t € [0,T], set v;(da)dt = Jy,(da)dt. Then, the probability measure I' =
P o (X,t, )" ! belongs to the set K.

(ii) For every t € [0,T), set b,(da)dt = dp,(da)dt. Denote by Y the solution to (4.10).
Then, there exists ¥ € Q so that

P((Y,b, 1) € B x §) = / S(B,m)p(dm), VB € Beiry, S € Bepay.  (6.9)
S

(iii) The pair of strategies (', X) satisfies equation (6.8).

Proof. In the following, we work on the probability space (2, F,TF,P) defined in (4.6).
Recall that, as pointed out in Remark 3.3, we can think of W, ¢ and u as independent
random variables, each of them defined on the same probability space (2, F,TF, P).
Observe that the P(A)-valued process v = (dy,):c[o,] is F-progressively measurable
since A is admissible by assumption. Let X be the solution to equation (4.9). Since X
obviously satisfies (6.3) for such a process t and the condition p;(-) = P(X; € - | 1) holds
by assumption, I' = P o (X, i1,t) ! belongs to K.

As for point (ii), recall from Remark 3.3 that we can regard 5 as defined on the
product space (2, F,P), and that 8 and p are mutually independent by construction.
Therefore, the P(A)-valued process b = (dg, (da));c[o,r] is independent of .. Let Y be the
solution of equation (4.10). By Lemma E.9 in Appendix E, equation (6.9) holds.
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Finally, since X and Y are defined on the same filtered probability space (2, F, F,P),
we can write the integrals in p as expectations:

/S y,q,m)I'(dy, dg,dm)

/ f(t Xt,th)ng(XT,uT)] = J(A, ),

/S Y, q, m)X(dy, dg, m)p(dm) =

/ f t }/lf7/’[/t75t)dt +9(YT,NT)1 = 3(67/’6)
This proves (6.8). O

6.2 Proof of Theorem 6.1

Let I'* € K be an optimal strategy for player A, which exists by Theorem 6.6. By
applying a mimicking argument, stated and proven in Lemma E.10 in Appendix E.2,
there exists a strategy I'* € K so that the following holds:

+ The marginal distributions of I'* and I'* on C(P?) are the same: I'*(C* x V x -) =
[*(C?Tx VY x-).

« Let (X, ¢, 1) be such that I* = P o (X, v, ) "'. Then t is of the form v, = G, (X, 1),
where G : [0,T] x R? x C(P?) — P(A) is a measurable function.

* For every X € Q, it holds
p(I'™, %) = p(I™,%).

In particular, it holds

A2p( ) = Jafp(I, ) = e p(0 ) 2 0 (610
Let 8 = ((Q, F, I, P), £, W, 1, %) be as in Definition 6.3, so that I'* = Po (X, ¢, /) ~!. Recall
that, by Lemma E.10, t,(da)dt = (X, f1)(da)dt Leby 1) ® P-a.s. By Assumption B, the set
K(t,r,m;) defined by (6.1) is convex for every (t,z,m) € [0,T] x R? x C(P?). Therefore,
by a well known measurable selection argument (see, e.g., [34, Lemma A.9]) there exists
a measurable function & : [0,7] x R? x C(P?) — A so that

/ b(t, z,mye, a)Gs(x, m)(da) = b(t,x, my, &(t,x, m)),
A

(6.11)
it ttn,m)) < [ ftomi,a)di(o.m)(d).
A
It follows that X is a solution to equation
dX, = b(t, Xy, fie, u(t, Xy, 1)) dt + dW,, Xo =€ (6.12)

as well, and the Con515tency condition (4.13) is still satisfied. By Lemma E.11, we deduce
that the solution X to equatlon (6.12) can be taken adapted to the P- -augmentation of the
filtration (o(2) V o(€) Vo (W : s < t))iefo,r), and therefore there exists a progressively
measurable function ® : C(P?) x R¢ x C? — C? so that

X =®(1,&,W) Pas. (6.13)
Set )
A [0,T]xC(P?)xRExC? — A
(t,m,z,w) — S\t(mmc,w) = G (D(m, z, w), my); (6.14)
A= ()\t)te[O,T] = (S\t(ﬂ,éy W))te[o,T]~
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Then, the progressively measurable processes (dt(X't,ﬂ))te[O,T] and (A\(fi, €, W))tepo,1)
are equal Lebjg 7} ® P-a.s., which implies that X solves

dXt = b(taXhﬂtaj‘t(ﬂ)éa W))dt+tha XO :é

as well, and the consistency condition is still satisfied. Set (Q2°, 7°~,PY) = (C(P?), Be(p2),
p). By Lemma C.1, there exists a P’-null set N C ° so that the pair (A*, u*) defined by

A" (C(P?), Be(pzy, p) — (A, Ba)

(Ae(m, -, ))ieo,m), M€ QY \ N,

(6.15)
ag m € N,

m — A*(m) :{

,u* =1Id: (C(’PQ),Bc(pz), p) — (C(PQ), Bc(pz),p>

is a correlated flow, where a is an arbitrary point in A. Let X™* be the solution of (4.10)
on the product probability space ({2, F,F,P) defined in (4.6). Note that the strategy
associated to the admissible recommendation A* strategy A\* is equal to ;\t(u*,g W)
Lebjy, ) @ P-almost surely. Since uniqueness in law holds by Theorem B.3, it follows that

P o (X*, (0x: (da))ieo, 17, )t =Po (X, (5d(t7)2t,,;)(da))te[o,T}»ﬂ)_17 (6.16)

which implies that the consistency condition (4.13) is satisfied.

Finally, we verify that the correlated flow just defined satisfies the optimality condition
(4.12). For any g € A, let 3 € Q be as in point (ii) of Proposition 6.7. Then, by (6.16),
(6.11) and (6.10), for every ¥ € Q it holds

J(A*, ) = BP

T
/ f(t,Xt,m,aa,Xt,m)dt+g<XT,ﬂT)]
0

<EF

T
/0 /A f<t,Xt,ﬂt,a>qt<Xt,ﬂ>dt+g<f<T,ﬂT>] - / 3y, q, )0 (dy, dg, dm)

< /3(y7q,m)2(dy7dq,m)p(dm) =3B, 1"),

which proves that (A*, u*) satisfies the optimality condition and therefore is a mean field
CCE.

Remark 6.8. As described in this section, the first step to find a coarse correlated
solution is to find an optimal strategy for the maximizing player in the auxiliary zero-sum
game in Definition 6.5, which exists by Theorem 6.6. Since this optimization problem is
given by a linear payoff functional defined over a convex set of probability measures,
linear programming methods could be employed to find approximate solutions. The
study of computational methods for finding coarse correlated solutions to the MFG is
beyond the scope of this work. We refer to [37, 51] for a linear programming approach
to the computation of (true) correlated equilibria in N-player games.

7 An example of coarse correlated solution to the mean field game

Taking inspiration from the work of Bardi and Fischer [4] and Lacker’s papers [40, 41],
we provide a simple example of a mean field game possessing mean field CCEs with
non-deterministic flow of measures p. Consistently with [4, 40, 41] but differently from
the rest of the paper, we consider a payoff, to be maximized, instead of a cost.

The MFG is as follows: We consider d = 1, A = [a,b], with a < 0 < b, and v = J.
For m € P(R), denote by /m its mean fR ym(dy). Consider the following coefficients and
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profit functions:
b(tax7m7a):aa f(t,m,m,a)ZO, g(a:,m)zca:m,

with ¢ > 0 a positive constant. Observe that they satisfy the requirements of Assumptions
A. We want to find a coarse correlated solution for the mean field game whose payoff
functional, to be maximized, is given by

J(A, ) = E[eXrpir], (7.1)

under the constraint .
Xt = / /\st + Wt, 0 S t S T, (72)
Jo

where )\ is the strategy associated to an admissible recommendation A in the sense of
(4.7).

The rest of the section is organised as follows: In Section 7.1, we show that there
exist infinitely many coarse correlated solutions to the MFG with non-deterministic flow
of measures. Such solutions are neither classical MFG solutions nor a randomization (or
a mixture, in the language of [40, 41]) of the classical MFG solutions. In Section 7.2, we
compare coarse correlated solutions to the MFG with Lacker’s weak solutions to MFG
without common noise, as they may feature a random flow of measures as well. By the
study of this specific MFG, we show that there exist infinitely many mean field CCEs
which are not weak solutions to the MFG without common noise. Moreover, we show
that weak MFG solutions which satisfy an additional measurability constraint are indeed
coarse correlated solution to the MFG as well.

7.1 Exhibiting explicit coarse correlated solutions

Set Q0 = {1,2}2, 70~ = 29° the power set and, given some probability measure
P? € P(Q0, FO7), we set P°((4,5)) = p;j, so that p; ; > 0 for all i, j and Z?)jzlpi,]‘ =1
Consider the following open loop strategies and flows of measures:

uf (wy) = b, pt = (P*o(th+ Wt)_l)te[o,T]; 7.3)
a

, M_ == (]P* o (ta + Wt)_l)tE[O,T]'

It was shown in [4] that the pairs (u™, ™) and (u™, u~) are two non-equivalent open-
loop solutions of the mean field game, with initial distribution v = §y, where by “non-
equivalent” we mean that the flows of measures p* and ¢~ do not coincide. We point out
that this result holds for more general initial distributions v € P(R), see [4, Definition
3.1 and Theorem 3.1]. Choose a1, as € [0, 1], and set:

pt = (arpd +(1— al)'u’t_)te[o,T] ,

(7.4)
M2 = (aﬂtz_ + (1 - GQ)Mt_)te[O’T] :
Define (A, ) in the following way:
(ut,pt) (i,5) = (1,1),
.. (U+’:u2) (Z’]) = (1a2)7
A 1, = .
D =Y ) 0.5) = @), 7
(u™,p?) (4,5) = (2,2).

We claim that, as long as ¢ < 0 < b, for every T,c > 0 there exists a probability
measure (p; ;)i j=1,2 and a suitable choice of the parameters (a;);—1 2 so that the tuple
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(Q0, F9=,P%), A, n) is a coarse correlated solution of the mean field game according to
Definition 4.4.

First of all, as shown in Example 4.7 in Section 4, since A takes only two values, it is
admissible. Therefore, the tuple ((2°, 70~ PY), A, 1) is a correlated flow.

Let us begin with the consistency condition. We first observe that, when the state
equation is controlled by u™* (respectively, ), the law of the state process at time ¢, X},
is exactly p;" (respectively, p; ), for every time ¢ € [0, 7.

Suppose that py 1 + p21 and pq 2 + p2 2 are both strictly positive. Then, observe that

P(X, €| p=p") if p(wo) = p',
P(Xy €| p=p?) if p(wo) = p®.

We can compute explicitly such a conditional probability. Fix A € Bra:

{IP(XteAW:ul) _ { Pl p(Xt e A)+ 2L P(X; € A) if plwo) = b,

P1,1+P2,1 P1,1+P2,1 H
P(X, € A=) Pip(X; e A)+ B2 _P(X] € A) if plwo) = i

P1,2+P2,2

P(X; € - [ p)(wo) =P(X; € - [ p)(wo) = {

P1,2+P2,2

In order to satisfy the consistency condition, it must hold

P1,1+P2,1 P1,1+P2,1

1
t
e p(XF e A)+ 22 _P(X; € A) = ud(4)

P1,2+p2,2

{ PLL_P(X,F e A)+ 2L _P(X; € A) =p

P1,2+pP2,2

for every A € Bga. By definition of p! and 2,

pl,f)'l'll;)Q,l u?_(A) + plfj—‘;;z] e (A> =
B (A) 55 (4) =

P1,2+pP2,2

P1,2+P2,2

which holds if and only if

P11 =a
p1,1+p21 1 (7.6)
P1,2 —a :
P1,2+P2,2 2

We can regard (7.6) as the consistency condition.

