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Abstract

This thesis delves into topics related to modal sound synthesis, a tech-
nique that generates sounds by simulating the physical interactions
within resonating objects. It proposes novel methods for analyzing au-
dio recordings and extracting the modal parameters.

A central algorithm, SAMPLE, estimates these modal parameters
by finding trajectories in the spectrogram of the input audio. How-
ever, SAMPLE encounters challenges with specific sounds, like acous-
tic beats, where two close frequencies interact and create a beating ef-
fect. To overcome this limitation, the thesis introduces BeatsDROP, an
auxiliary algorithm that complements SAMPLE andmodels the traject-
ories in the spectrogram as the amplitude and frequency modulations
of beats. This thesis also details the reasons why most signal analysis
models fail with beats. Furthermore, the thesis presents the General-
ized Mixture Space (GMS) model, which aids in representing sounds
with multiple channels. GMS allows SAMPLE’s simplified analysis to
be applied while retaining the original channel distribution informa-
tion for later resynthesis.

Beyond the theoretical framework, the thesis details the develop-
ment of software tools to make these methods readily usable. SAMPLE
is a Python package that implements the algorithms and models, along
with additional functionalities previously defined in the audio DSP lit-
erature. The thesis also includes the re-engineering and expansion of
the existing SDT (Sound Design Toolkit), written in C and available as
an external library for Pure Data and Max. Functionalities are imple-
mented within SDT to enable interoperability with other software, in-
cluding the possibility to import modal analysis results from SAMPLE
directly into SDT’s modal synthesis models.
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Chapter 1

Introduction

This thesis describes several contributions in the field of acoustic signal
processing, especially in the context of digital sound analysis for modal
synthesis. Modal synthesis approaches sound synthesis approximating
the physical behaviour of sounding objects with linear models, while
combining multiple objects by simulating the nonlinear interactions
between them. These physically-based approaches to sound synthesis
rely on a rich literature that spans decades, but have been gaining more
andmore relevance after the recent increases in the computational cap-
abilities of consumer-grade computers. They can be used for different
applications, from simulating the physics of real-life acoustic musical
instruments to produce digital musical instruments to complementing
interactive graphical experiences, like videogames and extended real-
ity, with their auditory counterpart. With respect to using recorded
samples of acoustic events, procedural sound generation, and physical
models in particular, provide a more flexible and customizable sound
generation process and better capable to match the user’s actions with
acoustic reactions.

The objective of this work is to provide an analytical framework for
the estimate of modal sound synthesis parameter from real-life record-
ings of object impulse responses. Within this framework, novel acous-
tic signal models and algorithms were designed, following a problem-
oriented mindset.

Firstly, and even before the start of my PhD studies, I investigated
the core problem of estimating modal frequencies, gains, and decay
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CHAPTER 1. INTRODUCTION 2

times from audio. This brought to the design of the SAMPLE (Spectral
Analysis for Modal Parameters Linear Estimate) algorithm. This al-
gorithm is based on previous works on analytical models for sinusoidal
modelling synthesis, and is based on tracking the magnitude peaks in
the Short-Time Fourier Transform of the sound.

Once this algorithm was designed, implemented, and evaluated, I
noticed that it could not effectively reproduce acoustic beats. This is
due to the fact that those beating components were not decomposed
by the Short-Time Fourier Transform. While seeking a solution to
the problem of analyzing acoustic beats, specifically in the context of
modal systems, I investigated the effectiveness of alternative spectra
analysis algorithm, such as all-pole models and empirical mode decom-
position. I discovered that they also are unable to correctly analyze
acoustic beats and I found theoretical and experimental arguments to
their limitations. Then, I formulated a mathematical model for acous-
tic beats that allows to transform those signals from the sum of two
oscillations to the product of an amplitude modulation component and
a frequency-modulated sine wave. This was extended to the case of
non-stationary components, especially to the case of exponentially-
decaying amplitudes which characterizes modal systems’ responses.
After establishing this model, I developed a secondary algorithm called
BeatsDROP (Beats Duality for the Resolution Of Partials) to comple-
ment SAMPLE. BeatsDROP fits the modal parameters of two compon-
ents to the results of the peak tracking from SAMPLE. This algorithm
was also computationally evaluated to assess its efficacy.

Finally, I addressed the problem of estimating modal parameters
from multi-channel recordings. To this purpose, I extended the con-
cepts of the Bivariate Mixture Space (BMS) model, designed for stereo-
phonic signals, to the case of an arbitrary number of channels. This
novel Generalized Mixture Space (GMS) allows the compact represent-
ation of the spectral content of multivariate signals as a single spec-
trum, called the Principal Spectrum. Although I have yet to evaluate
the effects of integrating the GMS in the SAMPLE algorithmic pipeline,
the aim is to find modes by tracking peaks in the Short-Time Principal
Spectrum, while the distribution of the mode’s energy can be estim-
ated within the GMS model itself. In this thesis, the GMS is presented
and its mathematical properties are formally investigated. I specifically
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researched its ability to represent the spectral content of linear combin-
ations of latent signal sources. Also, I investigated its equivalence to
the BMS when applied on bivariate signals.

With the goal of making all this research accessible to end-users,
I developed a software package for Python which includes the imple-
mentation of the previously described models. It also implements an
interface for an optimization library, such that the hyperparameters of
SAMPLE can be tuned by optimizing a loss function. For the purpose
of defining perceptual loss functions, I also developed some efficient
functions for computing time-frequency representations. Finally, a GUI
makes the package accessible by users who are not programmers.

I also contributed to the development and the re-engineering of the
Sound Design Toolkit. The SDT is a library for procedural sound gen-
eration written in C, that is also available as externals for Pure Data and
Max. Notably, I implemented the support for centralized OSC commu-
nication towards the library, and the import and export of parameters
with JSON, both for single objects and for projects involving multiple
components. The SAMPLE Python package also exports modal para-
meters in a JSON syntax compliant with the SDT.

1.1 Publications

Some of the contributions of this thesis have been previously presented
in the following publications.

[101] Marco Tiraboschi and Federico Avanzini. ‘SAMPLE: a Python
Package for the Spectral Analysis of Modal Sounds’. In: Con-
ference Proceedings of the 23rd Colloquium on Music Informatics.
“Aldo Piccialli” Award for the best contribution to the Scientific
Programme . 2022, pp. 50–55. url: https://hdl.handle.
net/2434/945288

[104] Marco Tiraboschi, Federico Avanzini and Stavros Ntalampiras.
‘Spectral Analysis for Modal Parameters Linear Estimate’. In:
Proceedings of the 17th Sound and Music Computing Conference.
Ed. by Simone Spagnol and Andrea Valle. SMC. Sound and Mu-
sic Computing Network. Torino, Italy: Axea sas/SMC Network,
June 2020, pp. 276–283. doi: 10.5281/zenodo.3898795

https://www.aimi-musica.org/?page_id=858
https://www.aimi-musica.org/?page_id=858
https://hdl.handle.net/2434/945288
https://hdl.handle.net/2434/945288
https://doi.org/10.5281/zenodo.3898795
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[106] Marco Tiraboschi, Stefano Papetti and Federico Avanzini. ‘Just a
Sounding Object Notation: Sharing Objects for Sonic Interaction
Design with JSON and OSC’. in: Proceedings of the 4th Interna-
tional Symposium on the Internet of Sounds. 2023. doi: 10.1109/
IEEECONF59510.2023.10335232

The following manuscripts, instead, are either under review or in pre-
paration.

[102] Marco Tiraboschi and Federico Avanzini. ‘Acoustic Beats and
Where To Find Them: Uneven Beats Models and Modal Audio
Inversion by Non-linear Least-Squares Optimization’. In: Inverse
Problems (2024). [UNDER REVIEW]

[107] Marco Tiraboschi and Giorgio Presti. ‘The Generalized Mixture
Space: extending Compact Spectral Representations to Multi-
channel Signals’. In: Journal of the Audio Engineering Society
(2024). [TO BE SUBMITTED]

During the period of my PhD, I published other articles, that are not
part of this thesis, because they are about unrelated topics, although
they belong to the field of Sound and Music Computing as well. First
of all, I published an article based on my master’s thesis.

[103] Marco Tiraboschi, Federico Avanzini and Giuseppe Boccignone.
‘Listen to your Mind’s (He)Art: A System for Affective Music
Generation via Brain-Computer Interface’. In: Proceedings of the
18th Sound and Music Computing Conference. 2021. doi: 10 .
5281/zenodo.5044984

I also collaborated with colleagues of the Laboratorio di Informatica
Musicale (LIM) and working on the SONICOM project (funded by the
European Commission’s Horizon2020 programme) on the following
work concerning the matching of reverb algorithm parameters to a
given room impulse response.

[14] Riccardo Bona et al. ‘Automatic Parameters Tuning of Late Re-
verberation Algorithms for Audio Augmented Reality’. In: Pro-
ceedings of the 17th International Audio Mostly Conference. AM
‘22. St. Pölten, Austria: Association for Computing Machinery,
2022, pp. 36–43. doi: 10.1145/3561212.3561236

https://doi.org/10.1109/IEEECONF59510.2023.10335232
https://doi.org/10.1109/IEEECONF59510.2023.10335232
https://doi.org/10.5281/zenodo.5044984
https://doi.org/10.5281/zenodo.5044984
https://doi.org/10.1145/3561212.3561236
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Finally, I worked with Giulia Clerici on a project for a PhD course on
large graph analytics, which lead to the following contribution.

[22] Giulia Clerici and Marco Tiraboschi. ‘Citation is not Collabor-
ation: Music-Genre Dependence of Graph-Related Metrics in a
Music Credits Network’. In: Proceedings of the 20th Sound and
Music Computing Conference. (All authors contributed equally).
2023. doi: 10.5281/zenodo.10061131

As a doctoral candidate in Computer Science, I would also like to ac-
knowledge the open-source software I developed amongst my public-
ations. I have always believed in the value and the impact of open
source software on the technological advancement of the related com-
munities, and this has also been investigated on behest of the European
Commission [10], and confirmed. Mainly, my work contributed to the
development of the following two projects.

[26] StefanoDelleMonache et al. andMarco Tiraboschi. Sound Design
Toolkit. June 2022. doi: 10.5281/zenodo.6628035

[99] Marco Tiraboschi. SAMPLE – Python package. LIM, University
of Milan, 2021. doi: 10.5281/zenodo.6536419

I also contributed to projects I was not affiliated to. Notably, I pub-
lished some fixes for the JSON library that is used in the Sound Design
Toolkit [26].

[59] JamesMcLaughlin et al. andMarco Tiraboschi. json-builder – The
serializing counterpart to json-parser. url: https://github.
com/json-parser/json-builder

[60] JamesMcLaughlin et al. andMarco Tiraboschi. json-parser – Very
low footprint DOM-style JSON parser written in portable ANSI C.
url: https://github.com/json-parser/json-parser

1.2 Structure

The thesis is divided in 7 chapters, grouped in two parts.

Chapter 1 Introduction. This chapter presents the scope and the
structure of the thesis.

https://doi.org/10.5281/zenodo.10061131
https://doi.org/10.5281/zenodo.6628035
https://doi.org/10.5281/zenodo.6536419
https://github.com/json-parser/json-builder
https://github.com/json-parser/json-builder
https://github.com/json-parser/json-parser
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Chapter 2 Background.. This chapter provides an overview of pre-
liminary concepts, which should make the rest of the thesis
more accessible. These include the fundamentals ideas be-
hind modal synthesis and some basic elements of Digital
Signal Processing.

Part I Models and Algorithms. This part collects all contributions
that involve mathematical modelling and algorithmic design for
modal audio analysis.

Chapter 3 Sinusoidal Analysis of Modal Audio. This chapter de-
scribes the SAMPLE algorithm for the sinusoidal analysis
modal impulse responses. This is the core analytical model,
which can be complemented by the other methods. Finally,
the algorithm is evaluated with both computational and
subjective tests.

Chapter 4 Modal Acoustic Beats. This chapter details a model of
acoustic beats as sinusoids modulated in amplitude and fre-
quency, especially in the case of exponentially decaying os-
cillations. It also provides a theoretical discussion and ex-
perimental evidence of the frequency-resolution limits of
most commonly used signal analysis approaches. Based, on
this model, the analytical algorithm BeatsDROP is designed
and tested computationally.

Chapter 5 Generalized Mixture Space. This chapter presents the
GMS, a novel representation for multivariate signals. This
model extends the Bivariate Mixture Space for stereo sig-
nals. Although general, it provides insightful information
when the analyzed signal is a multivariate mixture of lat-
ent source signals. The features of the GMS are presented,
along with their computational formulations, and they are
compared to the features of the BMS, showing that the GMS
can be considered a generalization of BMS. Some applica-
tions are proposed for modal audio analysis and for spectral
visualization.

Part II Software and Tools. This part collects all contributions that
consist in the software development of tools formodal audio ana-
lysis and sound design.
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Chapter 6 SAMPLE Python Package. This chapter describes the
SAMPLE package for Python. This package includes the
implementation of SAMPLE and BeatsDROP. This estima-
tion algorithms can be interfaced with hyperparameter op-
timization modules. Some efficient functions for comput-
ing time-frequency representations for audio are also im-
plemented in the package for the purpose of defining psy-
choacoustically-based loss functions for the optimizers. A
GUI complements the package as a more user-friendly way
to use the methods.

Chapter 7 SoundDesignToolkit. This chapter details thework done
on the Sound Design Toolkit. The SDT codebase was re-
structured and the package was also included in the official
Max package manager. New features in SDT include the
support of centralized OSC communication for the entire
library and of importing and exporting the parameters of
individual or groups of objects with JSON.





Chapter 2

Background

In this chapter, I provide some background for my thesis. This serves
two different purposes. Firstly, I would like to acknowledge the intrins-
ically heterogeneous and multidisciplinary nature of the research com-
munity in Sound and Music Computing [9]. Researchers in this field
have very diverse backgrounds, ranging from the hard sciences (phys-
ics, mathematics) to the soft sciences (psychology, sociology), and from
technology and engineering (electronics, signal processing) even to the
arts (music, design). This is a doctoral thesis in Computer Science, and
most of the topics could be classified under the disciplines of signal pro-
cessing or software development. Nevertheless, my wish is to make my
work accessible to as broad an audience as I can by summarizing the
most important prerequisite pieces of knowledge, as if this were a cheat
sheet, even if this information will be redundant for some readers.

The second purpose is to add some context, highlighting the rel-
evance and application domains of my research. This chapter should,
therefore, clarify why I am working on the topics that I detail in the
following chapters.

8



CHAPTER 2. BACKGROUND 9

2.1 Acoustic Physical Models

In this section, I will refresh some of the elements of classical mechan-
ics that are relevant to modal synthesis, a specific approach to physical-
modelling sound synthesis. Physical models for sound synthesis gen-
erate audio by simulating the vibrations that mechanical systems pro-
duce. Usually, the interest is in modelling objects from the real world,
but physical models can also be used to simulate the sound of objects
that would be impossible or unfeasible to build. In physical soundmod-
elling, “emphasis is placed on techniques which yield the highest play-
ability and sound quality in real time at a reasonable computational
expense” [91]. Keeping this in mind, most implementations can scale
the sound quality with the computational expense, allowing the config-
uration of what has more recently been named the SLOD (Sound Level
Of Detail) or the (Level Of Audio Detail) LOAD of the system [2]. Al-
though physical models are often described continuous in time or also
in space, implementationsmust rely on discretizations of such formula-
tions. Approaches for the discretization and for the implementation of
such models borrow from the literature in the related field of discrete-
time Digital Signal Processing [114]. We also give a brief introduction
to the relevant DSP fundamentals for in Section 2.2. Readers interested
in gaining either a broader or a deeper understanding of physical audio
signal processing may want to refer to Julius Smith’s textbook [93].

2.1.1 Damped Harmonic Oscillator

Many physical modelling systems, even the earliest ones, such as the
CORDIS system described by Claude Cadoz in his doctoral thesis [19],
are built by approximating complex objects as a network of point-sized
masses interacting with each other through springs. This abstract ap-
proach allows to model objects with arbitrary geometries andmass dis-
tribution, while working inside a mathematically tractable framework.

Classical linear mechanical equations can describe the temporal
evolution of such a system. A force 𝑓𝑚 (𝑡) applied to a mass𝑚 causes it
to accelerate.

𝑓𝑚 (𝑡) =𝑚 · 𝑑
2𝑥

𝑑𝑡2
(𝑡) (1)
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Such force can be given as an external excitation 𝑓 (𝑡), but it also in-
cludes the internal force from the spring that tends to bring back the
mass to its equilibriumposition. Such force can be expressed byHooke’s
law, where 𝑘 ≥ 0 is the elastic coefficient.

𝑓𝑘 (𝑡) = −𝑘 · 𝑥 (𝑡) (2)

It also includes friction, which is opposed to speed of the mass. The
friction coefficient is 𝑐 .

𝑓𝑐 (𝑡) = −𝑐 · 𝑑𝑥
𝑑𝑡

(𝑡) (3)

Pulling all the equations together, they form a second-order ordinary
differential equation that describes a very common system known as
“damped harmonic oscillator” in classical mechanics.

𝑓𝑚 (𝑡) = 𝑓 (𝑡) + 𝑓𝑐 (𝑡) + 𝑓𝑘 (𝑡) (4)

𝑓 (𝑡) =𝑚 · 𝑑
2𝑥

𝑑𝑡2
(𝑡) + 𝑐 · 𝑑𝑥

𝑑𝑡
(𝑡) + 𝑘 · 𝑥 (𝑡) (5)

The response of this system to an external impulsive force is a signal
that exponentially decays to the equilibrium point. If the “damping
ratio” 𝜁 = 𝑐/2

√
𝑚𝑘 is less than 1, the system is underdamped, and it

oscillates while decaying.

2.1.2 Modal System

When the model is a network of springs and masses, the dynamics of
the system can be expressed in a compact form using matrix and vector
notation. For each node 𝑖 of the network, the external force is the sum
of the inertia of the mass and the elastic force and friction of all the
springs to which it is attached to other nodes 𝑗 with.

𝑓𝑖 (𝑡)=𝑚𝑖

𝑑2𝑥𝑖
𝑑𝑡2

(𝑡)+
∑︁
𝑗

𝑐𝑖, 𝑗

(︃
𝑑𝑥𝑖

𝑑𝑡
(𝑡)‧

𝑑𝑥 𝑗

𝑑𝑡
(𝑡)

)︃
+
∑︁
𝑗

𝑘𝑖, 𝑗
(︁
𝑥𝑖 (𝑡)‧𝑥 𝑗 (𝑡)

)︁
(6)

Let 𝑀 be the diagonal matrix of the masses (𝑀𝑖,𝑖 = 𝑚𝑖 and 𝑀𝑖, 𝑗 = 0
for 𝑗 ≠ 𝑖). A matrix 𝐶 of the friction coefficients and a matrix 𝐾 of the



CHAPTER 2. BACKGROUND 11

elastic coefficients can be defined in order to simply express the system
as the following equation [35].

𝑓 = 𝑀𝑥 ′′ +𝐶𝑥 ′ + 𝐾𝑥 (7)

The diagonal elements in 𝐶 and 𝐾 balance the rest of the elements in
the row so that, expanding the matrix-vector product, the previous for-
mulation is recovered.

𝐾𝑖, 𝑗 =

{︄
−𝑘𝑖, 𝑗 𝑖 ≠ 𝑗∑︁

𝑗≠𝑖 𝑘𝑖, 𝑗 𝑖 = 𝑗
𝐶𝑖, 𝑗 =

{︄
−𝑐𝑖, 𝑗 𝑖 ≠ 𝑗∑︁

𝑗≠𝑖 𝑐𝑖, 𝑗 𝑖 = 𝑗
(8)

(𝐾𝑥)𝑖 =
∑︁
𝑗

𝐾𝑖, 𝑗𝑥 𝑗 =
∑︁
𝑗≠𝑖

𝑘𝑖, 𝑗𝑥𝑖 −
∑︁
𝑗≠𝑖

𝑘𝑖, 𝑗𝑥 𝑗 =
∑︁
𝑗

𝑘𝑖, 𝑗
(︁
𝑥𝑖 − 𝑥 𝑗

)︁
(9)

With this model, the simulation can be very expensive for highly-
connected networks. Diagonalizing the system, we obtain an equival-
ent expression where all rows are independent, so that they can be sim-
ulated in parallel. Each of such rows is one damped harmonic oscillator,
as described in the previous section, and corresponds to a mode of os-
cillation of the spring-mass network. Even though this diagonalized
system does not reflect the original geometry and mass distribution of
the simulated object, it introduces no error and its parameters are more
related to the simulated acoustic signal. Each mode has:

• a resonant frequency 𝜈𝑖 =
√︃
4𝑚𝑖𝑘𝑖 − 𝑐2𝑖 /4𝜋𝑚𝑖 ,

• an exponential decay coefficient 𝜆𝑖 = 𝑐𝑖/2𝑚𝑖 ,

• an amplitude factor 𝑎𝑖 = 1/
√
𝑘𝑖𝑚𝑖 ,

• a phase shift 𝜙𝑖 .

The impulse response of a single mode of oscillation is an exponen-
tially decaying causal sine-wave function.

ℎ𝑖 (𝑡) = 𝑢 (𝑡)𝑎𝑖𝑒‧𝜆𝑖𝑡 cos (2𝜋𝜈𝑖𝑡 + 𝜙𝑖) (10)

Here, 𝑢 (𝑡) is the Heaviside step function.

𝑢 (𝑡) =
{︄
1 𝑡 ≥ 0
0 𝑡 < 0

(11)
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Modal approaches to physical-modelling work on this diagonalized
system, either computing it from the spring-masses network or describ-
ing the modelled system directly with modal parameters.

A similar modal formulation can be derived from a continuous-
space model. In this settings Partial Differential Equations describe
the dynamics of the systems. The most important of such equations
is d’Alembert’s equation, often just the referred to as the wave equa-
tion: 𝑢 is a function of both time (𝑡 ) and space (𝑥,𝑦, 𝑧), and 𝑐 is the wave
propagation speed.

∇2𝑢 =
1
𝑐2

𝜕2

𝑑𝑡2
𝑢 ∇2 := 𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2
+ 𝜕2

𝜕𝑧2
(12)

2.2 Digital Signal Processing

In this section, I will collect some of the elements of Digital Signal Pro-
cessing that are relevant for this thesis, especially for the analysis of
signals in the frequency domain. This is by no means intended to be
an exhaustive summary of DSP basics, but I will also cover some of
the fundamentals to establish some notation conventions. People in-
terested in learning more about this should refer to a Digital Signal
Processing textbook like John Proakis’s [70].

The frequency analysis of a signal consists in decomposing it into
elementary oscillating components, such as sines and cosines. Each of
these components represents the oscillation at a specific frequency. For
compactness of representation, the usual choice for the basis functions
are complex exponentials, which can be expressedwith Euler’s formula
as the sum of a cosine function on the real axis and a sine function on
the imaginary axis.

𝑎𝑒 𝑗 (2𝜋𝜈𝑡+𝜙 ) = 𝑎 cos (2𝜋𝜈𝑡 + 𝜙) + 𝑗𝑎 sin (2𝜋𝜈𝑡 + 𝜙) (13)

Please, note that I am using 𝑗 =
√
−1 as the imaginary unit, to avoid

confusion with the variable 𝑖 often used as an index. The independ-
ent variable 𝑡 is often time, especially for audio signals. The factor 𝜈 is
called the frequency of the component, and it is the reciprocal of the os-
cillation period. Often, the angular frequency 𝜔 = 2𝜋𝜈 is used, instead.
The phase 𝜙 shifts the component in time. The amplitude 𝑎 determines
the amount of oscillation.
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2.2.1 Discrete Fourier Transform

A discrete and finite signal 𝑥 is a sequence of length 𝑛 ∈ N of samples.
Any such signal can be represented as the sum of 𝑛 complex exponen-
tials.

𝑥𝑖 =
1
√
𝑛

𝑛−1∑︁
𝑘=0

𝑋𝑘 𝑒
2𝑗𝜋𝑘𝑖/𝑛 =

1
√
𝑛

𝑛−1∑︁
𝑘=0

𝑎𝑘 𝑒
𝑗 (2𝜋𝑘𝑖/𝑛+𝜙𝑘 ) (14)

The vector of complex coefficients𝑋𝑘 = 𝑎𝑘𝑒
𝑗𝜙𝑘 is the discrete frequency

domain representation of the signal. The 𝑘-th component has a nor-
malized frequency of 𝑘/𝑛, an amplitude of 𝑎𝑘 = |𝑋𝑘 |, and a phase of
𝜙𝑘 = ∠𝑋𝑘 . If the sequence 𝑥 has been sampled from a continuous-time
signal 𝑥̂ such that 𝑥𝑖 = 𝑥̂ (𝑖/𝜈𝑠), then 𝜈𝑠 is called the sampling frequency
(or sample rate) of the signal and 𝜈𝑘 = 𝑘𝜈𝑠/𝑛 is the frequency of the𝑘-th
component.

The function that computes the complex coefficients from the time-
domain signal is called the Discrete Fourier Transform (DFT).

𝑋𝑘 =
1
√
𝑛

𝑛−1∑︁
𝑖=0

𝑥𝑖 𝑒
‧2𝑗𝜋𝑘𝑖/𝑛 (15)

Its inverse function is the Inverse Discrete Fourier Transform (IDFT),
already introduced in Equation (14). The DFT can also be expressed
as the product of the DFT matrix𝑊 with the signal.

𝑋 =𝑊𝑥 𝑊 :=
[︃
1
√
𝑛
𝑒‧2𝑗𝜋𝑘𝑖/𝑛

]︃𝑛‧1
𝑘,𝑖=0

(16)

2.2.2 Fourier Transform

Where a sum of only a finite number of components are needed for fi-
nite-length sequences, a continuous range of infinite components need
to be integrated to represent continuous signals in the frequency do-
main. The Fourier Transform (FT) computes the complex coefficients
for the continuous frequencies components.

𝑋 (𝜈) = F {𝑥}(𝜈) =
∫ +∞

𝑡=‧∞
𝑥 (𝑡)𝑒‧2𝑗𝜋𝜈𝑡𝑑𝑡 (17)
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The Inverse Fourier Transform (IFT) computes the signal from the com-
plex coefficients.

