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Abstract

The qualitative behavior of the solutions for Hamiltonian finite dimensional systems
has been widely studied through normal form and KAM (Kolmogorov - Arnold -
Moser) theory. Starting from the late '80s, such methods have been extended to
systems with infinitely many degrees of freedom and PDEs: nowadays a satisfac-
tory theory exists for PDEs in 1 space dimension. The case of higher dimensional
manifolds has been tackled by Bourgain, who proved some KAM-type results for the
non-linear wave equation (NLW) and the non-linear Schrédinger equation (NLS) on
the torus; such results have been subsequently extended to some equations on Lie
groups. Concerning normal form methods, only equations on Zoll manifolds or tori

have been treated.

In this thesis, we extend the normal form results to a more general class of higher
dimensional manifolds, which includes some examples that have never been treated
and also all the known examples. Among new manifolds, we mention surfaces of rev-
olution and compact Lie groups. The result that we prove is known as “almost global
existence”. Namely, we prove that, given an H® initial datum (with s > 1) of size
€, the solution remains small in H® norm for times of order ¢™", for any » > 3. We
emphasize that our result also bounds the energy flow among different modes of the
linearized equations, thus preventing the possible insurgence of turbulence phenom-

ena.

We first present the class of manifolds we deal with, namely manifolds in which the
geodesic flow is globally integrable. Recently Bambusi and Langella constructed a
Fourier expansion adapted to these manifolds: here we show how to use it to develop
normal form theory for nonlinear Hamiltonian systems. To this end, essentially, two
tools are required: (i) an estimate of the “Fourier” coefficients of the product of two
eigenfunctions of the Laplacian; (i) a partition of the “Fourier lattice” in suitable
dyadic clusters. The understanding of the structure of (i) is the main contribution of

the present thesis. Once this has been obtained, we introduce and study (following



Delort-Szeftel) a class of polynomials that enters the normal form procedure. Such
a study is the main technical part of the thesis. Concerning (ii), here we prove that
the partition constructed by Bambusi-Langella, proposed with a different purpose,

actually enjoys the dyadic properties needed to develop perturbation theory.
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Riassunto della Tesi

Il problema dello studio del comportamento qualitativo delle soluzioni per i sistemi
hamiltoniani finito-dimensionali e stato ampiamente studiato attraverso la teoria della
forma normale e la teoria KAM (Kolmogorov-Arnold-Moser). A partire dalla fine
degli anni 80, tali metodi sono stati estesi a sistemi con un numero infinito di gradi
di liberta ed equazioni differenziali alle derivate parziali (PDE): attualmente, esiste
una teoria soddisfacente per le PDE in una dimensione spaziale. Il caso di varieta
di dimensioni superiori e stato affrontato da Bourgain, il quale ha dimostrato alcuni
risultati di tipo KAM per le equazioni delle onde non lineari (NLW) e le equazioni di
Schrodinger non lineari (NLS) sul toro; tali risultati sono stati successivamente estesi
ad alcune equazioni su gruppi di Lie. Per quanto riguarda i metodi di forma normale,

sono state trattate solo equazioni su varieta Zoll o tori.

In questa tesi estendiamo i risultati di forma normale a una classe piu generale di
varieta di dimensione maggiore di uno, che include alcuni esempi mai trattati e tutti
gli esempi conosciuti. Tra queste nuove varieta, menzioniamo le superfici di rivoluzione
e i gruppi di Lie compatti. I risultati che dimostriamo sono noti come ”almost-global
existence” in letteratura. In altre parole, dimostriamo che, dato un dato iniziale in
H® (con s > 1) di dimensioni ¢, la soluzione rimane piccola nella norma H® per

", per ogni r > 3. Sottolineiamo che il nostro risultato limita il

tempi dell’ordine di e~
trasferimento di energia tra diversi modi delle equazioni linearizzate, impedendo cosi

la possibile insorgenza di fenomeni di turbolenza.

Nella tesi presentiamo innanzitutto la classe di varieta che trattiamo, ovvero varieta
in cui il flusso geodetico e globalmente integrabile. Recentemente, Bambusi e Langella
hanno costruito una serie di Fourier adattata a queste varieta: qui mostriamo come
utilizzarla per sviluppare la teoria della forma normale per sistemi hamiltoniani non
lineari. A questo scopo, sono necessari essenzialmente due strumenti: (i) una stima
dei ”coefficienti di Fourier” del prodotto di due autofunzioni del laplaciano; (ii) una

suddivisione del "reticolo di Fourier” in opportuni cluster di tipo diadico. La com-
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prensione della struttura di (i) costituisce il contributo principale della presente tesi.
Una volta ottenuto cio, introduciamo e studiamo (seguendo Delort-Szeftel) una classe
di polinomi che entra nella procedura della forma normale. Tale studio rappresenta la
parte tecnicamente pitt complicata della tesi. Per quanto riguarda (ii), qui dimostri-
amo che la partizione costruita da Bambusi-Langella, proposta con uno scopo diverso,
gode effettivamente delle proprieta diadiche necessarie per sviluppare la teoria delle

perturbazioni.
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Introduction

The long-time behavior of the solutions to the equations of motion arising from finite-
dimensional quasi-integrable Hamiltonian dynamical systems has been well under-
stood in the last sixty years. Starting from the celebrated KAM (Kolmogorov -
Arnold - Moser) theorem, a whole theory for quasi-periodic solutions has been de-
veloped. Essentially, under suitable non-degeneracy conditions, a full measure set of
quasi-periodic solutions, lying on invariant tori, persists under small perturbations of
an integrable system. Besides that, the Nekhoreshev theorem establishes an expo-
nential time of stability for all the solutions of a generic quasi-integrable Hamilto-
nian system. Since the introduction of Hamiltonian partial differential equations, i.e.,
Hamiltonian systems with infinitely many degrees of freedom, similar issues have been
investigated for those equations. However, long-time results for Hamiltonian partial
differential equations on compact domains are considerably more involved, since the
classical results of Hamiltonian perturbation theory do not hold for systems with in-

finitely many degrees of freedom [14].

The first positive results in the extension of KAM theory to Hamiltonian PDEs were
presented in the late 80s [39], [78]. Starting from those results, a quite satisfactory
theory concerning the persistence of periodic and quasi-periodic solutions has been
developed for equations defined on a one-dimensional domain [27, 77, 87, 89]. A quite
general method to treat quasi-linear (i.e., fully non-linear) perturbations has also been
developed [1, 2]. See also [8] for an important early result on the extension of KAM
methods for PDE’s. The problem of the persistence of almost-periodic solutions, i.e.,
solutions that lie on fully dimensional tori, then in full analogy with classical KAM
theory, is completely open and only partial results are known [38].

Regarding higher-dimensional domains, nowadays, many results about the persistence
and possibly stability of quasi-periodic solutions are known, but a complete compre-
hension is still quite far. A first breakthrough was given by Bourgain dealing with
the nonlinear wave equation and nonlinear Schrodinger equation on the d-dimensional
torus [30, 32], and by Eliasson and Kuksin with quite different techniques [53]. Later
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on, a remarkable result for a completely resonant nonlinear Schr”odinger equation
was obtained [88]. Without trying to be exhaustive, we quote also [19, 20, 25, 3, 85]

and the literature therein.

All of those results pertain to a special class of solutions, namely periodic or quasi-
periodic solutions. A relevant problem concerns the existence and stability of general
solutions of both linear and non-linear Hamiltonian PDEs, for a time that goes be-
yond the local existence theory. We recall that the theory of local well-posedness for

general PDEs is nowadays well established [79].

This thesis deals exactly with this problem and provides some results about almost-
global existence and stability in high Sobolev spaces of small solutions of some semi-
linear Hamiltonian PDEs on quite general Riemannian manifolds. Following [12], we
introduce a notion of integrable systems, which we call globally integrable quantum
systems since they appear as the quantization of classical integrable systems. For this
kind of system, we prove the long-time existence of small solutions and we control the
growth of Sobolev norm, for a time of order e, VM € N, where € is the size of the ini-
tial datum. Consequently, we apply this abstract theorem to three concrete examples.
Namely, we consider the semilinear beam equation and the semilinear Schr”odinger
equation with convolution potential; moreover, applying our abstract theorem, we
can prove Sobolev stability for the ground state of a nonlinear Schr”odinger. Before
coming to a more detailed description of our work, we remark that its interest may
be twofold. On the one hand, it proposes a general setting, including a quite general
notion of quantum integrable system, that covers a large number of different exam-
ples; on the other hand, it extends the results of almost-global existence to a quite

general class of high-dimensional domains.

The first breakthrough results about the long-time analysis of ”generic” solutions
were obtained by Bourgain in the nineties. First, the author prove that a solution
of the NLS equation, corresponding to a small initial condition norm, stays e-close
to an unperturbed solution for a time of order e~ for any M € N [28]. Moreover,
considering linear perturbations of Schrodinger equations, he proved that the growth
of the Sobolev norm of the solutions is controlled by [|¢(t)|| < Ct¢||po]|, for any e small
[29]. The result is improved for quasi-periodic potentials [31]. Later, a key result was
obtained by Bambusi, who applied Birkhoff normal form techniques to prove almost
global existence for a class of semilinear equations [4, 9]. Delort and Szeftel extended

the research towards non-linear equations on high-dimensional domains different from



tori [47, 48]; in particular, they were able to perform one step of Birkhoff normal form
for a Klein-Gordon equation on Zoll manifolds, proving a time of existence of solu-
tions that goes just beyond local existence theory. The result was then extended by
performing Birkhoff normal form at any order and thus proving the almost global
existence of solutions [6]. Extensions for quasi-linear equations and, on the other
hand, for more general higher-dimensional domains need further analysis. This thesis
furnishes a contribution in the second direction. We refer to Chapter 1 for a more

detailed review of the relevant literature in this field.

I.1 Main results

The object of this Thesis is the study of the long-time behavior of small solutions of

a class of Hamiltonian PDEs of the form
i =Hpu+ VyP(u,u), ue H*(M;C) (I.1.1)

with Hj a globally integrable quantum system that fulfills certain assumptions and
P a generic, bounded, nonlinear perturbation. Within this class fall the non-linear
Schrédinger (NLS) equation with convolution potential, the beam equation, and the
plane wave stability problem for NLS. For these systems, we prove the almost global
existence of small solutions. Essentially, it amounts to say that, given an initial datum
ug of size € in the Sobolev space H®, the H® norm of its related solution remains of
order e for a time of order eV, for any N > 0. As a byproduct, one deduces that the
time of existence and uniqueness of small, regular solutions goes far beyond the time

guaranteed by local existence theory.

We begin the informal presentation of our abstract results describing the notion of
globally integrable quantum system [12]. Since the celebrated Liouville theorem, it is
well known that a classical d-dimensional Hamiltonian system is integrable if its Hamil-
tonian function can be written in terms of d variables, usually called the actions of the
system. In our context, we call quantum actions a list of first order pseudodifferential
operators Iy,...,I;, defined on a Riemannian manifold M; in particular, in anal-
ogy with classical integrable systems, we shall require that they commute mutually,

[I;,1;] = 0,Vi, j and that their joint spectrum lays on a lattice, namely

Z'+ k> A={a=(d',...,a%) € R": I, € L*(M) s.t. Ijh, = @'t}



for some k € (0,1). This lattice plays a key role since it replaces the standard Fourier
lattice on T¢. We say that H is the Hamiltonian of a quantum globally integrable if it
can be written in terms of those quantum actions. Namely, if there exists a smooth
function h € C*°(R? R) such that

H=h(I,....1,).

Example 1.1.1. An easy ezample of a global integrable quantum system is the Lapla-

cian on the torus T4. For that, the actions are given by I; = D; == —id; so that
h(§) = [§]* and
d
~A=hy(ly,.... 1) => 0}
j=1

We remark that quantum integrable systems were already present in the litera-
ture, even with a slightly different approach: in particular, our definition of quantum
integrable systems does not require nondegeneracy of the actions. We refer to [92, 93]

for further reading.

The proof of our main theorem is based on a Birkhoff normal form procedure and
so a key issue is represented by non-resonance conditions on the linear frequencies
we = h(ay,...,aq). We will come back to this crucial problem later on, in the dis-
cussion of the result (see also Chapter 1 for a more extended treatment of small
divisor problems). Typically, in higher dimension domains, only extremely mild non-
resonance conditions are available: this is the case for our problem. In particular, in
the proof we will assume that there exists a set of indexes W, that we call resonant,

such that the corresponding linear frequencies w, fulfill the following condition.

Assumption I.1. For any r > 3, there are constants v > 0,7 > 0 such that the
following holds for any (aq,...,a,) € A"\ W

r
E ijaj
j=1

gl

_
max;_i __,|a;|)

21

with o = 1.

In the applications we will take profit of a suitable external or internal parame-
ter for tuning the frequencies, proving that nonresonance conditions are fulfilled in a

full-measure set.



Under proper, but rather generic, conditions on the function h (namely, steepness
and homogeneity), we will prove a clusterization property of the set {a, w,},; this fact
follows directly from the abstract construction in [12], so, in principle, it applies to
any globally integrable system that fulfills these generic conditions. The same cluster-
ization was already proved for many of the concrete examples that we can deal with; it
was proved by Bourgain for the eigenvalues of the Laplacian on a square torus [29, 32]
and then extended to irrational tori [23]. It was proved also for surfaces of revolu-
tion [42]. We stress that this clusterization of the frequencies is a key breakthrough
that allows to deal with higher dimensional problems [7]. The precise hypothesis we

assume is the following.
Assumption 1.2. There exists a partition
A={J
ac
with the following properties.

1. Fach €, is dyadic, namely there exists a constant C', independent of «, such
that

sup |a| < C inf |al.
GEQa CLGQQ

it. There exist 6 > 0 such that, if a € Q, and b € Qg with a # 3, then

la — b| + |w, — wy| > C’g(\a|5 + ]b\5).

A mild assumption on the dispersive relation of the frequencies is needed in the
statement of the main theorem. However, in practice, we shall restrict to operators
with eigenvalues with super-linear asymptotic (8 > 1) since there exist no examples of
linear or sublinear asymptotics (6 < 1) for which Bourgain partition holds. This lim-
itation plays a major role since it prevents the application of our method to problems

characterized by linear or sub-linear dispersive relation, for example, wave equations.

Assumption 1.3. There exist constants Cy,Cy > 0 and (8, with § > 0, s.t.
Cilal? < |wa| < Colal®.

Eventually, we will assume that the non-linearity P is a rather generic bounded
functional; we require it to have a zero of order at least 3 in the origin and to take

real values when evaluated on real functions u.



Assumption P. P is a functional defined on a neighborhood of the origin of H*(M) x
H*(M) for some positive s > d /2, that has a zero of third order at the origin and has

the structure

P(u,a) = ( /M F(N(u,a),u(x),ﬂ(a:),x)dx) ,

where

N(u, @) = /M w(@)i(z)dz |

and F' € C®UxUxUxM;C) is a smooth function andUU C C an open neighbourhood
of the origin.

Under these assumptions, our main abstract theorem is the following.

Theorem 1.1.2. Consider the Hamiltonian system (1.1.1) that fulfills the assumptions
1.1,1.2,1.3,P. Then, for any integer r > 3, there exists s, € N such that, for any s > s,,
there are constants ¢y > 0, ¢ > 0 and C' > 0 for which the following holds: if the initial
datum ug € H*(M,C) fulfills

e = ||luol|, < eo,

then the Cauchy problem has a unique solution u € C°((=T.,T.), H*(M,C)) with

T, > ce™". Moreover, one has
|lu(t)]|, < Ce, Vte (-T.,T.) .

As outlined before, we apply our abstract theorem to some non-linear Hamiltonian
PDEs. In particular, we will consider equations on Riemannian manifolds M on
which the Laplacian-Beltrami A, operator is a globally integrable quantum system,
according to our definition. These are manifolds with integrable (in the classical sense)

geodesic flow [92]. To be concrete, we consider:

i) any flat torus ']I'g. Results of this type on flat tori are well-known nowadays for
linear equations [42, 23, 13] and for non-linear systems [7]. We remark that our

result extends the one in [7] since it applies to all flat tori.

ii) surfaces of revolution, on which the actions are constructed in [94]. Results
on the growth of Sobolev norm on surfaces of revolution were known in the
literature [42, 12], but only for linear systems. To the best of our knowledge,
our theorem is the first result of almost global existence and growth of the

Sobolev norm for non-linear equations on generic rotation invariant surfaces.
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iii) Lie groups and homogeneous spaces, on which the actions are constructed ex-
plicitly in [12]. The existence of quasi-periodic solutions for both Schrédinger

and wave equations on Lie groups has also already been proved [26, 20].

Before introducing the main ideas of the proof, we present quickly the results that fol-
low as an application of our abstract theorem. The first result pertains to a nonlinear

Schrodinger equation with convolution potential:

0 = =AY+ Vs + f(a, [PP)d, zeM

(1.1.2)
¢(0) = 1o

where the nonlinearity f is a smooth function in a neighborhood of the origin and has

a zero of two in w = 0. The Fourier multipliers V' belong to the set

11
V, = {V = {Vatser : Va €R |V [{@)" € [—5, 5} } ,

The precise statement is the following.

Theorem 1.1.3. There exists a set V) C V), of zero measure, s.t., if V.€ V'\ V(e
the following holds. For any r € N, there exists s, > d/2 such that for any s > s,
there is €, > 0 and C' > 0 such that if the initial datum for (1.1.2) belongs to H® and
fulfills € := |||, < €5 then

|lv(@)||, < Ce, forall |t|<Ce .

This system has attracted a lot of research in the last years since the presence of
the Fourier multiplier allows direct control of small divisors, but it contains all the

typical difficulties in considering higher dimensional domains [66, 55, 17].

The second application concerns the beam equation
Vi + A%+ mip = —9,F(x,0) | (L1.3)

with I € C*°(M) in a neighborhood of the origin and with a zero of order at least
2 at v = 0. Here m is a real positive parameter, usually called mass. The precise

statement of the result is analogous to the one in Theorem I.1.3.

Theorem 1.1.4. There exists a set of zero measure M) C Rt such that if m €
R+ \ M) then for all r € N there exist s, > d/2 such that the following holds. For

7



any s > s, there exist €.5,c,C such that if the initial datum for (1.1.3) fulfills

T

Hs+2 + H#)OHHS < €sr

then the corresponding solution satisfies
|(v.0@)|| <ce. for I <ee

The beam equation is widely studied in the literature for both its mathematical
interest and its physical interpretation. We recall for example [58, 59, 86| for a first
KAM approach to the problem. In [75] the author proves that the solutions remain
stable for a time of order 6_3”, n being the order of the semi-linear perturbation,
thus a time slightly longer than the one assured by the local theory. This result was
improved up to a time of order ¢7" and extended to irrational tori of any dimension
[16]. Our result improves both of them since it proves almost-global existence, hence
existence up to T = ¢ VM > 0. Both of those results are based on a finite number
of steps of Birkhoff normal form; our technique allows us to perform Birkhoff normal

form at any fixed order.

Our third application regards the stability in Sobolev norm of the ground state solu-

tion of the NLS equation. Given a NLS equation of the form

i =—Ap+ f([Y]) ¥, (L1.4)

with f € C®(U;R), U C R an open neighbourhood of the origin, f having a zero of
order at least one at the origin, it is well-known that it has a solution given by a plane
wave of the form ¢, (t) = \/poe~"" provided that v = f(py). We will prove that this
solution is stable in high Sobolev regularity for almost any value of the L? norm of
the initial datum. Denoteing with A the lowest non vanishing eigenvalue of —A, we

will prove the following result.

Theorem 1.1.5. Assume there exists py > 0 such that X + 2f(po) > 0 for any py €
(0,po]. Then there exists a zero measure set P such that if py € (0,po] \ P then for
any r € N there exists s, for which the following holds. For any s > s,, there exists
constants ey and C' such that if the initial datum Vg fulfills

[ollg = o, inf [juo — Ve ||, = € <o



then the corresponding solution fulfills

inf |[¢(t) — /poe ||, < Ce V|| <Ce”

a€eT

Note that in the defocusing case (i.e. f is a positive function) there is no restriction
in the L? norm of the initial datum since the condition A+2f(py) > 0 is automatically
satisfied. Our result partially extends the known one on the standard torus T¢, where
the same problem, for any plane waves, is considered [54]. We remark that in our
approach we are not allowed to consider generic plane waves, since in general the
eigenfunctions of the Laplacian, on the manifolds we consider, do not have constant
modulus. For flat tori, on which the eigenvalues are complex exponential of modulus

1, the same result for any plane wave can indeed be proven.

1.2 1Ideas of the proof

In the last part of this introduction, we sketch the strategy of the proof of our results.
We begin discussing the proof of Theorem I.1.2, essentially based on a Birkhoff nor-
mal form iteration, trying to underline the main technical steps and the novelty of our
approach. Two major issues are to be considered when dealing with high-dimensional
domains. Firstly, one has to deal with bad spectral properties, namely the presence of
arbitrarily small gaps between linear frequencies, that make non-resonance conditions
quite mild and hard to handle. On the other hand, the eigenfunctions present bad
localization properties; for that reason, a key ingredient in our scheme is represented
by a multilinear estimate of the product eigenfunctions (see Theorem 3.2.1), that
leads to a suitable tame estimate of the vector fields associated to polynomials be-

longing to a certain class, that we will denote as polynomials with localized coefficients.