We now turn our attention to the optimality condition. Consider v =P o (A, u)~! =
POo (A, p) "t eP(AxC(P?))and p=Popu ' =P°opu~t € P(C(P?)). Since (A, 1) takes
finitely many values and it is independent of W under the product measure P = P° ® P*,
we can rewrite the optimality condition using disintegration of measures as

/ J(a,m)y(da, dm) > / J(B,m)p(dm) VB €A,
AxP2(C4) P2(cd)

where .

S(G,m) = E[CXTﬁlT], Xt = ost + Wt, 0 S t S T,
0

for m in p(Q°) := {u*, 4%} and 6 = o in A(Q°) := {ut,u~} C A on the left-hand side of
the inequality above and # = § in A on the right-hand side. We rewrite explicitly the
inequality as

3(A7/’(‘) _3(67/1/) = pl,l (3(U+HU/1) _3(67/’(‘1)) +p1,2 (3(U+aﬂ2) _3(67/’(’2)) (7 7)
+p2,1 (3(’“77#1) _3(/67#1)) +p2,2 (ﬁ(uialu‘Q) - S(ﬂa:“ﬂ)) > 0. ‘
Therefore, using (7.1), we have
I, 1) — 3B, 1) = p11 (cT?b(arb+ (1 — ay)a) — cM(B)T(arb+ (1 — a1)a))
+ p1,2 (¢T?b(asb + (1 — az)a) — cM(B)T (azb + (1 — az)a))
+po1 (cT?a(arb+ (1 — ay)a) — eM(B)T(arb + (1 — a1)a))
+ pa2 (cT?a(azb + (1 — az)a) — cM(B)T(azb + (1 — az)a)),
EJP 29 (2024), paper 196. https://www.imstat.org/ejp
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where M(3) := IE[fOT Bdt] = E[Xéf]. We can set m(3) := Y/1M(B) = 1/TIE[fOT Bidt].
Observe that m(5) € [a,b], being the mean of an A-valued process, and m(A) = [a,b],
since for every c € [a,b] the constant process 3 = ¢ belongs to A. We divide by ¢T? to
obtain the following condition:
p1,1 (b(a1d+ (1 —a1)a) — m(B)(ardb + (1 — a1)a))

+p1,2 (blazb + (1 — az)a) — m(B)(azb + (1 — az)a))

+ p2,1 (alarb+ (1 —ai)a) — m(B)(a1b+ (1 — a1)a)) (7.8)

+ p2,2 (a(azb + (1 — az)a) — m(B)(azb + (1 — az)a))

> 0.

The condition above can be seen as a positivity condition for a real affine function of
g(m), m € [a,b], i.e.

mler[ltf . g(m) = mler[l(f . h((pij)ij=1.2, (ai)i=1,2; a, 0)m + k((pi,j)ij=1,2, (@i)i=1,2;a,b) > 0

h((pij)ij=1,2,(@i)i=1,2;a,0) = —A{p11(a1b+ (1 —a1)a) + pi2(ab + (1 — az)a)
+p2,1(a1b+ (1 —a1)a) + p22(ab + (1 —az)a)},

k((pij)ij=1,2,(ai)i=1,2;a,0) = p1.1b(a1b+ (1 —a1)a) + p1,2b(azb + (1 — az)a)

)

+p21a(arb+ (1 — a1)a) + pagalazb + (1 — az)a).
(7.9)
We now impose the consistency condition (7.6) to get:

h((ps,5)i5=1,2;a,b) = —b
((Prg)ig=, ) DP1,1 T P21 DP1,2 + P22

pil + P2,1P1,1 L p%,Q +p1,2p2,2>

P11+ D21 P12+ P22

2 2 2 2
k((pi,j)i,jl,%a»b):bQ( Pin P12 >+a2< Pan | Peo )

<p§,1 +p2iP11 Pao +p1,2p2,2)
—a +

P11+ P21 D12+ D22 P11 +p21 P2+ D22

+2ab< P1,1P2,1 + P1,2P22 )
P11 +DP21 P2+ D22

(7.10)
Observe that imposing the consistency condition (7.6) reduces the number of parameters
but makes the problem nonlinear in the probabilities (p; ;)i j=1,2.

Looking at (7.9) and (7.10), we observe that it implies that every randomization of
the open loop MFG solutions (u*, ) and (u™, ™) is a coarse correlated solution to
the MFG as well, and it covers the case treated in [4], for any choices of a < 0 < b. To
see this, consider a probability measures P° = (pi,j)ij=1,2 so that p1 2 = pa1 = 0 and,
therefore, pso = 1 —pand p11 = p € [0,1]. For any p, such probability measure is a
randomization of the MFG solutions (u™, u™) and (u~, u~). Equations (7.10) take the
simpler form

h((p,0,0,1—p);a,b) = —bp —a(l - p),
E((p,0,0,1 —p);a,b) = b*p + a*(1 — p).
If h((p,0,0,1 — p);a,b) > 0, then condition (7.9) becomes

(7.11)

ir[1f . —bm +b* = a*(1 — p) — ab(1 —p) >0,

mela,

which is satisfied if « < 0 and b > 0, for any p € [0, 1]. If instead h((p,0,0,1 —p);a,b) <O,
we have

ir[lf . —bm +b* =b*(1 —p) — ab(1 — p) >0,
me|a,
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Figure 1: Existence of mean field CCEs as the probability measure (p; ;) ;=12 varies.
Yellow points correspond to the values of (p; ;) associated to coarse correlated solutions.
The complement set of CCEs in each pseudo-simplex is indicated in blue. We fix po ; €
[0,1) and let the other parameters vary, so that every point (p1,1, p1,2, p2,2) in each pseudo
2-dimensional simplex is such that p;1 + p12 + p22 = 1 — p2,1, ps,; > 0. We consider
[a,b] = [-1,1] and p2 1 equal to 0.0, 0.3, and 0.7, respectively.

which is again satisfied if « < 0 and b > 0, for every p € [0,1]. Observe that, when
p=1, p=p' = pt, while, when p = 0, u = p? = p~. This shows that the deterministic
correlated flows (A, p) = (u™,p™) and (A, u) = (u™, ) are indeed mean field CCE in
the sense of Definition 4.4.

Turning to more interesting cases, consider [a,b] = [—1, 1]. The choice of a symmetric
interval is not necessary, but it has been made to ease the comparison with previous
results in the literature (see the next subsection). Figure 1 shows the existence of
coarse correlated mean field equilibria as the probability measure (p; ;); j=1, varies.
Yellow spots in Figure 1 refer to those probability measures on (Q°, 79~) so that (A, i) is
indeed a mean field CCE. In particular, it shows the existence of infinitely many mean
field CCEs for the system. Observe that there exist infinitely many coarse correlated
solutions of the mean field game so that A is not a deterministic function of y, i.e.,
they are not a randomization of the solutions (u™, x) and (v, u~): they correspond to
those probability measures (pi’j)le so that pi 2 - p2,1 > 0. Referring to Figure 1, they
correspond to yellow points in the interior of any of the three pseudo-simplexes.

7.2 Comparison with weak mean field game solutions without common noise of
[40]

Consider A = [-1,1], T = 2. With this choice of control actions and time horizon,
the example we proposed matches the setting of Lacker’s “illuminating example” of
[40, Section 3.3]. We show that there exists a coarse correlated solution of the MFG
which is not a weak MFG solution without common noise as defined in Definition 3.1
therein. In particular, the most important feature is the fact that the recommendation A
can not be expressed as a deterministic function of the flow of measures. On the other
hand, we show that, under an additional assumption, weak MFG solutions induce coarse
correlated solutions to the MFG.

To be consistent with the notation and the setup of Lacker’s paper, we use the
notion of relaxed controls, which are used extensively in Section 6 (see, in particular,
Section A for definitions, notation and some important properties). Let (p; ;)i =12 be
so that p;,1 + p2,1 and py 2 + p2 2 are strictly positive. We introduce the relaxed controls
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6% = (6; )teo,r) and 6~ = (6; )eejo,7), by setting

5 (wy; da) = 5ut+(w*)(da) =01(da), Vte[0,T],w. € Q"
0; (ws;da) =46 (da) =6_1(da), Vte[0,T],w. € Q"

uy (W)
Consider the correlated flow (A, 1) defined by (7.5) and observe that the strategy A =
(At)tejo,r) associated to the admissible recommendation A can be rewritten as a relaxed
control as

v (wyda) = vy (wo, ws; da) = Lia—y+y (wo)dy (da) + L ia—y—1y (wo)d; (da). (7.12)

We point out that v does not depend on w, since 5™ and 6~ do not depend on w,. Starting
from (A, i), we define a random variable /i with values in P(C? x V x C%) by setting

a(-) =P((W,r, X) € - | p). (7.13)

We observe that o(u) = o(ft): we have o(ii) C o(u) since, by definition of regular
conditional probability, i must be o(u) measurable; to get the opposite inclusion, for
every t € [0,7T], let ji¥ be the push forward of ji through the map C? x V x C? > (w, ¢, ) —
x; € RY. Then, by exploiting the consistency condition (4.13), we have

i (A) = p{z e C?: wp € A}Y) =P(X; € A| p) = pe(A),

for every A € Bra, i.e. if = ju; P-a.s, for every ¢t € [0,T]. Let (B, ca)ieo,7) be the natural
filtration of the identity process on C¢, i.e. By ca = (C? >z +— 2, € R?: 0 <s<t), and
let (F}')ic(0,r) be the natural filtration of /i, that is

Fl'=0(i(C): C€Byoa@F @Byca)
We observe that, for every ¢ € (0, 7], we have F/* = o(u). To see this, observe that
o) D F Dol s <t)=olus: s <) =olu),

where the last equality holds for every ¢ > 0, as can be verified by explicit calculations.
Finally, for ¢ = 0, we have F} = {(), 2°}. Having established the relations between such
o-algebras, it is straighforward to verify that the tuple ((Q, F,F,P), W, i, v, X ) satisfies
properties (1-4) and (6) of [40, Definition 3.1]. Now, pick a probability measure PY so
that min(p1 2, p2,1) > 0 and ﬂ%p > 0, /j?p < 0. Figure 1 shows that such a choice is possible
(actually, there exist infinitely many measures PY with the desired property). For such a
choice of PY, the relaxed control ¢t does not satisfy the optimality condition (5) of [40,
Definition 3.1], since, as shown in [40, Section 3.3], every optimal control t* must be of
the form tf(da)(w) = 04 (w)(da) for Lebjy rj-a.e. ¢, with

af = sign (]E [ﬁ’%|]—'ﬂ)

Here, sign (0) = 0. Since F/ is trivial and F/* = o(u) for ¢ > 0, the optimal control o}
must be equal to

-1 ifpg <0,
af (w) = o (wo) = {1 l_f‘fT((“JO)) <=7, (7.14)
I pr(wo )

and equal to an arbitrary value at t = 0. In particular, observe that such a control is

a deterministic function of the measure fi. For every P° so that p; 2 + p2,1 > 0, this is
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not the case of the correlated flow (A, i) defined in (7.5), since A is not a deterministic
function of p.

