Model Completeness for Rational Trees*

Silvio Ghllal’dll(lg) [0000—0001—6449—6883] and Lia M. Poidomanil [0009—0003—-7769—328X]

IDipartimento di Matematica, Universita degli Studi di Milano (Italy)
silvio.ghilardi@unimi.it
http://users.mat.unimi.it/users/ghilardi/
lia.poidomani®@hotmail.it

Abstract. We analyze the theory of rational trees with finitely many construc-
tors, infinitely many atoms and an atomicity predicate. We design a new decision
procedure, proving in addition that this theory is model-complete. We also show
that the enrichment of the language with selectors and simultaneous parametric
fixpoints enjoys quantifier elimination.
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1 Introduction

The theory of finite and infinite trees deserves special attention in computer science ap-
plications for its capability of representing both algebraic and co-algebraic datatypes,
including for instance (acyclic or even cyclic) lists, streams, etc. The theory has been
largely investigated by the logic programming community since its early days [3, 8]
and various results have been proved about it, including decidability in the full ele-
mentary language [12], albeit within very high (actually non elementary) complexity
bounds [21]. The automated reasoning community gave some contributions too, focus-
ing especially on the more restricted constraint solving fragment [20].

Deciding satisfiability of the elementary theory of finite and infinite trees cannot
be obtained via quantifier elimination, as pointed out in the comprehensive and de-
tailed paper [4], which improves and extends classical results from [12]. In fact, the
normalizations performed by the algorithms proposed in these papers prove that every
formula is equivalent to a Boolean combination of special kinds of primitive formulae
(thus giving, in terms of prenex forms, a reduction to a Ag = 3*V*NV*I*-class), but not
to a quantifier-free formula. The impossibility of full quantifier-elimination can indeed
be shown by easy counterexamples. However, quantifier elimination is a nice and de-
sirable property, for instance it facilitates the computation of interpolants [10], whose
employment in verification applications is widely recognized [15].

From the point of view of ‘abstract logical nonsense’, quantifier elimination can be
in principle always obtained, by the trivial enlargement of the language naming every
formula by a fresh atomic predicate. More concretely, it often happens that manageable
enrichments of the language are sufficient to achieve quantifier elimination: a classi-
cal example in this sense is the theory of real closed fields which becomes quantifier-
eliminable after adding to the language the ordering predicate (this is easily seen to be

* The first author is supported by INAAM’s GNSAGA group.



2 S. Ghilardi and L. Poidomani

definable in the theory, because ‘being positive’ turns out to be equivalent to ‘being a
square’). A more complicated, but still manageable example is linear integer arithmetic,
where in order to obtain quantifier elimination it is sufficient to enrich the language with
the infinitely many definable binary predicates expressing ‘equivalence modulo n’.

We take into consideration the variant of the theory of trees whose signature has
finitely many constructors, infinitely many constants symbols and an atomicity predi-
cate. We feel that this variant of the theory is rather natural to consider, especially in
verification applications, where constants can represent infinite data (maybe constrained
by richer theories describing their internal structure). The problem we are addressing
in this paper is: what is the price to pay (in terms of language enrichments) to achieve
quantifier elimination for the above theory? In [14] quantifier elimination is obtained
by introducing ad hoc syntactic entities (called ‘terms with pointers’) and applying to
them an extension of the classical Mal’cev quantifier elimination algorithm for finite
trees [13]. In this paper we stay inside the native first order language and we prove
that our theory is model-complete by introducing a novel technique based on defin-
ability analysis; as a by-product, we achieve full quantifier elimination by enriching
the language with extra operation symbols for selectors and simultaneous parametric
fixpoints.

The paper is structured as follows: Sections 2, 3 introduce preliminary definitions,
our variant of the theory of trees and establish some basic properties; Section 4 gives
a new decision procedure for constraint solving problems using graph representations,
bisimulations and congruence closure. Section 5 introduces our main technical tool,
namely definability in existential formulae; Section 6 proves first model-completeness
and then shows how to enrich the language to achieve full quantifier elimination. Sec-
tion 7 concludes and discusses further improvements. The paper is meant to be self-
contained; we moved to the online available extended version

http://users.mat.unimi.it/users/ghilardi/allegati/GP_IJCAR24.pdf
the proofs of few results which are either well-known or rather straightforward. Such
extended version contains also a thorough comparison with the approach of some rele-
vant papers from the literature like [4] and [14].

2 Preliminaries

We adopt the usual first-order syntactic notions of signature, term, atom, literal,
(ground) formula, and so on; our signatures always include equality. We compactly
represent a tuple of distinct variables as x. The notation #(x), ¢ (x) means that the term
t, the formula ¢ has free variables included in the tuple x. Since our tuples of variables
are assumed to be formed by distinct elements, we underline that when we write e.g.
¢ (x,y), we mean that the tuples x,y are made of distinct variables and are also disjoint
from each other. Notations like ¢ (z/x) are used to denote substitutions.

A formula is said to be universal (resp., existential) if it has the form Vx¢(x,y)
(resp., Ix ¢ (x,y)), where ¢ is quantifier-free. Formulae with no free variables are called
sentences. A constraint is a conjunction of literals; a primitive formula is obtained from
a constraint by prefixing it a finite string of existential quantifiers.
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From the semantic side, given a signature X, we use the standard notion of a X-
structure M and of truth of a formula in a X-structure under a free variables assignment.
A X-theory T is a set of X-sentences; a model of T is a X-structure M where all
sentences in 7 are true. We use the standard notation 7 |= ¢ to say that ¢ is T -valid,
i.e. true in all models of T for every assignment to the variables occurring free in ¢. We
say that two formulae ¢ and y are 7T -equivalent iff ¢ <> y is T-valid. A theory 7 is
complete iff for every sentence @, either ¢ or —¢ is 7 -valid. Complete theories can be
obtained from any X-structure M by taking the set of the X-sentences that are true in
M (such a theory is denoted by Th(M)).