𝑥 (𝑡) = F ‧1{𝑋 }(𝑡) =
∫ +∞

𝜈=‧∞
𝑋 (𝜈)𝑒2𝑗𝜋𝜈𝑡𝑑𝜈 (18)

2.2.3 Z-Transform

The 𝑧-transform (ZT), instead, is used to analyze discrete-time, pos-
sibly infinite, signals. It is particularly interesting for the analysis of
the response of discrete-time Linear Time-Invariant systems. The 𝑧-
transformZ is defined as a series.

𝑋 (𝑧) = Z {𝑥} (𝑧) :=
+∞∑︁
𝑖=‧∞

𝑥𝑖 𝑧
‧𝑖 (19)

Please, note that the DFT can be considered a special case of the 𝑧-
transform, evaluated for values 𝑧 = exp { 𝑗𝜔} (where 𝜔 = 2𝜋𝑘/𝑛 is the
normalized angular velocity) over a finite amount of samples. Using
the same arguments, but an infinite number of samples, then the 𝑧-
transform becomes the Discrete-Time Fourier Transform (DTFT).

Commonly, the 𝑧-transform is expressed in a rational form, which
is often derived by the difference equation of a system. This form high-
lights the zeros (the roots of the numerator), for which the transform
goes to zero, and the poles (the roots of the denominator), for which
the transform diverges to infinity.

𝑋 (𝑧) = 𝑁 (𝑧)
𝐷 (𝑧) =

∑︁𝑛𝑧
𝑖=0 𝑏𝑖 𝑧

−𝑖∑︁𝑛𝑝

𝑖=0 𝑎𝑖 𝑧
−𝑖

=
𝑏0
𝑎0
𝑧𝑛𝑝−𝑛𝑧

∏︁𝑛𝑧
𝑖=0 (𝑧 − 𝑧𝑖)∏︁𝑛𝑝

𝑖=0 (𝑧 − 𝑝𝑖)
(20)

The maximum exponent either at the numerator or denominator is
called the order of the system. Many other properties of a system can
be inspected with the 𝑧-transform, but they are out of the scope of this
thesis.

2.2.4 Short-Time Fourier Transform

Fourier Transforms are able to represent a signal as the sum of oscillat-
ory components, but they do not represent explicitly when such oscil-
lations are happening in the signal. The Short-Time Fourier Transform
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(STFT) divides the signal in windows and applies the FT to each win-
dow. The STFT is parametrized by a window function𝑤 , which is zero
everywhere except in a limited range of its domain, where it is bound
between zero and one. Multiplying the signal by the window function
has the effect of isolating a temporal window of the signal and, for most
practical window functions, smoothing the boundaries of the signal in
the window.

STFT {𝑥} (𝑡, 𝜈 |𝑤) =
∫ +∞

𝜏=‧∞
𝑥 (𝜏)𝑤 (𝜏 − 𝑡)𝑒‧2𝑗𝜋𝜈𝜏𝑑𝜏 (21)

If the window values 𝑤 (𝑡) are zero for all times below zero and above
𝑡𝑤 , then the integration interval can be restrained.

STFT {𝑥} (𝑡, 𝜈 |𝑤) =
∫ 𝑡+𝑡𝑤

𝜏=𝑡

𝑥 (𝜏)𝑤 (𝜏 − 𝑡)𝑒‧2𝑗𝜋𝜈𝜏𝑑𝜏 (22)

Using a similar formulation, the STFT is also defined for discrete sig-
nals.

STFT {𝑥}𝑖,𝑘 |𝑤 =

+∞∑︁
𝑚=‧∞

𝑥𝑚𝑤𝑚−𝑖 𝑒
‧2𝑗𝜋𝑘𝑚/𝑛 (23)

The series become a finite sum if the length of the window 𝑛𝑤 is ex-
plicit. Usually, the required sample rate for the STFT is much lower
than the input’s. Therefore, every successive window is not spaced
one sample apart, but a number of samples ℎ that is called hop size.

STFT {𝑥}𝑖,𝑘 |𝑤,ℎ =

ℎ𝑖+𝑛𝑥−1∑︁
𝑚=ℎ𝑖

𝑥𝑚𝑤𝑚−ℎ𝑖 𝑒
‧2𝑗𝜋𝑘𝑚/𝑛 (24)

2.2.5 Hilbert Transform

A real-valued time domain cosine function 𝑎(𝑡) cos (𝜃 (𝑡)) can be trans-
formed to a complex exponential by adding the corresponding imagin-
ary sine function 𝑗𝑎(𝑡) sin (𝜃 (𝑡)) (see Equation (13)). The Hilbert trans-
form shifts the phases of all frequency components by 𝜋/2, effectively
mapping cosines to sines.

H{𝑎 cos (2𝜋𝜈𝑡 + 𝜙)} = 𝑎 sin (2𝜋𝜈𝑡 + 𝜙) (25)
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The analytic signal corresponding to the original signal can be built
adding the original signal as the real part and its Hilbert transform as
the imaginary part.

𝑧 (𝑡) = 𝑥 (𝑡) + 𝑗 · H{𝑥}(𝑡) (26)

The analytic signal can also be computed with the FT [92] (as in Equa-
tion (11), 𝑢 is the Heaviside step function).

𝑧 (𝑡) = F ‧1 {F {𝑥} · 𝑢} (𝑡) (27)

We can use the analytic signal to express any signal as a cosine function
with time varying frequency 𝜈 (𝑡) and amplitude 𝑎(𝑡).

𝑥 (𝑡) = 𝑎(𝑡) cos (𝜃 (𝑡)) = 𝑎(𝑡) cos
(︃
𝜙 + 2𝜋

∫ 𝑡

0
𝜈 (𝑡)𝑑𝑡

)︃
(28)

𝑎(𝑡) = |𝑧 (𝑡) | 𝜃 (𝑡) = ∠𝑧 (𝑡)

𝜙 = 𝜃 (0) 𝜈 =
𝑑𝜃

2𝜋𝑑𝑡 (𝑡)

2.2.6 Auto-correlation

Given a signal 𝑥 , its autocorrelation function 𝑅𝑥𝑥 (𝜏) expresses how
much the signal is similar to itself after a delay of 𝜏 .

𝑅𝑥𝑥 (𝜏) =
∫ +∞

‧∞
𝑥 (𝑡)𝑥 (𝑡 − 𝜏)𝑑𝑡 (29)

The complex conjugate of 𝑥 , 𝑥 is equal to 𝑥 for real signals.

𝑥 = 𝑎 + 𝑗𝑏 𝑥 = 𝜌𝑒 𝑗𝜃 (30)
𝑥 = 𝑎 − 𝑗𝑏 𝑥 = 𝜌𝑒‧𝑗𝜃

Complex conjugation is important for complex-valued signals, because
the product of a complex number by its conjugate is their square mag-
nitude.

𝑥𝑥 = 𝜌𝑒 𝑗𝜃 𝜌𝑒‧𝑗𝜃 = 𝜌2 (31)
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The correlation function is similar to a convolution.

(𝑥 ∗ 𝑦) (𝜏) =
∫ +∞

‧∞
𝑥 (𝑡)𝑦 (𝜏 − 𝑡)𝑑𝑡 (32)

In fact, the autocorrelation function of a real signal is equal to the con-
volution of the signal with a time-reversed copy of itself.

(𝑥 (𝑡) ∗ 𝑥 (−𝑡)) (𝜏) =
∫ +∞

‧∞
𝑥 (𝑡)𝑥 (−(𝜏 − 𝑡))𝑑𝑡 = 𝑅𝑥𝑥 (𝜏) (33)

The autocorrelation function is also closely related to the Fourier Trans-
form: it can be computed as the IFT of the square magnitude of the FT
of the signal (sometimes, referred to as the Power Spectral Density).
It can be proven using simple properties of the FT. First, the FT of a
convolution is the product of the FTs.

F {𝑥 ∗ 𝑦}(𝜈) = F {𝑥}(𝜈) · F {𝑦}(𝜈) (34)

Secondly, the FT of a time-reversed real signal is equal to the IFT of the
original signal and to the complex conjugate of its FT.

F {𝑥 (−𝑡)}(𝜈) =

∫ +∞

𝑡=‧∞
𝑥 (−𝑡)𝑒‧2𝑗𝜋𝜈𝑡𝑑𝑡 = (35)

=

∫ +∞

𝑡=‧∞
𝑥 (𝜏)𝑒2𝑗𝜋𝜈𝜏𝑑𝜏 (18)

= F ‧1 {𝑥} (𝜈) (36)

(30)
=

∫ +∞

𝑡=‧∞
𝑥 (𝜏)𝑒‧2𝑗𝜋𝜈𝜏𝑑𝜏 = F {𝑥}(𝜈) (37)

This proves that the autocorrelation function is the IFT of the square
magnitude of the FT of the signal.

𝑅𝑥𝑥 (𝜏) = (𝑥 (𝑡) ∗ 𝑥 (−𝑡)) (𝜏) = (38)
(34)
= F ‧1 {F {𝑥 (𝑡)} · F {𝑥 (−𝑡)}} (𝜏) =
(35)
= F ‧1

{︂
F {𝑥} · F {𝑥}

}︂
(𝜏) =

(31)
= F ‧1 {︁

|F {𝑥}|2
}︁
(𝜏)

F {𝑅𝑥𝑥 }(𝜈) = |F {𝑥}|2 (𝜈)

Similar operations and properties can be derived for discrete signals.
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2.3 Regression Analysis

In statistics, regression is a function that estimates the parameters of a
model from a set of observations of inputs (independent variables) and
outputs (dependent variables). Regression models range in complexity
and expressive power, from the simple linear regression approaches to
probabilistic processes and deep neural networks. In general, a regres-
sion model is a function 𝑟 that, given a parametric function 𝑓𝑝 and a set
of paired observations for the independent variables and the dependent
variables (𝑥𝑖 , 𝑦𝑖), yields an estimate of the parameters 𝑝̂ such that the
function approximates 𝑓𝑝̂ the relationship that exists in the data.

𝑟
(︁
𝑓 ,

{︁
(𝑥1, 𝑦1), . . .

}︁)︁
= 𝑝̂ : 𝑓𝑝̂ (𝑥𝑖) ≈ 𝑦𝑖 ∀𝑖 (39)

If this formulation seems too abstract, it is because it tries to encompass
all the aforementioned variety of methods and contexts. Notably, what
it means to “approximate” the relationship in the data really depends
on the specific model.

2.3.1 Linear Least-Squares

The most simple type of regression is linear regression. In this model,
the relationship in the data is assumed to be a linear function.

𝐴𝑥𝑖 + 𝑏 ≈ 𝑦𝑖 ∀𝑖 (40)

This formulation can also be expressed more compactly by adding a
leading 1 to every input 𝑥𝑖 .

𝐴𝑋 = 𝑌 𝐴 :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑏1 𝑏2 . . . 𝑏𝑚
𝑎1,1 𝑎1,2 . . . 𝑎1,𝑚

𝑎2,1
. . .

...
...

. . .
...

𝑎𝑛,1 . . . . . . 𝑎𝑛,𝑚

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
𝑋•,𝑖 :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
𝑥𝑖,1
𝑥𝑖,2
...

𝑥𝑖,𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(41)

If we multiply both sides by 𝑋 + = 𝑋𝑇
(︁
𝑋𝑋𝑇

)︁‧1 (the Moore-Penrose
inverse of 𝑋 ), we derive an expression for matrix 𝐴.

𝐴̂ = 𝑌𝑋𝑇
(︂
𝑋𝑋𝑇

)︂‧1
(42)
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This can be proven to be the solution to the following optimization
problem, called the Least-Squares problem.

𝑝̂ = argmin
𝑝

∑︁
𝑖

∥︁∥︁𝑓𝑝 (𝑥𝑖) − 𝑦𝑖∥︁∥︁22 (43)

Since, in this instance, we have assumed a linear model, the specific
problem is known as Linear Least-Squares.

𝐴̂ = argmin
𝐴

∑︁
𝑖

∥(𝐴𝑋 − 𝑌 )𝑖 ∥22 (44)

The problem could also be framed as finding the parameters of the
model that maximize the likelihood of the data, assuming that the ap-
proximation errors are independent, homoscedastic, and follow aGaus-
sian distribution with zero mean. In this formulation, the problem is
called Ordinary Least-Squares.

𝑦𝑖 = 𝑓𝑝 (𝑥𝑖) + 𝜖 𝜖 ∼ N
(︂
0⃗, I

)︂
(45)

𝑝̂ = argmax
𝑝

∏︂
𝑖

PN
(︂
𝑓𝑝 (𝑥𝑖) − 𝑦𝑖

|︁|︁ 0⃗, I)︂ (46)

Here,N(𝜇, Σ) is the Gaussian distribution with mean 𝜇 and covariance
Σ, and PN is its associated probability density function.

2.3.2 Nonlinear Least-Squares

The same framework can be extended to arbitrary nonlinear function.
However, over this class of functions, there is no guarantee that the
minimization algorithm will converge to the optimal solution.

Most approaches are based on either gradient descent (like most
optimization algorithms for neural networks) or the Gauss-Newton al-
gorithm, or on a combination of the two, like the Levenberg-Marquardt
algorithm or Powell’s dog leg method.
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Chapter 3

Sinusoidal Analysis of
Modal Audio

Abstract

Modal synthesis models require a substantial number of parameters to
achieve high-quality sounds. Defining such parameters is a lengthy
and laborious process for sound designers if they do it manually. This
chapter describes a method for practical modal parameter estimation,
which is based on the spectral analysis of a single audio sample. The
approach involves analyzing the sound spectrum using a sinusoidal
model and fitting the modal parameters using linear and semi-linear
techniques. The proposed method was tested on a dataset of impact
sounds, taking into account objects of various shapes and materials.
We assess the algorithm’s performance by examining the quality of
the resynthesized sounds. Resynthesis was performed using the Sound
Design Toolkit (SDT) modal engine and compared to the sounds re-
synthesized from parameters extracted with the previous SDT’s own

This chapter is based on [104] Marco Tiraboschi, Federico Avanzini and Stavros
Ntalampiras. ‘Spectral Analysis forModal Parameters Linear Estimate’. In: Proceedings
of the 17th Sound and Music Computing Conference. Ed. by Simone Spagnol and An-
drea Valle. SMC. Sound and Music Computing Network. Torino, Italy: Axea sas/SMC
Network, June 2020, pp. 276–283. doi: 10.5281/zenodo.3898795
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estimator. The proposed method was evaluated objectively, using per-
ceptually relevant features, and subjectively following the MUSHRA
protocol.

3.1 Introduction

Physically based and procedural methods for sound synthesis have his-
torically struggled to gain widespread acceptance by the industry, des-
pite their potential benefits in terms of interactivity and customizab-
ility. Böttcher [15] explored potential explanations for this. One such
reason is the necessity for tools that simplify the tasks of sound design-
ers, without burdening them with the low-level details of the specific
models.

In the context of modal synthesis, a tool that is greatly needed
by sound designers is one that enables automatic adjustment of the
mode parameters to accurately resynthesize a target, possibly recorded,
sound. In the restricted scenario of monophonic audio, each mode is
completely defined by a triplet of scalars: the modal frequency, the de-
cay coefficient, and the initial amplitude. This concept can be extended
to multichannel audio by considering an array of initial magnitudes,
each corresponding to a “pickup point” for the sound, or even to con-
tinuous spatial processes that describe the modal shapes as functions
of spatial coordinates on the modal object. These parameters directly
affect the spectral content of the synthesized sound, since each mode
represent howmuch the modal object resonates at a specific frequency.

This chapter describes a method for the automatic estimation of
modal parameters based on a target sound. The suggested method is
called SAMPLE (Spectral Analysis forModal Parameters Linear Estimate)
as it uses a spectral modelling algorithm to monitor the energy fluctu-
ations related to every sinusoidal component and subsequently applies
linear regression to estimate the modal parameters corresponding to
the spectral energy.

SAMPLE is assessed by resynthesizing the sounds with the Sound
Design Toolkit (SDT), a software package that has been developed over
several years (see Chapter 7), offering a collection of sound models for
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Figure 1: The four object used for recording the dataset: a glass bottle, a
metal saucepan, a porcelain mug and a small piece of wood. Recordings
by Giulia Clerici [21].

the interactive creation of various acoustic phenomena, including in-
teractions between solid objects via modal synthesis and physically-
based interaction force models [4] (impacts and frictions). Figure 1
shows the objects used to compile the impact sounds objective eval-
uation dataset [105]. This evaluation set is a subset of the dataset used
by Giulia Clerici for her master’s thesis [21] (see Section 3.2.3).

3.1.1 Related work

Modal synthesis has been gaining popularity as a sound synthesis ap-
proach for interactive computer graphics applications. One of the ear-
lier examples has been the work of van den Doel et al. [27]. The goal
in this context is to produce a sound that corresponds to the geometry
and the materials of virtual objects, as well as the user’s interaction
with these objects. Typically, the object’s geometry is known in this
setting, providing valuable insights into the object’s modes.

If the geometry and material distribution of the object are both
known, finite element methods (FEM) can be utilized to determine the
modal parameters. Picard et al. [68] suggest employing finite element
methods to calculate the masses and stiffnesses of the spring-mass net-
workmatrix, which can be decomposed to obtain themodal parameters
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(see Section 2.1.2). This method can calculate the full modal shape for
the modes and enables simulation of the vibrations at any pickup point
on the object. However, the object’s geometry andmaterial distribution
have to be known.

Michon et al. [61] adopted a similar approach, using FEM analysis
from a volumetric mesh of a 3D object to generate the corresponding
modal system for FAUST, a programming language for real-time audio
processing [65].

Acoustic information can also be used as an alternative or in con-
junction with object geometry. Ren et al. [79] developed a hybrid ap-
proach that combines FEM and audio analysis. An initial approxima-
tion of the modal parameters is derived from the geometrical model,
with the assumption that the material is isotropic and homogeneous,
alongwith several initial values formass density, Young’smodulus, and
Poisson’s ratio. Subsequently, convex optimization is applied to adjust
the material parameters to the modes detected in the audio example,
which are extracted from a series of spectrograms with varying resol-
ution. This method also uses deterministic residual compensation to
model the non-sinusoidal component. The advantage of this approach
is that it can operate without any prior knowledge of the material para-
meters. Moreover, it can transfer the identified material parameters to
virtual objects with different geometries.

Sterling et al. [95] developed their method based on the feature ex-
traction algorithm suggested by Ren et al., and incorporated a probab-
ilistic model for the damping parameters to mitigate the influence of
external factors and nonlinearities on the damping estimate. Such ex-
ternal factors include the object support (which introduces additional
damping to the object’s inherent damping), background noise, errors
in feature extraction (for instance, spectrogram resolution and win-
dowing sidelobes), and the relative emission and pickup patterns of
the object and the microphone. The modal parameters are computed
using maximum likelihood from an average of nearly 50 impact sounds
samples per object, employing an exponentially modified Gaussian as
the likelihood’s probability density function. This method neither re-
quires the material parameters nor the geometrical model of the object,
and enhances resilience to certain external factors. However, it is still
susceptible to reverberation and does not provide an estimate of the
modal shape function. In addition, multiple audio examples are needed
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to estimate the parameters.
Kereliuk et al. [53] suggested a modification of the ESPRIT [83] al-

gorithm to determine themodal parameters of room impulse responses.
Their method accommodated a variable number of modes, prioritising
high quality for lower mode counts.

Some methods tackle modal parameter estimation through para-
metric estimate using autoregressive (AR) system fitting. Abel et al. [1]
employed resonant filter parameters fitting to simulate the modal re-
sponse of rooms and spring reverberators. Maestre et al. [57] applied
a similar approach to simulate the response of the body of stringed
instruments, like guitars and violins.

Deep Learning is also becoming an increasingly popular technique
for sound design, as testified by the addition of the “Foley Sound Syn-
thesis” task in the 2023 edition of the DCASE challenge [20]. Unlike
physical models, they are usually black-box end-to-end models that
generate sounds with the desired attributes. Their application for sonic
interaction is still limited because of the computational power they re-
quire and because they often do not allow interaction at all. However,
some approaches, such as Differentiable Digital Signal Processing [29]
are addressing both of these issues.

3.2 Method

The proposed estimation algorithm is based on one single audio ex-
ample, without any prior knowledge about the geometry or the mater-
ial properties of the object. The audio example should be the recording
of an impact onto the object of interest, i.e. its empirical impulse re-
sponse. The modal parameters are found through linear or nonlinear
regression on the spectral features obtained by sinusoidal analysis.

The SAMPLE Python package (see Chapter 6) includes an imple-
mentation of the proposed algorithm.

3.2.1 Sinusoidal Analysis

Serra [87, 88, 89] introduced Spectral Modelling Synthesis (SMS), an
analysis and synthesis system for musical sounds based on the decom-
position of the sound into a deterministic sinusoidal and a stochastic
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component. The two main components of the sinusoidal analysis al-
gorithm are the peak detection and the peak continuation subroutines.

The peak detection algorithm detects peaks in each STFT frame of
the analysed sound as a local maximum in the magnitude spectrum.
The DFTs are computed with zero-phase windowing [82], so that local
flatness of the phase spectrum can be used to detect the peaks. Option-
ally, a minimum value can be specified to exclude low-volume peaks.
The peak location is refined with Gaussian interpolation, which is im-
plemented as a parabolic interpolation over logarithmic decibel val-
ues [37].

The peak continuation algorithm organizes the peaks into temporal
trajectories, with every trajectory representing the time-varying beha-
viour of a sinusoidal component. For all peaks in the frame, in decreas-
ing order of magnitude, the active trajectory with the closest frequency
is selected as the candidate trajectory, to which the peak should be ap-
pended. The peak is appended only if its frequency is close enough
to the last peak’s frequency. The threshold for acceptance can be de-
pendent on the frequency itself. Usually, it is set to be more tolerant on
higher frequencies. If no peak is appended to an active trajectory for a
frame, the trajectory becomes inactive. If a peak cannot be appended
to any active trajectory, a new trajectory is initialized, if it does not ex-
ceed the maximum limit of concurrent trajectories. Remaining peaks
will be disregarded.

The residual power-spectral density is estimated with a line seg-
ment approximation of the difference between the original spectrum
and the sinusoidal component, and modelled as noise. However, this
stochastic component is not of interest for modal parameters estimate
and will not be further discussed.

In Serra’s general purpose implementation of SMS, inactive traject-
ories were able to be recycled and continued. In the prototypical imple-
mentation of SAMPLE, based on SMS, there was a cleaning step that
split trajectories when the SMS algorithm recycled them. After that,
trajectories with similar frequencies were considered as belonging to
the same sinusoidal component and merged. But this cleaning steps
were more computationally expensive than the rest of the SAMPLE al-
gorithm.

In the current implementation of SAMPLE, the sinusoidal tracking
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algorithm is customized for modal impulse responses. First of all, tra-
jectories cannot be recycled, so that the splitting step can be skipped.
Secondly, some sanity checks are performed when tracks are deactiv-
ated. The average frequency in the trajectory should fall inside the aud-
itory range of interest (e.g. the default bounds are 20Hz and 16 kHz).
Also, the trajectory should be longer than a minimum length and are
expected to show a decreasing trend in the magnitude. The slope coef-
ficient from a linear regression is used as a feature to check this prop-
erty. Finally, when a trajectory is deactivated, it can be appended to a
previous trajectory if they are close enough in frequency.

A common trick used in audio analysis for additive synthesis [63],
and also used in MPEG Audio [74] codecs, is to feed the audio to the
algorithm with the time axis reversed (i.e. starting from the end of
the sound). This avoids the detection of spurious spectral peaks in the
attack transient of the sound, while allowing it to pick up the longest-
lasting partials more robustly. It doesn’t impose any limitation to the
approach, because processing is always assumed to be batch. Finally,
since all components should start at the same onset, any trajectory that
starts significantly later is discarded.

3.2.2 Parameter Regression

Sinusoidal components of a modal impact sound are characterized by
exponentially decaying amplitudes. As anticipated in Section 2.1.2, for
a diagonalized modal system, the oscillation related to the 𝑖-th mode of
oscillation is defined as in Equation (10).

ℎ𝑖 (𝑡) = 𝑢 (𝑡)𝑎𝑖𝑒‧𝜆𝑖𝑡 cos (2𝜋𝜈𝑖𝑡 + 𝜙𝑖)

Its parameters are is the modal frequency 𝜈𝑖 , the exponential decay
coefficient 𝜆𝑖 , and the amplitude 𝑎𝑖 .

The sinusoidal trajectories carry information about instantaneous
frequency and magnitude of the components. So, let 𝜏𝑖 be the function
that associates to every frame index 𝑛 the instantaneous amplitude 𝑎𝑖,𝑛
and frequency 𝜈𝑖,𝑛 of the 𝑖-th component and𝑁 (𝑖) the set of valid frame
indices for 𝜏𝑖 .

𝜏𝑖 : 𝑁 (𝑖) ⊂ N→ R2, 𝑛 ↦→
(︁
𝑎𝑖,𝑛, 𝜈𝑖,𝑛

)︁
(47)
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The regression problem consists in finding the parameters (𝜈𝑖 , 𝜆̂𝑖 , and
𝑎̂𝑖 ) of each mode that fit the corresponding trajectory.

𝑎̂𝑖𝑒
‧𝜆̂𝑖𝑡 (𝑛) ≈ 𝑎𝑖,𝑛 𝜈𝑖 ≈ 𝜈𝑖,𝑛 (48)

Here, 𝑡 (𝑛) is the time instant associated to frame 𝑛.
The modal frequency is simply estimated as the average frequency

of the trajectory.
𝜈𝑖 :=

∑︁
𝑛 ∈ 𝑁 (𝑖 )

𝜈𝑖,𝑛

#𝑁 (𝑖) (49)

Let’s consider the expression for instantaneous amplitude in Equa-
tion (48) and take the logarithm of both sides.

ln 𝑎̂𝑖 − 𝜆̂𝑖𝑡 (𝑛) ≈ ln𝑎𝑖,𝑛 (50)

This is a linear regression problem, so 𝜆̂𝑖 and 𝑎̂𝑖 can be estimated as the
slope and intercept coefficients, respectively. In practice, amplitudes
are expressed in decibel, so the previous expression should use a base-
10 logarithm.