The essential reason for the lack of optimality, in the sense of Lacker, of the relaxed
control ¢t defined by (7.12) resides in the differences between allowed deviations: on the
one hand, for weak mean field games solutions in the sense of [40], all adapted compatible
controls b = (b;);c[o,r] are allowed, where “compatible” means that o(b, : s < t) is
conditionally independent of ]-"%"1 W given ]-"f AW for every t, which leads to a very rich
class of controls. On the other hand, for coarse correlated solution of the MFG, only
F*-progressively measurable strategies are allowed as deviations. Therefore, many more
solutions exist.

Lastly, we show that under an additional assumption on the measurability of the
random measure, it is indeed possible to define a mean field CCE starting from weak
MFG solution without common noise. This property is not a-priori granted, due to
the difference between the respective consistency conditions. Let i be a weak MFG
solution without common noise. Let p; be the push forward of i through the map
CixVxC'> (wqzx) = 2, € RY. Define a random flow of measures by setting
= (f1t)tefo,r]- Assume that the flow of measures p carries the same information as the
random measure ji, i.e.

o(ps: 0<s<t)=F" Vtelo,T]. (7.15)

If a weak MFG solution i satisfies condition (7.15), then i does induce a mean field
CCE. Indeed, set p = P o pu~'. By (7.15), we have u; = P(X; € - | i) = P(X; €
- | p), i.e. the consistency condition (4.13) is satisfied. Moreover, the assumption on
equality of the filtrations ensures that there exists a progressively measurable function
¢ :10,T] x C(P?) — A so that

o; =sign (E [fir | F'|) = (t.00).
Then, we define (Q°, 7°~,PY) and (A*, u*) as

(Q°, F°7,P°) = (C(P?), Bep2), p) »
p* =1d: (C(P?), Be(p2), p) — (C(P?), Be(p2y, p) ,
A*: (C(P?), Be(pzy, p) — (A, Ba)

m = A*(m) = ((t,m))iejo,1)-

(7.16)

By Lemma C.1, the tuple ((Q°, F°~,P%),A*, u*) is a correlated flow. Let X* be the
solution of (7.2) on the product probability space (2, F,IF,P) defined in (4.6). Since
uniqueness in law holds by Theorem B.3, it follows that (X*, 4*) has the same joint
law as (X, u), which implies that the consistency condition (4.13) is satisfied. Since
Af = o(t, "), (A*, u*) satisfies optimality condition (4.12) as well and therefore it is a
mean field CCE.

We observe that the additional assumption on the filtrations (7.15) is satisfied both
by the weak MFG solution exhibited in [40, Proposition 3.7] and in our case, as shown
above. We point out that this CCE has been already considered: suppose that the
flow of measures as law p = pd,+ + (1 — p)d,—, p € (0,1), for u* and = given by (7.4).
Then, the correlated flow (A*, u*) corresponds to the probability measures P° so that
P12 =p2,1 =0, p1,1 = pand py 2 =1 — p, which, as shown, always satisfy the condition
(7.9). Roughly speaking, it corresponds to the case when A* = ¢(u*) P-a.s., for some
deterministic measurable ¢.
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A Relaxed controls

Here, we recall some facts on relaxed controls. Denote by V the set of positive
measures g on [0,7] x A so that the time marginal is equal to the Lebesgue measure,
ie, q([s,t] x A) =t —sforevery 0 < s <t <T. We endow V with the topology of weak
convergence of measures, which makes V a Polish space. It is a well known fact that,
when the set A is compact, V is compact as well. Moreover, for every measure ¢ € V,
there exists a measurable map [0,7] > t — ¢: € P(A) so that ¢(da, dt) = ¢:(da)dt, with
(q¢)tcjo,7) unique up to Leby rj-a.e. equality. We can equip the measurable space (V,By)
with the filtration (F));c[0,7] defined by

FY=0(V2q—q(C): C€Bpyxa)

We observe that F) is countably generated for every ¢ € [0, 7], by reasoning as in the
proof of [7, Proposition 7.25]. Finally, one can prove that there exists an ) -predictable
process ¢ : [0,7] x ¥V — P(A) such that, for each ¢ € V, 4(¢,q) = ¢; for a.e. t € [0,T] (see,
e.g., [39, Lemma 3.2]). By an abuse of notation, we write ¢;(da) = q(¢, ¢)(da).

Consider a filtered probability space (2, F,TF,P). A relaxed control t is a V-valued
random variable. We say that v is F-adapted if v(C') is a real valued F;-measurable
random variable for every C € By xa. Observe that every A-valued progressively
measurable process o = (Oét)te[o,:r], which is often referred to as strict control, induces a
relaxed control by setting

v (da)dt = 4, (da)dt.

Finally, using the map g described above, we can safely identify every IF-adapted relaxed
control v with the unique (up to Lebyy rj-a.e. equality) IF-progressively measurable process
(tt)teo,7) With values in P(A) so that

P(t(da,dt) = v;(da)dt) = 1.

In the following, we will use mostly the notation (t;):c[o,7] for a relaxed control and will
make no distinction between a V-valued random variable and a P(A)-valued process.

B Weak and strong existence for controlled equations

We state and prove a Yamada-Watanabe type result for stochastic differential equa-
tions with random coefficients as the ones encountered so far. Recall from Section A the
definition of the space V and of relaxed controls.

Let 4t = ((, F,F,P), &, W, u,t) be a tuple composed by a filtered probability space
satisfying usual assumptions, an F-Brownian motion W, an R¢valued F,-measurable
random variable &, an Fy-measurable random flow of measures y taking values in C(P?)
and an IF-adapted V-valued random variable t, in the sense that the random variables
t(C) are F;-measurable for every C € Bjy 4« 4. Let us consider the following stochastic
differential equation:

dXt = G(t,Xt7/,[,, t)dt + th, XO = f (B].)

where G : [0, T]xR%xC(P?)xV — R is jointly measurable and progressively measurable
in V; progressive measurability must be understood in the following sense: for every
q,q¢ €V, for every (t,z,m) € [0,T] x R¢ x C(P?), it holds:

q(C) =4 (C) VC € Byoyxa = G(t,z,m,q) = G(t,z,m,q").
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Definition B.1 (Strong solution and pathwise uniqueness). Let il = ((Q, F,F,P), &, W, u, )
be a tuple as above. A strong solution to equation (B.1) on il is a continuous IF-adapted
process X = (Xi).c(o,r] adapted to the P-augmentation of I so that

t
Xt:§—|—/ G(s, Xs,p,v)ds+ Wy, 0<t<T, (B.2)
0

holds P-almost surely.
Pathwise uniqueness holds for equation (B.1) if, given two strong solutions X and X'
to (B.1) on U, they are indistinguishable:

P(X, =X, V€[0,T]) = 1.

Definition B.2 (Weak solution and unigueness in law). A weak solution to equation
(B.1) is a tuple &l = ((Q, F,F,P),£, W, u,t) as above so that there exists a continuous
IF-adapted process X = (X):c(o,r) Satisfying equation (B.1).

Weak uniqueness holds for equation (B.1) if for any two weak solution of (B.1) ¢,
i=1,2, sothat Pl o (¢, W pt,eh)~t = P20 (€2, W2, 1% v?)~ 1, it holds

Plo (X168, Wl el) ™! = P2 o (X2, 62, W7, 2, %) 71,

where X' are the continuous F-adapted processes that satisfy equation (B.1) on i,
i=1,2.
Theorem B.3. Suppose pathwise uniqueness holds for equation (B.1), in the sense of
Definition B.1. Then, uniqueness in law in the sense of Definition B.2 holds as well.

Proof. Let 1! and 4% be two weak solutions of equation (B.1) in the sense of Definition
B.2 above. Since pathwise uniqueness holds for equation (B.1) by assumption, our goal
is to bring together the solution on the same filtered probability space. Let us define the
following probability measures:
Q' =Pio (e, Wi i, X)L e PR x CEx C(P?) x VxCY, i=1,2,
Q=P o (&, W pu't")" € P(R! x C* x C(P?) x V),
Q=P o(¢, W' u) ' e PR xC? x C(P?)).
Observe that @ and @ are well defined, since (¢, W?, 1, t") share the same joint law by
assumption. Let us consider the following space:
Q" =C? x ' x R x € x C(P?) x V;
F" = Bea @ Bea @ Bra @ Bea @ Bc('pZ) ® By;
{9 = By ca @ Byca ® Bra @ Byca ® Begpry @ FY
where

Bica=0c(C'5z—a,eR: s<t), FY=0(V3qg—q(C)eR: C€Bpyxa)

In order to equip the space (Q2°", F", (Gf*")scjo,r)) With a probability measure, we
disintegrate the measures Q’, i = 1,2, in the following way: let K' : Bea x R x C% x
C(P?) x ¥V — [0, 1] be a regular conditional probability of Q¢ for Bea given (z,w,m,q), so
that it holds
Qi(A x B) = / K'(A,z,m,w, q)Q(dx,dm, dw,dq),
B

for every A € Bea, B € Bra ® Bea ® Be(p2y ® By, or more briefly

Qi(dm,dw,dm,dq,dy) = K'(dy,z,m, q,w)Q(dz, dw,dm,dq), i = 1,2.
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Then, we set
Q(dy', dy?, dx,dm, dw, dq) = K*(dy*, z,m, ¢, w)K?(dy?, x,m, ¢, w)Q(dz,dm, dw, dq).

Observe that the joint law under Q of the coordinate projections y', z, m, w and ¢ is
exactly Ql, and analogously when considering the coordinate process y? instead of y'.
Finally, complete the o-algebra 7" with the Q-null sets A/ and consider the complete
right continuous filtration (F{*").c0,1] given by

ffan — ﬂ o (gt_‘_s’NQ) .
e>0
By Lemma B.4, the coordinate process w is a (F*");c[o,rj-Brownian motion under Q.
Furthermore, it holds

t
vi=o+ [ Glohm.ads + i, ¥ e 0.7], Qas.
0

for¢ = 1, 2. Since pathwise uniqueness in the sense of Definition B.1 holds by assumption,
it follows that y' and y? are indistinguishable under @, which implies Q' = Q2. This
proves the desired result. O

Lemma B.4. In the construction of Theorem B.3, w = (ws)s¢[o, 1) is @ Brownian motion
under Q with respect to the filtration (F{*") [0, 1]-

S

Proof. Observe that w is a natural Brownian motion under Q. In order to show that it is
a Brownian motion with respect to the filtration (G{*").c[0, 7], we just need to prove that
its increments are independent, and the conclusion follows.

