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1. Introduction

Einstein’s equations of General Relativity are a cornerstone of modern science. Yet, boundary conditions for these equations are
not very well understood, owing to their rather complicated mathematical structure. In the nonlinear setting, a natural choice of
boundary conditions for Einstein’s equations in Riemannian signature is a (nonlinear) analogue of the harmonic gauge condition,
together with prescribing either the induced boundary metric (Dirichlet conditions) or the second fundamental form of the boundary
(von Neumann conditions). However, it is well known that both of these boundary conditions do not lead to a well-defined elliptic
boundary value problem, see e.g. [1,2]. Furthermore, they are not gauge invariant (in an appropriate sense to be specified
later). Hence, one is forced to look for alternatives. Good candidates — ones that implement ellipticity — have been studied by
Anderson [1,3], Schlenker [4] and more recently by Liu-Santon-Wiseman [5]. More precisely, Anderson proposed in [1] a new set
of boundary conditions for the nonlinear Einstein equations in Riemannian signature, which he showed to be elliptic, i.e. to satisfy
the Shapiro-Lopatinskij conditions (see e.g. [6, Chap. XX] or [7]), consisting in prescribing: (i) a harmonic gauge condition on the
boundary, (ii) the conformal class of the boundary metric and (iii) the mean curvature (the trace of the second fundamental form)
of the boundary. Henceforth, we will refer to these as Anderson boundary conditions.

In this paper, we are concerned with the study of boundary conditions for the linearised Einstein equations in Riemannian
signature, which are a pivotal ingredient in the quantisation of gravitational waves [8]. Indeed, as argued for instance by Witten
in [9,10], it turns out that the Anderson boundary conditions are relevant in Euclidean quantum gravity. Let us emphasise that,
despite being a problem formulated within a linear theory, the quantisation of gravitational waves propagating in a generic spacetime
satisfying Einstein’s field equation is still an open problem. The main reason for this is the lack of a rigorous construction of a
“physical” state, namely a positive gauge invariant linear functional on the space of gauge invariant observables which satisfies
the so-called Hadamard condition. Recently, a new strategy based on Wick rotation coupled with elliptic theory on manifolds
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with boundary and microlocal analysis was explored in [8]. The essential idea is to reduced the construction of a state to the
construction of a Calderén projector for the elliptic operator D, := —4, + 2Riem, acting on symmetric (0,2)-tensors u = (),
where 4, = g*/ V.V is the connection Laplacian and Riem, the Riemann operator' on the Riemannian manifold with boundary
M :=[-T,TIx X, g =ds®ds+y,), with T > 0 and X is a smooth connected oriented complete Riemannian 3-manifold with 0% = @.
Clearly, the construction of the Calderdn projector depends on the choice of boundary conditions at s = +T. For the construction
to be physically meaningful, the boundary conditions, on top of being elliptic, should at the very least satisfy: (a) a spectral gap
condition, i.e. the spectrum of D, should not contain 0; (b) a gauge invariance condition. Let us emphasise that ellipticity not only
ensures that the boundary value problem is well behaved, but is also crucial for perturbation theory, see e.g. [9, Sec. 2.1.]. In [8],
the authors considered Dirichlet boundary conditions for u,; at s = +T: this choice guarantees the presence of a spectral gap, but
does not allow one to achieve gauge invariance, hence the quest remains open.
All in all, the above considerations and challenges are the starting point and motivation for this work.

Main results. Let (M, g) be a smooth connected oriented Riemannian 4-manifold with non-empty boundary oM, solving Einstein’s
equations Ric(g) — %Scal(g)g + Ag = 0 for some choice of the cosmological constant A € R. Furthermore, let V, := C ® T*M®sk be the
C-vector bundle of symmetric (0, k)-tensors equipped with the inner product

(0, o= k!/M<g*1>®"<f, -)vol,

on compactly-supported smooth sections I'.(V,). Denoting by L I'(V,) — I'(V,) the linearisation of Einstein’s equations, we define
the operator