We say that ¢ is T -satisfiable iff there is a model M of T and an assignment to the
variables occurring free in ¢ making ¢ true in M. The elementary (resp. constraint)
satisfiability problem for T is the following: we are given a formula (resp. a constraint)
¢(x) and we are asked whether there exist a model M of 7 and an assignment ¢ to the
free variables x such that M, o |= ¢ (x) holds, i.e. such that ¢ is true in M under such
assignment.

A theory T has quantifier elimination iff for every formula ¢(x) in the signature
of 7 there is a quantifier-free formula ¢'(x) such that 7 = ¢(x) <> ¢'(x). We shall
be interested also into a condition that is weaker than quantifier elimination, namely
model-completeness. Such a notion is usually defined semantically (as the fact that an
embedding between two models of the theory is elementary), however there is a well-
known equivalent syntactic definition that we are going to extensively use (see [2], Thm.
3.5.1). This equivalent definition is supplied by the following:

Definition 1. A theory T is said to be model-complete iff every existential formula
x¢(x,y) in the signature of T is T -equivalent to a universal formula Vx' ¢'(x',y).

Notice that, keeping in mind prenex normal forms and the interdefinability of uni-
versal and existential quantifiers, it turns out that in a model complete theory every
formula whatsoever is T -equivalent to both a universal and an existential formula; con-
sequently, model-completeness reduces the elementary satisfiability problem to the con-
straint satisfiability problem.

3 X-trees

In the whole paper we fix a signature (let us call it X) containing: (i) infinitely many
individual constants, (ii) finitely many function symbols hy,... hy of respective ari-
ties ary,...,ary > 1 and (iii) a unary predicate At. Symbols hy,... hy are called X-

constructors or just constructors. We use letters f,g, ... for constructors or constants of
Y. We now define X-labelled trees.

A tree T is a set of finite lists of positive natural numbers satisfying the following
three conditions; (1) the empty list € belongs to T'; (2) T is prefix-closed,i.e cxT€ T
implies ¢ € T (here * is list concatenation); (3) if for some positive numbers n,m we
haven<mand oxme T,thenoxneT.

The elements of a tree T are called nodes and the node € is called the root of T
given anode o € T, the set T, = {t | o T € T} is a tree itself, called the o-subtree of
T. A subtree of T is a o-subtree of T for some ¢ € T.
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A X-labelled tree (or just a X-tree) is a pair (T,A) such that T is a tree and A is a
map A : T — X that associates with every node o of T a constructor or a constant in
such a way that if A (o) has arity n, then ¢ has precisely n-successors. The latter means
that for every i > 1, we have o xi € T iff i < n (as a special case, ¢ i never belongs to
T in case A(0) is a constant).

Given a node ¢ in a Z-tree (T,A), the o-subtree T of T can be endowed with
a X-tree structure (75,Ag) by putting Ag(7) = A(0 x T) for every T € Ts. The X-
subtrees of (T,A) are the X-trees of the form (75,As), varying ¢ among the nodes
of T. If A(0) is a constructor whose arity is n, we call T-successors of ¢ the Z-trees
(Tos1,MA651)s- -+ (Tosn, Acsn); if A(0) is a constant, 6 does not have T-successors and
is said to be a leaf of T and of (T, A).

Remark 1. If (T, A) is a Z-tree, we use the notation (o, f) € (T,A) to mean that 6 € T
and A(o) = f. The above notation can be used in order to define a X-tree (T,A) by
specifying by induction on the length of ¢ whether (o, f) € (T,A) holds or not, for
every ¢ and for every (constructor or constant) f.

A Z-tree (T,A) is finite iff the set of nodes of 7T is finite, it is said to be infinite
otherwise. (T, A) is rational iff the set of X-subtrees of (T,A) is finite; notice that a
rational tree can be infinite. Now comes the important definition: the sets of X-trees, of
finite X-trees and of rational X-trees give rise to X-structures in the following way:

- the interpretation of a constant a € X is the singleton X-tree {€} labelled with a;

- the interpretation of the predicate At consists of the singleton X-trees;

- the interpretation of a constructor s; € X of arity n maps the labelled trees
(T1,A1),...,(Ty,Ay) to the labelled tree (T, A) where

T={e}u|J{j*o|oecT}
j=1

and A is so defined
A(S) :I’li, A(]*G) :Aj(G)

(thus (T,A) is the X-tree whose root is labelled /; and such that the T-successors
of the root are (T1,A1),...,(Ty,Ay)).

It is well-known [12, 14] that the X-structure of all X-trees and of all rational X-trees
are elementarily equivalent (i.e. the same X-sentences are true in them). So it makes no
difference to work on rational trees or on all X-trees; in this paper we made the choice to
work on the structure of rational X-trees. We call R this structure. The related complete
theory Th(R) will be also called R (so, for simplicity, we use the same letter R for the
set of rational X-trees, the related X-structure and the associated complete theory).
There are some important formulae valid in R that we want to list below. In order
to have a compact and intuitive notation, we need some abbreviations. If x is the tuple
X1,...,Xy, let us use Vx¢ for Vx;---Vx,¢ - a similar convention is used for Jx¢. If
t=11,...t, is a tuple of terms of the same length as x, then x = ¢ stands for A/_; x; =1;;
moreover 3!xd (x,y) is used for Ix P (x,y) AVaVX (o (x,y) A (X', y) = x=X).
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It is useful to have abbreviations for formulas expressing that “x is rooted by #;”,
these are

Rhi(x): = Hxl"'thlri(x:hi(xla-“a-xar[)) (D

for every i = 1,...,N (recall that hy,..., hy are our constructors). The claims of the
following Proposition are either immediate or well-known [4]:

Proposition 1. The following sentences are R-valid:

(i) Vx(hi(x) = hi(x') = x=X) (fori=1,....N);

(ii) Vx—(Rp,(x) /\th(x)) (fori# jandi,j=1,...,N);
(iii) Vx—(Rp, (x) NAt(x)) (fori=1,...,N);

(iv) Vx(At(x)V VY Ry, (x));

(V) At(a) Na # b (for distinct constants a,b € X);

(vi) Vz3'x(x =t(x,z2)), where t(x,z) are proper flat terms.