Fix Ay, Ay € By ¢a, B € Bgra, C € Byca, D € Bc(p2) and F' € ftv By Cauchy-Schwartz
inequality, we have, for every H € Bra and s > t:

E [15(w, — wt)]lAlengxDxCxF(ylvy27xamvwaQ)}2
SEQ{]IH('LUS - wt)]lAlexDxch(yl,x,m7W,Q)}
'EQ{HH(U)S - wt)ﬂAszxDxch(927$’m7w’Q)}-
Therefore, it suffices to show that
EQ 11 (1, — w0l a,cpx xoxr (s 2, m, w,q)] =0, (B.3)

Since the integrand does not depend upon 32, we may rewrite such an expectation only
with respect to Q':

EQ []IH(ws - wt)]lAl ><B><D><C><F(y1»mam,wv Q)}

:/]IH(ws *wt)ﬂAleXDXCXF(ylax7m;qu)Ql(dyladxadmadwde)'

Then, we introduce another disintegration of the measure Ql: let ©! be a regular
conditional probability for Bes ® By given (z,w, m):

Q'AxBxCxDxF)= / OY(A x F,z,m,w)Q(dz, dm, dw), (B.4)
BxCxD

for every A € Bea, B € Bga, C € Bea, D € Be(p2y and F' € By, or more briefly

Ql(dyl,dq,dx, dw,dm) = 0 (dy', dq, m,m,w)@(dw,dw,dm).
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As in [36, Lemma IV.1.1], it can easily be shown that, for every A x F' € Bs7cd ® ]-";’, the
map
(z,m,w) — OY(A x F,z,m,w)

is Bra ® Be(p2y ® B, ca-measurable, for every s € [0, T|. Therefore, we can compute the
left-hand side of (B.3):

EQ[]IH('LUS —wi)La, xBxpxcxp (Y, T, mw,q)
= [ tatw, — w)La eyt o m w0, )@ (dy* do. dm, dw, do
:/]IH(wS —w;)O (A x F,m,m7w)]lBXch(amm,w)@l(dm,dm,dw)
—EP [ (W) = WHe (A x Fe' ut, Wl g pxo(€, pt, WH] =0,

since ©'(A4; x F,&', pt, Whlpxpxe(€t, pt, W) is Fl-measurable and W*' is an F!-
Brownian motion under P! by assumption. O

C On admissible recommendations

Lemma C.1. Let (2°, 7°—,PY) be a complete probability spaces and (*, F*,F*,P*) be
a filtered probability space satisfying the usual assumptions. Fix a bounded A-valued
process (Mt)ico,r) defined on the completion of the product space Q0 x QF, FO'~ ®
F,P° ® P*). Assume that it is progressively measurable with respect to the filtration
F = (F;)teo, 1], where I is the P® @ P*-augmentation of the filtration (F°~ @ F;)ic(0,1]-
Define a function A : Q° — A by setting

A ,e ([0, T]xQ* — A
(Ae(wo,))eefo,ry = [0, 7] W € QO\ N,

A(WO) = (tuw*) — )\t(td(),w*), (Cl)
ag wo € N.

where N C QY is a P°-null set and ay is some point in A. The function A defined in (C.1)
is an admissible recommendation.

Proof. Take any bounded (F);c[o,7)-Progressively measurable process (\:):c[o,r] defined
on the product space (20 x Q*, 7O~ @ F*, P’ ® P*) taking values in R, and not necessarily
in A.

Observe that it is always possible to define a function A from (Q°, 7%, P%) to
(L2([0,T] x QO R*, Lebyy, ) @ P*), Br2) as in (C.1), where R* denotes the progressive
o-algebra associated to the filtration IF*. Indeed, by construction of the filtration I, since
)\ is F-progressively measurable, there exists a set N C Q°, P°(V) = 0, so that the sec-
tion (A¢(wo, )i, 7] is R*-measurable for every wy € Q°\ N. Set A(wg) = (A¢(wo, *)eejo,r))
for wp € Q°\ N and A(wg) = ag for wg € N, where qy is any point in R, which is exactly
(C.1).

Let H be the set of bounded progressively measurable processes A so that the function
A defined according to (C.1) is a F 0— \ B2 measurable random variable. We show that
‘H is a monotone class which contains the set £ of progressively measurable processes
A:[0,T] x Q° x Q* — R of the form

A = Zginwm)(t), (C.2)
1=1
wheren > 1,t, € [0,T], t; < t;y1 foreveryi=1,...,n, ¢? are bounded F:,-measurable

random variables. Having established such properties, we apply monotone class theorem
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(as stated, e.g., in [52, Theorem II.3.1]) to conclude that # contains the set of IF-
progressively measurable bounded processes defined on the product space QY x Q*.

To see that H is a monotone class, observe that H is clearly a vector space and
contains all processes A so that \; = c for every t € [0, T, for all ¢ € R. Let (\"),,>1 C H,
with A™ 1 A as n goes to infinity, A" positive and bounded by the same constant C' > 0
for every n. By monotone convergence, ) is bounded and F°~ ® R*-measurable as well,
so that we can define A as in (C.1), as previously discussed. Let A" be the L2-valued
random variables defined starting from A" according to (C.1), which are F°~ \ B;:
measurable since A" belongs to H for every n > 1, by assumption. Without loss of
generality, we can suppose that the P%-null set N appearing in the definition of A"
and A is the same for every n > 1. Notice that, for every wy € Q°\ N, the sections
(A? (wo, *)tejo,r)) T (At(wo, )tefo,r)) for every (t,w.) € [0,T] x Q*. Therefore, by monotone
convergence, it holds

[A™(wo) — A(wo) |72 = [|(AF (w0, )eefoy) — (Me(wo, ')tE[O,T])Hiz

(C.3)

T
_ g / AP (w0, we) — Alt wo, wa)[2dt| =0
0

for every wo € Q°\ N, i.e. A = lim,,_,o, A" P%-a.s., which implies that A is 7~ \ B;:
measurable, since the probability space is complete and L?([0, T x Q*, R*, Lebjo, ) @ P*)
is a complete norm space. Finally, A is admissible, since the process A obviously satisfies
(4.8), choosing the same P°-null set N used in the definition A.

To see that £ C H, suppose first that )\ is of the form

At = Z lAz (WO)]]-Bi (w*)]l[ti7ti+l)(t)7

i=1

where n > 1, t; € [0,T], t; < ti;, foreveryi=1,...,N, A; € F*~ and B; € /. We can
regard each variable 15, (w. )1y, +,,,)(t) as a bounded progressively measurable process
o'. Therefore, (C.1) takes the following form:

Awo) ot wy € A, t1=1,...,N,
W), pry
TV00 wo e (U, A)°

which shows that A is 7%~ \ By:-measurable. By Dynkin Lemma, conclusion holds true
for progressively measurable simple processes of the form

A\ = Z Lo, (wo, wi)Lig, 4,40y (2), (C.4)
i=1

where n > 1, t; € [0,T], t; < t;41 for every i € {1,...,n}, C; € F°~ ® F; . Finally, let \ be
of the form (C.2). Thanks to the boundedness assumption on (i, we can find a sequence of
simple processes (A"),>1 of the form (C.4) so that |A\"| < |A| and A} (wo, ws) = A¢(wo, wy)
pointwise for every (¢, wg,w.). Let A™ and A be defined according to (C.1) starting by
the processes A™. Due to point 2.b) above, conclusion holds true for each A™. Using
dominated convergence, we can prove that (C.3) holds for Pl-a.e. wy € O, so that A is
the a.s. pointwise limit of A", which implies that A is 7~ \ B> measurable. O

Proposition C.2. Let (Q°, 7°~,P°) be a complete probability space.

i) Let A : (Q°, F°~ PY%) — (A, Ba) be an admissible recommendation. Let A\' and \?
be two IF-progressively measurable processes with values in A so that (4.8) holds. Then
Al = X2 Lebjy ) ® P-almost surely.
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ii) Let A,T : (Q° F°~ PY) — (A, Bs) be admissible recommendations; let \,~y be the
strategies associated to A, T, according to (4.8). Suppose that A\ = v Leby 1) ® P-almost
surely. Then, A =T P%-a.s.

Proof. As for point i), let N, i = 1,2, be two P’-null sets so that, for every wy € Qg \ N*
the sections (\¢(wo, *))teo, 1) are IF*-progressively measurable processes and equation
(4.8) holds true. Without loss of generality, we can assume that N! = N2 = N. Since for
every wo € 2\ N it holds ||A — (Ai(wo, ))iefo,r7]| - = 0, i = 1,2, we deduce that

H()‘%(Woa '))te[o,T] - ()‘?(wo’ '))tG[O,T] Hiz =0

for every wy € QY \ N. Therefore, by taking the integral with respect to P°, we obtain
0 2
0= E"" [ (. Deetorr) — (K20 e 2]

T
_ P |EP / AL (w0, ws) — A2(wo,w.)2ds| | = B
0

0

T
/‘&WMM—ﬁWMWW%

by Fubini’s theorem. This is enough to conclude that \' = A\? Lebyy 1) ® P-a.s.

As for point ii), by the same line of reasoning, if A = v Lebj 1) @ P-a.s., the the
sections (A¢(wo, +))tefo,7] @and (¢ (wo, *))eefo,r) are Lebjor) ® P*-almost everywhere equal,
which implies that

1A (wo) — T(wo) 122 = ||(Ae(wo, -))eeio.r) — (e(wos )eepor | 52

T
=E" / |\t (wo, wi) —%(wo,w*)ﬁdt] =0
0

PP%-a.s., so that A = I' P%-a.s. O

D Propagation of chaos

Here, we prove the propagation of chaos type result which is needed in the proof of
Theorem 5.1. The probability spaces and the random variables we use here are defined
in Section 5.1.

We work on the product probability space

(Q,F,P)=(Q,F,P) e (@', F, P,

with (Q, F,P) defined by (5.3) and (5.4) and (!, 7}, P!) by (3.1) or, equivalently, by
(5.7). Consider the random measure flow n defined by (5.5) and the recommendations
(A%);>1 defined by (5.9), which we recall are conditionally i.i.d. given x under P. We
endow such a probability space with the filtration IF given by the P-augmentation of
the filtration generated by F, the initial data (£%);>; and the Brownian motions (W?%);>;.
We observe that for every N > 2, each g € Ay is also F-progressively measurable and,
for every i > 1, each strategy A’ associated to the admissible recommendation A? is
F-progressively measurable as well.
Fix N>2 8€Ayand1 <i<N. Let X = X[AN~¢ g] = (Xj[ANv‘i,ﬂ]);vzl be the

solution of

dX] = b(t, X{, uN , N)dt +dWi, X =¢1, j#i,

dX} =b(t, X}, pl¥, By)dt + dW},  Xi =&

The process X [AN =" ] is the state process of the N-players when every player j # i
follows the recommendation A’ and player i deviates by picking the strategy 8, where
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pN denotes the empirical measure of the N-players’ states at time ¢ defined in (3.11).
Let us introduce also the empirical measure of the processes X = X [AN 4 B):

N
o
,uN[AN’ 75] = NZ(Sx_j[AN,—i7B] S C(Pz) (D.1)
j=1

Let us denote X = X[A] = X[A":~% A’] the state process of the N players when every
playeri = 1,..., N follows the recommendation A?. Then, let us consider the following
auxiliary processes: let (Z7[AN-—¢, B]);\;l be the solution of

Az} = b(t, Z] , pe, N)dt +dW, Z] =€, j+#1,
dZZ = b(t7 ng/ihﬁt)dt + thZ’ Z(Z) = é‘i

and vV[A~¢ ] be the empirical measure of the processes Z[A~¢, f]:

N
Lo
I/N[A ' B = N Zézj[AN,—i?B] € C(PQ)
j=1

Lemma D.1. Let 3 be either an open-loop strategy in A i for some K > 2, or be equal to
)\, the strateqgy associated to the admissible recommendation A’ to playeri. It holds:

sup B (Wi (' [A7", B, 1) | =50, (D.2)
t€[0,T]

. i . i 2 N—o00
ma B[ XN 8 - 27 8] o (D.3)
]S\[uZleISI_ljaéXNE [HXJ’N[A vacd + |27 1A ,B]Hcd] < 0. (D.4)

Proof. Because of the symmetry properties of the systems of SDEs, we can suppose ¢ = 1.
Throughout the proof, to make notation as simple as possible, we omit the dependence
upon [A~!, 3]. For the same reason, define, for each j > 1, the following process v/:

7 6)& ] = ]-7
M= j .
Ay j>2.
Obviously, in the case that 8 is A!, we have 47 = M for every j. Moreover, let us introduce
the following auxiliary processes: let (Y7) j>1 be the solution of

AY7 = b(t, Y7, e, N)dt +dW,  Y§ = €.

