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Abstract

We report a new permutationally invariant polynomial (PIP) fit to CCSD(T)/aug-

cc-pVTZ energies for CH +
5 that provides fast analytical forces, unlike the original PIP

fit of 2006. The new fit, which is slightly more precise than the previous one, is used

in classical molecular dynamics, diffusion Monte Carlo and path integral molecular dy-

namics calculations of CH and HH radial distribution functions (RDFs) at temperatures

of 10 and 50 K. Corresponding RDFs are also reported for CD3H
+

2 . The well-known

quantum localization of the H atoms to the diatomic site from previous and present

DMC calculations is maintained at 10 K but shows additional delocalization to the

“CH +
3 ” site at 50 K.
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Introduction

Takeshi Oka, who reported a line list spectrum of CH +
5 in 19991 and basically characterized

it as unassignable, concluded 16 years later that this notoriously fluxional cation still earned

the moniker “Enfant Terrible”.2 This all stems from the hyperfluxional nature of the nuclear

motion of this Olah superacid.3

Early high-level electronic studies of this cation located very small saddle point barri-

ers separating equivalent minima (of which there are 5!).4,5 Pioneering direct, DFT path

integral molecular dynamics (PIMD) calculations of the radial distribution functions were

reported at 5 K.6 It was concluded that the “...H2 moiety, as well as the preservation of the

general shape of the distribution, already suggest that CH +
5 may still have a relatively well

defined ground-state structure.” The first global potential and dipole moment surfaces were

reported in 2003 using a fit to thousands of MP2 electronic energies. The fit was done with

permutationally invariant polynomials (PIPs) that are invariant with respect to all 120 per-

mutations.7 Diffusion Monte Carlo calculations of the ground vibrational state wavefunction

using this PES were reported soon thereafter.8,9 A modified Shepard interpolated potential

based on CCSD(T)/aug-cc-pVTZ energies and DMC calculation of the ground vibrational

state were reported in 2005.10 In 2006 Jin et al. reported a global PES that dissociates

to CH +
3 + H2.11 The PES was fit to 36173 CCSD(T)/aug-cc-pVTZ energies and used PIP

bases. The rms fitting error is 78 cm−1 for energies up to 30 000 cm−1 relative to the global

minimum.

This PES has been used in numerous studies ranging from classical,8,12 diffusion Monte

Carlo8,13 to a variety of quantum calculations.14–19 However, a shortcoming of this fit is

that it does not provide analytical gradients. While this did not hamper molecular dynam-

ics calculations (which used numerical gradients) or diffusion Monte Carlo and quantum

calculations (which need energies only), both of which were done as noted below. These

calculations did find very floppy motion for the ground vibrational state with all H atoms

interchanging and very broad distributions of radial distribution functions.8,13,20 However,
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the remnant of a CH +
3 ...H2 structure was found. This is in qualitative accord with the

earlier DFT direct-dynamics PIMD calculations.

An interesting question about how deteuration might affect the structure was addressed

in DMC calculations for CD3H
+

2 . It was found that the H atoms predominantly prefer the

diatomic site.8 In contrast microcanonical classical molecular dynamics calculations at the

quantum zero-point energy find no preference for the H and D atoms at the diatomic site.

So clearly this is an example of quantum localization at 0 K.

In order to study the temperature dependence of this localization, PIMD calculations

need to be done. However, the lack of analytical gradients for the earlier PES make such

calculations very computationally intensive and so those were not done. We have made

substantial progress in developing PIPs, and now the current software does supply analytical

gradients as well as fast reverse differentiation.

Here this new fitting software has been used to re-fit the original data set of energies.

The properties of the updated PES are presented, and the new PES is used in DMC and

PIMD calculations, mainly for CD3H
+

2 .

