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Abstract

We consider a perturbation of the Benjamin Ono equation with periodic boundary conditions
on a segment. We consider the case where the perturbation is Hamiltonian and the corre-
sponding Hamiltonian vector field is analytic as a map from the energy space to itself. Let
€ be the size of the perturbation. We prove that for initial data close in energy norm to an
N-gap state of the unperturbed equation all the actions of the Benjamin Ono equation remain

1 1
O(e2™+D)) close to their initial value for times exponentially long with € 23+D .

Keywords Nekhoroshev theorem - Benjamin-Ono equation - Hamiltonian perturbation
theory

1 Introduction

In this paper we prove a Nekhoroshev type theorem for perturbations of the Benjamin-Ono
(BO) equation on the torus. It is well known that the BO equation is a Hamiltonian integrable
system, but only recently it has been understood how to introduce Birkhoff coordinates [14],
namely some regularized action angle variables, for such a system with periodic bound-
ary conditions. We will call finite gap states, functions # which, when written in Birkhoff
coordinates, have only a finite number of coordinates different from zero—see [14] for a
justification of this denomination. Here we consider a small Hamiltonian perturbation of the
BO equation and prove that, for initial data close to finite gap initial states, all the actions
of the BO equation remain close to their initial value for times which are exponentially long
with a power of € !, € being the size of the perturbation. The main point is that we are not
confined neither to small amplitude initial data nor to neighbourhood of nonresonant tori: as
far as we know this is the first result of this kind for PDEs. Our result however has a strong
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limitation: we deal only with perturbations whose Hamiltonian vector field is an analytic
map from the phase space to itself, and in view of the fact that the Poisson structure of the
BO equation is the Gardner’s one, namely 0y, this means that the Hamiltonian must depend
on some antiderivative of the state u and typically the vector field is non local. The main
example of Hamiltonian perturbation that we can treat is given by € P (1), with

2

where F (x, y) is analytic in the second variable and continuous in the first one. We also cover
Hamiltonian versions of perturbations dealt with by [12]. We will comment further on this
point after the statement of the main theorem.

Notwithstanding this defect, we think that the fact that exponentially long stability esti-
mates hold for some perturbations of the BO equation, close to finite dimensional tori could
spread some light on the behaviour of perturbed integrable Hamiltonian systems. In particular
this has to be confronted with the paper [11] in which a mechanism of possible instability of
infinite dimensional tori was exhibited.

Finally we recall that all known Nekhoroshev type results for PDEs can be split into two
types: results dealing with neighbourhoods of nonresonant tori (see [7, 8, 10, 19])—which are
essentially stability results for such tori—, and results dealing with small amplitude solutions,
mainly in perturbations of nonresonant systems (see e.g. [2, 4-6, 9] and references therein).
We also mention the paper [1] in which a Nekhoroshev type result controlling also neigh-
bourhood of resonant tori has been proved, for small amplitude solutions in perturbations of
the integrable NLS.

The proof of the main result of the present paper is a variant of the proof of [1] (see also
[3]) which is based on Lochak’s proof of Nekhoroshev’s theorem [20, 21]. We emphasize
that this is made possible by the fact that, as shown by the works [14, 18], the Hamiltonian
of the BO equation, written in Birkhoff coordinates, has a very simple and explicit structure
and this allows us to verify all the geometric properties needed in order to apply Lochak’s
technique.

2
Pu) = i/ F(x, 0 'uydx (1.1)
0

2 Main result
Consider the Benjamin-Ono (BO) equation

du=Ho’u—d,(u?), xeT:=R/27Z, teR 2.1)

where u is real valued and H denotes the Hilbert transform defined by

Hu(x) := —i Z sgn(n)i,e™*

n#0
here u, = ﬁ foznu(x)e_i’”‘dx are the Fourier coefficients of u. Equation (2.1) is
Hamiltonian with the Hamiltonian function
1Ll 12 \2 13
Hpo(u) = —— S0 u)” — zu’ ) dx (2.2)
2 Jo 2 3

where |dy| is the Fourier multiplier by |n| and the Poisson tensor is Gardner’s one, namely
the Hamiltonian equation associated to a Hamiltonian function H is

i=&VHu) , 2.3)
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where V denotes the L? gradient defined by (VH (1), h) = d H (u)h, forevery h € C°(T). It
is well known that Equation (2.1) is integrable. The Birkhoff coordinates have been introduced
in [14], and further studied in [13, 15-18]. To recall the result of these papers consider the
space H?, C H*(T, R) of the real valued functions u of class H* having zero mean value
and the space h?,_ of the sequences (£,),>1, & € C, such that

2, 2s 2
IE17 ==Y " n* &> < o0
n>1

We also need the notation Hy (T, C) for H* functions with zero mean value.

Theorem 2.1 (Gérard—Kappeler—Topalov, [13, 16, 18]) There exists a map
I_I nyo — I_I hfl/z,
s>—1/2 s>—1/2

u—=> E@u) = (& ())n=1
so that the following properties hold for any s > —1/2.