Above, a flat term is a constant, a variable, or a constructor applied to variables; a flat
term is proper iff it is not a variable.

We make a comment on formula (vi) above. To correctly interpret it, recall that x, z
must be distinct tuples of variables including all variables occurring in ¢ according to
our conventions. Formula (vi) expresses the existence and uniqueness of simultaneous
parametric fixpoints: the fixpoints are simultaneous because x is a tuple of variables (it
is not a single variable) and the z are the parameters on which the fixpoints depend.

We underline the following important fact, which is a consequence of the above
Proposition: the formula Rj, (x) is existential according to its definition (1); however,
because of Proposition 1(ii)-(iv), it is also logically equivalent to a universal formula,
namely

—At(x) A J\ =Ry, (x) )
J#i
(this is typical of model-complete theories, see Definition 1).
A flat literal is a literal of one of the following forms

x=t, x#y, At(x), —At(x)

where x,y are variables and ¢ is a flat term; a flat literal is proper iff it is of the kind
At(x),x # y,x =t, where x, y are variables and the term ¢ is flat and proper. A proper flat
literal of the kind A¢(x) is said to be an atomicity proper flat literal, a proper flat literal
of the kind x # y is said to be a disequality proper flat literal, a proper flat literal of the
kind x = ¢ is said to be an equality proper flat literal with head variable x.

Definition 2. A constraint C(x) is in solved form iff it is a conjunction of atomicity
proper flat literals, disequality proper flat literals and equality proper flat literals whose
head variables are pairwise different. We also require that if a constraint C in solved
form contains an atomicity proper flat literal of the kind At(v), then the variable v is
not a head variable of any equality proper flat literal v =1t of C, unless t is a constant.
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We have an analogous notion for primitive formulae. A conjunction of variable
equalities E(x',x) of the kind x' = x for x € x and X' € X is an equivalence diagram
(e-diagram for short) iff for every x’ € x’ there is exactly one equality x' = x with x € x
that is a conjunct of E (that is, E is a ‘logical representation’ of an equivalence relation
over xUx/, having the x as representative elements for the equivalence classes).

The role of the e-diagrams in Definition 3 and in the algorithm of Proposition 2 be-
low is subsequent to a choice of representatives variables for equivalence classes: once
a choice is done, e-diagrams neutralize unquantified non-representative variables (these
variables cannot be eliminated), by moving them outside the scope of the existential
quantifiers (in such position they cannot play any role in future manipulations).

Definition 3. A primitive formula is in solved form iff it can be written (up to logical
equivalence) in the form
E(x',x) AFyC(x,y) 3)

where C(x,y) is a constraint in solved form and E (x,x') is an e-diagram.

A primitive formula in solved form (3) has the following important property: any
assignment to the free variables x satisfying C can be extended to an assignment to x’
satisfying E (x’,x) A 3yC(x,y). The following Proposition shows that the satisfiability
of existential formulae can be reduced to satisfiability of primitive formulae in solved
form:

Proposition 2. Every existential formula is R-equivalent to a disjunction of primitive
formulae in solved form.

Proof. We first flatten all terms occurring in our formula using fresh existentially quan-
tified variables and the logical equivalence ¢ (x/t) <> 3x(x =t A ¢) (here x is supposed
not to occur in ¢). Then we remove negative atom statements by the R-equivalence
-A(t) < VY, Ry, (x). Applying DNF conversion and distributing the existential quanti-
fier over disjunctions, we obtain a disjunction of primitive formulae whose matrices are
conjunctions of flat literals.

Now we exhaustively apply to each disjunct of the form Jy ¢ (x,y) the rewrite rules
below (disjuncts containing an inconsistency v # v are in the end removed). The rules
modify the whole disjunct or some conjuncts of its as indicated. When specifying the
rules, we use letters x; € x for the free variables x of Jy ¢ (x,y), letter y € y for a quan-
tified variable of Jy¢(x,y) and letters v,v;,w; € xUy for any variable occurring in
Jy ¢ (x,y); we also fix a total order < on the free variables x.

O v=vAy =y,

(1) At(v) Av=t=>v #v (if t is a non-variable, non-constant term);

2) v=tAv="t = v #v (if t,¢' are non-variable terms rooted with different con-
structors or constants);

B) v=f(iyeesvp) Av=f(Wiy.oo,wy) = v=f(wi,...,wy) AN vi = wi;

4) Iy(xi =2 Ay) = x; =x3 A Jy(y(x1/x2) (if x| < x; in case x; < xj, the rule is
applied by inverting the roles of x; and x,);

(5) Iy(y=vAy)= y(v/y) (where v is a variable different from y).
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When applying Rule (4) and moving the equality x; = x, outside the existential quan-
tifiers Jy, we simultaneously replace any free variable equality of the kind X' = x, by
x' = x1 (this ensures that free variables equalities outside the existential quantifiers form
an e-diagram). The above rules are justified either as logical equivalences or by Propo-
sition 1. Rules (2)-(3) adjust equality proper flat literals whose head variables are the
same, whereas Rules (4)-(5) eliminate variable equalities inside the scope of the exis-
tential quantifiers. For termination, we consider pairs of natural numbers (k;, k), where
k; is the number of occurrences of constructors symbols and k; is the number of literals
inside the existential quantifiers. All rules decrease k; (keeping k| unchanged), except
Rule (3) which decreases k! —|

Remark 2. From the point of view of complexity, it is clear that DNF conversion pro-
duces an exponential blow-up; however Rules (0)-(5) can be exhaustively applied in
polynomial (actually quadratic) time.

4 X-graphs and bisimulations

In this section, we introduce a procedure to test R-satisfiability of constraints in solved
form. The procedure is based on X-graphs (we shall essentially use X-graphs as alter-
native representations of X-trees):

Definition 4. A X-graph G = (G,{R'};>1,A) is a set G endowed with an infinite family
of unary partial functions R' (i > 1) and with a labeling function A : G — X satisfying
the following condition: for every i > 1, the domain of the partial function R is the set
of g € G such that the arity of A(g) is larger than or equal 1o i.