Methods

Potential Energy Surface

To construct the new potential energy surface, we explored three possible bases, all of “51”

permutational symmetry in our notation (where all five H atoms permute) and with maxi-

mum polynomial orders of 5, 6, or 7. For order 7, we used a dataset of 23 799 geometries and

energies; this is original data set in ref. 11, which had been calculated at the CCSD(T)/aug-

cc-pVTZ level. This fit used 2290 coefficients and obtained a root mean squared fitting error

(rmse) of 32 cm−1, which is lower than the original (2006) fitting of rmse = 78 cm−1. The

lower rmse is a direct result of using a larger fitting basis than used in 2006. With order 6

and the same 23 799 data set, the fit had an rmse of 87 cm−1. With order 5, and a slightly
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smaller dataset of 21574 energies (which has lower maximum energy that from the set orig-

inal data set), we obtained a fit with an rmse of 145 cm−1. The 6th order fit appeared to

be a good compromise, so all further work was done with that, after routines for calculating

both analytical gradients21 and reverse ones22,23 were added. The final 6th order fit has 849

polynomials and 14 029 monomials. We further applied the weighting procedure to the data

set which weighted the data inversely with energy, weight= 0.2/(0.2+∆E), where ∆E is the

energy above the global minimum in hartrees. Using the 21 574 data set whose maximum

energy is 25000 cm−1, the new fit gives an rmse of 53 cm−1, a weighted rmse of 41 cm−1, a

mean absolute error (MAE) of 32.4 cm−1, and an R2 of 0.999926. (This unweighted rmse

is only 20 cm−1 larger than the one for the 7th order fit.) A correlation plot evaluating the

fit is shown in Fig. 1. Finally, we note that this fit is used in the DMC, PIMD and MD

calculations described next.

Figure 1: Correlation plot showing in red the energy of the fit versus the energy of the
dataset. The blue curves and the right-hand axis give the rmse as a function of energy for
both unweighted and weighted fitting.
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Diffusion Monte Carlo

Standard unbiased diffusion Monte Carlo (DMC) calculations using in-house code were done

to obtain the zero-point energy and wavefunction of CH +
5 and the CH2D

+
3 isotopologue

using the new PES. The DMC method obtains the vibrational ground-state energy (i.e., zero-

point energy) based on the similarity between the diffusion equation and the imaginary-time

(denoted τ) Schrödinger equation with an energy shift Eref

∂ψ(x, τ)

∂τ
=

N∑
i=1

h̄2

2mi

∇2
iψ(x, τ)− [V (x)− Eref]ψ(x, τ) (1)

The reference energy Eref in the above equation is used to stabilize the diffusion system in

its ground state and thus is the estimator of the zero-point energy.24–26 We employed the

unbiased, unconstrained implementation of DMC,27 in which the DMC calculation starts

from an initial guess of the ground-state wave function, represented by a population of

N(0) equally weighted Gaussian random walkers. These walkers then diffuse randomly in

imaginary time according to a Gaussian distribution and the population is controlled by

birth-death processes, given as

Pbirth = exp[−(Ei − Eref)∆τ ]− 1 (if Ei < Eref), (2)

Pdeath = 1− exp[−(Ei − Eref)∆τ ] (if Ei > Eref), (3)

where Ei is the energy of the ith walker. To maintain the number of random walkers at

about the initial value N(0), Eref is adjusted at the end of each time step according to

Eref(τ) = ⟨V (τ)⟩ − α
N(τ)−N(0)

N(0)
(4)

where N(τ) is the number of walkers at the (imaginary-)time step τ and ⟨V (τ)⟩ represents

the average potential energy of all of the walkers at that step. Finally, the average of Eref(τ)

over a sufficiently long period gives an estimate of the ZPE.
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In this work, 5 DMC calculations were performed for CH2D
+

3 , and in each calculation,

the imaginary time step ∆τ = 5 a.u. and α = 0.1 are used. The random walkers are initiated

at the global minimum, with the 2 hydrogens located in the “diatomic” site, shown in Fig. 2.