20 log10 𝑎̂𝑖 − 20 log10 (𝑒) · 𝜆̂𝑖𝑡 (𝑛) ≈ 20 log10 𝑎𝑖,𝑛 (51)

Linear regression solves the following quadratic optimization problem,
called Linear Least-Squares (Section 2.3.1).

𝑘̂𝑖 , 𝑞̂𝑖 = argmin
𝑘𝑖 ,𝑞𝑖 ∈R2

∑︁
𝑛 ∈ 𝑁 (𝑖 )

|︁|︁20 log10 𝑎𝑖,𝑛 − 𝑘𝑖𝑡 (𝑛) − 𝑞𝑖 |︁|︁2 (52)

The estimated amplitude and decay coefficient can be computed from
the linear regression coefficients.

𝑎̂𝑖 = 10 𝑞̂𝑖/20 𝜆̂𝑖 = −𝑘̂𝑖/20 log10 (𝑒) (53)

Often modal models are described using the decay time (𝑑 = 2𝜆‧1).

𝑑𝑖 = −40 log10 (𝑒)/𝑘̂𝑖 (54)
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Figure 2: Comparison of fitting a linear function and a hinge function
to noisy amplitude trajectory data when the noise floor stops the linear
decay. The hinge regression allows for a better estimate of the linear
parameters, while the linear regression is biased towards a lower value
both the intercept and the slope.

Regression to a Hinge Function

When the noise floor is high, it could be detected by the sinusoidal
tracking algorithm and its magnitude would contribute to the mag-
nitude of the trajectory. This can happen especially if the input audio
is not reversed. In other cases, reverberation changes the natural ex-
ponential decay of the signal.

In order to obtain a finer estimate of the linear parameters, the amp-
litude of the trajectory can be fitted to a hinge function using nonlinear
least-squares estimate (as shown in Figure 2). A hinge function ℎ(𝑡) is
a function that is linear for 𝑡 < 𝛼 and then continues as a constant.

ℎ𝑘,𝑞,𝛼 (𝑡) := 𝑘 ·min (𝑡, 𝛼) + 𝑞 (55)

Nonlinear least-squares is not guaranteed to converge to a global op-
timum. Karjalainen et al. [51] included the noise in the model and
defined a customized optimization method. In this approach most of
the noise is excluded by the sinusoidal analysis and the optimizer is ini-
tialized with the parameter values found via linear least-squares, with
𝛼 equal to half of the duration of the signal.
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3.2.3 Dataset

Adataset was collected [105], containing 20 audio recordings from each
of the 4 objects in Figure 1 (a bottle, saucepan, plank, and mug), for a
total of 80 samples. They have been recorded in an acoustically isolated
room at LIMwith a ZoomH4 recorder. The sounds have been produced
by manually hitting the objects with a wooden stick. These sounds
were recorded by Giulia Clerici for her master thesis [21].

Additionally, five recordings of different bells sounds were used.
They have been recorded by Daniel Simion and are available under
Creative Commons Attribution 3.0 licence1 on SoundBible2. Every re-
cording has been cropped to a single repeat, starting right at the onset.

3.3 Results

The two datasets were analysed with both the proposed approach and
SDTModalTracker, a modal parameters estimator that has been de-
veloped for the Sound Design Toolkit (Chapter 7). The sounds resyn-
thesized using the parameters extracted with the two approaches were
compared both objectively and subjectively.

All sounds have been analysed using the same hyperparameters.
This serves as a reference for the baseline performance of the approach.
An experienced sound-designer should tweak those hyperparameters
based on the nature of the sound being analysed. The hyperparameters
we used are the following: Hamming window (2048 points), FFT size
16384, hop size 256, magnitude threshold -80 dB, minimum sine dura-
tion 0.02 s, maximum number of sinusoidal components 64, frequency
deviation offset 10 and slope 0.001, time delay threshold 0.1 s, initial
magnitude threshold -60 dB (absolute), frequency boundaries 20Hz and
18 kHz, using time-reversed audio, and a 𝑡60 threshold of 0 s (compon-
ents with a negative decay time will be discarded). Please, note that the
implementation under experiment was the prototype based on Xavier
Serra’s own Python implementation of SMS. Some variations from the
reported results should be expected if testing the stable implementation
in the SAMPLE Python package (Chapter 6).

1https://creativecommons.org/licenses/by/3.0
2http://soundbible.com/tags-bell.html

https://creativecommons.org/licenses/by/3.0
http://soundbible.com/tags-bell.html
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𝜇 PCC 𝜎 𝜇 NED 𝜎

SDTModalTracker 0.225 0.293 0.494 0.077
SAMPLE 0.643 0.132 0.351 0.069

Table 1: Objective evaluation metrics macro-average and standard de-
viation. For both metrics, SAMPLE outperforms SDTModalTracker.

The original audio files and the outputs can be found on the GitLab
Pages website of the development repository3, as well as time-domain
and time-frequency domain plots4. Plots for the in-between analysis
steps are also available at the same page.

To resynthesize modal sounds, the Sound Design Toolkit’s modal
resonators were used. A Python interface for the relevant C API of SDT
was developed with Cython [6], which made it possible to obtain the
resynthesized modal audio in Python.

3.3.1 Objective Evaluation

To assess the resynthesis accuracy of the two methods, the resynthes-
ized sounds have been compared to the original sounds using the mel-
frequency cepstrogram (12MFCCs are computed for every STFT frame,
resulting in a time-cepstrum representation of the sound). For every
MFCC, the Pearson correlation coefficient (PCC) is computed between
the original and the resynthesized sound. Since the correlation is in-
variant to scale factors, another metric is employed to account for ab-
solute differences, the normalized Euclidean dissimilarity (NED). This
is a variant on the root mean squared error that is insensitive to bins
for which both vectors are zero-valued and is always in the interval
between zero and one.

NED(𝐴, 𝐵) = ∥𝐴 − 𝐵∥2√︃
2(∥𝐴∥22 + ∥𝐵∥22)

. (56)

The first dataset (20 recordings for each of 4 objects) was used for this
evaluation. Audio files by Daniel Simion (bell sounds) were not used
because there were too few repetitions for each object. The values of

3chromaticisobar.gitlab.io/pyaprsi2/audio
4chromaticisobar.gitlab.io/pyaprsi2/plots

https://chromaticisobar.gitlab.io/pyaprsi2/audio
https://chromaticisobar.gitlab.io/pyaprsi2/plots
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Figure 3: Violin plots for the Pearson correlation coefficient and the normalized Euclidean dissimilarity between the
original sounds MFCCs and the resynthesized sounds for the first 12 MFCCs. Stars above the groups are indicative
of the p-value of the paired-difference test.
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each of the two metrics for both SAMPLE and SDTModalTracker are
shown as violin plots in Figure 3: in the figure, stars indicate the level
of significance for the p-value of the corresponding paired-difference
test.

* 𝑝 ≤ 0.05 ** 𝑝 ≤ 0.01 (57)
*** 𝑝 ≤ 0.005 **** 𝑝 ≤ 0.001

The Shapiro-Wilk test for normality [90] rejected the normality hy-
pothesis for all metrics except the NED for MFCC-6. Because of this,
the non-parametric Wilcoxon signed-rank test was used to test the sig-
nificance of differences. For MFCC-6, the test did not show any signi-
ficance neither for the PCC nor for the NED. But for every other MFCC,
the difference is significant and in favour of the proposed method. The
macro-average values are summarized in Table 1. It should be noted
that the PCC is a measure of similarity (higher is better) and the NED
is a measure of dissimilarity (lower is better).

3.3.2 Subjective Evaluation

A MUSHRA test [77] (MUltiple Stimuli with Hidden Reference and An-
chor) has been set up to evaluate the subjective quality of the resyn-
thesized sounds. It has been developed using webMUSHRA [85], a
MUSHRA compliant web audio API based experiment software, and
deployed using a webserver owned by LIM.

The listening test had 9 pages, one for each of the different sounds:
one sample for each of the four objects in Figure 1, chosen at random,
and the five bell sounds. In each page the listener is presented with
one reference sound sample and 5 approximations to judge: the hidden
reference itself, two anchors and two resynthesized sounds. The two
anchors are computed from the reference sound by applying a low-pass
filter at 7 kHz and 3.5 kHz, respectively. The two resynthesized sounds
were generated with SDT using the modal parameters extracted with
SAMPLE and SDTModalTracker, respectively.

The listener is asked to report on the quality of each stimulus with
respect to the reference sound using a scale from 0 to 100. The listener
is informed that the reference sound is hidden among the approxima-
tions. They are also encouraged to give a perfect score to a sample if
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they think that it is, indeed, the reference. The listener can listen to the
reference and to the approximations in any order and as many times as
they like.

The listener is also asked to use headphones or studio monitors
instead of their computer or phone built-in speakers, if possible. At
the end of the test the listener must state what listening device they
used (headphones, earphones, studiomonitors or built-in speakers) and
what is their audio background: no background, intermediate (e.g. stu-
dent or amateur musician or audio engineer) or expert (e.g. musician
or audio engineer). Optional information about gender and age can be
input, along with a feedback message. All this information is saved
anonymously.

We received 12 entries, two of which have been discarded accord-
ing to the MUSHRA guideline because they rated the hidden reference
below 90 MUSHRA points for more than 15 percent of all test items.
One of them reported having no audio background, the other reported
being an intermediate. The remaining 10 participants were so divided:
2 no-background, 3 intermediate and 5 experts. Only the discarded in-
termediate used studio monitors, and all other participants used either
headphones or earphones. Although the test was not conducted in a
controlled environment, these conditions and support have been con-
sidered sufficient to draw macroscopic conclusions.

The results for all the valid entries are summarized using violin
plots in Figure 4. The sound resynthesized using the parameters ex-
tracted with SAMPLE have been considered as Fair in the average case.
The distribution of the scores is also very similar to the 3.5 kHz low-
pass filtered anchor and their differences are not significant (𝑝 > 0.05
for the Wilcoxon signed-rank test). The 7 kHz low-pass filtered anchor
and the hidden reference were given better scores (Good and Excellent,
respectively). The sound resynthesized using the parameters extracted
with SDTModalTracker have been considered as Poor in the average
case, that is, significantly worse than SAMPLE (𝑝 ≤ 0.001 for the Wil-
coxon signed-rank test).
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SDT SAMPLE 3.5 kHz 7 kHz reference
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Figure 4: Violin plots for the MUSHRA test scores. Stars above the
groups are indicative of the p-value of the paired-difference test, where
significant. The audio samples resynthesized with parameters extrac-
ted with the proposed method have been judged similar to the 3.5 kHz
anchor and better than SDT.

3.4 Conclusion

This chapter described an approach for estimating modal parameters,
which uses only one audio recording as a sample. The method outper-
formed a publicly available open-source method in the task of para-
meter estimation for modal synthesis. The two methods were com-
pared with computational and subjective tests.

The proposed method does not require any previous knowledge of
the geometry or materials of the object and also requires no more than
one audio recording of the sound of the impacted object. However,
it is only applicable to rigid resonators and it is not robust to external
factors such as reverberation. Furthermore, the system that contributes
to the sound is modelled as a whole: the contribution of the resonator,
the impacting object and any support are not disentangled. In addi-
tion, the method only models the contribution of the mode when it is
impacted at one impact point and recorded at one pickup point.
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This approach does not model nonlinear phenomena, such as coup-
ling, and non-stationary modes. Modal systems that have a signific-
antly nonlinear behaviour should be analysed by addressing the spe-
cific nonlinearities. Those nonlinearities should also be implemented
in the synthesis model. The parametrization of transients is not ad-
dressed and left to the sound-designers. The main motivation of this
choice is that it would require a complementary approach (e.g., it could
be addressed using information from the residual component). Also, in
modal synthesisers such as SDT’s there is a small number of transient
parameters, that can easily be tweaked by the sound-designer.

Assumptions of modal analysis which were not implemented in the
software prototype, such as stationarity of modes and monotonic de-
creasing amplitude, have been successfully integrated directly in the
sinusoidal model. Also, a GUI was then developed to allow for the fine-
tuning of hyperparameters and modal parameters and ease the access
for sound-designers who are not familiar with Python (see Chapter 6).

Beats can be included in the model, allowing for the resolution
of partials that are grouped together in the STFT. This is performed
as an alternative fitting step after sinusoidal analysis (see Chapter 4).
The model could be generalized to the case in which more than one
example is available, to improve robustness. Similarly, a generalized
model could accept optional prior information about the geometry and
the material distribution of the object, to extend the model to a space-
time process, or multichannel samples (see Chapter 5).





Chapter 4

Modal Acoustic Beats

Abstract

Acoustic “beats” are one of the most extensively studied interference
patterns. A beat arises from two pure sinusoidal tones with the same
volume that oscillate at two similar frequencies, but is heard it as one
tone, whose volume periodically changes with time. Beats represent
a challenge for current state-of-the-art signal analysis methods, espe-
cially for the inverse problem of estimating “modal” parameters from
audio signals. A baseline algorithm was designed to exploits the in-
formation from the amplitude modulation of a beat to estimate the
parameters of two beating modal tones. But when the two tones have
different amplitudes, then the frequency of the tone also changes with
time. Building on this fact, the algorithm was, then, refined by also
considering the frequency modulation pattern. The performance of the
two algorithms was evaluated on a synthetic dataset of exponentially-
decaying beating sine-waves, finding found statistical evidence that the
proposed method better estimates the modal parameters.

This chapter is based on [102] Marco Tiraboschi and Federico Avanzini. ‘Acoustic
Beats and Where To Find Them: Uneven Beats Models and Modal Audio Inversion
by Non-linear Least-Squares Optimization’. In: Inverse Problems (2024). [UNDER RE-
VIEW]
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4.1 Introduction

Most people who took an introductory physics class will remember a
lecture about interference patterns and beats. The subject is a teacher’s
favourite, because the maths is simple enough that a high-school stu-
dent can keep up, and the phenomenon can be easily shown: you can
play the same note on two different strings on a guitar, one of which is
slightly out-of-tune, and you can hear the beat. Beats can be also com-
monly found in sounds made from a variety of real objects. Because of
their imperfections, they often have resonant modes the frequencies of
which do not coincide, but are very close to each other.

With the aim of achieving more believable andmore realistic sound
synthesis models that accurately replicate the beats real-life objects
produce, the problem investigated in this chapter extends the work
described in Chapter 3. Here, an expression for beats is discussed, fo-
cussing on the case where the two amplitudes are different or time-
varying, especially the case of exponential decay. This model repres-
ents the sum of two such sinusoidal components as a single component
whose volume and frequency are modulated with the samemodulation
frequency.

In different contexts, such as telecommunications or civil engineer-
ing, researchers have been using models based on amplitude and fre-
quency modulated partials to represent many kinds of non-stationary
or non-sinusoidal signals. The literature on Empirical Mode Decom-
position (EMD) is rich of adaptive and nonlinear algorithms for the ana-
lysis of such signals. While starting on similar theoretical grounds, the
proposed model is simpler because it exploits some knowledge about
the signals’ behaviour in the domain of application. After establishing
such theoretical framework, some of the most used methods for per-
forming spectral decomposition are discussed: Fourier analysis, autore-
gressive modelling, and EMD. Their limitations in the context of sep-
arating beating components are shown.

Then, two variants of a modal parameter estimation algorithm are
defined. SAMPLE (see Chapter 3) is applied for sinusoidal analysis, to
track the instantaneous frequency and amplitude of beating compon-
ents. Then, nonlinear least-squares regression fits the parameters of
the beat model to the trajectories. One variant fits the parameters only
accounting for the amplitude modulation, the other also accounts for
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the frequency modulation. The proposed algorithm was named Beats-
DROP (Beats Duality for the Resolution Of Partials).

A synthetic dataset of beating sounds was generated for regres-
sion performance evaluation. Every beat instance is the sum of two
sinusoidal components with exponential decay (see Equation (10) in
Chapter 2). Finally, it is shown that the algorithm intrinsically provides
a decision criterion for determining if the tracked instantaneous fre-
quencies and amplitudes belong to a single component or to a pair of
beating components. A second synthetic dataset, constructed similarly
to the first, was used to quantitatively assess the classification perform-
ance of such criterion.

The implementation of these methods is included in the SAMPLE
Python package (see Chapter 6). The repository on Zenodo [99] also
includes the evaluation protocols. Experimental data for this chapter
are also available on Zenodo [100].

4.2 Interference Patterns

In this section, the core model is discussed. This is an expression for
the interference of two pure sinusoidal tones with different stationary
frequencies and different, possiblymodulated, amplitudes. This pattern
will be referred to as the uneven beat, to distinguish it from the more
commonly studied beat pattern, the perfect beat, in which the two tones
have the same amplitude.

This interference is well known in the literature. The expression
by Feldman [32] (equations 10 and 11) is very similar to the one con-
sidered here, but it requires 𝑎1 > 𝑎2 and 𝜔2 > 𝜔1. Boashash [11] (equa-
tions 28–30) had previously derived another similar set of equations,
but for complex partials. The specific expression used in this chapter
is proven in Section 4.2.1 (Theorem 1).

𝑓 (𝑡) = 𝑎1 cos (𝜔1𝑡 + 𝜙1) + 𝑎2 cos (𝜔2𝑡 + 𝜙2) = (58)

= 2𝛼 (𝑡) cos
(︃
𝜙0 +

∫ 𝑡

0
𝜔 (𝑥) 𝑑𝑥

)︃
The instantaneous amplitude is 2𝛼 (𝑡).

𝛼2(𝑡) :=
(︂
𝑎2 − 𝑎̂2

)︂
cos2

(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2 (59)
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Figure 5: Sum of two sinusoidal functions: one has amplitude 𝑎1 = 0.6
and angular velocity 𝜔1 = 18𝜋 rad/s, the other has amplitude 𝑎2 = 0.4
and angular velocity 𝜔2 = 22𝜋 rad/s.

The instantaneous angular velocity is 𝜔 (𝑡).

𝜔 (𝑡) := 𝜔 + 𝑎𝑎̂

𝛼2(𝑡) 𝜔̂ (60)

The initial phase is 𝜙0.

𝜙0 := 𝜙 + arctan2
(︂
𝑎̂ sin 𝜙̂, 𝑎 cos 𝜙̂

)︂
(61)

As a convention, the letter 𝜔 is used for angular velocities, the letter
𝑎 for amplitudes and the letter 𝜙 for phases. Later in the paper, the
letter 𝜈 will be used for frequencies in hertz (𝜔 = 2𝜋𝜈), if they are
more convenient to use. Letters with an overline indicate averages and
letters with a hat indicate semi-differences.

𝑎 := 𝑎1 + 𝑎2
2 𝜔 := 𝜔1 + 𝜔2

2 𝜙 := 𝜙1 + 𝜙2
2 (62)

𝑎̂ := 𝑎1 − 𝑎2
2 𝜔̂ := 𝜔1 − 𝜔2

2 𝜙̂ := 𝜙1 − 𝜙2
2

Figure 5 displays an example of the amplitude and frequency modula-
tions happening in uneven beats. Let us pause a moment to appreciate
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the duality of the pattern: the interference of two tones with different
frequency determines an amplitude modulation and, if the two tones
have different amplitudes, it also yields a frequency modulation.

Section 4.2.1 also proves the expression for amplitude-modulated
components (Theorem 2). In this case the instantaneous angular velo-
city is 𝜔 (𝑡).

𝜔 (𝑡) = 𝜔 + 𝛼‧2(𝑡)
⎡⎢⎢⎢⎢⎢⎣𝑎(𝑡)𝑎̂(𝑡)𝜔̂ + 0

(︂
𝜙̂

)︂
2 +

+
(︃
𝑑𝑎̂(𝑡)
𝑑𝑡

𝑎(𝑡) − 𝑑𝑎(𝑡)
𝑑𝑡

𝑎̂(𝑡)
)︃ sin

(︂
2𝜔̂𝑡 + 2𝜙̂

)︂
2

⎤⎥⎥⎥⎥⎥⎦ (63)

The initial phase is 𝜙0.

𝜙0 = 𝜙 + arctan2
(︂
𝑎̂(0) sin 𝜙̂, 𝑎(0) cos 𝜙̂

)︂
(64)

4.2.1 Proof

This section proves the expression for the interference of two pure si-
nusoidal components with different frequencies and amplitudes (un-
even beats). The proof exploits some known facts about two simpler
interference patterns, the perfect beat and the out-of-phase interfer-
ence (we omit the proof of these lemmas). The perfect beat interference
pattern can be expressed by the following equality:

𝑎 cos (𝜔1𝑡 + 𝜙1) + 𝑎 cos (𝜔2𝑡 + 𝜙2) =

= 2𝑎 cos
(︂
𝜔𝑡 + 𝜙

)︂
cos

(︂
𝜔̂𝑡 + 𝜙̂

)︂
(65)

The symbols are explained in Equation (62). The out-of-phase interfer-
ence can be expressed with phasor addition.

𝑎1 cos (𝜔𝑡 + 𝜙1) + 𝑎2 cos (𝜔𝑡 + 𝜙2) = 𝑎3 cos (𝜔𝑡 + 𝜙3) (66)

𝑎3 =
|︁|︁|︁𝑎1𝑒 𝑗𝜙1 + 𝑎2𝑒 𝑗𝜙2

|︁|︁|︁ 𝜙3 = ∠
(︂
𝑎1𝑒

𝑗𝜙1 + 𝑎2𝑒 𝑗𝜙2
)︂
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Uneven Beats Interference Pattern

These building blocks can be used to find an expression for the inter-
ference pattern of uneven beats: when two pure sinusoidal tones with
difference amplitudes interfere, they are equivalent to a single tone that
changes volume and frequency with time. Expressions for the amp-
litude modulation are very common and, for a simple proof, we suggest
the Feynman lectures [33] (equations 48.1–48.8). But this expression
will also take into account the frequency modulation component.

Theorem 1. The sum of two sinusoidal functions with different, but con-
stant, amplitudes and frequencies can be expressed as one sinusoidal func-
tion periodically modulated in amplitude and frequency. The frequency
of both modulation signals is equal to the difference of the two initial fre-
quencies. The amplitude values range between the difference and the sum
of the two initial amplitude values. The carrier frequency is the average
of the two initial frequencies.

𝑎1 cos (𝜔1𝑡 + 𝜙1) + 𝑎2 cos (𝜔2𝑡 + 𝜙2) =

= 2𝛼 (𝑡) cos
(︃
𝜙0 +

∫ 𝑡

0
𝜔 (𝑥)𝑑𝑥

)︃
where

𝛼2(𝑡) :=
(︂
𝑎2 − 𝑎̂2

)︂
cos2

(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2

𝜔 (𝑡) := 𝜔 + 𝑎𝑎̂

𝛼2(𝑡) 𝜔̂

𝜙0 := 𝜙 + arctan2
(︂
𝑎̂ sin 𝜙̂, 𝑎 cos 𝜙̂

)︂
𝑎 := 𝑎1 + 𝑎2

2 𝜔 := 𝜔1 + 𝜔2
2 𝜙 := 𝜙1 + 𝜙2

2

𝑎̂ := 𝑎1 − 𝑎2
2 𝜔̂ := 𝜔1 − 𝜔2

2 𝜙̂ := 𝜙1 − 𝜙2
2

Proof. The whole function can be expressed as the sum of two perfect
beat patterns.

𝑓 (𝑡) = 𝑎1 cos (𝜔1𝑡 + 𝜙1)+ 𝑎2 cos (𝜔2𝑡 + 𝜙2) = (67)
= (𝑎 + 𝑎̂) cos (𝜔1𝑡 + 𝜙1)+ (𝑎 − 𝑎̂) cos (𝜔2𝑡 + 𝜙2) (68)
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𝑓 (𝑡) = 𝑎
[︁
cos (𝜔1𝑡 + 𝜙1) + cos (𝜔2𝑡 + 𝜙2)

]︁
+ (69)

+ 𝑎̂
[︁
cos (𝜔1𝑡 + 𝜙1) + cos (𝜔2𝑡 + 𝜙2 + 𝜋)

]︁
𝑓 (𝑡) (65)

= 2
{︃
𝑎 cos

(︂
𝜔̂𝑡 + 𝜙̂

)︂
cos

(︂
𝜔𝑡 + 𝜙

)︂
+ (70)

+ 𝑎̂ cos
(︂
𝜔̂𝑡 + 𝜙̂ − 𝜋

2

)︂
cos

(︂
𝜔𝑡 + 𝜙 + 𝜋2

)︂}︃
This is the sum of two out-of-phase sine-waves with different amp-
litudes, even though the amplitudes themselves happen to be sine-
waves. So, using Equation (66).

𝑓 (𝑡) = 2𝛼 (𝑡) cos
(︂
𝜔𝑡 + 𝜙 + 𝜏 (𝑡)

)︂
(71)

𝛼 (𝑡) 𝑒 𝑗
[︂
𝜏 (𝑡 )+𝜙

]︂
= 𝑎 cos

(︂
𝜔̂𝑡 + 𝜙̂

)︂
𝑒 𝑗𝜙+

+ 𝑎̂ cos
(︂
𝜔̂𝑡 + 𝜙̂ − 𝜋/2

)︂
𝑒
𝑗

(︂
𝜙+𝜋/2

)︂
(72)

This equation can be simplified removing the phase shift of 𝜙 from
both sides of the equation, rewriting exp ( 𝑗𝜋/2) as 𝑗 and applying the
trigonometric identity cos (𝑥 − 𝜋/2) = sin (𝑥).

𝛼 (𝑡)𝑒 𝑗𝜏 (𝑡 ) = 𝑎 cos
(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑗𝑎̂ sin

(︂
𝜔̂𝑡 + 𝜙̂

)︂
(73)

The modulant signal for the amplitude modulation is 𝛼 (𝑡).

𝛼2(𝑡) = ℜ2
[︂
𝛼 (𝑡)𝑒 𝑗𝜏 (𝑡 )

]︂
+ ℑ2

[︂
𝛼 (𝑡)𝑒 𝑗𝜏 (𝑡 )

]︂
= (74)

= 𝑎2 cos2
(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2 sin2

(︂
𝜔̂𝑡 + 𝜙̂

)︂
= (75)

=

(︂
𝑎2 − 𝑎̂2

)︂
cos2

(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2 (76)

The modulant signal for the phase modulation is 𝜏 (𝑡).