Notice that the domains of the R’ exclude the nodes of a X-graph labeled by a
constant symbol. We use the notation gR'g’ to say that g € dom(R') and R'(g) = g’. We
adapt to our context the classical notion of bisimulation:

Definition 5. A bisimulation between X-graphs G = (G,{R'};>1,A) and G =
(G {R}}i>1,A") is a relation p C G x G’ satisfying the following conditions:

(i) forallg € G,g' € G, if p(g,8') then A(g) = A(¢');
(i) forallg) € G,g\.8, € G andi>1,if p(g1.8)) and g|R}g) then there exists g € G
such that g\R'g> and p(g2,85);
(iii) forall g1,g2 € G,g, € G'andi>1,ifp(g1,g},) and gRig, then there exists g) € G
1 P 1 2
such that g\ R}g}, and p(g2,g5).

A bisimulation relation which is a total function p : G — G’ is said to be a p-morphism
of G into G'; if p is also surjective, we say that G' is a quotient of G.

Since our R’ are partial functions and (i) holds, conditions (ii) and (iii) in the definition
of a bisimulation are trivially seen to be equivalent to each other (so one of them is
redundant).

!t is essential that Rule (3) is applied to flat constraints, otherwise it might cause non termina-
tion if naively formulated [16].
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If, for some g1,82,8},85 and i > 1 we have p(g1,82), g1R'g} and g2R'gh, then merge
the equivalence classes of g/, g5.

If, for some gy, g>, we have p(g;,82) and A(g;) # A(g2), then fail.

Fig. 1. Rules of Pseudo Congruence Closure Algorithm

Bisimulations are closed under unions, so that there is the biggest bisimulation
among two given X-graphs G and G'. We write g ~;, g’ to mean that there exists a bisim-
ulation between the nodes g and g’ of G and G’ (equivalently, that we have p(g,g’) for
the biggest bisimulation among G and G'). Also, since the identity relation is a bisim-
ulation, the converse of a bisimulation is a bisimulation and the composition of bisim-
ulations is a bisimulation, the relation ~, restricted to the nodes of the same X-graph
G turns out to be an equivalence relation. Bisimulation relations between a X-graph
and itself which are equivalence relations (called bisimulation equivalences) produce
quotients, in the sense explained by the following Proposition:

Proposition 3. Suppose that p is a bisimulation equivalence on a X-graph G =
(G,{R'}i>1,A). Then there are a X-graph G' and a quotient q : G — G’ such that
we have p(g,8') iff q(g) = q(g') for all g,&" in G.

Proof. We let G’ be the quotient set of G under the equivalence relation p and g be the
map associating with g its equivalence class [g]. We then put

() =21(g), [elRi[¢iff 3¢" s.t. p(g',¢") and gR'g" (foralli > 0) .
In this way G’ = (G',{R}}i>1,A’) is a Z-graph and g is the desired quotient. =

Given a finite X-graph G = (G,{R'};>1,1) and a relation py C G x G, we want to
know whether there is a bisimulation equivalence p such that pg C p. This is a special
case of a classical problem well-studied in the literature; since our relations R; are partial
functions, we can give an alternative solution in a congruence closure style: our ‘Pseudo
Congruence Closure’ (PCC) algorithm first computes the smallest equivalence relation
p extending po and then exhaustively applies to it it the two rules of Figure 1. The
following Proposition is clear:

Proposition 4. There is a bisimulation equivalence extending a relation py on a fi-
nite X-graph G = (G,{R'}i>1,1) iff PCC, applied to py, terminates without failure.
In particular, for g1,8>» € G we have that g; ~p g iff PCC does not fail on input
(G,po={(g1,82)})-

Remark 3. PCC can be simulated by an ordinary congruence closure problem (thus,
PCC inherit the complexity bound O(nlogn) [9, 17, 18] of congruence closure). To see
this, it is sufficient to consider the signature comprising unary function symbols F; (i >
0) and unary predicates Py (varying f among the function and constant symbols of X).
Notice that such a signature is infinite but only finitely many symbols are used when
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handling a finite X-graph. Then consider the congruence closure problem given by the
following literals: g1 = g» (varying (g1,82) € po), Fi(g) = & (for gR'g’ in G), Ps(g) (if
A(g) = ), ~Ps(g) Gf A(g) # f). Now it is easy to see that, despite the fact that the R’
are partial and the F; are total functions, PCC and standard congruence closure run in
the same way.

An important (infinite) X-graph is the X-graph of all rational trees. This is the X-
graph Rat = (R,{R'};,Ar ), whose underlying set is formed by the set of rational trees
‘R and where we have

- (T,A)R{(T',A")iff (T',A’) is the i-th successor of T (i.e. it is the i-th T-successor of
the root subtree 7o =T of T');
- Ar(T,A) = A(€) (i.e. the label of (T,A) is the label of the root of T').

Inside Rat, bisimulation is trivial:
Proposition 5. In the X-graph Rat, we have (T,A) ~y, (T',A") iff (T,A) = (T",A")

Proof. Suppose that (T, A) ~;, (T',A’). Recall from Remark 1 that if (T,A) is a X-tree,
we write (0, f) € (T,A) to mean that 6 € T and A(0) = f; moreover recall also that
(T,A) =(T',A) iff we have (0o, f) € (T,A) iff (o, f) € (T',A’) for all (o, f). This is
what we are going to prove by induction on the length of ©.

If o = ¢, then from (T,A) ~;, (T',A’) it follows that the root-labeling symbols of
(T,A) and (T’,A") are the same.

