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Abstract

Let foda(2) :== Y_pey ((2k + 1)22* be the power series with the values of
the Riemann zeta function at odd integers as coefficients. This function can
be analytically continued to a meromorphic function over C. We prove that 1
and the values of f,qq at rational points with relatively prime denominators
are linearly independent over Q.

Some arithmetical properties of the sequence {((2k +1)}7°, are deduced.

Mathematics Subject Classification (1991): 11J72, 11J99.

1 Introduction and results

Let ((s) be the Riemann zeta function. The arithmetical nature of its values at
even integers is well known from the classical formula ((2k) = %W%, where the
Bernoulli number Bsy;, appears. Similar results hold for the Dedekind zeta function
Cr(s) of a totally real number field F when evaluated at even integers, by a theorem
of Siegel-Klingen [7]. In the general context of motivic L-functions, Deligne [4]
introduced the notion of critical integers (the even positive integers, in the case of
(r(s)) and proposed a conjecture about the values at the critical integers, implying
that

L(m) = A(m)Q(m) for m critical, (1)

with A(m) an algebraic number and (m) a period, i.e., the integral over some
algebraic cycle of an algebraic differential form. This conjecture is actually a theorem
for the Artin L-functions.

Unlike the case of critical points, the values at non-critical integers are totally
mysterious: establishing the arithmetical nature of the constants ((2k + 1), for ex-
ample, is a surprisingly very difficult problem. It is a generally shared opinion that
every ((2k + 1) is a transcendental number with an arithmetical nature different
from that of ((2k). In particular {(2k + 1) should not be algebraically dependent
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on any powers of the logarithms of algebraic numbers, but the only result about
this problem is the celebrated proof of the irrationality of ((3) (Apéry [1], see also

Beukers [3]).
Let . o
Jeven(2) := Z C(2k)2**  and  foqa(2) := Z C(2k + 1)z .
k=1 k=1

The aim of this paper is the study of f,qq(z) to show that it has arithmetical pro-
perties different from that ones of feen(z). As a consequence, we show that a
representation of the form (1) is not possible for {{(2k + 1)} for some particular
choices of A(m) and Q(m).

Considering the logarithmic derivative of the identity sinz = 2 [] (1 — 2%/7*n?),
the equality .
Tz
foven(2) = 5~ o cotgmz (2)
follows, a formula due to Euler.
By (2) it follows that feyen(2) is a transcendental number for every rational z.
Nevertheless, the numbers 1, feen(21) and feen(22) are linearly dependent on Q for
every choice of zq, 29 in Q. The main result of this paper shows that this is not

possible for the function foqq(z).

Theorem. Let {r; = a;/bi}}, be arbitrary distinct rational numbers with (a, by)
=1, 0 < r; <1 and suppose that for any | there exists an odd prime p; such that
mlby and p; t b; when j # 1. Then the numbers {1} U {foaa(r1) L, are linearly
independent over Q.

Remark 1. The hypothesis about {#;}2, in Theorem is a type of independence for
the rational numbers r;, and the relation 2(¢— 1)f0dd(%) —2(t— 1)fodd(%)+t(t—2) =
0, holding for every integer ¢ by Proposition 1 below, shows that a some type of
independence of {r;}, has to be assumed in order to the claim of Theorem hold.

An obvious corollary is

Corollary 1. Let 0 < r = a/b < 1 be a rational number with b not a power of 2.
Then foaa(r) is transcendental.

A lemma giving an explicit formula for f,qq(2) at rational points is necessary for
the proof of Theorem. Since it has an independent interest, we state it explicitly.

Lemma. Let 2 € (0,1) N Q, o := sin® I and hy(2) := (sin® maz) Insin® 7z, Then

a 1 b b j 1
fodd(g) = b<1n2 — %> + ;aa]’ Ina; = ;ha <5> — b/o ho(2)dz ,  (3)

i.e., foaa(a/b)/b is the discrepancy between the integral of h.(z) and its Riemann
approximation.



The series defining f,qq(2z) converges only in the disk |z| < 1, but a meromor-
phic continuation to C is possible. In fact, let ¢ (z) := I'(2)/I'(z) be the logari-
thmic derivative of the gamma function. The infinite product formula I'"!(1 + z) =
e [0, (1 + Z)e~*/™ implies that

Y(1+42) = —y+ Z ﬁ =—y+ Z(—l)"((n)z”_l =
— Y+ feven(2)/2 — foaa(2) , (4)

where v is the Euler constant. Identities (2) and (4) provide the meromorphic
continuation. Moreover, the functional equation I'(z +1) = 2I'(z) gives a functional
equation for f,qq too, so that the following proposition holds.

Proposition 1. foqq(z) is an even meromorphic function with simple poles at z €
Z\{0}; it satisfies the functional equation foqq(z) + % = foaa(l — 2) + ﬁ and
Res,—p, foad(z) = —sgn(n)/2.

Proposition 1 has simple but interesting consequences, for instance

Corollary 2. The claims of Theorem and Corollary 1 hold without the restriction
0<r <1 as well

Corollary 3. The sequence {C(2k + 1)}32, does not satisfy any linear recursion.