L. ®:Hj— hfl/z is a diffeomorphism; ® and its inverse ®~', map bounded sets to
bounded sets.

2. The map is symplectic, in the sense that in terms of the variables &, the Hamilton equations
(2.3) take the form

. oH - oH
§n = 185,, §n = —1@ 2.4
3. In terms of the variables & the BO Hamiltonian takes the form
Hpou(§)) = Hy — Hy (2.5
=Y &>, Hi=) [s.(EP1, (2.6)
n>1 n>1
sn(E) =Y 1&l . 2.7)
k>n

In [13, 16] it was also proved that the map & is real analytic, in the sense that, for any
s > —1/2, ¢ extends to a holomorphic map from a complex neighbourhood of Hrs’O in

Hi (T, C) to [/ ARR H_l/z &) hH_l/2 A similar result holds for ®~!. This is crucial for
our application. From now on we will work in the energy space Hr%z.

To state our main result, for any integer N > 1, consider the set of N gap states, namely

12 .

Vizlue Hl§ (el £0. 1sn =N, 6@I=0,n>N| . @8

The positive quantities y,(u) := |£,w)|>,n = 1,..., N, are called the gaps of the state

u € GV . In section 7, remark 7.2(i) of [14], it is proved that GV isadense open subset of the
symplectic 2N -dimensional manifold

Z(P,j(x+aj)—1), r1s....r8) € (0, DN | (ay,...,ay) e TV } |
j=1
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where P, denotes the usual Poisson kernel
P.(x) 1—r2
X)i=———— .
g 1 —2rcosx +r2

Theorem 2.2 Consider a Hamiltonian system with Hamiltonian function
H := Hpgop +¢€P, 2.9)

and assume that there exists N > 1 such that P extends to a real analytic function on a
neighbourhood of GV, which is bounded on bounded sets. Also assume that its Hamiltonian

vector field X p extends to a real analytic function from an open neighbourhood of GV C Hrl,{f

1/2 L. . o
to Hr{) and it is is bounded on bounded sets. Fix two positive parameters 0 < E,, < Ey,

then the following holds true: there exist constants €y, C1, ..., Cs, independent of € s.t. if
le| < €4 and the initial datum ug fulfills
En < |5n(uo)* < Em, Yn<N, (2.10)
> P Eauo)* < Cre!FNVED @.11)
n>N+1

then along the flow of the Hamiltonian system (2.9) one has

&, ())1* = £, (0)]?] < Cpe'/2NTD (2.12)
D a0 < Cae! PNED (2.13)
n>N+1
for all times t fulfilling
Cs
|t] < Csexp (m) . (2.14)

A family of examples of perturbations P fulfilling our assumptions is
2w
Pu) :=f F(x, 3, u(x))dx , (2.15)
0

with F continuous in the first variable and globally analytic in the second variable. This gives
rise to the perturbed Benjamin-Ono equation

du = Ho?u — 3, (u?) + eTlo f(x, 3 ), (2.16)

where I is the projector on states of zero mean:

1 2
Mou :=u — —/ u(x)dx ,
2w 0

and f(x,y) :=0,F(x,y).
A second example is the Hamiltonian variant of the damping used in [12] and is given by

1 2 2 2
Pu) = > (/0 u(x) cosxdx)

1 2
+ = (/ u(x) sinxdx) ,
2 \Jo
which gives rise to the perturbed BO equation
du = HoZu — d,(u?) + € ((u, sin(.)) cos x — (u, cos(.)) sinx) . (2.17)
The fact that this perturbation is Hamiltonian is what guarantees the exponentially long times

of stability of the actions.
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3 Proof of Theorem 2.2
3.1 Scheme of the proof

We recall that, since we are studying large amplitude solutions, the frequencies and the
resonance relations that they fulfill depend on the initial datum, so one has to develop also
the so called geometric part of the proof of Nekhoroshev’s theorem. Here we use Lochak’s
approach to the geometric part.

We recall that Lochak’s proof is based on the idea of first proving long time stability of
resonant tori and then showing that any initial datum falls in the domain of stability of some
resonant torus, thus deducing long time stability of every torus.

We now describe more in detail the two steps and illustrate the way they are developed
here for a perturbation of the BO equation.

First of all we fix a resonant finite gap torus, with gaps y*, ..., vy, and expand the
Hamiltonian of the BO equation close to it. This is done explicitely in Eq. (3.7). One has

N
Hpo(y* +1) = Hpo(y) + ) (0> =2y L+ Y (> = 2yj) 1, — Ha(D) ,
n=1 n>N+1

with y* a linear expression in y,’ (given explicitely by (3.2) and (3.3)) and Hy given by (2.6).
Neglecting the term Hj4 one gets the expression of the linearized Hamiltonian at the torus, in
particular one gets that the frequencies of motion of such a linearized Hamiltonian are given
by

{on() =12 =20 {on) =07 =20y -
If one chooses the gaps y* in such a way that y, (y,) = %” with k1, ..., kn, g € Z then the
linearized dynamics turn out to be periodic with period ¢.

The first important remark by Lochak is that it is particularly simple and effective to make
averages when the unperturbed dynamics is periodic. So the next step consists in averaging
the complete non integrable system close to a fixed resonant torus. However in order to be
able to perform the subsequent steps of the proof one has to be very quantitative and to keep
into account the size of the neighbourhood of the torus in which the normal form is valid and
the dependence of all the constants on the period of the unperturbed dynamics. This is done
in Theorem 3.6, which in turn is obtained by applying the main normal form theorem of [1]
which is recalled in the appendix (see Theorem 3.9). Theorem 3.6 requires as input a precise
estimate of the size of the different parts of the Hamiltonian and of their vector fields in a
complex neighbourhood of the resonant torus. This is obtained in Lemmas 3.4 and 3.5.