𝜏 (𝑡) = arctan2
(︂
ℑ

[︂
𝛼 (𝑡)𝑒 𝑗𝜏 (𝑡 )

]︂
,ℜ

[︂
𝛼 (𝑡)𝑒 𝑗𝜏 (𝑡 )

]︂ )︂
= (77)

= arctan2
(︂
𝑎̂ sin

(︂
𝜔̂𝑡 + 𝜙̂

)︂
, 𝑎 cos

(︂
𝜔̂𝑡 + 𝜙̂

)︂)︂
(78)
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The instantaneous angular velocity is the phase derivative.

𝜔 (𝑡) := 𝑑

𝑑𝑡

[︂
𝜔𝑡 + 𝜙 + 𝜏 (𝑡)

]︂
= 𝜔 + 𝑑𝜏

𝑑𝑡
(𝑡) (79)

The function arctan2 (𝑦, 𝑥) is equal up to a constant to arctan (𝑦/𝑥) for
all 𝑦 and for all 𝑥 ≠ 0. So, we will take the derivative of 𝜏 (𝑡).

𝜏 (𝑡) := arctan
⎛⎜⎜⎝
𝑎̂ sin

(︂
𝜔̂𝑡 + 𝜙̂

)︂
𝑎 cos

(︂
𝜔̂𝑡 + 𝜙̂

)︂ ⎞⎟⎟⎠ = arctan
(︃
𝑎̂

𝑎
tan

(︂
𝜔̂𝑡 + 𝜙̂

)︂)︃
(80)

Where it exists, the derivative of 𝜏 is equal to the derivative of 𝜏 . The
argument of the tan function is 𝜃 (𝑡) := 𝜔̂𝑡 + 𝜙̂ , and its derivative is just
𝜔̂ . The argument of arctan is 𝜉 (𝑡) := 𝑎̂/𝑎 · tan𝜃 (𝑡).

𝑑𝜉

𝑑𝑡
(𝑡) = 𝑎̂

𝑎

𝑑 tan
𝑑𝜃

(𝜃 (𝑡))𝑑𝜃
𝑑𝑡

(𝑡) = 𝑎̂𝜔̂

𝑎 cos2
(︂
𝜔̂𝑡 + 𝜙̂

)︂ (81)

The derivative of 𝜏 can be built using the chain rule.

𝑑𝜏

𝑑𝑡
(𝑡) = 𝑑 arctan

𝑑𝜉
(𝜉 (𝑡))𝑑𝜉

𝑑𝑡
(𝑡) = (82)

=
1

1 + 𝜉2(𝑡)
𝑎̂𝜔̂

𝑎 cos2
(︂
𝜔̂𝑡 + 𝜙̂

)︂ = (83)

=

{︄
1 +

[︃
𝑎̂

𝑎
tan

(︂
𝜔̂𝑡 + 𝜙̂

)︂]︃2}︄‧1
𝑎̂𝜔̂

𝑎 cos2
(︂
𝜔̂𝑡 + 𝜙̂

)︂ = (84)

=
𝑎𝑎̂𝜔̂

𝑎2 cos2
(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2 sin2

(︂
𝜔̂𝑡 + 𝜙̂

)︂ (75)
=

𝑎𝑎̂𝜔̂

𝛼2(𝑡) (85)

So, the frequency modulation is 𝜔 (𝑡).

𝜔 (𝑡) = 𝜔 + 𝑑𝜏
𝑑𝑡

(𝑡) = 𝜔 + 𝑑𝜏
𝑑𝑡

(𝑡) = 𝜔 + 𝑎𝑎̂

𝛼2(𝑡) 𝜔̂ (86)

Finally, the value of the phase modulation function at the time instant
𝑡 = 0 is needed to compute 𝜙0.

𝜏 (0) = arctan2
(︂
𝑎̂ sin 𝜙̂, 𝑎 cos 𝜙̂

)︂
(87)
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Quod erat demonstrandum.

𝑎1 cos (𝜔1𝑡 + 𝜙1) + 𝑎2 cos (𝜔2𝑡 + 𝜙2) = 2𝛼 (𝑡) cos𝜙 (𝑡) (88)

𝛼2(𝑡) =
(︂
𝑎2 − 𝑎̂2

)︂
cos2

(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2 (89)

𝜙 (𝑡) = 𝜙0 +
∫ 𝑡

0

[︁
𝜔 + 𝑎𝑎̂𝜔̂/𝛼2(𝑥)

]︁
𝑑𝑥 (90)

𝜙0 = 𝜙 + arctan2
(︂
𝑎̂ sin 𝜙̂, 𝑎 cos 𝜙̂

)︂
(91)

□

Modulated Beats Interference Pattern

This expression can be modified to describe the case when the amp-
litudes of the two interfering waves change with time.

Theorem 2. The sum of two sinusoidal functions with different, but con-
stant, frequencies, and time-varying amplitudes can be expressed as one
sinusoidal function modulated in amplitude and frequency.

𝑎1(𝑡) cos (𝜔1𝑡 + 𝜙1) + 𝑎2(𝑡) cos (𝜔2𝑡 + 𝜙2) =

= 2𝛼 (𝑡) cos
(︃
𝜙0 +

∫ 𝑡

0
𝜔 (𝑥)𝑑𝑥

)︃
where

𝛼2(𝑡) :=
(︂
𝑎2(𝑡) − 𝑎̂2(𝑡)

)︂
cos2

(︂
𝜔̂𝑡 + 𝜙̂

)︂
+ 𝑎̂2(𝑡)

𝜔 (𝑡) := 𝜔 + 1
𝛼2(𝑡)

[︃
𝑎(𝑡)𝑎̂(𝑡)𝜔̂ +

(︃
𝑑𝑎̂(𝑡)
𝑑𝑡

𝑎(𝑡)+

−𝑑𝑎(𝑡)
𝑑𝑡

𝑎̂(𝑡)
)︃ sin

(︂
2𝜔̂𝑡 + 2𝜙̂

)︂
2

⎤⎥⎥⎥⎥⎥⎦
𝜙0 := 𝜙 + arctan2

(︂
𝑎̂(0) sin 𝜙̂, 𝑎(0) cos 𝜙̂

)︂
𝑎(𝑡) := 𝑎1(𝑡) + 𝑎2(𝑡)

2 𝜔 := 𝜔1 + 𝜔2
2 𝜙 := 𝜙1 + 𝜙2

2

𝑎̂(𝑡) := 𝑎1(𝑡) − 𝑎2(𝑡)
2 𝜔̂ := 𝜔1 − 𝜔2

2 𝜙̂ := 𝜙1 − 𝜙2
2
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Proof. The proof for Theorem 1 holds for all steps until we compute
the derivative of the phase modulation in Equation (81). In the case of
amplitude-modulated partials, the derivative of the components’ amp-
litude affects the derivative of 𝜉 .

𝑑𝜉

𝑑𝑡
(𝑡) = 𝑑

𝑑𝑡

{︃
𝑎̂(𝑡)
𝑎(𝑡) tan (𝜃 (𝑡))

}︃
(92)

𝑑𝜉

𝑑𝑡
(𝑡) = 𝑎̂(𝑡)

𝑎(𝑡)
𝑑 tan
𝑑𝑡

(𝜃 (𝑡)) + 𝑑 (𝑎̂/𝑎)
𝑑𝑡

(𝑡) tan (𝜃 (𝑡)) (93)

𝑑𝜉

𝑑𝑡
(𝑡) = 𝑎̂(𝑡)𝜔̂

𝑎(𝑡) cos2 (𝜃 (𝑡)) +

+
𝑑𝑎̂ (𝑡 )
𝑑𝑡

𝑎(𝑡) − 𝑑𝑎 (𝑡 )
𝑑𝑡

𝑎̂(𝑡)
𝑎2(𝑡)

tan (𝜃 (𝑡)) (94)

Consequently, the derivative of 𝜏 also changes.

𝑑𝜏

𝑑𝑡
(𝑡) = 𝑑 arctan

𝑑𝜉
(𝜉 (𝑡))𝑑𝜉

𝑑𝑡
(𝑡) (95)

=
𝑎2(𝑡) cos2 (𝜃 (𝑡)) 𝑑𝜉 (𝑡)/𝑑𝑡

𝑎2(𝑡) cos2 (𝜃 (𝑡)) + 𝑎̂2(𝑡) sin2 (𝜃 (𝑡))
(96)

=

𝑎(𝑡)𝑎̂(𝑡)𝜔̂ +
(︂
𝑑𝑎̂ (𝑡 )
𝑑𝑡

𝑎(𝑡) − 𝑑𝑎 (𝑡 )
𝑑𝑡

𝑎̂(𝑡)
)︂
sin(2𝜃 (𝑡 ) )

2

𝛼2(𝑡) (97)

Quod erat demonstrandum.

𝜔 (𝑡) = 𝜔 + 1
𝛼2(𝑡)

[︃
𝑎(𝑡)𝑎̂(𝑡)𝜔̂

(︃
𝑑𝑎̂(𝑡)
𝑑𝑡

𝑎(𝑡)+

−𝑑𝑎(𝑡)
𝑑𝑡

𝑎̂(𝑡)
)︃ sin

(︂
2𝜔̂𝑡 + 2𝜙̂

)︂
2

⎤⎥⎥⎥⎥⎥⎦ (98)

𝜙0 = 𝜙 + 𝜏 (0) = 𝜙 + arctan2
(︂
𝑎̂(0) sin 𝜙̂, 𝑎(0) cos 𝜙̂

)︂
(99)

□
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4.3 State-of-the-Art

In this section, several methods that address the problem of separating
partials with an arbitrarily small frequency difference are discussed.
A theoretical discussion and experimental results motivate the final
choice of developing a specialized algorithm.

4.3.1 Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is arguably the most common
spectral analysis method (see Section 2.2.1 for a summary on the DFT).
Given a discrete signal with 𝑛 samples, sampled at a rate of 𝜈𝑠 , its dura-
tion is𝑇 := 𝑛/𝜈𝑠 . The frequency resolution of the DFT, i.e. the width of
the DFT bins, is the reciprocal of the signal duration Δ𝜈 = 𝜈𝑠/𝑛 = 𝑇 ‧1 .

Under the assumptions that the two oscillations are stationary, if
the frequency difference between the two components 2 |𝜈 | (where 2𝜈 =

𝜈1 − 𝜈2) is larger than Δ𝜈 , then the energy peak of the two spectra will
belong to two different DFT bins. In order for the two peaks to be
detected as local maxima in the DFT, there must be at least one bin in-
between. Thismeans that the frequency difference should bemore than
double the resolution 2 |𝜈 | > 2Δ𝜈 , which implies 𝑇 > |𝜈 |‧1. In other
words, the signal must include at least two full cycles of the amplitude
modulation (the frequency of the amplitude modulation is 2 |𝜈 |).

Even in this simple setting, it becomes evident that very large DFT
sizes are needed. To resolve a beat at 2Hz theDFT size should be at least
1 second, which is already much larger than common window sizes:
with a sample rate of 44.1 kHz, the lowest sufficient power of twowould
be 65 536 samples. For some audio software, like AudioSculpt [13], this
is already the DFT size limit. But beats can also be slower, which would
require a larger DFT.

Fourier Transform of Damped Sine Waves

However, this is only true for stationary sounds. The signals of in-
terest are causal and exponentially-decaying (see Equation (10)). They
are also known as damped oscillations, because they describe the be-
haviour of a mechanical oscillator subject to energy dissipation (see
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Section 2.1.1). A causal exponential function is

𝑓 (𝑡) = 𝑢 (𝑡)𝑒‧𝜆𝑡 (100)

The Fourier Transform and its square magnitude are known.

F
{︂
𝑢 (𝑡)𝑒‧𝜆𝑡

}︂
(𝜈) =

∫ +∞

0
𝑒‧𝜆𝑡𝑒‧2𝑗𝜋𝜈𝑡𝑑𝑡 =

1
𝜆 + 2 𝑗𝜋𝜈 (101)|︁|︁|︁F {︂

𝑢 (𝑡)𝑒‧𝑘𝑡
}︂
(𝜈)

|︁|︁|︁2 = 1
𝜆2 + 4𝜋2𝜈2

(102)

The magnitude peak occurs at 𝜈 = 0.

max
𝜈

|︁|︁|︁F {︂
𝑢 (𝑡)𝑒‧𝜆𝑡

}︂
(𝜈)

|︁|︁|︁ = |︁|︁|︁F {︂
𝑢 (𝑡)𝑒‧𝜆𝑡

}︂
(0)

|︁|︁|︁ = 1
𝜆

(103)

The half-power (3 dB) bandwidth 𝛽 is double of the distance from the
peak where the magnitude drops by half.

𝛽 =

√
3𝜆
𝜋

(104)|︁|︁|︁|︁|︁F {︂
𝑢 (𝑡)𝑒‧𝜆𝑡

}︂ (︃√
3𝜆
2𝜋

)︃|︁|︁|︁|︁|︁ =
√︄
𝜆2 + 4𝜋2

(︃√
3𝜆
2𝜋

)︃2‧1
=

1
2𝜆 (105)

Let 𝑓𝑎,𝑑,𝜈0,𝜙 be a causal, exponentially-decaying cosine function with
initial amplitude 𝑎, decay time 𝑑 = 2/𝜆, frequency 𝜈0, and initial phase
𝜙 .

𝑓𝑎,𝑑,𝜈0,𝜙 (𝑡) := 𝑢 (𝑡)𝑎𝑒‧2𝑡/𝑑 cos (2𝜋𝜈0𝑡 + 𝜙) (106)

Its Fourier Transform is 𝐹𝑎,𝑑,𝜈0,𝜙 := F
{︁
𝑓𝑎,𝑑,𝜈0,𝜙 (𝑡)

}︁
.

𝐹𝑎,𝑑,𝜈0,𝜙 (𝜈) =
𝑎

4

{︃
𝑒‧𝑗𝜙

𝑑‧1 + 𝑗𝜋 (𝜈 − 𝜈0)
+ 𝑒 𝑗𝜙

𝑑‧1 + 𝑗𝜋 (𝜈 + 𝜈0)

}︃
(107)

Fourier Transform of Damped Beats

The sum of two damped sine-waves will have eight parameters.

F
{︁
𝑓𝑎1,𝑑1,𝜈1,𝜙1 + 𝑓𝑎2,𝑑2,𝜈2,𝜙2

}︁
(𝜈) = 𝐹𝑎1,𝑑1,𝜈1,𝜙1 (𝜈) + 𝐹𝑎2,𝑑2,𝜈2,𝜙2 (𝜈) (108)

To simplify the discussion, let there be some assumptions. In the sim-
plest case, the two components are in-phase with each other (𝜙1 = 𝜙2 =
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0). Let the beat be perfect, such that the two amplitudes and the two de-
cay times are the same (𝑎1 = 𝑎2 = 1/2 and𝑑1 = 𝑑2 = 𝑑). Now, only three
parameters are left: the common decay time 𝑑 , the frequency average
𝜈 = (𝜈1 + 𝜈2)/2 and the frequency semi-difference 𝜈 = (𝜈1 − 𝜈2)/2.

𝐵𝑑,𝜈,𝜈̂ (𝜈) = 𝐹1/2,𝑑,𝜈−𝜈̂,0(𝜈) + 𝐹1/2,𝑑,𝜈+𝜈̂,0(𝜈) = (109)

=
1
8

{︄
1

𝑑‧1 + 𝑗𝜋 (𝜈 − 𝜈 + 𝜈) +
1

𝑑‧1 + 𝑗𝜋 (𝜈 + 𝜈 − 𝜈) + (110)

+ 1
𝑑‧1 + 𝑗𝜋 (𝜈 − 𝜈 − 𝜈) +

1
𝑑‧1 + 𝑗𝜋 (𝜈 + 𝜈 + 𝜈)

}︄
This is the sum of four complex-valued bell-shaped curves, centred at
𝜈 + 𝜈 , 𝜈 − 𝜈 , 𝜈 − 𝜈 , and −𝜈 − 𝜈 . The peak magnitude value of each
component is 𝑑/8 . From Equation (104), the half-power bandwidth is
𝛽 = 2

√
3/𝜋𝑑 . The bands centred at 𝜈 + 𝜈 and at 𝜈 − 𝜈 overlap if the

frequency difference is less than the bandwidth.

2𝜈 < 𝛽 =
2
√
3

𝜋𝑑
⇒ 𝑑𝜈 <

√
3
𝜋

(111)

If the difference is less than half the bandwidth, then each of the two
peaks is inside the other component’s band.

2𝜈 <
𝛽

2 =

√
3

𝜋𝑑
⇒ 𝑑𝜈 <

√
3

2𝜋 (112)

Figure 6 shows a comparison between Fourier-Transform (FT) ana-
lysis and SAMPLE on synthetic examples. Each example sound is com-
posed of two modes with the same amplitude, decay, and phase, but
two different frequencies (the average frequency is 𝜈 = 50Hz and the
difference is 2𝜈 = 1Hz). Each example has a different decay time (150,
300, 450, and 600ms). In the first plot, the two FT peaks for low decay
times are less distinct or even not distinguishable at all. From Equa-
tion (111) and Equation (112) we know that the two half-power bands
overlap for decay times less than 2

√
3/𝜋 ≈ 1.1 s and that each peak is

inside the other component’s band for decay times less than 551ms.
The third plot shows that SAMPLE can follow the amplitude and fre-
quency envelopes. From these envelopes we can infer the frequency
difference as the frequency of the beat.
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Figure 6: Comparison between Fourier-Transform (FT) analysis and SAMPLE on synthetic examples. For low decay
times the two FT peaks are less distinct or even not distinguishable at all. Contrarily, SAMPLE can follow all these
signals’ envelopes.
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This highlights how the FT cannot disentangle causal and expo-
nentially-decaying beating sinusoids for short decay times and small
frequency differences. For a peak detection algorithm to be successful
in discriminating the two components in the FT, at least 𝑑𝜈 >

√
3/𝜋

should hold, or preferably 𝑑𝜈 >
√
3/2𝜋 . This limit also affects the Dis-

crete Fourier Transform, but it is not because it is discrete or finite, but
because it inherits this intrinsic limit of the FT.

On the other hand, the peak tracking algorithm in SAMPLE (see
Section 3.2) can follow the amplitude envelope of even the most ex-
treme examples shown above.

4.3.2 All-Pole Modelling

If methods based on the DFT are the most common non-parametric
approaches to spectral analysis, all-pole models are popular choices for
parametric spectral analysis. They are based on the idea of modelling
a discrete-time signal as the response of a discrete-time Linear Time-
Invariant (LTI) system when the input is an impulse (for deterministic
signals) or white noise (for stochastic processes) and computing an es-
timate of the Power Spectral Density (PSD) from the 𝑧-transform (see
Section 2.2.3) of the system. Although discrete-time LTI systems have
both poles and zeros, most approaches only estimate the poles and are
called autoregressive (AR) or all-pole models [52].

One key issue of parametric modelling is the selection of the model
order, i.e. the number of poles. In our case we know the nature of the
signal under analysis and the correct order. A causal cosine can be
expressed as the infinite impulse response of a discrete-time LTI with
one zero and two poles.

𝑥𝑖 = 𝑢 (𝑖) cos (𝜔𝑖/𝜈𝑠 + 𝜙) (113)

𝑋 (𝑧) = Z {𝑥} (𝑧) = cos (𝜙) − cos (𝜔/𝜈𝑠 − 𝜙)𝑧‧1(︁
1 − 𝑒 𝑗𝜔/𝜈𝑠𝑧‧1

)︁ (︁
1 − 𝑒‧𝑗𝜔/𝜈𝑠𝑧‧1

)︁ (114)

The poles correspond to the two (positive and negative) frequency com-
ponents of the cosine function. A sum of two cosine functions will have
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three zeros and four poles.

Z {𝑥1 + 𝑥2} (𝑧) = Z {𝑥1} (𝑧) + Z {𝑥2} (𝑧) = (115)

=
𝑏0 + 𝑏1𝑧‧1 + 𝑏2𝑧‧2 + 𝑏3𝑧‧3(︁

1 − 𝑒 𝑗𝜔1/𝜈𝑠𝑧‧1
)︁ (︁
1 − 𝑒‧𝑗𝜔1/𝜈𝑠𝑧‧1

)︁ (︁
1 − 𝑒 𝑗𝜔2/𝜈𝑠𝑧‧1

)︁ (︁
1 − 𝑒‧𝑗𝜔2/𝜈𝑠𝑧‧1

)︁
So, an all-pole model for beating signals should be of order four: then,
the two frequencies can be determined by the angle of the pole pos-
itions. Oppenheim and Schafer [64] give a more in-depth discussion
of this case. The same considerations apply to exponentially-decaying
sinusoidal signals, where we introduce the initial amplitude 𝑎 and the
decay time 𝑑 .

𝑥𝑖 = 𝑢 (𝑖) 𝑎 𝑒‧𝜆𝑖/𝜈𝑠 cos (𝜔𝑖/𝜈𝑠 + 𝜙) (116)

Z {𝑥} (𝑧) = 𝑎 cos𝜙 − 𝑒‧𝜆/𝜈𝑠 cos (𝜔/𝜈𝑠 − 𝜙)𝑧‧1(︁
1 − 𝑒‧𝜆/𝜈𝑠+𝑗𝜔/𝜈𝑠𝑧‧1

)︁ (︁
1 − 𝑒‧𝜆/𝜈𝑠− 𝑗𝜔/𝜈𝑠𝑧‧1

)︁ (117)

The poles are still two and their angles are determined by the signal
frequency, but they are not on the unit circle (their distance from the
origin is exp {−𝜆/𝜈𝑠 }). As before, an exponentially-decaying beating
signal can be modelled as the response of a fourth-order model.

Z {𝑥1 + 𝑥2} (𝑧) =
𝑏0 + 𝑏1𝑧‧1 + 𝑏2𝑧‧2 + 𝑏3𝑧‧3(︁

1 − 𝑒‧𝜆1/𝜈𝑠+𝑗𝜔1/𝜈𝑠𝑧‧1
)︁ (︁
1 − 𝑒‧𝜆1/𝜈𝑠− 𝑗𝜔1/𝜈𝑠𝑧‧1

)︁ ·
· 1(︁
1 − 𝑒‧𝜆2/𝜈𝑠+𝑗𝜔2/𝜈𝑠𝑧‧1

)︁ (︁
1 − 𝑒‧𝜆2/𝜈𝑠− 𝑗𝜔2/𝜈𝑠𝑧‧1

)︁ (118)

In the case where the number of effectively collected samples is
low, all-pole models can be much more effective than the DFT for dis-
entangling beating partials (see again Oppenheim and Schafer [64]). In
the case of the problem analyzed in this chapter, the signal is recor-
ded until it decays below the threshold of hearing, so that the limiting
factor is the intrinsic duration of the signal determined by its starting
amplitude and decay time (see Section 4.3.1).

We compared several parametric models [58] implemented in the
Python package Spectrum [23]: Yule-Walker, Covariance and Modified
Covariance. When the limiting factor is the signal duration and not the
number of collected samples, all-pole models do not improve the fre-
quency resolution of the PSD estimate with respect to the FT. Figure 7
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Figure 7: Comparison between Discrete Fourier-Transform (DFT) and parametric methods for Power Spectral Dens-
ity (PSD) estimate on three example sounds.
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shows three examples with three different decay times. Each example
sound is composed of two modes with the same amplitude, decay, and
phase, but two different frequencies, displayed with dashed lines (the
average frequency is 𝜈 = 50Hz and the difference is 2𝜈 = 1Hz). Each
example has a different decay time (150, 450, and 2000ms). Sampling
frequency is 1 kHz and model order is 4. None of the methods could
find the two different peaks for the shortest decay time. For the middle
decay time, the DFT shows the two peaks but none of the parametric
methods do. For the longest decay time, the DFT and covariance-based
models could find the two peaks, but Yule-Walker (autocorrelation-
based) could not.

4.3.3 Empirical Mode Decomposition

Empirical Mode Decomposition (EMD) is a nonlinear non-stationary
signal analysis technique [111]. The goal of EMD algorithms is to ob-
tain some components of a signal with well-behaved instantaneous
amplitude and angular velocity, often to compute the Hilbert-Huang
Transform or the Holospectrum [49]. Such features can be computed,
respectively, as the absolute value and the derivative of the angle of an
analytic signal (see Section 2.2.5).

Unfortunately, the Hilbert Transform of a real-world signal is usu-
ally not well-behaved and it may include a superposition of different
oscillatory modes. EMD addresses the task of extracting components
from a signal, called Intrinsic Mode Functions (IMFs), whose Hilbert
Transform is well-behaved. An IMF is a signal that satisfies these two
conditions [48]:

IMF.1 the number of local extrema (minima and maxima) and the
number of zero-crossings (the number of signal sign changes)
must differ at most by one;

IMF.2 the sum “of the envelope defined by the local maxima and the
envelope defined by the local minima is zero” everywhere.

The core of EMD is the sift algorithm. It extracts IMFs iteratively: it
computes the envelope of the local maxima and the envelope of the
local minima, takes the average of the two and subtracts this average
from the original signal until the average is close enough to zero. What
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remains is an IMF and is subtracted out of the signal, which is analyzed
again to find the next IMF, until the specified number of IMFs is found.
The last component is not an IMF, but the residual signal after removing
the IMFs. By construction, the sum of the IMFs reconstructs exactly the
signal.

There are other variations on the original sift algorithm. The en-
semble sifting algorithm (or EEMD) [108, 54] consists of sifting the sig-
nal multiple times, each time adding a different white noise signal, and
then averaging the resulting IMFs to obtain the final output. For a suf-
ficiently large ensemble size, the white noise should average out.

The masked sift [25] algorithm targets the problems that the ori-
ginal sift presents when dealing with intermitting signals. When ex-
tracting IMFs, the masked sift algorithm adds amask signal, which is a
sinusoid with a user-defined frequency. This frequency should be close
to the frequency of the target IMF, so the frequency decreases for each
successive IMF. The iterated-masked sifting algorithm (itEMD) [30] in-
cludes an automatic iterative mask-selection procedure.