Given a function u € H®, we consider its spectral decomposition v = > I, u; conse-
quently, one can write a polynomial P of degree r in terms of a convenient multilinear,

symmetric function
P(u) = P(au, ... Tu). (1.2.1)

We introduce the class of polynomial with localized coefficients [5, 47], whose elements

fulfill an estimate of the form (here we are assuming for simplicity that |a;| > |az| >

9



- > |a)

P(1l m, )| < ¢ Jas"™
arUy -y aTu >~
' N\al — ag| + |as])

~ ey ullg (1.2.2)

for any N > 0 and for some fixed v > 0, independent from N. In Lemma 4.2.5, we
prove that the vector field associated with a polynomial in this class satisfies a tame
estimate of the form

IXp@)l, < Clull;™ lull

s’

that allows linking the order of a polynomial with the smallness condition of the initial
condition. Namely, we introduce a suitable norm that controls the homogeneity of a

polynomial so that, if P has degree R, we have

sup [[Xp(u)||,~R", R< 1.
l[ull, <R
Moreover, this class is closed with respect to Poisson brackets, so that the structure

persists along the normal form iteration. This is the content of Lemma 4.2.9.

In Theorem 5.2.2, we prove that indeed the non-linear perturbation we consider (see
Hypothesis P) belongs to this class. As outlined before, this is the consequence of an

estimate of the product of the eigenfunctions of the form

v+N
as

< ,
N N(|a1 — ag| + |ag|)N

‘ [ batust (1.2.3)
proved in Theorem 3.2.1. We remark that a similar estimate was already proved and
exploited [5, 47]. In our work, this result is the direct consequence of the geometri-
cal structure carried out by globally integrable quantum systems, and, in particular,
it relies directly on the existence of the lattice A. Since we label indexes according
to A, computations are more involved with respect to the case of a one-dimensional
lattice [5, 47] and a more extended analysis is implemented. The pseudodifferential
nature of the quantum actions is also a key ingredient, as can be inferred from the
proof. Already in [39] Craig and Wayne recognized the localization of eigenfunctions
on the exponentials basis as a fundamental function in the normal form approach to
Hamiltonian systems. We point out that (I1.2.3) replaces the localization of the prod-
uct of the eigenfunctions controlling the fast off-diagonal decay of their product. We
remark that similar bilinear estimates of the eigenfunctions of the Laplacian were a

key ingredient in proving global well-posedness for NLS on three-dimensional spheres,
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even by means of completely different methods [34].

In the Birkhoff normal form approach, at each step of the iteration, one looks for
a canonical transformation induced by a polynomial GG, that is the sum of some mul-
tilinear, homogeneous functions G, of degree r; each of them solves a homological

equation of the form

(Zq:waj — Z waj> G(M,,, ..., 1, )= Pl,,...,1,)
j=1

Jj=q+1

for each choice of non resonant indexes (ay,...,a,). To do that, the nonresonant
condition in the Assumption I.1 is not enough, since it induces a loss of derivatives at
each step, involving the largest index max{as,...,a,}. To avoid this loss, we need a
so-called second-order Melnikov condition, that is typically automatically satisfied in
one-dimensional domains; namely, we prove an estimate that entails the third largest
index. At this end (see Lemma 5.3.16), we exploit the clusterization of the frequencies.
We begin splitting the system in high and low mode with respect to a fixed cut-off
K> 1

e For the system in low modes (|a;| < K'), we proceed as usual in Birkhoff normal
form theory for finite dimensional systems: we divide the set of frequencies in

separated blocks ¥,,, we identify the so-called superactions

I = Z ||Hau||(2)

aclE,

and we proceed to remove terms that produce the flow of energy between them,

until a fixed order, since they coincide with our definition of nonresonant indexes
(see Def. 5.1.3).

e Monomials that involve three or more large indexes (maxs(as,...,a;) > K) can
be included in the remainder since they have small vector field (see Lemma

4.2.13), as already pointed out in [9].

e Monomials with exactly one index larger then K are non-resonant (see Lemma

5.3.15).

e Monomials with exactly two indexes larger then K are treated exploiting the
partition described in Assumption 1.2; if a,b € €1, then either two indexes

(Ja—0b|] > K?) are far apart or their related frequencies (Jw, —wy| > K?°) are non
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resonant. In the first case, we take profit of the fast off-diagonal decay (I1.2.2)
and we prove that the contribution to the vector field is small (see Lemma
4.2.14); in the other case, the term is nonresonant and it is removed in the
normal form iteration (see Lemma 5.3.16). Therefore, again we have proved
that, in the normal form dynamics, the transfer of energy can occur only within
each ”dyadic” block €. Exploiting dydicity, from the conservation of L? norm

we deduce the conservation of H® norm.

At the end of the Birkhoff normal form iteration, the initial Hamiltonian is conju-
gated to H") = Hy+ Z + R, with || Xgl||, ~ R™*!, for any order r > 3 fixed at the
beginning of the iterative procedure. Since the dynamics induced by the normal form
Z conserve the H® for any time, a standard bootstrap argument provides a control in

the blow-up of the solutions for time of order e".

In Chapter 6 we conclude the proof of Theorems 1.1.3, 1.1.4 and 1.1.5, applying the
abstract theorem after simple algebraic manipulations to put the equations in the
suitable form (I.1.1). The verification of Assumptions 1.2 and 1.3 follows directly from
the geometry of globally integrable quantum systems. In fact, in Chapter 3 we prove
that, under suitable but generic assumptions on the Hamiltonian Hj, (essentially, we
ask hy to be a steep function, see Def. 3.2.5), the frequencies wg,ec, fulfill the Bour-
gain’s partition property. Some examples of those manifolds (tori, Lie groups, surface
of revolution) have been discussed beforehand in the Introduction. The verification
of the nonresonance condition in the Assumption 1.2 is rather standard. For each
system, we deduce it by modulation of a given parameter: respectively, the Fourier
multipliers in the convolution potential, the mass, and the L? norm of the plane wave.

For the beam equation and the stability of ground state we exploit a sub-analytical
method [47].

The Thesis is organized as follows. Chapter 1 contains a brief review of some known
results and literature about the long-time analysis of the solutions of Hamiltonian
PDEs. To be coherent we the results presented in this Thesis, we mostly treat equa-
tions on compact manifolds. In Chapter 2 we describe pseudodifferential calculus on
Riemannian manifolds; in particular, we prove Lemma 2.3.11, a key technical result
that allows us to prove the estimate of the product of the eigenfunctions of a quantum
global integrable system. In Chapter 3 we introduce the notion of globally integrable
quantum system and we conclude the estimate on the product of the eigenfunctions.
The proof of the clusterization of the frequencies is also outlined. In Chapter 4 we

study the property of polynomials with localized coefficients. In Chapter 5 we state

12



our main abstract result and we develop the Birkhoff normal form iteration. Finally,

in Chapter 6 we prove that it applies to the concrete examples.
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Chapter 1

Long-time existence and growth of

Sobolev norm

In this Chapter, we discuss some known results about the long-time behavior and the
growth of Sobolev norm of the solutions of Hamiltonian PDEs. The interest in such
problems is twofold, for their mathematical and physical aspects. On the one hand,
these results extend the theory of local-wellposedness employing a variety of tech-
niques; on the other hand, the growth of Sobolev norm is an important phenomenon
in weak turbulence theory, since it describes the flow of energy towards higher in-
ternal frequencies of a system [37]. Along this Chapter, we revise some important
results, with a focus on the ones obtained with perturbative normal form techniques,
trying to highlight some key issues, in particular in considering higher dimensional
domains. We start discussing some known results on linear systems; then, we take
into account semilinear, i.e. equations with nonlinear bounded perturbations, and

quasi-linear systems, i.e. equations with nonlinear unbounded perturbations.

1.1 Growth of Sobolev norm in linear systems

In the last thirty years, linear systems have attracted a lot of research interest. In
fact, besides the interest per sé, in many cases, their comprehension represents a key
step toward problems concerning nonlinear equations. As already pointed out in the

Introduction, a seminal result regards the Schrodinger operator
iug + Au+V(z,t)u =0 (1.1.1)

on T¢, with V a real potential, periodic in x [29]. In particular, Bourgain proved a t

bound for the H* norm of the solution. Precisely, the result is the following.
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Theorem 1.1.1 (Bourgain, [29]). Consider (1.1.1) in arbitrary dimension d with
periodic boundary conditions. Assume V is bounded, smooth in x and t, and periodic

in z. Then, denoting with S(t) the associated flow map, for all s < oo, € > 0,

15 (t)u(0)], < Ct° fort — +o0.

The proof relies on some spectral properties: the localization of the eigenfunctions
of the Laplacian on the torus and a partition of the spectrum in clusters whose distance
is increasing, as already discussed in [.2. Bourgain extended the result to quasi-

periodic in time potential [31], proving a logarithmic-in-time bound of the form
1S (#)u(0)], < Clog(t)“ for t = 4o00.

Later on, Delort considered a similar problem on a more general class of compact man-
ifolds, that contains for example Zoll manifolds and surface of revolution, on which
the eigenvalues fulfill a similar clusterization [42]. Although the result on the bound of
the growth is the same, the proof is rather different, since it follows from an abstract
result based on symbolic calculus. Such an abstract result was then exploited to prove
that the t¢ bound extends to any arbitrary flat torus [23].

All of these results concern bounded perturbations. A first abstract result that in-
volves an unbounded Schrodinger operator of the form v, = L(t)y) was given in [82].
In particular, the authors recognized some properties on L under which the equation
is globally well-posed, with a polynomial growth of Sobolev norm. Remarkably, they
prove that, if the spectrum L fulfills a further hypothesis very similar to the one as-
sumed by Bourgain, therein called of increasing gaps, the control on the growth of
Sobolev can be improved up a time of order ¢°. The result is optimal [91].

A key breakthrough was achieved by combining these techniques with pseudodifferen-
tial calculus [11] (see also [84]. Through an iterative normal form procedure essentially
based on pseudodifferential calculus, an abstract unbounded Schrédinger operator is
conjugated to a pure point operator with a smoothing perturbation and a bound
of order t¢ may be proved. The same pseudodifferential smoothing procedure, alto-
gether with a careful analysis of the geography of the resonances inspired by classical
Nekhoroshev theorem, was then exploited to prove the result to hold on flat tori of
any dimension [13]|. Eventually, we recall the result in [12], to which, as pointed out in
the Introduction, this Thesis owes much. In that work, the authors proved a t¢ upper

bound for the solutions of the equations of motion associated with a wide general
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linear Schrodinger operator on compact Riemannian manifolds, of the form
iug = (Ho+ V() u

with Hy a globally integrable quantum system (see 1.1 above for a definition of these
systems). This abstract theorem is then applied to many concrete examples, that
extend the known results of Delort and Bourgain to unbounded perturbations; in
advance, the growth of Sobolev norm on Lie groups is firstly considered. In particular,
we remark on the role of the spectral lattice in the proof: as discussed in this Thesis, it
has been revealed to be a key breakthrough, altogether with Bourgain’s clusterization,

that allows us to consider general higher dimensional domains.

1.2 Non linear systems

1.2.1 A general approach with Birkhoff normal form

Since the first seminal results of Bourgain [31, 32| and Colliander, Keel, Staffilani,
Takaoka and Tao [37], a large variety of tools have been developed to study the
asymptotic behavior of nonlinear Hamiltonian PDE’s. Among them, the approach
through infinite dimension Birkhoff normal techniques has resulted to be particularly
effective. The first important result was obtained for the semilinear wave equation
[4, 9]

Uy — Au~+ pu+ f(u) =0. (1.2.1)

on a one-dimensional domain with periodic boundary conditions. In particular, the

following theorem of almost global existence is proved.

Theorem 1.2.1 ([9]). Let r > 2. For almost every p there exists s, such that, for

any s > s,., for € small enough

(), 0D eserros < € = (u(E), t®))lrrems < 2€
fort <e.

The crucial tool in the proof is a nonresonance condition that involves the linear
frequencies of the system, namely w; = /j2 + p with j € Z, that reads:

f)/

G (1.2.2)

jwiy Wy, — Wy — e — | >

for any |j| = (Ij1],- - -, l3-]) # (|k1, ..., k4|) = |k|. Here max, (v) denote the n'" largest
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element in the vector v. This condition allows, using a Birkhoff normal form proce-
dure, to remove from the Hamiltonian all the monomials involving at most two large
Fourier modes. In fact, at each step of the iteration, the solution of the homological
equation induces a bounded canonical equation. Then, a trivial, but crucial observa-
tion allows neglecting terms with three or more large indexes since their vector is small
[4]. Later on, such a nonresonance condition was recognized in several systems and
almost global existence has been proved, for example, for plane waves in NLS [54], for
one-dimensional Schrodinger operators and d-dimensional Schrodinger operator with
convolution potential on tori [5, 9], for the quantum harmonic oscillator [64].

A similar nonresonance condition was also exploited by Delort and Szeftel, proving
a partial result of long-time existence for a Klein-Gordon equation on spheres and
Zoll manifolds [47, 48]. Later on, some of those results were extended to almost
global existence through Birkhoff normal form [6]. Despite the structure of the linear
frequencies being very similar to the one in one-dimensional domains, the results in
[47, 48] (see also [46]) are quite relevant for our work. In fact, they are based on a
crucial multi-linear estimate of the decay of the product of the eigenfunctions of the
linear operator, that inspired the results presented in this Thesis, in particular those
treated in Chapter 3.

Regarding quasi-linear perturbations, we quote for instance the breakthrough achieved
combining normal form methods and para-differential calculus in the context of Klein-
Gordon equation on a one-dimensional sphere [41]. The procedure is indeed rather
general; later on, similar paradifferential techniques were exploited to prove almost
global existence for even solutions of the capillarity-gravity water waves equation on
a one-dimensional domain [45]. This result has been fully extended to any solution
of that equation, employing a Darboux iterative procedure that corrects the non-

symplectic nature of paradifferential linearization [24].

1.2.2 Towards general higher dimensional domains

The rather strict nonresonance condition discussed in (1.2.2) typically fails in higher
dimensional domain, even in the simple case of the Laplacian on the irrational torus.
In fact, assuming |71/, |k1| > max3(j, k), in dimension d > 2 the difference |j;|* — |k |*
describes a dense set, that prevents condition (1.2.2) to be verified for many values of

the tuning parameter. Instead, in many cases a first-order Melnikov condition, that
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involves the second-largest index, can be proved:

v

|wj1+"'+wjr_wk1_"'_ka| Zm

This condition produces a loss of derivatives at each step of the iteration, preventing
Birkhoff normal form from being applied straightforwardly.

This is the case for example for the existence of small solutions of the Klein-Gordon
equation on T¢, proven for a time just slightly beyond the one provided by local
theory [43]. With a similar nonresonance condition, a much longer time existence can
be proved, but with a loss of derivative in the initial datum [15]. The precise result

is the following.

Theorem 1.2.2 ([15]). Consider the non linear wave equation (1.2.1), with x € T¢,

d>2. Foranyr > 2, s > 2, there exists s, = s.(r,s) and € small enough such that

1(u(0), 4(0))]

oot < € =5 (), @0 gergpros < 2€

foranyt < e .

The strategy adopted in the proof is based on a decomposition in high and
low modes according to a threshold that depends on the size of the perturbation,
N, ~ ¢ . Then, the loss of derivatives produced by small divisors is tackled em-
ploying a pseudodifferential commutator estimate, that provokes the loss s, > s. As
already discussed in the Introduction, combining a similar decomposition with Bour-
gain’s decomposition of the frequencies, almost global existence without any loss in
regularity has been proved for some semilinear equations on flat tori of any dimension
[7].

Many other long-time existence results have been proved in the last few years. We
recall the ones for semilinear beam equation [75, 16] and for an hydrodynamic system
on irrational tori [56]. Regarding quasi-linear equations, we quote for example [55] in

8/3_thus strictly beyond the local existence, is

which time of existence of order ¢ ~ €~
proved for the solutions of the Klein-Gordon equation on tori. The quadratic lifespan
of solutions is shown also for a derivative Schrodinger equation [57], and water waves
[21]. In particular, the water wave equation in higher dimensional domain has been

widely studied in the last few years, see for instance [22, 74, 76] and literature therein.

Almost any result about long-time existence and Sobolev stability pertains to very
regular solutions (i.e. solutions in H® with s > 1) but, interestingly this condition ap-

peared not to be required, at least in some numerical computations [36, 35]. Indeed,
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this observation has been confirmed analytically in [17] for a Schrodinger operator
with a ”well-prepared” convolution potential on T?. In particular, the authors can
prove almost global existence for any initial datum uy € H® with sq > d/2. Although
the equation is rather artificial, the technique is quite interesting, since it relies es-
sentially only on Birkhoff normal form and a novel analysis of small divisors, but
it applies to low regular solutions. We recall also [18] for other results of long-time

existence in low regularity.

1.3 Growth of Sobolev norm: lower bounds

Until now, we discussed results about the upper bounds of the growth of Sobolev
norm. A natural, opposite problem is to exhibit solutions whose Sobolev norm grows
arbitrarily in time; this amounts to prove that there exists a mechanism, often referred
to as forward energy cascade in weak turbulence theory, that allows the energy to
migrate towards higher internal frequencies of the system. Initially, the question was

posed by Bourgain for the NLS equation.

Question (Bourgain, [33]). Are there solutions u(t) of the cubic nonlinear defocus-

ing Schraodinger equation
iuy — Vu = —|ulu, z € T?

such that, for some s > 1,

lim sup, o [u(t)] | = +o0

In the last thirty years, much effort has been made to understand this problem,
but, despite the known results, a lack of general comprehension persists.

Considering linear Schrodinger operators of the form

iy = Kot + V(D). (1.3.1)

Maspero proposed the notion of transporter [81]; essentially, a potential V'(¢) is a trans-
porter if there exists a solution with unbounded growth of Sobolev norm. Adopting
this terminology, the first example of a transporter was constructed by Bourgain [31]
and then extended to the harmonic oscillator [44]. Later on, examples of universal
transporter (i.e. potential that produces unbounded growth of Sobolev norm for any
solution) were presented for the harmonic potential, the half-wave equation on T and

the Dirac equation on Zoll manifolds [10, 80, 71]. All of those examples have in com-
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mon a quite rigid spectral structure since they present constant spectral gaps.

Concerning nonlinear systems, the situation is even more involved. In 2010, Col-
liander, Keel, Staffilani, Takaoka, Tao proved the following remarkable theorem, that

proposes a partial solution for the Bourgain conjecture [37].

Theorem 1.3.1 (Colliander, Keel, Staffilani, Takaoka, Tao [37]). Let s > 1, C' > 1
and i < 1. Then there exists a solution of the cubic NLS on T? and T > 0 such that

[l ge <y Nu(D)]lge > C.

This solution is constructed following closely a completely resonant model obtained
by restricting the Fourier support on a certain lattice A C Z2?. Many further related
results about NLS on T? are known [69, 72, 65, 67]. All of those results rely on the
particularly rich structure of the resonances provided by square tori. In fact, the
irrationality of the torus may mitigate the exchange of energy between the degrees of
freedom [90], and thus the strategy adopted in [37] does not apply on irrational tori.
Moreover, on irrational tori, the polynomial-in-time upper bounds for the growth of
Sobolev norms is slower with respect to the rational case [49, 50]. However, Guardia
and Giuliani proved the existence of solutions of the cubic NLS undergoing arbitrarily
large, but finite, growth even on many irrational tori [61]. The proof, still inspired
by the one in [37], is based on the approximation of a quasi-resonant model obtained
with a partial normal form reduction of the system, so avoiding the small divisor
problems typical of irrational tori.

Examples of Sobolev instability results for systems different from NLS or in different
domains are also present in the literature. See for example [70, 63, 62, 40] and the
literature therein. We conclude this section by recalling an interesting work that
adopts a quite different point of view [60]. In that work, a Sobolev instability is
obtained employing the completely non-resonant mechanism of Arnold diffusion on
an a-priori unstable infinite Hamiltonian lattice; it should be remarkable to prove a

similar mechanism occurring also in a proper PDEs (i.e. a-priori stable) context.
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Chapter 2

Pseudodifferential operators on

Riemannian manifolds

In the first part of this Chapter, we recall some well-known definitions and results
about pseudo-differential operators on Riemannian manifolds [73, 83]. In the second
part, inspired by similar results we prove a key estimate concerning commutators of
pseudodifferential operators [47, 48]. We will use this abstract estimate to prove a
suitable decay of the product of eigenfunctions in the proof of our main result. All

along this Section, M will denote a generic compact Riemannian manifold.

2.1 Local symbols

Definition 2.1.1 (Global symbols). For any m € R, a function a € C*(R") is said
to be a (global) symbol of order m if for any o, B € N™ there exists a constant C, g
such that

050 a(w,€)| < Cap(1+ €)™ zeR" R

We will denote with S™(R™) the set of symbols of order m.

Definition 2.1.2. For a € S™(R"), we define its seminorms as

ol = swpsuwp () |0fora(,¢)]
2ERM EER™ |al+|B|<v

Definition 2.1.3 (Local symbols). Given an open subset X C R", for every m € R

we define
S™MX) ={ae C®X): p(x)a(x,&) € S™, Vo € C°(X)} .
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In other words, for any compact K C X, there are constants Cyop i such that
10007 a(2,8)| < Capre(1+ 1)) 2 e K, R,
Here C3°(X) is the set of smooth functions with compact support in R".