In each DMC calculation, the number of walkers is 50 000, and these walkers are equilibrated

for 5000 time steps followed by 100,000 propagation steps. The Cartesian coordinates of the

walkers at the last step were recorded and their interatomic distances were analyzed.

Path Integral Molecular Dynamics

The Path Integral Molecular Dynamics (PIMD) method is a widely used method to obtain

quantum thermal properties. It begins with the textbook expression for the partition function

Q(T ) = tr[e−βH ], (5)

where H is the Hamiltonian operator. Evaluating this trace is computationally difficult

except in relatively simple cases where eigenvalues of H are known or where the diagonal

elements of the H-matrix can be efficiently obtained in a complete basis. For CH +
5 neither

of these is currently feasible. Feynman showed how his general path integral formulation of

quantum mechanics can be used to evaluate Q(T) accurately using short (imaginary) time

slicing.28 The final result can be written as

Q(T ) ≈ tr[e−βHn ], (6)

HP =
N∑
i=1

P∑
j=1

(
p2i,j
2mi

+
1

2
miω

2
P |xi,j − xi,j+1|2) +

P∑
j=1

V (xi,j), (7)

xi,P+1 = xi,1, ωP = P/βh̄. (8)

where xi,P represents the coordinates of each atom in the molecule/cluster etc. for the Pth

replica and the trace is evaluated using the classical phase space averaging in the expanded

space of a “ring polymer". In practice this averaging is done more efficiently using molecular
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dynamics with the above Hamiltonian, augmented by an ad hoc thermostat. In the present

case each CH +
5 is replicated P times and each replica interacts with all other replicas via

harmonic springs with frequency ωP .

In the present work the new CH +
5 PES was interfaced with the i-PI software29 for

performing classical and path integral molecular dynamics simulations (MD and PIMD).

For classical MD simulations, one trajectory was propagated for 1 ns with time step of 0.5

fs for each temperature (10 K and 50 K). The Langevin thermostat was applied in the

corresponding canonical ensemble (NVT). For PIMD simulations, the trajectory was also

propagated for 1 ns with time step of 0.5 fs for each temperature (10 K and 50 K). A total

number of 128 beads and 64 beads were used for the PIMD simulation with the PIGLET

thermostat30 at 10 K and 50 K respectively. For structural analysis of radial distribution

functions, the first 250 ps of each trajectory was considered as equilibrium steps and the

structures in the remaining 750 ps of the trajectory were analyzed.

Results and Discussion

Potential Energy Surface

In addition to comparing the PES energies to the calculated ones, we tested the poten-

tial energy surface in three additional ways. First, we determined the geometries of low-

energy stationary points on the surface, locating the global minimum (Cs(I)), the lower

saddle point (Cs(II)), and the upper saddle point (C2v). These were then compared to the

CCSD(T)/TZP2+f bond lengths4 quoted in ref. 11. We found that the MAEs for the inter-

nuclear distances of the three structures were 0.15% for Cs(I), 0.50% for Cs(II) and 0.06%

for C2v; the geometries of the stationary points are given in the Supplementary Information.

The global minimum structure is shown in Fig. 2
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Figure 2: Minimum structure of CH +
5 from two orientations. The diatomic fragment is

indicated by H atoms 2 and 3. The two CH distances are the same for this fragment and
are also the shortest ones. The cartesian coordinates of this structure and also two low-lying
saddle points are given in the Supplementary Information.

Second, the energies of the saddle points on the PES, relative to the global minimum at

Cs(I), were determined to be 32 cm−1 and 341 cm−1, very similar to the CCSD(T) values,

37.7 cm−1 and 331.2 cm−1.11 and the CCSD(T)-R12 single-point energies of 35 and 280

cm−1.5

Third, we determined the harmonic vibrational energies for the three stationary points

and compared these to the CCSD(T) values. Briefly, the MAE for the frequencies of the

Cs(I) global minimum was 5.15 cm−1, that for the Cs(II) saddle point was 6.82 cm−1, and

that for C2v saddle point was 7.05 cm−1. The frequencies for the surface stationary points

and the CCSD(T) stationary points are also provided in the Supplementary Information.