Remark 2. By (2), identity (3) is equivalent to the formula

w<%):— —lng—gcotg%—k ' COS27ZU lnsin%, (5)
0<j<b/2

a celebrated relation due to Gauss. The original proof of (5) has been considerably

simplified by Jensen [6], using Abel’s theorem on the continuity of convergent power

series on the circle of convergence, and by Lehmer [8], using a relation of ¢(z) with

the Euler constants for arithmetic progressions. We prove (3) independently of (5),

thus providing a new and very short proof of (5).

The theorem follows from the lemma, the theory of linear forms in logarithms
developed by Baker [2] and some considerations about cyclotomic fields.

2 Consequences on {¢(2k+1)}%2,

The theorem and Proposition 1 give some support to the belief that the conjectural
expression in (1) for the critical values probably does not hold for {{(2k+1)}. Here
there are some examples.

Let pa be the Weierstrass elliptic function for a lattice A C C. p, has a lattice
of poles, and three non-collinear poles can be found for every element of . :=
C(z, 9015 94,7 > PAn> Py )> fOr every choice of Ay, .-+, Ay. Hence foaq ¢ L and,

in particular, foqq(2) # Zf\il ci(pa,(2) — 1/2%), so

3



Proposition 2. It does not exist {A\;} Y, lattices and {c;}Y, € C such that

C2k+1) & al 1
(2]{:—_’_1) = ZCiGQk+2(Ai> = ZCZ(Z W) \V/k >0.

i=1 i=1 wEA;
w#0

This is an interesting fact, in view of the series defining ((2k + 1).

Let w be a period for A. The impossibility of the equality foqq(2) = wp(wz) — -5

) wz?2
gives

Proposition 3. It does not exist any lattice A and any period w of A such that
C(2k + 1) = (2k + 1)Gapro(N)w? L, holds for every positive k.

When @, has algebraic invariants G4, G, every G is algebraic as well by the
relation ¢° = 4p® — 60G4p — 140Gg, and w is a transcendental number by the
theorem of Schneider [9]. Hence, Proposition 3 excludes a particular form of (1) for
the numbers ((2k + 1).

Let K be the field of meromorphic functions assuming only algebraic values at
the rational points; then

Corollary 4. foqqa € K®g C.

In fact, our theorem implies that arbitrarily long sets of values of foqq at rational
points are Q-linearly independent, while this is not the case for ¢ € K ®g C. In
fact, g is a finite sum Z;VZI c;fj, with ¢; € C and f; € K, and the set {g(z)} 1" is
always Q-linearly dependent for every choice of z; € Q.

Remark 3. Corollary 4 states a peculiar property of foqq, since feven € K®q C.

K is a too large field to deduce any direct consequences from Corollary 4; for
this purpose the subfield Ml := Q(z, sin7z) C K is more convenient. Actually, every
element of Q(z, ) regular at {|z|,|z| < 6} is a series of the form > =0 Cmn 2T
with {c,,} satisfating the linear recursion

M
E Quy Cm—un—v = 0 for every m,n >0,

u,v=1

for some {a, .} € Q.

Hence, the series Y " ¢ 2™ sin™ mz is an element of M regular for |z| < 4, so

that it can be written as 3.7 (321, dj ') 2" for a suitable double sequence {d,}
of algebraic numbers. Hence, the following proposition holds.



Prop051t10n 4. It does not exist N sequences {auvt} V., € Q and {c;}Y € C such
that {Cz mn} satisfy the linear recursion Z a® et =0Vi=1,...,N,

uvtcl u,m—uv,n—t

u,v,t=1
and
N 2k+1
C(2k+1) E:CZZCZZ 7 for every k>0,
=1 =0

where d,(;)l are related to the coefficients c%)n as above.

Again, Proposition 4 excludes a particular form of (1) for ((2k + 1), m being the
period in this case.

Corollary 3 and Propositions 2, 3, 4 are only a few implications of Theorem
and Proposition 1. Other and more complicated consequences can be deduced, all
showing that representations of the form (1) are impossible if some conditions are
imposed on the sequence {A(m)}.

3 Proofs

3.1 The lemma ...

By the identity In(4sin®72) = In(1 — €2™*) + In(1 — e~2™*) and the power series
—In(l—2)=>%7, % converging uniformly in the complex region {|z| < 1} N{|z —
1| > ¢}, we obtain the Fourier series

o0

2
In(2sin7z) E Cos 2RTE /mz uniformly for z € [§,1 — 6], V§ >0,  (6)
k=1

(see also [11], ch. 3, sec. 14). A term by term integration of (6) gives the identity
fo o(2)dz = 1/2a — In2. Moreover, we remark that h,(z) € C'[0,1], that h,(z) €
C>(0, 1) and that h”(z) is integrable in [0, 1]. Hence the Euler-Maclaurin summation
formula (see [10], ch. 1) gives the relation

iha(@ b [ etz == [ Bty )

with By(z) the second Bernoulli polynomial and where {z} denotes the fractional

part of z. Since By({z}) = & Y1727 uniformly for z € R and

-2
, . cosmz  sin® waz

h!(z) = 27%(2a® cos 2maz Insin Tz + 2a sin 2maz— - —
sinTz  sin®mz

the right side of (7) becomes

1

202 o~ 1
%ZZ@/ cos 2kbrz cos2maz cos2nz dz | (8)
0

k=1 I=1



where we have used the 0 < a < b condition to cancel some zero-terms. By the
orthogonality of the Fourier basis, (8) is equal to

A=y 1 1 1 1
%;<Ekb+a+ﬁkb—a>

and it is easy to verify that this quantity is foqa(%), so the lemma is proved.