PI(Vy) = I'(V,), P :=2(Lol) = —4, + 2Riem, — Iodos,

where the involution I := id — %trg(-)g denotes the trace-reversal, (6u), = —2V*y i 1 the divergence of u € I'(V,), and (dw),; =
%(Vawﬁ + Vyw,) the symmetrised gradient of @ € I'(V,). By construction, P is formally self-adjoint w.r.t. (-,1)y,. Diffeomorphism
invariance of Einstein’s equations translates into the fact that P is invariant under the linear gauge transformation u — u + Kw, where
K :=Tod I'(V|) - I'(V,). Imposing the gauge condition su = 0, known as harmonic or de Donder gauge, reduces P to the elliptic
operator D, from the previous section, and the remaining gauge freedom is parameterised by the quantity o satisfying D, = 0,
with D; := 6K = —4; — A. Note that K intertwines D; and D,, i.e. KD; = D,K — see [8] for further details.

In this paper: (i) We examine the linearised version of Anderson’s boundary conditions, rectifying some inaccuracies in the
existing literature (Section 2). (ii) We establish the most general version of Anderson-type conditions which ensure gauge invariance
in the sense of Definition 3.1 (Section 3). (iii) In the guise of a no-go theorem, we demonstrate that, except for special geometries,
one cannot achieve the spectral gap condition for the latter (Section 4).

Our main result is concisely summarised by the following theorem.

Main Theorem. Let (X,y) be a smooth connected oriented complete Riemannian 3-manifold with 0¥ = @. For T > 0 consider the
Riemannian 4-manifold 2 := [-T,T] x X equipped with the metric g := ds ® ds + y and let D, be the linearised Einstein operator on £.

(D Suppose that the Laplace-Beltrami operator on (X,y) has no spectral gap. Then D, supplied with the linearised Anderson boundary
conditions on 02 has no spectral gap, namely, 0 € 6(D,).?
(i) Suppose that Ric(y) = 0 and there exist non-trivial L>-harmonic 1-forms on X. If D, is supplied with any first-order, linear, fully
determined, elliptic and gauge invariant boundary conditions which include the conditions®
su=0 and u22=%tr7(uzz)y on 0Q={xT}xZX, (€8
then 0 € 6(D,).

The two conditions in (1) correspond to the harmonic gauge condition and the linearisation of the requirement that the conformal
class of the boundary metric y is fixed, respectively. This provides nine independent conditions on u € I'(V,); since rank(V,) = 10,
we are free to add one more (scalar) condition to obtain a fully-determined boundary value problem. If one imposes the vanishing
of the linearisation of the mean curvature of the boundary, one recovers the linearised Anderson conditions as a special case.

2. Linearised Anderson boundary conditions

Let (M, g) be a Riemannian manifolds with non-empty boundary as in Section 1. At the non-linear level, the Anderson boundary
conditions consist in imposing a non-linear analogue of the harmonic gauge, see e.g. [11, Chapter 7], together with

[¥] = fixed, )
tr, (k) = fixed,

1 Riem, (), := Riﬂsuﬁ, where we adopt Einstein’s summation notation throughout and the convention (V,V, - V,;V,)o, = R, °w;.
2 Here and further on o(A) denotes the spectrum of the operator A.
3 Here uyy :=ul;y denotes the tangential part of u € I'(V,).
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where y := g|,, denotes the induced boundary metric, [y] its conformal class and k € I'(TOM®s2) the corresponding second
fundamental form. To linearise these conditions, let us consider a one-parameter family of Riemannian metrics g(1) on M with
£(0) = g, and formally expand (1) = g + hA + O(4?). In the following, all the quantities and operations associated with the “full”
metric § will be denoted with a hat, whereas objects associated with the background metric g without a hat. Let us choose a local
coordinate frame of oM, denoted by (9;),_ 3, and complete it to a local frame on M by adding a local vector field g, not tangential
to oM. We will denote the full frame by (9,),,1 23- In this frame, the induced metric 7 := §|,y has components §;;; the remaining
components g, are normal to oM.