Let " be the empirical measure of the processes Y7:

N
N __ 1 E 2

Jj=1

Denote by X* the state process resulting from the coarse correlated solution of the MFG,
i.e.
dX; =b(t, X/}, pui, Ap)dt +dWy, X5 =¢".

Since, for every j > 1, (¢/, W7 u, \) are distributed as (£*, W*, u*, \*), by Theorem
B.3 the processes (Y7);>; are identically distributed copies of X*; moreover, the joint
distribution of (Y7, 1) under P is the same of (X*, u*) under P*, which, by marginalizing
at every time t € [0, 7], implies that Y7 satisfies the consistency condition (4.13) as well.
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For every fixed t € [0, T, by the triangular inequality, it holds

E WQQ,]Rd(Nz]sVaHt)] <CE [Wi]mi (Mt » Vi ) + WQ Rd (Vt ) T ) + W22,]Rd (niv,,ut)} . (D.5)

We start from the third term in (D.5): let P be a version of the regular conditional
probability of P given 1 = m, and denote by E™[] the expectation with respect to
the measure P™. By construction, the strategies ()\),>; associated to the admissible
recommendations (A7), are i.i.d. under P™, for p-a.e. m € C(P?). Since y is indepen-
dent of (W7),>1 and (¢7);>1 under PP, the processes (Y7),>; are independent under P™.
Moreover, since j;(-) = P(Y{ € - | ) P-a.s. for every ¢ € [0,7] and p; = m; P™-a.s. for
p-a.e. m € C(P?), we have

=P"o (Y{)™, p-ae., Vte|0,T), (D.6)
for every j > 1. We can conclude that the processes (Ytj )j>1 are independent and

identically distributed square integrable random variables with law m; under P, for
every t and for p-a.e. m. Therefore, as ensured, e.g., by [17, (5.19)], it holds

lim B [WEga (0, u) | =0, p-ace., vt € [0.7].

N—o0

We observe that there exists a function g : C(P?) — R, g € L'(p), which is bigger or
equal than E™ W3 Rd (1, 11)], p-a.e., for every t: indeed, since, under P™, Y/ are i.i.d
with law m; and p; = m; a.s., we have

E™ [W22,]Rd (ntNaNt)} < 2E™ |:W227Rd (ntN,do) + WQQ]Rd (50”[“)]
2 (;ﬁ:l@m [|Y;5k|2] -|-/ |y\ my(dy) ) ( ZEm “Yl } LE™ |:|}/;1|2:|>
k=1
)

The function g(m) = E™ [||[Y!ca] belongs to L(p), since

2 2
/ g(m)p(dm) = B [E [[[V![2, | 4] =B [[IV!]|5] <. (D.7)
c(P2?)
Therefore, by dominated convergence theorem, we have
Jim B W2 g () | = 0 (D.8)

for every t € [0,T]. The convergence in (D.8) is actually uniform in time. Indeed, fix
t,s € [0,T]: then

B W3 g (0l 1) = Wiga (0 )|

=E {(Wz,]Rd (nfv,ut) — W, ga 775 ) Hs ) ( 2, R4 77t aMt) + Wy pa (775 ,,us))}
zr

where we used Cauchy-Schwartz inequality together with the uniform in time bound

< OB [ 2) B W (0 ) ~ W 1)
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given by (D.7). By triangulating with ¥ and p,, we get
B |[Wags (1) = Wogr (0 10) [°] S B[ W gs (0 n) + Waga (02, 1)
+ Wz,]Rd (Rbss p1e) — Wz,]Rd (Wévaﬂs) |2} <E UWQJRd (mNﬂ?iV) - Wz,]Rd (W;V»Hs) |2}

<C (IE [W;Rd (', mY )} +E {Wiw (e “S>D

<C <]E + B Wi g (11, 1) | u”)
k=1

1 S 2 2
§0<1E N 2|7 = 2] +E[|W—Y§\}>7

where in the last inequality we used (D.6) and tower property. By using Lipschitz
continuity of b, the triangular inequality and E[||Y?||¢c4] < oo, it is straightforward to see
that E[|| Z¥||¢4] < C for every k > 1, for some positive constant C' independent of k. By
the same arguments, we have

N

oo |7k - P

2 [ [ 2
E||zf - 2}’| <cE / [b(u, Z, prs 7)) du]

t
<cp|[ (1125 [ natan + )l
s R4

t
< CE / (1+||Z’“||id+||Y1||id+|v’;|2)du} <-4,

where the constant C' depends upon 7', b, E[||Y||2.] < co and diam(A), which is a finite
quantity since the set A of actions is compact by Assumptions A. Analogously holds for
E[|Y;! — Y!|], which implies that

(B Vo (0 0) = Waga (0 1) || < C 1t =517 (D.9)

This is enough to conclude, by Arzela-Ascoli theorem, that the convergence in (D.8) is
uniform in time.

Remind from Section 2 that ||z[|, ca = sup,ep |2s], t € [0,7]. To handle the second
term in (D.5), we use the coupling of v~ and n"V given by % Zszl d(z» vy, together with
the Lipschitz continuity of b:

E[|2 - Y] =B

’ 2
sup (/ (b(u,zﬁ,uu,vii)b(u,xf,uu,xg))du> ]

0<s<t 0

K 2 K 2
<C(/E[sup !Z]j—Yf’]ds—i—/E“)\’;—’yf”ds).
0 0<u<s 0

By definition of (v*)x>1, we have
T T 1 2
]E[)\ — B }du k=1,
/ E“)\Z_'Yﬁf}du: fo ‘ w |
0 0 k> 2.
Therefore, by Gronwall’s lemma, we sum over k = 1,..., N to obtain the estimate

N
sup B W2 (0 11¥)] < B [Waeu (0] < & SB[IVE - 242,
t€[0,T]

h=t (D.10)
RN > c (M na 2 C Nooo
gN;/ B[N =il du=5 [ B[N - 8] du< L =0,
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where the constant C' depends only upon T, b and diam(A).
Finally, for the first term of (D.5), we use the coupling of x¥ and v given by
~ Zgzl d(xk~ 7y, together with the Lipschitz continuity of b:

t
Bl 2] = [ (k] g X0 = 2] B Do )]

0<u<s

t
<c| (E[ sup \XﬁvN—fohlE[w;,Rd(us, V)] + B W2 g (V] ,usﬂ)ds
0 0<u<s

N
<C/Ot E{Sup X z’“} ¥ LB (132 - 2] + B s )] | ds

0<u<s
j=1

t
<C max [E { sup ’Xk N Sﬂ ds+ sup I [Wng(y;V,us)} .
0 k=L.N  [0<u<s s€[0,t] ’

By taking the maximum over k = 1,..., N on the left-hand side and applying Gronwall’s
lemma, we get

max T [HX’“N ZkHid} <C sup E {W;Rd(utjv,ut)} — 0,
k= te[0,T) ’

.....

by (D.8), (D.9) and (D.10), which proves (D.3). Coming back to (D.2), we have

N
1 2
sup E [WQQW (ui\',ytN)] < sup E E UXf’N — Zf‘ }
te[0,T] ’ T

2
< max B (|| X5 - 242, —o.

This estimate together with estimates (D.8), (D.9) and (D.10) implies (D.5) and therefore
(D.2). Finally, (D.4) follows from the above calculations. O

E Auxiliary results for the existence of mean field CCE

E.1 Proof of Theorem 6.6

The main instrument is the following Minimax Theorem, due to K. Fan:
Theorem E.1 ([29], Theorem 2 ). Let X be a compact Hausdorff space and Y an arbitrary
set (not topologized). Let f : X x Y — R be a real-valued function such that, for every
y €Y,z f(x,y) is lower semi-continuous on X. If f(-,y) is concave on X for every
y €Y and f(x,-) convex onY for every x € X, then

f = inf . E.1
max inf [z, y) Jnf max f(z,y) (E.1)

The following results aims at verifying that the auxiliary zero-sum game in Definition
6.5 satisfies the assumptions of Theorem E.1. We start with some useful moment
estimates for the solution to (6.3):
Lemma E.2 (Estimates). LetT" € K, let 4 = ((Q, F,F,P), &, W, u,t) be the tuple asso-
ciated to I', as in Definition 6.3, and let X be the solution to (6.3). Then, for every
2 < p < p, there exists a constant C = C(p,T,v,b, A) so that

E[|X%] < C. (E.2)
The proof is omitted as it is just a straightforward application of Gronwall’s lemma.

We recall the following fact, which will be used extensively and whose proof can be found

EJP 29 (2024), paper 196. https://www.imstat.org/ejp
Page 41/56


https://doi.org/10.1214/24-EJP1244
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CCEs for continuous time MFGs in open loop strategies

in [55, Theorem 7.12]: given a metric space (£, dg), a sequence (u,), C (PP(E), W, )
is relatively compact if and only if it is tight and satisfies

lim sup/ dy(z, 20) pn (dz) = 0. (E.3)
{z: d¥(z,z0)>r}

Lemma E.3. K is pre-compact in (P?(C? x V x C(PQ))vWQ,cdxvxc(m))'

Proof. Let (I'"),,>1 be a sequence in K, let us show that it is pre-compact, which is
equivalent to show that (F")nz1 is tight and condition (E.3) is satisfied. Moreover, by [39,
Lemma A.2], relative compactness of the sequence (I'"),,>; is equivalent to the relative
compactness of each sequence of marginals on C¢, C(P?) and V.

Since A is compact by Assumptions A, the space V is compact as well. Then, we
automatically get both tightness of the sequence of the marginals on V of (I'"*),,>; and
property (E.3).

In the following, for every n > 1, let ™ = ((Q", F™, F™, P™), " W™, u™, ") and X"
be as in Definition 6.3, so that I™ = P" o (X", u",t")~!. Let '} be the law of X" under
P™. We prove the tightness by means of Kolmogorov-éentsov criterion, as stated, e.g., in
[38, Corollary 16.9]. Let 2 <p <p, 0 < s <t <T. We have:

t
B - X0 < OB | [ [ b X o) st da)du s 1 - W
s A
t .
<ol=sp [ 8| [ Xzl )| du - o).
s A

for some positive constant C' which is updated from line to line. For every u € [0,T], we
have

E" [ / |b(UaX3»MZva)|ptZ(da)]
A

< CE"

xere ([ wiuzan) + [ |a—aopt::<da>+b(u,o,ao,aow’]
R4 A

(E.4)
<o(verr ey [ P )] ) = c e e+ B e )

)oo

where the last inequality follows from Lemma E.2, with C independent of n > 1. Such a
uniform bound implies that

sup | X[

—C(L+2E X)) <1+ E
w€[0,T]

t
B |X - X7 < ¢ <|t—s’” [ [ / |b<u,X3,uz,a>|prz<da>} du+|t—s|3)
s A
< C(\t—s|p*1 it — 5| C(p, T, v,b, A) + \t—sﬁ) < C(\t—s|p+ |t—s\%> <Clt-s)%.
Set 8 =r/2 — 1, so that we get
E" [|X; — XPP) < CJt— s, (E.5)

with p, 8 > 0. Since P" o (X)~! = v € PP(RY) for every n > 1, we have the tightness of
the initial laws as well. This concludes of the proof of the tightness of (I'}"),,>1. As for