Then, in order to describe the result of the normal form theorem and the way the normal
formis used in order to prove stability of the resonant tori we have to introduce some notations.
We denote by %, the Hamiltonian generating the linearized dynamics at the torus:

N
ho(D) =Y (> =2y, + Y (> =2y},

n=1 n>N+1

and remark that, since I, are the difference of the actions and the gaps of the resonant torus
v, they are not necessarily positive, so that 4, is not positive definite. The normal form
Theorem 3.6 ensures the existence of a canonical transformation, defined in a neighbourhood
of size R of the resonant torus, conjugating the Hamiltonian of the perturbed BO equation to
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a Hamiltonian of the form
H =h,—Hi+Z+R

(see (3.41)), where Z has the property that {h,, Z} = 0 and has the same size as the original
perturbation, namely €, while R is a remainder which is exponentially small in the inverse
of

(€ R2
“~—<ﬁ+ )a-

Remark that the small parameter 4« contains the size € of the perturbation, the size R of the
neighbourhood and the period ¢ of the linearized dynamics at the torus.

We describe now how to use such a normal form to show that the resonant torus is
stable over long times. To this end remark that if in H’ one neglects the exponentially small
remainder R, then one has two integrals of motion, namely H' and A,,. If one considers also
the remainder, then 4, is no more an integral of motion, but it moves by a small quantity
over very long times (while H’ remains an integral of motion). We aim now at exploiting the
convexity of Hy in order to control the motion of each one of the actions. To this end write
the conservation of energy for H': evaluating at ¢ = O or at a general instant of time, one has

heo(t) — Ha(t) + Z(t) + R(1) = he(0) — Ha(0) + Z(0) + R(0) ;
reorganizing the terms and using the triangular inequality, one gets
Hy (1) < 1ho(t) = hoO) + 1Z(O] + |Z(0)] + [R@®)]| + IRO)| + Ha(0) .

Now, all the terms in the right hand side are small over exponentially long times, at least if
H4(0) is small, i.e., if the initial datum is close to the resonant torus. Then the explicit form
of Hy allows us to ensure that all the quantities s; are small at time ¢, and therefore that the
solution is close to the resonant torus at time #. However the situation is slightly subtler since
one needs closeness in some H* topology, namely a topology in which one can ensure the
perturbation to be small. However the topology in which Hj is convex is weaker than an
H* topology. So, in order to conclude the proof one also uses the almost conservation of
he: the fact that h,,(¢) is small provides some additional information and allows us control
the distance of the solution from the resonant torus in the energy norm. This is obtained in
Sect. 3.3.

After establishing the long time stability of resonant tori one wants to extend stability to
general finite gap tori.

Let us fix a torus whose stability has to be studied. This is done by fixing its gaps, say
ylo, ey yl(\),, correspondingly one gets a sequence of frequency modulations y?, ey y?,, and
one looks for a resonant sequence yj, ..., yji, close to it. This is done by using Dirichlet
theorem, according to which, for any Q > 1 there existky,...,.ky € ZandZ4+ 359 < Q
such that

o_ki 1
j

<
g~ qQN’

By the fact that the map y — y is invertible, one then identifies a torus with gaps y*, at

Vi=1,...,N.

1/2
a distance R >~ O (W) from the original one, on which the linearized dynamics is

periodic with period ¢. Thus, the actions remain close to the actions of the resonant torus for
a time exponentially long with the inverse of

€ 2\ . €4 1 2L 1
(o )a o gm0+ i
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therefore they also remain close to their initial value. Choosing Q in such a way that the two
terms of the small parameter are equal, one gets the wanted exponential estimate valid for
all initial data.

We emphasize that a few technical points have also to be taken into account: they are
related to the fact that the above conservation arguments are presented in the coordinates
introduced by the normalizing change of coordinate, which is different for different resonant
tori. The other point is that one has to show that the domain in which the normal form is
performed is not left by the initial data one is studying. This is the heart of the proof of
Theorem 3.8.

3.2 Normal form close to resonant tori

From now on, in order to take advantage of the analyticity assumption of the Hamiltonian
function, we work in the complexification of the phase space, which means that the variables
&, have to be considered as independent of é,,, so we will consider as phase space ! =
hj_ ® hi_ and a point of k! will be denoted &, n = ((En)n=1, Mn)n>1). The real subspace
then corresponds to 1, = &,.