Given a € S™(X), the operator

Au(x) = (QW)_"/ e“Ta(z, £)u(€)de (2.1.1)

n

restricts to a well defined operator A: C§°(X) — C°°(X). In particular, it ensures
all the properties of pseudodifferential operators defined on the whole R", since u €
Ci°(X) implies that u(x)a(z,£) € S™. As usual, we will denote with A = Op(a) the
pseudodifferential operator associated with a € S™(X) and with OPS™(X) the set

of pseudodifferential operators defined on the open subset X.

Remark 2.1.4. The Schwartz kernel of the operator (2.1.1) is given by

K(z,y) = (2%)_”/ e Tz, €)de (2.1.2)

n

We will indicate with K4 the kernel associated with A. It is well known that K4 €
C®(X X X) if and only if A is a smoothing operator.

The precise relation with global operators is clarified by the following proposition.

Proposition 2.1.5. Let X be an open subset of R*. Given A: C3°(X) — C®(X)
linear and continuous, if for any ¢, € C§(X) the operator v — QAYu is in
OPS™(R™), then there exists a € S™(X) such that

A= Op(&) + AO
with Ay with smooth kernel, namely K4, € C*°(X X X).

Proof. Let {1;}iez a locally finite partition of unity in X. Then, we denote Ajyu =
Y Apu, with aj, € S the correspondent symbols and we define

/

a(x, &) = Zajk(x,f) = Z ajr(z,§).

supp(t; )N supp (x) 70

By definition, this is a locally finite sum and so a € S™(X). The kernel of A — Op(a)
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is then given by
> V() K, )iy Zw] VK (2, y) ¢ (y) -
supp(¢;)N supp(¢r) =0

Since a kernel of the form (2.1.2) is smooth outside the diagonal A = {(z,z)} C
X X X, we have the thesis. ]

In the definition of pseudodifferential operators on manifolds, we will need the

following result, which essentially states the local coordinate invariance of symbols.

Lemma 2.1.6. Let Xy, Xy C R" open and ¢: X1 — X and G: X1 — GL(n) smooth
maps. Then, if (z,£) € X1 X R™ implies (¢(z), G(x)€) € Xo X R™, then as € S™(X3)

implies

ar(z, &) = as(p(x), G(x)§) € S™(Xy) .

2.2 Pseudodifferential operators on manifolds

Given two manifolds M, N, amap f: M — N and a map p: N — R we denote with
f*p: M — R the standard pullback, namely

f[p(x) = p(f(z)), Ve M.

We define pseudodifferential operators on a compact manifold [83].

Definition 2.2.1. Let M be a compact Riemannian manifold. For m € R, a linear
operator A : C(M) — C®(M) is said to be pseudodifferential of order m if the
following hold

1. if Yy, he € C°(M) have disjoint support, then the kernel of the operator 1y Aty
belongs to COO(M X M) namely there exists K € C®(M X M) such that

1 Apou = [, K Yu(y) for any u € C§°(M);

2. for any coordinate system ¢ : M D Q — R | if iy, 19 € C°(M) has support
in 2, then the restricted operator 1Ay is the pull back of a pseudodifferential
operator of order m. Namely there exists B € OPS™ (¢(Q2)) s.t. Yu € C§°(M)

one has

V1 Apsula = Pip* (B ((¢71) vou)) (2.2.1)
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We denote with W™ (M) the set of pseudodifferential operators on M of order m.

Before introducing the seminorms of pseudodifferential operators defined on a
manifold we introduce an equivalent definition [83]. For that, we need a couple of

lemmas.

Lemma 2.2.2. [f A: C§°(M) — C*®(M) has smooth kernel K 4, then it is smoothing.
Namely, it belongs to V=>°(M) =), Y"(M).

Proof. If 41,15 ha disjoint support, clearly the kernel ¢ K 415 is smooth, so the first
condition in Def. 2.2.1 is satisfied. The second condition is satisfied as well, since for
any 1,1, € C§° the operator B in (2.2.1) has kernel K = (p~! X ¢ 1)*K 4, thus it
has compact support. This concludes the proof since any smoothing operator with a

compactly supported kernel is a pseudodifferential operator on Euclidean spaces. [

Lemma 2.2.3. Let ¢;: U; — R" a local coordinate system on M and B € OPS™(p;(U;),

then the operator
Au(z) = ;B (p;") u(x), relY;

is a pseudodifferential operator on M, namely A € V™ (M).

Proof. Before proving the lemma, we remark that the kernel of A is given by

KA(JI,y) - KB (QOZ(I'), (pz(y)) ) Vl’,y S Z/{z

In fact, we have, for any = € U; and writing ¢;(y) = t,

3 Ka(z,y) u(y)dy = Au(z) =
= o'B (go;l)*u(w) =B (uoyp!) =

=B (uoy; ") (pi(z)) = /-(u-) Kp (pi(w),t)u (7 (1)) dt =
_ / Kb (o), i) uly)dy.

By similar computations, one prove that, for any ¢, € C*(M), the kernel of ¢pAY

is given by

Kyay(2,y) = ¢(2)Kp (@i(z), 0i(y) ¥ (y).

If ¢, have disjoint support, then Ky4, is smooth since Kp is smooth outside the
diagonal and ¢; is a diffeomorphism. So the first condition in Def. 2.1.1 is satisfied.
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The second condition is a consequence of the local coordinates invariance stated in
Lemma 2.1.6. In fact, fix j # ¢ and a chart ¢; such that U; NU; # 0. Then we have
that, for any ¢ € C*>°(M) with supp(v) C U;,

VAU = @5 (B ((¢; 1)) vu)

with B’ = (goj’l o gpi)* B(p;to goj)* € OPS™ (v;(U;)) and then the second condition
of Def. 2.1.1 is satisfied. O

Let {(U;; ;) }ier the atlas of a given manifold M, it is well known that there exists
a partition of unity {1;};c; subordinate to the atlas, such that

supp(¢;) CU;, Viel.

Remark 2.2.4. One can define a partition of unit, subordinate to a given atlas, such
that V1,7 € I one has

supp(v;) N supp(v;) # 0 = {3k € I supp(p;) N supp(;) C Ux} . (2.2.2)

The following proposition gives a characterization of pseudodifferential operators
on M.

Proposition 2.2.5. Given an atlas of M, let {¢;} a partition of unity subordinate
to it that moreover satisfies (2.2.2). For each i,j such that supp(;) N supp(;) # 0,
let vij: Uij — R™ a local system of coordinates in an open neighborhood of supp(i);) N
supp(v;). Then the operator A: C§°(M) — C*(M) is pseudodifferential if and only

if, for any i, 7, V;A; satisfies:

i. if supp(v;) N supp(;) = 0, then 1; Av; has smooth kernel, i.e. is smoothing;
ii. if supp(v;) N supp(y;) # 0, then ;A has the form
widis (vi")
for some A;; € OPS (v;j(U;)) with kernel supported in p;; (Us;) X pi; (Uij).

Proof. If A is pseudodifferential, then conditions i. and ii. follow directly from Def.
2.2.1. On the other hand, let A be an operator that satisfies i. and ii. If ¢1,¢9 €
C>°(M), then we write

$1AGy = > G100 Ao + > GrbiAY;dy  (2.2.3)

i,j: supp(t;)Nsupp(v;)=0 1,5 : supp(t;)Nsupp(v;)#£0
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and we conclude the proof by applying Lemma 2.2.2 and Lemma 2.2.3 to each element

respectively in the first and the second sum. O

In particular, we deduce that the composition rule for pseudodifferential operators

directly follows from the composition rule of local pseudodifferential operators.

Lemma 2.2.6. For any A € V™(M), B € V™ (M), m,m' € R, we have Ao B €
\Ijerm/(M)

In the last part of this Section, we discuss the notion of the seminorms of a
pseudodifferential operator defined on M. From now on we fix a finite atlas and the
partition of unity {¢;} that satisfies the property (2.2.2). Given P € U™ (M), we can

write

/ "
P =Y "y Py =Y P+ 1Py (2.2.4)
2
where 3" indicates the sum over the i,j s.t. supp(¢;) N supp(vy;) # 0, while 3"
indicates the sum over the 4, j s.t. supp(¢;) Nsupp(y;) = 0. Following Prop. 2.2.5,
each term in Y. is represented in a local coordinate system by a pseudodifferential
operator P;; defined on an open set in R? and S := S ;P is a smoothing operator,

i.e. with smoothing kernel.

Definition 2.2.7. Fiz a partition of unity {1);} that satisfies (2.2.2). Let P € W"™(M)
and write P =Y Vi P; + S as in (2.2.4). For any v € R, we define the seminorm
of P as

| Pl == max {Sup | Py, sup IKsla}

i laf<v
where |P;|7" are the seminorms of the local representation of each term ¢; Py, and
|Ks|a are the usual C™ seminorms of the smooth kernel of S, defined by |Kg|lo =
Supx,yEM |DaKS('r7 y)|

Remark 2.2.8. The definition above is well-posed on a compact manifold M since

the C*° seminorms of Kg are bounded.

Remark 2.2.9. The definition of the seminorm depends on the choice of the partition

of unity. For that reason, we assume to fix a partition of unity once and for all.

Remark 2.2.10. Given a function u € C*(M), the seminorms of the multiplication

operator v — uv are controlled by

lul, =D sup sup |95 ((; ) u) ()] -

la|<s i z€pi(Us)
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2.3 An estimate of commutators

In the following Subsections, we give a key result on the estimate of the commutators
of pseudodifferential operators [47]. We start proving general results for local symbols
and then we will conclude the proof in the case of global operators defined on M. For
simplicity, we state the local results for X = R". We deeply thank Jean-Marc Delort

for the private notes shared with us.

2.3.1 Local estimates

We want to prove the following Lemma. For any couple of operators A, P, we use the
notation Adp(A) = [A, P].

Lemma 2.3.1. There is v > 0 s.t. for any A € OPS°(R") and Py,...,Py €
OPS*(R?) one has

|Adpy... Adp, Allg 2 ny) < O lalygy - (2.3.1)

for some constant Cy = Cn (P, ..., Py).
We start by defining “paradifferential symbols”.

Definition 2.3.2. Ford € (0,1), we define the class of paradifferential symbols 3™ (4)
as the set of the symbols a € S™(R™) s.t.

supp(Fa(n,&)) C{(n,€) : [nl < (5}

Here Fa(n,§) = a(n,&) denotes the Fourier transform of a with respect to the first

variable, namely

1 o
a = e "Ma(x, &)dx .
1.6 = gz || a0

We denote ¥™ = | Js 2™ (0).

The following lemma shows that a paradifferential operator of order m is bounded
from H*(R™) to H*~™(R"). It follows directly from Calderon-Villancourt theorem for

pseudodifferential operators.

Lemma 2.3.3. There exists v > 0, depending on the dimension d, such that Vm € R
and Ya € ™, the paradifferential operator A is bounded from H*(RY) to H*~™(R?).

Moreover,

HA“B(HS,HS*W) < Claly".
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We can approximate pseudodifferential operators with symbols with compact sup-
port in x using paradifferential symbols, up to a smoothing remainder. Consider a
cut-off function x € C° such that x(s) =1 for |s| <5 < 1 and x(s) = 0 for |s| > 1,
and define, Vo € (0,1),

S

=1 (3)

Lemma 2.3.4. Let a € S™(R™), compactly supported in x, and define as(x,§) by

as(n,§) = Xxs (<Z—>

with (&) == (1+|€*)Y2 Then as € ¥™(8) and A = As+ R with R smoothing. Moreover

)i

HR||B(H31,HS2) < C|a|?;2)++(m—sl)++y

for some fired v =v(n) and some C >. Moreover |as|* < |a|* VI € R.

Proof. One checks immediately that by definition

osle.9) = [ (F ) (O = ) (€ alw. )y

and then as € X™(5). Moreover, one can write explicitly

1

Ru(w) = s [ %0 = an) (o a(e)dt

and thus

R S (Y o (=8
R 0) = ooy [ =600 - x0) (5 ) aterie

Denoting ¢y = max(q,0), we can write, for any sy, sy € R,

e (= [ @O T s
) = e [ e -0 (1t ) | e s | (€7 (€1
(2.3.2)

with b(z, &) = a(n — &, €)(€)~™(¢ — n)2)++(m=s1)+  First, note that on the support of
(1 — xs) <ﬂ<g—>§> one has |n —&| > ¢(|¢] + || + 1) for some positive constant and thus
the square bracket in (2.3.2) is bounded by a constant. Then, since a is compactly
supported in z, one has also [a(n — &,§)(€) ™| < Clal7'(§ —n) = for p large enough.

Choosing p = (s2)4 + (m—s1); +v, with v large enough depending on the dimension,
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we can conclude that

IKD)* Rul| 2 < clal" - [|(D) ull 2

In the next Lemma, we describe calculus for paradifferential symbols.

Lemma 2.3.5. There exists v = v(n) > 0 such that, for any a € ¥™(8),b € ™ (6)

with § < % and any N > 1, there are symbols
¢; € Xm™TI(35), Vj=0,...,N —1,
rN € Zm+m,_N(35)

such that
N-1
Op(a) Op(b) = 3 Ople;) + Oplry)
j=0
In particular co = ab and for any | € N,
gl < Clalyy; bl
|7’N|}n+m < Clalt nu Il N0

for some positive constant C'.

Proof. We start noting that Op(a)Op(b) = Op(c) with

1

c(r,§) = o /Rn . eV a(x,n— &bz —y, E)dy dn.

(2m)"

By the assumptions on a and b, we can deduce that the integrand in

{9 = s [+ € = min. .

(2.3.3)

(2.3.4)

is supported in the intersection of | +7| < §(¢ —n) and |n| < §(¢). Thus, the support

of ¢ is contained in |n| < 3§(§), namely, c is a paradifferential symbol. Moreover, we

&

can insert a cut-off function Yy <i) in the integral (2.3.4), with Y5 € C§° and x5 = 1

in a neighborhood of zero. Inserting the Taylor expansion

a(z, & —n) = Z (_(Z)aag‘a(x,ﬁ) + M Z =) /0 Ofa(z,§ —tn)dt

! M!
la|<M -1 la|=M
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in (2.3.4) and recalling that we can add the function Y4, we get terms of the form

1 iy~ (1 (=) . -
(2m)n /n © X (@) o b(x —y,&)dndydga(z,§) =

— éD?a(x, £)02b(z,§)

Thus, we can define ¢;(z,&) = >0 ,-; o ~Dga(x,£)00b(x,€). It remains to deal with

the remainder. Its symbol is given by

rar(T p | 7 e Vs <<z>> O ale, & — tn)b(x —y, )dy dn dt =
o \ « o // Zynx‘s( )8 a(x, & —tn) ((10,)*b) (x — y, £)dy dn dt

Integrating by parts v times (with v depending on the dimension) in y and 7, there
appear factors (n)~4 1(y)~4-1
shows ry € L™ =N(3§) with estimates (2.3.3). O

, so that the integral is absolutely convergent. This

The next corollary follows writing explicitly [A, B] = AB — BA and applying
Lemma 2.3.5.

Corollary 2.3.6. There exists v = v(n) > 0 such that, for any a € £™(5),b € ™ (0)
with § < % and any N > 1 there are symbols

c; € XMI35), j=1,...,N -1,
ry € TN (35)

such that

N-1

[A, B] = Z_ Op(c;) + Op(rn),

J=1

and, Vl € N,
e} prmd < C|a|l+3‘b|l+3

|7‘n|zm+m < C|a|l+N+V|b|l+N+u‘
It follows that [A, B] € X™+™'=1(35).

In the next Lemma and Corollary, we deduce from Lemma 2.3.4 that one can

prove Lemma 2.3.1 restricting the analysis on paradifferential symbols.
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Remark 2.3.7. In the following, we will use a compact notation: for any k > 1,
given J = (J1, .., jr) with j; € {1,2,...,N} for any 1 < i <k and j; > j, if i > 1, we
will write

P/ =P, P _,..P

kT Jk—1""""J1

Pl =P, P,..P, .

Lemma 2.3.8. Let P,,...,Py € OPS*(R"), A € OPS*(R") and denote P, s =
(P)s,Vi=1,...,N and As the approximated operators defined in Lemma 2.3.4. Then,

one has

HAdPN,g"'AdPL,;Aé - AdPN...Adpl D) S CN |6L|S+N (235)

Allpzzen
fO’I“ CN = CN(Pb vy PN)

Proof. The difference in (2.3.5) is a sum of terms of the form
Adp, ... Adp A

where at least one of P, or A is equal to, respectively, P, — P,s or A — As. Thus,
we consider terms of the form P/(A — As)PX | for some J = (ji,...,jn,) and K =
(k1,...,kn,) with N = N; + No.

We claim that, for any u € L?,

P74~ A5)Pu||,, < Clal’, x.
In fact, following Lemmas 2.3.3 and 2.3.4, we have

| P7(A— As)PRul|,, < C|[(A— As)PRul| o n, <

< Claly g [|[P* vl y-n, < Clafay, llull 2

with C = C(Py, ..., Py).
Similarly, one proves that terms in which at least one P; — P, 5 satisfy estimate (2.3.1),
and thus the thesis follows. n

Corollary 2.3.9. Let P,...,Py € OPSY(R"), A € OPS°(R") and denote P, s =
(P)s,Yi=1,...,N and As the approximated operators. If

0
v+N

||Ade’6...Adp1‘5A5 ) < CN‘CL’

HB(LZ(R"
then the thesis of Lemma 2.5.1 holds true.
In the next lemma, we prove the key estimate that allows us to prove (2.3.5). We
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will write A < B if there exists a constant, depending only on Py, ..., Py, such that
A<C-B.

Lemma 2.3.10. There exists v > 0 with the following property: for any k =1,..., N

one has Nerd
Adp, .. Adp, jAs = Y Op(ak) + Ry | (2.3.6)
5=0
where a;? € Y77 with, V1< j < N — k,
a5 S lalfyys, » VIEN, (2.3.7)
Ry, are operators of the form
Ry= Y PBrop(rh )P (2.3.8)
[J1|+]J2|<k—1
with %, ;€ SNHR=ILI=1Rl fulfilling
T e PICANR R =3\ & (2.3.9)

Proof. From Lemma 2.3.6, we have that, Vb € ¥ p € X! and for all M € N,

M-—1
[P, B] =) Op(c;) + Op(ru) (2.3.10)
=0
with ¢; € X7, ryy € ¥ M and
‘Ci lm_i 5 |b’?}rz‘+1>
rael M Sy, VIEN

for some v that depends on the dimension.
We prove the result inductively on k.
For k =1, we apply (2.3.10) with M = N — 1, B = A; and we get
N-2
(P15, As] = Z Op(c;j) + Op(ry-1)
5=0

which is the thesis denoting a; = ¢; and 15, = ry_1 (since k = 1, must be |j;]| =
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|72] = 0). In fact, we have

|a1'|l_J S |a|?+j+1
N+1 <

|T0 0|z |a|?+N+1/‘

Suppose the thesis is true for k, that is

N—k—1

Adp, ;.. Adp, ;A5 = Z Op(ak) + Ry

with
R, = Z P Op(r?h JQ)P(SJQ
|J1|+]J2|<k—1
and
|ak|l ~ |a‘?+k+j
2.3.11)
N4k—|J1|—|J (
| |J1,J2|l =l < |a|l+N+V7 VZ € N.
Then, we compute
N—k—1
Ade+1,6Ade,5"'AdP1,5A5 = [Pk+1.57 Z Op(af)] + [Pk+175, Rk] =
§=0
N—k—1
(P15, Op(al)] + [Pes1s, Ri
7=0

For each term term [Pyiq 5, Op( f)], we apply (2.3.10) with M = N —k —j — 1 and
B = Op(ak). So, we can write
N—k—1-2 '
[Pry1.5, Op(a; Op(cl) + Op(r}) (2.3.12)

1=0

where c7 € Y7 J and r € XM= and moreover

L i
|C}|z s |a’j|l+J1+i S |a|?+i+j+(k+1)
(2.3.11) (2.3.13)
M- —N+(k+1 o
|TM|1 - = |r ] i )<| k|l+N k—j+v S |a|?+N+u'
(2.3.11)
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Collecting the terms [Py, Op(a?)], we get

N—k—1

Adp,,, ;Adp, ;... Adp, ;A5 = Z [Pit1.5,Op(al)] + [Pes1s, Ri] =
Jj=

Ne—k—1 /N—k—j—2 |
- Z ( Op(c]) + OP(¢?\4)> + [Prs1,s, R

§=0 i=0

with ¢/ defined in (2.3.12).