Suppose now that ¢ = i* 7 and that (ix 7, f) € (T,A); then A(€) is a function sym-
bol of arity bigger or equal to i, so that there is the i-th successor (7;,A;) of (T,A)
and we have (T,A)R!(T;,A;) and (7, f) € (T;,A;). Since (T, A) and (T’,A’) are bisim-
ilar, the symbols labeling their roots are the same, so for the i-th successor (7/,A/)
of (T’,A") we have that (T",A")R'(T/,A/) and also that (T;,A;) ~p (T{,A!) (again by
bisimilarity). By induction hypothesis, (7, f) € (T}, A]), that is (ix 7, f) € (T',A’) as
required. -

The importance of Rat is due to the fact that every finite X-graph compares with it:

Proposition 6. For every finite X-graph G = (G,{R'};>1,1) there is a p-morphism
pg G — Rat.

Proof. Given g € G, let us define a rational tree pg(g) by specifying under which con-
ditions we have (o, f) € pg(g) for a finite list of positive numbers ¢ and f € X (recall
Remark 1). We stipulate that (i1 ---iy, f) € pg(g) iff there are g1,...,gx € G such that
gpgi---pgr and A(gx) = f (for k = 0, this means that A(g) = f). From this definition,
it is easy to see that pg(g) is indeed a X-tree and that pg is a p-morphism. The fact
that pg(g) is rational follows from the p-morphism condition, because the X-subtrees
of pg(g) turn out to be of the form pg(g’) for ¢’ € G and G is finite. -

We now relate X-graphs and constraint satisfiability in R. We know from Propo-
sition 2 that in order to check satisfiability of primitive formulae we can restrict to
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primitive formulae in solved form. To any constraint in solved form ¢ (xi,...,x,) we
associate a X-graph

Go = (G¢7{Ré§}ivl¢)

as follows. The nodes in Gy are x1,...,x,; we have xR'x ; iff ¢ contains an equality
of the kind x; = f(---,xj,---) (with x; as i-th argument) and in such a case we put
Ay (xx) = f.If ¢ contains an equality of the kind x; = a for a constant a, we put A4 (x) =
a. Notice that an equality like x; = f(---,x;,---) or xx = a is uniquely identified for a
variable x; according to Definition 2. The variables x; for which there are no equalities
of the kind x; = f(--+) or x; = a in ¢ are called external in ¢. For such x; we put
Ay (xx) = ax, where the ay are fresh distinct constants in X (recall that X has infinitely
many constants).

Theorem 1. A constraint ¢(x1,...,x,) in solved form is R-satisfiable iff ¢ does not
contain a disequality x; # x; such that we have xi ~p, x; in Gy.

Proof. Consider the p-morphism pg, : G — Rat of Proposition 6 and let us assign
Pg, (xx) to every variable x; occurring in ¢; notice that this R-assignment (called the
canonical R-assignment) satisfies all equalities and all atomicity statements in ¢ (but
it might not satisfy disequalities).

Suppose that there is no disequality x; # x; in ¢ such that we have x; ~ x; in Gy. If
Xi # xj occurs in ¢, we cannot have pg, (xx) = pg, (x;), otherwise from x; ~j, pg, () =
Pg, (xj) ~p x; we would get x; ~;, x; (this is because p-morphisms and their converses
are bisimulations and bisimulations do compose). So the canonical R-assignnment is
indeed a satisfying assignment for ¢.

Vice versa, suppose that ¢ is satisfiable. By the next lemma, the canonical R-
assignment is a satisfying assignment for ¢. If we have x; ~; x; for an inequality
X # xj occuring in ¢, then we have that pg, (xx) ~p pg, (x;) (because p-morphisms
are bisimulations and bisimulations do compose) which contradicts pg, (x¢) # pg, (x;)
and Proposition 5.

Lemma 1. If a constraint ¢(xy,...,x,) in solved form is R-satisfiable, then it is satis-
fied by the canonical R-assignment.

Proof. Let o be a satisfying R-assignment for ¢ and let o be the canonical R-
assignment. Since the latter can only fail to satisfy the disequalities from ¢, it is suffi-
cient to prove that for xi,x; € {x1,...,x,}, we have &t (x;) # o(x;) = oc(x;) # oc(x;).
In other words, we prove that if there is (0, f) such that (0, f) € o(x) and (0, f) &
o(xj), then ac(xx) # ac(xj). We make an induction on the length of such o.

Independently on the inductive argument, we notice that if either x; or x; (or both)
is external in ¢, the claim is trivial because external variables are mapped by ¢ into
singleton trees labelled by fresh distinct constants by the construction of Gy. If x;,x;
are both non external, in ¢ there are equalities xx = [(v1,...,vy) and x; = [(w1,..., W)
with vi,...,Vm,Wi,...,Vm € {X1,...,%,} (in the case where in ¢ there are equalities
xg=1(---)andx; =1'(---) with [ # I, we again trivially have otc(x;) # otc(xj) because
O satisfies the equalities in ¢).

Let us now argue by induction on ¢ and restrict to the case where xi,x; are as
above. The case 6 = ¢ is trivial because in that case we have f = and (¢&,[) belongs
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Fig. 2. X-graph from Example 1 (left) and its quotient under maximum bisimulation (right).

to both ot (xx) and a(x;), contrary to the fact that we supposed (o, f) € o(x;) and
(0,f) & a(x;) (o is a satisfying assignment, so (€,1) € ¢t(x;)). So assume that 6 = i T;
then (ix 7, f) € ot(x) implies (7, f) € o(v;) because o satisfies x; = g(v1,..., V). For
the same reason, we have (7, ) € o(w;), because otherwise (i* 7, f) € a(x;) because
o satisfies x; = g(wr,...,w,). We can then apply induction to (7, f) and conclude that
oc(vi) # ac(w;). Since o nevertheless satisfies the equalities from ¢, from the facts
that xx = g(vi,...,v) and x; = g(wi,...,wy,) are true under o and that ac(v;) #
oc(wj), we conclude that oc(x) # ac(x;). -

Remark 4. As a consequence of Theorem 1 and Proposition 4, in order to solve a R-
constraint satisfiability problem for a constraint ¢ (x) in solved form, it is sufficient to
run PCC on inputs (G, po = {(x1,x2)}) for every disequality x; # x» occurring in ¢.
The constraint is satisfiable iff PCC ends in failure for all such disequalities. This
gives a O(n*logn) complexity bound for constraints in solved form. As an alternative,
one can directly compute the maximum bisimulation equivalence on the associated X-
graph using some known efficient procedure [5, 7, 6].