Proposition 2.1. Consider the linearisation §(1) = g+hA+©(A?) and choose coordinates in which the background metric is block-diagonal:
goo = 1 and gy; = 0. Then the linearisation of (2) reads

1 T —
hyy = 35, (D7, ) =0
Votr, (A1) = 2Vihyg + 2k by — hoy tr, (k) =0

where y := gl and tr,(h") =y h;; is the trace of the tangential parts of h.

Proof. It is clear that fixing the conformal class of the boundary metric § translates into the requirement that the traceless part
of its linearisation AT vanishes, i.e. &, = %(y"’ h)vi; = 0. To linearise the equation tr?(fc) = fixed, let 7 = i, be the unit normal
vector field on dM. Since g(4,0,) = 0 and g(A, A) = 1, by definition, we find that the covariant components of / are given by A, = 0
and A, = (gAOO)*%. It follows that the second fundamental form, which is defined by k(X,Y) := §(4,V xY) for all X,Y € I'(TM)
tangential to oM, in these coordinates is given by k; ;= -V A= ﬂ?(goo)_%. We recall that inverse metric and Christoffel symbols
under perturbation g,, = g, +Ah,,, + O(4?) expand as §#" = gh" — h*" 1+ O(4*) and f“a’ﬂ = r‘jﬂ+ %(v{,hr p+Vgh! =V hy ) A+0(4%), see
e.g. [11, Ch. 1, eq. 11.3 and 11.4], where the indices of h are raised/lowered with the background metric g. Using these relations
and choosing local coordinates such that the background metric reads gy, = 1 and gy; = 0, one arrives at

o in . 1 . 1
try(k) = gk = tr, (k) + {V'h,.0 - EVOtr},(hT) =k + S, (K)hog },1 +0O(2).
The scalar boundary condition requires tr?(lAc) = tr,(k) and hence, we obtain the claimed result. []

Remark 2.2. Note that the linearised Anderson boundary conditions have also been considered in the recent review [9, Section
3.3]. Now, the linearised expressions from [9, Section 3.3] appear to be incomplete, in that the term —hytr, (k) is missing. Whilst
this does not invalidate the discussion in [9], because the extra term vanishes in the Euclidean setting (X, y) = (R3, §), this term is
crucial to achieve gauge invariance in curved space, as we will see below. This justifies why a detailed derivation was warranted.

Example 2.3. As a prototypical example, let us consider a manifold Q2 = [-T,T] x 2 with metric g = ds ® ds + y,, where X is
a (connected, oriented) smooth 3-manifold, s M — R is the Euclidean time, and y, a one-parameter family of Riemannian metrics
on X. Any tensor u € I'(V,) can be decomposed as u = u;;ds ® ds + 2u;y ® ds + uyy, where: uy; := u(d;.9;) € C*(R,I'(Vx)) is a
s-dependent smooth function on X, u s :=u(d,,-)lyx € C*(R,I'(Vx;)) a s-dependent (0,1)-tensor on X, and uyy € C*R,I'(Vy,))
a s-dependent symmetric (0,2)-tensor on X. We used the notation Vy ; := C® T*X®:*. Through the prism of this decomposition of
u, let us write down the linearised Anderson boundary conditions at 022 = {+T} x X for D,. Recall that D, originates from P o Lol
upon harmonic gauge fixing, so that one needs to replace 4 in Proposition 2.1 with A =: Iu. A straightforward computation shows
that the linearised Anderson boundary conditions on 042 take the form

15 (a) 0suss - 52”52 - tr}’(k)uss + (}’71)®2(k’u22) =0 20
——Su= 1 on
2 (b) Oy = 50zuzy = tr, (ks =0
1 3
© uyy =3t usy)y -0 3
1 4 on 00
(d) 3tr},(k)<u55 + gtry(u22)> +05tr, (uys) — Ogug, — gtry(u);z)try(k) =0
where 65 denotes the divergence® on (X,y) and k := —%asy € C*(R, I'(Vy))) is the second fundamental form of X.