The close agreement of these tests with the benchmark values indicates that the surface

quite accurately reproduces the structures, energies and Hessians of these three important

structures.

DMC and PIMD Results

To begin we show in Figure 3 previous diffusion Monte Carlo (DMC) and molecular dynamics

(MD) results for probability distributions for CH2D
+

3 using the first CH +
5 PES obtained
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at the MP2/cc-pVTZ level of theory.13 The DMC results are the standard ones with no

constraints, i.e., no guiding function, and these pertain to the ground ro-vibrational state.

The MD results are from standard microcanonical trajectories at total energy equal to the

DMC zero-point energy (ZPE) of 9148 cm−1. The most striking difference in these broad

distributions is for CD vs CH, shown in panels (a) and (c). In the microcanonical MD

simulations these are the same, implying complete scrambling of the H and D atoms. By

contrast the quantum DMC distributions are different and show a strong preference for

the CD +
3 ...H2 structure. The results in panels (b) and (d) are interesting for the total

distribution, which are similar. However, the ones for the HH distance are different, as

expected. The DMC results show a broad peak characteristic for the “diatomic” fragment,

whereas the MD distribution has a broad maximum corresponding to the CH +
3 fragment.

The localization of the H atoms to the HH fragment is clearly a quantum effect and can

be rationalized using a simple harmonic analysis at the various possible arrangements of the

atoms. The lowest harmonic zero-point energy is indeed the one indicated. Given the large

anharmonicity of this cation this result may be fortuitous. Finally, note that the MP2-based

PES has the two important low-lying saddle points with energies of 43 and 193 cm−1. The

higher energy one is significantly lower than the CCSD(T) one of 341 cm−1. This difference

should be kept in mind for readers who examine the new results below and these earlier ones

and see some minor quantitative differences.
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Figure 3: Distribution functions of CH, CD, HH and HD distances for CH2D
+

3 from classical
MD (blue) and DMC simulations. Distances at global minimum geometry are indicated in
black sticks. Reprinted with permission from reference 13.

DMC results using the new PES are shown in Figure 4. These are smoothed histograms

of the distribution of walkers and so these plots represent the zero-point wavefunction and

not the probability. However, since the wavefunction is positive definite the results shown

are certainly indicative of the structure of the molecule in the ground vibrational state. As

such, the qualitative agreement with the DMC probability distributions shown above for

the MP2 PES is both satisfying and not unexpected. In addition, inspection of the present

DMC results with previous DMC wavefunction projections31 using the CCSD(T)-based PES

of Jin et al.11 show good agreement. Next we present PIMD and MD results for CH +
5 and

CH2D
+

3 at 10 and 50 K.
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Figure 4: Projection of the ground-state wavefunction (obtained from DMC calculations)
of CH2D

+
3 onto CH/D distances (upper) and HH/DD distances (lower). Distances at the

global minimum geometry are indicated in sticks.

PIMD

Distribution functions for CH +
5 from canonical PIMD and MD calculations at 10 K are

shown in Fig. 5. Note the latter are very different from the microcanonical ones shown

in Fig. 3. At these low temperatures the expectation is that the canonical MD results

sample configurations about the minimum and indeed that is seen. The PIMD distributions

are broad, and in fact are quite similar to the earlier DMC distributions for CH +
5 ,31 using

the CCSD(T)-based potential of Jin et al.11 The similarity is also seen here for the sum of
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the DMC CH and CD distributions and HH and HD/DD distributions shown in the figures

above. This is not unexpected since the PIMD distributions should approach the DMC as the

temperature approaches 0 K. Actually reaching 0 K in PIMD simulations is computational

unfeasible as β goes to infinity in this limit.
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Figure 5: Distribution functions of CH and HH distances for CH +
5 from classical MD (blue)

and PIMD (red) simulations at 10 K. Distances at global minimum geometry are indicated
in black sticks.