Although the general concept of extracting IMFs from the signal
seems promising for the aim of disentangling beats, EMD is insufficient
for the task. EMD does not separate beating components because the
sum of two beating sine-waves is actually an IMF, as it satisfies the
two criteria above. This is not always true, but it is for the case of
interest, acoustic beats. That case could be defined as the case in which
the amplitude modulation modulant signal 𝛼 (𝑡) is much slower than
the sinusoidal carrier wave cos (𝜙 (𝑡)). An exponentially-decaying beat
signal 𝑥 (𝑡) can be written using similar notation as in Theorem 2.

𝑥 (𝑡) = 𝑎1𝑒‧2𝑡/𝑑1 cos (𝜔1𝑡 + 𝜙𝑖) + 𝑎2𝑒‧2𝑡/𝑑2 cos (𝜔2𝑡 + 𝜙𝑖) (119)

Then, the fact that the amplitude modulation signal is much slower
than the sinusoidal carrier can be expressed by assuming that the fre-
quency average 𝜔 is much bigger than other time constants.

𝜔 ≫ max
{︃
𝜔̂,

2𝜋
𝑑1
,
2𝜋
𝑑2

}︃
(120)

Figure 8 shows an example and a counter-example. Figure 9 dis-
plays the output of different EMD methods on an example beat sound.
We used the implementation in the Python package EMD [75]. The de-
sired output would be a set of two IMFs with a constant frequency and
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Figure 8: Two examples of sums of damped sinusoids. Frequency differences are 𝜈 = 1.5Hz (≪ 𝜈) and 𝜈 = 15Hz
(≪̸ 𝜈). In the first example, the number of local extrema and the number of zero-crossings differ by only one
(property IMF.1). Also, the envelope average is close enough to zero and we can consider property IMF.2 satisfied as
well. The second example violates both conditions.
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Figure 9: Comparison between Empirical Mode Decomposition (EMD), Ensemble EMD, Masked EMD, and Iterative-
Mask EMD on a synthetic example. The input signal is the sum of two damped oscillations (𝜈1 ≈ 1103Hz, 𝜈2 ≈
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oscillation: instantaneous values as full lines and envelopes as areas. Blue and orange are the first two IMFs, while
green is the residual component.
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exponential decay, but no approach could disentangle the two partials.
The first three methods are not able to decompose the signal into any
meaningful representation. On the other hand, itEMD assigns all of the
signal to one IMF. Since, as observed, the sum of two beating partials is
an IMF, this is the best result that can be expected from any EMD-based
method.

4.4 Method

BeatsDROP (Beats Duality for the Resolution Of Partials) is an algorithm
for estimating modal parameters. It fits the parameters of two inter-
fering sinusoids to the time series of amplitude and frequency values,
which we refer to as trajectories. The BeatsDROP algorithm does not
perform the extraction of amplitude and frequency trajectories, which
in turn can be achieved with Hilbert analysis or sinusoidal modelling
techniques, such as SMS [87, 88, 89] or SAMPLE (see Chapter 3).

Estimating the parameters of two beating oscillations can help
modal parameters estimates based on spectral analysis. When handling
time-frequency representations, the audio analyst must always make a
trade-off between time and frequency resolution, as implied by Heis-
enberg’s uncertainty principle [45] in the form of the Gabor limit [36].
When using short windows for the Short-Time Fourier Transform ana-
lysis, if two sinusoids are not resolved because of the lower frequency
resolution, BeatsDROP can be applied to estimate their parameters.

Empirical Mode Decomposition approaches could also benefit from
the proposed algorithm. As we have shown in Section 4.3.3, the EMD
sift algorithm can aggregate two beating partials in the same IMF, but
BeatsDROP could be subsequently applied to such IMFs to separate the
two tones.

BeatsDROP employs a nonlinear least-squares algorithm to fit the
amplitude and frequency modulation expressions in Equation (59) and
in Equation (63) to the amplitude and frequency trajectories. Two vari-
ants of the algorithm have been evaluated: a baseline, which only con-
siders the amplitude modulation, and the proposed algorithm, which
also exploits the frequency modulation in the beat. The evaluation
shows that the frequency modulation pattern brings information that
significantly improves the estimate.
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4.4.1 Modal Model

A partial is a sinusoidal component of a signal. In modal synthesis,
the amplitude of freely-oscillating partials is usually modelled through
an exponential decay, which has two parameters: a starting amplitude
(𝑎) and a decay time (𝑑). The partial also has a modal frequency (𝜈)
and an initial phase (𝜙). A simple direct model for a modal partial is
Equation (10).

𝑥 (𝑡) = 𝑎𝑒‧2𝑡/𝑑 cos (2𝜋𝜈𝑡 + 𝜙) (121)
The problem addressed by this algorithm is to estimate the modal para-
meters of the two partials that are interfering in an input signal: 𝑎1, 𝑎2,
𝑑1, 𝑑2, 𝜈1, 𝜈2, 𝜙1, and 𝜙2. This is a special case of theorem 2, where the
amplitude functions are exponentials.

𝐴1(𝑡) = 𝑎1 𝑒‧2𝑡/𝑑1 𝐴2(𝑡) = 𝑎2 𝑒‧2𝑡/𝑑2 (122)

Since the amplitude envelopes are exponential, taking their derivative
has the effect of just multiplying by a constant.

𝑑𝐴𝑖

𝑑𝑡
(𝑡) = 𝑎𝑖

𝑑 exp
𝑑𝑡

(︃
−2𝑡
𝑑𝑖

)︃
= −2𝑎𝑖

𝑑𝑖
𝑒‧2𝑡/𝑑𝑖 = − 2

𝑑𝑖
𝐴𝑖 (𝑡) (123)

The derivatives can be plugged into Equation (63) for the frequency
modulation. In the following equations, the dependency on time is
omitted for brevity.

𝑑𝐴̂

𝑑𝑡
𝐴 − 𝑑𝐴

𝑑𝑡
𝐴̂ = (124)

=
1
4

[︃
𝑑𝐴1 − 𝑑𝐴2

𝑑𝑡
(𝐴1 +𝐴2) −

𝑑𝐴1 + 𝑑𝐴2
𝑑𝑡

(𝐴1 −𝐴2)
]︃
= (125)

=
1
2

(︃
𝑑𝐴1
𝑑𝑡

𝐴2 −
𝑑𝐴2
𝑑𝑡

𝐴1

)︃
=
𝑑1 − 𝑑2
𝑑1𝑑2

𝐴1𝐴2 (126)

So, the frequency modulation signal is

𝜔 (𝑡) = 𝜔 + 1
𝛼2(𝑡)

[︄

𝐴(𝑡)𝐴̂(𝑡)𝜔̂ +
(𝑑1 − 𝑑2) sin

(︂
2𝜔̂𝑡 + 2𝜙̂

)︂
2𝑑1𝑑2

𝐴1(𝑡)𝐴2(𝑡)
]︄

(127)
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4.4.2 Sinusoidal Analysis

The frequency and amplitude trajectories are extracted with SAMPLE
(see Chapter 3). They are the time series of estimated amplitude and
frequency values. The amplitude and frequency at time 𝑡 (𝑖) are 𝑎𝑖 and
𝜈𝑖 , respectively, where 𝑖 is the frame index.

SAMPLE estimates the trajectories from the Short-Time Fourier
Transform (STFT) of the signal, which is the series of the DFT of suc-
cessive segments of the signal (see Section 2.2.4). So, the temporal res-
olution of the trajectories is determined by the segment size, while their
sampling frequency is determined by the hop size, i.e. the number of
samples in between successive frames. The frequency resolution of the
STFT is limited by the segment size (see Section 4.3.1), but the estima-
tion of the peak values is refined with parabolic interpolation.

4.4.3 Parameter Initialization

BeatsDROP initializes amplitude and decay values to be the same for
the two partials, using a linear or semi-linear fit over the amplitude
values in decibel, as it is done in SAMPLE. For the experiments, linear
least-squares estimation [40] was used.

The average frequency of the two partials (𝜈) is initialized as the
average frequency of the corresponding trajectory. The frequency dif-
ference (2𝜈) is initialized analyzing the periodicity in the amplitude
trajectory. From Theorem 2, the frequency of the amplitude modu-
lation is approximately 2𝜈 , because taking the square of a sinusoidal
function doubles its frequency. BeatsDROP estimates the period 1/2𝜈
of the amplitude trajectory as the first peak of its smoothed autocor-
relation vector, following the example of classical pitch detection al-
gorithms [76].

The input trajectories may have missing samples, because of how
the SAMPLE peak continuation algorithm attaches new trajectory seg-
ments to previous ones (see Section 3.2.1). The Lomb-Scargle periodo-
gram [55, 84] can estimate the Power Spectral Density (PSD) from un-
evenly sampled data. The PSD is estimated only for low frequencies (in
the experiments, below 12Hz), setting the PSD for higher frequencies
to zero. This has the effect of a low-pass filter and the autocorrelation
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vector will be smoother. The smoothed autocorrelation vector is com-
puted as the Inverse Discrete Fourier Transform of the PSD vector (see
Equation (38) in Section 2.2.6).

Finally, BeatsDROP initializes the phase difference as the phase
value of the DFT of the amplitude trajectory at the amplitude mod-
ulation frequency (2𝜈). The phase of the first partial is assumed to be
zero. This simplifies the initialization and has no effects on the quality
of the fit, because both the amplitude and the frequency trajectories
only depend on the phase difference, and not on the absolute values.

4.4.4 Optimization

Two residual functions are defined for the least-squares optimizer (Sec-
tion 2.3): one over amplitude values and one over frequency values.
The residual function for amplitude is the difference between the tra-
jectory amplitude value 𝑎𝑖 and the amplitudemodulation predictions 𝛼 ,
computed as defined in equation (59), at the corresponding time instant
𝑡 (𝑖). The baseline algorithm minimizes these residuals only.

Δ(𝑎)
𝑖

:= 𝑎𝑖 − 2𝛼 (𝑡 (𝑖)) (128)

The proposed algorithm also includes a residual function over frequen-
cy values, computed as in equation (127). Frequency differences are
computed on the Mel scale, which is a scale related to the human per-
ception of pitch [96].

Δ(𝜈 )
𝑖

:= hz2mel(𝜈𝑖) − hz2mel
(︃
𝜔 (𝑡 (𝑖))
2𝜋

)︃
(129)

hz2mel(𝜈) := 2595 log10
(︂
1 + 𝜈

700

)︂
(130)

The residuals have two very different ranges. Amplitude values range
between 0 and 1. Frequency values range between 0 and 3800mel
(between 0 and 20 kHz). A weighting parameter 𝑤 multiplies the fre-
quency residuals to manage the relative importance of the two resid-
ual vectors. By default, it is set to 𝑤 = 1/3800, so that the maximum
residual for both amplitude and frequency is 1. In summary, the least-
squares problem is:

argmin
𝑛∑︁
𝑖=1

𝜌

(︃ [︂
Δ(𝑎)
𝑖

]︂2)︃
+ 𝜌

(︃ [︂
𝑤 Δ(𝜈 )

𝑖

]︂2)︃
(131)
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The function 𝜌 is the loss function. The experiments were performed
using the implementation in SciPy [116], with the Rectangular Trust
Region Dogleg Approach (DogBox) [117] and the Cauchy loss func-
tion [110] 𝜌 (𝑧) = ln(1 + 𝑧).

4.4.5 Decision Criterion

Not all trajectories belong to beats. When this is the case, the best fit
for BeatsDROP is to either set both frequencies to the same value or
to set the amplitude of one of the partials to zero. Given a sensitivity
threshold 𝜖 , a decision function can be defined to discriminate between
beating trajectories and non-beating trajectories.

𝐷beat(𝑎1, 𝑎2, 𝜈1, 𝜈2) = |𝜈1 − 𝜈2 | > 𝜖 ∧ 𝑎1 > 𝜖 ∧ 𝑎2 > 𝜖 (132)

Although simple, it is also effective, as the experiments show (see Sec-
tion 4.5.2).

4.5 Evaluation

The performance of both BeatsDROP and of the baseline algorithmwas
evaluated on a synthetic dataset of 1024 pairs of interfering modal par-
tials (experimental data is available on Zenodo [100]). Figure 10
displays an example of applying the two algorithms to a synthetic au-
dio example. In this instance, the baseline could not disentangle the
two parameter sets and the 𝑎1 and 𝑎2 functions are superimposed. On
the other hand, BeatsDROP successfully estimates different amplitudes
and decay times for the two partials. As we expected, since BeatsDROP
fits the parameters to the frequency trajectory as well, the estimate of
the modal frequencies is more accurate.

4.5.1 Synthetic Dataset

Each of the 1024 pairs of interfering partials was saved to an audio file
of 3 seconds, at a 44.1 kHz sampling rate. White Gaussian noise, with
a signal-to-noise ratio of 45 dB, simulates background noise.

For each pair, the first frequency is chosen randomly between 200
Hz and 2 kHz. The distribution of random values is a Beta distribution
with parameters 𝛼 = 𝛽 = 2 over the Bark scale. The Beta distribution
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Figure 10: Example of running BeatsDROP on synthetic data. The input is the sum of two partials: 𝜈1 ≈ 1103Hz,
𝜈2 ≈ 1097Hz, 𝑎1 = 0.8, 𝑎2 = 0.2, 𝑑1 = 0.75 s, 𝑑2 = 2 s.



CHAPTER 4. MODAL ACOUSTIC BEATS 64

is used, as opposed to a uniform distribution, in order to reduce the
probability of extreme values. The Bark scale is a scale for frequencies
related to critical bands and the perception of beats [109].

The difference between the first and the second frequency is chosen
randomly between 1.8Hz and 18Hz. By doing so, it will be big enough
to produce at least five cycles of the modulation functions, but that
it will be small enough not to be resolved as two different partials in
the Short-Time Fourier Transform (the frequency resolution for 2048
samples per window at 44.1 kHz is 21Hz). Since the frequency differ-
ence from the amplitude modulation is perceived as a beat in time, and
not as a pitch, its reciprocal, the modulation period, is sampled from a
Beta distribution.

Starting amplitude values are sampled uniformly in the range be-
tween ‧10 dB and 0 dB, then they are converted to linear amplitude
values and normalized for each pair in order to avoid clipping when
saving the synthetic data to an audio file.

Decay times have an exponential distribution with minimum value
0.5 s and expected value 1 s. With these constraints, the sounds will
persist for at least three cycles of the amplitude modulation: in the
worst case, they will take 1.73 s to decay by 60 dB, which is 3.11 periods
at the minimum frequency difference of 1.8Hz.

Finally, initial phase values are generated uniformly in the range
between 0 and 2𝜋 . The prediction errors on these parameters will not
be assesses, as estimating the initial phase values is outside of the aim
of the proposed algorithm, since they are not perceptually relevant.

4.5.2 Results

The prediction errors for the frequency, amplitude, and decay paramet-
ers of the two interfering partials for both the baseline and the proposed
algorithm are tested.

Errors on the modal frequencies are computed in mel [96] and the
errors on the starting amplitudes in decibel. These units are related to
the human perception of these quantities more than hertz and linear
amplitude values.

The Bayesian signed-rank test [7] implementation in Baycomp [8]
was used through Autorank [46] to determine the significance of dif-
ferences between the absolute error values of the two algorithms. The
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BeatsDROP Baseline
Med. 95% CI Med. 95% CI

𝜈1 (mel) 0.536 [0.380, 0.798] 2.834 [2.321, 3.389]

𝜈2 (mel) 0.300 [0.226, 0.398] 1.949 [1.623, 2.286]

𝑎1 (dB) 0.913 [0.818, 1.003] 1.434 [1.159, 1.712]

𝑎2 (dB) 0.460 [0.395, 0.543] 2.075 [1.805, 2.330]

𝑑1 (s) 0.008 [0.005, 0.011] 0.257 [0.205, 0.316]

𝑑2 (s) 0.007 [0.005, 0.011] 0.109 [0.089, 0.131]

Table 2: Summary of test results: medians and the 95% confidence in-
tervals of the absolute errors for each of the two variants and for each
of the six parameters. BeatsDROP achieves smaller median errors than
the baseline and the differences are significant and practically relevant
for all parameters.

family-wise significance level of the tests is 𝛼 = 0.05 and the width of
the region of practical equivalence (ROPE) was dynamically determ-
ined depending on the effect size. The ROPE width is set to 0.1𝛾 , where
𝛾 is the pooled median absolute deviation (Akinshin’s 𝛾 ). The medians
and the 95% confidence intervals for the errors on all six parameters
are summarized in Table 2.

Discussion

When comparing the two algorithms, all median errors of BeatsDROP
are lower than the baseline’s. Moreover, for all six parameters the dif-
ferences are significant and practically relevant. This can also be easily
seen in Table 2 from the fact that, for all variables, the two 95% confid-
ence intervals do not overlap.

The difference is very promising in general. BeatsDROP better
fits not only the frequency trajectory, which could be expected, but
also the tail of the amplitude envelope. This results in a one-order-
of-magnitude decrease of the median errors on the decay times, from
above 100ms to below 10ms.
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Additional Results

One might think that increasing the FFT size could help in resolving
beats in the STFT, without using the BeatsDROP algorithm at all. But
running SAMPLE with an increased FFT size gives very poor results:
two tracks were detected in 8 out of the 1024 examples in the syn-
thetic dataset (0.78%) using an FFT size of 214 samples (0.37 seconds
at 44.1 kHz), and only in 6 examples (0.59%) using an FFT size of 216
samples (1.49 s). This is the effect of the resolution limit in the FT of
exponentially-decaying partials discussed in Section 4.3.1.

Another dataset, similar to the first, was generated to test the de-
cision criterion. In every example there were not only the two beating
partials, but also a third non-beating partial. The frequency of the third
partial is randomized at a distance between 1.5 and 4 Barks from the
average frequency of the beating partials, following a Beta distribution
with parameters 𝛼 = 2 and 𝛽 = 4, which favours lower values. The
probability of being higher or lower than the beat average frequency
is the same. The classification accuracy of the simple decision rule de-
scribed in Section 4.4.5 was found to be 88% on this dataset. Most false
negatives, i.e. unrecognized beats, happen when one of the two beat-
ing partials has a much higher decay time or amplitude than the other.
Most false positives happen for short decay times of the third partial.

4.6 Conclusion

A set of theoretical results about beats was presented. The most im-
portant is the expression of the sum of two partials with different amp-
litudes and frequencies as one partial, which is modulated both in amp-
litude and in frequency, and the special case of partials with exponen-
tial decay. This formulation is of practical interest in the context of
sinusoidal analysis, as it allows separating two partials that were not
resolved within a STFT. This, in turn, can compensate for the loss of
frequency resolution when using smaller windows for a higher time
resolution in the STFT. It was shown that pre-existing approaches for
spectral analysis, namely the Fourier Transform, all-pole models, and
Empirical Mode Decomposition, are insufficient for resolving beats.

BeatsDROP was proposed, a least-squares regression algorithm for
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the estimate of modal parameters, that mainly builds on top of previ-
ous algorithms for spectral analysis of modal sounds, but could also
be applied in the context of Empirical Mode Decomposition and Hil-
bert analysis. Its performance was evaluated against a baseline on a
synthetic dataset. The baseline algorithm only accounts for the well-
known amplitude modulation in beats, but not for the frequency mod-
ulation. Accounting for the frequency modulation results in a more ac-
curate estimate of all modal parameters on the synthetic dataset. Also,
the parameters extracted with the BeatsDROP algorithm can be used to
determine if the analyzed data belong to a beating sound or to a single
partial with a simple decision function.

The implementations of both the algorithms and of the evaluation
protocols are included in the open source SAMPLE Python package (see
Chapter 6).

In the future, more sophisticated decision functions should be de-
veloped for determining whether a trajectory should be decomposed in
two partials or not. Also a subjective evaluation should be performed
on the resynthesis quality over real sounds (as in Section 3.3.2).





Chapter 5

Generalized Mixture Space

Abstract

The Generalized Mixture Space (GMS) is presented as a novel model
for spectral analysis of multi-channel signals. Traditional methods of-
ten analyze each channel independently, neglecting the relationships
between them. GMS overcomes this limitation by representing the
spectrum as a continuous interpolation space. This allows a compact
representation in terms of spectral content (magnitude and phase) and
inter-channel relationships (correlation and energy distribution).

GMS is meant as a generalization of the Bivariate Mixture Space
(BMS) for bivariate signals. It extends the BMS concept to an arbit-
rary number of channels while preserving its core functionalities. This
chapter formally defines the GMS and demonstrates where it is equi-
valent or compatible to the BMS for bivariate signals. After defining
the Principal Spectrum through a maximization problem, an eigen-
decomposition of the channel cross-correlation matrix is demonstrated
to provide a solution to that problem. This eigenvector formulation is
similar to performing Principal Component Analysis across channels
for each frequency. Finally, some potential applications are discussed,

This chapter is based on [107] Marco Tiraboschi and Giorgio Presti. ‘The Gener-
alized Mixture Space: extending Compact Spectral Representations to Multi-channel
Signals’. In: Journal of the Audio Engineering Society (2024). [TO BE SUBMITTED]
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including spectrogram visualization and modal audio analysis, high-
lighting areas for future investigation.

5.1 Introduction

Spectral analysis models are often defined on single-channel signals,
especially for audio. However, when dealing with multi-channel sig-
nals, analyzing them independently might not be the best approach,
since this would not highlight the relationships between them. Fur-
thermore, representing the spectrum of a multi-channel signal as mul-
tiple spectral can be extremely redundant, as common components are
repeated in many channels, and difficult to display visually, e.g. produ-
cing spectrograms.

Many approaches have been developed for couples of signals, like
stereophonic audio. Some approaches treat these bivariate signals as
complex valued signals [98], onto which the standard Fourier Trans-
form is defined. There are also specialized variants of the FT specific-
ally designed for bivariate signals [34]. Hamon and Hannan [43], in-
stead, analyze bivariate signals from their cross-channel delays, while
Briand et al. [17] use Principal Component Analysis [66] (PCA) in the
time-domain.

The Bivariate Mixture Space [69] (BMS), instead, represents bivari-
ate spectra as a continuous interpolation space on which the two sig-
nals lie. This model allows for a compact representation not only of
a principal spectral content of the bivariate signal (its magnitude and
phase), but also of its relational information (correlation and channel
distribution). This representation can be used for many applications,
like source separation, feature engineering, and compact visualization.

In this chapter, the Generalized Mixture Space (GMS) is proposed.
This model extends the concept of the BMS to signals with an arbitrary
number of channels. It preserves the core properties of representing
the principal spectral content of the signal as a single spectrum and
also modelling information about the channel correlation and energy
distribution.

The GMS analysis algorithm is based on eigen-decomposition over
the channel cross-correlation matrix, and it could be associated with
performing PCA over the channels for each frequency. Also, the GMS
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can be shown to be equivalent to the BMS for bivariate inputs.

5.2 Multivariate model

In this section, the directmodel that is the conceptual core of the Gener-
alized Mixture Space is presented. It directly extends the mixing model
defined in the context of the Bivariate Mixture Space [69] for multiple
channels.

5.2.1 Multivariate Mixture

A multivariate signal can be equivalently defined either as a vector of
𝑐 signals or as a signal with 𝑐 values.

𝑥 (𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑥1(𝑡)
𝑥2(𝑡)
...

𝑥𝑐 (𝑡)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ R𝑐 (133)

Each of these channels could be the linear combination (a mixture) of
a number 𝑠 of latent source signals 𝑧 𝑗 (𝑡).

𝑥𝑖 (𝑡) =
𝑠∑︁
𝑗=1

𝑎𝑖, 𝑗 𝑧 𝑗 (𝑡) 𝑥 (𝑡) = 𝐴𝑧 (𝑡) (134)

Matrix 𝐴 ∈ R𝑐×𝑠 contains the mixing coefficients for all channels and
sources. Without loss of generality, the sum of the squares of the mix-
ing coefficients for each source (every column of the matrix) can be
constrained to be 1.∥︁∥︁𝑎•, 𝑗∥︁∥︁22 = 𝑐∑︁

𝑖=1
𝑎2𝑖, 𝑗 = 1 ∀𝑗 ∈ {1, . . . , 𝑠} (135)

𝑎•, 𝑗 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
𝑎1, 𝑗
𝑎2, 𝑗
...

𝑎𝑐,𝑗

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(136)
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If a column is zero, then the corresponding source is discarded, as it is
not in the mixture. Otherwise, any column of coefficients can be nor-
malized by applying an appropriate gain to the latent source, obtaining
the same mixture.

𝐴𝑧 (𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑎1,1
∥𝑎•,1∥2

𝑎1,2
∥𝑎•,2∥2

. . .
𝑎1,𝑠

∥𝑎•,𝑠 ∥2
𝑎2,1

∥𝑎•,1∥2
. . .

...

...
. . .

...
𝑎𝑐,1

∥𝑎•,1∥2
. . . . . .

𝑎𝑐,𝑠

∥𝑎•,𝑠 ∥2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣
∥︁∥︁𝑎•,1∥︁∥︁2 𝑧1(𝑡)∥︁∥︁𝑎•,2∥︁∥︁2 𝑧2(𝑡)

...∥︁∥︁𝑎•,𝑠∥︁∥︁2 𝑧𝑠 (𝑡)
⎤⎥⎥⎥⎥⎥⎥⎥⎦

(137)

A vector in R𝑐 can be expressed either with 𝑐 Cartesian coordinates or
with one radius and 𝑐 ‧ 1 angles, in hyperspherical coordinates (more
on this in Section 5.2.3). Since the columns of 𝐴 have unitary 𝐿2-norm,
they are all vectors that lie on the 𝑐-dimensional unitary-radius hyper-
sphere. So, they only need the 𝑐 ‧ 1 angular values to be defined. In
the special case of bivariate signals, this falls back to the cosine pan-
law [28], which only needs one angular parameter to “move” the source
between the two channels, like in the BMS.