We define
N—k—j—2
AR
1=0
with the convention that ¢ = 0 if z < 0 and we get (notice that each akJrl is the sum
of terms with the same order)
0 0
[ S |a|l+i+jfi+(k+1) = |a|l+j+(k+1) (2.3.14)
(2.3.1)
and then, since j =i — (i — j),
N—k—j—2 N—k—j—2
k+1)—j j—i|—j 0 0
‘%Jr 7 < Z [ PR Z |a’l+j+(k+1) < C|a’l+j+(k+1)'
=0 (2.3.14) 2o

Moreover, noticing that the term corresponding to j = N — k — 1 in the sum (2.3.1)
is equal to zero since N —k—j—2=N-K - N+ K+ 1—2=—1, we can write

N—k—1N—-k—j—2 N—k—2
Op ak—‘rl
3=0 =0 7=0

and we get the first part of the thesis.
We pass to consider the terms Op(rfw) Notice that, from M = N —k—j — 1, we have
~M—j=-N+k+j+1—j Thenr}, € D~ N+*+D) vj—=0, ... N—k—1and we

can consider Z]\iok "Op(r?,) as a term in Ryyq, with [J;| = |J5| = 0. The estimate

N+(k+1)

’TM|1 S ’a|l+N+u

follows from (2.3.1). It remains to consider the term [Pyi1s, Rx]. For Pyy1 Ry, we
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have, denoting J = (J;,1),

J k 5.
P sRi = § Pyt Op(r], 5,)P5* =
‘J1|+|JQ‘<k 1

Z P(;JOP k+1 )PJ2
[J]+] 2| <k

with = rk 5, and then

JJa
k41| —NA+(k+1)—|J|—|Jz| _ N+k—ji—j2 0
|7’J lez = |7"J1 N S laliing,
(171=|711+1) (2.3.11)
We reason similarly for Ry Py41 5 and we get the thesis. O

Proof of Lemma 2.3.1 . Applying Lemma 2.3.10 with K = N, we get

Adpy ,...Adp, ;A5 = Ry = Z plop(ry )P,

| J1|+] 2| <N -1

: N —lAl=l2
with \7"]17]2\1

< |a|?, x4y Applying Lemma 2.3.3 we get, for any u € L*(R"),
5 Ji|—|
"P5JIOP(Ty1,J2)PJ UHLQ S Cnlrly A=l S Cn |a|l+N+u'

From Lemma 2.3.8, we get the thesis.

2.3.2 Global estimate

In this Section, we prove a global version of Lemma 2.3.1, in the special case of an
operator that is simply the multiplication with a function f € C*(M). We still

indicate with f this operator and we use the notation
Adp(f) = f and  Adg(P) = [Ady ' (f), P] for k> 1

Lemma 2.3.11. Let M be a Riemannian manifold endowed by an atlas as above.
There exists v s.t. for any P € W' (M) and any N € N there exist constants Cy =
Cn(P) with the property that for any f € C(M) one has

[AdE £l 5220y < ON f v - (2.3.15)
Proof. Consider a partition of unity with the property (2.2.2) and decompose P ac-
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cording to (2.2.3)
/ /
P=> ¢iPileg ) +S=>Y Pj+8

where ¢;; are local coordinates, F;; are local pseudodifferential operators and S is

smoothing. Let’s deal firstly, for simplicity, with the case N = 1. We have

/

Adpf = [P, f] =) ¢ Py ) 11+ 1S, £

The estimate for the term involving S is obvious since it is smoothing, namely we

have

||[S, f]HB(L?(M)) < CS|f|S

for some v depending on the dimension. For the other term we have, for any u €

(M),
5P (37)", flu = [Py, (03,1 )" I3 ) ",

then we can take profit of (2.3.1) applied to each P;; and we get the thesis.
For N > 1, we need to control terms that involve Adg and terms that do not involve
S. A term that involves S is a linear combination of terms of the form

B PizjzfpiijzH“'Pi Su )

1j1°0" I+kJi+k

with [ + k& < N;. Thus the norm of this object is estimated by

||le1""Piljlfpil+1jl+1""P7:l+k;jl+kSUHB(L2) S Hpil.]'l"'PiljlHB(H”1+17L2)Hf||1/1+l

X ||Piz+1jz+1 "'Pil+kjl+lc HB(HV1+Z+’€,HV1+1) H SUHH”IHM

< C(P)|bfuen—1llu| ;2

For terms that do not involve S, we have that they contain operators localized on the
same chart. Then, reasoning as in the case N = 1, we are lead to consider terms of
the form

Adp,

i1d1 "

AdPiNjN ((1071>*f-

Note that the local coordinate ¢ does not depend on 7;j;, since we are considering
elements of the partition with mutual nonempty support. Then we can apply again
(2.3.1) and get the thesis. O
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2.4 Sobolev spaces

In this Section we introduce Sobolev spaces on compact manifolds in a slightly different
way with respect to more classical formulations [83]. Essentially, we define the Sobolev
spaces on M so that the boundedness of pseudodifferential operators is trivial, and
then we check that we recover the standard definition, using elliptic operators and
proving that those spaces are Hilbert spaces. To do this, we exploit Fredholm property

of elliptic operators, which we briefly recall later on.
Theorem 2.4.1. Any A € WO(M) extends by continuity to a bounded operator
A: LA(M) w— L*(M).

Proof. Following (2.2.4), for any partition of unity {«,;} subordinate to the atlas of

M, we write
A=) Ay = AP + S
%,

so that v;Av; is represented in local coordinates by a pseudodifferential operator
on R” and S is smoothing. Then the result follows from the L? boundedness of

pseudodifferential operators on R". O

We define Sobolev spaces as imposing boundedness of any pseudodifferential op-

erator of any order.
Definition 2.4.2. For any s € R, set
H¥(M) :={ue C®(M): Aue L*(M) VAec ¥ (M)} . (2.4.1)
Remark 2.4.3. For any A € V(M) we have
u€ L*(M) = Auc H5(M). (2.4.2)

In fact, from the composition rule of pseudodifferential operators, BA € W°(M) for
any B € U™*, and then from Theorem 2.4.1 it follows that BAu € L*. Then Au €
H=*(M) by our definition of Sobolev spaces.

To recover the usual definition of Sobolev spaces, we need to recall the notion of

parametrix for elliptic operators.
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Definition 2.4.4. We say that A € V™ (M) is elliptic if there exists B € W~ (M)
such that AB — Id € W=°°(M), namely if it is invertible modulo a smooth remainder

with an inverse of order -m.

Remark 2.4.5. For any manifold M, there exist elliptic operators of any order s, for

ezample the operator P, with local symbols (14 |€[?)z.

The ellipticity of an operator implies also the existence of a left-inverse, that is the
left parametrix. The following lemma is proved in [83], using the theory of principal

symbols.

Lemma 2.4.6. For any elliptic P € V™ (M) there exists a left parametriz, namely
an operator QQ € W=*(M) such that

QP —1d € U°(M)

Theorem 2.4.7. For any m € R, every A € V(M) extends by continuity to a

bounded operator

A: H*(M) — H*"™(M).
Moreover, if A € W™(M) is elliptic then

Au € H (M) = u e H*™(M). (2.4.3)

Proof. Let P, € W*(M) elliptic and Q; € W*(M) its parametrix. Then for any
A e U™(M) we can write

A=Aold= AQ,P,+G

for some G smoothing. Then, since by composition rule AQs € V™ *(M), the proof
follows from (2.4.1) and (2.4.2). In fact, we observe that

H*(M) - L*(M) vy H™(M).

Let now A € (M) elliptic and suppose Au € H*(M). Then, denoting with ) the

parametrix of A, we have again
QA=I1d+ G

for some smoothing operator G' and then u € H*™™ easily follows. m
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In particular, from (2.4.3) it follows that in the definition of Sobolev spaces, we

can reduce to consider any elliptic operator.

Remark 2.4.8. Definition (2.4.1) is equivalent to
H (M) ={ueC®(M): Pue L*(M)}

for some elliptic operator P € W*(M).

The last equivalent definition allows us to prove that H*(M) are indeed Hilbert
spaces. To do this, we exploit the Fredholm property of elliptic operators. See [51, 52]

for further readings on Fredholm theory.

Definition 2.4.9. Given two Banach spaces X,Y , a bounded operator A: X —'Y is
Fredholm if ker(A) and coker(A) = Y/Im(A) are finite-dimensional. In particular,
we define

ind(A) = dim (ker(A)) — dim (coker(A))

Remark 2.4.10. Denoting A* the adjoint of A, one has
ind(A*) = —ind(A). (2.4.4)

Before proving that H*(M) is a Hilbert space, we recall the following well-known

result.

Lemma 2.4.11. An elliptic operator A € V™(M), A: C*(M) — C>(M) is Fred-

holm.

Theorem 2.4.12. Fixz s > 0. For any compact manifold M, there exists an elliptic
operator B € W*(M) such that

H(M)={ueC®M): Bue L° €},

with ||ul

s = || Bstl| 2, is a Hilbert space.
Proof. Let P € W*/2(M) elliptic and define
= PP+ Id e U*(M)

where P* denotes the adjoint operator. To complete the proof, it remains to prove
that |||

prove that B; is an isomorphism on C*(M).

s 15 indeed a norm induced by a complete inner product. To do this, we
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First, note that B, is elliptic, and then Fredholm and it is selfadjoint by definition.
Let u € C*°(M) and suppose u € ker(Bs). Then we have,

B =0 = (Pu, Pu) + |Ju|?, = 0

that implies u = 0. Since By is self-adjoint, the same is true for BY. Then from (2.4.4)
it follows that dim (coker(Bs)) = 0, thus it is invertible. O

Remark 2.4.13. For any s > 0, the negative Sobolev space H=*(M) is defined by
duality through the L? pairing H=5(M) x H*(M) — C.
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Chapter 3

Globally integrable quantum

systems

In this Chapter, we recall the notion of globally integrable quantum system, introduced
in [12]. Informally, it is a linear operator that can be written as a function of some
first order pseudodifferential operators, thereby called the quantum actions. Similar
systems, usually denoted as toric integrable systems, were widely studied in the liter-
ature [92, 93]. Then we prove a couple of properties of quantum integrable systems:
the localization of the eigenfunctions of the actions and the separation of their joint
spectrum!. In Chapter 6, we will provide some examples of manifolds on which the
Laplacian is a globally integrable quantum system on which we will concentrate later

on in the work.

3.1 Globally integrable quantum systems

Let (M, g) be a compact Riemannian manifold of dimension n, denote by W™ (M) the

space of pseudodifferential operators.

Definition 3.1.1 (System of Quantum Actions). Let {I;},_, , be d selfadjoint
pseudo-differential operators of order 1, fulfilling

i. I; € WH(M), forany j=1,...,d;
. [I;,1;] =0, foranyi,j=1,...,d;
iti. there ewists a constant c; > 0 such that c1/1 — Ay < /1 + 2?21 []2.

We refer to (11, ..., I;) as the quantum actions.

lsee Def. 3.1.2
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Definition 3.1.2. The joint spectrum A of the operators I; is defined as the set of
a=(a',...,a%) € R? s.t. there exists 1, € L*(M) with 1, # 0 and

[ = dtby , Vi=1,...d.

Definition 3.1.3. A linear selfadjoint operator Hy, will be said to be the Hamiltonian
of a globally integrable quantum system if there ewists a function hy € C*(R? R)
such that

HL = hL([l7 cee 7Id)
where the operator function is spectrally defined.

Remark 3.1.4. Systems fulfilling Definition 3.1.3 with the further property that the
multiplicity of common eigenvalues (ay, ...,aq) of the actions is 1 were called toric

integrable quantum systems [92].

Remark 3.1.5. In the definition of global integrable quantum systems, we do not

require the number of actions d to be the dimension of the manifold.

If H;, = hy(I) is the Hamiltonian of a globally integrable quantum system, then

its eigenvalues are
we = hr(at,...;a®)y = hp(a), a=(a',...,a%) € A.

We denote with ¥ = {w,},., the spectrum of H; and we introduce the spectral

projectors and the relative orthogonal decomposition of functions.
Definition 3.1.6. For a = (a!,...,a%) € A,
Ha = Ha1 ce Had

where I, is the orthogonal projector on the eigenspace of I; with eigenvalue a’. Given

u € L*(M,C), we will consider its spectral decomposition
u = Z IT,u.
Remark 3.1.7. By spectrally defined, we mean that one has

HL¢a = hL(a)wa
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for any a € A. Then, for a general u € L?*(M), we have

Hryu= HLZHau: Zwaﬂau.

a€N acA

Example 3.1.8. An easy ezample of a global integrable quantum system is the Lapla-
cian defined on the torus T?. In fact, given the family of actions I; = —id; and the
function hr: RE— R, hr(€) = |€]%, one has

d

hi(ly,... 1) =Y 02

j=1
3.1.1 Projectors and Sobolev spaces

We begin introducing an order based on the value of the frequencies. This order is
equivalent to the one given by the length of the vectors in A (see Remark 3.1.10). We
prefer to use the one based on the frequencies since it is more suitable in the analysis

of the normal form dynamics.

Definition 3.1.9. Assume there exist constants C,C" and 3, with > 1, s.t.
|w, — Clal’| < C".
For any a € A, we define
1
[a] = wd . (3.1.1)
Remark 3.1.10. There exist two constants C1,Cy > 0 s.t. for any 0 #a € A

Cila| < [a] < Cylal.

where, for a vector a € A, we denote |a| := Z;l:l(aj)z its FEuclidean norm.

Definition 3.1.11. Given a multi-index a = (ay,...,a,), we denote by Torq the per-

mutation of (1,...,7) with the property that

lar,.u)] 2 [ar,,G20)] Vi =1,.or =1 (3.1.2)

Definition 3.1.12. Given a multi-indexr a = (a4, ...,a,), we denote
p(a) = [ar, .| (3.1.3)
S(a) = p(a) + |ar,, 1) = r, g2 (3.1.4)
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Before stating the main result of this subsection, we define Sobolev spaces on M.

Definition 3.1.13. For any s > 0, the space H® := H*(M) is the space of the
functions u € L*(M,C) s.t.

2 s 2
lullZ = (1 + Jal)** | Maull7z < oo

a€A

For s < 0, H* is the completion of L* in the norm (3.1.13). In view of Remark
3.1.10, the norm (3.1.13) is equivalent to

lull2 = > (1 + [al)**|Taul .

a€A

Remark 3.1.14. By (i.) and (iii.) of Def. 3.1.1, for any s the norm (3.1.13) is

equivalent to the standard Sobolev norm

H([d—A)%u‘

L2(MC)

Then, the spaces H* are equivalent to the standard Sobolev spaces H*(M,C).

3.2 Spectral properties

In this Section, we study two important properties of quantum integrable systems.
Firstly, we prove a localization property for the product of the eigenfunctions; this
result will inspire later the definition of a class of polynomials (see Def. 4.1.8 and
properties below). Then, assuming that the function Ay fulfills some generic condi-
tions, namely steepness and homogeneity, we will deduce, following the results in [12],

that the frequencies {w, }q.ea satisfy the Bourgain’s clusterization property.

3.2.1 Localization of the eigenfunctions

In this subsection, we will prove the following result.

Theorem 3.2.1. There exists v > 0, depending on k and the dimension d, and
VN € N there exists a constant Cy such that, Vuy, ..., u, € L*(M),

‘/ Iy uy .. I, g
M

for any (a1, ...,ax) € A¥, where I1,, are the projectors defined in (3.1.6).

k
wlay, ... ap)Ntv
<C I, 3.2.1
=N S(ay,. .. ap)N H“ lly ( )

46



The strategy of the proof is very similar to one of the corresponding results in
[48, 6, 46]; the difference being that the indexes run over the set A related to the
quantum actions. We recall the main steps and we write the proof of the new lemmas.
First, define, for any N € N,

Ad¥(B) = [Ad3~Y(B),P],  Ad%(B)=B.

Recalling Remark 2.2.10, we can restate Lemma 2.3.11 exploiting the Sobolev norm
of the function f.

Lemma 3.2.2. There exists v s.t. for any P € WY (M) and any N € N there erist
constants Cy = Cn(P) with the property that for any f € C*(M) one has

HAdgf”B(]}(M)) < CN||f||N+y'

Given a = (a',...,a?) € A, we denote with [*(a) the index for which |a!| is
maximum. Namely,
I*(a) == argmax ‘al‘ . (3.2.2)
I=1,....d

Lemma 3.2.3. Let B € B(L*(M)) and a,b € A. For any N > 0 and uy,uy € H™®

we have

Had?l’* (B) HB(LZ(M))

|(BIl ug, yus)| < Cy AT

||HaU1H0||HbU2||0-

with I* = *(a — b).

Proof. First we claim that, for any [ =1,....d,

lad; (B)Taw |

’al _bl’N

|(BHau1, HbU2>| S CN 0 ||Hbu2||0 . (323)

For N = 1, recalling that the actions /; are selfadjoint, we have

(Ady, (B)uy, Mpus) = (BLITuy, Hyus) — (I Bl uq, yus)|
= (B, uy, Myus) — (B uq, LT us)|
= |a" (Bl uy, yuz) — b' (Bl uy, Hyus)|
= }al — bl‘ (BT uq, Myus)| .

Then, by induction on N, and replying the case N=1 with B replaced by adg “4B),
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we get

(Ad} (B)auy, Myuy) = (Ady, (Ady —(B)) auy, Myus)
= |a' — 0" [{Ad} " (B)quy, Myus) = |a' — b' [V (BIluy, Myuy) .

This means that N
|{ad}, (B),uy, yus)|

ol — oY
Then, by Cauchy-Schwartz inequality, it follows that the claim (3.2.3) holds. Choosing
| =1*(a — b) defined in (3.2.2) and exploiting the trivial inequality

|(BHau1, Hbu2)| =

la| < \/E|al*

9

we get the thesis. O

Proof of Theorem 3.2.1. We first prove the theorem for £k = 3. Without loss of gen-

erality, we can assume [a]] > [b] > [c]. We distinguish two cases.

If [c] < 2|a — b|, we apply Lemma 3.2.2 with f = Il,us and P = I;+(4_) and we get

HAdaf* (Heus )) < CN||ch3HN+y < CN[[C]]N+V|’HCU3H0-

iy

To get the thesis we apply Lemma 3.2.3. We have

[Ady, (Teus)||
* B(L2
[ gt < 2O 1
CN+V
< O s Ml

for some constant C'y depending on /; and N. Finally, we observe that

[[C]]N+l/ - 3N [[C]]N+V
o= bl" = (el + la— b)Y
since [c] < 2|a — b).
If [¢] > 2|a — b|, then
2 ula,b,c
5 < Sia . C; <1. (3.2.4)



In this case, we exploit the Sobolev embedding H%? < L™ and we get

' [ M| < g Ty el

< Oy, [Heus]| [Tau || o Tyus |l

< oo [e]™ [l Tawn [[o | Thyuz o

(3.2.4) w(a,b, C)N+1/
< CNW||Hau1||o||HbU2||o||HcU3||o7

with v = s.

We consider now the general case concerning k eigenfunctions, assuming for simplicity

that Ja;] > [aze] > [as] are the largest indexes (with respect to the order induced by

[-D-

If Jas] < 2|a; — ag], we reason as in the first case, with f = I, ug... I, up the

multiplication operator. In particular, we bound

(1Mol TT M0, )

hE

“Hasui’» s HakukHN+u <

1=3 n#l
k
<> (Ll Iyl T T honl 1T, )
1=3 nel
k
< O las] [ yus ly [Tl Tyl
=3

k
< Cyplas, ... ap) V0 T Il -
=3

Then we get the thesis applying again Lemmas 3.2.2 and 3.2.3, with v replaced by
v+ sg. If [ag] > 2|a; — asl, again we take profit of Sobolev embedding. Namely, we

compute

‘/ Iy ui Mg us . T, g,

k
< (T a0, 0 e
=3
k
< (TTHod ITtagtal, ) Ty sl Tzl
=3

k
< Jao] "2 T [ Iyl
=1

and we observe that (3.2.4) holds as above. O
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3.2.2 Separation of the eigenvalues

In this subsection, we prove that the eigenvalues of a global integrable quantum system
fulfill a notable partition, as long as the Hamiltonian function is steep and homoge-

neous.

Definition 3.2.4. A function hy € C®°(R%R) is said to be homogeneous of degree d
at infinity if there exists an open ball B, € RY, centered at the origin, such that,

hr(Aa) = XNhy(a), YA >0
for any a € R\ B,;
We recall the definition of steepness [68].

Definition 3.2.5 (Steepness). Let U C R? be a bounded connected open set with
nonempty interior. A function hy € CYU), is said to be steep in U with steep-

ness radius r, steepness indices oy, ...,cq 1 and (strictly positive) steepness coeffi-
cients By,...,Bq_1, if its gradient v(a) = %(a) satisfies the following estimates:

inZE |lv(a)]| > 0 and for any a € U and for any s dimensional linear subspace M C R4
ac
orthogonal to v(a), with 1 < s < d —1, one has

] H > Bs Qg v E 0’ 7
Orgggfuel\rle\l\iluzl || MU((Z—I—?]U)H = 5 f ( I‘]

where 11y, s the orthogonal projector on M ; the quantities uw and n are also subject to
the limitation a +nu € U.

Remark 3.2.6. [t is well known that steepness is generic. Examples of steep functions

are given by convex or quasiconvex functions.

The proof of the following crucial result is a consequence of the construction in

[12]. We report here the proof for the sake of completeness.

Theorem 3.2.7. Let H, = hy(I1,...,14) a globally integrable quantum systems and
assume that hy is homogeneous at infinity (see Def. 3.2.4) and steep (see Def. 3.2.5).

Then there exists a partition

A:UQa

ae

with the following properties.
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1. FEach Q, is dyadic, namely there exists a constant C, independent of o, such
that

sup |a| < C inf |al.
aEQa G/EQQ

it. There exist 6 > 0 such that, if a € Q, and b € Qg with a # 3, then

la — b + |wa — wy| > Cs(|al® + 1b]°). (3.2.5)

Proof. We consider the partition

d
r=U U U e
s=1

Mst. €Ty
dim(]\f):sj Im

as in Definition 8.26 of [12]. We take R > 0 large enough such that Theorem 8.28 of

[12] is satisfied and we modify the partition as follows:

By o= JEY), | Ja€ E), stlal <R}
EY) =EY) if la|>R VaeEy),.