3.2.1 Preliminary estimates

Following [14] we will denote by y,, := &,n, the gaps. We now recall some formulae from
[17]. In terms of the Birkhoff coordinates the BO equation takes the form

£ =i0n()& . i = —iwp(y)n, n>1 3.1)
with
op(y) =0 =20(y) ) =) siy), (32)
=1
and
sy =Y n, 1=1. (3.3)
k>l

By these formulae it is easy to see that the nonlinear correction to the action to frequency
map, namely the map y +— y, is invertible and its inverse is

Yn(¥) ' =2Yn — Y41 — Yn-1, n =1, (3.4)

with the convention yo := 0. We remark that w, (y) are the frequency of motion on the torus
corresponding to the state with actions y.
In particular it follows that for N-gap states one has y, = yy Yn > N + 1, and viceversa,

given any N dimensional vector (yi, ..., yn) with the open condition yy > yy_; and
2Yp > Ynt1 + Yn—1.n=1,..., N — 1, one gets a corresponding N gap state.
Fix now a reference N dimensional invariant torus with gaps y* = (y/', ..., yy) that we

will also assume to fulfill

En<v, <Em, Vn=1,...,N; (3.5)
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correspondingly we consider the “frequency vector” y* = (»f, ..., yy) defined by (3.2),
(3.3). In particular we thus have

—1 N(N +1
[yl < n(N—”2 )EME%EMsNZEM. (3.6)
We expand the BO Hamiltonian at y*. Writing I, :== y, —y,,,n =1,..., N, and I, :=

yn.n > N + 1, one gets, having set y,* := 0forn > N + 1,

o0

Hpo(I+y*) =Y n’(y + 1) = Y _[sa(v™) + sa (DT

n=1

n=1
N N %] o) 00
=Y nE =Y IO+ Y L =2 su(yFsa(D) = Y [sa(DF
n=1 n=1 n=1 n=1

n=1

=Hpo(y") + > _n*L, =2 sa(y™) | D I | — Ha(D)
n=1 n=1

k>n

o0 o0
=Hgo(y*)+ Y _nL, =2 Ik | Y su(y™) | = Ha(I)
n=1 k=1

n<k

N
=Hgo(y")+ Y (0* =290+ > (0® =2y})ya — Ha(I) . (3.7)
n=1 n>N+1

We now introduce action angle variables for the first N modes, namely we introduce
variables (/,,, ¢,,),}1V=1 by

g, =1, , n,=VIe ¥, n=1,...,N. (3.8)

The variables in the phase space will now be

<<1n>,’,V:1, DN 1, EDnzNt1, (n,,)nzw) :

and the BO-Hamiltonian turns out to be (3.7) with
Ih=yo=6&m,, Yn>=N+1,

namely the gaps of index larger than N must be considered as functions of the Birkhoff
coordinates.

We will call C the map that to the variables (1, ¢, (§1)n>n+1» (Mn)n>n-1) @ssociates the
Birkhoff variables, namely -

C (1.6 Enlaznvsr - (azys) = <(55>n21 : (nf)@) (3.9)
with

B {1/In+yn*ei¢" ifn=1,....N,

T g, sifn>N+1

*a—in 3 —
pB o= | VI tyie? ifn=1,....N, (3.10)
" M ifn>N+1
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Since we work in the complex extension of the phase space the variables I, ¢ will be
assumed to be complex.

Definition 3.1 A state will be said to be real if one has
I,eR, ¢,€T n=1,...,N, (3.11)
M =&, Yn>N+1. (3.12)

We now define the norm in the phase space. It will depend on a parameter R which will be
eventually linked to €. So we define

N
n?|1,|

Iz, ¢, &l ="

n=1

et osw Rigal+ | 3 n2 (G +mP) . (13)
n=1 N n>N+1

.....

From now on the balls will be intended with respect to this norm. The complex ball with
center u and radius R in this norm will be denoted by Bg, (u).
A function which will play a fundamental role in the rest of the paper is

N
ho =Y (0> =250+ Y (P=250)n s Vai=Enlu . (3.14)
n=1 n>N+1

We now define the domain G which will then be extended to the complex domain in order to
apply Theorem 3.9.
We fix a parameter €| and define

Gi={u=(,¢,6n : uisreal, Hy(I) <€, ho(I) <e1}, (3.15)
Gr = U Br(u) . (3.16)
ueg

Most of the time, the balls will be taken of radius R with R the same parameter in the
definition of the norm (3.13).

From now on we will use the notation a < b in order to mean “there exists a constant C
independent of €, €1, R such thata < Cb ™.

A first property of the states in G is given by the next lemma

Lemma3.2 Foru= (I, ¢,&,n) € G one has

€1

Isul < — (3.17)
n
I,| <2, n=1,....N (3.18)
> nu <er (3.19)
n>N+1
Iyl < €1 . (3.20)

Proof By the reality of the state one gets s, € R, thus (2.6) implies

[snl < €1, Vn > 1
[T = Isp — Snt1] < 2€1, n=1,...,N,
Oy =e, n>N+1.
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We come to (3.19), (3.20). First we fix L such that (L + 1)% — 2yy = (L + 1)2/2‘ Notice
that the size of L is controlled by Ej,. Then we have

N L
Z nzyn =< Z (}12 - 2)’;/))/11 =hy — Z(”2 - Zy;,k)ln - Z (”2 - 2)’;’;/)%1

n>L+1 n>L+1 n=1 n=N+1
N L
<e+ Yy 2D+ Y 0+ 290)m <€,
n=l1 n=N+1

where we have used /., < €1 on G. This implies also anN-H n2y,, < €].
Now, one has, for/ > N + 1,

a=Yn=3"% zyk_ LY Bus =5 (3.21)

k>1 k>1 k>N+1

which clearly holds also for n < N. This gives

|Val < Z Isi] < €1 Z (3.22)