Example 1. [In all examples, we assume that we have only two constructors: hy (with
arity 1) and hy (with arity 2)]. Consider the constraint

x=hy(z,y) \y=h(y)Az=h(x,y) A\x#yN\x#z

whose X-graph is depicted in Figure 2. Nodes x and y are not bisimilar in this X-graph,
but the nodes x and z are bisimilar. Hence the constraint is unsatisfiable. —

5 Definability

In this section we investigate what it means for a set of variables to be ‘definable’
(via selectors and simultaneous parametric fixpoints) from the free variables x of an
existential formula Jy @ (y,x). Definable and undefinable variables will be subject to
different symbolic manipulations when converting an existential formula to a universal
one (the possibility of such conversion is precisely the content of model completeness,
see Definition 1).

Below, when we say that “¢ is ¢’ A ¥ we mean that ¢ is a conjunction and that it
can be written as specified (modulo associativity and commutativity of A).
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Definition 6. Let 3y¢(y,x) be an existential formula with free variables x and bounded
variables y. The set of definable variables of 3y ¢ (y,x) is the smallest subset D C xUy
satisfying the following conditions:

(0) xC D;
(i) ifue Dand ¢ is ' N\u=1t(v) for a proper flat term t, then y C D;
(ii) ifu CDand ¢ is ¢’ \v =t(v,u) for proper flat terms t, then v C D.

Intuitively, the condition of Definition 6(i) says that the v are reachable from u via
selectors, whereas the condition of Definition 6(ii) says that the v are reachable via
some fixpoints having the u as parameters. The next couple of lemmas show how to
handle definable and non definable variables: the idea is that definable variables can be
converted into universally quantified variables and that non definable variables can be
removed because of validity/invalidity reasons.

Lemma 2. Suppose that the existential formula 7 is of the kind
wIud(w,u,x)

and that the variables u are definable in it. The 7 is R-equivalent to a formula of the
kind
Vil (', x) A (6(u',x) = Fwd(w,u,x))), )

where u' D u (i.e. u' possibly extends u by some fresh variables) and v, 0 are quantifier-
free. In particular, 7 is R-equivalent to a universal formula in the case where w =0 (i.e.
in the case where all quantified variables of T are definable).

Proof. We view Definition 6 as a recursive definition and use the equivalences
[ (u=1(v,) A "] & [Ry, () AV (=1 (w,v) v =wA$)] (5
(where 1 is a proper flat term whose root symbol is the constructor /;) and
[ =tr,u)A9")] < [Vv(v=1(v,u) > ¢")] (6)

Syntactic details are straightforward (they can be found in the online available extended
version of the paper). —

Example 2. Consider the formula
Fwi 3w 3w 3w 3u (x1 = hy(wi,w2) Axa = ho (W), wh) Au=hy(w)) Au#wi)  (7)

whose existentially quantified variables are all definable. In particular, the variables
wi,wz,wi,wh falls within case (i) of Definition 6, hence their conversion into univer-
sal variables follows the schema (5). On the contrary, u is converted into a universal
variable using schema (6), because u falls within the case (ii) of Definition 6: in fact,
u is recursively definable from w, via the equality u = hj(wy) (the latter is a fixpoint
equations - indeed a trivial fixpoints equation where the variables on the left hand side
of the equality symbol do not occur on the right hand side term). .



Model Completeness for Rational Trees 13

Lemma 3. Suppose that C(x,y) is a constraint in solved form and that in each literal
JSfrom C there is at least one occurrence of a variable from y; suppose also that in the
existential formula 3yC(x,y) the variables y are not definable. Then we have

R [ Vx(Distinct(x) = [FyClx,y) ¢ FxIyClx,y)]) ®)

(here Distinct(x) means N\(xX' # x"), varying the conjuncts on pairwise different
!
x,x" € x).

Proof. First a comment: what the lemma says is that, in contexts where all parameters
x are interpreted as distinct trees, 3yC(x,y) is equivalent to the sentence IxJyC(x,y),
which in turn is always equivalent to either T or L by Theorem 1. - -
The implication from left to right of < is trivial, so let us assume that in the rational
tree structure R the sentence
FxIyC(x,y) ©)

is true and let us assign to x = xi,...,x, arbitrary but distinct rational trees
a(x1),...,0(x,). We want to show that this assignment satisfies the formula JyC(x,y).
Since our trees are rational, the trees a(x}), ..., ®(x,) have only finitely many subtrees;
let their number be n+ ' and let us list them as

a(xr), ..., 0(x), 00(x)), ... 00(xly) . (10)
We now write down a constraint C'(x,x) (where X' = x/,...,x/,) whose unique solution
is precisely the n + n'-tuple of trees (10).> We shall show that the constraint

A Fy (Clx,y) AC(x,X)) (an

is satisfiable; this proves our claim, because the satisfiability of (11) implies in particular
that at(x1),.. ., &t(x,) satisfy JyC(x,y). We now build the X-graphs

Go) = (G {Rlg)}i»A9)) and Gary = (Gany {R{ip}ir Aan)

associated with the formulae (9) and (11), respectively. In both cases, when choosing
the constants labeling external variables, we take fresh constants not appearing in (9)
and (11): we can do that because our signature X contains infinitely many constants and
the trees a(xy),..., &(x,) are rational.

We make a couple of observations. Since the y occur in each literal from C and the
y are not definable, the equality flat literals from C must be of the kind v = t(x,y) where
Vv €y, 50 the x are not head variables in C. Moreover, every head variable v € y has a
path® to an external variable w € y in G(9) (and consequently also in the bigger X-graph
Ga1)): if it were not be so, considering the equality proper flat literals from C reachable

2 For instance, if o(x;) is rooted by h; and has immediate successors the pair formed by
a(x}),t(x;), then C’ contains as a conjunct the equality x; = hp(x},x;), etc. Here we are
using Proposition 1(vi) (with an empty parameters tuple z).