We are going to show that such a new partition satisfies properties (i) and (ii).
PROOF OF PROPERTY (7). By Theorem 8.28; the blocks E](\Z)J are dyadic, thus (i)
holds for the blocks E’](\Z)J with C' = 2. Let us consider ER: for any a € E’R one has

la| <2 min |b] < 2R,

beES;),

where E](\j) ; 1s the block in the original partition {E](\Z)J}S w,; to which the lattice point

a belongs. This immediately implies

sup |a| < 2R < 2y 'Rmin |a],
GEER a€FER

if v := min{|b| | b € A\ {0}}. Then (i) holds with C := max{2,2y 'R} for all the
elements of the new partition.

PROOF OF PROPERTY (ii). We show that there exist p and C), such that, if a,b € A
are such that (3.2.5) is violated, namely

la — b + |wa — wp| < Cl (Jal + |B])" (3.2.6)
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then a and b must belong to the same block. If both |a| <R and |b| <R, then a and b
belong to the same block since they are both contained into ER. Thus let us suppose
that |a| > R. First , we observe that there exists ¢, > 0 such that, if C,, < ¢, then
(3.2.6) implies

la —b| < al”. (3.2.7)

Indeed, one has |b|* < 2*(|a|* + |b — a|*), which implies
0= b < Cul1+ 29)al? + Cy2la — bl
Now, if |[a — b < (2“+1Cu)ﬁ, one has
ja—b] < (271C,) 7T < (21,7 [al, (3.2.8)

while if |a — b] > (2“+16’u)ﬁ one has

ja = bl
2

<la—b—C2a—bl" < Cu(1 +2)|al". (3.2.9)

Combining (3.2.8) and (3.2.9) and reducing the value of C,, one gets (3.2.7).
We proceed showing that, if (3.2.6) holds with C), is small enough, one also has

w(a) - (b—a)| < [alla—b], (3.2.10)

where w(a) := Jd,ho(a) and hy is the function whose existence is assumed in 3.1.1.
Indeed, let us suppose by contradiction that (3.2.10) does not hold true: then, since
la — b <|a|*, ¥t € [0,1] one has

|w(a+tb) - (b—a)| > |w(a)- (b—a)| — |w(a+tb) — w(a)||b—a]
> [w(a)- (b—a)l— sup  [93ho(a)|b— af?

al s.t.
la—a’|<|b—al

> |al’|a — b — Cy, sup |a'[M 20— al?,
la—a/| ZJb—al

where in the last passage we have used the fact that hy is a homogeneous function of
degree M. Then Vt one has

@ (a+1b) - (b—a)| > |al’[b — a| = Cy(|a] + b — a)"*b — a*
laf® (3.2.11)

> |CL‘5 - 2cyho|a|Mi2+2'u = T )
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provided R is large enough. But then on the one hand (3.2.11) gives

/lw(a—i—t(b—a))-(b—a)dt > @ (3.2.12)

‘Wa - Wb| =
while on the other hand (3.2.6) gives
lwe—wp| < Cylal+C, 01" < CH(2F41)|al* +2¢C,|b—al* < 2CH*(2¢4+1)|al*. (3.2.13)

Since estimates (3.2.13) and (3.2.12) are not compatible for R large enough, since
d > p, one gets a contradiction. Thus we conclude that (3.2.10) holds true and,
combining estimates (3.2.7) and (3.2.10), that

lw(a) - (b—a)| < ]a\‘sla —b, |la—=0b<la]*, |a| >R, (3.2.14)

namely a is resonant with b — a according to Definition 6.3 of [12]. Then the proof

follows exactly with the same passages used to prove Lemma 8.39 of [12]. O
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Chapter 4
Functions with localized coefficients

In this Chapter we describe the class of polynomials with localized coefficients [48, 5],
generalizing this notion for polynomial components labeled by vectors a € A. In
particular, we will study these polynomials in a Hamiltonian setting, since later on

we exploit them in the context of Hamiltonian equations.

4.1 Functional settings: the Hamiltonian structure and

polynomials with localized coefficients

4.1.1 Phase space

Recalling the definition of the Sobolev spaces H® (see Def. 3.1.13), we introduce the

spaces
H ™ = UHS, H> = ﬂ?{s.

In the following, we will work on the complex extension of the phase space.
Definition 4.1.1. We define A, :== Ax{£1} and we denote the index as A = (a,0) €
Ae.

Definition 4.1.2. For s € R, define H: = H(M) = H*(M) x H*(M). For u =

(uy,u_) € HE we will use the norm

2 2 2
Hs (M) "= Jut s + llu—[5 -

2 _
I He(M) = [ (wy,u)]
Correspondingly, for u € HE and A = (a,0) € A, we define

Hau = Mg o) (uy, us) = Hau, ,
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where II, is given in Definition 3.1.6. For u € H? one has

u = IMau.

Given an element in H?, we define the involution that we use in order to identify the

subspace of “real functions”, on which u, =1u_.

Definition 4.1.3. Let u = (uy,u_) € H: for some s € R, we define
I(u) == (u=,uz)
with the bar denoting the complex conjugate. If I(u) = u we will say that u is real.

Correspondingly, it is useful to define, for A € A,

A

(a,0) = (a,—0),
so that one has
s (I(u)) =11 4u.

Definition 4.1.4. A function F' € C*(0O;C), with O C Hs, an open neighborhood
of the origin will be said to be real for real u if F(u) € R whenever uw = I(u) (see Def.

4.1.3).

Definition 4.1.5. We will denote the ball centered in the origin of H: of radius R by

Biy = {uc H: |lul, < R} .

4.1.2 Hamiltonian structure

Given a function H € C*(0O, C) for some open set O C H{ and for some s, we define

the corresponding Hamiltonian vector field by

i, =iV, H, . =—iV, H

Ut

where V,, is the L?-gradient with respect to uy. Namely, it is defined by the following
identity:

dy, Hhy = (Vo H hy),  Yhy € H(M),
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and similarly for V,,_. We will denote the vector field associated to H as
Xy = (iV,_H,—iV, H). (4.1.1)

The Poisson brackets of two functions are defined as usual as follows.

Definition 4.1.6. Given two functions f,g € C*(O,C), with O as above, we define

their Poisson brackets by
{f.9} (w) = df(u)Xy(u).

4.1.3 Polynomial with localized coefficients

We recall that, given a polynomial functions P of degree r, there exists a unique

r-linear symmetric function P such that
P(u) = P(u,...,u). (4.1.2)

Then, we can write

P(z)= > P(lau,...I4u) . (4.1.3)

We define a property of localization for monomials

P(HAIU, ceey HATU)
as functions of the indexes Ay, ..., A,.. To do that, we redefine the functions S and u,
introduced in Def. 3.1.12, as functions of the extended indexes A € A..

Definition 4.1.7. For any A. 5 A = (a,0), we denote
1
[A] = [a] = we (4.1.4)
Coherently, for any r >3 and A = (A, ..., A.) € AL we denote (see Def. 3.1.12)

p(A) = p(a) = [a,, )]

(4.1.5)
S(A) = S(a) = p(a) + |ar,,1) = tr,a2)

We are now in the position to state the definition of polynomials with localized

coefficients.

Definition 4.1.8 (Polynomial with localized coefficients). (i) Let v € [0, +00), N >
1. We denote by L*N the class of the polynomials F homogeneous of degree r, such
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that there exists Cy s.t.

= pA)
F(HAlul, ceny HATU,,-) S CNW||HA1U1||0"‘||HAru7“||O7 (416)

Vuy,...,u € H', VA eAl.

The smallest possible constant C such that (4.1.6) holds defines a norm in L%V,

precisely

TG s sup [P, Ty )| A
= u s g ) =i
lullg=Le--lltrllg=1 A1, Ay ' p(A)N+

(17) We say that a polynomial F' has localized coefficients if there exists v € [0, +00)
and Ny, such that, for any N > Ny one has F € LY. In this case we write F' €

Lr = UNO Uyzo ﬂNzNOL?’N.

We introduce also a norm that depends on the homogeneity of polynomials. This

norm will turn out to be appropriate in the normal form iteration.

Definition 4.1.9. Given F € L*" a homogeneous polynomial of degree v with local-

ized coefficients, we define
v,N v,N pr
\FlI5" =|F|"" R" (4.1.7)

For non-homogeneous polynomials, we use the following notation.

Definition 4.1.10. For r <7, we define the space

Ly =L
l=r
Definition 4.1.11. For F € L% we define
v,N | v,N pr
IFlz" = [[FI" R

For F e LYY, so that F = _ Fy with F; € L™, we define

T o

£

T
7N. 7N
W= IR
l=r

We conclude by defining functions with localized coefficients.

Definition 4.1.12 (Function with localized coeflicients). Let so > 0 and consider a
function F € C>*(0;C), with O C HZ an open neighborhood of the origin.
F is said to have localized coefficients if both the following properties hold:
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e all the monomials of the Taylor expansion of F at the origin have localized

coefficients.

e For any s > 0 large enough there exists an open neighborhood of the origin
Os C HE s.t. Xr belongs to C* (O, H?).

4.2 Properties of polynomials with localized coefficients

In this Section, we state and prove the main properties of polynomials with localized
coefficients. Throughout this section, we write = < y if there exists a constant C,
independent of the relevant parameters, such that x < Cy. If we need to specify that
the constant depends on a parameter s, we will write x <, y. Moreover, we will write

r~yifr<yandy Sz

4.2.1 Localized vector fields and tame estimate

Given a polynomial map X : H* — H ™ of degree r, we denote with X the unique

r-linear symmetric function such that
X(u) =X (uy ..., u). (4.2.1)

Definition 4.2.1. Let X : H* — H™° be a polynomial map of degree r and let X be
the associated multi-linear form. We will say that X has localized coefficients if there
exists v € [0,400) such that YN > 1 there exists Cy s.t. such that

. B,A v+N
1ML X (Lt oo o)l < O P Tl Tl

S(B, A)N (4.2.2)
vul,...,UTEH?, \V/(B,A)eAeXA£7

where we denoted by (B, A) the multi-index (B, Ay, ..., A.).

The smallest possible constant C'y defines a seminorm, namely

- S(A, B)N
XN = sup sup HX Mg g, g u)|| — . (4.2.3
I st llg=Lsees s lg=1 A1, A7, B (T, Artt) ou(A, B)N+v (4.2:3)
We also define
X5 = x|~ R (4.2.4)

and we call M»N the space of r-homogeneous polynomial maps for which (4.2.2) holds.
It is easy to see that if a polynomial function has localized coefficients, then its
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Hamiltonian vector field is a map with localized coefficients.

Lemma 4.2.2. Let P € LY, then Xp € M¥»N. Furthermore,
IXp (" < 7P (4.2.5)

and therefore
v, r v,
IXpl5" < EHPHRN- (4.2.6)

Proof. For B € A, and A = (Ay,...,A,) € AL, we want to bound
HHB)N(P (HA1u) cee 7HA7~U’)HO :

Suppose for simplicity that B = (b, +), the case B = (b, —) being totally analogous.
We compute, exploiting self-adjointness of IIz and the definition of the L?-gradient
(4.1.1),

HHB)N(p (g, T,

= sup ‘<HB)?P(HA1,UJ17 s 7HAruT)a h)e

heH > ||h]l=1
= s (K (M T w), Tsh),

heH > ,||h]l=1
<r sup ﬁ<HA1u17"'7HArur7HBh))

heH>> |[hl|=1
VNM(A' B)N Y
= ||PHT+1W||HAMH - [T, [ [[[ T ][
From that, we deduce (4.2.5). O

Before proving the tame estimate, we need a simple technical result.

Lemma 4.2.3. Fix v > 0. Fors>l/+—, we have

> (L [a])” I MWaully S5 Jlull,. (4.2.7)

AcA.

Proof. We compute

S+ [l < 3 AT g <

perd der, (L Lal)y™
(4.2.8)
> > (1 [a])*|[Waully S Csllull,
i (1 M i,
since the first sum converges for 2(s — v) > d, that is s > v + &. O
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Remark 4.2.4. In the following computations, we will repeatedly compare |a| and
[a], taking profit of Lemma 3.1.1. In particular, we notice that for any constant

0 < Ky < 1 small enough there exists K1 > 0 large enough such that
[a] > K;©[b] = |a—0b] > Ks[a] . (4.2.9)

In fact we have, defining Cy,Cy as in Lemma 3.1.1,

o=z lal = > gl - 512 (G - e ) 1 (12.10)

that is the wanted estimate for Ky large enough. Moreover, we point out that there

exists a constant C' such that

[a] > [0] = |a—b < C[q]. (4.2.11)

Theorem 4.2.5 (Tame estimate). Let X € MUY and fir s > 3d+v. If N > d+s,

for any sy € (%d—i— v,s), one has

H)~((u1, ey Uy)

T
N
Ssson [1X17 > gl Tl
j=1

oy (4.2.12)
Vg, ... u, € HE.

Proof. We have

2

S+ [B)>

*  BeA

H)E'(ul, cey Uy)

> MpX(Maug, ... Ta,u,)
A1,.. Ay

0

Exploiting Def. 4.2.1, the argument of the sum in B of the equality above is controlled
by the square of

. SH(A, DN
XY (14 [o]) WHHAWIHOW||HATUT||0'
A A, )

By symmetry, we can consider the case [a1] > [az]] > -+ > ||a.|. By definition of S

and u, we have

[] > [a2] = S(A,b) = |a1 — b + [az] > |as — b|
18] < [a2] = S(A,b) > |ar — as| + [0].
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We have, Vk > d,

dogr< Y s Y 8 S (4.2.13)

BeA. [6]>[az2] [[b]]<[[a2ﬂ

N < (4.2.14)
E; (!al—le EA: Ial—a2|+[[b]])

< < 00 (4.2.15)
B% Ib’| +1 2; (lay — azl + [b])"

where B’ = (V/, 03,), with &' = b — a;. With a similar calculation, we obtain also
Z ST < o0.
A1€Ae

By Cauchy-Schwarz inequality, we estimate

S(A D)V
> (L[ Wllﬂmullb---HﬂArurHo < (4.2.16)
Ar,. A, ’

1
2

2s M(A7 b)2N+V7H 2
< DD o+ W||HA1U1H()||HAQU2||0~-||HA,~UT||0 -+ (4217)

A, Ay

N[

:U“ A b V+K
(Z ||HA2u2HO...||HATur||O) - (42.18)

Exploiting (A, b) < [az], the second term is estimated by

,U A b V+K
( Z |HA2U2||0~--||HA7»ur||o)
(ZSAb Z [[a2]]l'+”||HA2U2||o ||HATUT||0> S allz

7777 l:2

=

M
<

fOl“eaCh80>V+g+li.

Consider now the first term (4.2.17). We claim that

iy DS 1+ [l (1.2.19)

Indeed, (4.2.19) is trivial for 1 + [b] < (1 + [a1]) , since & < 1 by definition. On the
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other end, if 1+ [b] 2 (1 + [a:1]), we have, from (4.2.9),
S(A,b) = |b—ai| Z [b]

and then

L+ b)) < (A, b) S 1+ [ad]

that is (4.2.19). Then we can control the first term, provided that N > s + k, with

[N

b) 2N+v—k

z( > D s ||HA1u1H3||HA2uQ||O...||HArur||o)

B \A1,.A,

(NI

< 23#(A7b)m+y 2
Z > 1+ [a]) W||HA1U1||0||HA2U2”0~--||HArUr||o

Al Ay

N

(1 + [ad])* "
S Z (Z —1)||HA1U1||(2) > ao] ¥ Magually - - T4,
S llwll H||Uz||50,

with so > kK +v + g. Summing over all the possible choices of the biggest index, we

obtain the sum in the thesis. O

Corollary 4.2.6. Let P be a polynomial function with localized coefficients, then
(4.2.12) holds for its Hamiltonian vector field.

Corollary 4.2.7. Let X € M»YN and let s > gd +v. If N > d+ s, for any
so € (3d+wv,s), one has

v,N
” SHHERHX(U)HS Ssso IXI[E (4.2.20)

4.2.2 Poisson brackets

Our class is closed with respect to Poisson brackets.

Lemma 4.2.8. Given a polynomial P and a polynomial map X, we have

dP X(u) =n |P(u,...,u, X (u)) (4.2.21)
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where we denote with n|P] the symmetrization, namely
n[P(u,...,u,h)] = P(h,u,...,u)+ Plu,h,...,u)+ -+ Plu,...,u,h) (4.2.22)

for any h € H°.
Moreover if P has degree p+ 1 and X has degree q, the multilinear polynomial asso-
ciated to dP X 1s given by

—_——

dP X (uy, ..., Uprq) =1 []5 (ul, o 7up,X(up+1, e ,up+q)>} . (4.2.23)

Proof. The thesis follows from the definition of differential. In fact, we have, Vh € H°,

dP(h) = n[P(u, ..., u, h)], (4.2.24)

since we can compute
P(u+h)—P(u)=Pu+h,...,u+h)— Pu,...,u) = (4.2.25)
=[P, )] +o(h). (4.2.26)

Then (4.2.23) follows from the definition of a multilinear map associated with a poly-

nomial. ]

Lemma 4.2.9 (Poisson brackets). Given P € Lﬁﬁ and X € M?2N, we have
dPX e LV,
with N =N —d — 1 —max{vy,1n} and V' = vy + vs +d+ 1. Moreover,

laP x| < PN

Proof. Let uy, ..., Up, Upi1,-. ., Uprg € HE and A = (Ay,...,Aps,) € APT9. By
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Lemma 4.2.8, we have

APX (TWayun, o T, )
= ‘77 [ﬁ (HA1U1, . ,HApup,)ﬁ(;(l_[Aerluerl7 . ,HAp+qup+q)>]‘

<p+1) Y|P (HAlul, Ty T X (Tt ,HAMUM))‘
BeA.e

< (p+1)||P"" x

HBX(HAP+1UP+1, Ce ,HAp+qu+q) 0

[L(Al, PN ,Ap, b)NJer
X
BZA S(Ay, .. AN

< (p+ DIIPIM x| %

% Z /J“(Ala s aAp) b)Nerl M(Ap-‘rl) s 7Ap+Q7 b)N+V2
S(A,,.. AN S(A,,. AN

BeA.

since P, X have localized coefficients. That is, we need to prove the following estimate

Z M(Ala s 7Ap7 b>N+V1 M(Ap-f-h s aAp-‘rqa b)N+V2
N N
2 S ALY Sy Ay D) N o
< :U’<A17 s 7Ap+q)N v
S(AL, .. Ay )Y

By symmetry, we can assume the following relations:

laa] = - > [ap],  [apta] = - > [apsql laps1] < [ai].

Case 1 Assume [a;1] > [ap+1] > [az].

In this case, we have

,U,(Al, T 7Ap+q) = max([[GQ]]v [[ap+2]]> J
S(Ala S 7Ap+q) = |CL1 - ap+1| + M(Ala S >Ap+q) )

and
(A, AL D) < p(Ay, o Apy) (42.98)
(Apits oo Aprg, ) < p(Agy .o Apyy)
Case 1.i For [b] > max([az], [ap+2]), we have
S(Ay, ..., Apb) =lag — b| + [az]
S(Aps1, -5 Apig, b) = [apsr — b + [ap2] -
a1 — api1| = lag —b—apy1 + 0] <lag — b + |ap41 — 0. (4.2.29)
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From (4.2.28) and (4.2.29), we deduce

S(A1, - Aprg) — 1 a1 — ap4|
M(Ala"'7Ap+q) /‘L(Ah‘-'aAp-‘rq)
<14 |y — b |ap1 — |

:U’(Ala"'aApab) :u(Ap-O—l?"'JAp—i-q?b)
S(Ar- o Apb) | S(Apirs- o Aypsash)
N /’L(Ala"'aAIHb) M(Aerl?"'aAerq?b)

{S(Al,...,Ap,b) S(APH,...,AM,b)}
N(Ala cee 7Ap7b) ’ M(A}%H: s ;Ap+q7b)

(4.2.30)

Let us define

S(Ay,.... A, D)
WAy, A, D)

>

Ly = {b e A : [B] > max([as], [apse]) : S Apir, - ’Apﬂ’b)} .

:u’(Ap+17 s 7Ap+Q7 b)

Depending on the value of A one could have L; = (), but this is irrelevant for the
following. If b € Ly, estimate (4.2.30) implies

M(Ala"'7Ap7b> M(Alw"aAerq)
<2 ) 4.2.31
S(A1, ..., A b) = S(Ay, . AL ( )
We observe moreover that
p(Apits .oy Ay, b)N T2 ”
S(ZH, — ,Ziq,b)N < p(Apity s Apyg, b)2 (4.2.32)
Then, using 4.2.28, 4.2.31 and 4.2.32, we have
Z H Ala s aAp7 b>N+V1 M(Ap+17 s 7Ap+q> b)N+V2
o S(A1, ... AN S(Apia, .., Aprg, DY
(4.2.28)
< (A, AL )X
% Z 12 Al, ce ,Ap, b)N_d_l ,u(Al, S ,Ap, b)d+1
ot S(A, ..., A b)N=d=1 S(Ay, ..., Ay, b)d+!
< (A u1+u2 PJ Alv e p+q)N_d_1 (Ab e vAp+q)d+1
p( A, Aptq) Z S(A N—d-1 G(A A p)d+1 7
be IRRRRE. p+) ( 1y p?)