>1

O
Lemma 3.3 Foru € Gg one has
I, <e1+R*, n=1,....N (3.23)
€1 + R?
Isnl <= —— (3.24)
n
2 2

S Pyazea+ R, (3.25)

n>N+1
lynl < €1+ R*. (3.26)

Proof Recall that

N 2

n-|1,|

I ¢, 6l =D ==+ sup Rl + > a2 (1l + ) .
n=1 =2 n>N+1

First one clearly has |1,| < 2¢; + R%. Then,letu = (I, ¢,&,n) € G, u' =1, ¢, €, 1) €

Br(0). By the triangle inequality, we have

DO o2+ ELRL D < | Y0 n2(E2+ ) + R

n>N+1 n>N+1
<Je1+R.
Inserting in (3.21) and in (3.22) (mutatis mutandis), one gets the estimate of s, and of y,. O
Lemma3.4 Foru € Gg one has
|Hy(u)| < €] + R*, (3.27)
% | X1, )| < e + R*. (3.28)
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Proof The computation of the supremum of Hy is trivial in view of (3.24). To estimate the
vector field of Hy, just remark that it is given by

0, 2yy, 12y,€n, —12ynnn) , (3.29)

with y, the function of I, and y, given by (3.2) and (3.3). Using the definition of the norm
one estimates the norm of (3.29) by twice the following quantity,

2
R sup |yal+ (sup |yn|) D 2 (&P + )
N

n=N+1 n>N+1
which, by Lemma 3.3, immediately gives (3.28). O

Lemma 3.5 Under the assumptions of Theorem 2.2, provided R and €| are small enough,
one has

sup |[P(u)| <1 (3.30)
ueGp

1
sup [ Xp(uw)l| < — . 3.31)
uegp R

Proof First we define the N- gap manifold in action-angle-Birkhoff coordinates by
gy ={Emen' : g=iandg, =n, =0Vn=N+1},

and extend it to the complex domain by defining g}?,, p = U, Gh BL‘I (u).
Then we remark that, by Lemma 3.2 one has that

C@GN{Gn, ) =0,Yn =N +1})

is a bounded subset of G 5, thus, by Lemma 3.3, provided €; and R are small enough, one
has that

CGR) C Gy c(ryyep * (3.32)

and furthermore the set in the left hand side is bounded. Furthermore, if R and €; are small
enough, then C(Gg) is in the domain of analyticity of ® and furthermore ®(C(Gr)) is con-
tained in the domain of analyticity and boundedness of P and of its vector field. It follows
that

sup |[P(@(Cw)| < 1. (3.33)

ueGpr

since the supremum is taken over a domain smaller than the domain of boundedness of P.
Furthermore, since

Xpoo(u) = (D) ' Xp(@))
one also has

sup [[Xpoap(C))|l < 1. (3.34)

ueGpr

We still have to introduce the action angle variables. To this end we use X pogoc (1) =
[alC(u)]_1 Xpoo(C(u)). We compute now dC. To this end remark first that this linear map is
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the identity on the modes with index larger than N, so consider the smaller indexes: denoting
&' )T =dC)(hy, hy)T, one has, forn < N,

eitn

= ey, +iy/Iy + v h
&, zm Iy nT Yy n
hln - iV In + Vl;ke_i¢nh¢n

—l¢
, e n

M = —F———
2Lty

whose inverse linear map is

hi, = (&7 + ) /I, + v,
. . 1
h — /e_1¢n _ el¢n [——
o (‘i:n N ) i m
To evaluate the norm of this map, we compute

[tacan&. 7| = ;inz s,

n=1 b

If [1,] < y,f/2, which is ensured by R? < E,,/8, the second term in the right hand side
is bounded uniformly in R. The first term is bounded by a constant times R~!, so one gets
(3.31). O

3.2.2 Normal form

From now on we take

€1 =R?, (3.35)

so that, on Gg, one has
|Hy) < R*, | Xp,| < R (3.36)
Pl =€, IXerl % - (3.37)

We now fix a resonant torus, make a normal form close to it and use %, and the energy
as Lyapunov functions in order to prove long time stability of this torus. For definiteness we
avoid here the use of the symbol <.

Theorem 3.6 Under the assumptions of Theorem 2.2, assume that

k
y::i, }’l=1,...,N,
q
with ki, ..., k,, q € Z4, then there exist positive constants Ly, K1, ..., Ks (independento
of ky, and q) such that, if
€
ni=(R*+ 224 < /2. (3.38)

then there exists an analytic canonical transformation T : G3gja — Ggr with T (G3gr/4) D
GRry2 which is close to identity, namely

€
sup Jlu —T W < K, 29" (3.39)

ueGsr/a
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sup u—T"'w)| < Kisq, (3.40)
u€Gr2 R
and is such that
HoT=h,—Hi+Z+7R, (3.41)
with
o Z is analytic on G3 g4 toghether with its Hamiltonian vector field and fulfills
€
sup |Z(w)| < Kze,  sup [[Xzw)| < K3z—, (3.42)
ueGsr/a ue€GsR/4 R
furthermore it is in normal form, namely one has
{he, Z} = dhyu)Xz(u) =0, VYu € Gagya - (3.43)
e R is analytic on G3g /4 toghether with its Hamiltonian vector field and fulfills
M
sup |R(u)| < Kqeexp (——) , (3.44)
ueGsg/a M
€
sup | Xr@)ll = Ks5— exp (—&) ) (3.45)
u€G3r/a R M