3.2 ...and the theorem

We have to prove that 8, = 0 VI is the unique solution of

M
fo+ D Aifun(3) =0 AeT.
=1

By the lemma, this linear form becomes

M b

B—l + Bg In2+ Z ZB{J 1110([7]' =0, (9)

=1 j=1

with Qg = sin” ]1,—7;, Bo1 = Bo — %Zi\il BZZ—ZZ7 Bo = le\il Biby and Bl,j = Blal,jal-
Moreover, 31, BO and any Bl,j belongs to Q, since ayjq, € Q[by]+, the maximal real
subfield of the cyclotomic field Q[b;]. Some values for j such that «;; = 0 appear
in (9), but in this case Bl,j = 0 too, and the total contribution is zero.

Equation (9) involves a Q-linear form in logarithms of algebraic numbers that
can be investigated by the fundamental theorems of Baker. In fact, Theorem 1 in [2]
(inhomogeneous case) shows that (9) is impossible when 5_; # 0, and for f_; = 0,
Theorem 2 in [2] (homogeneous case) implies that the solutions of (9) can be found
in Q. It follows that we can suppose 3y = %Zf\il BZZ—ZZ and S, Bl,j € Z so that (9)

becomes
M b

2 T[[[e =1 Bohyez. (10)

=1 j=1

Let L; := Q[b]+, L := ®;L;, and let N(-) be the norm map. It is a well known fact
that (see [5], ch. VI, eq. 3.10)

o JT : :
N@[q]+/Q(81n2 ?) = ¢/4l0d+0 for every ¢, (j,q)=1. (11)

We apply Nig = Ni,oNuw, to (10) and we consider the terms with [ = 1; it

becomes
b1

RT[INu, gl )Pt ) = 1, (12)

j=1



where R is a rational that by (11) is divisible only by 2 and the primes appearing
in b, with { > 1. In particular v,, (R) = 0, where v, is the valuation at the prime p;
that divides b; but not b, for [ > 1 by the hypothesis of our theorem, so (12) gives

bl bl

0 = v, ([ TV e (er)179) = Brj v (N jolan ) =

j=1 j=1

by .
. g jaim
B sin’ bi Vpy (NLy j0(any)) - (13)
=1

By (11) again, v, (N1, /g(a1,;)) > 0 and it is not zero when (j,b;) = 1; moreover,

sin? ]‘2—1” > () for such a value of j, hence (13) gives 5; = 0.

In similar way we prove that 5; = 0 for [ > 0 and the condition £, = % Zj\il BZZ—ZZ
gives [y = 0 too. The theorem is proved.

Acknowledgment. T thank professors Dvornicich, Perelli, Viola and Zannier for many
suggestions and useful discussions about the subject of this paper.



References

[1]
2]

3]

[10]

[11]

R. Apéry, Irrationalite de ((2) et ((3), Astérisque, 61 (1979), 11-13.

A. Baker, Linear forms in the logarithms of algebraic numbers (III), Ma-
thematika, 14 (1967), 220-228.

F. Beukers, A note on the irrationality of ((2) and ((3), Bull. London
Math. Soc., 11 (1979), 268-272.

P. Deligne, Valeurs de functions L et périodes d’intégrales, in: Auto-

morphic forms, representations and L-functions, Proc. Symp. Pure Math.
XXXIII (1979), 313-346.

A. Frohlich, M. J. Taylor, Algebraic Number Theory, Cambridge Univer-
sity Press, 1993.

J. L. W. V. Jensen, An elementary exposition of the theory of the Gamma
function, Ann. of Math., 17 (1915), 124-166.

H. Klingen, Ueber die Werte der Dedekindschen Zetafunktion, Ann. of
Math., 81 (1965), 211-264.

D. H. Lehmer, Euler constants for arithmetical progressions, Acta Arith.,
XXVII (1975), 125-142.

Th. Schneider, Arithmetische Untersuchungen elliptischer Integrale,
Math. Annalen, 113 (1937), 1-13.

G. Tenenbaum, Introduction to analytic and probabilistic number theory,
Cambridge Univ. Press, 1990.

G. Tolstov, Fourier series, Prentice-Hall, 1962.

Giuseppe Molteni
Dipartimento di Matematica
Universita di Milano

Via Saldini 50

20133 Milano

ITALY

e-mail: molteni@Qmat.unimi.it