(4.2.31)24.2.28 (A, ... Ay Z 1
~ S(Al,.. Ay ) Nd T (lay — | + 1)d+1”

Bely

)N+V1 +uva

that is (4.2.27), with N =N —d—1and v = vy + 5+ d+ 1. The case b € Lf is

analogous.

Case 1.ii For [b] < max([az], [ap+2]), we remark that the index of the sum in (4.2.27)
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runs over a set with cardinality controlled by p(A, ..., Ay+,). That is, it suffices to

prove that

M(Ala cee >Ap7 b)N+V1 :u(Ap-i-la s aAp+q7 b)N+V2 S(Ab s 7Ap+q)N/
S(AL Ay BN S Apeg DY (AL, Ay N

(4.2.33)

is controlled by a constant independent of b.
Take 0 < Ky < 1 and let K and C be as in (4.2.9) If [a1] > K; max([as], [ap+2]),

we get,

max([b], [as])™"

(4:2:33) < P S — (). o]
(Clar] + max(fas], [apa))™
me([a], [aya]) (42.34)
_ max(ad [aal) ™ (]
S [l sl a7 © L

choosing N’ = N and v/ = v + vs.
If Ja1] < Ky max([az]], [ap+2]), we get instead

(4.2.33) < max([b], [as])"* max([b], [ap+s])"*x

(Cla1] + max([as], [apso])Y
max([aal, [apr2]) N (1.2.35)
)N

Sl o S <1,

for v/ = vy + v,. This proves the claim in the case 1.ii.

Case 2 Assume [a;]] > [az] > [ap+1]- In this case, we have

H(Ay, .
S(A, ..

s Aptq) = max([as], [a,41])

A
s Aprg) = |ar — ag| + max([as], [ap1]) -

Case 2.i Take K, as in (4.2.9) and determine the corresponding K;. For [b] >

K; max ([as], [apt+1]), we have

S(Ay,..., Ay, b) = |ag — argmax([as], [b])] + min(Jaz], [0]) ,
S(Apt1s- s Apig, ) = b= apar| + [aps2]

and moreover,

|ap+1 — b = K[0] -
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Let us define

Gy = {b: [b] > Kymax ([as], [apia]) , [b] < [az]} .

For b € G| , we estimate

Z :U’(Ala s 7Ap7 b)N+V1 /’L(Ap—i-la s 7Ap+q7 b)N+V2
S(AL - A BN S(Ayers s Ayya DY

[[b]] N+u1y [[ap+2]]N+U2
iZ5 (lax — azl + D)™ (lapsr — bl + [aps2])™
[[b]] N+l/1 [[ap+2]]N+”2
<
- ZG: (Jar — az| + [o])  [0]¥

’S Z [[b]] V1 )N [[ap+2]]N+V2

[6] > K1 max([as],[ap+1]) (|CL1 - CL2| + [[b]]

beGy

(4.2.36)

1
(Jar — az| + max ([as]), [ap41]
/J“(Ala N aAp+q)N+V2
N S(AL . Ay N a1

Sa(Ars o Ay

))N—yl—d—l

where we are using the inequality

I (k] + B)
2 T+ B = 2 (H+ D) = (A Byt

This is the thesis with NN =N —d —v; — 1 and v/ = vy + 15 + d.
Let Gy := {b: [b] > K; max ([as], [ap+1]) . [6] > [az]}, then we have to estimate

]]N+V2

3 [a-] [ap+2

. 4.2.37
2 Tar = b+ [@aD)™ (aps — bl + [apra)¥ (42.37)

We observe that there exist two constants K3, K4 such that
[[b]] < K4[[a1]] = |CL1 — b| > K3|CL1 — (12| . (4238)
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Then we estimate (4.2.37) by

]]N+V2

[a] " [agss
2 Tar = [oaD laprr — 077

(4.2.38) [[a2]]N+u1 [[ap+2]:|N+l/2
< Z (la; — b + [as])¥  [o]N (4.2.39)

beGa

~

bEG2,[b]<K4fa1]

Z [a] lapi2] .

" (o — bl + [ [

beGa,[b]>K4[ai]

The first term in (4.2.39) is controlled by

max([aps1], [as]) N+ 3 Jao] M 6] N

(Jar — az] + max([ape ], [])V "~ 2= (lar — o] + [[aQ]])””d“ <

N+vo
> S

beGa

max([ap+1], [as])

™ (lax — az| + max([ap41], [as]))¥ 141
O S N
N TS ALY

For the second term in (4.2.39) we claim that [b] > K4[a;] implies

[as]V [ max([a, 1], [as]) N+ 1

(Jar =0l + [a2])V 1Y ™ (Jay — o] + max([apsa], [as]))™" (6]

with NN=N —v; —d—1and vV = vy + 15 +d+ 1. Indeed, we have

Jas] lap2] V2 (|ay — ao| + max([a,-1], [as])™
(Jar = 0] + [a])™  [0]* max([ap 1], [as])V
"I max([a a=N VT2 1 [[al]]N/
S laz (Tap41]; [as]) [ max([aya], [as]) ¥
[1>Kalaa] [ ]V Ja ]
~S [N a1 ~ [ [Nt~

[[b]]d+1

for any N/ < N —d —1—v;. Then, we estimate

]]N+V1 ]]N+l/2

las [[ap+2
2 (lar =0l + [a2])™  [0]V

a
bGGQ,[[b]]ZK4 [[al]]

max([ap 1], [as])N
<
(lar — ag| + max([ap+1], [as])) beZG [b ]]d+1
< max([ap 1], [as])N

™ (lay — as| + max([ay41], Jas]))™
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Case 2.ii For [b] < K max([a,41], [as]), we argue as in Case 1.ii, and it is sufficient

to bound from above

WAL, Ay DV (A, A DY S(AL L AN
S(Ar, . AL DN S(Ap, . A DN u(Ar . Ay N

(4.2.40)

with a constant.

If a1 — as| < 2max([a,41], [as]), we get

(4.2.40) < max([b], [as])" p(Apt1, - -, Aprq, b)) X

(Ja1 — ao| + max([a,4], [[G?)]]))N,
max([ap1], [as]) N+

S max(fap], oo ol LI oy

for v/ > v + 1s.
If a1 — as| > 2max([ap41], [as]) , we consider separately the case [b] < [as] and the
case [b] > [az]-

If [b] < [az] , we have

max([b], [as])
|ay — ag|N
(Jar — ao| + max([a,1], [[as]]))Nl

max([api], [as]))¥+

N/
< oN+v1+v, max([ap.1], [as])¥ 1472 (Ja1 — as| + 3lar — as)) 3V’
—_ ! ! _ )
|a1 - Cl2|N max([[ap—i-l]]a [[as]])N i

(4.2.40) <

/'L(Aerla s 7Ap+q7 b)VQ X

for v/ > vy + vs.

If [b] > [ao] and recalling that max([ap1], [as]) < 2]a; — as|, we need to bound

[[a2]]N+V1 [[ap+2]]N+z/2 (% |CL1 . CL2|)N/

(lax = 0] + [a2])™ (Japs1 — b] + [apsa])™ max([ap 1], [as])N'+
Haz]]N"rl/l (T . v <%|a1 . b| + [[b]])]\/"

~ (|CL1 . b| + [[CLQ]])N ([[ p+1]]7[[ 3]]) max([[ap+1]], [[ag]])N”f”/ 3

(4.2.40) <
(4.2.41)

where we are using the following triangular inequality,
|ay — as| < |ay — b] + [b — az| < fay — b + C[0],
and [as] < [b].
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If |a; — b] < [b] we conclude, recalling that [b] < K; max([a,+1], [as]), that

o™

maX([[ap—i-l]]a [[%]])NUFV'
vi+v2+N

(4241) S max([[apﬂ]]’ [[a3]])V1+V2

max([a,1], [as]) <1
max ([ap1], [as))V "~ 7

for N = N" and v/ = vy + 1». If instead |a; — b|] > [b], we conclude that

( s )N hIN N4y ~ 7 ( o )
|6L1 - | maX([[ap—i-l]]a [[as]])
for N < N' and v/ > vy + 5. O

Corollary 4.2.10. Let F € L»YN. and G € L;’,;’i\g, then {F;G} € N

1,72 T+ —2,ra 41y —27
with

v N" 1 v,N N\
RE;GHIR ™ S s IFIR GRS (4.2.43)

with N" =N —d—1—max{v,V'} and V' =v+1 +d+ 1.

4.2.3 High and low modes

In the definition of the normal form, we will distinguish between low and high modes.

To this end, we fix some large K and we give the following definition.

Definition 4.2.11. For K > 1, we define

uS =T = > T, (4.2.44)
{4: [A]<K}

ut=Tu= Y T (4.2.45)
{A: [A][>K}

Definition 4.2.12. A polynomial P of degree r is of order k + 1 < r in the high
modes ut if, V1 <1 <k, Yuq,...,u, € H,

P(Mruy, .. g, upy o us) =0 (4.2.46)
and there exist uq,...,u, S.t.
P(uy, . T g, g gy - uS) # 0. (4.2.47)
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From Theorem 4.2.5 and noticing that

T, <

KS ol | L8 GT] (4.2.48)

we immediately have the following Corollary.

Corollary 4.2.13. Let P € L;fﬁ
i) If P is of order at least three in u™ then, for every sy € (%d + v, 3), we have

HPH”’N
sup || Xp s S —
HuHsSRH Wlls = s g

(4.2.49)
i) If P is at least of order two in ut then, for every sq € (%d + v, 8), we have

ap [0, < 121

- 4.2.50
lull, <R ° K R ( )

Proof of Corollary 4.2.13. Firstly recall the usual high modes estimate

1
IIULIIZZMZK + a1 Laull§ S Jompemagy Il (4.2.51)
>

i) If P is at least of order 3 in ut, Xp is at least of order two in u*. Then

Xp(u) = X(uS +ub) = Xp(uS +ut, .. us +ub)

r
™\ % < < .1 il
= (Z>Xp(u—,...,u—,u e, UT)
1—2 r—l—times l—times

Applying the tame estimate in Lemma 4.2.5, we get
1 Xp(u)ll

N -1 l — -1
<P Z(Ilu<ll =1 Mt 1+ =, e, et )

(4.2.51) ||PHVN

S e lullllelly

ii) We reason as in the previous case, since again II=Xp is of order two in u’. [

We also have the following easy, but important corollary.

Corollary 4.2.14. Let P € Lﬁﬁ be of order 2 in ut; assume that

P uy, ... U4, upg) 0 = a, > K’ (4.2.52)

ord(1) o’r‘d(2
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with Torq the ordering permutation defined in Def. 3.1.11. Then, VN’ > N one has

o _ P
1P < vy (4.2.53)
and therefore, for any s large enough,
P I/,N/ 1
sup [ Xp(u)l, < (r + 1) (12:51)

lull <R KW=M R’
Proof of Corollary 4.2.14. Writing N' = N — My, (4.2.53) amounts to show that

(AL, AN (A, AN M
S(Ay, ..., AN S(Ay,..., A)N+M
:U’<A17 s 7AT)N,+V+M1 1

- S(Ah < 7A7“)N/ ’a‘rord(l) = g2 ’Ml
/,L(Ah Ce ,AT)N,—HH—MI 1
— S(Ay,.. . AN KMy
Then we apply directly Lemmas 4.2.5 and 4.2.5 and we get (4.2.54). O
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Chapter 5

An abstract result of almost global

existence

5.1 The main abstract result

We will study an equation of the form
i = Hpu+ ViP(u,u) , (5.1.1)

where Hj is a linear selfadjoint operator on which we are going to make several as-
sumptions and P is a nonlinear functional that we describe below. Here V; is the

gradient of P with respect to the variable @ and the L? metric.

We remark that the system (5.1.1) is Hamiltonian with Hamiltonian function H =
Hy + P where

Hy = / uHpudz . (5.1.2)
M
We assume the following Hypotheses on H.

Hypothesis L.0. [Integrability of Hy] Hy is a globally integrable quantum system,
according to Def. 3.1.1.

Hypothesis L.1 (Asymptotics). There ezist constants Cy,Cy and 3, with > 0, s.t.
Cilal’ < |wa| < Colal?, (5.1.3)

where, for a vector a € R, we denote |a| == ijl (a?)?.

As a corollary, one can partition ¥ in separated pieces. Precisely we have the

following lemma.
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Lemma 5.1.1. There exists a sequence of intervals
Y, = lan,by], neN
and a positive constant C, with the following properties:
ap < by < apyq <3,
and

> c[0,a1]U <U zn> ,

b, — a,| = 13, <2

2
d(zna En+1) =ap41 — bn Z W .

Proof. Given a set X, we denote with X its cardinality. Fix N > 0, we have

t{acA:|off <N} < ﬁ{and: lal gN%} < (2m) N7 |

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)
(5.1.8)

Thus, from (5.1.3), there exists a constant K = K(C}, Cy, d) such that for any N > 0

t{a€N:iw, <N} < KNF.
Then, for any n € N,n > 0, we have

£ n+1)) < K(n+1)7

and so there must be a gap in XN [n, n+ 1] with length at least K~!(n+ 1)7% centered

in some 7, € [n,n + 1]. Defining

1
b=y~ ————
2K(n+1)7
1
Qpi1 =Y+ —, Vn >0
2K(n+1)5

the intervals X,, = [a,, b,| satisfy the theses by construction.

]

We are now going to assume a non-resonance condition that allows to use of nor-

mal form theory to eliminate from the Hamiltonian the terms enforcing exchanges of

energy among modes labeled by indexes belonging to different intervals ¥,,.
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First, we keep into account that the system depends on both u and u, extending

the space of the indexes a € A.

Definition 5.1.2. We define A, := Ax{£1} and we denote the index as A = (a,0) €
Ae.

Definition 5.1.3 (Set of resonant indexes). A multi-index A = (A4, ..., A.) € AL,
A; = (aj,0;) is said to be resonant if r is even and there exists a permutation T of
(1,...,7) and a sequence ny,...,n, 2 S.t.

Vj = 1, ...,7‘/2, Weq Wq S EnT(j) and Or(j) = —Or(j+r/2) - (5.1.9)

7(3)’? T(3+7r/2)

We denote with W the set of resonant indexes.

Hypothesis L.2. [Non-resonance] For any r > 3, there are constants v, T such that
for any multi-index A = (Ay ..., A.) € AL\ W one has

r
E ajwaj
Jj=1

7
_.
max;—y, ., |a;|)

27 (5.1.10)

Eventually, we assume a dyadic clusterization of the lattice A.

Hypothesis L.3 (Bourgain clusters). There ezists a partition

A:UQa

ac

with the following properties.

1. Fach €, is dyadic, namely there exists a constant C', independent of «, such
that

sup |a| < C inf |al.
aEQa aGQa

. There exist 6 > 0 such that, if a € ), and b € Qg with o # 3, then

ja = b + |wa — we| = Cs(lal’ + [b]°).

Concerning the non-linearity P, we assume that it has the following form.

Hypothesis P. P is a functional defined on a neighborhood of the origin of H%(M) X
H?*(M) for some positive s > d/2, that has a zero of third order at the origin and has
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the structure

P(u, ) = (/MF(N(u,u),u(x),u(x),x)dw) , (5.1.11)

where

N(u,u) = /Mu(:v)u(a:)das, (5.1.12)

and F € C®(UXUXU X M;C) is a smooth function andU C C an open neighbourhood
of the origin. We also assume that F(N,u,u,z) € R.

Our main result is the following.

Theorem 5.1.4. Consider the Hamiltonian system (5.1.1). Assume Hypotheses L.0,
L.1, L.2, L.3, P, then for any integer r > 3, there exists s, € N such that, for any
s > s, there are constants g > 0, ¢ > 0 and C' for which the following holds: if the
initial datum ug € H*(M,C) fulfills

€ = |Juoll, < €0,

then the Cauchy problem has a unique solution v € C°((—T.,T.), H*(M,C)) with

T, > ce™". Moreover, one has

lu(t)|, < Ce, Ve (-T.T.) .

5.2 Structure of the proof of Theorem 5.1.4

The proof of Theorem 5.1.4 is the combination of two main results. First, we prove an
almost global existence result holding for nonlinearities P with localized coefficients,
namely Theorem 5.2.1. This is the content of Sections 5.3 and 5.4. Then we prove that
all nonlinearities P satisfying Assumption P have localized coefficients (see Theorem
5.2.2). This is the content of Section 5.5.

Consider a Hamiltonian function of the form
H(u) = Ho(u) + P(u),

Ho(u) :/ u_Hpu,dx = Zwa/ g yulle_yud.
M M

a€A

(5.2.1)

We will prove the following.

Theorem 5.2.1. Consider the Hamiltonian (5.2.1), assume that w, fulfill the Hy-
potheses L.1, L.2, L.3, and assume that P is a function with localized coefficients,

which is real for real states and that has a zero of order at least three at the origin,
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then for any integer r > 3, there exists s, € N such that, for any s > s,, there are
constants eg > 0, ¢ > 0 and C' for which the following holds: if the initial datum
up € H*(M,C) fulfills

€= |luoll, < €0,

then the Cauchy problem has a unique solution v € C°((—T.,T.), H*(M,C)) with

T, > ce™". Moreover, one has
lu()|l, < Ce, Vte (-T.,T.) . (5.2.2)

Theorem 5.1.4 is a consequence of Theorem 5.2.1, in view of the following.

Theorem 5.2.2. A nonlinear functional of the form (5.1.11) fulfilling Hypothesis P

is a function with localized coefficients.

5.3 Birkhoff normal form

In this Section, we construct the normal form (see Theorem 5.3.19 and Corollary
5.3.5) in order to normalize the homogeneous term of low degree in P; this is the
core of the proof. The normal form is the result of the application of a sequence of
near to the identity Lie transforms. For a precise definition of a Lie transform see the
Subsection 5.3.2. In Subsection 5.3.3 we show how to solve the homological equation

which is needed in the iterative scheme of Subsection 5.3.4.

5.3.1 Normal form: definition and statement

We start defining the support of a polynomial.

Definition 5.3.1 (Support). Given a polynomial

Puy=> Y  Pyu,... Tyu) (5.3.1)

I=3 A=(Ay,...,Aj)eA]

we define the support of P as
supp(P) = {A = (Ay, .., A)  Fuy,. .y st P(T gy, .. T w) # O} . (5.3.2)

We now define what we mean by normal form. Informally, it is a polynomial
containing all the terms that we will not eliminate from the perturbation in the

normal form procedure. For fixed K > 1 and r > 3 we have the following definitions.
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Definition 5.3.2 (Block Resonant Normal Form). A non homogeneous polynomial

Zpr of degree r will be said to be in Block Resonant Normal Form if
Zpr = 2o+ Zp , (5.3.3)
with Zy and Zg of degree, respectively, 0 and 2 in II+u and
i. A € Supp(Zy) implies A € W (see Def. 5.1.3);

it. A € Supp(Zg) implies that there exists a block Q, s.t.

aTord(1)7 aTon(Q) E Qa ? and O-To'rd(l)o-'ro'rd(2) = _1 °
where Torq 18 the ordering permutation defined in (3.1.11).

Definition 5.3.3 (Higher Order Normal Form). A non homogeneous polynomial Z o
of degree r will be said to be in Higher Order Normal Form if it has the structure

Zuo = Zy+ Z>3 ,

with Zy of degree 2 in II*u and Zs3 of degree at least three in II*u and the following
holds:

Ac 8upp<ZQ) - |CLTOTd(1) — CLTOTd(g)‘ > C(;K6. (5.3.4)

The terms in Z; are resonant in the standard sense of perturbation theory, namely,
they do not enforce the exchange of energy between modes pertaining to different sets
Yn; the terms in Zg do not provoke the exchange of energy between modes pertaining
to different blocks €, and thus they conserve the total L? norm of the modes of a
block €2,; finally, according to Corollaries 4.2.13 and 4.2.14, terms in Higher Order

Normal Form will be shown to have a small vector field.

Definition 5.3.4. A polynomial which is the sum of polynomials in normal form

according to the above definitions will be said to be in normal form.
The heart of the proof of Theorem 5.2.1 is the following proposition.

Proposition 5.3.5. For any r > 0, ds, such that, Vs > s,, dR,, > 0, with the
property that VR < R, 3K and a canonical transformation

T By — By with [TO)]7 2 Bypor — By (5.3.5)
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S.1.
HoT" =Hy+ Zy+ Zp +R"

with Zy and Zg as in K block-resonant normal form, see Def. 5.3.2, and
[ Xz (W), S B2, Vu€ By,

Moreover, we have

|T=Xz, (W], SR, VuebBj. (5.3.6)

5.3.2 Lie Transform

The transformation 7) will be constructed by the composition of Lie transforms, so

we start by studying the properties of the Lie transform.
Given G € C*®(H:,C), we denote by @ the flow generated by the Hamilton

equation & = Xg(u). From Lemma 4.2.5 one has the following result.
Lemma 5.3.6. Firr, let3<r <7, ve[0,+00), N>1and G € L#V Vs > %d—{—v
there is a constant Cr s > 0 such that VR > 0 satisfying

R2

7,N,s

IG5 < (5.3.7)

the map g, : By o — By, is well defined for [t| <1, and moreover

Glz"
L) — |, <, o NG
||u||ssu<5)rc/2H a(w) —ull, S 1t

Definition 5.3.7. We call &4 = @g}tzl Lie transform generated by G.