EJP 29 (2024), paper 196. https://www.imstat.org/ejp
Page 42/56


https://doi.org/10.1214/24-EJP1244
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CCEs for continuous time MFGs in open loop strategies

condition (E.3), we have:

limsu/ 2, T(d —limsuE"{X"QII ) ]
P y: |\y|\zd>r} ”yHCd 1( y) r—00 np ” ”Cd {|\X"|‘Cd>r}

T—00 n

1 1

1 1 1
< lim sup (E" [||X”||ng2 p" (Hxnugd > 7‘) ©<C lim supP” (||X”||§d > r)2

for some positive constant C' independent of n. By Markov’s inequality and estimate
(E.2) again, we get

[N

lim sup/ ||y\|gd I't(dy) < C lim sup E" [||X"||gd} rT3 = 0.
v llyl2a>r} T n

r—00 n

Finally, we turn to the sequence (p"),>1, where p” = P" o (u")~!. Let P™™(-) =
P™(- | » = m) be the regular conditional distribution of P™ given ™ = m. Then, p} = m;
P™™-a.s. and P™™ o (X]*)~! = m; p-a.e. for every t € [0, T], which implies that, for every
s,t € [0,T], we have

Wy

o (B0 2)] < B (X - X2

for p-a.e. m € C(P?). Integrating with respect to p yields

En |:W2p,]Rd,

(s )| < B (IX7 - X2P < Ot — 8

where the last inequality follows from (E.5) with 8 = p/2 — 1. Since P" o (u)~! =6,
it is enough to apply again Kolmogorov-Centsov criterion and deduce the tightness of
(p™)n>1. Finally, we verify condition (E.3). To this extent, we note that, for every n > 1,
there exists a continuous modification of the process (E"[|X|* | u"]):e[0,7], SO that it
holds

sup / ly|? u?(dy) = sup E” [|X1[‘|2 |,u?} P™-a.s.
t€[0,T] JRd t€[0,T]

Indeed, estimate (E.5) implies that the process (E"[| X" | 1"])¢c(o,1] satisfies

B (e [lxe P ] - m [1xz? | ]

p p
| <® [JIxp? - 1xzp| ]

= B [1X7 - X2 |XP 4 X0 < B (X - X R (1X X ] T <cle—off

where we have used Cauchy-Schwartz inequality, (E.2) and (E.5) to bound E"[|X}* —
X7|?P]"? and E"[|X]* + X?|?P]'/>, respectively. Therefore, by choosing 2 < p < P/2 and
B =7/2—1 as above, we deduce from [38, Theorem 3.3], that there exists a continuous
modification of (E™[|X"[* | u"]):e[0,7]- Then, observe that

[ o i) =& [1X0 1] vt 0.T)0Q Pras.
R

Since both processes are almost surely continuous, we can take the supremum over
every t € [0,7] to conclude that

2 2 L 2
sup / ly|” 17 (dy) = sup E" [\Xﬂ |,u"} <E"| sup |X/|” |p"| Pras. (E.6)
te[0,T] JR4 t€[0,T) t€[0,T)
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We are now ready to show that (E.3) holds for (p"),>1: by applying (E.6) in the first
inequality, Cauchy-Schwartz and Markov inequalities, we have

/ sup / [yl me(dy) ™ (dm)
T {m: SUP¢c(0,1] fmdlyIth(dy)>T} t€[0,T] /R4

. n n 2 n
< i sup B [E [0 1] e iz, w]>r}]
1 1 1
< lim — sup E" [||X"||4Cd} *En [||X“||§d} > < lim Cr % =0,
rT—00 r2 g r—00
since the suprema over n > 1 are finite by Lemma E.2. O

Lemma E.4. K is closed in (P?(C? x V x C(P?)), W, caspxc(p2))-

Proof. It is enough to prove that, for every sequence (I'"),>1 C K converging to I' as
nf—:oo in WQ}CdXvXcU,Q), we have I' € K. We work on the following canonical space: let
(2, G) be given by

(,G) = (C* x C(P?) x V,Bea @ By @ Be(pe)) -
We equip such a space with the filtration G = (Gt):c[o,7) given by
G = By ca @ FY @ Be(pey,

where B; ca = 0(C* > z+— x5 : s < t). Let z, m and ¢ denote the projection from Q in C¢,
C(P?) and V, respectively. Define the process w = (wt)eepo, 1) @s

t
wy = we(xT,q,m) =z — To — / / b(s, x5, ms,a)qs(da)ds. (E.7)
0 Ja

Observe that w is a continuous process on (2, F) and, by [39, Corollary A.5], for every
t € [0,T] w, is a continuous with at most linear growth function of (z, ¢, m).

For every n > 1, let U™ = ((Q", F™, F" P™), " W" u™, ") and X™ be as in Def-
inition 6.3, so that '™ = P" o (X", u",t")~!. Since I'" o (29, w,m,q,x)"* = P" o
(Em, W u, v, X™)~1, we have that the tuple 4" = ((Q2, F, FFH,F"), x9,w,m,q) satisfies
the requirements of Definition 6.3, where F L denotes the I'"-augmentation of the filtra-
tion G. We show that the tuple 4 = ((Q, F, FF, '), zg, w,m, q) satisfies the requirements
of Definition 6.3, which implies I" € K.

We start by the independence property of w, m and ¢ under I'. Let (#)%_, C [0,7],
0t € Cy(RY) fori=1,...,n, ¥ € C(C(P?)), ¢ € Cp(R?) be bounded continuous functions.
Since W", u™ and £ are independent under P” and I'" — I" weakly, we have

k
ET []¢ <wti<x,q,m>>w<m>so<xo>]

=1
k k

=E" [ W) we €| =B |TL ¢ W) | B [(u) EF" o (€7)
i=1 i=1
k

=E"" |[[ ¢ (e (2. q.m)) | BT [(m)] BT [ (0)]

i=1

where the first equality holds since w;(X™,t", u™) = W;* for every t € [0,T] P"-a.s. Then,
since ¢’ o wy: is a continuous function of (x, ¢, m) for every i, weak convergence implies
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that
k k )
lim B H (wyi (z, q,m)) Y(m)p (zo) | = B Hd (wes (z,q,m)) Y(m)p (z0) |
k
lim EF _H (wii (z, ¢, m)) | B [o(m)] B [ (£7)] (E.8)

k

H ()DZ (wti (:L', q, m))

i=1

E" [p(m)] B ¢ (x0)]

This is enough to ensure the mutual independence under I' of (w;i);=1,... k o and m
for every (t')¥_, C [0, 7], which yields the independence of w, z, and m. Moreover, by
taking v and ¢ identically equal to 1, equation (E.8) implies that w is natural Brownian
motion under I, since the finite dimensional distributions of w coincide with the ones of
a Brownian motion. Let us verify the independence of increments properties. Let s > ¢,
¢ € Cp(C?) By ca-measurable, y € Cy(V) FY-measurable, ¢ € C,(C(P?)) and ¢ € C,(RY).
Then, we have:

E" [ (w, —wze)%’(ﬂf) (@) (m)] = B [¢ (ws(2,q,m) — we(z,q,m)) ¢ (x) x (q) (m)]

:7Lh—>HoloE [(b (ws(z,q,m) —wi(x,q,m)) ¢ (z) x (q) Y(m)]
:nlgrolO]E‘P [ (we (X7, ¢, ™) — we (X, ", 1)) o(X™)x (") (™))
:nILH;OEP [0 (W' = W) o(X™)x (x") ¥ (u™)] = 0,

where the last equality holds since W™ is a F"-Brownian motion under P", p™ is F{'-
measurable and X" and t" are both F"-adapted. By working with an approximating
sequence, this holds also for bounded measurable ¢, x, ¥ and ¢, which is enough to
conclude the independence of increments. Finally, since w is G-Brownian motion, it
remains so under the '-augmentation of G.

1

. — . . =1 .
Since "oz, = v, we have that I'oxy = v as well. Moreover, since wis a I’ -Brownian

motion and z is Fr-adapted by definition of the filtration, equation (E.7) implies that z is
a solution to (6.3).

As for the consistency condition, observe that, for every ¢t € [0,T], ¢ € Cy(R%),
1 € Cp(C(P?)), we have

B | [ etwmitanuom)] =5 | [ s )

=B [B”" [p(X7)0(u") | ]
=B [p(X) ()] = B [ (1) vi(m)],

since p}' is a version of the conditional law under P™ of X* given p". Therefore, by weak
convergence we have both

lim B @ () (m)] = EY [@ (z,) ¥(m)],

n—oo

lim E™ [ /R ) gp(y)mt(dy)w(m)] =E" { /R | Py)me(dy)y(m)

n—oo

where the second limit holds since the function m — [, ¢(y)m:(dy) € Cy(C(P?)), which
implies

B | [ ptomaldnystm)| = B fo o) wim)].
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This is enough to conclude that m; = I'(x; € - | m) I'-a.s for every ¢ € [0,T], since the
random element (x;, m) takes values in a Polish space. O

Lemma E.5 (Convexity). K and Q are convex.

Proof. We start by proving that K is convex. LetI'!, i = 1,2, be in K, and let a € (0,1). Let
U= ((QF, F1FY PY), €4, WE i, vt) be as in Definition 6.3, so that ' = P?o (X* t¢, u?) 1.
Set = = (¢, W, it %, X*). Without loss of generality, we can suppose that the tuples
are defined on the same probability space (2, F,F,P) which supports also a Bernoulli
random variable n ~ B(«), so that n and (Z%);— » are mutually independent. If needed,
we can enlarge the filtration so that 7 is Fp-measurable. Let us consider the following
random variables:
£ =net+(1-n)&, p = npt + (1 =n) p?,
We=ngW'+1 —n)W? = =n!+(1-n)? (E.9)
X*=nX'+(1-n) X%
Set 2% = (£, W, u®,t*, X) and I'* = P o (X,t*, u®)~. Observe that the law of =!
under P is the same as the law of =* conditionally to n = 1, as the two tuples coincide
on the set {n = 1}, and analogously for n = 0. Therefore, for every Borel set B, we have
P(E*€B)=P(E*€Bln=1)P(n=1)+P(E*€Blnp=0)P(n=0)
=P(E'eB)P(n=1)+P(E°€B)P(n=0) (E.10)
=aP(E'€B)+(1-a)P(Z*€ B).
In particular, (E.10) implies that I'* = aI'* 4+ (1 — a)I'%. Let us show that the tuple =
satisfies the requirements of Definition 6.3. By (E.10), £* has law v and W is a natural
Brownian motion. To see that it is an F-Brownian motion, let s < ¢, G € F;, B € Bpa:
then
E[lg (W —-WM1g] =E []13 (W —Wwe) ]lg]l{nzl}] +E []13 (W =W ]IG]l{n:()}]
=E [1p (n (W} =W}) + (1 —n) (W7 =W2) € B) 1l y—0y]
+E[1p (n (W) —=W)) + (1 —n) (WZ —W2) € B) Lglg—1]
=E [1p (W} = W,) Lang=1] + B [15 (W = W) Lon=oy] =0,
since 7 is Fy-measurable by assumption. As for the mutual independence of £%, * and
W<, we have that the joint law factorizes in the product of the marginals: by using
(E.10), since (£, W?),_; 5 share the same joint law, one gets
P(u* e A, W* e B,£* € ()
=aP(p c AW e B, eC)+ (1 - )P € A, W? € B,£2 € CO)
=aP(u' € AP(W' € B)P(¢' € O) + (1 — a)P(p* € A)P(W? € B)P(¢? € O)
= (aIP(u1 cA)+(1-a)P(?e A)) W4B)(C) =P(u* € AP(W® € B)P(£“ € C).
With similar arguments, one can show that for every t € [0,7], g : R = R, f: C(P?) - R
bounded and measurable, it holds

Blo (62) £ 0 = | [0 uttans ()]

which implies that pf is a version of the conditional distribution of X;* given p“. Finally,
consider the set

t
o = {xt =t [ [ bo Xt b o dards + W vee .11 nin = 1),
0 A
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and define analogously Q2. We have that 2! N Q2 = () and P(Q!) = o, since X! satisfies
the equation above P-a.s., and analogously P(Q?) = 1 — q, so that P(Q! UQ?) = 1. On
such a set, X satisfies the equation

t
X7 :go‘—|—/ /b(s,X?,u?,a)tg(da)ds—&—Wf, t €10,T].
0Ja

Since X ¢ is IF-adapted, X“ is a solution to equation (6.3), which concludes this part of
the proof.