3 By a path in a Z-graph G = (G,{R};>1,2) from a node g € G to a node g’ € G we mean a
chain of the kind g = goR"'g| ---g,_ 1 R*gr = &'
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from v, we could obtain a set of proper flat equalities witnessing the definability of a
subset of variables that includes v (see Definition (6)(ii)). By the equality proper flat
literals reachable from v, we mean the smallest set of literals from C containing the
equality proper flat literal headed by v and such that if it contains v = 1(u, x), then for
every u € u it contains also the equality proper flat literal headed by u (if it exists).

Let us now consider a bisimulation relation in G 1y: we claim that this must be of
the kind p Uidg,,,,, where p is a set of pairs (v1,v2) formed by nodes which are both
head nodes belonging to y. In fact, external nodes from y are not bisimilar to each other
(they are labeled by different constants) nor can be bisimilar to the x,x’ (the constants
labeling them are disjoint from the constants labeling the x,x) nor to head nodes from
y (the latter are not labeled by constants). Similarly, the nodes x,x" are not bisimilar to
each other (the sub-X-graph of G1) involving the x,x’ is a sub-X-graph of Rat - where
the only bisimulation is identity, see Proposition 5 - recall that the x, x" represent in Gy 1)
the pairwise different trees (10)) nor to head nodes from y (because the latter have a path
to some external node taken from the y, as explained above, and the x, x’ only have paths
inside themselves). B

Suppose now that (11) is not satisfiable; this means that there is a disequality u; 7 uy
from C (recall that C' does not contain disequalities) such that PCC does not fail when
initialized to p = {(u1,u2)} in G(11). Since this entails that u; and u, are bisimilar in
G(11y, we have that u1,u, are both head nodes belonging to y. By induction, we show
that PCC initialized to p = {(u1,u2)} in G(9) makes precisely the same steps and halts
precisely after the same number of steps as PCC initialized to p = {(u1,u2)} in G1y
(this would mean that (9) is not satisfiable either, a contradiction). Suppose in fact that
PCC in G(1y added to p a pair of head nodes vi,v, belonging to y (only such nodes
can be bisimilar and not identical to each other) and that we have leé;(l 1)v’l s szg(l 1)\1’2.

Then v’1 and v’2 are bisimilar and so, if they are not identical to each other, they are also
head nodes belonging to Y In such a case, we have VlRiG@) v'l, V2Ri0(9> v’2 and so PCC in
G(9) merges their equivalence classes precisely as PCC does in G(;1y. Moreover, when
PCC halts in G(11), so must do PCC in G(g) because nodes in y can see via the R’ the
same nodes in both graphs: thus if PCC halted in G(;;) and in 6(9) for (v1,v2) € p we
have leiGw) Vi, sziG(g) v}, then we have also V]RiG(“)V/l’ sz"G(“)v'2 in G(11y and (V},v%)
has been already added by PCC to p (actually in both X-graphs) because PCC halted in
Gan. =

6 Model Completeness

We improve Proposition 2. Let us say that a primitive formula is in reduced solved form
iff it can be written in the form E(x’,x) A 3yC(x,y) (see (3)) and, in addition to the
requirements of Definition 3, we also ask that the variables y are definable in 3yC(x,y).

Theorem 2. Every existential formula is R-equivalent to a disjunction of primitive for-
mulae in reduced solved form and also to a universal formula. As a consequence, R is
model-complete.

Proof. Consider an existential formula 7(x) of the form Jw ¢ (v, w). Given an equiv-
alence relation E over yUw, let us call ‘full display of E’ the conjunction of all the
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equalities z; = z (for (z1,22) € E) and of all the disequalities z; # z» (for (z1,22) € E).
We conjoin the matrix @(v,w) of our existential formula Jw¢(v,w) with the dis-
junction over the full displays of all the possible equivalence relations over v U w;
then we take DNF, distribute Jw over disjunctions and leave each disjunct be han-
dled by the algorithm of Proposition 2. As a result, our 7 is equivalent to a disjunc-
tion of primitive solved forms E(x’,x) A 3yC(x,y), whose matrix C(x,y) is of the kind
Distinct(x,y) A @(x,y). We shall treat these digjuncts separately -
Fix then such a disﬁmct Let us split y as y ', where the y are definable and the y

are not definable in 3yC(x,y). Thus we can rewrite IyC(x,y) as

3 (C'(x,y ) ATY'C" (x,¥',y")) (12)

where in C” all literals contain at least one occurrence of some of the y the y are de-
finable in 3y'C'(x,y’), the y” are not definable in 3y"C"(x,y’,y") and the constraint
C' contains the literals Distinct(x, y') (this is because Distinct(x, y',y") entails
Dlstlnct(x y ")). Now we can apply Lemma 3, according to which the subformula
3'C"(x,y',y ) can be replaced by its existential closure Jx x3y'3y"C" (x,y",y") and the
latter simplifies either to T or to L.

In conclusion, our initial existential formula 7(x) is equivalent to a formula of the
required shape, namely to a disjunction of primitive formulae in solved form

V [Ek(&ﬁmzk) /\EleCk(kalk)} : (13)
k

where the Y, are definable in Ely Cr (yk,xk) (these are the disjuncts surviving after the
above simplifications). Such a formula is also equivalent to a universal formula by
Lemma 2. -

Theorem 2 (together with Theorem 1) gives an algorithm for deciding R-
satisfiability of any first-order sentence, because this theorem supplies an effective
procedure to rewrite an existential formula to a universal one (see the remark after Def-
inition 1).