Lemma 5.3.8. Let G € L;’V’,{,V, 3 <r <7 and let D be the Lie transform it generates.
For any s > %d + v there exists Ry > 0 such that for any F' € C*(Bg) satisfying

sup [ Xr(w)], < oo .
lull <R

one has

sup || Xroag (W), <2 sup [Xp(uw)l, , YR<R,.

[[ull (<R/2 [ull <R

s )
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Defining
Ad%(P) =P and AdL(P):={Ad ' (P),G} for k> 1

we have the following standard lemma.

Lemma 5.3.9 (Lie transform). Let 3 <r <7 and G € L,lf,’,iv. Assume (5.3.7), then
for any P € C= (B3 ,C), we have,
- 1 1 ' n mn+1 T
P(®g(u)) = Zk' (AdEP) (u u) + — 0 (1—7)" (AdEH' P) (0% (w)dr  (5.3.8)
k=0 '

for any n € N and Yu € BR/2

From the estimate of Poisson brackets (see Lemma 4.2.9), we deduce the following

result.

Lemma 5.3.10. Let G € L7~1+2T1Jr2 and F € LYY withry <7, and ro < 7. Yk > 0

72,727
k Vg, Nk
we have Ad(F) € Lo i otk and

k
. lc )
lAdeP)|[7™ < <’ ]!2 ) [Faliae (5.3.9)

with Ny = N — k(d +v) and vy, = k(d + 2v).

Proof. We prove it by induction. For k = 1, the thesis follows from (4.2.43). Suppose
the thesis is true at step k. Exploiting again (4.2.43), we get

HAdlé—&-l ||Vk+1 yNit1 _ H{Adk G}Huk_H Nk+1
k+1
1 Gl v v Gllg v
e (” - ) IEI I = (” s ) 171"

It is useful for the perturbative iteration to summarize the last results in the

]

following lemma.

Lemma 5.3.11. Fiz 7, let P € L7, andGEL”HT2+2 with ry <7, r9+2 < 7. Let

1,71

77+3—7"1
T2

n =

: (5.3.10)

if the r.h.s. 1is integer, otherwise we define n to be the r.h.s. of (5.3.10) +1. Let
s > 3d+2 There exists Cy s n > 0 such that if R fulfills (5.3.7), then the Lie transform
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dq: Bg/z — B}, is well defined. Moreover, one has

PO(I)G:P—i-PI—i-RRG

and W' N’ s.t., P' € Lﬁi’ﬁ;fﬁnﬁ. Furthermore Xz, . € C*(By,H:) and one has
v,N
VN v [|GllR
O P R 8
o (IGIE") 1
sup || X W < |PIIEY =, 5.3.12
s el < 1P () 4 5312

so that X, has a zero of order at least v + 2 at the origin.

Proof. Define
"1
/. § : k
k=1

and Rp¢ be the integral term in (5.3.8). Then, by Lemma 5.3.10, one has

k
o xm 1 (IGI e < JGIY
1P szg( | 1P s P
=1

provided <”G1LJ—:N> < 1/2, which is ensured by (5.3.7). This gives (5.3.11). To get
(5.3.12) just use the estimate (5.3.9), Lemma 4.2.2 and Lemma 5.3.8. O

5.3.3 Solution of the homological equation
In this subsection, we state and solve the homological equation.

Remark 5.3.12. Recall that, following Lemma 5.1.1, the set of frequencies decom-
poses as the union of bounded and disjoint intervals 3,. In the following, we will
choose the cut-off K lying between two intervals, namely such that for any a,b € A
with [a] < K and [b] > K we have that, for any n > 1,

We €Y = W€D, (5.3.13)

We start defining the set of non-resonant indexes.

Definition 5.3.13 (Block K non resonant indexes). We say that A = (A4, ..., A,) €
AL is Block-K non resonant, and we write A € T (r), if [A.,, 3] < K (namely there

are at most two large indexes) and one of the following holds:

o [A, ] < K (there are no indexes larger than K) and A ¢ W ;

Tord
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o [A. ] = K and [A-, 2] < K (there is exactly one large index);

o [Ar,.@] 2 K and [4,,,
of the following holds, recalling Hyp. L.3:

@] < K (there are exactly two large indexes) and one

— Ja s.t. Aroa(1)s Aryrg(2) S Qa and 070rd(1)O70rq(2) = +1;

- EIO[ % /8 St a/To'rd(l) E Qo” aTord(2) E QIB and |aTord(1) - aTon(Q)’ S K6

Remark 5.3.14. By Definitions 5.3.2 and 5.3.3, a polynomial supported only on

multi-indexes A ¢ T%(r) is in normal form according to Definition 5.3.4

In the following lemma, we show that there are no resonant multi-indexes with

just one large index.

Lemma 5.3.15. Fiz K as in(5.3.13). If A € AL is s.t.

[Ar,.)] > K and [A,, @] < K, (5.3.14)

Tord

then there ezists a constant y,. > 0 such that

s
‘ E Ulwal
=1

where 7 > 0 is the constant appearing in Hyp. L.2.

> KT,

Proof. For simplicity, we can suppose that A, )= A;. We distinguish two cases.
Case 1 If [Ai] > K, =2(r — 1)%K, recalling w,, < K” for any j =2,...,r, we have
that

< (r—1)K". (5.3.15)

T
E O-lw(ll
=2

From (5.3.15) and [A;] > K, we deduce

T
E leal + leal
=2

> K/ —(r—1DK?>1

that implies the thesis.

Case 2 If [A;] < Ky, we prove that A ¢ W. In fact, if by contradiction A € W it
should exist A’ € A with Ay, A’ € 3, for some n. But then, from (5.3.13), it would
follow that [A. ] > K. This is in contradiction with (5.3.14).
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Since A ¢ W, from Hypothesis (L.2) it follows that

Ay

In the following lemma, we take care of multi-indexes with exactly two indexes

with modulus larger than K.
Lemma 5.3.16. If A € Z5(r) is s.t.

[Ar,a2] 2 K and  [Ar, 5] < K, (5.3.16)
then there ezist constants v and T such that

r
E O1Wgy,
=1

,Y/

> —.
puiy K,Tl

Proof. For simplicity, suppose that
ATord(]-) = Al and ATord(2) = A2 :

Case 1 Consider first the case 03 = 09. Reasoning as in the proof of Lemma 5.3.15,
we distinguish two cases.
Case 1.ilf [A] > Ky =2(r — 2)%[(, the thesis follows trivially since

r
E O1Wy,
=1

and we can reason as in case 1. in the Proof of Lemma 5.3.15.
Case 1.ii If [A;] < K3, we observe that by definition A ¢ W, since o109 = +1 and
recalling (5.3.13). Then, from Hyp. (L.2), it follows

T
g O|Wq; T O1Wa, + O2Wq,
1=3

S oy | > A B
j=1 ! (maxjil ----- T |aj|) K{ KT
for’y’:2 (7 3
T(r—1
Case 2 Consider now the case 000 = —1. It follows by definition of Z¥(r) that

ay € Qg, ag € Qg with a # B and moreover |a; — az| < K°. From Hyp. L.3, it follows
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that

|wa1 - wa2| > C5|a1|6'

B
6

=

Case 2.i lf [ > Ky =2(r —2)7 K

we observe that |a;| 2 K3 and then

> Cslas]® — (r —2)K? > 1

r
E Ulwal + Wa, — Way
=3

and the thesis follows.

Case 2.ii If Ja;]] < K>, one has that A ¢ W. To see this, remark that |w,, — wa,| >
Cg\@ﬂ‘s > CK? > 2 but each ¥, has a length smaller or equal to 2, so that ai,as
belong to different set X, and then the definition of W cannot be fulfilled. Then
recalling Hyp. (L.2), we conclude that

ZUjWa > i _> v _ 7 :
j=1 ! (maX]_l ~~~~~ T ’a]|) K; KT
: I ol r_ B
with v/ = co-3 and 7' = £7 [

In the next lemma, we solve the homological equation.

Lemma 5.3.17 (Homological equation). Let 7,1 be given in such a way that7 > 1 > 3,
then for any F € L;’Tf\] there exist G, Z € LVFN which solve the homological equation

{Hy,G} + F =Z. (5.3.17)
Furthermore there exist T() and y(F) s.t.
61 < FI. (5.318)
and Z € L;’rfv 15 in normal form according to Def. 5.3.4 and fulfills the estimate
121" < I1F11"

Proof. Writing

we define GG, Z through their multilinear map. More precisely, recalling Definition

86



5.3.13, we set, for 3 <[ < T,

_ E(Mauy, .. Haw) if(Ay, ... A) € T5(0)
ZZ<HA1U1,. .. ,HAZ’LLZ) = : .

0 otherwise

Fy(II I
_ 1 LU M) g, A € ()
G ug, ... Tgw) = > i1 0jWa,

0 otherwise .

These polynomials solve the homological equation (5.3.17) since

{Ho, G}(u Z Z F(Mayu, ..., au).

=3 AeTK (I

In particular Z is in normal form (recall Remark 5.3.14). The estimate (5.3.18) follows
from Lemmas 5.3.15 and 5.3.16. O

5.3.4 Proof of the normal form Lemma

In this subsection, we complete the proof of Proposition 5.3.5.
Fix 7 > 2 and Taylor expand P at order 7 + 2. Recalling (5.2.1) and Definition
4.1.12, we have

P=PO 4+ Rpy.

with P e L\ r+o for some positive N, v. Furthermore Ry has a zero of order 7 + 2
at u = 0. Moreover, since Xg,, € C*(B%,H?), one has, for s large enough and R > 0
small enough

|Xre(Wl, S R, Vu € B,

In the following lemma, we describe the iterative step that proves Theorem 5.3.19.

Lemma 5.3.18 (Iteration). Fiz 7 > 2; for any 0 < k < 7, there is a small constant
i > 0 s.t., denoting

PO
= () = 108" e

if R, K are s.t.
i(Re) < i (5.3.19)

then there exist Ny, v, > 0 such that, ¥sq > d/2 + vy, the following holds: there exists
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an invertible canonical transformation T* : BY Rejok B such that
H® = HoT® = Hy+ 7" 1+ pt) 1 Rgf)

and, AR, > 0 s.t. one has

Np_1,Wk—1 - -
Z®) € Ly - is in normal form and

1Z®| 2" e IPOIYY . YR < Ry, (5.3.20)

k N K
P® e Ly ., and

[Pl Skt IPOIR . VR <Ry (5321)

Vs > sg IR,y s.t. TH € C (B‘ﬁs’k ,Hi) and [T®]~1 € C> (Bssk;?ﬁ)

ok

T® (B ) C By, [TW] 7 (Bjys) C By s VR < Rog (5.3.22)

Xngﬁ € C™ (B; /Qk,?{s) and, Yu € B%,, with R < Ry /2% one has

< R*(K"R)" (5.3.23)

S

[y )

Proof. The result is true for k = 0 with 7®©) = Id and Ny = N, vy, = v. We prove the
inductive step k ~ k + 1.

We determine Gy 1, Zpi1 € Lk +3 Frrt solving the homological equation.
{Hy,Grsr} + P® = 7,1, (5.3.24)

To this end, we remark that the maximal degree homogeneity of P*) appears when
k =7 —1 and is smaller than 7. So we take 7 and ~ in (5.3.18) to be 7(7) and (7).
Then we write

HEY =R 6 g, .
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Exploiting (5.3.24), the Hamiltonian H**V has the form,

H*D = g+ 2W 4+ 7+
+ Hy — {Ho, Gra } + (PW) + (20 +
+ RHOaGk+1 + RP(k)7Gk+1 _|_ RZU") + RT,k’ o ®Gk+1 )

Gt

with the primed quantities defined as in Lemma 5.3.11. Collecting the terms above,

we define the following quantities:

ARSI ALEY/A
P = HY — {Hy, G} + (P + (20)"

Rrjp1 = RH07Gk+1 + RP(k)va+l + RZ<k)7Gk+1 + Rk o q)Gk-H :

First, we check the order of the polynomials, we have (P®) € Loyyos +nym, With
a suitable n;. Similarly one has H) — {Ho,Gry1} € Logsorinsr, » and (ZF) €

L k417, +nsr, With suitable ng, ns. Defining
Thy1 1= Max {71 + N3y, Tx + NoTh, Tk + 174}
one gets the result on the order. We come to the estimates. First, we remark that
nw < RK™ . (5.3.25)

From Lemma 5.3.17 and the inductive hypothesis, we get the estimates

T KT
Ng,v v v
Gl < T IPOIF < S PO S i+ R,

(5.3.26)
N, RY W
| Zisa |2 S PP S pb | PORY

The estimate (5.3.20) follows from (5.3.26).
For the estimate (5.3.21), we prove it for lT:I(’J — {Hy, Gg11} applying Lemma 5.3.10.
Denoting N’ = N1 = Ny — n(vp +d) and V' = v = n(2v + d), and taking profit
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of (5.3.24), we have

Ny.v,
HH’ {H07Gk+1}HNk Ve l‘ {HO’GkJrl})
N,k R
Zl'AdeJrl Zk+1_P(k))
R
|Gl New w1
:SE:ZI<_J%%T__> [P35 < ]| PO} E:HM%HN
1 =1
S HP HNV k+IZl (k1)1 < | 2k+1 p N,v
=" ST |

that is (5.3.21) with k replaced by k + 1 (also in the case k = 0).
Concerning (Z(k))/ we just use (5.3.11) which gives

N,k

2y < Poy e

R

Similarly one gets the estimate of (P(k))/.

Finally, consider Ry ¢, ,,- One has ZW®) € Ls; ., sothat we apply (5.3.12) with
ri = k41, ro = 3, which gives

f
1>
nt “k+17

so that the remainder is estimated by

_ lzop
R

HP HNk Vklur RQ(RKT)F
R

k+1\n+1
H Rz(k)vaH (/~L )n <

Proceeding in the same way for the other terms one gets the thesis. [

We thus have the following.

Corollary 5.3.19 (Normal form). Assume Hypotheses L.1, L.2 and L.3 for the
Hamiltonian H = Hy + P of the form (5.2.1) and that P is a function with local-
1zed coefficients according to Definition 4.1.12 and with a zero of order at least 3 at
the origin. For any ¥ > 3 there exist T and sy > sg > d/2 such that for any s > s
the following holds. There exist constants Ry s and Cr s such that, if K and R fulfill

RK™ < R,
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then there exists an invertible canonical transformation

T By = By, [T0] 2 By = Biyyor

such that
HD =HoT" = Hy+ Z7 + Ry (5.3.27)

where 77 € Lg;’fff is in normal form and Xr, € C*(By )y, He). Moreover, for any

u € By, we have
X, (), S B (KTR)" .

Applying Corollary 5.3.19, we prove Proposition 5.3.5.

Proof of Proposition 5.3.5. We apply Corollary 5.3.19. Choosing K in such a way
that

RK™ ~ R? (5.3.28)

we have

Choosing 7 := 2r we get
| Xrp (W), S B2,
From Theorem 5.3.19, Definitions 5.3.2 and 5.3.3, we can write
Z®) = Zo+ Zp+ Zo+ Z>s.

We have to show that Z; and Z>3 can be considered remainder terms of order R,

From Corollary 4.2.13, we have that, for any u € By -,
Zsslp” 1 _ R

|
||XZZ5(U)H5 5 Ks—s0o R S Ks—so0 '

Since (5.3.28) implies K ~ R™27, we have




if s > s, =59+ 27(r —1) and so
Xz, (), S B

It remains to consider X ,. From Lemma 4.2.14, it follows that, for any v € Bj,

|Z]5" 1
HXZQ<U)||3 S Ké(N/_N)E 5 KO(N'=N)

for any N’ > N. Denoting N’ = N + M, we have

for My = 2 (r — 2). We get the thesis denoting
R(F) = Z2 + 223 + RT.

The estimates (5.3.6) follow from Lemma 4.2.13. O

5.4 Dynamics of the normal form

We conclude the proof of Theorem 5.2.1, exploiting Proposition 5.3.5 to study the
dynamics corresponding to a smooth, small, real initial datum for the Hamilton equa-

tions of (5.2.1). Precisely, take some large s and assume that

luol, =: € < (5.4.1)

2. 42r ’
with a small R < R, and R, ; from Proposition 5.3.5. Denote

20 = (1) (uo),

and we consider the evolution in the z variables. Let z = (2,2 ) € H® X H* = H?
and, for K defined in Proposition 5.3.5, recall that

{TAl<K}

Itz =2t = Z 1142 .
{[Al>K}
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Write the Hamilton equations of H(™ as a system:

Zé = XHO(ZS) + XZO(ZS) + HSXZB<Z) + HSXR(@ (Z) y

(5.4.2)
2= X (25) + T Xz, (2) + T X o (2) -

We start considering the dynamics of 2=. We remark first that 15X, and
[I=Xpe are remainder terms of order R™2 (see Proposition 5.3.5). Then, it re-
mains to analyze the role of Z;.

To this end, we define the set of indexes correspondent to each ”band” of the spectrum

>, the correspondent projector and the correspondent ”superaction”, namely

E,={aeA w, €.}, I,z = Z Mz,
{A=(a,0):a€EEL}

In(2) = Z /H(a7+)zﬂ(a7_)zdx.

aEEn

In particular, if z is real (as we assumed)

1
(2) = 32 anzlly =5 D M2 llg + M2

aGEn aeEn

In the next lemma, we prove that J, is preserved under the dynamics associated to
Zy.

Lemma 5.4.1. Let Z a polynomial supported on W, then
{Z,J1,} =0.
Proof. From Def. 5.3.1 follows that Z is the sum of terms of the form
/ HAlul .. .HAlul
M
with A = (Ay,..., A;) € W. First, note that we have

XJn (u) =1 Z (H(a,+)ua _H(a,f)u) =1 Z 6a€2n (5a,+ - 60,*)H(a,o)u .
(a.0)

Moreover, for any homogeneous polynomial F', one has

dF(w)X = F(X,u,...,u) + F(u, X,...;u)+-+ F(u,...,u, X) .
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Decompose Z = ), Z; in homogeneous polynomials, we have

{2, Jn}(u) = dZ(u) X, (u) =

=1 Z Z(HAlu, ...,HAZU) Zéajezn(55j7+ - 603‘;*) .

Ar,n A Jj=1

We recall that Z is in normal form, which means that the sum can be restricted to

multi-indexes belonging to W. So, fix one of the multi-indexs A € W. The definition

of W implies that there exists a permutation 7 of 1,...,[, and indexes nq,...,n; s.t,

Ar(j), Ar(j4+1/2) € Yin; and 07(j)07(j1172) = —1. Thus consider the sum

n n
E :5%6211(601& = 0g;,-) = § :507(3')62"(507@# - 507(]')’—) :
j=1 j=1

If a,;y € X, with a sign, it means that also a,(j4i/2) € X, with the opposite sign.

Thus the sum vanishes for any index in W.

O

Corollary 5.4.2. There exists a positive constant Cy with the following property:

assume that (5.4.1) holds and that there exists T, > 0 s.t.

__R
DR

Izl Vit < Te

and some R < R,,, then one has

[=]: < A=l +1r).

Proof. Define

Qn,s = inf (1 + [a])*

aGEn

then there exist two constants Cj5, Cy such that, for any n, one has

C3||an||§ S an,an S C4||an||§a

15122 S anda

n s.t.
max En <K
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Then, by Proposition 5.3.5 and Lemma 5.4.1, one has

% > anedn S ans{Jn Zo+ RO} SR (5.4.6)

max Ep <K

which is valid for [t| < T.. From (5.4.5) and (5.4.6) the thesis immediately follows. [

Consider the dynamics of the high modes 2+ given by (5.4.2). From Proposition
5.3.5), HLXRW is a remainder term of order R"*? and Zp is in Block Resonant Normal
Form and of order 2 in z*.

Recalling the dyadic partition A = | o Qa, we define the correspondent projec-

acA
tors and the correspondent superactions. Since we are interested in the dynamics
of the high modes, we consider only superactions defined on modes |a| > K. This
amount to consider a cutoff of the Bourgain’s blocks, which do not break the dyadicity

of the partition.

I,z = Z T4z

{A=(a,0): a€Qq, [a]>K}

= Y / Moy M)z do = [Tz

{a€Qa, [a]>K}

By definition of Block Resonant normal form (see Def. 5.3.2) II* X4, is linear in 2.
Then we exploit that Zp is a real polynomial to show that the L? norm on each block
is conserved along the dynamics induced by the normal form. Namely, the dynamics
of the normal form Zp enforces the exchange of energy only within high modes in the

same block §2,. This is the content of the following lemma.

Lemma 5.4.3. For any real z € H;, we have that, for any a € A,
{Ja, Zp} (2) = 0.

Proof. In this proof, we denote again u, := Il4u. Since Zp is real and recalling Def.