𝑐 = 2 ⇒ 𝐴 =

[︃
cos (𝜎1) cos (𝜎2) . . . cos (𝜎𝑠)
sin (𝜎1) sin (𝜎2) . . . sin (𝜎𝑠)

]︃
(138)

This formulation also holds for digital signals. In this case, the latent
sources will be 𝑠 rows of 𝑛 samples 𝑍 ∈ R𝑠×𝑛 , and the multivariate
signal will be the matrix 𝑋 ∈ R𝑐×𝑛 .

𝑥𝑖,𝑘 =

𝑠∑︁
𝑗=1

𝑎𝑖, 𝑗 𝑧 𝑗,𝑘 𝑋 = 𝐴𝑍 (139)

5.2.2 Mixture of Spectra

The same model can be applied to the Fourier Transform of mixtures.

F {𝑥𝑖}(𝜈) =
𝑠∑︁
𝑗=1

F
{︁
𝑎𝑖, 𝑗 𝑧 𝑗

}︁
(𝜈) =

𝑠∑︁
𝑗=1

𝑎𝑖, 𝑗F
{︁
𝑧 𝑗

}︁
(𝜈) (140)

F {𝑥}(𝜈) :=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
F {𝑥1}(𝜈)
F {𝑥2}(𝜈)

...

F {𝑥𝑐 }(𝜈)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= 𝐴

⎡⎢⎢⎢⎢⎢⎢⎢⎣
F {𝑧1}(𝜈)
F {𝑧2}(𝜈)

...

F {𝑧𝑠 }(𝜈)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= 𝐴F {𝑧}(𝜈) (141)
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And it is true, also, for the Discrete Fourier Transform (𝑊 ∈ C𝑛×𝑛 is the
DFT matrix defined in Equation (16), and it is symmetric). Note that a
channel is a row 𝑥𝑖,• in matrix 𝑋 and a source is a row 𝑧 𝑗,• in matrix 𝑍 .
Let 𝜉𝑖,• be the DFT of channel 𝑥𝑖,• and let Ξ ∈ C𝑐×𝑛 be the matrix of the
DFT’s of all channels, which has rows 𝜉𝑖,•.

𝜉𝑖,• =
(︂
𝑊

(︁
𝑥𝑖,•

)︁𝑇 )︂𝑇
= 𝑥𝑖,•𝑊

𝑇 = 𝑥𝑖,•𝑊 (142)

Ξ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
𝜉1,1 𝜉1,2 . . . 𝜉1,𝑛

𝜉2,1
. . .

...
...

. . .
...

𝜉𝑐,1 . . . . . . 𝜉𝑐,𝑛

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
= 𝑋𝑊 (143)

By associativity, the rows of Ξ can be expressed as the linear combin-
ations of the DFTs of the latent sources, with the same coefficients A.

Ξ = 𝑋𝑊 = (𝐴𝑍 )𝑊 = 𝐴 (𝑍𝑊 ) (144)

5.2.3 Coordinate Systems

As it was anticipated in Section 5.2.1, vectors in R𝑐 can be expressed
either with 𝑐 Cartesian coordinates or in hyperspherical coordinates
with one radius and 𝑐 ‧ 1 angles. Given a radius 𝜌 and 𝑐 ‧ 1 angles 𝛼 𝑗 ,
the vector of cartesian coordinates 𝑦 can be computed iteratively.

𝑦 = h2c (𝜌, 𝛼) :=
[︄
𝜌

(︄
𝑖‧1∏︂
𝑗=1

sin𝛼 𝑗

)︄
·
{︄
cos𝛼𝑖 𝑖 < 𝑐

1 𝑖 = 𝑐

]︄𝑐
𝑖=1

(145)

The radius 𝜌 is the 𝐿2-norm of 𝑦.

∥𝑦∥22 =
𝑐∑︁
𝑖=1

[︄
𝜌

(︄
𝑖‧1∏︂
𝑗=1

sin𝛼 𝑗

)︄
·
{︄
cos𝛼𝑖 𝑖 < 𝑐

1 𝑖 = 𝑐

]︄2
= (146)

= 𝜌2
𝑐∑︁
𝑖=1

(︄
𝑖‧1∏︂
𝑗=1

sin2 𝛼 𝑗

)︄
·
{︄
cos2 𝛼𝑖 𝑖 < 𝑐

1 𝑖 = 𝑐
= (147)
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= 𝜌2

[︄(︄
𝑐‧2∏︂
𝑗=1

sin2 𝛼 𝑗

)︄ (︁
cos2 𝛼𝑐‧1 + sin2 𝛼𝑐‧1

)︁
+

+
𝑐‧2∑︁
𝑖=1

(︄
𝑖‧1∏︂
𝑗=1

sin2 𝛼 𝑗

)︄
cos2 𝛼𝑖

]︄
= (148)

= 𝜌2
𝑐‧1∑︁
𝑖=1

(︄
𝑖‧1∏︂
𝑗=1

sin2 𝛼 𝑗

)︄
·
{︄
cos2 𝛼𝑖 𝑖 < 𝑐 ‧ 1
1 𝑖 = 𝑐 ‧ 1

(149)

The sum can be simplified telescopically.

∥𝑦∥22 = 𝜌2
1∑︁

𝑖=1

(︄
𝑖‧1∏︂
𝑗=1

sin2 𝛼 𝑗

)︄
·
{︄
cos2 𝛼𝑖 𝑖 < 0
1 𝑖 = 1

= 𝜌2 (150)

The angles can be inverted to be 𝛼 𝑗 . In the ambiguous cases in which
𝑦𝑘 = 0 for all 𝑘 ≥ 𝑗 , let 𝛼 𝑗 be 𝜋/2.

𝛼 𝑗 =

⎧⎪⎪⎨⎪⎪⎩
arctan2

(︂√︃∑︁𝑐
𝑘=𝑗+1𝑦

2
𝑘
, 𝑦 𝑗

)︂
𝑗 < 𝑐 ‧ 1

arctan2 (𝑦𝑐 , 𝑦𝑐‧1) 𝑗 = 𝑐 ‧ 1
(151)

5.2.4 Generalized Mixture Space

Similarly to the definition of the BivariateMixture Space, the individual
discrete channels can be interpreted as samples of an underlying con-
tinuous signal. Formally, let 𝛿

(𝑐,𝑖 )
be the 𝑐-dimensional Kronecker delta

versor, which is equal to the first 𝑐 entries of the 𝑖-th row or column of
an identity matrix.

𝛿
(𝑐,𝑖 )

=
[︁
I𝑖, 𝑗

]︁𝑐
𝑗=1 (152)

Each channel (either in the time or in the frequency domain) can be
sampled from the mixture by a product with a Kronecker delta, i.e. its
corresponding row in the identity matrix.

𝑥𝑖 (𝑡) = (I𝑥 (𝑡))𝑖 = 𝛿
(𝑐,𝑖 )𝑇

𝑥 (𝑡) (153)

F {𝑥𝑖}(𝜈) = F {(I𝑥)}𝑖 (𝜈) = 𝛿
(𝑐,𝑖 )𝑇

F {𝑥}(𝜈) (154)

The 𝐿2-norm of these coefficient vectors is 1, so they can be represented
in hyperspherical coordinates with 𝑐 ‧1 angles. The angles for channel
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𝑖 will all be 𝜋/2 except for angle 𝛼𝑖 , which will be zero (all angles will
be 𝜋/2 for the last channel).

𝛿
(𝑐,𝑖 )

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
h2c

(︂
1, 𝜋/2 ·

(︂
𝛿
(𝑐‧1,𝑖 )

− 1⃗
)︂)︂

𝑖 < 𝑐

h2c
(︂
1, 𝜋/2 · 𝛿

(𝑐‧1,𝑖 ) )︂
𝑖 = 𝑐

(155)

The Generalized Mixture Space is a function of one frequency value
and 𝑐 ‧ 1 angles that interpolates the original channels’ spectra.

GMS {𝑥} (𝜈, 𝛼) := h2c (1, 𝛼)𝑇 F {𝑥}(𝜈) (156)

This formulation does not depend on any assumptions about 𝑥 being
a multivariate mixture, but the next section will show some properties
of the GMS for such signals.

5.3 Principal Spectral Analysis

The Principal Spectrum (PS) of a multivariate signal is the linear com-
bination across channels with maximal square magnitude with unit-
ary 𝐿2-norm coefficients, for each frequency. The PS can be equival-
ently defined as the GMS value with maximum magnitude for each
frequency.

PS {𝑥} (𝜈) := GMS {𝑥} (𝜈, 𝜎 (𝜈)) (157)

𝜎 (𝜈) := argmax
𝛼⃗∈[0,2𝜋 ]𝑐‧1

∥GMS {𝑥} (𝜈, 𝛼)∥2 (158)

ℎ⃗(𝜈) := h2c (1, 𝜎 (𝜈)) = argmax
𝑎⃗∈R𝑐 : ∥𝑎⃗∥2=1

∥︁∥︁∥︁𝑎𝑇F {𝑥}(𝜈)
∥︁∥︁∥︁
2

(159)

5.3.1 Cross-correlation Eigendecomposition

The maximization formulation in Equation (159) admits a closed-form
solution. The Principal Spectrum can be found by decomposing the
channel cross-correlation matrix R𝑥 (𝜈) into its eigenvectors. The coef-
ficient vector for the Principal Spectrum is the unitary 𝐿2-norm eigen-
vector ℎ⃗(𝜈) with maximal eigenvalue 𝜆 of such matrix. Since the cross-
correlationmatrix is real and symmetric, the eigenvector can be chosen
to be real and orthonormal [97].
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Theorem 3. The closed-form solution for the optimal coefficient array at
one frequency 𝜈 is the eigenvector with maximal eigenvalue of the sum of
the cross-correlation matrix of the real and imaginary parts of the chan-
nels F {𝑥}(𝜈).

ℎ⃗(𝜈) = argmax
𝑎⃗∈R𝑐 : ∥𝑎⃗∥2=1

∥︁∥︁∥︁𝑎𝑇F {𝑥}(𝜈)
∥︁∥︁∥︁
2
= argmax

𝑎⃗∈R𝑐 : ∥𝑎⃗∥2=1,
R𝑥⃗ (𝜈 )𝑎⃗=𝜆𝑎⃗

𝜆

R𝑥 (𝜈) := ℜ𝑋⃗ (𝜈)
(︂
ℜ𝑋⃗ (𝜈)

)︂𝑇
+ ℑ𝑋⃗ (𝜈)

(︂
ℑ𝑋⃗ (𝜈)

)︂𝑇
𝑋⃗ (𝜈) := F {𝑥}(𝜈)

Proof. The square magnitude of a real linear combination of the chan-
nel spectra can be expressed with a quadratic form involving the cross-
correlation matrix R𝑥 (𝜈).|︁|︁|︁𝑎𝑇 𝑋⃗ (𝜈)

|︁|︁|︁2 =ℜ2
(︂
𝑎
𝑇
𝑋⃗ (𝜈)

)︂
+ ℑ2

(︂
𝑎
𝑇
𝑋⃗ (𝜈)

)︂
= (160)

=

(︂
𝑎
𝑇ℜ𝑋⃗ (𝜈)

)︂2
+

(︂
𝑎
𝑇ℑ𝑋⃗ (𝜈)

)︂2
= (161)

= 𝑎
𝑇ℜ𝑋⃗ (𝜈)

(︂
ℜ𝑋⃗ (𝜈)

)︂𝑇
𝑎 + (162)

+ 𝑎𝑇 ℑ𝑋⃗ (𝜈)
(︂
ℑ𝑋⃗ (𝜈)

)︂𝑇
𝑎 = (163)

= 𝑎
𝑇R𝑥 (𝜈)𝑎 (164)

This auto-correlation matrix sum is a real symmetric matrix (R𝑥 (𝜈) =
R𝑇
𝑥
(𝜈)). Any real symmetric matrix can be decomposed as the product

𝑈Λ𝑈𝑇 , where𝑈 is the ortho-normal matrix of its eigenvectors and Λ is
the diagonal matrix of its eigenvalues, in decreasing order of absolute
value. For an ortho-normal matrix, the inverse is the transpose: 𝑈𝑈𝑇 =

𝑈𝑇𝑈 = I, and both the set of the rows and the set of the columns
are a ortho-normal basis for the vector space. The eigendecomposition
R𝑥 (𝜈) = 𝑈Λ𝑈𝑇 can be plugged in the expression for the magnitude.|︁|︁|︁𝑎𝑇 𝑋⃗ (𝜈)

|︁|︁|︁2 = 𝑎𝑇𝑈Λ𝑈𝑇𝑎 (165)

Let 𝛾 := 𝑈𝑇 𝑎 be the diagonalized projection of 𝑎.|︁|︁|︁𝑎𝑇 𝑋⃗ (𝜈)
|︁|︁|︁2 = 𝛾𝑇Λ𝛾 =

𝑐∑︁
𝑖=1

𝛾𝑖𝜆𝑖𝛾𝑖 =

𝑐∑︁
𝑖=1

|𝛾𝑖 |2 𝜆𝑖 (166)
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Since𝑈 is a ortho-normal matrix, the vector𝛾 also has the same unitary
𝐿2-norm as 𝑎.

∥𝛾 ∥22 = 𝛾
𝑇
𝛾 = 𝑎

𝑇
𝑈𝑈𝑇𝑎 = 𝑎

𝑇
𝑎 = ∥𝑎∥22 = 1 (167)

It follows that 𝛾 (2) :=
[︂
𝛾2𝑗

]︂𝐶
𝑗=1

can be seen as the coefficient vector of
a convex combination (all values are non-negative and they sum up to
one). So, the square magnitude of a linear combinationwith unitary 𝐿2-
norm coefficients can only be a convex combination of the eigenvalues.|︁|︁|︁𝑎𝑇 𝑋⃗ (𝜈)

|︁|︁|︁2 = 𝐶∑︁
𝑗=1

|︁|︁𝛾 𝑗 |︁|︁2 𝜆 𝑗 = 𝛾 (2)𝑇𝜆 (168)

The maximum convex combination occurs if we set to 1 the coefficient
of the maximum eigenvalue and to 0 all the others. So, the optimal 𝛾
is the Kronecker delta vector with the non-null entry corresponding
to the maximal eigenvalue (if the eigenvalues are ordered in descend-
ing order, then it will be the first entry). This means that the optimal
coefficient vector is the corresponding eigenvector.

𝛾
∗
= 𝛿

(𝑐,1)
=

[︁
1 0 . . . 0

]︁𝑇 ∈ R𝑐 (169)

ℎ⃗(𝜈) = 𝑈𝛾∗ = 𝑈•,1 (170)
Quod erat demonstrandum. □

5.3.2 Mixture of non-overlapping Sources

A new condition is now added to the latent source mixture model de-
scribed in Section 5.2.1. In this restricted model, latent sources are not
allowed to overlap in the frequency domain, i.e., only one channel’s FT
can be non-zero for each frequency value.

∃ 𝑗, 𝜈 : F
{︁
𝑧 𝑗

}︁
(𝜈) ≠ 0 ⇒ F {𝑧𝑖}(𝜈) = 0 ∀𝑖 ≠ 𝑗 (171)

Equivalently, the product of the FTs of any pair of different channels
must be zero.

F {𝑧𝑖}(𝜈)F
{︁
𝑧 𝑗

}︁
(𝜈) = 0 ∀𝜈 ∀𝑖 ∀𝑗 ≠ 𝑖 (172)

If this condition holds, then the PS is the sum of the spectra, or, equi-
valently the spectrum of the non-zero source for each frequency.
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Theorem 4. The Principal Spectrum of a multivariate mixture of non-
overlapping sources at a frequency value is the value of the non-zero
source signal’s spectrum at that frequency, if any, otherwise zero. The
polarity of the PS might be inverted with respect to the source signal’s
spectrum. The PS coefficients are equal to the non-zero source’s mixing
coefficients or to their opposite.

PS {𝐴𝑧} (𝜈) =
{︄
±F

{︁
𝑧 𝑗

}︁
(𝜈) ∃! 𝑗 : F

{︁
𝑧 𝑗

}︁
(𝜈) ≠ 0

0 F
{︁
𝑧 𝑗

}︁
(𝜈) = 0 ∀𝑗

Proof. The Principal Spectrum is computed independently for each fre-
quency value. For any specific 𝜈 , if all sources spectra are zero, then any
linear combination of such spectra will be zero.

F {𝑧}(𝜈) = 0⃗ ⇒ 𝑎
𝑇
𝐴F {𝑧}(𝜈) = 0 ∀𝑎 ∈ R𝑐 (173)

If one source spectrum 𝑧 𝑗 (𝜈) is non-zero, then the mixture signal is the
mixing coefficients vector multiplied by the FT value.

𝐴F {𝑧}(𝜈) = 𝑎•, 𝑗F
{︁
𝑧 𝑗

}︁
(𝜈) (174)

Any coefficient vector candidate 𝑐 for the PS must have unitary 𝐿2-
norm, like the mixing coefficients column vector 𝑎•, 𝑗 . So, their inner
product is bound between ‧1 and 1.

𝑐
𝑇
𝑎•, 𝑗 = ∥𝑐 ∥2

∥︁∥︁𝑎•, 𝑗∥︁∥︁2 cos (︁
∠

(︁
𝑐, 𝑎•, 𝑗

)︁ )︁
= cos

(︁
∠

(︁
𝑐, 𝑎•, 𝑗

)︁ )︁
(175)

When cos
(︁
∠

(︁
𝑐, 𝑎•, 𝑗

)︁ )︁
= ±1, then the squared magnitude is maximal.

So, ℎ⃗(𝜈) is equal to either 𝑎•, 𝑗 or to its opposite.

ℎ⃗(𝜈) = ±𝑎•, 𝑗 (176)

The PS is either the original FT value or its opposite.

PS {𝐴𝑧} (𝜈) = ±𝑎𝑇•, 𝑗𝑎•, 𝑗F
{︁
𝑧 𝑗

}︁
(𝜈) = ±F

{︁
𝑧 𝑗

}︁
(𝜈) (177)

Quod erat demonstrandum. □

This gives an insight into what the Principal Spectrum represents.
It is able to recover the latent sources spectra when they are linearly
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mixed and do not overlap in frequency. Contrarily to taking a linear
combination of the time-domain signals, this exploits the potential sep-
aration in the frequency domain. Taking a different combination for
each frequency allows the PS to recover the full energy of the latent
sources. When analyzing multivariate mixtures, the PS magnitude can
express the latent source’s energy for that frequency, while coefficient
vectors can be interpreted as mixing coefficients for that source.

In the case of bivariate signals, the coefficient vector at one fre-
quency can be represented in polar coordinates (hyperspherical co-
ordinates in two dimensions) with only one angle. This angle is equal
to the 𝜎 (𝜈) angle defined for the BMS, or to 𝜎 (𝜈) + 𝜋 (which gives the
mixing coefficients with opposite polarity).

5.3.3 Orthogonal Spectra

The eigendecomposition formulation of the Principal Spectrum can be
regarded as a Principal Component Analysis [66] over the channels for
every frequency. As in PCA, this formulation does not only define one
principal spectrum, using the eigenvector with maximal eigenvalue as
the coefficient vector, but also a set of components that correspond to
the other eigenvectors, called orthogonal spectra.

This results in a model with parametric compactness, since the user
can decide howmany components to keep, or howmuch of the signal’s
energy to preserve (similarly to the explained variance in PCA). In gen-
eral, there can be 𝑐 ‧ 1 orthogonal spectra. So, in the case of bivariate
signals, there is only one orthogonal spectrum, which is the value of
the BMS at the angle 𝜎 (𝜈) + 𝜋/2.

5.4 Correlation

The Correlation of a multivariate signal is the circular concentration
of phases across channels, disregarding the polarity, as a function of
frequency.

R𝑥 (𝜈) =
|︁|︁∑︁𝑐

𝑖=1 |𝑋𝑖 (𝜈) | 𝑒2𝑗∠𝑋𝑖 (𝜈 )
|︁|︁∑︁𝑐

𝑖=1 |𝑋𝑖 (𝜈) |
(178)

𝑋⃗ (𝜈) = F {𝑥}(𝜈)
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This average is weighted by each channel’s magnitude, but it can also
be computed as an unweighted average.

R𝑥 (𝜈) =
1
𝑐

|︁|︁|︁|︁|︁ 𝑐∑︁
𝑖=1

𝑒2𝑗∠𝑋𝑖 (𝜈 )

|︁|︁|︁|︁|︁ (179)

Correlation provides additional relational information about the chan-
nels, other than the energy distribution inferred with the PS coeffi-
cients. For linear mixtures of non-overlapping sources (Section 5.3.2)
the correlation will be 1, since all non-zero channels have the same
phase value.

Lower correlation values are indicative of violations of the assumed
signal model, such as the presence of overlapping sources. It can also
be the effect of convolutional or nonlinear mixing models. In general,
it can be regarded as an index of the reliability of the estimate of the
Principal Spectrum mixing coefficients.

5.4.1 Angular average

The correlation was defined as an angular average. The angular aver-
age of an array of angles 𝛼𝑖 is computed from a complex number ob-
tained by averaging the values exp { 𝑗𝛼𝑖}. The values can be weighted
by some convex combination coefficients 𝜌 .

AVG∠ (𝛼 | 𝜌) =
∑︁
𝑖

𝜌𝑖𝑒
𝑗𝛼𝑖 (180)

The angular average is the phase of this sum, while its absolute value
is a measure of concentration (1 − |AVG∠ | is the variance).

In the case of axial data, where any direction 𝛼𝑖 is considered equi-
valent to its opposite 𝛼𝑖 + 𝜋 , the circular average can be computed by
doubling the angles [50] (or, for an arbitrary period 𝑝 , the data should
multiplied by 2𝜋/𝑝).

AVG∠ (𝛼 | 𝜌, 𝑝) =
∑︁
𝑖

𝜌𝑖𝑒
2𝑗𝜋𝛼𝑖/𝑝 (181)

In this case, the phase of the sum should be divided by 2𝜋/𝑝 .
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5.4.2 Pearson Correlation Coefficient

In the context of the BMS, correlation is expressed as Pearson’s Cor-
relation Coefficient (PCC) in the time-domain, and computed in the
frequency domain as a function of the phase difference. In the case of
two channels, the Correlation here defined is equivalent to the absolute
value of the same PCC.

Theorem 5. The Correlation defined as the absolute value of the un-
weighted circular average of the phases is equivalent, for bivariate signals,
to the absolute value of Pearson’s linear Correlation Coefficient computed
in the time-domain.

R𝑥 (𝜈) = |𝜌 (𝑎1 cos (2𝜋𝜈𝑡 + 𝜙1), 𝑎2 cos (2𝜋𝜈𝑡 + 𝜙2)) |

𝑎1 := |F {𝑥1}(𝜈) | 𝜙1 := ∠F {𝑥1}(𝜈)
𝑎2 := |F {𝑥2}(𝜈) | 𝜙2 := ∠F {𝑥2}(𝜈)

Proof. As proven in the case of the Bivariate Mixture Space [69], the
PCC computed in the time-domain is equal to the cosine of the phase
difference.

𝜌 (𝑎1 cos (2𝜋𝜈𝑡 + 𝜙1), 𝑎2 cos (2𝜋𝜈𝑡 + 𝜙2)) = cos (𝜙1 − 𝜙2) (182)

The complex angular average of the doubled phases is 𝜁 , and its modulo
is the correlation R𝑥 (𝜈) defined as angular average.

𝜁 =
𝑒2𝑗𝜙1 + 𝑒2𝑗𝜙2

2 =
𝑒 𝑗 (𝜙1−𝜙2 ) + 𝑒‧𝑗 (𝜙1−𝜙2 )

2 𝑒 𝑗 (𝜙1+𝜙2 ) = (183)

= cos (𝜙1 − 𝜙2)𝑒 𝑗 (𝜙1+𝜙2 )

So, its modulo is equal to the absolute value of the PCC.

R𝑥 (𝜈) = |𝜁 | = |cos (𝜙1 − 𝜙2) | (184)

Quod erat demonstrandum. □
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5.5 Applications

5.5.1 GMS Enhanced Spectrogram

The same GMS model can be applied to the Short-Time Fourier Trans-
form of multivariate signals. This has the added benefit of relaxing
the constraint that the mixing coefficients should be static in time for
the same frequency, and allows them to be dynamic, albeit stationary
inside every STFT window. To each time and frequency cell of the
STFT, the GMS can associate both the Princpal Spectrum (with its as-
sociated coefficients) and the correlation value. This allows compact
time-frequency analysis of multivariate signals.

Spectrograms are often used to display the spectral content of a
sound, mapping the magnitude values of the STFT to greyscale or RGB
values. Along with the BMS, BS Enhanced Spectrograms were defined
to compactly display the STFT of two channels as one plot. Adopting
an HSV (Hue, Saturation, and Value) color model, the magnitudes of
the bivariate spectrum were mapped to the value channel, the absolute
value of the correlation to saturation, and mixing angles to hue. Fig-
ure 11 shows a bivariate signal in the time domain and Figure 12 shows
its enhanced spectrogram.

Seeking such a direct mapping for the GMS is harder, because of the
higher dimensionality of the mixing coefficients. Still, the magnitude
of the principal spectrum can be mapped to value, and the correlation
to saturation. There are several strategies for mapping the mixing coef-
ficients distribution. One of such strategies is to apply PCA to the PS
mixing coefficients of all STFT cells, weighted by the PS magnitude.

𝑒 = PCA
(︂{︂
∥PS {𝑥} (𝑡, 𝜈)∥2 · ℎ⃗(𝑡, 𝜈) | ∀𝑡, 𝜈

}︂)︂
(185)

The dot product of each vector ℎ⃗ with the global PCA principal eigen-
vector will give a value between 1 (if they are equal) and ‧1 (if they are
opposite), and the arccosine of such value will be the angle between
them (in the range from 0 to 𝜋 ).