Example 3. Consider the formula

Awy IwaVVu (x1 = ha(wi,wa) Axa # by (2) A At (x2) A=(h(u) =uhu=ws)) .
(14)
To bring it to the form (13) (and then check its satisfiability), we first rewrite it as
Jwi 3wy —Fz3u—y (here v is the matrix of (14)), then convert 3z3u—y to a universal
formula 6; in this way 3w 3w, -0 will be again existential. To the latter, we can apply
the procedure of Theorem 2 and obtain a disjunction of primitive formulae in reduced
solved form. After simplifications, in our case we get just one disjunct, namely

Fw TIwp I Ih Fu (x = ho (w1, wa2) Axa = ho(Wy,wh) Au=hy(wi) Au#wy) (15)

(this is the same formula (7) of Example 2 which is, by the way, satisfiable according
to Theorem 1). 4



16 S. Ghilardi and L. Poidomani

The proof of Theorem 2 shows how to build a definitional extension of R enjoying
quantifier elimination. To this aim, it is sufficient to add to the language new operation
symbols for selectors and simultaneous parametric fixpoints.

For selectors, we need to take care of the fact that selectors are not totally defined.
We adopt the classical solution of [11], saying that a badly applied selector just returns
its argument. In other words, for every constructor #; of arity ar;, we add to the signature
of R new unary functions symbols Sel{ (for j =1,...,ar;) to be interpreted in rational
trees so that the following formula is true for every assignment to x, y:

Sel‘ll(x) =y <~ (ElZ] "'HZari (x:hi(Zh...,Zari)/\y:Zj))v(“Rhi(x)/\y:x)) (16)

For simultaneous parametric fixpoints, we need infinitely many extra functions.
Consider two tuples of variables x™ = x',...,x, and y* = y7},...,y, and proper flat
literals x~ =r(x~,y*): below, we write t(—, %) for 7(x~,y*) and £(x, y) for a substitution
t(x/x",y/y*). We introduce n new functions symbols Fixﬁ(_ﬁ*) (i=1,...,n), all hav-
ing arity m, interpreted in rational trees so that the following formula is true, for every
assignment to the variable x and to the m-tuple of variables y:

Fixy () =x ¢ Ix@x=txy) Ax=x) (17)

where x; denotes the i-th component of the tuple x.

Let us denote with R the X-structure of rational trees, enriched with the interpre-
tation of the above extra function symbols; we also denote by R™ the theory whose
axioms are the sentences which are true in this expanded structure. From Theorem 2
and (16), (17), we have the following result (see the online available extended version
of the paper for the straightforward syntactic details):

Theorem 3. R enjoys quantifier elimination.

Example 4. The formula Ry, (x) (that can be written both as a universal and as an exis-
tential formula in R) can be rewritten in R as

x = hi(Sel} (x),...,5e1{"(x)) (18)
without using quantifiers. -
Example 5. Eliminating quantifiers from (15), we obtain

X] = hg(Selll2 (xl),Seli2 (x1))Axp = hz(Sel}l2 (xz),Selﬁ2 (x2)) /\Sel}l2 (x1) # Fix}l1 (=)5

(19)
this formula says that x;,x, are both rooted with %, and that applying the first selector to
x1 we get something different from the fixed point of /;;* the latter can be represented
as the infinite term

hy(hy(hy ---
(it is the infinite unary tree labelled by #;). —

4 Formally, Fix}l1 ) is the constant expressing the fixpoint of z =/ (z): this is the simultaneous

fixpoint of a tuple of functions with empty parameters formed by the single function A (z)
(the parameters * are missing and the superscript 1 means the projection to the first unique
component of such tuple of functions).
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7 Conclusions, Related and Further Work

In this paper we introduced the variant of the theory of finite and infinite trees, whose
signature has finitely many constructors, infinitely many constants and an atomicity
predicate. We proved that this theory is model complete, showed that every formula
in this theory is equivalent to a disjunction of primitive formulae in reduced solved
form and proved that one can achieve full quantifier elimination by adding selectors
and simultaneous parametric fixpoints to the language.

One of the main insights given by the above results is the fact that every formula
of our theory essentially expresses a Boolean combination of algebraic dependency
relations involving constructors, selectors and fixpoints (see Example 5 to understand
what we mean). We believe that this is the contribution lying behind statements like
those of Theorems 2, 3. The ‘explicit solved forms’ of [4] and the ‘terms with pointers’
of [14] ultimately carry on this information too, but maybe in a less transparent way (a
thorough comparison requires technical details, we cannot report them here for space
reasons, but see the online available extended version of the paper).

One may wonder whether our analysis extends to other variants of the theory of
trees. Clearly, if for instance we have infinitely many constructors in the signature, we
lose the possibility of expressing formulae like R, (x) both as existential and universal
formulae (see (1) and (2)), so model-completeness is likely to fail. Other partial results
might probably be recovered, this has to be investigated by future work.

We wonder whether our techniques can be effective also for extensions of the theory
of trees, we leave this too for future work. For instance, adding a finiteness predicate
(like in [4],[22]) is worth investigating.

Concerning our algorithms, we underline that the constraint solving algorithm of
Section 4 (based on bisimulations and congruence closure) is rather efficient and its
complexity is comparable with analogous constraint solving algorithms from the liter-
ature [19]. The situation is different for our decision procedure once extended to all
elementary formulae. We believe that the algorithm of Theorem 2, relying on model-
completeness, is direct and intuitive, however important improvements still need to be
designed.

A first improvement should avoid any guessing of an equivalence relation between
variables in the proof of Theorem 2: this improvement however requires some care and
involves a strengthening of the technical Lemma 3, so we preferred to leave it for future
work. The strengthening should be able to compute a disjunction of e-diagrams over x
equivalent to JyC(x,y), for every existential formula JyC(x,y) satisfying the peculiar
hypotheses of Lemma 3. - -

The other source of complexity of the algorithm deciding satisfiability of all first-
order formulae is the need of DNF conversions every time a quantifier alternation is
removed. Although this problem is somewhat unavoidable (see the lower bound men-
tioned in the introduction), we believe that many redundancies arising during compu-
tations can be removed with suitable heuristics and simplification routines. Another
possibility is that of exploiting the rich algebraic structure of R in order to directly
design a quantifier elimination algorithm in R*: here the rich algebraic structure should
consent the adoption of ‘testing points’ methods, similar to those employed in quantifier
elimination for numerical domains [1].
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