Proof The theorem is a direct application of Theorem 3.9 of the appendix: it is obtained by
inserting the values of the constants obtained from Lemmas 3.4, 3.5. We just remark that we

have
1 € 3¢+ R* 3¢ + R*
~— 5 =€ 7 €.
R2 9% T5R 9¢ +5R
Applying Remark 3.10, one also gets the following result.
Remark 3.7 By the above preliminary estimates one has
sup |, ()] < R?,
ueGpr
so that, by (A.15), we have
sup  |ho () — ho(T ()| < €q
u€G3r/a
sup |Ha(u) — Hy(T )| < Req
u€G3R /4

and similarly with T replaced by 7.

3.3 Stability of resonant tori

From the above theorem and remark one gets the stability of resonant tori.

(3.46)

(3.47)

(3.48)
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Theorem 3.8 There exist positive constants , < 1 and K, K > 1 with the Sfollowing
properties: assume

2 R4
m< ps/2, €=+ ei?, (3.49)
and consider initial data ugy with
R? R2\’
he(ug) < - Hy(up) < <7> . (3.50)
Then, for all times t fulfilling
R* s
< — —, 3.51
|I_K66XP<M) (3.51)
the solution of the perturbed BO equation (2.3), (2.9), fulfills
ho(®) < R*,  Hau(®) < R* (3.52)

and in particular, in view of (3.15) and (3.35), u(t) € G.

Proof We proceed by a bootstrap argument. Assume that there exists ¢ satisfying (3.51) and
such that (3.52) does not hold. Denote by #* a time of minimal absolute value satisfying
(3.51) and such that

hou@*) = R? or Hi(u(t*)) = R*, (3.53)

and let us look for a contradiction. First, in view of (3.53), we can make the canonical
transformation 7 provided by Theorem 3.6 near the trajectory for |¢| < |¢*], and we set, for
[t] < |t*],

u=TW), ho) :=ho@®), hy,®) =he,W'®),

and similarly for Hs. From (3.50) and (3.47) we have, with a constant C that can change
from line to line,

R2
|, (0)] < - +Ceq

and therefore, since

R R? ¢
|,| = l{he, RY = |dho X R =C g exp (—%) (3.54)
one has
ho(t) < |he(t) — hy, ()] 4 |hy, (1) = i, (0)] + |7, (0)] (3.55)
s R?
<2eqC+ Ceexp| —— ) |t + > (3.56)
w
which, provided
R2 s R2
2¢qC < —, Ceexp|—— | |t| < — (3.57)
8 1% 8

is not bigger than 3R? /4. In particular A, (1*) < 3R?/4. Notice that the second estimate of
(3.57) is ensured by (3.51) and the first one by (3.49).
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We come to Hy. Exploiting the conservation of the Hamiltonian (3.41), one gets
Hy(t) — Hy(0) = hy,(t) — h,,(0) + Z(1) — Z(0) + R(1) — R(0) ,

which gives

|Hy(t) — Hy(0)| < Ceexp (—&> |t| +2Ce + 2K 4€ exp (—&> ,
" 7
taking also into account (3.48) one gets
Hy(1) < Hy(0) + | Hy(0) — Hy(0)| + |Ha(t) — Hj(0)| + | Hy(t) — H}(0)]

R4 2 M*
ST—i—CR €eq+Ce+Ceexp| —— ) It];
"

thus, if each term (but the first) is smaller than R*/16 one gets that Hy (%) < 7TR*/16. Again,
this is ensured by (3.49) and (3.51). Summing up, we have proved

ho(t*) < 3R?/4, Hy(t*) < TR*/16,

which obviously contradicts (3.53). ]

3.4 Stability of finite gap tori

Proof of Theorem 2.2 We take now an initial datum é,? fulfilling (2.10). We also assume,
instead of (2.11)

D g < e, (3.58)

n>N+1

with €; to be determined later. We look for a resonant torus close to it. Consider y,? = |§,? 12,
forn = 1,..., N. We approximate the torus with gaps yno by a resonant torus. To this end
define y,? by (3.2) so that | y,?| < N2Ej and use Dirichlet’s theorem to approximate y,? by a
rational vector. Indeed Dirichlet’s theorem ensures that for every Q > 1 there exist integers
ki,...,ky,q € Z with 1 < g < Q such that

1
T

We now define y; := k,/q and correspondingly y,* by (3.6) and (3.4). Choosing Q >
(N2Ey)~N, which is obviously granted by the choice (3.69) below, we have

o kn

w2 n=1,....N (3.59)

4 2
|ny| =< 2NzEM , ‘V: - Vr?| =< W s |Sn(7/0) —sp(y™I < W . (3.60)

We can now compute /., (0): passing to the action variables [,,, we have

N N

4
Z(”lz +2y,) Ul < X:(n2 +4N2EM)W
n=1 n=l1

4 20N3Ey

< (N*+4N3Ey) < :
40N = "gQN
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assuming E)y; > 1, from which one also has