Let us turn to the convexity of the set Q. Let X%, i = 1,2, be in Q, and o € (0,1). Let
Ut = ((QF, F4, T4, PY), €6, Wi t%) be as in Definition 6.4 so that X¢(-,m) = P{((X™* ¢) € -),
where X™ is the solution to equation (6.4) on (9!, 7, ", P?) when b is evaluated at
m € C(P?). Let ©F = P o (¢, W' *)~1, and consider the maps Zg: defined by

Zoi : C(P?) — P(R¥ x € x C? x V)

o (E.11)
m — Zgi(m) =P* o (&, W*, X™* ¢*)7 .

Similarly as for the set I, suppose that the tuples are defined on the same probability
space (2, F,F, P) supporting also a Bernoulli random variable n ~ B(«), so that » and
(€', W', x%);_1 » are mutually independent. If needed, we can enlarge the filtration so that
n is Fo-measurable. Let (%, W* and t“ be as in (E.9), and, for every m € C(P?), define

xXam — T]Xl’m 4 (1 o 77) X2,m‘

Let O = P o (¢*, W%, t*)~! and consider the map Zo., defined analogously to above.
By point (ii) of Lemma E.8, it induces a stochastic kernel ¥¢ € Q. By working in the
same way as in the case of K, we can show that Zga (m) = aZgi1(m) + (1 — a)Zgz(m) for
each m € C(P?), which implies that ¥ = aX! + (1 — a)¥? € Q. O

Proposition E.6. The map K x Q 5 (I',X) — p(I', %) is bilinear. Moreover, KX 5 T —
p(T', X)) is continuous for every ¥ € Q.

Proof. Bilinearity is clear, hence we focus on the continuity of p(-, X) for fixed . Take

(I'")p>1, T'in K and suppose I'" — T’ in the 2-Wasserstein distance. We treat separately

the term depending just upon I' € K and the term depending also upon ¥ € Q in (6.7).
By [55, Theorem 7.12], I'" — I" in 2-Wasserstein metrics if and only if

/ U(y, ¢, m)I™ (dy, dg, dm) — ¥(y,q,m)I'(dy,dg,dm),  (E.12)
CeixVxC(P2) CaixVxC(P2)

for every 1 continuous with at most quadratic growth; hence, we just need to show
that the functional § defined in (6.6) is continuous with at most quadratic growth. By
Assumptions A and [39, Corollary A.5], we have that F(y, ¢, m) is continuous. It is
straightforward to verify that § has at most quadratic growth, in the sense that

€[o

T
s<y7q,m>sc<1+|y||2d+ sup / 2 ma(dy) + / / |a—a02qs<da>ds>.
t€[0,T] JR4 0 A

Therefore, we get continuity of the term depending only upon I'.
Denote by p" and p the marginal of I' and I" on C(P?). We can manipulate the term
depending both upon I' and ¥ as

/ §(y, ¢, m)X(dy, dg, m)p(dm)
CaxVXC(P?)

= [ ([, 300 mimtan dgm) ) otim) = [ gtmyotim)
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where we set
g(m)Z/ 3y, ¢, m)X(dy, dg,m).
Ccdxy

We must show that g : C(P?) — R is continuous with at most quadratic growth with
respect to the 2-Wasserstein distance. As for the growth condition, estimate (E.19) in
Lemma E.8 proves that g has at most quadratic growth in m € C(P?). As for the continuity,
let (m™),>1,m € C(P?) so that m" — m in W, ca. Note that X(dy, dg, m™) — X(dy, dg, m)
in W, cayy. as implied by Lemma E.8. Define ¢"(y,q) = F(y,q,m™). Since the cost
functions are locally Lipschitz, we have that ¢™ converges to ¢ uniformly on bounded
sets of C? x V. This is enough to conclude that

g(mm) = / &, Sy, dg,m™) = [ oy, 9)S(dy, dg,m) = g(m)
Cidxy Cdxy

as m"™ — m. O

We can now prove points (i) and (ii) of Theorem 6.6: take X = K, Y = Q and
f(z,y) = p(I',X) in the statement of Theorem E.1. By Lemmata E.3 and E.4, K is
compact with the topology of convergence in 2-Wasserstein distance and both sets K
and Q are convex by Lemma E.5. By Proposition E.6, the payoff p is both concave and
continuous in I" for every fixed ¥ € Q and convex in ¥ for every fixed I'. Therefore,
Theorem E.1 yields the existence of both the value v of the auxiliary zero-sum game and
an optimal strategy for player A. The next proposition proves point (iii), concluding the
proof of Theorem 6.6.

Proposition E.7 (Positivity of the value of the auxiliary zero-sum game). Let v be the
value of the zero-sum game defined in Definition 6.5 has a value v. Then v > 0.

Proof. We show that, for every ¥ € Q there exists a strategy I's; € K so that p(I'y, 3) = 0.
Fix Y e Q, let i = ((Q, F,F,P),&, W, b) be a tuple as in Definition 6.4 so that X(-,m) =
P((X™,b) € -), for every m € C(P?). On this probability space, consider the following
stochastic differential equation of McKean-Vlasov type:

{dYt = Jab(t, Ye, pr, a)be(da)dt + dWy, ¢ € [0,T], Yo =¢&; (E.13)

L(Y;) =pi, t €[0,T], p= (pt)ejor) € C(P?).

Under Assumptions A, there exists a unique pair (Y, p) satisfying (E.13), where Y =
(Y4)tejo,) is an FF-adapted continuous process so that E[sup,¢(o 1 |Y;|?] < o, as ensured
by, e.g., [17, Theorem 4.21], which implies that p actually belongs to C(P?). Define
the deterministic flow of measures u by setting 1 = p. Define I's as P o (Y, u,b)~ 1.
Since p = p is deterministic and (Y, p) is a solution to (E.13), p is Fp-measurable and
independent of ¢ and W, and consistency condition holds trivially. This implies that 'y
belongs to K. By writing the integrals in p as expectations, we have:

p(Ts, %) = / §(y, ¢, m)S(dy, dg, m) ps (dm) — / §(y, @, m)Ts (dy, dq, dm)
CixVYxC(P?) CaxVxC(P2)

_IE{/OT/Af(t,Yt,pt,a)bt(da)dt+g(YT,pT)} E[/OT/Af(t,Yt,pt,a)bt(da)dt+9(YT,pT)
=0,

where ps;(-) = 6,(-) denotes the marginal law of I's; on C(P?). Since such a construction
holds for every X € Q, we have

sup p(I,X) > p(Ts,X) =0 VX € Q.
rexK
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Taking the infimum with respect to ¥ € 9, we have

inf sup p(T', %) > p(I'y,X) >0,

¥eQ NS
which shows that v? is non-negative. Since v4 = vZ = v, this proves that the value of
the auxiliary zero-sum game is non-negative. O

E.2 Further technical lemmata

In this section, we state and prove some auxiliary results that were used in Section 6
to prove the existence of a mean field CCE. In particular, Lemmata E.8 and E.9 provide
the technical instruments we used in Proposition 6.7 to show that, for every deviating
strategy f € A and random flow of measures p, we can represent the joint law of u, g
and deviating player’s state process in terms of a strategy for player B in the zero-sum
game 6.5 and the the law of ;. Lemmata E.10 and E.11 were needed in the proof of
Theorem 6.1 in order to define a mean field CCE starting from an optimal strategy for
player A in the zero-sum game 6.5.

Consider any tuple 4§ = ((Q, F,F,P),&, W, u,t), composed of a filtered probability
space satisfying usual assumptions, a d-dimensional IF-Brownian motion, an R%valued
JFo-measurable random variable, an Fy-measurable random continuous flow of measures
in P2(R?) and an F-progressively measurable P(A)-valued process. Assume that u, W
and ¢ are mutually independent. Let us consider the following equations:

dXt - / b(t7 Xt7 ot a‘)tt(da’>dt + th’ XO = E’ (E14)
A

aXP = [ X7 e a)eldaydt + dWs, - Xo =€, (E.15)
A

where m is a point of C(P?). In order to stress the dependence upon the deterministic
flow of measures m, we write X" for the solution of (E.15).

By Assumptions A, on any such tuple 4 there exists a solution to equation (E.14) and
pathwise uniqueness holds. If needed, we can suppose that the filtration IF on (Q2, 7, P)
is the P-augmentation of the filtration F&"W:#¥, given by

FoWHE — (&) Vo(u) Vo(Ws:s <t)Vo(x(C):C e Bio,1jx 4)- (E.16)

By Theorem B.3, uniqueness in law holds. Analogous reasoning holds for equation (E.15)
as well, for every m € C(P?).

Lemma E.8. Let st = ((Q, F,F,P), &, W, u, ) be as above, let © € P(R? x C? x V) be the
joint law of £, W and t. Let us define the map

Zo : C(P?) — PR x C% x €% x V)

m— To(m) =Po (& W, X™, t)7 (EA7
where X™ is the solution to equation (E.15).
(i) The map 1o is continuous, in the sense that
sup Wy ga(my,mi) — 0asn — oo = Zg(m") "% To(m) in Wa Risccdsyxcd-

te[0,T)

(ii) The map Zg induces a stochastic kernel 3. from C(P2) toCtxV, by setting
Y(B,m) =P((X™, ) € B) = To(m)(R? x C¢ x B) V¥m € C(P?), B € Bea @ By.

Y. is a strategy for player B, as described in Definition 6.4.

EJP 29 (2024), paper 196. https://www.imstat.org/ejp
Page 49/56


https://doi.org/10.1214/24-EJP1244
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

CCEs for continuous time MFGs in open loop strategies

Proof. Note that, by Theorem B.3, Zg(m) is the unique weak solution of (E.15) when the
joint law of &, W and v is given by © and b is evaluated at m € C(P?). Let ¥ € Q, let
(m™)p>1 C C(P?) so that m™ — m. For every n > 1, denote by X and X" the solution to
equation (E.15) when b is evaluated at m and m™, respectively. For every 2 < p < p, by
Lipschitz continuity of b, we have:

E[ sup |X7 —Xs|p] < C sup Wi ra(my,me), (E.18)
0<s<T t€[0,T] ’

%
supE | sup |Xt"|p] <C <1+sup sup (/ |y|2m?(dy)> ) (E.19)
n>1  |te[0,T) n>1t€[0,7] \JR4

Therefore, for p = 2, we have that m" — m in C(P?) implies that [| X" — X|[|2, — 0
in expectation, which in turns implies that (&, W,t, X™) — (£, W, ¢, X) in distribution.
In order to have convergence in 2-Wasserstein metrics, it is enough to check uniform
integrability, according to (E.3). Since (Zg(m™)),, have the same marginals on R xC%x ),
we just need to check (E.3) for the laws of (X"),,: for every n > 1, r > 0, we have

i ”Xn”gd]l{ix"liw}] <(E [”X”HZD% <E ﬁ{lxnlidw}]);

1

< (B [1x"&]) B lIxn)E] "t < ot

by using Cauchy-Schwartz inequality, Markov inequality, (E.18) and (E.19). By taking
the limit as » — oo, we get condition (E.3) satisfied and so point (i) is proved.