𝑒
𝑇
ℎ⃗(𝑡, 𝜈) = cos

(︂
∠

(︂
𝑒, ℎ⃗(𝑡, 𝜈)

)︂)︂
(186)

arccos
(︂
𝑒
𝑇
ℎ⃗(𝑡, 𝜈)

)︂
= ∠

(︂
𝑒, ℎ⃗(𝑡, 𝜈)

)︂
(187)
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Figure 11: Time-domain signal for an excerpt of the song “Sing with Me” by Side Effects Project [71] starting at
timestamp 4.475 s, decimated by 16 times for visualization. On the left the two channels in time: note that in the first
second the right channel is louder, then the left channel is louder, and finally the two signals aremostly superimposed.
On the right, the scatterplot shows the mixture of three distributions: one horizontal, one vertical, and one diagonal.
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Figure 12: Enhanced spectrograms, using features from the BMS (left) and the GMS (right) for the signal shown in
Figure 11. Although the colours are slightly different, the two plots are substantially equivalent. Note how three
distinct colours highlight the spectra of the three components seen in Figure 11 (left, right, and middle).
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Polarity is of no interest here, so the angles can be doubled to obtain an
hue value between 0 and 2𝜋 . STFT cells aligned with the principal com-
ponent will be plotted with the same hue, and STFT cells orthogonal to
the principal component will be plotted with opposite hue.

Figure 12 shows a comparison of spectrograms enhanced with the
BMS and the GMS, while Figure 13 shows the enhanced spectrogram
for a multivariate signal, for which is the BMS enhanced spectrogram
cannot be defined, and other ways to visualize the spectrogram of a
multichannel signal. At the top left, the eight spectrograms of each in-
dividual channel show only a partial view of the signal. On the bottom
left, the spectrogram of the average of all channels suffers from phase
interference. E.g., the low-frequency component around half time from
channels 5 and 6 is partially degraded. On the bottom center, the spec-
trograms computed averaging the magnitudes of all channels solves
the phase interference. Still, some components are hard to make out,
like the high-frequency component from channels 7 and 8, which is
hidden in the middle of the broadband sounds from channels 5 and 6.
On the right, the enhanced spectrogram also shows relational inform-
ation. Although not as effective as in the bivariate case, it succeeds in
highlighting components from channels 7 and 8 in green, and all others
in magenta.

5.5.2 Multivariate Modal Audio

In a multivariate signal generated by a modal system, each channel is a
mixture of the samemodes. Each row in the modal system is associated
with a different oscillation frequency. Such components make up the
final vibration at each pickup point depending on their pickup gain.
Given 𝑚 modes and 𝑝 pickup points, the model for the multivariate
modal signal requires 𝑚 distinct frequencies 𝜈𝑖 , 𝑚 decay times 𝑑𝑖 , 𝑚
amplitudes 𝑎𝑖 ,𝑚 phases 𝜙𝑖 , and a 𝑝 ×𝑚 matrix of pickup gains 𝐺 . Let
ℎ⃗(𝑡) be the vector of modes.

ℎ⃗(𝑡) =
[︁
ℎ2(𝑡) ℎ2(𝑡) . . . ℎ𝑚 (𝑡)

]︁𝑇 (188)

ℎ𝑖 (𝑡)
(10)
= 𝑢 (𝑡)𝑎𝑖𝑒‧2𝑡/𝑑𝑖 cos (2𝜋𝜈𝑖𝑡 + 𝜙𝑖)

The multivariate modal signal is a linear mix of such modes.

𝑥 (𝑡) = 𝐺ℎ⃗(𝑡) (189)
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Figure 13: Excerpt of the 8-channel composition “Bosco” by Giorgio Presti starting at timestamp 10.25 s. At the top
left, the 8 spectrograms of each indivdual channel. On the bottom left, the spectrogram of the average of all channels.
On the bottom center, the average of the spectrograms of all channels. On the right, the enhanced spectrogram.
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Since the spectrum of each mode is a bell curve, which is larger the
shorter the decay time is (see Section 4.3.1), this mixture does not have
the non-overlapping property. Despite this, the Principal Spectrum can
still be an estimate of the modes energy in time.

Peak Detection

For every time frame of the input signal, the vanilla SAMPLE algorithm
computes the FFT. In this setting, the FFT is computed for each channel
and used to compute the Principal Spectrum. The magnitude of the PS
can estimate the modal energy over frequency and time and is used for
the standard peak detection and tracking algorithms. In addition, the
peaks in the PS are annotated with the coefficient vector corresponding
to their frequency.

So, at the end of the peak tracking, each track will also include a
coefficient vector for each time frame. The average of the coefficients
could be taken as an estimate of the modal energy distribution across
channels. There are several techniques to approach the problem of av-
eraging data points that lie on an hypersphere [81]. In this setting,
there is the additional complication that a coefficient vector and its op-
posite should be considered as equivalent. Also, the average function
it should allow non-uniform weighting of the data point.

As a baseline algorithm, the implemented average function was
developed starting from the concept of spherical linear interpolation
(slerp). In terms of linear interpolation (lerp), the ordinary average
between two points is just their middle point.

lerp (𝑎1, 𝑎2; 𝑡) = (1 − 𝑡)𝑎1 + 𝑡𝑎2 𝑎𝑖 ∈ R𝑛 ∀𝑖, 𝑡 ∈ [0, 1] (190)
avg (𝑎1, 𝑎2) = lerp (𝑎1, 𝑎2; 0.5) = (𝑎1 + 𝑎2)/2 (191)

The weighted average between two points can also be expressed as a
linear interpolation.

avg (𝑎1, 𝑎2;𝑤1,𝑤2) = lerp
(︃
𝑎1, 𝑎2;

𝑤2
𝑤1 +𝑤2

)︃
=
𝑤1𝑎1 +𝑤2𝑎2
𝑤1 +𝑤2

(192)

𝑤𝑖 ∈ R>0 ∀𝑖

The average between more points can be expressed recursively, where
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the base case is the average of two points

avg (𝑎1, . . . , 𝑎𝑛 ;𝑤1, . . . ,𝑤𝑛) = (193)

= avg
(︄
avg (𝑎1, . . . , 𝑎𝑛−1;𝑤1, . . . ,𝑤𝑛−1) , 𝑎𝑛 ;

𝑛−1∑︁
𝑖=1

𝑤𝑖 ,𝑤𝑛

)︄
=

=
1∑︁𝑛

𝑖=1𝑤𝑖

𝑛∑︁
𝑖=1

𝑤𝑖𝑎𝑖

Defining 𝜇𝑖 as the average of the first 𝑖 points and𝜔𝑖 its weight, the fol-
lowing update formula can be used to compute the average iteratively
adding the difference between the current value and the current mean,
multiplied by a scalar.

𝜇𝑖+1 =
𝜔𝑖𝜇𝑖 +𝑤𝑖+1𝑎𝑖+1
𝜔𝑖 +𝑤𝑖+1

= 𝜇𝑖 +
𝑤𝑖+1

𝜔𝑖 +𝑤𝑖+1

(︁
𝑎𝑖+1 − 𝜇𝑖

)︁
(194)

𝜔𝑖+1 = 𝜔𝑖 +𝑤𝑖+1 (195)
𝜇0 := 0⃗ 𝜔0 = 0

Analogously, a spherical average (savg) can be defined using spherical
linear interpolation. As linear interpolation returns points along the
segment between the two points, spherical linear interpolation returns
points along the circle arc between the two points.

slerp (𝑎1, 𝑎2; 𝑡) = h2c (1, (1 − 𝑡) ∠𝑎1 + 𝑡 ∠𝑎2) (196)
𝑎𝑖 ∈ R𝑛 ∧ ∥𝑎𝑖 ∥2 = 1 ∀𝑖, 𝑡 ∈ [0, 1]

Where ∠ is the function that computes the angles vector for the hyper-
spherical coordinates.

𝑎 = h2c (∥𝑎∥2 , ∠𝑎) (197)

Since polarity is indifferent, if the two vectors are pointing in opposite
directions, one of the two is multiplied by ‧1.

savg (𝑎1, 𝑎2;𝑤1,𝑤2) = slerp
(︃
𝑎1, sign (⟨𝑎1, 𝑎2⟩) 𝑎2;

𝑤2
𝑤1 +𝑤2

)︃
(198)

Aswith linear interpolation, the spherical average betweenmore points
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Figure 14: Example of application of spherical interpolation average to
a coefficient trajectory. Coefficients are generated at angles of 𝜋/6 with
random noise andweighted by the correspondingmagnitude value (ex-
ponentially decreasing). The average is run in order of time, final av-
erage is displayed as a cross mark.

can be expressed recursively.

savg (𝑎1, . . . , 𝑎𝑛 ;𝑤1, . . . ,𝑤𝑛) = (199)

= savg
(︄
savg (𝑎1, . . . , 𝑎𝑛−1;𝑤1, . . . ,𝑤𝑛−1) , 𝑎𝑛 ;

𝑛−1∑︁
𝑖=1

𝑤𝑖 ,𝑤𝑛

)︄
And the following is the update formula.

𝜇𝑖+1 = h2c
(︃
1, 𝜇𝑖 +

𝑤𝑖+1
𝜔𝑖 +𝑤𝑖+1

(︁
∠𝑎𝑖+1 − ∠𝜇𝑖

)︁ )︃
(200)

𝜔𝑖+1 = 𝜔𝑖 +𝑤𝑖+1 (201)
𝜇0 :=

[︁
1 0 · · · 0

]︁
𝜔0 = 0

Figure 14 shows the application of this spherical average over a noisy
coefficient trajectory.
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5.6 Conclusion

The GeneralizedMixture Space for multivariate signal spectral analysis
was formalized. This model successfully extends the Bivariate Mixture
Space as a compact frequency-dependent representation of both the
energy distribution and the relationship between channels.

For the Principal Spectrum a computationally practical formulation
was proven to be equivalent to the definition. This formulation exploits
the eigendecomposition of a channel-wise cross-correlation matrix.

This formulation was shown to be largely equivalent to the BMS in
the special case of bivariate signals, since the Principal Spectrum of the
GMS is equal to the Principal Spectral Content from BMS (disregard-
ing polarity) and the correlation computed from the angular average is
equal to the modulo of Pearson’s Correlation Coefficient used in BMS.

Like BMS, GMS is particularly insightful in the case of mixture sig-
nals. Interpretations for the PS coefficients are given in the case of mix-
ture signals of non-overlapping sources and correlation was shown to
be an index of validity of this assumed mixing model.

Two applications scenarios were presented: spectrogram visualiz-
ation and modal audio analysis. In the future, such application scen-
arios should be thoroughly investigated. Also, the code for GMS ana-
lysis should be finalized and included in the SAMPLE Python package
(Chapter 6).





Part II

Software and Tools



Chapter 6

SAMPLE Python Package

Abstract

This chapter introduces SAMPLE, a Python package designed for spec-
tral analysis and modal parameter estimation. The core functional-
ity centers around the implementation of the "Spectral Analysis for
Modal Parameters Linear Estimate" (SAMPLE) algorithm. This includes
a custom implementation of a Sinusoidal Analysis algorithm specific-
ally tailored for modal tracking, based on Spectral Modelling Synthesis.
Furthermore, the package offers utilities for automatic parameter tun-
ing via a Bayesian optimization approach based on Gaussian Processes.
To facilitate this process, SAMPLE includes efficient routines for com-
puting perceptual time-frequency audio representations suitable for
loss functions, including multiscale spectrograms, mel-spectrograms,
and cochleagrams. Finally, SAMPLE provides a Graphical User Inter-
face (GUI) that enables users to load and trim audio inputs, configure
algorithm parameters, execute the algorithm, listen to a resynthesized

This chapter is based on [101]Marco Tiraboschi and Federico Avanzini. ‘SAMPLE:
a Python Package for the Spectral Analysis of Modal Sounds’. In: Conference Proceed-
ings of the 23rd Colloquium on Music Informatics. “Aldo Piccialli” Award for the best
contribution to the Scientific Programme . 2022, pp. 50–55. url: https://hdl.
handle.net/2434/945288
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version of the input, and export the obtained results. The GUI is option-
ally available in the Python package and as a standalone executable.

6.1 Introduction

In the field of audio analysis, as in many others in computer science,
research projects often produce software implementations of the pro-
posed algorithms or models. Unfortunately, these implementations fre-
quently lack proper packaging, e.g. code fragmented across numerous
Jupyter notebooks or scripts. This practises hinder reproducibility, col-
laboration among researchers, and ultimately, accessibility by users.

The SAMPLE Python package addresses this issue for the methods
presented in previous chapters. It includes implementations of several
algorithms for audio analysis and the automatic estimation of modal
parameters from audio examples, including SAMPLE (Chapter 3) and
BeatsDROP (Chapter 4).

SAMPLE is available via the Python Package Index, on GitHub, and
on Zenodo [99]. It can be installed as a Python package or used through
a graphical user interface (GUI) as a standalone executable.

All public classes, methods and functions are documented in the
source code with Google-style docstrings and converted into an HTML
documentation website with the Sphinx [113] package. The package is
comprehensively tested with unit tests using the Python built-in mod-
ule unittest [42]. Code coverage is 100% for the entire codebase, exclud-
ing the GUI module. The GitHub and Zenodo repositories also include
code for the evaluations protocols for the different methods and for
figure generation. A set of interactive tutorials, in the form of Jupyter
notebooks, complement the package.

6.2 SAMPLE

This section details the implementation of the Spectral Analysis for
Modal Parameters Linear Estimate (SAMPLE) algorithm (Chapter 3).
The primary objective behind the creation of this package was to pro-
vide users with a readily available, distributable, and user-friendly soft-
ware for this method.
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The core component of the package is the SAMPLE class. This class
adheres to the design patterns established by the scikit-learn library
API [18, 67]. Each instance of SAMPLE encapsulates a sinusoidal model
and a regressor, which can be either linear or semi-linear.

By fitting these SAMPLE class instances to audio samples, users
can estimate the modal parameters (amplitudes, frequencies, and decay
times) of the objects being recorded. It is important to note that the
input audio should be the sound generated by striking the object of
interest, i.e. a recording of its impulse response.

6.2.1 Sinusoidal Model

The SinusoidalModel class implements the analysis algorithm used
in Sinusoidal Modelling Synthesis [87, 88, 89] (SMS). It prepares the in-
put Short-Time Fourier Transform (see Section 2.2.4) and runs a Sine-
Tracker which detects and organizes the peaks in the STFT. Addition-
ally, the class allows for processing audio in reverse order, a technique
commonly used in analysis methods for additive synthesis [63].

The ModalModel and ModalTracker classes inherit from Sinu-
soidalModel and SineTracker, respectively, and introduce function-
alities specifically tailored formodal sounds. During the analysis phase,
a ModalTracker instance can enforce a set of constraints. It can dis-
card trajectories where the identified modal frequencies fall outside the
desired range (e.g., infrasounds or ultrasounds). It can also eliminate ill-
behaved trajectories, whose magnitude exhibits an increase over time
rather than the expected decrease. Furthermore, the class can estimate
the starting amplitude of a trajectory that has stopped and discard it if
it is deemed too quiet. Finally, a stopped trajectory can be merged with
a preceding one if their frequencies are sufficiently similar.

6.2.2 Hinge Regression

The HingeRegression class implements the regression algorithm used
to estimate modal amplitudes and decay times. This algorithm is based
on the Rectangular Trust Region Dogleg approach [117] (DogBox) for
nonlinear least-squares optimization, as implemented in SciPy [116].

HingeRegression works by fitting an amplitude trajectory obtained
from the sinusoidal model to a hinge function, denoted as ℎ𝑘,𝑞,𝛼 (𝑡).
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This function is linear for values of t less than 𝛼 and remains constant
thereafter.

ℎ𝑘,𝑞,𝛼 (𝑡)
(55):= 𝑘 ·min (𝑡, 𝛼) + 𝑞 (202)

The utilization of hinge regression offers an advantage over linear least-
squares regression in scenarios with high noise floors. In such cases,
linear regression exhibits a bias towards underestimating both the amp-
litude and decay time values (see Section 3.2.2).

6.2.3 BeatsDROP

The package also includes the implementation of the “Beats Duality
for the Resolution Of Partials” (BeatsDROP) algorithm (Chapter 4). The
DualBeatRegression class implements a regression model for two
modes of oscillation with very similar frequencies. In this case, the
sinusoidal model would not find two different trajectories, but it would
output a single trajectory, in which the two partials interfere.

DualBeatRegression fits the modal frequencies, amplitudes and
decay times of both partials to the sinusoidal model trajectory. The
loss function includes the differences for both the amplitude and the
frequency of the trajectory. This algorithm exploits the fact that beats
of uneven amplitudes produce modulations of both amplitude and fre-
quency. Its parent class BeatRegression only considers the amplitude
for the loss function and it is the baseline algorithm used for evaluation
in Section 4.5. This regessor can be used instead of HingeRegression,
to find two sets of modal parameters from one trajectory.

The Beat and ModalBeat classes define all the intermediate and
final signals used to model beats as sinusoids with modulated amp-
litude and frequency (see Section 4.2). This signals are defined using
a computational graph with the Paragraph package [16], this ensures
that, depending on the desired output, unused intermediate variables
are not computed and that each variable in only computed once.

The SAMPLEBeatsDROP class inherits from SAMPLE and applies the
DualBeatRegression to the trajectories, inferring whether the tra-
jectory is a beat or not with the decision criterion defined in Equa-
tion (4.4.5), implemented by the AlmostNotABeatDecisor class. Beat
regression can be performed concurrently in multiprocessing, since the
regression problems of different trajectories are independent.
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Figure 15: The “Load Audio” pane of the GUI, as it renders onWindows
11 with the arc theme. In the this pane, the user can load, trim and play
the audio input.

6.3 Graphical User Interface

AGraphical User Interface (GUI) was designed to facilitate access to the
presented methods for users without programming experience. The
GUI enables users to load an audio file, apply the SAMPLE model, and
export the results in a JSON format. A series of screenshots depicting
the GUI in action are presented in Figures 15, 16, and 17.

6.3.1 Audio Loading

The first pane of the GUI, labelled “Load Audio”, is dedicated to audio
loading and manipulation (Figure 15). This pane allows the user to load
and optionally trim a target audio file. The “Load” button triggers a file
browser window, enabling the user to locate and choose the desired
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audio file for processing. Upon successful loading, a visual representa-
tion of the audio waveform is displayed within the GUI. Additionally,
an algorithm based on onset detection [12] is employed to automatic-
ally initialize a region of interest (ROI) within the waveform, which is
then highlighted with a distinct color.

The SAMPLE model operates exclusively on the chosen ROI of the
audio data. Users are provided with the ability to modify this ROI by
specifying their preferred start and stop timestamps within dedicated
text input fields. Alternatively, a they can use the waveform display.
Clicking on the waveform allows the user to adjust the start or stop
timestamp (depending on which is closer to the click location), and the
value is finalized on mouse release. Furthermore, users can zoom in
and out on the waveform display for a finer selection of the ROI.

A “Play” button is included within the interface, enabling the user
to preview the currently selected ROI of the audio file. Pygame [118] is
used to ensure compatibility of audio playback across different operat-
ing systems.

6.3.2 Settings

The second pane of the GUI, labeled "Settings", is dedicated to config-
uring various parameters of the SAMPLE (and, eventually, BeatsDROP)
algorithms (Figure 16).

Resynthesis

This parameter solely affects the resynthesis stage and does not influ-
ence the analysis phase.

• n modes
This parameter controls the maximum number of modal com-
ponents that will be reconstructed by the model during post-
processing. The model prioritizes modes with the highest en-
ergies for resynthesis. Users can adjust this value to control the
level of audio detail captured in the final output. It’s important to
note that this parameter solely affects the resynthesis stage and
doesn’t influence the analysis phase.
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Figure 16: The “Settings” pane of the GUI, as it renders on Windows 11
with the arc theme. In the this pane, the user can tweak the algorithm
parameters.

Analysis

These parameters affect the SAMPLE sinusoidal analysis algorithm.

• n sines
This parameter specifies the maximum number of sinusoidal
peaks the SAMPLE algorithm will track within each Short-Time
Fourier Transform (STFT) frame.

• fft size
This setting determines the size of the Fast Fourier Transform
(FFT) applied to each frame. User input for this parameter is
automatically rounded up to the nearest power of 2 for efficient
computation.

• hop size
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This parameter defines the distance (in samples) between consec-
utive STFT frames along the time axis. It controls the temporal
granularity of the analysis.

• window size
This setting specifies the size (dimension) of the window func-
tion used during STFT analysis, provided in samples. Unlike FFT
size, the window size doesn’t have to be a power of 2. However,
it’s limited by the current value set for the FFT size.

• window type
This parameter allows users to select the desired window func-
tion from those supported by the SciPy library [116]. The chosen
window function should not require any additional arguments
besides the window size.

• frequency deviation offset
This parameter sets the threshold for considering peaks as con-
tinuations of the same trajectory at 0Hz. Successive peaks with
a frequency difference below this threshold will be organized in
the same trajectory.

• frequency deviation slope
This parameter controls the rate of change for the peak continu-
ation threshold with respect to frequency. The threshold at fre-
quency 𝜈 is 𝜏 (𝜈) = 𝜏offset + 𝜏slope 𝜈 .

• lower frequency bound
This parameter defines the minimum acceptable frequency (in
hertz) for including a trajectory in the final analysis. Trajectories
below this threshold will be discarded.

• upper frequency bound
This parameter defines the maximum acceptable frequency (in
hertz) for including a trajectory in the final analysis. Trajectories
above this threshold will be discarded.

• onset threshold
This parameter sets the minimum threshold for initial amplitude
values (in dBFS). If the intercept of the linear regression of a tra-
jectory falls below this threshold, the trajectory is discarded.
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• peak detection threshold
This parameter defines the minimum amplitude (in dBFS) for de-
tecting a peak within the STFT.

• minimum sine duration
This parameter sets the minimum required length (in seconds)
for a trajectory to be considered valid. Trajectories shorter than
this duration will be discarded.

• strip time
This parameter defines the maximum allowed delay (in seconds)
for the onset of a trajectory. Any trajectories whose onset falls
after this limit will be discarded.

• reverse
This parameter allows users to control whether the audio signal
is processed forward or backwards.

• zero-padding
This parameter toggles the initial zero-padding of the signal. If
zero-padding is on, the signal will start in the middle of the first
STFT frame. If it is off, the signal will start at the beginning of
the first STFT frame.

BeatsDROP

These parameters control the BeatsDROP regression algorithm.

• BeatsDROP
This toggle allows the user to include or remove BeatsDROP from
the analysis pipeline. If this is off, all other parameters in this
section have no effect.

• multiprocessing
This parameter allows users to control whether the regression
for all trajectories is performed concurrently or not.

• n jobs
This parameter determines the number of processes in the pool
for running different BeatsDROP instances in parallel, if multi-
processing is on.
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• threshold
This parameter controls the decision rule threshold, in machine
epsilons. Values below this threshold will be considered as func-
tionally equivalent to zero andwill result in a negative test result.

• lpf
This setting is the cutoff frequency for the autocorrelation vector
computation. The Power Spectral Density will be assumed to be
zero above this frequency.

GUI

This parameter solely affects the GUI appearance.

• gui theme
This parameter enables users to select the theme applied to the
graphical user interface. The theme options are defined within
the ttkthemes library [78]. The chosen theme will be applied
upon the next application launch. When switching themes, users
will be prompted to confirm whether they want to immediately
reload the GUI with the new theme.

6.3.3 Analysis

The last pane of the GUI is the “Analysis” pane (Figure 17). The “Ana-
lyze” button starts the analysis of the target audio file with the SAMPLE
algorithm. A progress bar visually indicates the analysis progress.

Upon completion of the analysis, the GUI populates the visual dis-
play areas. The top-left subplot presents a greyscale spectrogram of
the target audio. Overlaid on this spectrogram, the frequency traject-
ories are plotted as coloured lines. The top-right subplot visualizes the
amplitude trajectories as coloured line plots, with colours matching the
corresponding frequency trajectories plots. Finally, the bottom subplot
displays the waveform of both the target audio and of an audio resyn-
thesized with the estimated modal parameters. The resynthesized au-
dio is generated through a straightforward additive synthesis approach,
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Figure 17: The “Analysis” pane of the GUI, as it renders on Windows
11 with the arc theme. In the this pane, the user can run the algorithm,
play an audio resynthesis and export the estimated modal parameters.

where all sinusoidal components have exponentially-decaying envel-
opes.

𝑥̂ (𝑡) =
n_modes∑︁

𝑖=1
ℎ̂𝑖 (𝑡)

(10)
=

n_modes∑︁
𝑖=1

𝑎𝑖𝑒
‧ 2𝑡
𝑑𝑖 cos (2𝜋𝜈𝑖𝑡 + 𝜙𝑖) (203)

The user has the ability to compare the target audio with the re-
synthesized version through dedicated buttons. Clicking on the “Play
Original”’ button triggers playback of the target audio, while clicking
on the “Play Resynthesis” button starts playback of the resynthesized
audio.

The GUI also offers functionalities for exporting the inferred modal
parameters. Clicking on the “Export JSON” button saves these para-
meters as a JSON file. Similarly, the “Export WAV” button allows the
user to save the resynthesized audio to a WAV file. In both cases, a file
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Figure 18: Partial Dependence plots of the cochleagram loss for
SAMPLE hyperparameter optimization on a synthetic modal sound.

browser window will appear, enabling the user to specify the desired
save location.

6.4 Automatic Optimization

The SAMPLE algorithm has many hyperparameters and it is not al-
ways obvious a-priori what the best values might be for a specific tar-
get sound. For this reason, an interface module was developed to apply
automatic hyperparameter optimization to SAMPLE. Figure 18 shows
the loss function values estimated by the minimization process while
optimizing the analysis window size, the number of peaks, the peak
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threshold and the minimum trajectory duration. A partial dependence
plot (PDP) shows “the dependence between the target response and a
set of input features of interest, marginalizing over the values of all
other input features” [67]. Since visualizing a function of more than
two inputs would be impossible, PDPs visualize different views of the
same function. The line plots on the diagonal show the dependence of
the loss function on one hyperparameter at a time. The contour plots
in the lower triangle show the dependence of the loss function on two
hyperparameters at a time.