3. General conformal boundary conditions

The aim of this section is to establish the most general gauge invariant boundary condition for D, which satisfies the requirements
(a)-(c) in (3) on a Riemannian manifold of the form Q =[-T,T]x X, T > 0.

Definition 3.1. A set of boundary conditions %, for D, is said to be gauge invariant if, chosen boundary conditions B, for D, the
following holds: for any w € I'(V,) satisfying B, and D;@ = 0 near 942, the tensor u := Kw satisfies %B,.

4 Namely, 6;0 = —Viw, and (§yu); = —2Viu,; for w € I'(Vy,) and u € I'(Vy,), respectively, where V is the Levi-Civita connection of X.
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The condition D;w = 0 near 02 ensures that the harmonic gauge condition is preserved under gauge transformations. In the
forthcoming discussion, we will restrict ourselves to the case where B, are Dirichlet boundary conditions, namely w|;, = 0. This
is a very natural choice for geometric reasons: it is the linearised version of invariance under diffeomorphisms ¢ € Diff(2) that fix
the boundary, ¢|,, = id,g.

Proposition 3.2. Let Q :=[-T,T]x 2, T > 0, be a Riemannian manifold with metric g = ds ® ds + y,, and consider the boundary
conditions
(@) Ogug —bzugy —tr,(Kug + (¢ H®2(kuyy) =0
(b) dguyx = 38suss —tr (Kuys =0 on 0Q 4
() uss— %tr},(u)_—z)y =0
for the operator D,. The most general first order linear scalar boundary condition that can be appended to (a)-(c) in such a way that the
resulting set of boundary conditions is gauge invariant in the sense of Definition 3.1 reads

d) C <um + %try(uzz)> +C, (6Str7(uzz) — OgUss — %try(uzz)try(k)> + (y_1)<V, dy <um + %try(uzz)>>
on 0£2 5)

_ 2
Lh®? (s, ity s — 2dgu,y — y<()sum + 5tr,(uzz)tr,(k)» -0
for some coefficients C; € C*(32), V € I'(T*3R) and S € I'(T*02%s2), with S not proportional to y|,g.
Proof. Let w € I'(V,) be such that w|;, = 0 and D;w = 0 in a neighbourhood of Q2. We decompose w = w,ds + w5, where

o, = w(d;) € C*(R,I'(Vy)) is a s-dependent function on ¥ and oy := 0 —w,ds € C*(R, 'V ,)) is a s-dependent (0,1)-tensor on
2. A straightforward computation shows that u := Ko and o are related as

ug, = 30,0, Oyl = (%0 + 0,550 + tr, (K)0,0,)
1 132
Ugs = J0,0x O s = J(0lwy + 0 dyw, + 2k - dw5)
—21() and F) —;ds Ly (2w, - 0,6 k)0 o ©
Uss = _Ey sWs sUss =0dy0wy — 57( W5 —005Wx _try( ) sw:)
tr,(ups) =-320, oytr,(ups) =-202w, + 1(tr,(k)0,0, + 0,6 505)

where for any n € I'(Vy ;) the term k - denotes the (0, 1)-tensor (k- ), := kikﬂk and dy denotes the symmetrised gradient on (X, y).
Note that (c) is clearly a gauge invariant condition. Furthermore, the condition D;w = 0 on d<2 translates into the equations

—0%w, +tr, (k)0 =0
Do=du=4 37 r, (k0 on 00 @
—Owy —2k - dywy +1tr,(k)dwy =0

corresponding to the boundary conditions (a) and (b) combined. We would like to write down the most general 1st order, linear,
scalar and gauge invariant boundary condition one can add to (a)-(c). This scalar boundary conditions can include all the Oth and
1st order terms one can construct out of u ., u,x and uyy, i.e. uy, dsug, tr,(Uss), O5tr, (Usys), Sxlss, s, Oy, dyug, dstr, (usy),
SsUuyy, Usy, Oiss, dyu s and dsuy . Since we have already fixed five conditions on the boundary — the boundary conditions (a),
(b) and (c) together with é5(c) and ds(c) — we can drop five of them, since they are not independent of the others. Therefore, we
make the general Ansatz