As for point (ii), let 7 : R? x C¢ x C? x V — C?% x V be the projection on the last
two components. Note that (Zg o 77 !)(m) = P o (X™,t)~!, which shares the same
continuity properties of the map Zg. Therefore, in particular, it is Borel measurable,
where P(C? x V) is endowed with the usual Borel o-algebra associated with the topology
of weak convergence. Then, the thesis follows from the fact that, for a Polish space
E, the usual Borel o-field on P(E) coincide with the o-field generated by the maps
P(E) > m+— m(S), with S € Bg, (see, e.g., [7, Corollary 7.29.1]). O

Lemma E.9. Let { = ((Q, F,F,P), &, W, u,¢v) be a tuple so that (£, W,t) and p are in-
dependent. Denote by p € P(C(P?)) the law of j under P. Suppose without loss of
generality that I is the P-augmentation of the filtration (}'f’W’“’t)t defined by (E.16).
Let X be the unique solution of (E.14) on the tuple . Then, the following decomposition
of measure holds

IP((X, T, [L) € Bx S) = / E(B,m)p(dm), VB € Bcdxv, S e Bc(pz).
s

In particular, ¥(B,m) = P((X,v) € B | up=m) = P((X™,t) € B) for every B € Beayxy,
p-a.e. m € C(P?).

Proof. Let P(- | 1) denote the regular conditional probability of P given p. Set P™(.) =
P(- | » = m). Since (¢,W,t) and p are independent by assumption, we have that
P™o (&,W,r)" =Po (¢ W,r)"! for p-a.e. m € C(P?). Therefore, it is enough to prove
that X is a solution to (E.15) on the tuple & = ((Q, F,F, P™), £, W, t) for p-a.e. m € C(P?).
Then, since uniqueness in law holds for (E.15), we deduce that P™o (¢, W, t, X )t = Zg(m)
p-a.s. Observe that, since the joint law of (£, W, t) is the same under P and P™ for p-a.e
m, W is a natural Brownian motion under P as well. By definition of the filtration F, it
can be easily verified that

EP[Lo(W, —Wy)g|pu] =0 P-as
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forevery 0 < s <t <T, A € Bra, g bounded and F,;-measurable. This implies that
EF" [La(Wy = Wo)g] = EP[La(W, = W,)g | p=m] =0

p-a.s., for every g bounded and F,;-measurable. By working with a countable measure
determining class of sets, which is possible since the o-algebra ]-"f’w’“ ' is countably
generated for every ¢ € [0, 7], the equality holds for every g bounded and F,-measurable,
for p-a.e. m € C(P?), which in turn implies that W remains an F-Brownian motion under
P™ as well. Under P one has

pr ( [ bt aylda) = [ bt.me 0y Vmeﬂd) =1 Lebpae. t € [0.7]
A A

and therefore X solves (E.15) for b evaluated at m € C (732). The thesis follows from
marginalizing as in the proof of point (ii) in E.8. O

We turn our attention to the mimicking result, needed in the proof of the existence
result in Theorem 6.1:
Lemma E.10. Let ' € K. There exists a measure I' € K so that the following holds:

« The marginal distributions of I and I' on C(P?) are the same: T'(C% x V x -) =
L=y x-).

« Let (X,t, ) be such thatT' = P o (X, v, )~ '. Then t is of the form v, = G,(X,, 1),
where ¢ : [0,T] x R? x C(P?) — P(A) is a measurable function.

e For every ¥ € Q, it holds
p(l, %) = p(I', ).

Proof. In the following, for a metric space (E7 dg), ¢ : E — R continuous and bounded
and m € P(E), we set (¢, m) = [, &(

Let 4 = ((Q, F,F,P),¢, Wu, t) be as in Deﬁnition 6.3, sothat I' = P o (X,t, )"
As ensured by [41, Lemma C.2], we have that, by choosing Y; = (X;, 1) taking values
in R? x C(P?) as conditioning process, there exists a jointly measurable function ¢ :
[0,T] x RY x C(P?) — P(A) so that, for every ¢ : [0,T] x R¢ x C(P?) x A — R bounded
and measurable it holds

/(bXt,,u, a)Gt(Xe, 1) (da) = {/¢)Xt7u, a)vy(da) ’Xt ,u] P-as., a.e. t €[0,T],

(E.20)
which we abbreviate as

Gt (Xt, p)(da) = E [ty(da)| Xs, p]  P-ass., ae. t €[0,7].

Next, we manipulate the term of the functional p in (6.7) which depends only upon I':

/3 y,q,m)I'(dy,dm, dq) =

/ R >rt<da>dt+g<XT,uT>]

:/0 B Uftxt,m, a)ei(da)| X, ”dtHE[ (X, )]

- ' _ /A Pt X s 04 (X1,1)(0)] e+ oK) (E21)
:/OTE :IE M f(t,Xt,,ut,a)qt(Xt,u)(da)‘/iH at +E [B [g(Xr, r)| ]

/OTE </A f(t,.’Iut,a)(jt(.,p)(da),,ut>] dt +E[(g(, pr), pr)] -
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Second equality holds by Fubini’s theorem and tower property of conditional expectation,
third equality holds by definition of the control (E.20), third and fourth equalities hold
by tower property again, and fifth equality holds since, by consistency condition, p;(-) =
P(X, €| ).

We observe that, by choosing ¢(¢, z,m, a) = b(t, x,m¢,a) in (E.20), we have

/ b(t,Xtha)th(Xhu)(da) =E |:/ b(t,Xt,ut,a)‘ct(da)|Xt,u IP'a.S., a.e. te [07T]
A A

This is enough to apply [10, Theorem 3.6]: indeed, in its terminology, we can take
E=RIXC(P?), ®:ExCE — C([0,T); ) defined by & (x,m,y) = (z;+y,m) € RExC(P?),
where C¢ = {y € C? : z9 = 0}. Set Z; = ®(X; — Xo, Xo, 1) = (X, ), where we
note that the second component of Z is constant in time as it is equal to the whole
flow p = (11s)sefo, 7] Then, such a result ensures that there exists a probability space
(Q F.F ]P) with € Polish and F its corresponding Borel c-algebra, supporting an Ir-
Brownian motion W, a continuous £-valued process 7 so that there exists an IF- adapted
process X that satisfies

T
&z&ﬁ/ /WJ@%®M&ﬂMwW+mnZ:ﬂ&—%xmb
0 A

so that for every t € [0,7] it holds P o Z; ' = =Po Z‘l This implies both that i and p
have the same law p and that the consistency condition is satisfied, since Po (Xt p)~t=
Po (X¢, 1)t = my(dx)p(dm). Finally, since Z is IF-adapted, we deduce that X, and /i are
Fo-measurable and therefore W, X, and /i [ are mutually independent.

SetI'=Po (X, t,1)~!. Since the last term in the chain of equalities (E.21) depends
only upon p and p and ji share the same law, we can exploit the fact that /1 and X satisfy
the consistency condition as well to get

[5t. .m0y, dm. do) = / [< [ 1t agat ><da>,ut>] dt + B ({g(, o), o)
- [ e ([ 7t ) i+ B (gt ). )]

:/OTEP -Elf’ [/ f(tj(t,ﬂt,a)qt(f(t,ﬂ)(da)] dt + EP [Q(XT>/1T)‘/1H

:/TIE)]15 /f (t, X¢, fir, a)Ge (X, )(da)] dt—'_E]P{ (XT”“T)}
/s y, ¢, m)(dy, dm, dg).

Analogously, for every ¥ € Q, we have

/S Y, q,m)X(dy, dg,m)p(dm) = / $(y, a, m)X(dy, dg, m)p(dm),
which proves the desired statement about the payoff functional p. O

Finally, we show that it is always possible to find a strong solution to equation (6.3)
in the case of a feedback in state control process §;(z, m), as given by Lemma E.10:

Lemma E.11 (Strong solutions for feedback in state controls). Let (2, 7, I, IP) be a filtered
probability space satisfying the usual assumptions, with ) Polish and F its Borel o-
algebra, supporting a d-dimensional IF-Brownian motion W, an F,-measurable R%-valued
random ¢ with law v and a Fy-measurable random flow of measures p in C(P?) with law
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p. Assume that ¢, W and p are mutually independent. Let ¢ : [0,T] x R? x C(P?) — P(A)
be a measurable function, and suppose that there exists a solution of the SDE

dXt:/ b(t, Xt e, @)Ge(Xe, p)(da)dt + dWy, (E.22)
A

so that it holds
() =P(Xy €-|p) P-as.

foreveryt € [0,T]. Then, X may be taken adapted to the P-augmentation of the filtration
F&#W = o(¢)Vo(u) VEW. In particular, there exists a progressively measurable function
®: C(P?) x R x €4 — C? so that ® (i, &, W) = X P-a.s.

Proof. Set B(t,xz,m) = [, b(t,z,m,a)g(x,m)(da). B is jointly measurable in (¢, z,m) €
[0, 7] x R? x C(P?) with at most linear growth in (z,m) € R? x C(P?) for every t € [0, T].
The following hold:

1. For every m € C(P?), equation
dXT = B(t, X", m)dt + dW,, X" = €. (E.23)

admits a unique strong solution. Moreover, let P = P o (X™)~1. Then, the map
C(P?) > m s P™ € P(C?) is measurable.

2. There exist a continuous IF-adapted process X solution to
dX; = B(t, X, p)dt +dW,, Xo=E¢. (E.24)
X is adapted to the P-augmentation of the filtration F&#W |

3. Pathwise uniqueness holds, in the following sense: suppose there exists a pair
of continuous F-adapted processes (X!, X?) which satisfy equation (E.24) so that
(X!, X2),<; is conditionally independent of f%’“’w given ]—'f”"W for every t € [0,T].
Then, P(X}! = X?, 0<t<T)=1.

4. The joint law of X and p is given by

Po (X,u)" ! = P™(dx)p(dm).

This properties can be proven with the same methods of [41, Appendix A] and [42,
Appendix A]. We just point out that the results therein do not hold automatically in our
case, since B is not progressively measurable in the measure flow m, in the sense of
[41, 42]. Nevertheless, since we require i to be Fy-measurable, the same arguments
lead to the results above.

Let X be as in the statement of the lemma. We first show that the joint law of X and p
is given by P™(dx)p(dm). Let P™(-) = P(-|u = m) be a version of the regular conditional
probability of P given 4 = m. Then, since ¢, W and p are mutually independent,
P™ o (&,W)"! = Po (¢,W)! for p-a.e. m, and, by exploiting the fact the F&* "~
is countably generated for every t, W is an F&*":X_Brownian motion under P™ as
well. Therefore, X satisfies equation (E.23) on (Q, F, F&#W:X 1P™) for p-a.e. m € C(P?).
By point 1, P™ o X! = P™ for p-a.e. m € C(P?), which implies that P o (X,pu)"! =
P™(dz)p(dm).

It can be shown by straightforward calculations that (X;)s<; is conditionally inde-
pendent of ]-'%’“’W given ff’“’w, for every t € [0,T]. Since pathwise uniqueness holds

by point 3, this implies that X is indistinguishable from an F&*"-adapted solution to
equation (E.24). O
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