5.3.2, it is the sum of terms of the form

Zg(z) = /z(a,+)z(b7_)z,43 cooza, + /z(av_)z(b,Jr)zAS L ZF

(5.4.7)
= 2Re (/ 2(a4)Z(b,—) % Ag - - - ZAT) , Vzreal

with A = ((a,+), (b, —), As,..., A,) € AL such that a,b € Qg, [a] > K and [b] > K
for some (3. Here, for the sake of simplicity, we are considering multi-indexes for which

the two largest indexes are the first and the second.
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If § # «, then {J,, Z3} = 0. Otherwise, we have

{Ja, Za} (Z) = Z'/Z(a7_)2’(b7+) ce e RAL T Z'/Z(a7+)2(b7_) - A,

with a,b € €. [

The following Corollary is proved exactly in the same way as Corollary 5.4.2

Corollary 5.4.4. There exists a positive constant Cy with the following property:
assume there exists T, > 0 s.t. (5.4.3) holds for some R < R,s, then one has

[ESOleX ERO R (5.4.8)

Proof of Theorem 5.2.1. We prove by a bootstrap argument that, if € is small enough,
the escape time T, fulfills 1/R™™! < T,. First we make the canonical transformation
T and apply the estimate (5.3.5) with R = 27'€4?" where € := |lug|,getting that

R
<
Hons = 9.92r

Then we can apply Lemmas 5.4.2 and Lemma 5.4.4, since the assumptions on the
initial datum z(0) are fulfilled. Assume now, by contradiction, that there exists ¢, <
T, := R1(2-2%)72 s.t. 2(t) € By, for all [t| < t. and 2(t.) € OB}, with R :=
% and C) as in Lemmas 5.4.4, 5.4.2. For |t| < t., Lemmas 5.4.2 and 5.4.4 give
that

(22

: 2 2 R? R?
OB — e < Cullanli + D < 0 (s + )

22 . 24r 22 . 24r

which is absurd. Going back to the variables u, changing r + 1 to r and adjusting the

name of the constants one gets the result. O]

5.5 Proof of Theorem 5.2.2

In this Section, we prove Theorem 5.2.2. It implies that the functional introduced in
Hypothesis P is a function with localized coefficients. The proof follows immediately

from the next lemma and Theorem 3.2.1.
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Lemma 5.5.1. Let P be a polynomial with localized coefficients, then also

Q(u);:fKuX[;uﬂdx (5.5.1)

has localized coefficients.

Proof. Let r be the degree of P, then one has

|Q(Ha1u1’na2u2’nb1u3a ""7Hbru7’+2)| = 5a1,a2 P<Hb1u37 “"’Hbrur-ﬂ)‘ ”HalulH ||Ha2u2|| .

(5.5.2)
Therefore, to get the thesis it is enough to show that
N+v N+v
oy MR < i@ 02, b) (5.5.3)
PES)N ™~ S(aq, ag,b)N

For simplicity, we will also denote a := a; = as and we consider, in full generality that
[b1] > [b2] > [bs] are the three largest indexes among by, ..., b,.

Case 1. If [a] > [b1] we have the trivial estimate

,LL(b)N+V B [[b3]]V+N .
sww‘wm—@HMmNSMH

[0, _ plar, az, b)Y
(lar — as] + [b1])N S(ay, as, b)N 7

< [b:]" =

since |a; — ag| = 0.
Case 2. If [b1] > [a] > [b2], we need to distinguish two cases.
Case 2.i. Consider first the case [b;] > Ki[be], with K7 > 0 so large that

by — by| > Ko [b1] (5.5.4)

for a constant 0 < Ky < 1; the existence of such constants is established in 4.2.4 .
Then using |b; — a| < [bi] + [a] S [b1], we estimate

[[b3]]u+N - [[b3ﬂy+N < [[bg]]V+N
(b1 = bof + [0s)Y = (K2[bu] + [bs)Y ™ ([b1 — af + [bs])V
Since the function f(z) = (I’?jr—;;]v is increasing for any N,v > 0, K > 0 and = > 0,

the above quantity is bounded, up to a constant, by

[[a]]V+N o :u(a'la a27b)N+V
(Ibr = a[ + [a))¥  S(a1, a2, b)Y
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Case 2.ii. If [b] < K;[by] we observe that
ch[[bg]] Z Cﬂbl]] Z ’bl - CL|

and we estimate

[[bg]]V+N N [[bQHVJrN
< b = (K1C + 1
(o= bl + o)™ = P = O ) e e T )
< (K, C+ 1) [
= (1br — al 4 [bo])N
Using again the monotonicity of the function f(x) = ([fjr—;;v, we get
v+N
555) < (0 + V1]
(355 = G+ VG T
b)N+u
(K ) N i(a, as, .
(K C 1) S(ay,as, b)N
Case 3. If [by] > [a] > [bs] we get
Iu(b)NJru _ [[bg]]quN
S()N  ([br = bo| + [b3])N
[[a]]V+N B u(al,ag,b)N+”

= (o= b+ [a)® ~ Slar, a2, b)N

(5.5.5)

Case 4. If [a] < [bs] the estimates (4.2.27) is obvious since it does not involve a.

This concludes the proof.

[]

Proof of Theorem 5.2.2. The proof follows directly from Lemma 5.5.1 and the defi-

nition of a function with localized coefficients 4.1.12, since the Taylor expansion of a

functional fulfilling Hypothesis P is the sum of terms P,, of the form (5.5.1), where any

P(u) is a polynomial with localized coefficients as a consequene of Theorem 3.2.1. [
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Chapter 6
Applications of the abstract result

In this final Chapter, we prove some results of almost global existence and Sobolev

stability by applying the abstract Theorem 5.1.4, proven in Chapter 5.

6.1 Manifolds

We present examples of manifolds on which the Laplacian-Beltrami operator —A is a
globally integrable quantum system with steep and homogeneous Hamiltonian func-
tion. Thus, the associated set of frequencies satisfies Theorem 3.2.7 and so fulfills
Hypothesis L.3 of the abstract Theorem 5.1.4. For some of these examples, the par-
tition of the frequencies follows directly from the spectral structure of the Laplacian.
For example, this is the case for tori [23]. Theorem 3.2.7 furnishes a more general

theoretical framework and extends the result to Lie groups and surfaces of revolution.

1. Flat tori. Given a basis e1, ..., e; of R we define a maximal dimensional lattice
I C R by
d
.= {x:ijej , my EZ}

j=1
and the corresponding maximal dimensional torus 79 := R?/T". By using in R?
the basis e;, one is reduced to the standard torus T¢ endowed by a flat metric.
Then the actions are given by the operators —id;. Bourgain’s clustering of the

eigenvalues of the Laplacian was already proved in [29, 32].

2. Rotation invariant surfaces. Consider a real analytic function f : R® — R,
invariant by rotations around the z axis, and assume it is a submersion at
f(z,y,2) = 1. Denote by M the level surface f(z,y,z) = 1 and endow it
by the natural metric g induced by the Euclidean metric of R3. We introduce
coordinates in M as follows: let N and S be the north and the south poles
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(intersection of M with the z axis) and denote by 6 € [0, L] the curvilinear
abscissa along the geodesic given by the intersection of M with the zz plane;
we orient it as going from N to S and consider also the cylindrical coordinates

(r, ¢, z) of R3: on M we will use the coordinates
(6,) € (0, L) x (0,2r) .

Using such coordinates, one can write the equation of M by expressing the

cylindrical coordinates of a point in R? as a function of (6, ¢) getting
M = {(r(@),qﬁ,z(@)) , (0,0)€(0,L) x Tl} :
Since 6 is a geodesic parameter, the metric takes the form
g =r*(0)d¢* + db* .

We assume that the function r(#) has only one critical point 6, € (0, L). The
fact that the Laplacian is a globally integrable quantum system that was proved
by Colin de Verdier [94].

3. Lie Groups and Homogeneous spaces. M is either a compact, simply
connected Lie group or a homogeneous space. The steepness of the Laplacian

is proved in [12].

From now on, M will denote any of these manifolds.

6.2 Applications

We will we denote with I, . .., I; the quantum actions (see Def. 3.1.1) of the Laplacian
and with hrg the function (see Def. 3.1.3) such that

—A=hpo(l,..., 1y). (6.2.1)
Moreover, we will denote with {\,},., the eigenvalues of —A, namely
Ao = hpo(a), Va € A. (6.2.2)
As emphasized in Section 6.1, they fulfill Hypothesis L.3.

In the applications, we apply Theorem 5.1.4 to a Hamiltonian with linear part Hp,
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that is a small correction of —A; for each of them we will check that they still fulfill
Hypotheses L.0, L.1 and L.3. We remark that considering systems that are small

corrections of the Laplacian allows us to verify the non-resonance assumption L.2.

Finally, we remark that all the nonlinear perturbations that we will meet are of the
form (5.1.11), so they fulfill Hypothesis P. In other words, following Theorem 5.2.2,

they are functions with localized coefficients.

6.2.1 NLS equation with convolution potential

Our first result concerns a nonlinear Schrodinger equation with a spectral multiplier.

To define it we recall the definition of the spectral projectors Il,, with a € A.

Definition 6.2.1. For a = (a!,...,a%) € A,
Ha = Ha1 e Had (623)

where 1,5 is the orthogonal projector on the eigenspace of I; with eigenvalue a’.

Given u € L*(M,C), consider its spectral decomposition,

u:ZHau,

a€A

and let V' = {V,} ., with V, € R be a sequence; correspondingly, we define a spectral
multiplier by
Visu:=Y VIlu. (6.2.4)

In the following, we will assume that V' belongs to the space

11

R L (O A WAL EE ] | SR CED)

that we endow with the product measure.

Consider the Cauchy problem

O = =AY+ Vst + f(z, |0, zeM,

(6.2.6)
¢(0) = 1o

where V' € V, and the non-linearity f is of class C°(M x U,R), U C R being a
neighbourhood of the origin, and fulfills f(z,0) =0, 0, f(x,y)|y=0 = 0.

101



Theorem 6.2.2. There exists a set V') C V), of zero measure, s.t., if V. .€ Y\ Ve
the following holds. For any r € N, there exists s, > d/2 such that for any s > s,
there is €5 > 0 and C' > 0 such that if the initial datum for (6.2.6) belongs to H® and
fulfills € :== |1)g|, < €5 then

|lv(@)||, < Ce, forall |t|<Ce .

We begin the proof of Theorem 6.2.2 recalling that the nonlinear Schrodinger

equation (6.2.6) is Hamiltonian with a Hamiltonian function

H= /M (D(—A0) + o(V %) + F(z, bg)) da (6.27)

where F is such that f(z,u) = 0,F (x,u) and ¢ is a variable conjugated to . To get
equation (6.2.6) one has to restrict to the invariant manifold ¢ = 1.
The Hamiltonian (6.2.7) fits the abstract settings (5.1.2) with Hj, the globally inte-

grable quantum system

The actions are Iy, ..., I, namely they are the actions of the Laplacian; the associated
function hy is
R? 3 € — ho(€) +v(€) (6.2.9)

where v(&) is any C* interpolation of V* on the lattice A, namely it is a function

such that v(§) = V¢, V&€ € A. Moreover, we remark that the frequencies are given by
W i =Ag+ Vo (6.2.10)

In order to apply Theorem 5.1.4 and prove Theorem 6.2.2, it remains to verify that
Hypotheses L.1,1..2 and L.3 hold.

Hypotheses L.1 and L.3 clearly hold, since they hold for {\.},., and the coefficients
V, have strong decay, see (6.2.5). In fact, for any a,b € A,

la — b + | Ao — M| > Cs(Jal® + [b]%) (6.2.11)
implies

@ = bl + |wa —wp| = Ja = b + |Aa = X = [Va = Vi| >

R o (6.2.12)
> Cs(lal® +[b°) = 1/2 = C§(Jal® + [0]°) -
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We come to prove the non-resonance condition L..2. Actually, we will prove a stronger

condition.

Lemma 6.2.3. For any r there exists T and a set V") C V of zero measure, s.t., if
V € V\ V) there exists v > 0 s.t. for all K > 1 one has

KT’ (6.2.13)
Vk = (Ko, ko)) st Ja;| S KV =1,.0 |kl <7

Before proving this lemma we prove a preliminary result; to this end consider, for
k fulfilling (6.2.13), consider

V(k,v) ={V eV, : lw-kl <~} .

We have

Lemma 6.2.4. One has
V(k,v)| <2yK™ . (6.2.14)

Here we indicate with | - | the measure of a set.

Proof. We prove that the result is true for any arbitrary sequence \,, namely that
the asymptotic behavior is not important.

First, if V(k,~) is empty there is nothing to prove. Assume that V € V(k,~). Since
k # 0, there exists a such that kz # 0 and thus |k;| > 1; so we have

ow -k

—|>1.
Vg

It means that if V(k,~) is not empty it is contained in the layer

V-Vl <
whose measure is y(a)" < 2yN"™. This implies (6.2.14). O

Proof of Lemma 6.2.3. From Lemma 6.2.4 it follows that the measure of the set

Ve () = | YV (k ﬁ)

K>1 k

is estimated by a constant times ~. It follows that the set

V(res) — ﬂ7>0V(res) (,}/)
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has zero measure and with this definition the lemma is proved. [

6.2.2 Sobolev stability of the ground state of NLS

Our second result is the long-time Sobolev stability of the ground state solution of

the nonlinear Schrodinger equation

=AY+ f ([, (6.2.15)

where f € C*(U;R), U C R is an open neighborhood of the origin, and f has a zero
of order at least one at the origin. It is well known that for any py € U NR* equation

(6.2.15) has a solution given by a plane wave of the form

w* (t) — \/p—oefiut ’
provided v = f(po). Denote by A the lowest non vanishing eigenvalue of —A, then we

will prove the following result.

Theorem 6.2.5. Assume there exists py > 0 such that A\ + 2f(py) > 0 for any
po € (0,p0]. Then there ezists a zero measure set P such that if py € (0,p0] \ P then
for any r € N there exists s, for which the following holds. For any s > s,., there
exists constants €y and C' such that if the initial datum 1y fulfills

H@DOHg = Do, Ciyfequerﬂo—\/ZTOe—iaHS =e< ¢,

then the corresponding solution fulfills
ianr |e(t) — \/%e_mHs < Ce Vit < Ce™
ac

with 1(0) = .

Remark 6.2.6. Note that if [ is a positive function (the so-called defocusing case)

there is no restriction in the L? norm of the initial datum, since X + 2f(po) > 0 for

any po-

The equation (6.2.15) is Hamiltonian with Hamiltonian

H(w,zﬁ)z/ (O(=AY) + F(|[Y]?)) de | (6.2.16)
M
where F'is such that F” = —f. We introduce variables in which the ground state

becomes an equilibrium point of a reduced system [54]. To this end, we consider the
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of the functions with vanishing average and we denote

Nig) = [ 1ol do
M
Then we consider the map

L3 (M,C) x R x T — L*(M;C)
A 6.2.17
wmﬁhﬁ¢wmﬁ%=€”<VpﬂWW+w@0- ( )

Lemma 6.2.7 (Faou,Lubich,Glouckler [54]). The map (6.2.17) defines a local coor-
dinate system close to p = 0. Furthermore, such coordinates are symplectic, namely

the Hamilton equations of a Hamiltonian function H have the form

) ) |

= — = —— S — —1q —H.
9 ap ? p 88 Y z sz

Then the Hamiltonian is just (6.2.16) with ¢ given by (6.2.17). We now fix a
value pg of p (which is an integral of motion) and expand in power series in ¢ getting

(neglecting irrelevant terms independent of ¢) a Hamiltonian of the form
H=H,+P

with

E%W)Zj;LM—A¢%+%ﬁwww+i%Q(ﬁ+w¥)dw

and P = P(p, @) of the form (5.1.11). Thus we have just to verify the assumptions

on the linear part.

Introducing the spectral decomposition relative to the quantum actions of the Lapla-
cian, we get

=3 [ (0w 2rn) et + L2 0+ L0 ) o

a€A

which can be diagonalized through a symplectic change of coordinates of the form

()= (2)
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where S, are matrices uniformly bounded with respect to a. Such a change of coor-
dinates of course does not change the nature of P of having localized coefficients. In

the new coordinates, one gets
Hy(w,w) = Zwa/ I, wll,wdz
M
a

with
Wa = VA2 4+ 2f(po)Aa - (6.2.18)

Hypotheses L.1 and L.3 hold for {w,} since they hold for {A.},., and one has

ach>
o = VT 27T = o (14 L0 4o (L))
so that
ja = b+ [Aa = Xo| = Cs(lal” + [o]°)
implies
ja — bl + |wa — w| = Cy(lal’ + [0]°) .

with computations analogous to the ones in (6.2.12)

We prove now the non-resonance condition 1.2, essentially identically as for the
case of the Klein-Gordon equation on tori and Zoll Manifolds given by Delort and
Szeftel [47] (see also [48]). In particular, the proof follows by applying the next

theorem.

Theorem 6.2.8 ([47], Theorem 5.1). Let X be a closed ball Br, in RP for some
Ry > 0 and by Y a compact interval in R. Let f: X XY — R be a continuous
subanalytic function, p: X — R a real analytic function, p Z 0. Assume

o f is real analytic on {x € X;p(x) #0} X Y;

o forallxg € X, the equation f(xo,y) = 0 has only finitely many solutions y € Y.

Then there are Ny € Nyag > 0,5 > 0,C > 0, such that for any o € (0,0), any
N > Ny, any v € X with p(z) # 0,

meas {y € Y | f(z,y)] < alp(x)|"} < Ca’lp(x)|™.

The strategy to deduce the existence of large sets of values py for which assumption

L.2 holds is not trivial. In our case one can reproduce almost exactly the computations
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of [47, Sect. 5.2], substituting the function f of that paper with the function

P
f(z,y) ¢:Zw/$?y+$j_ Z \/ Ty + g

j=1 j=l+1

1
m2f ()\a.,—z)
m

with m? = 2f(pg) are exactly the small divisors one has to control.

which has the property that

The only nontrivial point is to prove that for any fixed value of z € [0,1]7 the
equation f(z,y) = 0 has only isolated solutions in y. We give detailed proof just of
this fact since its proof requires different computations.

First, we have to give a selection property for the sequences (zy,...,x,): we will
say that a sequence (z1,...,2,), given an integer | < p satisfy condition Z, if one of
the following holds:

e pis odd
e piseven and [ # p/2

e pis even, [ = p/2 and for any permutation 7 of 1,...,p/2 exists j s.t. () #

Lp/2+j-

Lemma 6.2.9. For any (z1, ..., z,) € [0, 1] fulfilling condition Z, the equation f(x,y) =

0 has a discrete set of solution.

Proof. Following [48] we remark that since f is an analytic function of y, its roots can
have accumulation points only if the function identically vanishes. We compute its

Taylor expansion at y = 0 and show that it can be identically zero only if condition

vj = /T3y + x5,

2k
dej (ij >
=Ck | — Vi,
k
dy I/j

with suitable constants ¢;. Thus we have

ok Ck —2) Vi — (—2
% =1 NI v

j=i+1

Z is violated. Denote

by direct computation, we get

>% yj] . (6.2.19)
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Let consider the equivalence relation
T ~z; <= (r;=x;and (4,5 <lori,j>1))

and denote by n; the cardinality of the correspondent equivalence classes. So, we can

write the condition (6.2.19) = 0 (renaming the indexes j), as

I T 2k p1 T 2k
0="> n (V—J) vi— > n (—J) v (6.2.20)

7=1 J j=lh+1

and now we have that Vi # j x; # x;. Remark that in our computation we have
implicitly erased the terms with a plus sign with a corresponding term with a minus
sign, and that. Moreover, there must be at least a couple of indexes i, j with ¢« < [ and
j > l'such that x; # x;, so that not all the ns vanish since condition Z is fulfilled.
Now, (6.2.20) is a linear equation in the unknown n; and its determinant must
vanish to have nontrivial solutions. However, it is a Vandermonde determinant, that

can be explicitly computed, giving
2 2
H Ly Ty

Vi...Vp (—2—;)#0
1<k<I<pi k

This leads to a contradiction. O]

As anticipated, the rest of the proof follows exactly as in [48] and thus is omitted.

6.2.3 Semilinear beam equation

A third result concerns the beam equation
Yy + Az?/f +my = =0y F(x,9) , (6.2.21)

with F' € C°(M x U), U C R being a neighbourhood of the origin, and m > 0 a real
positive parameter that we will call mass. We will assume F' to have a zero of order

at least 2 at ¢ = 0. The precise statement of the main theorem is the following.

Theorem 6.2.10. There exists a set of zero measure M) C Rt such that if m €
R+ \ M) then for all r € N there exist s, > d/2 such that the following holds. For
any s > s, there exist €., c,C such that if the initial datum for (6.2.21) fulfills

e = [[@o,do)| 1= Wollesa + o] < ear

‘ s
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then the corresponding solution satisfies
H <¢(t),1/1(t)) H < Ce, for |[t|<ce™.

Introducing the variable ¢ = ¢ = 1y, it is well known that (6.2.21) is an Hamilto-
nian system in the variables (¢, ¢), with Hamiltonian function
(wg YA +m)y

—+—+P(a:,¢)) dz .

1w = [ (% .

M
To prove Theorem 6.2.10 we first show how to put the system in the form (5.1.2) and
then we prove that the Hypotheses of Theorem 5.1.4 are verified.

We introduce new variables [16]

o) i= s (@34 m) v i (3 m) )
() = % (24 m) " —i (a2 +m) )

such that the Hamiltonian takes the form
H(u,u) := / u(Hpu) + Pz, u,u) dx
M

with

HL:,/—Ag—i—m.

We point out that Hy is a globally integrable quantum system; in particular, its

actions are given by the actions of the Laplacian and the associated function is

RYS € s hy(6) = /h3(6) +m.

Moreover, the frequencies {wq},., are given by

As for the other applications, Hypotheses L.1 and L.3 hold since they hold for {\,} .,

and
m m
w“:)\a(1+2_)\§+0<)\_3)) .

The verification of non-resonance condition L.2 is again a straightforward application
of Theorem 6.2.8, thus we omit the details.
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