Cluxx + C2axum + C3try(u22) + C4axtry(u22) + 7_1(\/] ’ usZ) + V_I(VZ’ dZusx) + 7_1(V3’ dZtry(uZZ))
+H®%(S,, dsuys) + (r H®2(S,,0,us5) =0 on 92

for coefficients C; € C®(9R), V; € I'(T*0R) and S; € I'(T*02%®:?) with S; not proportional to y|,,. Taking u = Kw and using (6)
together with (7) to replace the 9>-terms, we see that gauge invariance requires one to have

1 1 1 _
E(Cl —3C; + 2tr, (k)(C, — Cy))0,0, + E(c2 +Cy +11,(5))050,05 + 37 YV, 0,0 5)+
1
+%y‘l(V2 —3V5.ds0,0,) + %(y-l)‘fsﬂ(s1 +28,,d50,05) =0 on 082 .

Since this has to be true for every w, the coefficients in front of each term have to vanish identically. It then follows that the most
general scalar gauge invariant condition takes the form

1 4 _ 1
C; <um + gtry(“zz)) +C, <6str7(uzz) — gl — §tr7(uzz)try(k)> +(y 1)<V, dy <um + gtry(“zz)>>
- 2
Lo (s,asu” —2dyu,y — y(dsum + §tr7(uzz)try(k)>> =0 on 0Q
for coefficients C; € C®(9R), V € I'(T*02) and S € I'(T*002%s2) with S not proportional to y|,o. [
Example 3.3. The Anderson conditions (3) are a special case of (4), (5) with C; = 3tr,(k), C; =1 and V=S =0.

4
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Remark 3.4. In full generality, i.e. for arbitrary coefficients, the boundary conditions in Proposition 3.2 are not elliptic. Since
ellipticity is a local condition, it is enough to consider the special case (Z,y) = (R?, §), in which case D, = —03 - 01.2. To check the
Shapiro-Lopatinskij (SL) conditions, let u be a smooth solution of D,u = 0 which is bounded in R, i.e. U, (s, X) = cyve"“e"ﬂf for
some ¢ € R? and ¢ = (€,)o<uv<s € C*4. Then the SL conditions are satisfied if the trivial solution ¢,y = 0 is the only such solution
for arbitrary & # 0 satisfying the boundary conditions. Plugging this solution into the boundary conditions (a)—(c) in the Euclidean
case, we obtain

—|Eley, +7Ele; =0 g =—3trslesy)
—léley; +nélcy; =0 < Gy = §|§|71tr5(52)j)5 . (8
Cxx — %trﬁ(CZZ)S =0 cxx = %trg(CZz)é
Hence, ¢, = 0 if and only if the spatial trace trs(cx5) = 6¢;; is zero. The general scalar boundary condition (5) gives the additional
condition
i &i;
2C, |, 1€l trsles ) + SY],—5 { 1€16;; — el trs(cys) =0, ©

where we already used (8) to recast everything in terms of tr,(cxy). Note that the coefficients C, and S are in principle allowed to
depend on the metric y and its derivatives and hence can be zero in the Euclidean case. Now, for ellipticity, C, and S have to be
chosen such that (9) has no non-trivial solution ¢ € R3. This is for example the case for the linearised Anderson condition (S = 0
and C, = 1), cf. Example 3.3, or more generally when S « k and C, # 0.

4. Spectral theory of general conformal boundary conditions

Let us consider the same model case as in Example 2.3. We denote by D, ,, the operator D, in the Hilbert space L%(2) defined
to be the completion of I',(V,) w.r.t. the inner product

T
(u, U)V2 = 2/T ds/z<ﬁssvss + 2}’71(&;2’1&2) + (771)®2(EZZ’UZZ)) VOl},S

and with domain D(D, ;) = {u € H2(Q) | usatisfies boundary conditions from Proposition 3.2}. Note that D, o is in general not
self-adjoint. For instance, the linearised Anderson conditions are symmetric w.r.t. .1y, rather than (-, “)y,» see e.g. [9].
We are now in a position to prove our Main Theorem.