The SAMPLEOptimizer class provides a flexible framework for de-
fining the optimization problem. Developers can specify a set of hyper-
parameters that will be excluded from optimization. A recommended
practice is to predetermine a maximum number of modes for resyn-
thesis to prevent overfitting. Utilizing a large number of modes can
lead to modelling noise as sinusoids, even with minimal improvement
in the loss function. The optimal value depends on the target sound’s
complexity, but satisfactory results are typically achievedwith 16 to 128
modes. Alternatively, the developer can specify hyperparameters as
Scikit-Optimize [44] dimensions. These parameters will be optimized
using skopt.gp_minimize, a Gaussian Process-based Bayesian optim-
ization function. Certain arguments of the SAMPLE class are not suited
for direct optimization. For instance, the analysis window is a high-
dimensional vector, and optimizing each individual value would be im-
practical. Instead, the goal usually is to identify the optimal window
size and type. A remap function can be employed to transform hyper-
parameters into valid arguments for the constructor. The default remap
function offers functionalities such as specifying the logarithm of the
FFT size, defining the window using a name and size relative to the FFT
size, and defining the window overlap as a fraction of the size, instead
specifying the hop size in samples.

The optimization objective is defined by the loss function. This
function takes two arrays (one containing the original samples and an-
other containing the resynthesized samples) and returns a score, with
lower values indicating better performance. The default loss function
is a multi-scale spectral loss.
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6.4.1 Loss Functions

This section describes several time-frequency audio representations
that are implementation in the SAMPLE package. They can be used
to define perceptually-based loss functions.

Multi-scale Spectral Loss

The first implemented loss function is the multi-scale spectral loss [29].
This function calculates the weighted sum of the distances between
the spectrograms of two sounds, represented in both linear amplitude
and decibel scales, for various window sizes, that can be chosen by the
user. A multi-scale spectral loss function is defined by set of spectro-
gram functions 𝑆 , by the Minkowski distance order 𝑝 , and by a scaling
parameter 𝛼 for the distance of logarithmic-magnitude spectra.

L𝑆,𝛼,𝑝 :=
∑︁
𝑠 ∈ 𝑆

[︂
∥𝑠 (𝑥) − 𝑠 (𝑦)∥𝑝 + 𝛼

∥︁∥︁log10 𝑠 (𝑥) − log10 𝑠 (𝑦)
∥︁∥︁
𝑝

]︂
(204)

For improved efficiency, the implementation allows developers to spe-
cify a number of jobs or a process pool to perform computations of
different spectrograms in parallel. Similar loss functions can also be
found in other packages, like the “auraloss” [94] package for PyTorch.

Cochleagram Loss

A cochleagram is another time-frequency representation that mimics
human auditory perception by adapting its time and frequency resolu-
tion with respect to frequency [119]. This characteristic eliminates the
need for computing cochleagrams at various resolutions for defining a
perceptually-based loss function.

Other approaches that try to get closer to human perception than
spectrograms often use the mel scale [96]. Mel-spectrograms are just
spectrograms whose frequency axis has been rescaled according to the
mel scale. Mel-Frequency Cepstral Coefficients (MFCCs) are the Dis-
crete Cosine Transform of the magnitudes of mel-frequency spectra.

Instead, the cochleagram function is implemented as a set of con-
volutions of the audio signal with gammatone filter impulse responses
(IRs). Traditionally, this convolution is followed by a simple nonlinear-
ity like half-wave rectification. The implementation offers the option
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Figure 19: Speed-up of cochleagram method using the custom imple-
mentation for strided convolution. Speed-up is the ratio between the
run-time of the custom implementation and the run-time of the best
of SciPy convolution methods. Speedup is evaluated for different input
sizes and stride lengths (0ms means 1 sample of stride) at 44.1 kHz av-
eraging the run-times of 32 trials per case.

to perform the convolution with the analytic signals of the IRs. This
approach is equivalent to, but computationally faster than, explicitly
calculating the analytic signal of the output [92]. In this case, the res-
ulting cochleagram is complex-valued, and the default nonlinearity is
the absolute value function to obtain a real-valued output.

This cochleagram has the same sampling rate as the input signal.
This can be redundant, especially for defining a loss function. There-
fore, the cochleagram is downsampled to a desired rate. However, this
approach can be wasteful as it involves computing a high-resolution
representation followed by discarding a significant portion of the data.
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To address this inefficiency, a custom function for strided convolution
was implemented. In a strided convolution with stride 𝑠 ∈ N+, the out-
put at sample 𝑖 is equivalent to the output of a standard convolution at
sample 𝑠 · 𝑖 .

(𝑥 ∗𝑠 𝑦)𝑖 := (𝑥 ∗ 𝑦)𝑠𝑖 (205)

This implementation offers significant speedup compared to the full
convolution methods available within the SciPy library [116]: direct,
FFT, auto (direct or FFT depending on input size) and overlap-and-
add [56]. Figure 19 illustrates the average speedup achieved with dif-
ferent strides and input sizes.

6.5 Conclusion

This chapter presented the SAMPLE package for Python and its core
components. The package leverages unit tests with comprehensive
code coverage to ensure its functionality.

A general overview of the classes which implement the SAMPLE
(Chapter 3) and BeatsDROP (Chapter 4) algorithms for modal sound
analysis is provided. These classes offer programmatic access to the
functionalities of these algorithms.

The Graphical User Interface (GUI) distributed with the package is
described. This GUI is a self-contained environment for users to:

• Select the target audio regions from a file

• Configure hyperparameters for SAMPLE and BeatsDROP

• Execute the algorithm

• Visually and auditorily inspect, and export the generated results

Finally, an interface module for Bayesian hyperparameter optimiz-
ation function based on Gaussian Processes is introduced. This module
allows for automated optimization of the algorithm’s hyperparameters.
For this purpose, loss functions such as multi-scale spectral losses and
cochleagram-based losses are also implemented in the package.

Future development plans for the SAMPLE package include the in-
corporation of any additional methods related to SAMPLE that may be
developed, such as the GMS (Chapter 5). Additionally, the package will
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transition to a different hyperparameter optimization library due to the
discontinued maintenance of Scikit-Optimize.





Chapter 7

Sound Design Toolkit

Abstract

This chapter delves into the advancements made on the Sound Design
Toolkit (SDT). The work presented herein encompasses both the re-
engineering of the library and the introduction of novel functionalit-
ies. It is noteworthy that since the undertaking of its re-engineering,
the SDT has achieved inclusion within the official Max package man-
ager, signifying its broader recognition and adoption. The chapter also
describes the adoption of a standardized approach for representation
and communication of SDT parameters. This approach centers on the
utilization of JSON as the representation format, and OSC as the com-
munication protocol. JSON allows to represent in the same format the
parameters for SDT objects, irrespective of the programming language
(C, Pure Data, or Max) and of the operating system (macOS, Windows,
or Linux). The chapter further elaborates on the integration of an OSC
server. This integration serves to significantly enhance the capabilities

This chapter is based on [106] Marco Tiraboschi, Stefano Papetti and Federico
Avanzini. ‘Just a Sounding Object Notation: Sharing Objects for Sonic Interaction
Design with JSON and OSC’. in: Proceedings of the 4th International Symposium on the
Internet of Sounds. 2023. doi: 10.1109/IEEECONF59510.2023.10335232
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of the SDT in terms of interoperability with a multitude of other soft-
ware platforms. A concrete use case is presented. This use case exem-
plifies the seamless integration between the SAMPLE Python package,
employed for modal analysis, and SDT.

7.1 Introduction

The Sound Design Toolkit (SDT) is an open-source software package,
released under GPLv3 license, and available online on GitHub and Zen-
odo [26]. It offers a collection of “perceptually founded sound mod-
els” [5] that enable the interactive generation of various acoustic phe-
nomena, including interactions between solid objects, liquids or gases,
and machines.

7.1.1 The Toolkit

SDT can be considered a “virtual Foley box”, providing a rich library
of software sound generators for sound designers to sketch and pro-
totype sonic interactive behaviors [62]. The core elements of SDT are
physics-based procedural audio models [31], designed with acoustic
principles in mind and whose parameters have clear physical meaning.
The primary application domain lies in sound design for multisensory
interactive systems, like videogames or extended reality (XR), where
the focus is on modelling a realistic relationship between action and
sound, rather than the sound quality out of context.

This approach is the result of over two decades of research in sound
synthesis and design [80]. The initial set of sound models were de-
veloped within the EU project Sounding Object (SOb) as externals and
patches for Pure Data [73], a popular open-source visual programming
language for sound. The entire package was also subsequently por-
ted to the Max [72] environment, a commercial visual programming
language by Cycling ‘74. Max is based on the same paradigm as Pure
Data, but offers a nicer graphical user interface and more built-in fea-
tures, although there have been several distributions of Pure Data that
improved on these points, like the recently developed Plug Data [86].
This porting was made keeping the core implementation in a common
C library, which can also be used in any programming language able
to import C libraries (even Python, as was done in Section 3.3). The
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Pure Data and Max packages are simply implemented as the wrapping
of these core functions for the respective frameworks’ APIs.

Within the scope of the recent EU project SkAT-VG (Sketching Au-
dio Technologies using Vocalizations and Gestures), the SDT software
architecture underwent a significant revision, and the library was fur-
ther expanded with more sound models. The goal was to provide a
palette of sounding objects encompassing a significant range of acous-
tic phenomena relevant to major sound design applications. These ob-
jects are based on an ecological approach to everyday listening [38, 39],
organized to reflect current knowledge on the perception and categor-
ization of everyday sounds [47].

7.1.2 Contribution

When dealing with the SDT, or any other sound design library, sonic
interaction designers must navigate a high-dimensional space defined
by the multitude of parameters of the sounding objects they are hand-
ling. This high dimensionality, while fostering creative exploration,
presents challenges due to two primary factors.

Firstly, the absence of a standardized exchange format hinders the
transition between different visual environments, like Pure Data and
Max, and production software, such as VST plugins developed in C++
with JUCE or XR experiences, often programmed in C# with Unity or
in C++ with Unreal Engine. This not only impedes the design work-
flow but also burdens SDT’s own developers and designers, who must
develop from scratch programs for each distribution (Pure Data and
Max), maintaining different copies of the same patches. Furthermore,
the lack of a shared representation format exposes the existing gap
between sound analysis software, used for parameter estimation and
fitting, and the synthesis software of SDT.

Secondly, real-time interoperability with other software relies on
platform-specific utilities. This often results in over-complicated spa-
ghetti code, especially in Pure Data andMax, where a patch with a large
number of control connections fits the idiomparticularlywell. The SDT
needed to adopt an effective communication protocol.

This work proposes a solution that addresses these limitations by
adopting JSON as the representational syntax and exchange format for
the parameters of virtual sounding objects. Additionally, an OSC [121]
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server is implemented to enable seamless interoperability and cent-
ralized control. Finally, a preliminary example showcasing interoper-
ability is presented, where the SAMPLE software for modal analysis
(Chapter 6) can already generate JSON files compliant with the SDT
specifications.

7.2 Development

This section delves into the integration of JSON and OSC within the
SDT codebase, and in the development of related features accessible in
any distribution of SDT.

7.2.1 JSON

The JavaScript Object Notation (JSON) format has emerged as a pre-
valent method for data interchange due to its inherent advantages of
simplicity, flexibility, and seamless integration across diverse platforms
and programming languages. JSON provides a practical and efficient
mechanism for structuring and transmitting data between server-side
and client-side applications. JSON has also seen widespread adoption
across various domains within Web and Internet of Things (IoT), in-
cluding the Internet of Sounds [112]. In contrast, XML has seen a de-
cline in preference due to its verbose nature.

At its core, JSON leverages two fundamental data structures: ob-
jects and arrays. These structures offer a versatile approach to repres-
enting a wide range of data types and hierarchical relationships within
the data. An object, denoted by curly braces ({ }), comprises key-value
pairs. Each key is a string enclosed in double quotation marks (" "),
followed by a colon (:), and linked to its corresponding value. These
values can be of various data types, including strings, numbers, arrays,
or even nested objects themselves. The key-value pairs within an ob-
ject are separated by commas.

Arrays, represented by square brackets ([ ]), serve as ordered col-
lections of values. Similar to object values, elements within JSON ar-
rays can be of any data type, including objects and nested arrays, en-
abling the representation of complex data structures.

The integration with SDT leverages the JSON implementation by
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James McLaughlin et al. [59, 60], to which this work has also contrib-
uted. This specific implementation aligns perfectly with the project’s
requirements due to its low memory footprint and its portability, since
it is compliant to the ANSI C standard.

Any object implemented as a C struct within the SDT library is
represented as a JSON object. Keys in this JSON object correspond to
the SDT object’s attributes, while the corresponding attribute values
serve as the values. The JSON dump and load functions, respectively,
call the corresponding getter and setter functions for each attribute.

Some SDT attributes hold multiple values. These attributes are rep-
resented as JSON arrays. For instance, modal resonators have two at-
tributes defining the size of other attributes: the number of modes and
the number of pickup points. The SDTResonator structure stores a
modal frequency, decay time, and modal weight value for each res-
onance mode to be simulated. Consequently, modal frequencies, de-
cay times, and modal weights are represented as three separate arrays.
Since each mode has its own gain factor at each pickup point, modal
gains are represented as a nested array. Listing 1 showcases an ex-
ample JSON representation of a resonator.

Considering the potential need for users to call the load function at
audio rate, a safety flag argument exists within each JSON load func-
tion. When it is false, all attributes can be set without limitations.
Conversely, with the flag set to true, the JSON loader refrains from
modifying any attribute that would necessitate memory allocation or
deallocation, opting instead to display a warning message. Attributes
requiring particular attention include the sizes of memory buffers for
analysis objects and the cardinality of array-valued attributes (e.g., the
number of modes in a resonator). By design choice, the load functions
exposed via the OSC server always set the safety flag to true.

Within this context, a collection of SDT objects is referred to as a
project. These projects can encompass, for example, the SDT objects
loaded within a Pure Data patch or all the components necessary for
a VST plugin. A project is represented as a JSON object containing a
single key-value pair for each SDT object type. The key identifies the
type (e.g., resonators, frictions, bubbles, etc.), and the value is it-
self a JSON object. Inside this nested object, there exists a key-value
pair for each instance of that type within the project. The key acts as
the object’s identifier, while the value is the JSON representation of the
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{
"nModes": 20,
"nPickups": 1,
"activeModes": 20,
"fragmentSize": 1.0,
"freqs": [

8460.87, 8452.44, 2079.75, 7361.63, 8467.28,
3678.45, 1065.26, 12572.1, 1063.06, 9533.82,
5762.19, 12596.3, 10555.4, 17511.9, 5769.25,
16935.2, 16943.8, 10561.7, 2848.88, 2834.24

],
"decays": [

0.067, 0.079, 0.558, 0.103, 0.106,
0.284, 1.100, 0.066, 0.793, 0.078,
0.128, 0.125, 0.101, 0.048, 0.130,
0.062, 0.049, 0.197, 0.047, 0.100

],
"weights": [

1.0, 1.0, 1.0, 1.0, 1.0,
1.0, 1.0, 1.0, 1.0, 1.0,
1.0, 1.0, 1.0, 1.0, 1.0,
1.0, 1.0, 1.0, 1.0, 1.0

],
"gains": [

[
1.39, 1.20, 0.23, 0.30, 0.24,
0.08, 0.04, 0.13, 0.03, 0.09,
0.06, 0.06, 0.05, 0.07, 0.03,
0.04, 0.04, 0.01, 0.03, 0.02

]
]

}

Listing 1: Example of a JSON file with parameters for a modal resonator
estimated from a glass sound using SAMPLE. This JSON object has four
scalar attributes, and three array-valued attributes (freqs, decays, and
weights) of size nModes. Finally, gains is a nested array of nPickups
arrays of size nModes.

SDT object itself. Projects, therefore, provide a convenient mechanism
for saving and loading the parameters for all relevant SDT objects in a
single operation. To be accessible in projects, the objects’ keys must be
registered within a hash map. In Pure Data andMax, any object instan-
tiated specifying the identifier argument is automatically registered in
the appropriate hash map for the type.
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7.2.2 Open Sound Control

The Open Sound Control [121] (OSC) protocol, operates at the ap-
plication layer and can be transmitted over either TCP or UDP. OSC
is primarily designed to facilitate communication between computers
and multimedia devices, with a particular focus on digital musical in-
struments.

An OSC client refers to any software application that transmits
OSC packets, which are the fundamental units of data exchange within
the OSC protocol. Conversely, an OSC server is any application capable
of receiving OSC packets. Each OSC server offers a defined set of OSC
methods. These methods represent potential destinations for incoming
OSC messages and usually correspond to the controllable aspects of a
sound processing application. All OSC methods are organized hier-
archically within an OSC address space. This structure resembles a
tree, where OSC methods occupy the terminal nodes (leaves), and the
intermediate branching nodes are called OSC containers. Notably, the
OSC address space is not static; it can dynamically evolve over time.

Every OSC method and container is uniquely identified by a sym-
bolic name expressed as an ASCII string. An OSC address, associated
with a specific OSC method, represents the complete path leading to
that method within the OSC address space. This path starts with the
root symbol /, followed by the names of all the preceding containers in
a pre-order traversal, and concludes with the name of the target OSC
method itself. Forward slashes (/) serve as separators between these
names. It is worth mentioning that the syntax employed for OSC ad-
dresses closely resembles the syntax used for URLs.

The choice of communication protocol for the Sound Description
Toolbox (SDT) was informed by two key considerations: prevalence
and flexibility. OSC met these requirements effectively. By leveraging
OSC, the SDT benefits from a widely adopted standard, ensuring ef-
ficient message exchange and enabling interoperability with various
software environments. This approach avoids the need to reinvent low-
level networking functionalities, allowing development efforts to focus
on the core functionalities of the SDT.

Several existing projects implemented in Pure Data demonstrate
the successful use of OSC libraries for communication. These pro-
jects often rely on the libraries developed by Martin Peach [41] or the
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Figure 20: Example of theMax help patcher for sdt.bubble∼ objects (in
yellow), with the addition of the sdt.OSC object and an OSC message
(both in blue) to set the “rise factor” parameter.

built-in networking objects (netreceive and netsend), message pars-
ing objects (oscparse), and message formatting objects (oscformat).
Conversely, Max provides native support for network I/O with UDP,
simplifying communication for its users. Programmers opting for tra-
ditional text-based languages have the freedom to select their preferred
networking library from the vast array of available options.

To facilitate OSC communication within the SDT, a new function
named SDTOSC was developed. This function is responsible for routing
and processing OSC messages. It is accessible in both the Max (Fig-
ure 20) and Pure Data (Figure 21) distributions of the SDT as new ob-
jects, named sdt.OSC and sdtOSC, respectively.

The topmost level container of OSC addresses for SDT corresponds
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Figure 21: Example of the Pure Data help patch for impact∼ objects,
with the addition of the sdtOSC object and an OSC message to load the
parameters of a modal resonator from a JSON file.

to the name of the SDT object type (e.g., resonator, friction, bubble,
etc.). Nested within each type container, there exists a setter method
for every attribute of the corresponding object type. These setter meth-
ods take two arguments: the identifier of the target object and the value
to be set. For instance, the OSC message /myo/threshold mx 0.001
modifies the “threshold” attribute of the myoelastic feature extractor
object identified by the key “mx” and sets its value to 0.001. Notably,
setter methods for attributes that hold arrays of values include an ad-
ditional argument to specify the index of the element being modified.

In addition to individual parameter control, all objects within the
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SDT support four methods for data exchange in JSON format:

• load loads the object’s parameters from a JSON file.

• loads loads the object’s parameters from a JSON string.

• save saves the object’s parameters to a JSON file.

• log logs the object’s parameters as a JSON string.

A special container named project does not correspond to a spe-
cific object type. This container is designed for the management of
multiple objects simultaneously. The load and loads methods of the
project container accept the file path or JSON string to be loaded, re-
spectively. The save and logmethods take identifiers of the objects to
be included in the project as arguments. When using the savemethod,
the path of the destination file must also be provided.

7.2.3 Interoperability Example

The open-source SAMPLE Python package (Chapter 6) implementing
the SAMPLE algorithm has been integrated into the SDT ecosystem.

The primary function of SAMPLE is the analysis of audio samples
containing modal resonator impulse responses. Notably, the software’s
“JSON export” functionality allows users to permanently store the es-
timated modal parameters in a structured format: Listing 1 shows an
example of such output files. It is important to acknowledge a current
limitation of the analysis algorithm: at present, SAMPLE can only es-
timate the modal parameters for a single pickup point.

7.3 Software Re-engineering

In conjunction with the development of the previously described new
functionalities, the SDT underwent significant maintenance and re-
structuring efforts.

A crucial improvement involved the establishment of a Continuous
Integration and Continuous Deployment (CI/CD) workflow on GitHub.
CI represents a software development approach where the software “is
constructed in such a way as to facilitate the incorporation of new re-
quirements and thus achieve higher adaptability” [24]. CD refers to
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the fact that all of these incremental versions are automatically built
and deployed. This workflow facilitates the creation of reproducible
builds for all supported SDT distributions (C library, Pure Data, and
Max) across various operating systems (macOS, Windows, and Linux).
Notably, Max for Linux systems is excluded due to the platform’s un-
availability from Cycling ‘74. The CI/CD workflow additionally com-
piles the accompanying documentation using Doxygen [115].

Furthermore, a complete overhaul of the build system was under-
taken. This involved updating both the Pure Data and Max SDKs, en-
abling support for Pure Data on 64-bitWindows operating systems and
for both distributions on Apple Silicon (arm64) architectures within
macOS. Consequently, support for 32-bit architectures was discontin-
ued due to incompatibility with the new SDKs. To enhance build sys-
tem organization, a single Makefile now manages all build automation
processes. Prior to this change, separate Makefiles were employed,
which frequently resulted in errors. Additionally, the new build auto-
mation follows an out-of-tree approach, ensuring that build artifacts
are stored in separate directories from source files. Whenever feasible,
external dependencies were externalized by linking them as Git sub-
modules. This approach eliminates the need to version control large
binary objects, such as the Max SDK.

A logging system was implemented within the SDT, allowing the
flexible display of log messages. This system offers configuration op-
tions at three distinct levels. During compilation, all messages below
a specified log level (default: DEBUG) are excluded from the final object
code. This facilitates development with verbose builds containing mes-
sages that are not intended for the released library. In the most detailed
setting (VERBOSE), a memory tracking system becomes active, aiding in
the identification of memory leaks. The second level of configuration
occurs at runtime, where the SDT checks the environment variable
SDT_LOG_LEVEL upon loading (default: INFO). Messages correspond-
ing to lower log levels are not recorded. Finally, the log functions for
each level are entirely customizable. This feature is utilized within the
Pure Data andMax packages to display logmessages in their respective
consoles, instead of the command line, which is typically hidden when
running the GUI of these environments.

Comprehensively, the SDT underwent a review process to ensure
proper const-correctness. Additionally, clang-format was adopted to
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achieve standardized code formatting conventions. To enhance the ap-
pearance of the HTML documentation pages, doxygen-awesome was
integrated.

Specific objects, such as SDTMotor, necessitated the use of a high-
pass filter to remove DC components. The previously included fil-
ters were inadequate for this task. To address this requirement, a cus-
tom one-pole, one-zero filter was implemented as a new type, named
SDTDCFilter.

Many externals in Max duplicated information about parameters
of SDT objects, adding a copy of their values in the wrapper structures
that interface SDTwith theMax API. This was redundant and problem-
atic for the adoption of OSC, since the internal values of SDT objects
could be changed without notifying the wrapper structure. All wrap-
pers have been refactored to read and write parameters directly from
and to the wrapped SDT objects, ensuring synchronization between
their actual values and the values seen by the Max runtime.

Initiation of a unit-test suite using CuTest marked another signi-
ficant development. This suite is planned for future expansion and has
already been set up in the CI/CD workflow. As a result of these ef-
forts, the SDT is now available on Cycling ‘74’s official Max Package
Manager1.

7.4 Conclusion

This chapter addressed the challenges of developing and maintaining
the Sound Design Toolkit (SDT), with a particular focus on sharing and
communicating the parameters of the sounding objects. The adoption
of JSON as a representational syntax and exchange format was pro-
posed and implemented. This approach is complemented by the integ-
ration of an Open Sound Control (OSC) server, facilitating enhanced
interoperability and centralized control.

JSON offers a standardized methodology for representing compre-
hensive information pertaining to sounding objects. This streamlines
the transition from the prototyping stage to production software and
fosters efficient communication between analysis and synthesis tools.

1“Announcing a new package: Sound Design Toolkit” https://cycling74.com/
forums/announcing-a-new-package-sound-design-toolkit

https://cycling74.com/forums/announcing-a-new-package-sound-design-toolkit
https://cycling74.com/forums/announcing-a-new-package-sound-design-toolkit
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Moreover, the inherent readability of JSON [120] empowers end-users,
including those without development expertise, to readily edit it in ac-
cordance with their specific requirements.

Furthermore, the integration of an OSC server significantly bol-
sters real-time interoperability with a multitude of software platforms.
A practical use case was presented to demonstrate the effectiveness
and viability of integrating JSON and OSC. This use case involved the
combination of the SAMPLE Python package (Chapter 6), employed for
modal analysis, with the SDT.

The SDT library itself underwent substantial improvements and re-
structuring efforts. A CI/CD pipeline was established on the GitHub
platform, guaranteeing consistent builds across various operating sys-
tems and enabling automatic documentation generation. The build sys-
tem itself was comprehensively revamped, incorporating support for
64-bit Windows and Apple Silicon architectures. Build organization
was streamlined through the implementation of a single Makefile and
an out-of-tree approach. External dependencies were effectively man-
aged using Git submodules. A versatile logging systemwas introduced,
offering three distinct levels of detail and customization options. Code
quality was demonstrably enhanced through a const-correctness re-
view process, standardized formatting practices, and improved visual
elements within the documentation. Additionally, targeted improve-
ments were made to specific objects within the library, such as the in-
clusion of a custom filter designed for the removal of DC components.
The culmination of these efforts led to the successful inclusion of the
SDT within Cycling ‘74’s official Max Package Manager, thereby ex-
panding its reach and accessibility to a wider user base.

Future developments could involve usability tests to quantitatively
assess the impact of integrating JSON and OSC on the efficiency of
the sound design workflow. In consideration of the inherent flexibility
of the MIDI 2.0 standard, which permits messages containing JSON
payloads [3], the exploration of incorporating support for this protocol
as an alternative to OSC could be a worthwhile pursuit. Furthermore,
the CuTest unit-testing suite should be expanded to cover the entirety
of the SDT library.
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