2
|yj§,| 2 2N’Ey
> allelf = o2 Y APl = e < 2Ewe
n=N+1 (N+1) n>N+1 (N +1)
This gives
al 2
ho =Y (" =2y L+ Y 0> —2y3) [&])] (3.61)
= n>=N+1
20N3Ey
SW + 62+4EM€2 . (362)
Taking
_10N?
€) = W , (363)
one gets
20N3Ey
e(l1+4Ey) < W ;
and therefore
4ON3E
ho(0) < ——
qQ'/N
We come to Hs. Working as in (3.21), one gets
N ) 2
Hy(0) <) <W> +Ke; (3.64)
n=1

where K = anNH n~* < 1.So, observing that €; > ‘/ﬁqul/N is granted by (3.63), one
gets

Hy(0) < (K 4 1e3 < 265 . (3.65)
In order to ensure (3.50), we take

A0N3E

2. _
R = qu/N

(3.66)
We now aim at applying Theorem 3.8. Then we would like to optimize the value of Q in
order to maximize the time of validity of the estimates. Inserting (3.66) in (3.38) we get (with
a suitable C)

1 1
usc( QI/N+6qQ1/N>q<C(Q1/N+6Q2+1/N) : (3.67)

This would lead to choose Q by imposing the two terms in brackets to be equal. This would
give

0 = T | (3.68)
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but we also have to ensure the validity of the last inequality in (3.49), while (3.68) can only
ensure R* > (40N3 Ejr)%e, which is not necessarily bigger than K €. For this reason we take

= |max{———-7,1¢€ ; 3.69
Q (40N3E )2 ( )
so that
1
3 2NFD
2_40]51va:€ + jem, M=<R2+%>q:€m. (3.70)
q q

In particular, concerning the second estimate, we remark that, by the Dirichlet theorem, ¢ is
smaller than Q, but it can be of order 1. Inserting in the different estimates one concludes
the proof. O

Appendix A. Normal form close to resonant states

In this appendix we recall the normal form theorem from [1] that we use in Theorem 3.6 in
order to prove stability of resonant finite gap solutions in Theorem 3.8.

Let P be a weakly symplectic space that we will also assume to be a Hilbert space. Given
a smooth Hamiltonian function H we will denote by Xy the corresponding Hamiltonian
vector field.

First we define the family of domains in which the normal form theorem holds. Consider
the complexification PCofPandletG C Pbea (real) domain. For R > 0 we consider the
domain

Gr = | Br(w)
ueg

where Br(u) C PC is the open complex ball of radius R and center u.
Then we consider a Hamiltonian of the form

H(u) = hy(u) + h(u) + P(u) , (A1)

where h,, will be considered as the unperturbed Hamiltonian and will be assumed to generate
a periodic flow, l;(u) will be assumed to Poisson commute with %, while P will be the true
perturbation.

Precisely we assume that

HO) h,, is a non homeogeneous smooth quadratic polynomial on PC.

HI1) There exists a dense subset D C PC where the vector field X}, is defined. By HO X,
is a linear affine operator that we assume to generate a flow ®' of unitary operators.

H2) The flow &' is periodic of period 27 /w, namely

T = @' (A2)
Concerning h we assume
QD h extends to a bounded analytic function on Gg. We denote by Ej a constant such that
sup |h(u)| < E . (A3)

ueGpr
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Q2) The Hamiltonian vector field X, of h extends to a bounded analytic function from G to
PC. We denote by wp a constant such that

1
— sup [|X; )] < wp . (A4)
R ueGr h

Q3) h Poisson commutes with h,, namely one has
[ i} @) = dho@ X0 =0, Ve Gr.

Finally, concerning the perturbation P we assume

P1) P extends to a bounded analytic function on Gg. We denote by E a constant such that
sup |[P(u)| < E. (A5)
ueGp

P2) The Hamiltonian vector field X p of P extends to a bounded analytic function from Gg
to PC. We denote by wp a constant such that

1
R Sup IXp)l = wp . (A.6)

ueGpr

Theorem 3.9 (Theorem 4.4 of [1] with fj =r = g = 0) Denote

20p(3E + E
W= 2667,M . EY:=—max{E, 20p(3E + Eo) ’ (A7)
9wp + Swy
then the following holds true: if
1
—, A8
m<3 (A.8)

then there exists an analytic canonical transformation T : G3gja — Gg with T (G3gr/4) D
GRry2, which is close to identity, namely

sup flu—Twl <47RZE | sup Ju—T"'w)| <4xRZE (A.9)
u€G3R/4 w ueGry2 @
and is such that
HoT =h,+h+Z+R, (A.10)
with
o Z is analytic on G3g /4 together with its Hamiltonian vector field and fulfills
1
sup |Zw)| <2E*, — sup Xzl <2wp, (A.11)
u€G3R/4 u€Gsgr/a

furthermore it is in normal form, namely one has

{he; Z} () = dhy,(W)Xz(u) =0, VYu € Gaga - (A.12)
o R is analytic on G3g 4 together with its Hamiltonian vector field and fulfills
. 1
sup |R(u)| < E” exp (——) , (A.13)
u€GaR/4 M
1 1
— sup [ Xr@)l| <ewpexp|——| . (A.14)
R ll€g3R/4 M
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Remark 3.10 By the Cauchy estimate of the differential and (A.9), if F is analytic from Gg
to PC, then one has

wp
sup || F(u) — F(T@)l <8 — sup [F)|l , (A.15)
u€GiR/a W ueGp
- wp
sup [|F(w) — F(T~'w)| < 8r— sup [F)| , (A.16)
ueGr2 @ ueGp

Acknowledgements The first author is supported by the PRIN project 2020XB3EFL Hamiltonian and dis-
persive PDEs and by GNFM. The second author is supported by the project ANR-23-CE40-0015-01. This
material is based upon work supported by the Swedish Research Council under grant no. 2021-06594 while
the authors were in residence at Institut Mittag-Leffler in Djursholm, Sweden during the research program
“Order and Randomness in Partial Differential Equations”, August 30 - December 8, 2023.