Proof of the Main Theorem. First of all, note that k = 0 since y does not depend on Euclidean time. The Gaul3-Codazzi equations
then imply that R;’,y‘S = 0 if at least one of the indices is zero, in which case D,u decomposes into the three pieces

(DZM)SS = _afu.vs - AZ,O”.

sso Do)y = —35’452 - Az,]”.yzs and (Dyu)yy = —af”zz - Az,z“zz + 2Riemy(u22) s

where Ay, =y"(Vy);(Vy); is the connection Laplacian of (Z,y) acting in I'(Vz ).

Let us first assume that X satisfies condition (i). Then, Anderson-type boundary conditions C; tr, (k), C; = const # 0 and
V = § = 0 are trivially fulfilled for any u € I'(V,) of the form u,y = 0,usy = 0 and uy such that d,u;; = 0. Since X is complete,
459 C(2) - L2(Z) is essentially self-adjoint, and we denote its minimal self-adjoint extension by the same symbol. By assumption,
we know that 0 € o(45 o) and since 4y, is self-adjoint, there exists a Weyl sequence (x,,),ex € D(45 o) for 1 =0, i.e. ||l z,ll2 =1 and
l4s0x.ll .2 = 0 as n — +oo. Note that w.l.0.g. we can assume that y, € C®(2), since D(4y ) is the closure of CX(X) w.r.t. the graph
norm and one can always choose a Weyl sequence contained in the dense subset C°(2). Define 2-tensors u, by (,),, = (4T)_% I
and (u,);x =0, (u,)yx = 0. By construction, u, € D(D, o), llu,lly, =1 and [IDy qu,lly, = 1450x,l.2 2%, 0. We conclude that W),
is a Weyl sequence of D, ;, for 4 = 0, which concludes the proof.

If X satisfies condition (ii), then there exists a non-zero L?>-harmonic 1-form w on X. We define u € I'(V,) by setting u,, = uss =0
and u;y := . By construction d,u s = 0. It is well-known that any harmonic form on a complete manifold is closed and coclosed,
see e.g. [12]. In particular, 6y = 0. Furthermore, a result of Yau [13, Thm. 6] implies that any harmonic 1-form on a complete
manifold with non-negative Ricci curvature is parallel; hence, also the symmetrised gradient vanishes, i.e. dsw = 0. Therefore, u
fulfils the conditions in Proposition 3.2 on all of Q. Now, in the case Ric(y) = 0, the de Rham-Hodge Laplacian on 1-forms agrees
with the Laplace-Beltrami operator (by the Weitzenbock identity) and hence 4y ;@ = 0. We conclude that u is a non-trivial solution
of Dy qu =0.

The claim of the theorem now follows by combining the above results with Proposition 3.2. []

Examples 4.1. Let us discuss some examples of 3-manifolds satisfying the assumptions in our Main Theorem. The assumption from
item (i) is clearly fulfilled for any compact X, since ker(4y () = {constant functions} in this case. In the non-compact case, a simple
example is provided by > = R3. More generally, if (Z,y) is non-compact, complete, and has Ricci curvature bounded from below,
then 0 € o(4y ) if and only if it is not open at infinity, i.e. if there does not exist any constant C > 0 s.t. area(dD) > C - vol(D) for any
domain D with smooth compact closure [14]. Let us also remark that ker(4y ) = {0} does in general not imply 0 & 6(4y) in the
non-compact case, as the example of R shows.

The assumption from item (ii), i.e. the existence of non-trivial L?-harmonic 1-forms, is fulfilled for compact X if and only if X is
not simply-connected as a consequence of de Rham’s Theorem. In the non-compact case, a non-existence theorem was proved in [15]
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for complete manifolds with non-negative Ricci tensor and either infinite volume or positive Ricci tensor at at least one point. On
the other hand, manifolds with non-trivial harmonic L2-forms can be easily constructed by considering manifolds on which there
exists a bounded harmonic functions with finite Dirichlet energy, see e.g. [16].
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