The PIMD distributions for CH +
5 using the new PES at 10 and 50 K are shown in

Figure 6. As seen, there is some broadening of the distribution at the higher temperature,

as expected, but overall the distributions shown are quite similar.
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Figure 6: Distribution functions of CH and HH distances for CH +
5 from PIMD simulations

at 10 K (red) and 50K (purple). Distances at global minimum geometry are indicated in
black sticks.

Next, we consider the canonical MD and PIMD distributions for CH2D
+

3 at 10 K. These

are shown in Figs. 7 and 8. Note that the initial conditions for these simulations are at

the minimum with the two H atoms in the diatomic site. Starting the MD simulation in

any other arrangement would not sample other arrangements at this low temperature. In

principle the PIMD simulation would eventually relax to the diatomic HH arrangement;

however, this could take a long time and so this was not done.
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Figure 7: Distribution of CH and CD distances for CH2D
+

3 from classical MD (blue) and
PIMD (red) simulations at 10 K. Distances at minimum geometry with the H atoms in the
diatomic site are indicated by black sticks.
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Finally, we examine the PIMD distributions for CH2D
+

3 at 10 and 50 K in Figures 9

and 10. As seen in the former some broadening is seen. The results in the latter figure are

more interesting. Namely, panel (b) of that figure shows an HH distribution at 50 K that

is significantly different from the 10 K one. The distinct secondary maximum at 2 A is a

clear indication of significant delocalization of the H atoms from the diatomic site and to the

“CH +
3 ” site where at that minimum the HH distribution shows a broad maximum at roughly

2 A, cf. Fig. 6. This result is a significant prediction of the present work, which hopefully

will stimulate experimental investigation of the temperature dependence of the structure of

CH2D
+

3 . Ivanov et al reported AIMD calculations for isotopologs of CH +
5 including CH2D

+
3

and performed PIMD calculations at 110 K in order to weight the classical IR spectrum.32

They reported the following percentages of the number of H atoms in the diatomic fragment:

1 H 57%, 2H 35% and 0H 8%. This delocalization at 110 K is consistent with the results

here which indicate an onset of delocalization at 50 K .
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Figure 9: Distribution of CH and CD distances for CH2D
+

3 from PIMD simulations at 10
K (red) and 50 K (purple). Distances at minimum geometry are indicated by black sticks.

16



!"#

!$#

!%#

✵�✵

✷�✵

✹�✵

✵�✁ ✶�✵ ✶�✁ ✷�✵ ✷�✁

❣
✂✄
☎

✆✝✆

✞✝✆

✟✝✆

✆✝✠ ✡✝✆ ✡✝✠ ✞✝✆ ✞✝✠

☛
☞✌
✍

✎✏✎

✑✏✎

✎✏✒ ✓✏✎ ✓✏✒ ✑✏✎ ✑✏✒

✔
✕✖
✗

r ✘✙✚

!!

""

"!

Figure 10: Distribution functions of DD, HD, and HH distances for CH2D
+

3 from PIMD
simulations at 10 K (red) and 50K (purple). Distances at global minimum geometry are
indicated in black sticks.

Summary

We reported a new fit to previous CCSD(T)/aug-cc-pVTZ energies of CH +
5 using our latest

PIP software, which provides fast analytical gradients.23 The new fit is precise and accurately
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provides the geometry and energies of the critical two low-lying saddle points that govern

the highly fluxional motion of this cation. Canonical PIMD and MD simulations at 10

and 50 K of the distributions of CH and HH distances of CH +
5 were reported. Diffusion

Monte Carlo and MD and PIMD calculations of the distribution of CH, CD, HH, DD, HD

distances for CH2D
+

3 were also reported. In this case the two H atoms prefer the diatomic

site predominantly except at 50 K, where delocalization of these atom to the “CH +
3 " site is

seen. Finally, we note that present calculations do not consider the nuclear spin statistics

and future work doing so would be valuable.
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