Funding Open access funding provided by Universita degli Studi di Milano within the CRUI-CARE
Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bambusi, D.: Nekhoroshev theorem for small amplitude solutions in nonlinear Schrédinger equation.
Math. Z. 130, 345-387 (1999)

2. Bambusi, D.: Birkhoff normal form for some nonlinear PDEs. Commun. Math. Phys. 234, 253-283 (2003)

3. Bambusi, D., Giorgilli, A.: Exponential stability of states close to resonance in infinite-dimensional
Hamiltonian systems. J. Stat. Phys. 71(3—4), 569-606 (1993)

4. Bambusi, D., Grébert, B.: Birkhoff normal form for partial differential equations with tame modulus.
Duke Math. J. 135(3), 507-567 (2006)

5. Bambusi, D., Delort, J.-M., Grébert, B., Szeftel, J.: Almost global existence for Hamiltonian semilinear
Klein—-Gordon equations with small Cauchy data on Zoll manifolds. Commun. Pure Appl. Math. 60(11),
1665-1690 (2007)

6. Bambusi, D., Feola, R., Montalto, R.: Almost global existence for some Hamiltonian PDEs with small
Cauchy data on general tori. Commun. Math. Phys. 405(1), 50 (2024). (MR4694422)

7. Bernier, J., Grébert, B.: Long time dynamics for generalized Korteweg—de Vries and Benjamin—Ono
equations. Arch. Ration. Mech. Anal. 241(3), 1139-1241 (2021)

8. Bernier, J., Faou, E., Grébert, B.: Rational normal forms and stability of small solutions to nonlinear
Schrédinger equations. Ann. PDE 6(2), 65 (2020)

9. Bourgain, J.: Construction of approximative and almost periodic solutions of perturbed linear Schrodinger
and wave equations. Geom. Funct. Anal. 6(2), 201-230 (1996)

10. Bourgain, J.: On diffusion in high-dimensional Hamiltonian systems and PDE. J. Anal. Math. 80, 1-35
(2000)

11. Bourgain, J., Kaloshin, V.: On diffusion in high-dimensional Hamiltonian systems. J. Funct. Anal. 229(1),
1-61 (2005)

12. Gassot, L.: Long time behavior of solutions for a damped Benjamin—-Ono equation. Math. Z. 300(2),
1939-2006 (2022)

13. Gérard, P., Kappeler, T., Topalov, P.: On the analyticity of the nonlinear Fourier transform of the Benjamin—
Ono equation on T (2021). arXiv:2109.08988

14. Gérard, P., Kappeler, T.: On the integrability of the Benjamin—Ono equation on the torus. Commun. Pure
Appl. Math. 74(8), 1685-1747 (2021)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2109.08988

54

Page 20 of 20 D. Bambusi, P. Gérard

20.

21.

. Gérard, P., Kappeler, T., Topalov, P.: On the spectrum of the Lax operator of the Benjamin—Ono equation

on the torus. J. Funct. Anal. 279(12), 75 (2020)

Gérard, P., Kappeler, T., Topalov, P.: On the analytic Birkhoff normal form of the Benjamin—Ono equation
and applications. Nonlinear Anal. 216, 32 (2022)

Gérard, P, Kappeler, T., Topalov, P.. On the Benjamin—-Ono equation on T and its periodic and
quasiperiodic solutions. J. Spectr. Theory 12(1), 169-193 (2022)

Gérard, P., Kappeler, T., Topalov, P.: Sharp well-posedness results of the Benjamin-Ono equation in
H* (T, R) and qualitative properties of its. Acta Math. 231(1), 31-88 (2023)

Kappeler, T., Montalto, R.: On the stability of periodic multi-solitons of the KdV equation. Commun.
Math. Phys. 385(3), 1871-1956 (2021)

Lochak, P.: Canonical perturbation theory via simultaneous approximation. Russ. Math. Surv. 47(6),
57-133 (1992)

Lochak, P., Neishtadt, A.L: Estimates of stability time for nearly integrable systems with a quasiconvex
Hamiltonian. Chaos 2(4), 495-499 (1992)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	A Nekhoroshev theorem for some perturbations of the Benjamin-Ono equation with initial data close to finite gap tori
	Abstract
	1 Introduction
	2 Main result
	3 Proof of Theorem 2.2
	3.1 Scheme of the proof
	3.2 Normal form close to resonant tori
	3.2.1 Preliminary estimates
	3.2.2 Normal form

	3.3 Stability of resonant tori
	3.4 Stability of finite gap tori

	Appendix A. Normal form close to resonant states
	Acknowledgements
	References


